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Abstract

Input-to-state stability (ISS) is investigated in the con-
text of averaging. “Strong” and “weak” averages are
introduced and their ISS properties are used to deduce
ISS properties of the actual system. ISS of the strong
average implies uniform semi-global practical ISS of the
actual system. The weak average is a more general con-
cept, but does not yield the same strong implication.
On the other hand, ISS of the weak average implies
uniform semi-global practical ISS of the actual system
when the disturbances are uniformly Lipschitz.

1 Introduction

Averaging is an important tool in the stability analy-
sis and synthesis of time-varying nonlinear control sys-
tems. Some classical results on averaging and their ap-
plications to adaptive control can be found in [3, 6, 16]
and references therein. In classical averaging, one ei-
ther proves the closeness of trajectories of the averaged
and the actual system on finite time intervals or, under
the assumption of local exponential stability (LES) of
the origin of the averaged system, uniform LES of a
small periodic trajectory of the actual system. The
main proof technique in the classical approach is a
change of coordinates in which it becomes apparent
that the actual system can be regarded as a small per-
turbation of the averaged system. Another approach,
that is well-suited to stability studies, is to compare the
solutions of averaged and actual systems at sampling
instances. A Lyapunov theorem expressed in terms of
solutions at sampling instances was introduced in [1]
and used to address global and semi-global stability for
the cases of exponential stability of averaged system in
[2] and homogeneous systems in [10]. In [15] it was
shown that global asymptotic stability (GAS) of the
averaged system implies uniform semi-global practical
stability for the actual system.
Averaging results in the literature are concerned only
with stability although very often one needs to analyze
the performance with disturbances. The recently in-
troduced ISS property [11] provides a nice framework
for L∞ stability analysis of nonlinear systems. It has
proved to be very useful in the analysis and synthesis
of nonlinear control systems (see, e.g., [7, 11, 12, 14]).
We investigate it in the context of averaging.
We introduce two definitions of an average system for
a time-varying system with disturbances (“strong av-
erage” and “weak average”) and provide a connection
between the ISS properties of averaged systems and the
ISS properties of the actual system. Our first result
is that ISS of the strong average of a system implies
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uniform semi-global practical ISS of the actual system,
which generalizes the result obtained in [15]. We make
use of the proof technique presented in [9] that relates
discrete-time and sampled-data ISS KL-estimates and
which can be regarded as a generalization of the stabil-
ity result in [1] to the ISS case. The limitation of our
first result is that, even for periodic functions, a strong
average may not exist in general. The weak average
may exist when strong average does not but, unfortu-
nately, it is not the case that ISS of the weak average of
a system implies uniform semi-global practical ISS of
the actual system. On the other hand, ISS of the weak
average does imply that when the disturbances are uni-
formly Lipschitz (or equivalently the disturbances are
absolutely continuous with ∥ẇ∥∞ ∈ L∞) the actual
system exhibits semi-global practical “ISS-like” behav-
ior. This property is shown to be useful in the analy-
sis of stability of time-varying cascaded systems, which
motivates the use of weak averages. The result for the
weak average is similar to the ISS result for singularly
perturbed systems in [4].
The paper is organized as follows. In Section 2 we
present definitions and preliminary results that are
needed in the sequel. Our main results are stated in
Section 3 and the proofs are given in Sections 4 and 5.

2 Preliminaries

A function γ : R≥0 → R≥0 is of class-G (γ ∈ G) if
it is continuous, zero at zero and nondecreasing. It
is of class-K if it is of class-G and strictly increasing.
It is of class-K∞ if it is of class-K and is unbounded.
A function β : R≥0 × R≥0 → R≥0 belongs to class-
KL if, for each t ≥ 0, β(·, t) is nondecreasing and
lim

s→0+
β(s, t) = 0, and, for each s ≥ 0, β(s, ·) is non-

increasing and lim
t→∞

β(s, t) = 0. Given a measurable

function w(t), we define ∥w∥∞ := ess sup
t≥0

|w(t)|. If

∥w∥∞ < ∞, then we write w ∈ L∞. If w(t) is ab-
solutely continuous, its derivative is defined almost ev-

erywhere and we can write w(t)− w(t◦) =
∫ t

t◦
ẇ(τ)dτ .

Consider the time-varying system:

ẋ = f(t, x, w) (1)

with state x ∈ Rn and disturbance w ∈ Rm.

Assumption 1 The function f(t, x, w) is measurable
in t, locally Lipschitz in x,w uniformly in t, and ∃c ≥ 0
s.t. |f(t, 0, 0)| ≤ c,∀t ≥ 0.

We investigate also the time-varying system that de-
pends on a small parameter ϵ > 0:

ẋ(t) = f (t/ϵ, x(t), w(t)) . (2)

We are not aware of references in the literature on av-
eraging of systems with disturbances and we introduce
below two definitions of average for such systems. In
the absence of disturbances both definitions reduce to
the standard definition of an average.
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Definition 1 (strong average) A locally Lipschitz
function fsa : Rn × Rm → Rn is said to be the strong
average of f(t, x, w) if there exist β ∈ KL and T ∗ > 0
such that for all T ≥ T ∗, t ≥ 0, w ∈ L∞, x ∈ Rn,∣∣∣∣∣ 1T

∫ t+T

t

(fsa(x,w(s))− f(s, x, w(s))) ds

∣∣∣∣∣
≤ β(max{|x| , ∥w∥∞ , 1}, T ).

