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Lyapunov based small-gain theorem for parameterized
discrete-time interconnected ISS systems
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The University of Melbourne,
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Abstract

Input-to-state stability (ISS) of a feedback intercon-
nection of two discrete-time ISS systems satisfying an
appropriate small gain condition is investigated via
the Lyapunov method. In particular, an ISS Lya-
punov function for the overall system is constructed
from the ISS Lyapunov functions of the two subsys-
tems. We consider parameterized families of discrete-
time systems that naturally arise when an approximate
discrete-time model is used to design a controller for a
sampled-data system.

Keywords: Discrete-time; Small gain; Input-to-state
stability; Lyapunov method; Nonlinear.

1 Introduction

The small gain theorem is one of the most important
tools in robustness analysis and controller design for
nonlinear control systems. A particularly useful version
of the small gain theorem for nonlinear continuous-time
systems was proved in [2], based on the input-to-state
stability (ISS) property introduced in [10]. A range of
related result for continuous-time systems can be found
in [11, 12] and for nonlinear discrete-time systems in
[4]. All of the above results rely on trajectory based
proofs. Explicit construction of Lyapunov function for
interconnected systems was presented for instance in
[9], while the first partial construction of a Lyapunov
function for the feedback connection of two continuous-
time ISS systems satisfying a small-gain condition was
proposed in [3].

It is the main purpose of this paper to present a
discrete-time version of the results in [3]. Indeed, we
present a partial construction of an ISS Lyapunov func-
tion from the ISS Lyapunov functions of two intercon-
nected discrete-time ISS systems satisfying a small-gain
condition. While the constructed Lyapunov function
in the discrete-time case has the same form as the
one constructed in [3] for continuous-time systems, the
proofs of the two results are significantly different. The
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main result of this paper is closely related to results on
changes of supply rates [7, 8], and it can be regarded
as an appropriate generalization of the results in [8].

We believe that the result of this paper is a useful tool
for a range of nonlinear discrete-time control problems.
In particular, the constructed Lyapunov function can
be used together with results in [5, 6] to design ISS
controllers for nonlinear sampled-data systems via their
approximate discrete-time plant models.

2 Preliminaries

The set of real numbers is denoted by R. A function
v :Rs9 — Ry is of class K if it is continuous, strictly
increasing and zero at zero; it is of class K if it is
of class K and unbounded. Functions of class Ko, are
invertible. We say that a function g : R>o — Ryq is
positive if it is continuous and ¢(s) > 0 for all s > 0.
A function ¢ : Ryo — Ry is positive definite if it
is continuous, ¢(0) = 0 and ¢(s) > 0 for all s > 0. A
function o : R>o — Ry is of class £ if it is positive and
a(s) is strictly decreasing to zero as s — co. Given two
functions «a(-) and v(-), we denote their composition
and multiplication respectively as aoy(+) and a(-)-v(+).
Identity function is denoted by Id, that is Id(s) := s.

Consider a family of parameterized discrete-time sys-
tems

z(k +1) = Fr(z(k),u(k)) . (1)

where x € R® and v € R™ are respectively the state
and input of the system. It is assumed that Fr is well
defined on arbitrarily large compact sets for sufficiently
small T, where T' > 0 is the sampling period, which
parameterizes the system and can be arbitrarily as-
signed. Parameterized discrete-time systems (1) com-
monly arise when an approximate discrete-time model
is used for designing a digital controller for a nonlin-
ear sampled-data system (see [5, 6]). For instance, if
we use the Euler model of & = f(z,u) for controller
design then we have Fr(z,u) := ¢ + T f(z,u). Non-
parameterized discrete-time systems are a special case
of (1) when T is constant (for instance T' = 1). We use
the following definition.
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tically input-to-state stable (SP-ISS) w.r.t. input u if
there exist functions a, @ € Ko, a positive definite
function a and a function v € K, and for any strictly
positive real numbers Ay, Ay, v, U there exists T* > 0
such that for all T € (0,T*) there ezists a continuous
function Vp : R* — Rso such that for all |z| < A,,

lu] <Ay and T € (0,T*) the following holds:

a(lz]) <Vr(z) <a(lz]) , (2)

