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Abstract

We characterize finite gain Lp stability properties for hybrid dynamical systems. By defining a suitable concept of hybrid Lp

norm, we introduce hybrid storage functions and provide sufficient Lyapunov conditions for Lp stability of hybrid systems, which
cover the well-known continuous-time and discrete-time Lp stability notions as special cases. We then focus on homogeneous
hybrid systems and prove a result stating the equivalence among local asymptotic stability of the origin, global exponential
stability, existence of a homogeneous Lyapunov function with suitable properties for the hybrid system with no inputs, and
input-to-state stability, and we show how these properties all imply Lp stability. Finally we characterize systems with direct and
reverse average dwell time properties and establish parallel results for this class of systems. We also make several connections
to the existing results on dissipativity properties of hybrid dynamical systems.

Key words: Input-output stability, Lp stability, hybrid systems, homogeneous hybrid systems.

1 Introduction

The influence of inputs, noise or disturbances acting
on continuous-time and discrete-time nonlinear systems
[31, §6] can be measured by properly defining the gains
from these inputs to the state or the output. The sta-
bility concept related to the input-output properties is
often referred to as external stability as opposed to the
concept of internal stability (or Lyapunov stability). The
definition of the gain of a system essentially comprises a
convenient bound on a suitable norm of the system sig-
nals, based on the norm of its input. In the literature
(see, e.g., [31, §6.2 and 6.7] for the continuous-time and
the discrete-time cases, respectively) the norm which is
used for this concept is the Lp norm and, therefore, the
concept of input-output stability is often referred to as

⋆ Research supported in part by AFOSR grant FA9550-09-1-
0203 and NSF grants ECCS-0925637 and CNS-0720842. The
first author is supported by the Australian Research Council
under the Discovery Project and Future Fellowship schemes.
The third author is supported by Grant EP/J010537/1.

Lp stability (see, e.g, [15]).

The notion of Lp stability is especially useful in address-
ing properties of interconnected systems and has been
extensively used in the literature (see, for example the
results related to the L2 case in [32, 33]). Moreover, in
the absolute stability framework, suitable properties of
linear systems interconnected to nonlinearities satisfying
certain input-output relations were considered in [35].
Finally, it is well known that for LTI systems exponential
stability (or Lyapunov stability) is equivalent to finite
gain Lp stability (see, e.g., [31, §6.3]), and this result is
useful when characterizing properties of interconnected
systems based on the properties of the disconnected sys-
tems with zero inputs.

When focusing on hybrid dynamical systems, the notion
of input-to-state stability (ISS) has been investigated
in [3] (see also references therein for earlier solutions
in similar directions) where the ISS concept introduced
by Sontag in the late 1980’s, and well developed in the
past two decades both for the continuous-time (CT) and
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the discrete-time (DT) cases, is extended to the hybrid
context within the general framework described in [6]
(see also [7]).

Despite the ISS results cited above, there seems to be a
lack of results on Lp stability properties of hybrid sys-
tems in the literature. However, special classes of hy-
brid systems were considered in the literature; in partic-
ular, L2 stability of switched systems was considered in
[10, 11, 12, 13, 25, 36]; Lp stability of networked control
systems in [18]; L2 stability of reset systems in [14, 21]
and Lp and input-to-state stability for a class of quan-
tized control systems in [28]. The goal of this paper is
to provide some results on Lp stability of general hybrid
systems.

Computing the finite Lp gain from a control input or
an exogenous disturbance can help to define the perfor-
mance of interconnected systems by analyzing its com-
ponents separately. In particular, since these results are
obtained within the hybrid systems framework of [6], the
dissipativity results that recently appeared in [24, 26]
can be applied by using the specific supply rates intro-
duced here, thereby providing small gain conditions for
interconnected Lp stable hybrid systems.

In this paper we first introduce the concept of hybrid Lp

norms by incorporating sums and integrals in them, so
that the well-known continuous-time and discrete-time
norms are recovered as special cases. Then, we illustrate
the use of suitable Lyapunov-like conditions involving
Lp storage functions in order to assess finite gain input-
to-output Lp and Lp to L∞ stability of a given hybrid
system. Then we focus on homogeneous hybrid systems
and establish for this special class of systems a result
stating the equivalence among local asymptotic stabil-
ity, global exponential stability (this is a straightforward
consequence of the results in [8]) and ISS and that all
these properties imply Lp stability. These results are
important especially in light of the recent results in [8]
about homogeneous approximations of hybrid systems.
Indeed we establish here that, for these homogeneous
approximations, local asymptotic stability of the system
with no inputs implies ISS and finite gain Lp stability
which can be usefully exploited for establishing proper-
ties of their interconnections. Finally, we study the effect
of average dwell-time properties of the hybrid system by
incorporating suitable timer dynamics to impose direct
or reverse average dwell time on its solutions. Exploiting
these dwell-time properties, we illustrate how the Lya-
punov inequalities can be weakened and we also estab-
lish similar results to the ones proven in the case with-
out average dwell-time, when focusing on homogeneous
dynamics.

Some preliminary statements along similar directions to
the ones of this paper have been reported in [20] with ref-
erence to temporally regularized homogeneous systems.

Those results were instrumental to proving suitable sta-
bility properties of interconnected reset systems. In [20]
the following special case was addressed: 1) systems with
temporal regularization (or dwell time) and 2) external
inputs only appearing in the flow map. For this special
case, there was no need to introduce hybridLp norms and
the results were stated in terms of classical continuous-
time Lp norms. Finally, a preliminary version of this pa-
per appeared in [17] where some of our results have been
discussed without proofs. As compared to [17], here we
provide the missing proofs and we discuss the extension
to hybrid systems with average dwell time.

The paper is organized as follows. Preliminaries are pre-
sented in Section 2. In Section 3 we show how to obtain
finite gain Lp stability bounds from storage functions for
hybrid systems. Then, in Section 4 we focus on homo-
geneous systems and characterize a number of equiva-
lent properties, including ISS, LAS, GES and existence
of suitable Lyapunov functions. In Section 5 we estab-
lish parallel properties for systems satisfying (direct and
reverse) average dwell-time properties. Concluding re-
marks are presented in Section 6.

Notation: B(r) denotes the ball of radius r. |v| denotes
the Euclidean norm of a vector v ∈ R

n. R≥0 denotes
the set of non-negative real numbers. Let X ⊂ R

n and
Y ⊂ R

n X + Y = {x + y : x ∈ X, y ∈ Y }. Moreover,
X ⊂ Y means that x ∈ Y ⇒ x ∈ X . A function α(·) :
R≥0 → R≥0 is of class K∞ if it is strictly increasing,

α(0) = 0 and lims→∞ α(s) = +∞. The vector [x′ d′]
′
is

denoted (x, d).

2 Preliminaries

A solution to a hybrid system is defined on a hybrid
time domain, which is a subset of R≥0×Z≥0. A compact
hybrid time domain is any subset of R≥0 ×Z≥0 that can
be written as ∪i∈{1,...,J}([ti, ti+1] × {i}) where J ∈ Z≥0

and 0 = t0 ≤ t1 ≤ . . . ≤ tJ+1. A hybrid time domain is
any set E ⊂ R≥0 ×Z≥0 such that (TD, JD) ∈ E implies
that E∩([0, TD]×{0, . . . , JD}) is a compact hybrid time
domain. A hybrid signal is a function defined on a hybrid
time domain. A hybrid arc is a hybrid signal x such that
t 7→ x(t, j) is locally absolutely continuous for each j.

Definition 1 (Lp norm) For a hybrid signal z, with do-
main dom(z) ⊂ R≥0 × Z≥0, and a scalar T ∈ R≥0 the
T -truncated Lp-norm of z is given by 1

‖z[T ]‖p :=





j(T )
∑

i=1

|z(ti, i − 1)|p +

j(T )
∑

i=0

∫ σi

ti

|z(s, i)|pds





1

p

(1)

1 We adopt the convention
P

0

i=1
f(i) := 0.

2
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where t0 = 0, j(T ) = max {k : (t, k) ∈ dom(z),
t + k ≤ T } and for all i ∈ {0, . . . , j}, σi = min(ti+1, T −
i). Based on (1), the Lp-norm of z is defined as

‖z‖p = lim
T→T ⋆

‖z[T ]‖p. (2)

where T ⋆ = sup {t + j : (t, j) ∈ dom(z)}. Moreover, we
say z ∈ Lp whenever the limit above exists and is finite.

Remark 1 The Lp norms for continuous-time and dis-
crete time systems are particular cases of the above de-
fined norm. Indeed, if the solution only flows, we have
for any T , j(T ) = 0 and the first sum in (1) disappears,
so that the hybrid norm becomes the continuous-time
Lp norm [15, Chapter 5]. Moreover, if the solution only
jumps, then tk = σk = 0 for all k, and all the integral
terms in (1) disappear so that (2) corresponds to the
discrete-time ℓp norm [31, Section 6.7]. y

Remark 2 In (1) the value of the hybrid arc just before
the jump z(ti, i−1) is considered. An alternative defini-
tion can be given in terms of the values of the hybrid arc
after the jump, that is, z(ti, i). Then parallel computa-
tions to the ones reported in this paper can be carried
out. We choose this option here for consistency with the
approach in [3] reported below (see, in particular, the
definition of Γ(z) below). y

Definition 2 (L∞ norm) For a hybrid signal z, with
domain dom(z) ∈ R≥0×Z≥0, the T -truncated L∞ norm
is given by

‖z[T ]‖∞ := max

{

ess. sup
(t,j)∈dom(z)\Γ(z), t+j≤T

|z(t, j)|,

sup
(t,j)∈Γ(z),t+j≤T

|z(t, j)|
}

. (3)

And the L∞ norm of z is given by

‖z‖∞ = lim
T→T ⋆

‖z[T ]‖∞ (4)

with T ⋆ defined below (2) and where Γ(z) denotes the
set of all (t, j) such that (t, j) ∈ dom(z) and (t, j + 1) ∈
dom(z). Moreover, we say z ∈ L∞ whenever the above
limit exists and is finite.