(3)

The strong average of system (1) is then defined as

ẋ = fsa(x,w). (4)

Definition 2 (weak average) A locally Lipschitz
function fwa : Rn × Rm → Rn is said to be the weak
average of f(t, x, w) if there exist β ∈ KL and T ∗ > 0
such that for all T ≥ T ∗, t ≥ 0, w ∈ Rm, x ∈ Rn,∣∣∣∣∣fwa(x,w)−

1

T

∫ t+T

t

f(s, x, w)ds

∣∣∣∣∣
≤ β(max{|x| , |w| , 1}, T ).

The weak average of system (1) is then defined as

ẋ = fwa(x,w). (5)

The averages of (1) and (2) are the same. Any strong
average is a weak average.

3 Main results

In this section we relate the ISS properties of the strong
and weak average to the ISS properties of the actual
system. We show that ISS of the strong average implies
uniform semi-global practical ISS of the actual system
(Theorem 1). The main result of [15] is a corollary of
Theorem 1. On the other hand, ISS of the weak average
does not, in general, imply uniform semi-global practi-
cal ISS of the actual system and we illustrate this by an
example (Example 1). However, if the weak average is
ISS and disturbances are uniformly Lipschitz then we
can prove a semi-global practical “ISS like” property
for the actual system (Theorem 2). This (semi-global
practical) ISS under Lipschitz disturbances property
is shown to be useful for the analysis of certain time-
varying cascades.
We start by recalling a Lyapunov characterization of
ISS for time-invariant systems.
Fact 1 ([11]) If ∃V : Rn → R≥0, α1, α2, α3 ∈ K∞,
γ ∈ G such that, for all (x,w),

α1(|x|) ≤ V (x) ≤ α2(|x|)

|x| ≥ γ(|w|) ⇒ ∂V

∂x
fa(x,w) ≤ −α3(|x|) (6)

then the system ẋ = fa(x,w) is ISS; specifically, there
exists β ∈ KL such that, for each w ∈ L∞ and each
x◦ ∈ Rn, the solution x(t) of ẋ = fa(x,w) starting
at (x◦, t◦) exists for all t ≥ t◦ and satisfies, for all
t ≥ t◦ ≥ 0,

|x(t)| ≤ max{β(|x0| , t− t◦), γ̃(∥w∥∞)} (7)

where γ̃ = α−1
1 ◦ α2 ◦ γ.

Remark 1 When (6) holds with α3 only positive defi-
nite, it is always possible to modify V so that (6) holds
with α3 ∈ K∞ and α−1

1 ◦ α2 is unchanged.

Remark 2 While it is known that the condition (7)
implies the existence of a smooth function V (x) satis-
fying conditions like in (6) (see [13]), it is not known
whether (7) implies the existence of V, α1, α2, α3 such
that (6) holds with α−1

1 ◦ α2 ◦ γ = γ̃.

The main objective of this paper is to determine to
what extent (6) for the averaged system implies (7)
for the actual system. The main result for the strong
average is stated below:
Theorem 1 Under Assumption 1, if f(t, x, w) has the
strong average fsa(x,w) and there exist V : Rn →
R≥0, α1, α2, α3 ∈ K∞, γ ∈ G such that, for all (x,w):

α1(|x|) ≤ V (x) ≤ α2(|x|)

|x| ≥ γ(|w|) ⇒ ∂V

∂x
fsa(x,w) ≤ −α3(|x|), (8)

then there exists β ∈ KL and, given any strictly positive
real numbers Ωx,Ωw, δ, there exists ϵ∗ > 0 such that
for all ϵ ∈ (0, ϵ∗) the solutions of (2) satisfy, for all
t ≥ t◦ ≥ 0, |x(t◦)| ≤ Ωx, ∥w∥∞ ≤ Ωw,

|x(t)| ≤ max{β(|x(t◦)| , t−t◦), α−1
1 ◦α2◦γ(∥w∥∞)}+δ .

In the next corollary, and in Corollary 2, we will need
a precise definition of uniform semi-global practical
asymptotic stability.
Definition 3 The origin of the system ẋ = f(t, x, ϵ)
is said to be uniformly semi-globally practically asymp-
totically stable in ϵ if there exists β ∈ KL and, for
each pair of strictly positive real numbers δ, ∆, there
exists ϵ∗ such that for all ϵ ∈ (0, ϵ∗), the solutions of
ẋ = f(t, x, ϵ) satisfy, for all t ≥ t◦ ≥ 0, |x◦| ≤ ∆,

|x(t)| ≤ β(|x◦|, t− t◦) + δ . (9)

A corollary of our main result is the result in [15]:
Corollary 1 If the origin of the average of system ẋ =
F ( tϵ , x) is globally asymptotically stable then the origin

of the actual system ẋ = F ( tϵ , x) is uniformly semi-
globally practically asymptotically stable in ϵ.
The conclusion of Theorem 1 does not follow if strong
average is replaced by weak average. Also, for some
systems there may not exist a strong average whereas a
weak average exists. The following example illustrates
both of these points:
Example 1 Consider the system:

ẋ = −cx3 + cos (t/ϵ)x3w (10)
where x,w ∈ R, c ∈ (0, 0.5). Its weak average

is ẋ = −cx3, which is GAS but we will show that
the system (10) is not uniformly semi-globally practi-
cally ISS. Consider the system (10) with the distur-
bance wϵ(t) = cos( tϵ ). Note that ∥wϵ∥∞ = 1,∀ϵ > 0

and ∥ẇϵ∥∞ = 1
ϵ . We recall that

∫ t+T

t
cos2(s)ds =

0.5T+0.25(sin(2t+2T )−sin(2t)). By direct integration
of (10) with this disturbance:∫ x(t)

x(t◦)

dχ

χ3
=

∫ t

t◦

(cos2(
s

ϵ
)− c)ds

we obtain

x2(t) =
x2(t◦)

1− 2ψ(ϵ, t, t◦)x2(t◦)
,

where ψ(ϵ, t, t◦) is given by

(0.5− c)(t− t◦) + 0.25ϵ

(
sin

(
2t

ϵ

)
− sin

(
2t◦
ϵ

))
.

Fix t◦ ≥ 0, ϵ > 0 and let x(t◦) = 1. Since 0.5 − c > 0,
there exists t∗ ≥ t◦ such that ψ(ϵ, t∗, t◦) = 0.5 and
hence there are finite escape times. Hence, the actual
system is not uniformly semi-globally practically ISS.
We now show that there does not exist a strong average
for system (10). Pick an arbitrary x̃ ̸= 0 and note that,
given any function fsa(x,w), we have two possibilities:
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1. either fsa(x̃, w) + cx̃3 = 0,∀w, or
2. ∃w̃ such that fsa(x̃, w̃) + cx̃3 ̸= 0.

Suppose that fsa(x,w) is the strong average and the
first case holds. Let w(t) = cos(t). We must have:∣∣∣∣∣ x̃3T

∫ t+T

t

cos2(s)ds

∣∣∣∣∣ ≤ βav(max{|x̃| , 1, 1}, T )

for some βav ∈ KL and for all T sufficiently large.
However, if Tk = kπ, k ∈ N, the left hand side in the
above expression is equal to 0.5x̃3 ̸= 0 for all k ∈ N and
it does not converge to zero as k → ∞ (as Tk → ∞).
Suppose now that fsa(x,w) is the strong average and
the second case holds. Pick w(s) = w̃ and then∣∣∣ 1T ∫ t+T

t
(fsa(x̃, w̃) + cx̃3 − w̃x̃3 cos(s))ds

∣∣∣
≤ βav(max{|x̃| , |w̃| , 1}, T )

for some βav ∈ KL and all T sufficiently large. How-
ever, for Tk = 2kπ, k ∈ N the left-hand side is equal
to

∣∣cx̃3 + fsa(x̃, w̃)
∣∣ > 0 for all k ∈ N and it does not

converge to zero as k → ∞ (as Tk → ∞). Hence, there
does not exist a strong average for (10).
Example 1 indicates that it is important to identify the
class of systems for which the strong average exists. We
address this issue below. Consider the system:

ẋ = f(t, x, w) = F (t, x) + g(x,w). (11)
Suppose that there exists the (strong and weak) aver-
age for F (t, x), denoted as Fav(x). Then, it is easy to
check that Fsa(x,w) := Fav(x) + g(x,w) satisfies our
definition of the strong average for F (t, x)+ g(x,w). It
is natural to ask: Does there exist a system which is not
of the form (11) for which the strong average exists?
We state now (proof omitted for space reasons) that
if f(t, x, w) is periodic, then the systems of the form
(11) are the only systems for which the strong average
exists. For the general case one can argue similarly to
show that systems of the form (11) cover “most of the
cases” when the strong average exists. This emphasizes
the importance of the structure (11) for the existence
of the strong average.
Proposition 1 Suppose that f(t, x, w) is continuous
and periodic in t. Suppose that there exists a strong
average fsa(x,w) for f(t, x, w). Then f(t, x, w) can be
written as the sum of a term that is independent of t
plus a term that is independent of w and that has a
well-defined average.
If there does not exist a strong average there still
may exist a weak average. However, in Example 1 we
showed that ISS of the weak average of a system does
not imply semi-global practical ISS of the actual sys-
tem in general. The disturbance that we used to show
this result is differentiable and it has arbitrarily large
rates. A natural question is: What (strongest) property
can we can prove for the solutions of the actual system
if the weak average is ISS? In the definition of average
for systems without disturbances we take constant x in
the integral and then, assuming GAS of ẋ = Fav(x), we
can establish semi-global practical asymptotic stability
for ẋ = f( tϵ , x). From the conclusion, it follows that the
solutions x(t) considered are uniformly Lipschitz. The
disturbances w in the definition of weak average (Defi-
nition 2) are also constant and it is reasonable to expect
that a semi-global result using the weak average can be
proved under the assumption that the disturbances are
uniformly Lipschitz. This is the next result.