Vr(z) > y(lul) +v
= Vr(Fr) —Vp(z) < —Ta(Vr(z)) , (3)
Vr(Fr) <Vr(z) +7 . (4)

The function Vr is called a SP-ISS Lyapunov function
for the system (1). [ |

Definition 2.2 (Lipschitz uniform in small T)

A family of functions Vp : R* —= Rso is
Lipschitz uniformly in small T if given any
A, > 0 there exists T* > 0 such that for all
T € (0,T7*) and max{|z|,|y|]} < A, it satisfies
Vi() = Ve()| < LIz — yl. .

Remark 2.1 If instead of (3), we used the following
Lyapunov condition in Definition 2.1

AVp < =Ta(lz]) + To(|ul) + Tv , a,7 €K, (5)

then we would not need (4). However, formulation (5)
leads to a more complicated statement and proof of our
main result and hence we have opted to use the condi-
tions as stated in Definition 2.1. We emphasize that
(3) and (4) are equivalent to (5) if an appropriate con-
dition holds. Indeed, it is trivial to see that (5) implies
both (3) and (4). The opposite holds if there exists
0 € Koo such that for any strictly positive r,v there
exists T* > 0 such that the following holds

AVp

T <o(r)+v, (6)

max
Te(0,7%),le[<y(r),lul<r

and then we can write that for any (Ay, Ay, v) there
exists T* > 0 such that the following holds:

AVr < —Ta(Vy) + To(lu|) +Tv .

The condition (6) is slightly stronger than (4) but it
often holds.

We note that the condition (5) was used in [6] to pro-
vide a framework for design of input-to-state stabilizing
controllers for sampled-data systems via their approxi-
mate discrete-time models. Hence, results of this paper
in cases when the condition (6) holds provide a tool for
ISS controller design within the framework of [6]. m

The following are used in proving the main result.

veillllla 4.1 jJ/ et U1 C© /A Witk U2 T oo oWbis)Y
o1(r) < o2(r) for all v > 0. Then there ezists 0 € Koo
such that

e 01(r) <o(r) <ozr) for all r > 0;

e o(r) is C* on (0,00); o' (r) =: G(r) is positive. ]

Lemma 2.2 [I] Let § : R0 — Rso be a positive
function. Then there exist a positive definite func-
tion q and functions ¢ € Koo and g2 € L such that
q(r) 2 q(r) 2 a1(r) - @2(r) , Vr > 0. u

Remark 2.2 For any function p € Koo, 71 > 0,72 >0
we have 3ry + 1p(ry) < max{ry,p(r2)} <ri+p(rz). m

Remark 2.3 Since for any o« € K we have a(s; +
s2) < a(2s1) + a(2s2) for all sy > 0,52 > 0, then for
any a1, as € IC, there exist a, @ € K such that:

a(s) +s2) < ai(s1) + az(s2) <a(sy + s2),Vs1,82 >0,

In particular, we can take a(s) := min{ai(3), @2(3)}

and a(s) := max{2a;(s),2as(s)}. ]
3 Main result

In this section we state and prove Theorem 3.1, the
main result of this paper. Theorem 3.1 is a discrete-
time version of the continuous-time result [3]. The
statements of both results are similar but the proofs
are notably different, since we need to use the Main
Value Theorem in the proof of Theorem 3.1.

The focus of this paper is a family of parameterized
discrete-time interconnected systems

21 LI (k + 1) = FlT(fL'l (k),.TQ(k),U(k))
22 : .’I,'Q(k + 1) = FQT(wl(k)axQ(k)vu(k)) .

In the sequel we will assume that the subsystem ¥ is
SP-ISS with respect to inputs x5 and u and the subsys-
tem Y, is SP-ISS with respect to inputs 2 and u. More
precisely, we suppose that for i,j € {1,2},i # j, there
exist functions q;,®; € Koo, positive definite functions
«;, functions v,,, v, € K, and for any strictly positive
real numbers (A;;, As;, Ay;, Vi, 7;) there exist T; > 0
and for any T € (0,T;) there exist Vir : R® = Rsq
such that the following hold for all T' € (0,T}), |z;| <
Ay, |zj] < Ay and |uf < Ay,;:

(7)

a;(|zi]) < Vir(z:) <@i(|zil) , (8)

Vir(zi) > max{ve, (Vir(z;)), vu: (|u]) + vi}
=Vir(Fir) = Vir(z;) < To;(Vir(x:)) , (9)
Vir(Fir) < Vir(z:) + 75 . (10)

Under the above given conditions and an appropriate
small gain condition, we show that the overall system
(7) is SP-ISS with respect to the input u. Moreover, we
construct a SP-ISS Lyapunov function V7 for the over-
all system (7) using the SP-ISS Lyapunov functions V¢
and Vo7 of the subsystems ¥; and X. More precisely,
we can state the following result.
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time interconnected system (7). Suppose that the fol-
lowing conditions hold:

Al. The subsystem X1 is SP-ISS with inputs xo and u
and SP-ISS Lyapunov function Vir.

A2. The subsystem X is SP-ISS with inputs ©1 and u
and SP-ISS Lyapunov function Var.

A3. There exist 71,72 € Koo such that (Id + 71) 0 y,, ©
(Id + 72) 07z, (s) < s, Vs >0.

Then, the system (7) is SP-ISS with respect to the input
u and moreover there exists p € Ko, such that

Vr(z1,22) = max{Vir(z1), p(Vor (22))} ,  (11)

is SP-ISS Lyapunov function for system (7). Moreover,
if Vir, Vor are locally Lipschitz uniformly in small T,
then Vr is locally Lipschitz uniformly in small T. =

Proof of Theorem 3.1: Suppose that all conditions
of Theorem 3.1 are satisfied. Let oy, @1, @1, Yoy, Yus
come from conditions A1, and let a,, @2, @2, Yass Yus
come from condition A2. Let 71,7 € K4 come from
the small gain condition A3. Note that without loss of
generality we can assume that (Id — «;), ¢ = 1,2 are
positive definite. For simplicity of notation we intro-
duce T, (5) = (1d+71) 0%, » o (s) i= (1d+72) 07
Similar to [3] we denote b := lim,_,c Y2, () and since
Yz, € K, then 4.t is defined on [0,b), 7,,'(r) = oo as
r — b~ and from A3 we have that

Ty (1) < 75, (r), ¥r € (0,0) . (12)
Let 4, € Ko be such that
* Y2 (r) < 4;}(r) for all r € [0,b);
® Yu, (1) < Ae(r) for all r > 0.
(if 2, € Koo, then we can take 4, (r) = 7,1 (r)). Let
p € Koo come from Lemma 2.1 such that

Az (1) < p(r) <Az(r), Vr>0. (13)
Denote ¢(r) := %(r), where ¢ is a positive function.

Let Vi be defined as:
Vr(z1,22) := max{Vir(z1), p(Var(22))} . (14)

We use the notation x := (27 1T, Fr .= (Fl, Fl;)T

and the norm |z| := |z1|+|z2|- We show that the inter-
connected system (7) is SP-ISS with input u by proving
that Vr is a SP-ISS Lyapunov function for (7). Let ar-
bitrary strictly positive real numbers (A;, A,,v, D) be
given. Let Ay, = Ay, = Ay, Ay, = Ay, = Ay Let
€1,62 € Ko be arbitrary functions such that (Id — ;)
are positive definite for i = 1,2. Let v; be such that

max< vy, max [e
s€[0,A4]

;%%x@+un—sfovm@n}5u

and let v5 be such that

max{ max [e;"
s€[0,A4]

X [a9) +12) — poma (]} < (1)

0 p(Yuz (8) + 12) — 5" 0 poYuy (5)],

Lev V1 ~ U allu V) ~ U DC sulll ullatu
ax{v a — <v 16
max{;,  max pls)y <, (16)

M+ < 5, @47 () <

[p(s + 172)
Vo

— . (17
2
Let (Ag,,Agy, Ayy, %, 71) determine 77 > 0 via
the condition Al. Let (Az,,Az,, Au,, %, 72) deter-
mine 75 > 0 via the condition A2. Let T* :=

min{l,77,T5}. In the rest of the proof we assume
that |z| < Ag, |[u| < A, and T € (0,T*).