Consider the following nonlinear hybrid system















ẋ = f(x, d),

x+ = g(x, d),

y = h(x, d)

(x, d) ∈ C
(x, d) ∈ D (5)

where x ∈ R
n is the state vector, d ∈ R

m is an exoge-
nous input, y ∈ R

q is the output vector, f(·, ·) is the

flow map, g(·, ·) is the jump map, h(·, ·) is the output
map, C ⊂ R

n × R
m is the flow set and D ⊂ R

n × R
m is

the jump set. Similar to [3, 24, 26], we say that the pair
(x, d) is a solution pair to (5) if dom(x) = dom(d) and
• for all j ∈ Z≥0 and almost all t such that
(t, j) ∈ dom(x), the pair satisfies (x(t, j), d(t, j)) ∈ C
and ẋ(t, j) = f(x(t, j), d(t, j));
• for all (t, j) ∈ dom(x) such that (t, j + 1) ∈ dom(x),
the pair satisfies (x(t, j), d(t, j)) ∈ D and x(t, j + 1) =
g(x(t, j), d(t, j)).
We assume the following regularity condition for the
parameters of system (5).

Assumption 1 The sets C and D are closed sets and
f(·, ·), g(·, ·) and h(·, ·) are continuous in both their ar-
guments.

In this paper we study the finite gain Lp stability for
system (5) which is defined as follows.

Definition 3 Given p ∈ [1, +∞), system (5) is finite
gain Lp stable from d to y with gain (upper bounded by)
γp ≥ 0 if there exists a scalar β ≥ 0 such that any solution
to (5) satisfies

‖y‖p ≤ β|x(0, 0)| + γp‖d‖p. (6)

for all d ∈ Lp. Moreover, it is finite gain Lp,∞ (Lp to
L∞) stable from d to y with gain γp,∞ > 0 if there exists
a scalar, β ≥ 1 such that any solution to (5) satisfies

‖y‖∞ ≤ β|x(0, 0)| + γp,∞‖d‖p. (7)

for all d ∈ Lp.

Remark 3 Notice that, because of the comments in Re-
mark 1, the Lp (ℓp) stability definitions of [15, Chapter
5] and [31, Section 6.7] respectively for continuous and
discrete-time systems correspond to particular cases of
inequality (6). y

Definition 4 The origin of (5) with d = 0 is (locally)
asymptotically stable (LAS) if there exists a ball B ⊂
R

n, centered at the origin and a class KLL function β
such that for any initial condition x(0, 0) = x0 ∈ B, all
solutions satisfy:

|x(t, j)| ≤ β(|x0|, t, j) ∀(t, j) ∈ dom(x).

Definition 5 (Exponential ISS) System (5) is expo-
nentially finite gain input-to-state stable from d if there
exist positive scalars m, ℓ and γ∞ such that for any ini-
tial conditions x(0, 0) and any d ∈ L∞, all solutions to
(5) satisfy

|x(t, j)| ≤ max
{

me−ℓ(t+j)|x(0, 0)|, γ∞‖d‖∞
}

, (8)

3
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for all (t, j) ∈ dom(x). Moreover the origin of (5) is
globally exponentially stable (GES) if (8) holds with d =
0.

3 Storage functions for Lp gain computation

In this section we establish Lp stability of system (5) by
using storage functions.

Definition 6 (Lp storage function) Given p ∈
[1,∞), a positive semidefinite continuously differentiable
function V : R

n → R≥0 is a finite gain Lp storage func-
tion for system (5) if there exist positive constants c2, kyf

and kyg and non-negative constants kdg, kdf such that

0 ≤ V (x) ≤ c2|x|p ∀(x, d) ∈ C ∪ D (9)

〈∇V (x), f(x, d)〉 ≤ −kyf |h(x, d)|p + kdf |d|p ∀(x, d) ∈ C
(10)

V (g(x, d))−V (x) ≤ −kyg|h(x, d)|p +kdg|d|p ∀(x, d) ∈ D
(11)

Proposition 1 Consider system (5) and assume that
there exists a function V : R

n → R≥0 satisfying (9)-
(11). Then the system is finite-gain Lp stable with gain

upper-bounded by γp = p

√

kd

ky

where kd = max {kdf , kdg},

ky = min {kyf , kyg}. Moreover, if ∃ cyV > 0, cyd > 0
such that

|h(x, d)|p ≤ cyV V (x) + cyd|d|p, ∀(x, d) ∈ C ∪ D, (12)

then the system is Lp,∞ stable with gain γp,∞ ≤
p
√

cyV kd + cyd.

Remark 4 Even with h(x, u) = x, conditions (9)-(10)
do not automatically rule out finite escape times for
d ∈ Lp, though such behavior could be excluded (even
with h(x, u) = 0) by strengthening the lower bound on
V in (9) to be a class K∞ function of |x|. An example
where finite escape time occurs is provided by scaling
the vector field in [15, Exercise 4.8] (see also [9]) by a
smooth, positive, nondecreasing scalar function of |x| so
that, for some ε > 0, 〈∇V (x), f(x)〉 ≤ −ε|x|2 for all
x ∈ R

2 for the Lyapunov function V given in [15, Ex-
ercise 4.8]. Such a scaling function exists since such a
bound on the derivative of V holds near x = 0 for the
original vector field. The scaling function affects only the
speed along which the original solutions are followed. As
proven in [9], for some initial conditions the original solu-
tions grow unbounded. For the scaled vector field, these
solutions must escape to infinity in finite time. Indeed,
if this were not the case then the unboundedness of the
solution would contradict the fact that the L2 norm of
the solution’s state is finite. y

Remark 5 In [26], the concept of “mixed dissipativ-
ity” was introduced to assess the stability of intercon-
nected hybrid system. The dissipativity concepts were
illustrated by considering quadratic supply rates. Here,
the “mixed dissipativity” is obtained with supply rate
functions of degree p and can be established by Lp stor-
age functions V (x) satisfying inequalities (10) and (11).

y

Proof of Proposition 1. Consider the function U(t, j) =
V (x(t, j)) with x(t, j) being a solution to system (5) hav-
ing domain dom(x). From inequalities (10) and (11) we
get that if [tk, tk+1] × {k} ⊂ dom(x), then

U̇(t, k) ≤ −kyf |y(t, k)|p + kdf |d(t, k)|p (13)

for almost all t ∈ [tk, tk+1] ,

U(tk, k) − U(tk, k − 1) (14)

≤ −kyg|y(tk, k − 1)|p + kdg|d(tk, k − 1)|p if k ≥ 1.

Consider now any T ∈ R≥0 and define j(T ) := max k
such that (t, k) ∈ dom(x), t + k ≤ T and ∀i ∈
{0, . . . , j(T )}, σi := min(ti+1, T − i) and, for simplicity,
denote σj(T ) = t. Then integrate (13) on each interval
[tk, σk], k ≤ j(T ), to obtain

0 ≤ −U(tk+1, k) + U(tk, k) − kyf

∫ σk

tk

|y(s, j)|pds

+ kdf

∫ σk

tk

|d(s, j)|pds ∀k ∈ {0, . . . , j(T )} (15)

and rearrange the terms in (14) to get

0 ≤ −U(tk, k) + U(tk, k − 1) − kyg|y(tk, k − 1)|p
+ kdg|d(tk, k − 1)|p, ∀k ∈ {1, . . . , j(T )} . (16)

Summing up the j(T ) + 1 terms in (15) and the j(T )
terms in (16), we obtain

0 ≤ U(0, 0)− U(σj(T ), j(T ))

− kyg

j(T )
∑

k=1

|y(tk, k − 1)|p − kyf

j(T )
∑

k=0

∫ σk

tk

|y(s, k)|pds

+ kdg

j(T )
∑

k=1

|d(tk, k − 1)|p + kdf

j(T )
∑

k=0

∫ σk

tk

|d(s, k)|pds.

Defining kd = max {kdf , kdg} and ky = min {kyf , kyg},
we have

ky‖y[T ]‖p
p ≤−U(σj(T ), j(T )) + U(0, 0) + kd‖d[T ]‖p

p

≤U(0, 0) + kd‖d‖p
p (17)

where ‖y[T ]‖ is the T -truncated Lp norm according
to Definition 1, and we used the fact that U(t, j) ≥
0, ∀(t, j) ∈ dom(x).

4
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Lp gain: Using (17) and the upper bound for U(t, j)

from (9), we obtain ‖y[T ]‖p
p ≤ 1

ky

c2|x(0, 0)|p +
kd

ky

‖d‖p
p,

namely

‖y[T ]‖p ≤ p

√

1

ky

c2|x(0, 0)| + p

√

kd

ky

‖d‖p

which holds for all 0 ≤ T < T ⋆ with T ⋆ = sup {t + j :
(t, j) ∈ dom(z)}. Hence, taking the limit as T → T ⋆ the

bound for the finite Lp gain is given by p

√

kd

ky

.

Lp,∞ gain: Consider the first inequality in (17). Since
‖y[T ]‖p

p ≥ 0, we have U(σj(T ), j(T )) ≤ U(0, 0)+ kd‖d‖p
p.