Theorem 2 Under Assumption 1, if f(t, x, w) has
the weak average fwa(x,w), there exist V : Rn →
R≥0, α1, α2, α3 ∈ K∞, γ ∈ G such that:

α1(|x|) ≤ V (x) ≤ α2(|x|)

|x| ≥ γ(∥w∥∞) ⇒ ∂V

∂x
fwa(x,w) ≤ −α3(|x|), (12)

and if only absolutely continuous disturbances w are
acting on the system (2), then there exists β ∈ KL and,
given any strictly positive real numbers Ωx,Ωw,Ωẇ, ν,
there exists ϵ∗ > 0 such that, ∀ϵ ∈ (0, ϵ∗), the solutions
of (2) satisfy, for all t ≥ t◦ ≥ 0,

|x(t)| ≤ max{β(|x(t◦)| , t− t◦), α−1
1 ◦α2 ◦γ(∥w∥∞)}+ν

whenever |x(t◦)| ≤ Ωx, ∥w∥∞ ≤ Ωw, ∥ẇ∥∞ ≤ Ωẇ.

Example 1 does not contradict Theorem 2 since the
disturbance that we used in the example has ∥ẇϵ∥∞ =
1
ϵ which becomes arbitrarily large for arbitrarily small
ϵ > 0. Hence, wϵ does not satisfy the condition of
Theorem 2: ∥ẇϵ∥∞ ≤ Ωẇ for some fixed Ωẇ > 0.
The weak average (and the result of Theorem 2) is use-
ful for analysis of stability of time varying cascade sys-
tems. For example, we can state the following:

Corollary 2 Consider the system:

ξ̇ = f1(t/ϵ, ξ, η) , η̇ = f2(t, η, ϵ) (13)

where ξ ∈ Rn1 , η ∈ Rn2 and suppose f1 satisfies As-
sumption 1. If the weak average of the ξ subsystem
exists and is ISS with respect to η and if the origin of
the η-subsystem is uniformly semi-globally practically
asymptotically stable in ϵ then the origin of the system
(13) is uniformly semi-globally practically asymptoti-
cally stable in ϵ.

Remark 3 A similar result can be stated when the as-
sumptions of the ξ are unchanged but the η subsystem
is allowed to depend on ξ and a disturbance w and the η
subsystem is assumed to be semi-globally practically ISS
with respect to (ξ, w) with a gain from ξ to η that satis-
fies a small gain condition relative to the ISS gain from
η to ξ for the weak average of the ξ subsystem. Un-
der this assumption, the overall system is semi-globally
practically ISS with respect to the disturbance w. As
a special case, we see that the definition of a weak av-
erage is also useful for concluding semi-global practical
ISS for the case when disturbances are known to enter
the system through an ISS filter.

The next example emphasizes that the ξ system does
not have to be (uniformly, semi-globally, practically)
ISS with respect to η to conclude uniform semi-global
practical asymptotic stability of the cascade:

Example 2 Consider the cascade:

ξ̇ = −cξ3 + cos(
t

ϵ
) ξ3η , η̇ = −(1− 0.5 cos(t))η (14)

where c ∈ (0, 0.5). The weak average of the ξ system
was considered in Example 1 and it was shown to be ISS
with zero gain (GAS). On the other hand, since the η
subsystem does not depend on the small parameter ϵ, we
can not apply the results of [15] to show uniform semi-
global practical stability of the cascade. The η system
is also uniformly GAS and hence from Corollary 2 we
conclude that the origin of the cascade (14) is uniformly
semi-globally practically asymptotically stable in ϵ.
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4 Proofs of main results

Our proofs parallel those in [1, 2, 10, 15]. Namely, we
show that, even though the Lyapunov function associ-
ated with the average system is not necessarily mono-
tonically decreasing along the trajectories of the time-
varying system, it is decreasing at appropriate sam-
pling instances, at least when x is big relative to w,
for ϵ sufficiently small. (See Lemma 2 for Theorem 1
and Lemma 3 for Theorem 2.) We use this observation
to construct, for the trajectories of the time-varying
system, a “discrete-time” estimate that resembles the
continuous-time estimate in the conclusion of each the-
orem (See Lemma 4). Finally, in Lemma 5, we combine
the discrete-time estimate with a standard “intersam-
ple growth” result (Lemma 1), like in [9].
Since the proofs of Theorems 1 and 2 are similar, most
of the details of the proof of Theorem 2 are omitted.
We do, however, provide some of the details that estab-
lish the decrease of the Lyapunov function at sampling
instances under the assumptions of Theorem 2.
In this section we state the main technical results
needed to establish the theorems. The proofs of the
technical results, unless short, are delayed until the
next section. We start with a standard “intersample
growth” result that we will need.
Lemma 1 Under Assumption 1, given any strictly
positive real numbers rb and rb1, there exists d > 0 and
M > 0 s.t. for each ϵ > 0 the following property holds:
Property 00: for each t◦ ≥ 0, if |x(t◦)| ≤ rb,
∥w∥∞ ≤ rb1 then the solution x(t) of (2) exists for all
t ∈ [t◦, t◦ + d] and satisfies

|x(t)− x(t◦)| ≤M(t− t◦) , ∀t ∈ [t◦, t◦ + d] . (15)