Note that 7z, (8) > Yz, (8), Y2 (8) > Yz, (s) forall s > 0.
Conditions A1 and A2 imply that the following hold:

Vir(z1) >max{vys, (Vor(22)), yu, (u]) + v1/2}
= Vir(Fir) = Vir(z1) < =Toy(Vir(z1))  (18)
V2T(x2) > max{’ymz (%T(ml)))'yuz (|’LL|) + V2/2}

= Vaor(For) — Var(w2) < —Taz(Var(z2)) , (19)
Vir(Fir) < Vir(zi) + 7y, (20)
Vor(For) < Var(z2) + 7 . (21)

Moreover, using respectively A1 and A2 and our choice
of v;,v;, i = 1,2 we can write respectively

Vir(Fir) < max{(Id — T'ay)(Vir(z1)),

Vir
Yo (Vor (£2)), Yo (Ju]) + 21} (22)
Vor(For) < max{(Id — Tas)(Var(z2)),
Yoo Vi (€1)), Y (Jul) + 02} - (23)

We only prove (22) and the proof of (23) is omitted
since it follows the same steps. Note that if Vip(z1) >
max{vg, (Var (2)), Yu, (Ju|) +v1/2}, then from (18) we
can write that:

VIT(FlT) (Id TCKl)(VlT(l'l)) . (24)

On the other hand, if Vir(z1) < max{y,, (Var(z2)),
Yuy ([u]) + v1/2}, then from (20) we have

Vir(Fir) < Vir(x) +
< max{'yml (%T(mQ)) + ﬁl:’yul(|u|) + V1/2 + ﬁl} .
By considering two sub-cases 71 0 V., (Var(z2)) > o

and 71 o 7y,, (Var(z2)) < #1, and from definition of v,
and 7; we can write that

Vir(Fir) < max{(Id + 71) o v, (Var(x2)),
(Id + 77 ) (1), Yus ([ul) +1/2 + 51 }
< max{Fz, (Vor (22)), (Id + 17 1) (1),
Yur (Ju]) +v1/2 4 11/2} (25)
< max{¥,, (Vaor(22)), v1/2, yu, ([u]) + 11}
= max{¥z, (Vor(22)), Y, (|u]) + 1},

and (24), (25) complete the proof of (22). We assume
in the sequel that the equations (18)-(23) hold.
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mark 2.3, we have that Vp satisfies (2) with
a(s) == 1/2min{a, (5/2),p © ay(5/2)} and alla]) =
2 max{a; (s),poaa(s)}.

Moreover, from the definition of Vp and (16) we have

Vr(Fr) = max{Vir(Fir), p(Var (Far)}
< max{Vir(z1) + 71, p(Vor (22) + 72)}
< max{Vir(z1), p(Var(22))} + ¥
= VT(I‘) +v,
which proves that (4) holds. To show that Vr satisfies

(3), we consider four cases:

1: Vir(z1) > p(Vor(x2)) and Vir(Fir) > p(Var (Far))
It holds that

(26)

AVr = VT(FT) - VT(ZU) = VlT(FlT) - VvlT(xl)
Conditions Vip(z1) > p(Var(ze2)) and ., (r) <

Fz, () < p(r), ¥r > 0 imply Vir(x1) > vz, (Var(z2)).
Hence, from (18) it holds that if Vi (z1) > vu, (Ju])+11
then we have

Vir(Fir) = Vir(z1) < =Toy (Vir(z1))
Since Vp(z) = Vir(z1) and v > vy, we have
Vir(z) > v, (Jul) + v = AVp < =Tay (Vp(x)). (27)

2: Vir(z1) < p(Var(x2)) and Vir(Fir) < p(Var (For))
It holds that

AVr = p(Var (For)) — p(Var (22)) - (28)

