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Abstract An investigation of molecular diffusion of solutes across water/oil interfaces in a
Y-Y-shaped microchannel with an integrated guide structure is presented. Finite volume nu-
merical simulations were compared with experimental literature data. Analytical approaches
including an infinite composite medium model, phase-specific mass transfer coefficient mod-
els and a static transfer cell model were also assessed. An increase in accuracy for the mass
transfer coefficient models was achieved by using local coefficients as opposed to length-
averaged expressions. The static transfer cell model was shown to improve when based on
the interfacial contact time, as opposed to the organic phase residence time. The results pre-
sented in this work have immediate application to the determination of kinetic rate constants
in reactive mass transfer systems, as considered in Part II of this study (Ciceri D, Mason
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microfluidic solvent extraction. Part II. Heterogeneous transport with reaction. Microfluid

Nanofluid Submitted).

Keywords Diffusion - Finite volume simulation - Liquid/liquid interface - Microfluidics -
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1 Introduction

Solvent extraction (SX), a widely exploited separations technique, makes use of a liquid/
liquid interface in driving solute separation. Unless under dilute reagent concentrations,
reaction kinetics (if present) are generally fast and net extraction rates are controlled by
molecular diffusion. Hence, the mechanistic and kinetic information associated with the
reaction is not often experimentally resolvable using conventional approaches. This two-
part study makes use of both modelling techniques and experimental data to demonstrate a
method for the determination of this information using a microfluidic chip. As both diffusion
and reaction are occurring, the diffusion-only case for this system was characterised (Part I)

before introducing the added complexity of an interfacial reaction (Part II).

Interest in microfluidics and its application to lab-on-a-chip (LOC) systems is accel-
erating in the scientific community (Whitesides 2006). At the micro scale, inertial forces
can commonly be neglected, allowing the dynamics of diffusive mass transfer (Crank 1975;
Frank-Kamenetskii 1969) to be investigated using laminar flow (Kamholz and Yager 2001;
Squires and Quake 2005). The need for numerical simulations and analytical frameworks
to model microfluidic solvent extraction (£SX) experiments has renewed interest in diffu-
sion theories for both homogeneous and heterogeneous systems. An overview of previous

diffusion studies using microfluidic devices is shown in Table 1.
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Homogeneous systems are those in which two miscible fluids with different solute
concentrations are brought together. These include the Laminar Fluid Diffusion Interface
experiments of van Leeuwen et al. (2009), in which the concentration of the solute diffusing
between the streams is monitored as a function of the system residence time. Variable
parameters include the choice of solute and the cross-sectional profile of the microchannel.
Under laminar flow conditions, solute diffusion can be modelled accurately using Fick’s
laws (Fick 1855). Methods of modelling homogeneous systems increase in complexity
from engineering-type correlations and analytical expressions to full three-dimensional
computational fluid dynamics (CFD) simulations. Hotta et al. (2007) proposed a mass transfer
coefficient model to determine the diffusion coefficients of benzoic acid, sucrose and glycine
in water from experimental results. Kamholz et al. (1999) used a one-dimensional advection-
diffusion equation to investigate diffusion in a T-shaped planar channel. The two streams
were assumed to have equal viscosities and only the average fluid velocity was included in
the governing transport equations. Kamholz and Yager (2001) investigated the effect of a
non-uniform velocity profile on the solute concentration using a two-dimensional advection-
diffusion equation. Full three-dimensional simulations, in which the advection-diffusion
and Navier-Stokes equations are coupled, have recently been undertaken (Broboana et al.
2011; van Leeuwen et al. 2009; Nishi et al. 2010). Van Leeuwen et al. (2009) compared
simulation results to an experimental study of the diffusion of glucose in water using an H-
shaped microchannel of trapezoidal cross-section. Numerical and experimental results were
in agreement indicating that a CFD approach is a reliable method for modelling microfluidic
systems. Nishi et al. (2010) simulated the homogeneous diffusion of Co™ ions in an aqueous
phase and a Co-DEHPA complex in decane; a trial-and-error optimisation method allowed
calculation of the solute diffusion coefficients using a fully-developed flow assumption.