For convenience, we state an obvious corollary:
Corollary 3 Under Assumption 1, given any strictly
positive real numbers rb and rb1 and ν1, there exists
d > 0 s.t. for each ϵ > 0 the following property holds:
Property P0: for each t◦ ≥ 0, if |x(t◦)| ≤ rb,
∥w∥∞ ≤ rb1 then the solution x(t) of (2) exists for all
t ∈ [t◦, t◦ + d] and satisfies

|x(t)| ≤ |x(t◦)|+ ν1 , ∀t ∈ [t◦, t◦ + d] . (16)

The next two results, on the decrease of the Lyapunov
function at sampling instances in the setting of Theo-
rems 1 and 2 respectively, are established in Sections
5.1 and 5.2, respectively.
Lemma 2 Under the assumptions of Theorem 1, given
any strictly positive real numbers ∆, δ,∆1, there exists
d∗ > 0 and, for any d ∈ (0, d∗), there exists ϵ∗ > 0 such
that for all ϵ ∈ (0, ϵ∗) the following property holds:
Property P1.1: Given any t◦ ≥ 0, if |x(t◦)| ≤
∆, ∥w∥∞ ≤ ∆1 then the solution x(t) of (2) exists for
all t ∈ [t◦, t◦ + d] and satisfies

|x(t◦)| ≥ γ(∥w∥∞) + δ =⇒
V (x(t◦ + d))− V (x(t◦)) ≤ −d

2α3(0.5 |x(t◦)|).
Lemma 3 Under the assumptions of Theorem 2, given
any strictly positive real numbers ∆, δ,∆1,∆2, there ex-
ists d∗ > 0 and, for any d ∈ (0, d∗), there exists ϵ∗ > 0
such that for all ϵ ∈ (0, ϵ∗) the following property holds:
Property P1.2: Given any t◦ ≥ 0, if |x(t◦)| ≤
∆, ∥w∥∞ ≤ ∆1, ∥ẇ∥ ≤ ∆2 then the solution x(t) of
(2) exists for all t ∈ [t◦, t◦ + d] and satisfies

|x(t◦)| ≥ γ(∥w∥∞) + δ =⇒
V (x(t◦ + d))− V (x(t◦)) ≤ −d

2α3(0.5 |x(t◦)|).

A corollary of Lemmas 1 and 2 is the following.
Corollary 4 Under the assumptions of Theorem 1,
given any strictly positive real numbers ∆,∆1, µ, µ1,
there exists d∗ > 0 and, for any d ∈ (0, d∗), ∃ϵ∗ > 0
s.t. for all ϵ ∈ (0, ϵ∗) the following property holds:
Property P2: Given any t◦ ≥ 0, if |x(t◦)| ≤
∆, ∥w∥∞ ≤ ∆1 then the solution x(t) of (2) exists
for all t ∈ [t◦, t◦ + d] and satisfies V (x(t◦ + d)) ≤
V (x(t◦)) + µ1 and
V (x(t◦)) ≥ α2 ◦ γ(∥w∥∞) + µ =⇒
V (x(t◦ + d))− V (x(t◦)) ≤ −d

2α3(0.5α
−1
2 (V (x(t◦)))) .

Proof. Given ∆, ∆1 and µ1, it follows from Lemma 1
and the continuity of V that there exists d∗ > 0 such
that for any d ∈ (0, d∗) if |x(t◦)| ≤ ∆, ∥w∥∞ ≤ ∆1 then
the solution x(t) of (2) exists for all t ∈ [t◦, t◦ + d] and
satisfies V (x(t◦ + d)) ≤ V (x(t◦)) + µ1. Given ∆1 > 0
and µ > 0, let δ > 0 be sufficiently small so that

max
s∈[0,γ(∆1)]

[α2(s+ δ)− α2(s)] ≤ µ . (17)

Such a δ exists from the continuity of α2(·). Then note
that, for ∥w∥∞ ≤ ∆1,

α2 ◦ γ(∥w∥∞) + µ ≥ α2(γ(∥w∥∞) + δ) . (18)
Using V (x) ≤ α2(|x|) we get
V (x(t◦)) ≥ α2◦γ(∥w∥∞)+µ =⇒ |x(t◦)| ≥ γ(∥w∥∞)+δ .
Property P2 then follows from Property P1.1. Q.E.D.
In preparation for the next result, given functions α1,
α2 and α3 all in class-K∞, we define βα ∈ KL as

βα(s, t) := α−1
1 (βV (α2(s), t)) (19)

where βV ∈ KL satisfies
u̇ ≤ −0.5α3(0.5α

−1
2 (u)) =⇒ u(t) ≤ βV (u(0), t) . (20)

Such a βV exists from standard comparison results.
Now we state that Property P2 implies a particular
discrete-time ISS estimate. (For proof, see Section 5.3.)