Conditions Vip(z1) < p(Var(zz)) and p=*(r) >
’?xz (T’) Z VYo (T),VT’ >0 lmply ‘/2T(m2) > Yo (VvlT(ml))
Hence, from (19) it holds that if Vor(x2) > yu, (Ju|)+v2,
we have that

AVor = Vor(For) — Var(22) < —Taz(Var(z2))
= Var(For) < (Id = Ta)(Var(z2))  (29)
Then using the Mean Value Theorem and the construc-
tion of p via Lemma 2.1, we have that
AVr = p(Var(For)) — p(Var (22))
< po(ld = Taz)(Var(x2)) — p(Var(z2))  (30)
= —Tq(V37) - ax(Vor(z2))
with ‘/Z*T € [(Id — OéQ)(VQT(ZEQ)), VQT(ZEQ)] (since T < 1)
and ¢ is a positive function. Via Lemma 2.2, let §

generate ¢ € Koo, ¢2 € L. Using Vi (z) = p(Var (22)),
we write

AVr < =Tq(Vor) - az(Var(z2))
< =Tq(V3r) - q2(Vor) - as(Var(z2))
< =Tq o (Id — az)(Var(22)) - g2(Var (22))
-z (Var(z2))
: —Taza(VzT(932))
—Tasq 0 p~' (Vr(z)) = —Tas(Vr(z)) .

(31)

DLLLE VT L) — PAYV2T \L2)) allll Dy {19/, Wt llavt

Vr(z) > poyu,(Jul) +v
= AVp < —Tay(Vr(z)) (32)

3: Vir(z1) < p(Var(z2)) and Vir(Fir) > p(Var (For))
Using (22) it holds that

AVy = Vip(Fir) — p(Var(z2))
< max{(Id = Ta1)(Vir(21)), Yz, (Vor (72)),
Yur (|u]) + 1} = p(Vor(22)) - (33)

3.1: If (Id — Ta)(Vir(z1)) is the maximum in (33):
AVp < (Id = Tay)(Vir (1)) — p(Var(z2))  (34)

We then consider two sub-cases:
3.1.1: If Vip(z1) < 2p(Var(x2)), then from (34):
AVr < (Id = Tan) (Vir (1)) — p(Var (22))
<Vir(z1) — p(Var(z2)) (35)

< —3pVar(e2)) < —3Vr (@)

3.1.2: Let Vir(z1) € [3p(Var(z2)), p(Var(22))] and let

a1 generate g1 € Ko and g2 € £. Then we can write:
AVp < (Id = Tag)(Vir(z1)) — p(Vor (22))

—TCKl(VlT(iL’l))

—T'q1(Vir(21)) - g2(Vir (1)) (36)

a1 (Gp(Var(e2)) - 2 0 p(Vor (z2)

= —Tazq 0 p(Var(z2)) = —Taze(Vr(x)) .

IN A

IN

3.2: If 4,, (Var(z2)) is the maximum in (33) then, since

Fz, (r) < p(r),¥r > 0, the function aszy(r) = p(r) —

e, (1) is positive definite and since T' < 1 we have that
AVr < e, (Var (22)) — p(Var (22))

) (37)
= —az(Vor(22)) < —Tagp 0 p~ (Vr(x))

3.3: If 7y, (Ju]) + v1 is the maximum in (33) then we
have that

AV < v, (Ju]) + v1 = p(Var(22)) (38)

Let &1 € Ko be such that Id — 1 is a positive definite
function. If p(Var(za)) > &7 ' o (yu, (Ju]) + v1) then it
holds that

AVT S —(Id — 61) o p(VzT(Z’z)) (39)

Since Vr(z) = p(Var(zs)) and using the definition of
v and T < 1, we can write:
Vr(z) > e oy, (|uf) +v
=p(Var(22)) > €7 0 (yuy (lul) + 1) (40)
= AVp < —(Id — 1) (Vr ()
=: —az.(Vr(z)) < —Taz.(Vr(x)) .
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min{r/2,asq(r),asy o p~1(r), az.(r)}, we have that

Vr(x)) > et oy, ([ul) +v
= AVr < —Ta,3(VT(.7;)) (41)