Using the bound in (12) and the upper bound in (9), we
obtain for all (σj(T ), j) ∈ dom(x)

|y(σj(T ), j)|p ≤ cyV U(0, 0) + (cyV kd + cyd)‖d‖p
p

≤ cyV c2|x(0, 0)|p + (cyV kd + cyd)‖d‖p
p

which implies,

|y(σj(T ), j)| ≤ p
√

cyV c2|x(0, 0)| + p
√

(cyV kd + cyd)‖d‖p,

∀(σj(T ), j) ∈ dom(x)

therefore according to Definition 2, we have

‖y‖∞ ≤ p
√

cyV c2|x(0, 0)| + p
√

(cyV kd + cyd)‖d‖p,

namely the finite Lp,∞ gain of system (5) is upper-

bounded by p
√

(cyV kd + cyd). �

We illustrate now an application of Proposition 1 to the
following linear hybrid system















ẋ = Afx + Bfdd, (x, d) ∈ C
x+ = Agx + Bgdd, (x, d) ∈ D

y = Hx + Ld

(18a)

C =







(x, d) :

[

x

d

]′

MC

[

x

d

]

≥ 0







D =







(x, d) :

[

x

d

]′

MD

[

x

d

]

≥ 0







(18b)

with Af , Ag, MC , MD ∈ ℜn×n, Bfd, Bgd,∈ ℜn×m, H ∈
ℜq×n and L ∈ ℜq×m, MC = M ′

C and MD = M ′
D.

The following corollary of Proposition 1 allows one to
compute an upper-bound of the L2 gain of system (18)
using a quadratic storage function V .

Corollary 1 If there exist a positive-semidefinite sym-
metric matrix P ∈ ℜn×n, non-negative scalars γ, τC and
τD satisfying the next linear matrix inequalities









A′
fP + PAf PBfd H ′

B′
fdP −γI L′

H L −γI









+





τCMC 0

0 0



 ≤ 0;

(19a)








A′
gPAg−P A′

gPBgd H ′

B′
gdPAg −γI+B′

gdPBgd L′

H L −γI









+





τDMD 0

0 0



 ≤ 0

(19b)

then (9)-(11) are satisfied with p = 2, and V (x) = x′Px
and the finite input-output L2 gain of (18) is bounded
by γ. Moreover, if P > 0 then (12) holds with cyV =

|H|2

λmin(P ) , cyd = |L|2 and (18a) is Lp,∞ stable from d to y.

Finally, if P > 0 and the inequalities in (19) are strict,
then the origin of (18) is GES.

Proof. Applying the Schur complement to (19a) we ar-
rive at

[

A′
fP + PAf PBfd

B′
fdP −γI

]

− 1

γ

[

H ′

L′

]

[

H L
]

+ τCMC ≤ 0,

(20)

recalling that y =
[

H L
]

[

x

d

]

, and from the S-

procedure, we obtain the following quadratic inequality,
which is implied by (20)

〈2Px, Afx + Bfdd〉 +
1

γ
|y|2 − γ|d|2 ≤ 0 ∀(x, d) ∈ C.

where C is given in (18b). The above inequality is equiv-
alent to (10) with the choices p = 2, V (x) = x′Px,
kyf = 1

γ
, kdg = γ. Similarly, we have that (19b) implies

(11) with kyg = 1
γ
, kdg = γ. Since we have a quadratic

V , (9) holds with c2 = λmax(P ) and by Proposition 1,
the finite input-output gain is given by γ.

The fact that P > 0 implies (12) follows from x′Px ≥
λmin(P )|x|2 and then Lp,∞ stability follows from Propo-
sition 1.

The proof of GES when inequalities (19) hold strictly
arises from the fact that considering d = 0 one gets from
the upper left blocks of (19) that the function V (x) =
x′Px is a strict Lyapunov function for the hybrid system
and [27, Theorem 1] applies. �

Remark 6 Corollary 1 combines the bounded real
lemma for continuous- and for discrete-time systems
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to obtain a bound of the L2 gain for hybrid systems
when using hybrid norms. In [34, Theorem 2] and [1,
Theorem 13], similar results were stated for the spe-
cial case of systems with dwell time (which ensures
unbounded hybrid domains in the ordinary time direc-
tion). In that case, since only continuous-time norms
are used, it is necessary that d do not affect the jump
and flow sets and the jump map, and (19b) reduces to
A′

gPAg − P + τDMD ≤ 0. y

Remark 7 Corollary 1 corresponds to the selection of
a quadratic V , kyf = kyg = γ−1, and kdf = kdg = γ in
(10)-(11), and noticing the convexity of the arising con-
ditions. It is emphasized that the selection above for the
scalars is not conservative for the gain estimation, due
to the following.
• Assume that (10)-(11) are satisfied by different values
of kdf and kdg or kyf and kyg providing the gain esti-

mate γp = p

√

kd

ky
with kd = max{kdf , kdg} and ky =

min{kyf , kyg}. Then, (10)-(11) are clearly also satisfied
with kd replacing both kdf and kdg and with ky replac-
ing both kyf and kyg. Moreover the same gain estimate
is obtained by these new inequalities.
• We showed above that it is not conservative to use
kd, ky. For the quadratic case, it is also not conserva-
tive to have kd = 1

ky
. Indeed, assume that (19) are satis-

fied with γy = 1
ky

on the (2, 2) elements of the two left-

most matrices and with γd = kd on the (3, 3) elements.
Then the same estimate can be established by setting
kd = 1

ky
= γ =

√
γyγd on all the (2, 2) and (3, 3) diago-

nal terms and selecting P ⋆ =
√

γy

γd
P , τ⋆

C =
√

γy

γd
τC and

τ⋆
D =

√

γy

γd
τD, which satisfy both inequalities. y

Remark 8 While the reasoning of Remark 7 shows no
conservativeness in the selection of kdf = kdg = k−1

yf =

k−1
yg = γ, there is however conservativeness of the L2

gain estimate due to the fact that we restrict V to be
quadratic. Indeed, unlike the linear continuous- and
discrete-time cases where the bounded real lemma is
known to give the exact gain, for the hybrid case this is
not true and nonconvex Lyapunov function are needed
in general [2], even to assess exponential stability. See,
e. g., [5] where sum-of-squares Lyapunov functions are
used with homogeneous hybrid systems), or [34, Section
4.1] where a simple example fitting (18a) is given for
which no quadratic storage function exists. This conser-
vativeness is also well illustrated in Example 1 provided
at the end of Section 4. y

4 Homogeneous systems

In this section, using the results of Section 3, we establish
finite gain Lp stability properties of (5) under a homo-
geneity assumption for the system without disturbances

given by
{

ẋ = f(x, 0),

x+ = g(x, 0),

x ∈ C0

x ∈ D0

(21)

where C0 and D0 are suitable projected versions of the
sets C and D on the direction of the state x, satisfying
the following assumption.

Assumption 2 (Flow and jump sets) The sets C0

and D0 are closed and there exist scalars LC and LD

such that for all (x, d) ∈ R
n+m

(x, d) ∈ C ⇒ x ∈ C0 + LCB(|d|) (22a)

(x, d) ∈ D⇒ x ∈ D0 + LDB(|d|) (22b)

where C0 ⊂ R
n and D0 ⊂ R

n are closed sets satisfying
C0×{0} ⊃ (Rn×{0})∩C and D0×{0} ⊃ (Rn×{0})∩D.

A homogeneous system is defined as follows:

Definition 7 System (21) is homogeneous of degree zero
if given any scalar λ > 0, we have

f(λx, 0) = λf(x, 0), ∀x ∈ C0

g(λx, 0) = λg(x, 0), ∀x ∈ D0

(23)

x ∈ C0 ⇒ λx ∈ C0

x ∈ D0 ⇒ λx ∈ D0.
(24)

Remark 9 From (22b) and (22b) we have that C0 and
D0 must respectively contain the flow and jump sets
projected on the space of x, that is, the set of points x
such that (x, 0) ∈ C and (x, 0) ∈ D, respectively. Conic
flow and jump sets of the form considered in (18b) of the
previous section are homogeneous of degree zero but, in
general, (22) do not hold for these sets. The reason why is
that the quadratic dependence on d in (18b) can, in some
cases, prevent the existence of a linear bound as in (22).
For example, consider the case Mc = diag (Mx,−I) and
note that the condition in the first inequality of (18b)
becomes x′Mxx ≥ |d|2 for which (22) can not possibly
hold. Despite the above limitation, if the conic flow and
jump sets are defined as

C = {(x, d) : (x + SCd)′MC(x + SCd) ≥ 0} (25a)

D = {(x, d) : (x + SDd)′MD(x + SDd) ≥ 0} (25b)

with MC , MD ∈ R
n×n, SC , SD ∈ R

n×m, then (22)
holds with LC = |SC | and LD = |SD|. This is the case for
the sets C and D corresponding to Example 1 presented
below. y

The following assumption states some properties for the
jump and flow maps in (5).

Assumption 3 (Flow and jump maps) Consider
systems (5) and (21) satisfying Assumption 2. There
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exist two positive constants Ldf and Ldg such that for all
d ∈ R

m,

|f(z + v, d) − f(z, 0)| ≤ Ldf |d|, ∀z ∈ C0, |v| ≤ LC |d|
(26a)

|g(z + v, d) − g(z, 0)| ≤ Ldg|d|, ∀z ∈ D0, |v| ≤ LD|d|
(26b)

Remark 10 If f(·, ·) and g(·, ·) are globally Lipschitz
in both arguments, then (26) hold. However (26) cor-
respond to weaker assumptions as they are required to
hold only in some particular subsets of the state space
and with |v| upper-bounded by some function of |d|. y

The following theorem states equivalent properties for
homogeneous systems which satisfy the above assump-
tions.