Lemma 4 If Property P2 holds, α1(|x|) ≤ V (x) ≤
α2(|x|), and ∆ > α−1

1 (α2 ◦ γ(∆1) + µ+ µ1) then there
exist R > 0, rs > 0, rs1 > 0, ( in particular we can take
rs := α−1

2 ◦ α1(∆) rs1 := ∆1 (21)

R := max
s∈[0,α2◦γ(∆1)]

(α−1
1 (s+ µ+ µ1)− α−1

1 (s)) ) ,

such that the following property holds:
Property P3: for all t◦ ≥ 0, |x(t◦)| ≤ rs, ∥w∥∞ ≤ rs1,
the solution of (2) exists ∀t ≥ t◦ and satisfies, ∀k ≥ 0,

|x(t◦ + kd)| ≤
max{βα(|x(t◦)| , kd), α−1

1 ◦ α2 ◦ γ(∥w∥∞)}+R
where βα was defined by (19)-(20).
The last result we will need is the following:
Lemma 5 If Property P0 and P3 hold and R < rb/2
then then there exist strictly positive real numbers
∆x,∆w, ν and β̄ ∈ KL, ( in particular we can take

β̄(s, t) := 2 max
η∈[0,t]

2−ηβα(s, t− η)

ν := R+ ν1

∆x := min

{
rs, β−1

0

(
rb

2

)}
∆w := min

{
χ(rb), rb1, r

s
1

}
(22)

where β0 ∈ K∞ satisfies β0(s) ≥ βα(s, 0) for all s ≥ 0

and χ(rb) := sup
{
s : α−1

1 ◦ α2 ◦ γ(s) ≤ rb

2

}
) such that

the following property holds:
Property P4: |x(t◦)|≤∆x, ∥w∥∞≤∆w ⇒ ∀t≥ t◦≥0
|x(t)| ≤ max{β̄(|x(t◦)| , t−t◦), α−1

1 ◦α2◦γ(∥w∥∞)}+ν .
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Proof: (The same proof technique was used in [9].)
Fix an arbitrary t◦ ≥ 0 let tk := t◦ + kd, and note
that with the choice ∆x,∆w given in (22) we have that
if |x(t◦)| ≤ ∆x, ∥w∥∞ ≤ ∆w then ∥w∥∞ ≤ rb1 and
|x(tk)| ≤ rb for all k ≥ 0. Hence the trajectory exists
for all t ≥ t◦ and moreover we can write:

|x(t)| ≤ |x(tk)|+ ν1,∀t ∈ [tk, tk+1],∀k ≥ 0.

This implies that, for all t ≥ t◦ ≥ 0,

|x(t)|≤max{βα(|x(t◦)|,kd), α−1
1 ◦α2◦γ(∥w∥∞)}+R+ν1 .

(23)
It was shown in [9] that for any βα ∈ KL there exists
β̄ ∈ KL s.t. βα(s, kd) ≤ β̄(s, (k + 1)d) for all s ≥
0, k ≥ 0. Moreover, one possible choice is β̄(s, t) :=
2maxη∈[0,t] 2

−ηβα(s, t−η). Since t−t◦ < (k+1)d,∀t ∈
[tk, tk+1), k ≥ 0 we can write β̄(s, (k + 1)d) ≤ β̄(s, t −
t◦),∀t ≥ t◦ ≥ 0, which completes the proof by letting
ν = R+ ν1 in (23). Q.E.D.
Proof of Theorem 1. Let α1, α2 and α3 generate
the function βα ∈ KL according to the definition in
(19)-(20). Let β0 ∈ K∞ satisfy β0(s) ≥ βα(s, 0) for all
s ≥ 0. Let Ωx, Ωw and δ be arbitrary strictly positive
real numbers. Define ∆1 := Ωw. Let µ and µ1 be
strictly positive real numbers such that

max
s∈[0,α2◦γ(∆1)]

(α−1
1 (s+ µ+ µ1)− α−1

1 (s)) ≤ δ

2
.

Let ∆ satisfy

∆≥max
{
α−1
1 ◦α2(Ωx), α

−1
1 (α2◦γ(∆1)+µ+µ1)+1

}
.

Define ν1 :=
δ
2 , r

b
1 :=Ωw and let rb≥max {2β0(Ωx), 2δ}

while also satisfying χ(rb) ≥ Ωw. With these defini-
tions, apply Corollaries 3 and 4 to generate a d > 0
and an ϵ∗ such that Property P0 and Property P2 hold
for all ϵ ∈ (0, ϵ∗(d)). Next, applying Lemma 4, we get
that Property P3 holds with rs ≥ Ωx, r

s
1 = Ωw and

R ≤ δ
2 . Finally, we apply Lemma 5 to get that Prop-

erty P4 holds with ν ≤ δ, ∆x ≥ Ωx and ∆w ≥ Ωw, i.e.,
the claim of the theorem is established. Q.E.D.

5 Proofs of Technical Lemmas

5.1 Proof of Lemma 2
Let ∆, ∆1 and δ be given strictly positive real numbers.
Let βav ∈ KL and T ∗ > 0 be such that (3) holds for all
T ≥ T ∗. Let L > 0 be a (uniform) Lipschitz constant
for ∂V

∂x , f(
t
ϵ , x, w), fsa(x,w) over the set where |x| ≤

2∆, |w| ≤ ∆1. Let T ≥ T ∗ be such that

L∆βav(max {∆,∆1, 1} , T ) ≤ 0.5α3

(
δ

4

)
. (24)

Define rb := ∆, rb1 := ∆1 and K := 4L∆+L∆1+ c.
Throughout the rest of the proof we assume that
|x(t◦)| ≤ ∆ and ∥w∥∞ ≤ ∆1. Apply Lemma 1 and
Corollary 3 to generate d∗1 and M such that Properties
P00 and P0 hold for any d ∈ (0, d∗1). Use the continuity
of α3 and α−1

3 to find d∗2 > 0 such that

2Md∗2 + 2α−1
3

(
2KLMd∗2 + α3

(
δ

4

))
≤ δ . (25)

Define d∗ = min {d∗1, d∗2}. Fix d ∈ (0, d∗) and define
ϵ∗(d) := d

T . Let ϵ∈(0, ϵ∗). From Property P00 we have

|x(t◦)|≥γ(∥w∥∞)+Md⇒|x(t)|≥γ(∥w∥∞),∀t∈ [t◦, t◦+d] .