4: Vir(z1) > p(Var(x2)) and Vir(Fi1) < p(Vor (Far))
Using condition (23) we have

AVr = p(Var (For)) — Vir (1)
< max{po (Id — Tas)(Var(z2)), (42)

P © Yoo (Viz (21)), p(Yus ([u]) +v2)} = Var(21)

4.1: If po (Id — Taz) (Var (22)) is the maximum in (42),
then we can write:

AVT S p o (Id — TOéQ)(VQT(.TQ)) — V1T(£E1) (43)
and we consider two sub-cases:

4.1.1: If 1Vip(z1) > p(Var(z2)), since T < 1 then we
have from (43):

AVr < po (Id = Taz)(Var(z2)) — Vir(z1)
< p(Var(22)) = Vir(z1) (44)
<~ Vir(e) <~ V(o)

4.1.2: If p(Var(z2)) € [Vir(z1)/2, Vir(z1)], then using
(43) and the Mean Value Theorem we have that:

AV < po (Id = Taz)(Var(x2)) — Vir(z1)
< po(Id = Tas)(Var(x2)) — p(Var(2))
= (Vo) [=Toz(Var(z2))] (45)

where V)l € [(Id—a2)(Var(x2)), Var (22)] (since T' < 1)
and ¢ is a positive function. Let § generate via Lemma
2.2 the functions q; € Ko and g2 € L. Since Id — a is
a positive definite function, we can write using (45)

AVr < =Tq(Vyy) - az(Var(2))

< =Tq(Vir) - a2(Vay) - az(Var(z2))

< —Tqy 0o (Id — az)(Var(z2)) (46)
~q2(Var(22)) - aa(Var (22))

: =Ta;(Var(22))

Let a3 generate via Lemma 2.2 functions ¢f € K and
g5 € L and let a4, is positive definite, then we can
write:

AVT S _Ta;(V2T(.’If2))
< =Tqi (Var(22)) - 45 (Var (2)) (47)

< ~Tai o7 (3Vr() a3 0 7 (Vir ()
: —Ta4a(V1T(CE1)) = —Ta4a(VT(~75))-

2.4, WL PV Ve \V1IT (L1 )) 15 LUE dllaallliulll 11l {4/, ULLICLL
since agp(r) := (Id — p o 44,)(r) is positive definite,
T < 1 and Vp(z) = Vir(x1), we have that

AV < poFp,(Vir(z1)) — Vir(21)
< (poFu, —Id)(Vir (1)) (48)
=: —agp(Vir(z1)) < —Tayw(Vr(z)) .

4.3: If p(yu, (Ju|) + v=2) is the maximum in (42), then we
have that

AV < p(yus (Ju]) +v2) = Vir(z1) (49)

Let e € K4 is such that a4. := Id — &5 is a positive
definite function. Using the definition of v, Vp(z) =
Vir(z;) and the fact that T' < 1, we can write that

VT(Z’) > 52_1 opo 7U2(|u|) +v
SVir(@) > 651 0 p(ug(ful) + 1) (50)
= AVp < —(Id — &5) (Vr ()
= —a4C(VT($)) < —TG4C(VT($)) .

Combining 4.1, 4.2 and 4.3, with a4(s) :=
min{s/2, a4(s), a4 (), as.(s)}, we can write that

Vr(z) > 5t o povyy,(u)) +v
= AVp < —Tay(Vr(z)), (51)

By combining (27), (32), (41) and (51), we have shown
that (3) holds with

a(r) :=min{ai (r), az(r), as(r),as(r)} (52)
y(r) := max{e; " oy, (r), 5 0 poyu, ()} (53)

where « is a positive definite function and and v € K.
Hence, the system (7) is SP-ISS.

The last thing left to prove is that if Vip and Vo are
Lipschitz, uniformly in small T then V7 is Lipschitz,
uniformly in small T'. Let A, > 0 be given. Let Ly, T}
and Ly, Ty come respectively from the Lipschitz prop-
erties of Vi and Var for the set |z;| < A,,i = 1,2.
Note that since p € C!, it is locally Lipschitz and let L,
be its Lipschitz constant for the set Var(z2) < @2(A).
Denote z := (zf 21T and y := (y{ yI)T. Let T* :=
min{1, 7T}, Ty} and consider arbitrary T € (0,7*) and
max{|z|, |y|} < A,. Introduce the sets:

A = {z:Vir(zr) > p(Var(22))}
B = {x:Vig(x1) = p(Var(z2))}
C = {z:Vir(z1) < p(Vor(z2))} .