Theorem 1 If Assumptions 1, 2 and 3 hold, and system
(5) is homogeneous of degree zero in the sense of Defini-
tion 7, then the following statements are equivalent:

(1) The origin of (5) with d = 0, (namely (21)) is (lo-
cally) asymptotically stable;

(2) The origin of (5) with d = 0, (namely (21)) is glob-
ally exponentially stable;

(3) System (5) is finite gain exponentially ISS from d
to x;

(4) for each p ∈ [1, +∞), there exists a function V :
R

n → R≥0 that is smooth in R
n \ {0} and positive

constants c1, c2, L1, L2, µ and ν ∈ [0, 1) such that

c1|x|p ≤ V (x) ≤ c2|x|p, ∀x ∈ R
n (27a)

〈∇V (x), f(x, 0)〉 ≤ −µV (x), ∀x ∈ C0 \ {0} , (27b)

V (g(x, 0)) ≤ νV (x), ∀x ∈ D0, (27c)

|∇V (x)| ≤ L1|x|p−1, ∀x ∈ R
n \ {0}, (27d)

|V (x + v) − V (x)| ≤ 2L1

(

|x|p−1|v| + |v|p
)

, (27e)

|∇V (x + v) −∇V (x)| ≤ L2

(

|x|p−2|v| + |v|p−1
)

(27f)

∀x, v such that x 6= 0 and x + v 6= 0.

Moreover if there exist positive scalars chx and chd such
that |h(x, y)| ≤ chx|x| + chd|d|, ∀(x, d) ∈ C ∪ D then
each one of the above properties implies that for each
p ∈ [1, +∞), ∃V satisfying (9)-(12) and therefore system
(5) is finite gain Lp stable and finite gain Lp,∞ stable
from d to y.

Before proving Theorem 1, we discuss an example which
illustrates the use of Corollary 1 to estimate the input-
output L2-gain for a homogeneous hybrid system of the
form (18) and we illustrate the conservativeness of Corol-
lary 1 (see Remark 8) by way of Theorem 1.

Example 1 This example is inspired by [22, Example 1]
where we have introduced disturbances d = [du dy]′ act-
ing both at the plant input (du) and at the measured

plant output (dy). Following [22], the hybrid closed-loop
can be written as

{

ẋp = apxc + bp(xc + du)

ẋc = acxc − y
(x, d) ∈ C

{

x+
p = xp

x+
c = −κMy

(x, d) ∈ D

y = xp + dy

(28a)

C =







(x, d) :

[

y

xc

]′ [

ap + bpκM bp

bp 0

][

y

xc

]

≥ 0







D = ℜ4 \ C.

(28b)
Notice that the disturbance du only affects the flow map
while disturbance dy also affects the jump map and the
flow and jump sets. Therefore the results in [34] and [1]
can not be used to estimate the gain from the distur-
bance dy to the output y. Thanks to the structure of
the flow and jump sets, which can be written as in (25),
Theorem 1 applies to this system. System (28) can be
written in the form (18) using the following values:

Af =

[

ap bp

ac −1

]

, Ag =

[

1 0

−κM 0

]

,

Bfd =

[

bp 0

0 0

]

, Bgd =

[

0 0

0 −κM

]

, MD = −MC ,

MC =















1 0

0 1

0 0

1 0















[

ap + bpκM bp

bp 0

][

1 0 0 1

0 1 0 0

]

,

H =
[

1 0
]

, L =
[

0 1
]

.

In [22], it is shown that, with ac = 0, κM = 1 and bp = 1,
the system is GES for all ap ∈ (−∞, 1]. Therefore, ac-
cording to Theorem 1, the system is also finite gain L2

stable for these values. However, the conservativeness
introduced by the quadratic Lyapunov function used in
Corollary 1 (see Remark 8) does not allow to compute a
gain estimate for all the values of ap in the GES range.
Figure 1 shows the values of the L2 gain estimates com-
puted from Corollary 1 from du to y and from dy to y, for
different values of ap. Notice that the gain γdy

from dy to
y is constant and the gain γdu

from du to y increases with
the increase of ap up to the value of ap = −3 which is a
bound for the feasibility of the LMIs (19). The shaded
area in Figure 1 corresponds to the set where the system
is not finite-gain L2 stable and the vertical dashed lines
correspond to the value of parameter ap used in [22]. y

7

CONFIDENTIAL. Limited circulation. For review only

Preprint submitted to Automatica
Received April 27, 2013 12:12:53 PST



 

 

−20 −15 −10 −5 0

10
−1

10
0

10
1

γdu ,

γdy

γdu

γdy

ap

Fig. 1. Example 1: gain estimates from the disturbance inputs
du and dy to the output y as a function of parameter ap.

(2) GES

(1) LAS (4) ∃V ⇒ Lp and Lp,∞

(3) ISS
⇒ ⇒

⇒ ⇒

Fig. 2. The structure of the proof of Theorem 1.

Remark 11 The proof of Theorem 1 is carried out by
showing (1) ⇒ (2) ⇒ (4) ⇒ (3) ⇒ (1), and that (4) ⇒
Lp and Lp,∞ properties. Its structure is also graphically
shown in Figure 2 y

Proof of Theorem 1. (1) ⇒ (2). The proof is similar to
the proof of [20, Theorem 7]. Consider a scalar r > 0
such that the basin of attraction of the origin B◦ con-
tains {x : |x| ≤ r}. Consider now any initial condition
x(0, 0) 6= 0 and denote by z(t, j) the response from the
initial condition:

z(0, 0) := min

{

r

|x(0, 0)| , 1
}

x(0, 0)

From the system’s homogeneity assumption, given any
solution x(·, ·) of (21) and any λ > 0, λx(·, ·) is a solution
and, since z(0, 0) ∈ B◦ it follows that

|x(t, j)| = max

{ |x(0, 0)|
r

, 1

}

|z(t, j)|

≤ max

{ |x(0, 0)|
r

, 1

}

β(min {|x(0, 0)|, r} , t, j)

=: βG(|x(0, 0)|, t, j)
(29)

where β is the KLL function arising from local asymp-
totic stability. Therefore βG establishes a global KLL
bound on the x response.

Note that (21) satisfies [30, Standing Assumption 1]
and from homogeneity, we have Γλx = λx and δ = 0
in [30, Definition 5]. Moreover, the bound (29) estab-
lishes a KLL bound in the sense of [30, Definition 1] with
ω(x) = |x|. Then, all the assumptions of [30, Theorem
2] with θ = κ = 1 and ϑ = ω are satisfied and by [30,
Proposition 3, item 2] and [30, Proposition 4] there ex-
ist positive scalars mf , ℓf , respectively mj , ℓj, such that,
using m = max {mf , mj} and ℓ = min {ℓf , ℓj}, we have

|x(t, j)| ≤ m|x(0, 0)|min
{

e−ℓt, e−ℓj
}

, ∀(t, j) ∈ dom(x).

Then, since t ≥ j implies e−ℓt ≤ e−ℓ( t
2
+ j

2 ) and t ≤ j

implies e−ℓj ≤ e−ℓ( t
2
+ j

2 ), we get

|x(t, j)| ≤ m|x(0, 0)|min
{

e−ℓt, e−ℓj
}

≤ m|x(0, 0)|e− ℓ
2
(t+j)

(30)

∀(t, j) ∈ dom(x) for all solutions to (5) with d = 0.

(2)⇒ (4). First note that for (5) the results in [30, Theo-
rem 2] apply with the dilation Γ(s, x) = (sx), ω(x) = |x|,
θ = 1, δ = 0 and κ = p, with p ∈ Z≥1. Indeed, by
Definition 7, all the properties of [30, Definition 5] and
of the standing assumption in [30] hold. Then, by [30,
Theorem 2] there exist positive constants µ > 0 and
ν ∈ (0, 1) and a smooth function V homogeneous of de-
gree p with respect to the dilation Γ (namely satisfying
V (λx) = λpV (x) for all x and λ > 0) satisfying (27b)
and (27c) and such that for some α1(·) and α2(·) ∈ K∞:

α1(|x|) ≤ V (x) ≤ α2(|x|), ∀x ∈ R
n. (31)

Proof of (27a): Consider c1 = α1(1) and c2 = α2(1).
Then, since V (·) is homogeneous of degree p with respect

to Γ, for each x ∈ R
n \{0} we have V (x) = V

(

|x| x
|x|

)

=

|x|pV
(

x
|x|

)

, which, together with (31), leads to (27a).

Proof of (27d): Similar to [23] consider the directional
derivative of V at any x 6= 0 in the direction w, with
|w| = 1 given by

〈∇V (x), w〉 = lim
h→0

V (x + hw) − V (x)

h
,

and define the unit vector z := x
|x| and the scalar h̄ :=

h
|x| . Then, since V (·) is homogeneous of degree p, we get

V (x + hw) − V (x)

h
=

V
(

|x|z + |x|h̄w
)

− V (|x|z)

|x|h̄

= |x|p−1 V
(

z + h̄w
)

− V (z)

h̄
,
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therefore, since w is arbitrary, for any x 6= 0,

∇V (x) = |x|p−1∇V

(

x

|x|

)

. (32)

Since V (·) is smooth, and {z : |z| = 1} is compact, there
exists L1 ∈ R>0 such that max

|z|=1
|∇V (z)| ≤ L1, which,

together with (32), implies (27d).

Proof of (27e) and (27f): Since V is smooth almost ev-
erywhere, then we can write

|V (x + v) − V (x)| =

∣

∣

∣

∣

(∫ 1

0

∇V (x + tv)dt

)

v

∣

∣

∣

∣

(33)

which, applying (27d) and for any set of measure zero
Ω, can be upper bounded by

|V (x + v) − V (x)| ≤ supt∈[0,1]\Ω |∇V (x + tv)||v|
≤ 2L1(|x|p−1 + |v|p−1)|v|,

(34)
which implies (27e).