So |x(t◦)| ≥ γ(∥w∥∞) +Md implies ∀t ∈ [t◦, t◦ + d]

∂V

∂x
(x(t))f

(
t

ϵ
, x(t), w(t)

)
≤ −α3(|x(t)|)︸ ︷︷ ︸

1

−∂V
∂x

(x(t◦))fsa(x(t◦),w(t))+
∂V

∂x
(x(t◦))f

(
t

ϵ
, x(t◦),w(t)

)
︸ ︷︷ ︸

2

+
∂V

∂x
(x(t))f

(
t

ϵ
, x(t),w(t)

)
− ∂V

∂x
(x(t◦))f

(
t

ϵ
, x(t◦),w(t)

)
︸ ︷︷ ︸

3

−∂V
∂x

(x(t))fsa(x(t), w(t))+
∂V

∂x
(x(t◦))fsa(x(t◦), w(t))︸ ︷︷ ︸

4

.

(26)
We now integrate both sides of the preceding inequality
along the solution x(t) over the interval [t◦, t◦ + d] to
get that V (x(t◦+d))−V (x(t◦)) is bounded by the sum
of the integral of the four terms on the right-hand side.
The latter are bounded as follows:
1 : Using Property P00, we have that

−
∫ t0+d

t◦

α3(|x(s)|)ds ≤ −dα3 (max {|x(t◦)| −Md, 0})

and thus |x(t◦)| ≥ 2Md implies

−
∫ t0+d

t◦

α3(|x(s)|)ds ≤ −dα3 (0.5|x(t◦)|) .

2 : Since
∣∣∂V
∂x (x(t◦))

∣∣ ≤ L |x(t◦)| ≤ L∆ and d = ϵ∗T
we can over-bound the integral of 2 as ϵL∆ times∣∣∣∣∣
∫ t0+Tϵ∗

t◦

(
fsa(x(t◦), w(s))−f

(s
ϵ
, x(t◦), w(s)

))
d
(s
ϵ

)∣∣∣∣∣ .
Introduce the change of variables τ = s/ϵ in the
above integral and introduce w1(τ) := w(ϵτ) (note that
∥w1∥∞ = ∥w∥∞ ≤ ∆1) and T1 := ϵ∗T/ϵ > T . Then by
the definition of strong average we have:∣∣∣∣∣

∫ t0
ϵ +T1

t◦
ϵ

(fsa(x(t◦), w1(τ))− f(τ, x(t◦), w1(τ))) dτ

∣∣∣∣∣
≤ T1βav(max{|x(t◦)| , ∥w1∥∞ , 1}, T1)

≤ T1βav(max{∆,∆1, 1}, T )
and hence, using (24) and the fact that ϵT1 = d, the
integral of 2 can be over-bounded by d 0.5α3 (δ/4).
3 and 4 : From the definition for L > 0, ∀x,w s.t.
max{|x1| , |x2|} ≤ 2∆, |w| ≤ ∆1, we have∣∣∣∣∂V∂x (x1)f

(s
ϵ
, x1, w

)
− ∂V

∂x
(x2)f

(s
ϵ
, x2, w

)∣∣∣∣
≤ (4L∆+ L∆1 + c)L |x1 − x2| = KL |x1 − x2| .

The same bound holds if f(·, ·, ·) is replaced by fsa(·, ·).
Using Properties P00 and P0, we can overbound the
sum of integrals of terms 3 and 4 by KLMd2.

From these bounds, it follows that

|x(t◦)|≥γ(∥w∥∞)+2Md+2α−1
3

(
2KLMd+α3

(
δ

4

))
implies

V (x(t◦ + d))− V (x(t◦)) ≤ −d
2
α3(0.5|x(t◦)|) .

From (25) and d < d∗2, the result follows. Q.E.D.
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5.2 Proof of Lemma 3
The main difference in the proof of Lemma 3 (compared
to Lemma 2) is that the right-hand side of (26) becomes

−α3(|x(t)|)︸ ︷︷ ︸
1

−∂V
∂x

(x(t◦))fwa(x(t◦),w(t◦))+
∂V

∂x
(x(t◦))f(

t

ϵ
, x(t◦),w(t◦))︸ ︷︷ ︸

2

+
∂V

∂x
(x(t))f(

t

ϵ
, x(t), w(t))− ∂V

∂x
(x(t◦))f(

t

ϵ
, x(t◦), w(t◦))︸ ︷︷ ︸

3

−∂V
∂x

(x(t))fwa(x(t), w(t))+
∂V

∂x
(x(t◦))fwa(x(t◦), w(t◦))︸ ︷︷ ︸

4

.