Broboana et al. (2011) studied the transient diffusion of a tetramethyl rhodamine (TRM)
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fluorescent tracer in an aqueous solvent using a Y-shaped planar channel. The asymmetric
distribution of the solute concentration (‘butterfly effect’), due to slower solvent velocities in
close proximity to the walls, was discussed in detail.

Heterogeneous systems, first examined in a £SX context by Sato et al. (2000), differ
from homogeneous systems in that the two streams brought together are immiscible. These
systems have not been investigated as extensively as homogeneous systems (Ciceri et al.
2011a) primarily due to the difficulty of achieving a stable flow between immiscible fluids in
the micro environment (Aota et al. 2009; Smirnova et al. 2006; Tetala et al. 2009). Surmeian
et al. (2002) used a two-layer microchannel to determine the partition coefficient of methyl
red over a water/cyclohexane interface. A one-dimensional diffusion-driven model was
developed neglecting effects of the fluid flow. Ciceri et al. (2011a) modified the one-dimens-
ional static transfer cell equation of McCulloch et al. (1996) to model solute diffusion in
a heterogeneous system. Incorporation of the organic-phase residence time and a cross-
sectional-area-equivalent height was proposed in order to extend the model to different
geometries encountered in microfluidic experiments. Good agreement was shown for both
homogeneous and heterogeneous diffusion systems in the absence of chemical reactions.
Two-dimensional (Tetala et al. 2009) and three-dimensional (Znidar§ié-Plazl and Plazl 2007)
CFD simulations of solute diffusion in two-phase systems have been presented. Tetala et al.
(2009) investigated the extraction, followed by immediate back extraction, of strychnine for
a water/chloroform system in a Y-Y-shaped microchannel with semi-toroidal pillar structures.
Znidargi¢-Plazl and Plazl (2007) simulated the extraction of progesterone, incorporating
interfacial solute transfer over a water/ethyl acetate interface in a serpentine channel. Kuban
et al. (2003) studied vertically stratified flows in water/butanol and water/chloroform systems
using a planar channel, with application to the extraction of methylene blue in water/alcohol

systems. A volume-of-fluid numerical method, allowing inclusion of surface tension forces
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Table 1: Overview of experimental conditions for microfluidic diffusion experiments

Source Solute Contacting phases ~ Zyq (m>3/s) Dorg (m2/s)
Hotta et al. (2007) benzoic acid ag/aq 9.0 x10710 N/A
Ibid. sucrose ag/aq 5.2 x10710 N/A
Ibid. glycine ag/aq 1.2 x107° N/A
van Leeuwen et al. (2009) glucose ag/aq 6.7 x10710 N/A
Nishi et al. (2010) Coll ag/aq 6.6 x10~10 N/A
Ibid. Co-DEHPA decane/decane N/A 3.2 x10710
Ciceri et al. (2011a) 8-hydroxyquinoline ag/heptane 1.4 x107° 22 x107°
Surmeian et al. (2002) methyl red ag/cyclohexane 54 x10710 72 x10°10
7Znidar§ig-Plazl and Plazl (2007) progesterone ag/ethyl acetate 43 x10710 13 x107°
Ibid. 11a-hydroxyprogesterone  ag/ethyl acetate 40 x10710 13 x10710

normal to the interfacial plane, was used to predict the observed flow regime, however solute
diffusion was not modelled. Pohar et al. (2012) used a finite difference method to determine
the interface location in heterogeneous systems. Effects of interfacial tension were assumed
negligible and a planar interface modelled. Non-reactive systems, in which the solubility
of the organic phase in water is negligible, were used in only the minority of these studies
(Ciceri et al. 2011a; Surmeian et al. 2002).

In the present study, independent sets of experimental data, specific to heterogeneous
systems, were analysed from the literature. The selected microchannel system is Y-Y shaped
with an integrated guide structure used to stabilise the interface. A comparison was made

with results from finite volume numerical simulations, and the suitability of using simplified

analytical models based on phase-specific mass transfer coefficients was also investigated.

Results have direct application to the interpretation of diffusion data in heterogeneous liquid/

liquid systems.