Consider now (27f) and follow a similar reasoning to the
one above to obtain

∇V (x + v) −∇V (x) =

(∫ 1

0

JV (x + tv)dt

)

v (35)

where JV (·) is the Jacobian of V , for which the follow-
ing inequality can be derived, for some scalar L̄2 > 0, by
exploiting homogeneity, similar to the calculations car-
ried out in the proof of (27d) above:

|JV (x)| ≤ L̄2|x|p−2, ∀x 6= 0. (36)

For the case p ≥ 2, equation (27f) is proven with
L2 = 2L̄2 by carrying out similar calculations carried
out above to prove (27e). For the case p = 1 we break

the analysis in two cases. Consider first |v| ≤ |x|
2 and

note that for all t ∈ [0, 1] we have |x + tv| ≥ |x|
2 . Then,

using the previous bound and (35), (36), we get

|∇V (x + v) −∇V (x)| ≤ supt∈[0,1] L̄2|x + tv|−1|v|
≤ L̄2

2
|x| |v|.

(37)

Consider now |v| ≥ |x|
2 , which implies 1 ≤ 2|v|/|x|. Then,

also using (27d), we get

|∇V (x + v) −∇V (x)| ≤ |∇V (x + v)| + |∇V (x)| ≤ 2L1

≤ 4L1
|v|
|x| .

(38)

Finally, (27f) follows from (37), (38) selecting L2 =
max

{

2L̄2, 4L1

}

.

(4) ⇒ Lp,Lp,∞. We prove this implication by show-
ing that (9)–(12) hold for system (5) and then apply-
ing Proposition 1. The first relation, (9), is implied
by (27a). Regarding (12), from the theorem assumption
|h(x, y)| ≤ chx|x|+ chd|d| ∀(x, d) ∈ C ∪D and (27a), we
have

|h(x, y)|p ≤ cp
hx|x|p + cp

hd|d|p

≤ cp
hx

c1
V (x) + cp

hd|d|p

which implies (12) with cyV =
cp
hx

c1
and cyd = cp

hd. We

prove (10) and (11) below.

Proof of (10): From Assumption 2 we have that for
(x, d) ∈ C, x may be written as x = z + v with z ∈ C0,
z 6= 0 and v satisfying |v| ≤ 2LC|d|. Indeed, if |d| = 0,
then v = 0 and z = x 6= 0 by assumption; if |d| 6= 0 and
the only point satisfying z ∈ C0 ∩ x + LCB(|d|) is the
origin, then by homogeneity of C0 (see (24)) there exists
a nonempty set of points z ∈ C0 ∩ x + 2LCB(|d|). Then
we have for all (x, d) ∈ C,

〈∇V (x), f(x, d)〉 = 〈∇V (x), f(z+v, d)+f(z, 0)−f(z, 0)〉
= 〈∇V (z + v) + ∇V (z) −∇V (z), f(z, 0)〉

+〈∇V (x), f(z + v, d) − f(z, 0)〉
= 〈∇V (z), f(z, 0)〉

+〈∇V (z + v) −∇V (z), f(z, 0)〉
+〈∇V (x), f(z + v, d) − f(z, 0)〉.

(39)

Note also that, from the homogeneity of f(·, 0) in (23)
and the compactness of the unit ball, we have for all
z ∈ C0,

|f(z, 0)| =

∣

∣

∣

∣

f

(

|z| z

|z| , 0
)∣

∣

∣

∣

= |z|
∣

∣

∣

∣

f

(

z

|z| , 0
)∣

∣

∣

∣

≤ cf |z|,
(40)

where cf is finite because it is the maximum over a com-
pact set.

Since z ∈ C0, we may use the bounds (27b), (26a) from
Assumption 3 and the bounds (27d), (27f) and (40) to
obtain from (39),

〈∇V (x), f(x, d)〉 ≤ −µV (z)

+L2

(

|z|p−2|v| + |v|p−1
)

cf |z|
+L1|x|p−1Ldf |d|

(41)
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Since |v| ≤ LC |d|, we get

〈∇V (x), f(x, d)〉 ≤ −µV (z)

+L2LCcf |z|p−1|d| + L2L
p−1
C cf |z||d|p−1

+L1Ldf |x|p−1|d|
(42)

Finally, with z = x − v, we get |z| ≤ |x| + LC |d|, which
implies

〈∇V (x), f(x, d)〉 ≤ −µV (x − v)

+L2LCcf (|x| + LC |d|)p−1|d|
+L2L

p−1
C cf (|x| + LC |d|)|d|p−1

+L1Ldf |x|p−1|d|.
(43)

Consider now the first term at the right hand side of
(43). Using (27e) and similar steps to (39)-(43) we get

− µV (x − v) = −µ (V (x − v) + V (x) − V (x))

≤ −µV (x) + µ|V (x) − V (x − v)|
≤ −µV (x) + µ2L1

(

|x|p−1|v| + |v|p
)

≤ −µV (x) + 2µL1

(

|x|p−1LC |d| + Lp
C |d|p

)

.

(44)

Therefore, using the lower bound in (27a), (43)-(44) im-
ply

〈∇V (x), f(x, d)〉 ≤ −µV (x)

+2µL1

(

|x|p−1LC |d| + Lp
C |d|p

)

+L2LCcf (|x| + LC |d|)p−1|d|
+L2L

p−1
C cf (|x| + LC |d|)|d|p−1

+L1Ldf |x|p−1|d|

≤ −µc1|x|p + cd|d|p +

p−1
∑

i=1

c̄i|x|p−i|d|i

(45)
where c̄i, i = 1, . . . , p−1 are the coefficients of the mixed
terms and cd is the coefficient of the terms in |d|p in
(43) and (44). To prove (10) from (45), we use Young’s
inequality to obtain an upper bound for each term i =
1, . . . , p − 1 in the sum, as follows:

c̄i|x|p−i|d|i ≤ 1

p

(

ǫic̄i(p − i)|x|p + c̄iiǫ
−(p

i
−1)

i |d|p
)

.

(46)
By choosing

ǫi =
µc1

2

1

(p − 1)

p

c̄i(p − i)
,

we have

〈∇V (x), f(x, d)〉 ≤ −µc1

2 |x|p + c̃d|d|p, ∀(x, d) ∈ C
(47)

where

c̃d = cd +

p−1
∑

i=1

1

p
c̄iiǫ

−( p
i
−1)

i . (48)

Moreover from the theorem assumption and the triangle
inequality we have −cp

hx|x|p ≤ −h(x, d)p +cp
hd|d|p which

implies (10) with kyf =
µc1

2cp
hx

and kyd = c̃d +
cp
hd

cp
hx

as to

be proven.

Proof of (11): From Assumption 2 we have that for
(x, d) ∈ D, x may be written as x = z + v with z ∈ D0

and v satisfying |v| ≤ LD|d|. Then from (27c) we have
for all (x, d) ∈ D,

V (g(x, d)) = V (g(z + v, d)) + V (g(z, 0)) − V (g(z, 0))

≤ νV (z) + |V (g(z + v, d)) − V (g(z, 0))|.
(49)

Considering the difference V (g(z + v, d)) − V (g(z, 0)),
from the mean value theorem, we have that

V (g(z+v, d))−V (g(z, 0)) = ∇V (ξ)′(g(z+v, d)−g(z, 0))

with ξ = λg(z + v, d)+ (1−λ)g(z, 0) for some λ ∈ [0, 1].
Then we get from (26b) and (27d)

|V (g(z + v, d)) − V (g(z, 0))| (50)

≤ |∇V (ξ)||(g(z + v, d) − g(z, 0))|
≤ L1|λg(z + v, d) + (1 − λ)g(z, 0))|p−1

|(g(z + v, d) − g(z, 0))|
≤ L1Ldg|d||λ(g(z + v, d) − g(z, 0)) + g(z, 0)|p−1

≤ L1Ldg|d|(Ldg|d| + |g(z, 0)|)p−1.

From the homogeneity of g(·, 0) in (23), we have for all
z ∈ D0

|g(z, 0)| =

∣

∣

∣

∣

g

(

|z| z

|z| , 0
)∣

∣

∣

∣

= |z|
∣

∣

∣

∣

g

(

z

|z| , 0
)∣

∣

∣

∣

≤ cg|z|,
(51)

where cg is finite because it is the maximum over a com-
pact set.

Finally, using (51) and the inequality (a + b)j ≤ (2a)j +
(2b)j equation (50) implies

|V (g(z+v, d))−V (g(z, 0))| ≤ L1Ldg|d|(Ldg|d|+cg|z|)p−1

≤ L1Ldg|d|((2Ldg|d|)p−1 + (2cg|x − v|)p−1)

≤ c5|d|p + c6|d|(x + LD|d|)p−1.
(52)
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where c5, c6 are suitable positive constants.

Similar to (44), consider the following bound for the first
term at the right hand side of (49):

νV (z) = νV (x − v)

≤ νV (x) + νL1LD

(

|x|p−1 + (|x| + LD|d|)p−1
)

|d|
(53)

then using (52) and (53), (49) becomes

V (g(x, d)) ≤ νV (z) + c5|d|p + c6|d|(x + LD|d|)p−1

≤ ν+1
2 V (x) − 1−ν

2 V (x)

+νL1LD

(

|x|p−1 + (|x| + LD|d|)p−1
)

+c5|d|p + c6|d|(x + LD|d|)p−1,

(54)
which can be rewritten considering (27a) as

V (g(x, d)) ≤ ν+1
2 V (x) − 1−ν

2 c1|x|p

+cd|d|p +

p−1
∑

i=1

c̄i|x|p−i|d|i,

(55)
following a similar approach to (45), consider Young’s
inequality as in (46) and choosing

ǫi =
1 − ν

2c1

1

(p − 1)

p

ci(p − i)
,

we obtain

V (g(x, d)) ≤ ν + 1

2
V (x) + c̃d|d|p

with c̃d as in (48). Finally we obtain

V (g(x, d)) − V (x) ≤ ν − 1

2
V (x) + c̃d|d|p

≤ ν − 1

2
c2|x|p + c̃d|d|p.