Term 1 is the same as before. Term 2 is in a form
such that the definition of the weak average can be
exploited in the same way that the definition of the
strong average was exploited in the proof of Lemma
2. Terms 3 and 4 have been modified so that w(t◦)
replaces w(s) in some places. Nevertheless, these terms
can be over-bounded like in the proof of Lemma 2. The
key observations are that∣∣∣∣∂V∂x (x1)f(

s

ϵ
, x1, w1)−

∂V

∂x
(x2)f(

s

ϵ
, x2, w2)

∣∣∣∣
≤ KL (|x1 − x2|+ |w1 − w2|)

(similarly for fwa(·, ·) in place of f(·, ·, ·)) and,
since w is absolutely continuous and ∥ẇ∥∞ ≤ ∆2,∫ t◦+d

t◦
|w(s)− w(t◦)| ds ≤ 0.5∆2d

2. Q.E.D.

5.3 Proof of Lemma 4
Introduce the set V := {x : V (x) ≤ α1(∆)}. Define
rs, rs1 and R as in (21). Consider any t◦, x(t◦), w(t)
with t◦ ≥ 0, |x(t◦)| ≤ rs ≤ ∆, ∥w∥∞ ≤ rs1. All
the calculations below are given for this (fixed) triple
(t◦, x(t◦), w(t)). Define tk := t◦ + kd and, for those k
such that x(tk) is defined, Vk := V (x(tk)). We will use:

Fact 2 If V0 ≤ α1(∆), then Vk ≤ α1(∆),∀k ∈ N.
Proof: Let j ≥ 0 be s.t. Vj exists and Vj ≤ α1(∆).
Either Vj ≥ α2 ◦ γ(∆1) + µ in which case it follows
from the second part of Property P2 that Vj+1 ≤ Vj ≤
α1(∆), or Vj ≤ α2 ◦ γ(∆1) + µ in which case it follows
from the first part of Property P2 and the assumption
that ∆ > α−1

1 (γ(∆1)+µ+µ1) that Vj+1 ≤ γ(∆1)+µ+
µ1 ≤ α1(∆). The proof follows by induction. Q.E.D.
For s ∈ [kd, (k + 1)d), k ≥ 0, introduce the variable:

u(s) := Vk + (s/d− k)(Vk+1 − Vk) . (27)
From Fact 2 it follows that u(s) ≤ α1(∆),∀s ≥ 0. The
function u(s) is a continuous, piecewise linear function
of s and hence it is absolutely continuous. Thus, u(s)
is differentiable for almost all s ≥ 0. We also have
0 ≤ u(s) ≤ max{Vk, Vk+1},∀s ∈ [kd, (k + 1)d), k ∈ N.
Hence using the first part of Property P2 we conclude
that whenever |x(t◦)| ≤ ∆, ∥w∥∞ ≤ ∆1 we have that

u(s) ≤ Vk + µ1,∀s ∈ [kd, (k + 1)d), k ≥ 0. (28)
Using (28) and the second part of Property P2, the
following implications hold ∀s ∈ [kd, (k + 1)d), k ∈ N:

u(s) ≥ α2 ◦ γ(∥w∥∞) + µ+ µ1 ⇒
Vk ≥ α2 ◦ γ(∥w∥∞) + µ⇒

Vk+1 − Vk ≤ −d
2α3(0.5α

−1
2 (Vk)).

(29)

From (27) and (29) we have ∀s ∈ [kd, (k+1)d), k ∈ N:

u(s) ≥ α2 ◦ γ(∥w∥∞) + µ+ µ1 ⇒
d
dsu(s) =

1
d (Vk+1 − Vk) ≤ −0.5α3(0.5α

−1
2 (Vk)).

(30)

Finally, since whenever Vk ≥ α2 ◦γ(∥w∥∞)+µ we have
Vk+1 ≤ Vk and hence u(s) ≤ Vk, s ∈ [kd, (k + 1)d), k ∈
N, we can rewrite (30) as:

u(s) ≥ α2 ◦ γ(∥w∥∞) + µ+ µ1 ⇒
d
dsu(s) ≤ −0.5α3(0.5α

−1
2 (u(s))),∀s ≥ 0.

Using, e.g., [6, Theorem 5.1], we have, ∀s ≥ 0,

|u(s)| ≤ max{βV (|u0| , s), α2 ◦ γ(∥w∥∞) + µ+ µ1}
with βV defined by (20). Since u(kd)=Vk≥α1(|x(tk)|),
u0 = V0 ≤ α2(|x(t0)|), for s = kd we get

|x(tk)|≤max{βα(|x(t◦)|),kd),α−1
1 (α2 ◦ γ(∥w∥∞)+µ+µ1)}

where βα was defined in (19). Using the definition of
R in (21) the result follows. Q.E.D.

References
[1] D. Aeyels and J. Peuteman, A new asymptotic stability
criterion for nonlinear time-variant differential equations,
IEEE TAC, 43 (1998), pp. 968-971.
[2] D. Aeyels and J. Peuteman, On exponential stability of
nonlinear time-variant differential equations, Automatica,
1999.
[3] B.D.O. Anderson, R.R. Bitmead, C.R. Johnson Jr.,
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[7] M.Krstić, I.Kanellakopoulos and P.Kokotović, Nonlin-
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