We consider the following cases, to prove our claim:

Case 1: (z,y € A)or (x € Aand y € B) or (z € B and
y € A)or (z,y € B)

\Vr(z) = Vr(y)| = [Vir(z1) = Vir(y1)| < L1 |21 — y1]
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yeC).

[Vr(z) — Vr(y)|
= |p(Var(22)) — p(Var (y2))| < LyLa |2 — yo|

Case3: z € Aandy € C

Vr(z) =Vr(y)l = Vir(z1) = p(Vor(y2))|  (54)

Since x € A implies Vig(z1) > p(Var(z2)) and y € C
implies Vir(y1) < p(Var(y2)), we have that:

1. If Vir(z1) > p(Var(y=2)) then

Vir(z1) — p(Var(y2))| = Vir(z1) — p(Var(y2))
<Vir(z) = Vir(yr) < Li|z —y| - (55)

2. If Vig(z1) < p(Var(yz2)) then

Vir(z1) — p(Var(y2))| = =Vir(z1) + p(Var(y2))
< p(Var(y2)) — p(Var(x2)) < L,La |x2 — y2|  (56)

Case 4: x € C' and y € A, follows Case 3 by symmetry.

Hence, we can conclude that

[Vr(z) = Vr(y)l < L(lzr —yi| + |22 —y2),  (57)

where L := max{Ly,L,L2}. Therefore, V is Lipschitz
uniformly in small 7. [

Example 3.1 The following example illustrates that it
may happen an approrimate discrete-time model satis-
fies a small gain condition but the gains depend on T
(hence, the subsystems are not SP-ISS by Definition
2.1), then the approzimate discrete-time model may be
stable for all small values of T but the exact discrete-
time model is unstable for all small values of T.

Consider a continuous-time plant 1 = x1+u , which is
between a sampler and zero order hold. Suppose that we
carry out the controller design using the Fuler discrete-
time approzimate model of the plant

z1(k+1) =1+ T)z1(k) + Tu(k) . (58)
Suppose that we use the family of dynamic controllers
zo(k+1) = —0.525(k) — T?x, (k) (59)
1 2
u(k) = —Tm(k:) — Tml(k:) . (60)

Note that the approximate closed-loop system (58),
(59), (60) can be regarded as a feedback interconnec-
tion of two scalar systems (58) with (60) and (59).
Moreover, using Lyapunov functions Vip(z1) = |z1|
and Vor(z2) = |z2| and suppose that T < 1, we can
write the following:

2 T
|1] > T lzo] = AVir < ) |21 (61)

T
|zo| > 4T? |21 = AVer < 1 |2 (62)

L16 Ulvts CwoC oheC Ylieles wie ')/zl \b) —_— Tb' wiret '}/I2 \b) —_—
4T?s. Let 11(s) = m2(s) = Id(s). Then we have that
the small gain condition (Id+71) 07, o(Id+73) 07y, =
32T's < s is satisfied for all T € (0, 3%) Hence, the ap-
prozimate model is stable for all T € (0,35). Using
Maple Software Package we have computed the eigen-
values of the approximate closed-loop system matrix
and we have obtained that A\{ = —1 + 2T% + O(T?)
and A\ = =1+ T — 212 + O(T?), which indicates that
indeed the approximate closed-loop model is stable for
sufficiently small T. However, if we consider the exact
closed-loop system consisting of the exact discrete-time

plant model
z1(k+1) = eTai (k) + (e7 — 1)u(k) (63)

and (59), (60), we obtain that the eigenvalues of the
system matriz are X{ = —% + 2% + O(T?) and \§ =
—1-YT?+0(T®) and obviously we have that |AS| > 1

for all sufficiently small T'. ]
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