(56)

Bound (56) implies (11) using −cp
hx|x|p ≤ −h(x, d)p +

cp
hd|d|p just as in the proof of (10) above.

Based on (9)-(12), proven above, the proof of this step
is completed by applying Proposition 1 with the bounds
(47) and (56).

(4) ⇒ (3). Consider any solution x to (5) and the func-
tion U(t, j) = V (x(t, j)), (t, j) ∈ dom(x). With p = 1,
using the first lines in (45) and (56), it follows that

U̇(t, j) ≤ −µU(t, j) + µcf |d(t, j)|, (57a)

for almost all t ∈ [tj , tj+1],

U(tj , j) ≤ ηU(tj , j − 1) + cj |d(tj , j − 1)|, (57b)

∀(t, j) ∈ dom(x), j ≥ 1,

where η = 1−ν
2 , cf = cd and cj = c̃d. Consider now

the comparison lemma in [16, Theorem 1.10.2] (see also
[29, Lemma 1]) which can be applied to (57a) because
d ∈ Lp. We get from (57):

U(t, j) ≤ e−µ(t−tj)U(tj , j) + µcf

∫ t

tj

e−µ(t−s)|d(s, j)|ds,

≤ e−µ(t−tj)U(tj , j) + cf‖d‖∞, ∀t ∈ [tj , tj+1],
(58a)

U(tj , j) ≤ ηU(tj , j − 1) + cj‖d‖∞,

∀(t, j) ∈ dom(x), j ≥ 1, (58b)

where we have used
∫ t

tj
e−µ(t−s)ds ≤

∫ +∞

0
e−µsds = 1

µ

for all t ≥ tj .

Use now iteratively the bounds in (58) and v ≥ 0 ⇒
e−v ≤ 1, to get the following bound for any (t, j) ∈
dom(x):

U(t, j)≤ e−µ(t−tj)U(tj , j) + cf‖d‖∞
≤ e−µ(t−tj) (ηU(tj , j − 1) + cj‖d‖∞) + cf‖d‖∞
≤ ηe−µ(t−tj)

(

e−µ(tj−tj−1)U(tj−1, j − 1)

+cf‖d‖∞) + (cf + cj)‖d‖∞
≤ ηe−µ(t−tj−1) (ηU(tj−1, j − 2) + cj‖d‖∞)

+(ηcf + cf + cj)‖d‖∞
...

≤ ηj−1e−µ(t−t1)
(

e−µ(t1−t0)U(t0, 0) + cf‖d‖∞
)

+

j−1
∑

k=0

ηk(cf + cj)‖d‖∞

≤ ηj−1e−µ(t−t0)U(t0, 0) +
cf + cj

1 − η
‖d‖∞.

Using (27a) (with p = 1) and the previous bound, we
finally get:

|x(t, j)| ≤ β(|x(0, 0)|, t, j) + γ∞‖d‖∞,

where β(x, t, j) = c2ηj−1

c1

e−µtx is a class KLL function

and γ∞ =
cf+cj

c1(1−η) is the finite ISS gain.

(3) ⇒ (1). With d = 0 in (8) we obtain a KLL function
bound for |x(t, j)| which holds in R

n, satisfying therefore
the conditions for the LAS of the origin in Definition 4.

�

5 Systems with average dwell time

In this section we focus on the special case where
h(x, d) = x and we show that by imposing an av-
erage dwell time condition to system (5), the results
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of the previous sections can be extended to the case
when(10),(11) are relaxed to hold with

(i) kyg possibly non positive under a direct average dwell
time condition (see Section 5.1);

(ii) kyf possibly non positive under a reverse average dwell
time condition (see Section 5.2).

The proof technique in both cases essentially relies on
building a strict Lyapunov function from a non-strict
one. The restriction to the case y = x is motivated by the
fact that we need a strict decrease of the Lyapunov func-
tion along flows (for case (i) above) or jumps (for case
(ii) above). Extensions of these results to cases where
y 6= x are discussed in Remark 16.

5.1 Direct Average Dwell-Time

To enforce a direct average dwell-time constraint on the
hybrid system (5), we introduce a timer variable τ , so-
lution to the following hybrid system:











τ̇ = min

{

δ, δ − (τ − N)

ζ

}

,

τ+ = min {τ, N} − 1,

τ ∈ [0, N + δζ]

τ ∈ [1, N + δζ] .

(59)
where δ > 0, N ∈ Z>0 and ζ > 0 is a (typically small)
positive scalar whose role is clarified in Remark 12 below.
We now embed the hybrid system (59) into the hybrid
dynamics (5) in such a way that jumps are not allowed
if the average dwell-time constraints fail to hold. The
resulting hybrid dynamics corresponds to (59) and

{

ẋ = f(x, d),

x+ = g(x, d),

(x, d, τ) ∈ C × [0, N + δζ]

(x, d, τ) ∈ D × [1, N + δζ] .
(60)

Remark 12 The average dwell-time logic (59) ensures
that τ belongs to a compact set, which is useful to ex-
ploit the converse results of [30]. Alternative simpler se-
lections for the dwell-time logic allowing τ to evolve in
an unbounded set are also possible. Notice that with (59)
we have

τ̇ = δ, ∀τ ∈ [0, N ] (61a)

0 ≤ τ̇ ≤ δ, ∀τ ∈ [N, N + δζ] . (61b)

Moreover, as ζ → 0 we recover the formulation in [4,
Proposition 1.1], where the flow map is a set-valued map
at τ = N . Following [4, Proposition 1.1], an average
dwell-time constraint with parameters (δ, N), is satisfied
by the timer dynamics (59) namely a hybrid time domain
E satisfies

j − i ≤ δ(t − s) + N, ∀(t, j), (s, i) ∈ E, t + j ≥ s + i

if and only if E is a domain of a solution to (59). y

Remark 13 In [20, Section 3] a discussion about the
role of temporal regularization ((59) with N = 1) for
systems with first order reset elements is presented. In
particular, it is remarked that certain non converging
Zeno solutions, that exist without temporal regulariza-
tion, are not allowed if the system is associated to the
timer dynamics (59). y

For the case y = x, the presence of the dwell-time logic
(59) allows conditions (11) to be weakened by relaxing
the assumption that kyg > 0 and exploiting (59) to build
a new Lyapunov function which depends on the timer τ
and exhibits reduced decrease along flows and reduced
increase across jumps.

Proposition 2 Consider system (5) with y = x and as-
sume that there exists V satisfying (9)-(12) for positive
scalars p ∈ [1,∞), c1, c2, kyf , kdf , kdg and a (not nec-
essarily positive) scalar kyg. Then for each scalar λ ≥ 0,
there exists a function (x, τ) 7→ W (x, τ) and scalars

c̄1 := c1 exp(−λN), c̄2 := c2 exp(λδζ) (62a)

k̄df := kdf exp(λδζ), k̄dg := kdg exp(λ(δζ − 1)) (62b)

k̄xf := kyf exp(−λN) − λδc2 exp(λδζ) (62c)

k̄xg := exp(−λ)min{exp(λ(1 − N))kyg, exp(λδζ)kyg}
+ (1 − exp(−λ))c2 exp(λδζ) (62d)

satisfying

c̄1|x|p ≤ W (x, τ) ≤ c̄2|x|p (63)

∀(x, d, τ) ∈ (C ∪ D) × (TC ∪ TD)
〈

∇W (x, τ),

[

f(x, d)

fτ (τ)

]〉

≤ −k̄xf |x|p + k̄df |d|p (64)

∀(x, d, τ) ∈ C × TC

W (g(x, d), gτ (τ))−W (x, τ)≤−k̄xg |x|p + k̄dg|d|p (65)

∀(x, d, τ) ∈ D × TD,

where TC := [0, N + δζ], TD := [1, N + δζ] and fτ (τ)
and gτ (τ) are shorthand notations for the right-hand
sides in (59). Moreover if k̄xf > 0 and k̄xg > 0, then sys-
tem (59), (60) is finite gain Lp stable and finite gain Lp,∞

stable from d to x with gains γp = p

√

k̄d

k̄x
and γp,∞ ≤ p

√

k̄d

c̄1

where k̄d = max
{

k̄df , k̄dg

}

, k̄x = min
{

k̄xf , k̄xg

}

.

Proof. Consider the function ϕ(·) : R≥0 → R≥0, ϕ(τ) :=
exp (λ(τ − N)). We have

ϕ̇(τ) = λϕ(τ)τ̇ ≥ 0 (66)

Since 0 ≤ τ ≤ N + δζ, we have

ϕ(0) = exp (−λN) ≤ ϕ(τ) ≤ exp (λδζ) =: ϕM (67)
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and we also obtain

ϕ(τ+) ≤ ϕ(τ − 1) = exp (−λ) ϕ(τ). (68)

Consider now the function W (x, τ) := ϕ(τ)V (x). From
(9), (12) and (67), we have that (63) holds with the
definitions in (62a).