2 Numerical simulation

CFD techniques were used to simulate both diffusion throughout the liquid volumes and

partitioning of species across the interface. A finite volume algorithm, arb (Harvie 2012), was
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used to simulate data from appropriate microfluidic studies (Ciceri et al. 2011a; Surmeian
et al. 2002). Two notable assumptions were used to simplify the computations: (i) the interface
was assumed to be flat and (ii) the velocity profile in both streams was assumed to be fully

developed.

2.1 Treatment of the interface

The use of an integrated guide structure has been previously adopted to stabilise the laminar
flow in heterogeneous diffusion experiments (Aota et al. 2009; Ciceri et al. 2011a; Tokeshi
et al. 2000). In the simulations, a flat interface was assumed for the entire pass length.
Interfacial tension, therefore, was not used to balance the normal shear stress across the
interface. The volumetric flow rates for each phase, governed by independent x-direction
pressure gradients, were then set to the corresponding experimental values. To assess the
accuracy of this assumption, the magnitude of interfacial curvature in the real system was
estimated. The maximum curvature of the interface will occur at the beginning of the pass
length and can be approximated by equating the pressure difference between the two streams,
due to frictional losses, and the Laplace pressure due to interfacial tension (Aota et al. 2007).
As shown in Online Resource 1, the maximum interfacial contact angle 6.« can be expressed
as

b4 . | 16Ld _ _
Omax = 5 +arcsin TDﬁ (ﬂaq”x,aq - :uorgux,org) ) (D

where iy oq and i, o are the mean fluid velocities, L is the pass length, d is the z-height of
the interface, Dy, is the hydraulic diameter and 7y is the interfacial tension. A measure of the

maximum interfacial deformation in the y-direction, ¥, is given by:

y:R{l—cos(g)} , 2)
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where ¢ = 26, — 7 is the maximum angle subtended by the interfacial arc and R =
d/[2sin(¢/2)] is the radius of curvature. As shown in Online Resource 1, the maximum
deformation for the data of Surmeian et al. (2002) was determined to be less than 1% of Dy,
corresponding to an increase in the total interfacial area of 0.02%. For the experimental data
of Ciceri et al. (2011a), the absence of significant interfacial curvature was observed visually.

In the original experiments, the flow rate ratio Fyo/Faq was set such that the interface was
located at the centreline of the microchannel. For the simulations, the interface was fixed at
the centreline and the corresponding experimental flow rate values were used as inputs for

each data point.

2.2 Momentum balance equations

The fluid velocity u was determined by solving the steady-state Navier-Stokes and incom-

pressible continuity equations in conservative form:

V-(pua+pl+7)=0 3)

V.ou=0 “

where p; is the density of fluid 7, p; is the dynamic pressure and 7; is the viscous stress tensor.
Gravitational effects were assumed negligible (Bo = ApgDﬁ /v < 1 for all cases considered).

Velocity disturbances due to flow development were assumed to be negligible. Simu-
lations performed using a complete Y-Y mesh (see Figure 1a for details of the geometry)
indicated that the development length was less than ~ 1% of the pass length L, commensurate
with previous studies (Znidar3i¢-Plazl and Plazl 2007; Pohar et al. 2012). For all simulation
results presented, only the pass length segment of the microchannel was used, corresponding

to the ‘simplified mesh’ method (Nishi et al. 2010, 2011). Hence, the fluid velocity was
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Fig. 1: (a) Two-phase microchannel schematic, (b) illustration of ‘simplified mesh’ geometry
of pass length showing use of ‘master’ and ‘slave’ regions, adaptive mesh resolution, fixed
and geometric x-direction spacing, (c) Ciceri et al. (2011a,b) cross-sectional geometry, (d)
Surmeian et al. (2002) cross-sectional geometry and locations of line profiles (into the page)

assumed to be fully developed in the x-direction:

&)
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Applying the continuity equation and fully-developed flow assumption (Egs. 4 and 5 respec-

tively) allows the Navier-Stokes equation (Eq. 3) to be reduced to

d %u,  9*u
w5 e ) Q
ox dy dz
The fluid velocity was assumed to be continuous over the two-phase interface:
Mx’yﬂyi;t = Uy yﬂy;l ) (7)

where yjy is the y-coordinate of the interface. The interface of the heterogeneous system
was assumed to be mobile, consistent with literature imaging studies (Akpa et al. 2007) and
previous models (Pohar et al. 2012). The flux of x-momentum was set to be equal on both

sides of the interface:

Juy Juy
Haq = = Horg 53— ®)
9 lyye 9y lyyt
du du
Haq TX = Horg TX (9)
< ly—yime < ly—yi

A no-slip velocity boundary condition was assumed on all walls.