For (x, d, τ) ∈ C × [0, N + δζ], using the bounds (10)
with h(x, d) = x, (61a), (66) and the upper bound in
(67), we obtain

〈

∇W (x, τ),

[

f(x, d)

fτ (τ)

]〉

= ϕ(τ)V̇ (x) + ϕ̇(τ)V (x)

≤ ϕ(τ) (−kyf |x|p + kdf |d|p) + λϕ(τ)τ̇ c2|x|p

≤ (− exp(−λN)kyf + λδc2 exp(λδζ)) |x|p

+ exp(λδζ)kdf |d|p

= −k̄xf |x|p + k̄df |d|p,

(69)

with k̄df and k̄xf in (62b), (62c). For (x, d, τ) ∈ D ×
[1, N + δζ], since ϕ(τ) ≥ ϕ(1), we obtain, using (11)
with h(x, d) = x, (63), (67) and the definitions in (62b),
(62d),

W (g(x, d), gτ (τ)) = ϕ(τ+)V (x+) (70)

≤ exp(−λ)ϕ(τ)(V (x) − kyg|x|p + kdg|d|p)
≤ exp(−λ)W (x, τ) + exp(−λ)ϕMkdg|d|p

− exp(−λ)min{ϕ(1)kyg, ϕMkyg}|x|p

≤ W (x, τ) + (exp(−λ) − 1)W (x, τ)

+k̄dg|d|p − exp(−λ)min{ϕ(1)kyg, ϕMkyg}|x|p

≤ W (x, τ) + (exp(−λ) − 1)c2ϕM |x|p

+k̄dg|d|p − exp(−λ)min{ϕ(1)kyg, ϕMkyg}|x|p

= W (x, τ) − k̄xg|x|p + k̄dg|d|p,

which establishes (65). Note that kyg ≥ 0 implies that
min{ϕ(1)kyg, ϕMkyg} = ϕ(1)kyg and kyg ≤ 0 implies
that min{ϕ(1)kyg, ϕMkyg} = ϕMkyg.

If k̄xf > 0 and k̄xg > 0, for each solution (x, τ) to (59),
(60), define U(t, j) = W (x(t, j), τ(t, j)) for all (t, j) ∈
dom(x) and follow the same steps as in the proof of
Theorem 1, to obtain the bounds for the Lp and Lp,∞

gain of (59), (60). �

Remark 14 Equations (62) reveal that when λ = 0, the
“overline” constants pertaining to W (·, ·) coincide with
those of V (·). As λ grows, we see from (62a) a growth and
a decrease, respectively, of the upper and lower bounds
on W (·, ·). From (62d), we see a desirable increase of k̄xg

as λ grows and, if δζ < 1, also a desirable decrease of

k̄dg, shown by (62b) (note that ζ can be selected arbi-
trarily small without affecting the x component of the
solutions, so this is always possible). This two-fold de-
sirable effect is paid by the undesired decrease of k̄xf in
(62c). Finally, the undesired increase of k̄df in (62b) can
be made arbitrarily small by reducing ζ. With a suitable
choice of λ on (62), one can optimize the Lp and Lp,∞

finite gain estimates at the end of Proposition 2, which
involve max(·) functions. y

Proposition 2 implies Lp and Lp,∞ stability (if and) only
if k̄xf > 0 and k̄xg > 0. It is then useful to check un-
der what conditions there exists a λ inducing positive
(k̄xg, k̄xf ) in (62c)-(62d). To this aim, from (62b) we get
k̄xf ≥ 0 if

kyf > δc2λ exp(λ(δζ + N)) (71)

which establishes an upper bound on λ and N . Moreover,
from (62d) we get that k̄xg > 0 for all λ if kyg > 0,
while for kyg ≤ 0 (note that kyg ≤ 0 implies that the
minimizer is the second term) we need from (62d)

c2(1 − exp(−λ)) exp(N + λδζ) > |kyg| (72)

which establishes a lower bound on λ and N .

The next corollaryhighlights the special case when kyg =
0, so that for any (N, δ, ζ), a sufficiently small positive λ
satisfying (71) and (72) always exists.

Corollary 2 Consider system (5) with y = x and as-
sume that there exists V satisfying (9)-(12) for positive
scalars p ∈ [1,∞), c1, c2, kyf , kdf , kdg and kyg = 0, then
there exists a sufficiently small λ > 0 satisfying (71)-
(72), namely such that the scalars in (62) are all positive.
Hence (59)-(60) is finite gain Lp and Lp,∞ stable from d
to x.

Corollary 2 allows us to construct a strict Lyapunov
function (x, τ) 7→ W (x, τ) depending on the timer τ from
a non-strict Lyapunov function x 7→ V (x) independent
of τ , namely to find a W (·, ·) which strictly decreases
both during flows and across jumps from a V (·) which
strictly decreases during flows and does not increase at
jumps.

Remark 15 In Proposition 1 we used the upper-bound
(9) to compute the Lp gain bound and (12) to compute
theLp,∞ gain bound. Instead, in Proposition 2 (and sim-
ilarly in Proposition 3 below), to save space, we directly
used (9) and (12) to derive (64) and (65), which imply
both finite Lp and finite Lp,∞ gains. Nevertheless, the
lower bound in (63) can be removed, similar to Proposi-
tion 1, if only finite Lp gains are required even though,
as explained in Remark 4, finite escape times may then
occur. y
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Remark 16 When y 6= x, similar results to those of
Proposition 2 can be derived if the flow condition (10)
is strengthened to

〈∇V (x), f(x, d)〉 ≤ −kV fV (x) − kyf |h(x, d)|p + kdf |d|p,
(73)

for all (x, d) ∈ C, with kV f > 0. Indeed, the additional
term kV fV (x) can be used to carry out similar calcula-
tions to those in (69), (70). Nevertheless, in this case the
constants in (62) will change and will depend on kV f .
We didn’t address this case in this section because the
bound (73) appears somewhat artificial. Moreover, the
case with y = x seems better motivated, e.g., by the re-
sults in [20, Theorem 7]. Similar comments apply to the
next section where, for the case y 6= x, one could add a
term −kV gV (x) to the right hand side of (11). y

5.2 Reverse Average Dwell-Time

Inspired by [19], we introduce a reverse average dwell-
time constraint on (5) by using the timer variable τ so-
lution to the following hybrid system:

{

τ̇ = 1,

τ+ = max {0, τ − δ} ,

τ ∈ [0, T ]

τ ∈ [0, T ] .
(74)

where δ > 0 and T > 0. We now embed the reverse
average dwell-time timer dynamics (74) into the hybrid
dynamics (5) in such a way that flows are not allowed if
the reverse average dwell-time constraints fail to hold.
The resulting hybrid dynamics corresponds to (74) and

{

ẋ = f(x, d),

x+ = g(x, d),

(x, d, τ) ∈ C × [0, T ]

(x, d, τ) ∈ D × [0, T ] .
(75)

Remark 17 Following [19, Proposition 3.2], a reverse
average dwell-time constraint with parameters (δ, T ), is
satisfied by all solutions to hybrid system (74), namely
a hybrid time domain E satisfies

t − s ≤ δ(j − i) + T, ∀(t, j), (s, i) ∈ E, t + j > s + i

if and only if E is a domain of a solution to (74). y

For the case y = x, the presence of the reverse average
dwell-time logic (74) allows conditions (11) to be weak-
ened by relaxing the assumption that kyf > 0 and ex-
ploiting (74) to build a new Lyapunov function which
depends on τ and exhibits reduced decrease across jumps
and reduced increase along flows.

Proposition 3 Consider system (5) with y = x and as-
sume that there exists V satisfying (9)-(12) for positive
scalars p ∈ [1,∞), c1, c2, kyg, kdf , kdg and a (not nec-
essarily positive) scalar kyf , then for each scalar λ ≥ 0,

there exists a function (x, τ) 7→ W (x, τ) and scalars

c̄1 := c1 exp(−λT ), c̄2 := c2, (76a)

k̄df := kdf , k̄dg := kdg exp(λδ), (76b)

k̄xf := min{kyf , exp(−λT )kyf} + λ exp(−λT )c2,
(76c)

k̄xg := exp(−λ(T − δ))kyg − (exp(λδ) − 1)c2 (76d)

satisfying (63)–(65) with TC = TD := [0, T ] and with
fτ (τ) and gτ (τ) being shorthand notations for the right-
hand sides in (74). Moreover if k̄xf > 0 and k̄xg > 0,
then system (74), (75) is Lp stable and Lp,∞ finite gain

stable from d to x with gains γp = p

√

k̄d

k̄x
and γp,∞ ≤ p

√

k̄d

c̄1

with k̄d = max
{

k̄df , k̄dg

}

, k̄x = min
{

k̄xf , k̄xg

}

.

Proof. Consider the function ϕ(·) : R≥0 → R≥0, ϕ(τ) :=
exp (−λτ), with λ ≥ 0. We have

ϕ̇(τ) = −λϕ(τ)τ̇ = −λϕ(τ) ≤ 0. (77)

Since 0 ≤ τ ≤ T , we have

ϕm = exp (−λT ) ≤ ϕ(τ) ≤ 1, (78)

and we also obtain

ϕ(τ+) = min{1, ϕ(τ − δ)}

= min

{

1

ϕ(τ)
, exp(λδ)

}

ϕ(τ)

≤ min {1, exp(λδ)}ϕ(τ)

≤ exp(λδ)ϕ(τ).

(79)

Consider now the function W (x, τ) := ϕ(τ)V (x). From
(9), (12) and (78), we have that (63) holds with the
definitions in (76a).

For (x, d, τ) ∈ C × [0, T ], using (74) and the bounds (10)
with h(x, d) = x, (77) and the upper bound in (78), we
obtain

〈

∇W (x, τ),

[

f(x, d)

fτ (τ)

]〉

= ϕ(τ)V̇ (x) + ϕ̇(τ)V (x)

≤ ϕ(τ) (−kyf |x|p + kdf |d|p) − λ exp(−λT )c2|x|p

≤ (−min{kyf , exp(−λT )kyf} − λ exp(−λT )c2) |x|p

+kdf |d|p

= −k̄xf |x|p + k̄df |d|p,
(80)

with k̄df and k̄xf in (76b), (76c). Note that kyf ≥ 0
implies that min{kyf , exp(−λT )kyf} = exp(−λT )kyf

and kyf ≤ 0 implies min{kyf , exp(−λT )kyf} = kyf .
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For (x, d, τ) ∈ D × [0, T ], we obtain using (11) with
h(x, d) = x, (63), (78) and the definitions in (76b), (76d)

W (g(x, d), gτ (τ)) = ϕ(τ+)V (x+)

≤ exp(λδ)ϕ(τ)(V (x) − kyg|x|p + kdg|d|p)
≤ exp(λδ)W (x, τ) + exp(λδ)kdg |d|p

− exp(−λ(T − δ))kyg|x|p

≤ W (x, τ) + (exp(λδ) − 1)W (x, τ)

+k̄dg|d|p − exp(−λ(T − δ))kyg|x|p

≤ W (x, τ) + (exp(λδ) − 1)c2|x|p

+k̄dg|d|p − exp(−λ(T − δ))kyg|x|p

= W (x, τ) − k̄xg|x|p + k̄dg|d|p

(81)

which establishes (65).

If k̄xf > 0 and k̄xg > 0, for each solution (x, τ) to (74),
(75), define U(t, j) = W (x(t, j), τ(t, j)) for all (t, j) ∈
dom(x) and follow the same steps as in the proof of
Theorem 1, to obtain the bounds for the Lp and Lp,∞

gain of (74), (75). �

Remark 18 Equations (76) reveal that when λ = 0,
the “overline” constants pertaining to W (·, ·) coincide
with those of V (·). As λ increases, we see from (76a) a
decrease in the lower bound on W (·, ·). From (76c), we
see a desirable increase of k̄xf as λ increases and T > 0
decreases. This desirable effect is paid by the undesired
decrease of k̄xg in (76d). With a suitable choice of λ, one
can optimize theLp andLp,∞ finite gain estimates at the
end of Proposition 3, which involve max(·) functions. y

Proposition 3 implies Lp and Lp,∞ stability (if and) only
if k̄xf > 0 and k̄xg > 0. It is then useful to check un-
der what conditions there exists a λ inducing positive
(k̄xg, k̄xf ) in (76c)-(76d). To this aim, from (76b) we get
k̄xf > 0 for all λ > 0 if kyf > 0 while if kyf ≤ 0 we get
k̄xf > 0 if

c2λ exp(−λT ) > −kyf (82)

which establishes a lower bound on λ and a lower bound
on T . Moreover, from (76d) we get that k̄xg > 0 if

kyg > exp(λ(T − δ))(exp(λδ) − 1)c2 (83)

which establishes an upper bound on λ and T .

The next corollary highlights the special case when
kyf = 0, so that for any (T, δ), a sufficiently small λ
satisfying (82) and (83) always exists.

Corollary 3 Consider system (5) with y = x and as-
sume that there exists V satisfying (9)-(12) for positive
scalars p ∈ [1,∞), c1, c2, kyg, kdf , kdg and kyf = 0. Then
there exists a sufficiently small λ satisfying (82)-(83),

namely such that the scalars in (76) are all positive and
hence (74)-(75) is finite gain Lp and Lp,∞ stable from d
to x.

Corollary 3 allows us to construct a strict Lyapunov
function (x, τ) 7→ W (x, τ) depending on the timer τ from
a non-strict Lyapunov function x 7→ V (x) independent
of τ , namely to find a W (·, ·) which strictly decreases
both during flows and across jumps from a V (·) which
strictly decreases at jumps and does not increase during
flows.

5.3 Homogeneous Systems

In [20] a direct dwell-time timer dynamics is considered
((59) is defined with N = 1) associated to a linear sys-
tem where the disturbance d is assumed to affect only the
flow map. In contrast to [20, Theorem 7], the following
theorem applies to systems with either direct (59)-(60)
or reverse (74)-(75) average dwell-time timer dynamics
satisfying the homogeneity properties introduced in Sec-
tion 4, for which the disturbances affect both flow and
jump maps and flow and jump sets.

Theorem 2 If Assumptions 1, 2 and 3 hold, and system
(5) with y = x is homogeneous of degree zero in the
sense of Definition 7, then the following statements are
equivalent for system (59)-(60) [respectively (74)-(75)]

(1) The origin of the x dynamics of (59)-(60) [respec-
tively (74)-(75)] with d = 0, is (locally) asymptoti-
cally stable;

(2) The origin of the x dynamics of (59)-(60) [respec-
tively (74)-(75)] with d = 0, is globally exponentially
stable;

(3) The hybrid system is finite gain exponentially ISS
from d to x;

(4) for each p ∈ [1, +∞), there exists a function W :
R

n × T → R≥0 that is smooth in (Rn \ {0}) × T
and positive constants c̃1, c̃2, µ̃, ν̃, L1, L2 such that

c̃1|x|p ≤ W (x, τ) ≤ c̃2|x|p, ∀(x, τ) ∈ R
n × T (84a)

〈

∇W (x, τ),

[

f(x, 0)

fτ (τ)

]〉

≤ −µ̃W (x, τ) (84b)

∀(x, τ) ∈ (C0 \ {0}) × TC ,

W (g(x, 0), gτ (τ)) ≤ ν̃W (x, τ), (84c)

∀(x, τ) ∈ D0 × TD,

|∇xW (x, τ)| ≤ L1|x|p−1, ∀(x, τ) ∈ (Rn \ {0}) × T ,
(84d)

|W (x + v, τ)−W (x, τ)| ≤ 2L1

(

|x|p−1|v|+|v|p
)

, (84e)

|∇xW (x + v, τ) −∇xW (x, τ)| ≤ L2

(

|x|p−2|v| + |v|p−1
)

∀x, v such that x 6= 0 and x + v 6= 0, (84f)

where TC = [0, N + δζ] and TD = [1, N + δζ] [respec-
tively TC = TD = [0, T ]] and T = TC ∪ TD.
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Moreover, each one of the above properties implies that
for each p ∈ [1, +∞), there exists W (·, ·) satisfying (63)–
(65) and, therefore, system (59)-(60) [respectively (74)-
(75)] is finite gain Lp stable and finite gain Lp,∞ stable
from d to x.

Proof. The proof follows the same structure of the proof
of Theorem 1. We only highlight the differences arising
from the presence of the average dwell-time.

(1) ⇒ (2). Following the same steps as in 1 ⇒ 2 of
Theorem 1, there exists βG ∈ KLL establishing a global
KLL bound on the x component of any solution to
(59)-(60) [respectively (74)-(75)]. Moreover, (59)-(60)
[respectively (74)-(75)] satisfies [30, Standing Assump-
tion 1] and from the assumption of homogeneity in the
sense of Definition 7, and [30, Definition 5] holds with the
dilation Γλ(x, τ) = λx and δ = 0. Moreover, the func-
tion βG discussed above establishes a KLL bound in the
sense of [30, Definition 1] with ω(x, τ) = |x|. Then, all
the assumptions of [30, Theorem 2] with θ = κ = 1 and
ϑ = ω are satisfied and by [30, Propositions 3 and 4] the
same steps as those at the end of the proof (1) ⇒ (2) of
Theorem 1 establish that there exist m, ℓ > 0 satisfying
the bound in (30).

(2) ⇒ (4). First note that for (5) the results in [30,
Theorem 2] with the dilation Γλ(x, τ) = λx, ω(x) = |x|,
θ = 1, δ = 0 and κ = p, with p ∈ Z≥1 apply. Indeed by
Definition 7 all the properties of [30, Definition 5] and of
the standing assumption in [30] hold.

The rest of the item is proven following the same
steps as in the proof of (2) ⇒ (4) of Theorem 1, re-
placing V (x) by W (x, τ), µ by µ̃, ν by ν̃ and replac-
ing the compact set {z : |z| = 1} by the compact set
{(x, τ) : |z| = 1, τ ∈ TC}.

(4) ⇒Lp,Lp,∞. Following the same steps as those of (4)
⇒Lp,Lp,∞ in Theorem 1, after replacing V by W we can
prove this implication by showing that the assumptions
of Proposition 2 [respectively, Proposition 3] hold for
system



























ẋ = f(x, 0),

τ̇ = fτ (τ),
(x, τ) ∈ C0 × TC

x+ = g(x, 0),

τ+ = gτ (τ),
(x, τ) ∈ D0 × TD

(85)

and then the result follows from Proposition 2 [respec-
tively, Proposition 3].

(4)⇒ (3) This proof follows the same steps as (4) ⇒ (3)
of Theorem 1 with W (x(t, j), τ(t, j)) replacing V (x(t, j))
and µ̃, ν̃ replacing µ, ν respectively. �

6 Conclusions

We presented results for the characterization of finite-
gain Lp stability of hybrid systems. By deriving dissi-
pativity inequalities related to flow and jump pairs of
map and sets, we generalized to the hybrid case the Lp

stability concepts of both continuous-time and discrete-
time systems. When focusing on homogeneous hybrid
systems, under suitable regularity assumptions on the
jump and flow maps and sets, we proved the equivalence
between LAS, GES, ISS and the existence of a storage
function. Each one of these properties implies finite-gain
Lp stability of the homogeneous system. Finally, we ad-
dressed the case in which one of the dissipativity inequal-
ities fails to hold by incorporating timers on the hybrid
dynamics so that the resulting augmented systems satis-
fies direct or reverse averagedwell time constraints.Then
with a suitable storage function depending on the timer
variable it is possible to certify Lp stability properties
and to derive similar results under weakened conditions.
Future extensions of our work may involve establishing
parallel results for homogeneous systems of higher or-
ders and providing numerical tools for less conservative
estimates of hybrid finite Lp gains.
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