2.3 Species balance equations

The local solute concentration ¢; was determined using the steady-state advection-diffusion
equation

V~(Cill79,‘VCi) :0, (10)
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where Z; is the diffusivity of the solute in phase i. An infinitely-thin two-phase interface was

assumed, implying a jump discontinuity in the local solute concentration:

Corg,int = KDCaq,im ) (11)

where Kp is the distribution coefficient. Conservation of mass was implemented using a flux

matching condition:

dc dc
Dorg 5 = Duq 5 . (12)
Yly—yi, Y 1y—yin
A no-flux condition was assumed on all walls:
n-Ve=0, (13)

where 1i is a unit normal vector local to each wall. The solute concentration was assumed to

be constant over the inlet cross-sectional area:

Clxeinlet = €0 - (14)

The outlet concentration was assumed to be fully developed in the direction of flow:

dc

e =0. (15)

xeoutlet

2.4 Numerical implementation

The flow domain was split along the centreline into two separate mesh volumes with a
flat interface as shown in Figure 1b, allowing accurate treatment of jump discontinuities
in the solute concentration and solvent physical properties. Use of a split-domain method

reduced the simulation error associated with the averaging of physical properties across
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Table 2: Mesh resolutions used for three-dimensional computations

Mesh 1A Mesh 1B Mesh2  Mesh 3

Prisms 8,610 49,024 69,600 205,320
x-direction spacing  Fixed Geometric ~ Fixed Fixed

the interface (Online Resource 1). The simplified Navier-Stokes equation, Eq. 6, was then
solved on two-dimensional ‘master’ surfaces and the solution extruded, or ‘linked’, to the
corresponding three-dimensional ‘slave’ volumes. The advection-diffusion equation, Eq. 10,

was then solved on the three-dimensional ‘slave’ domain.

Simulation mesh files were generated using the open-source application Gmsh (Geuzaine
and Remacle 2009). A Delaunay triangulation algorithm (George and Borouchaki 1998) was
used for the generation of two-dimensional unstructured master surfaces. The master surfaces
were then extruded in the third dimension to form triangular prisms. To ensure accuracy of the
simulations, the mesh resolution was increased close to the interface and microchannel inlet,
where the maximum concentration gradients were observed to occur. The x-direction grid
spacing used either a fixed or geometric progression, as illustrated in Figure 1b. Properties of
the various meshes used for resolution independence testing purposes are shown in Table 2.
The difference between results obtained using the most coarse and fine mesh was found to

be less than 2%.
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3 Analytical modelling
3.1 Infinite composite medium

Crank (1975) considered solutions to the one-dimensional diffusion equation (Fick’s second

law):
ac; %c

Analytical expressions for an infinite composite medium were derived using interfacial
boundary conditions identical to Egs. 11 and 12. Additionally, the solute concentration was
assumed to remain constant for y — 4-oo, which is accurate for short diffusion time scales

(4 Dﬁ /2. If the interface is taken to be located at the origin, yj, = 0, then:

-@m y
1+ K Eerf ———— >0 17
+Kpy | T er Z(Qaql)l/2:| v Y a7

Iyl
2(90rgt)1/2 )

Caq(tvy) = E

Corg(t,y) = KpZ erfc y<0 (18)

where = = ¢,q.inlet (1 +Kp/ Dore / _@aq) ! , erf and erfc refer to the error function and com-
plementary error function respectively. In order to adapt Egs. 17 and 18 for application to the
present system (denoted ‘infinite composite medium’), width averaging over the hydraulic

diameter Dy, was used to represent the bulk concentrations:

) 1
%m:aécwww (19)

1 0
a%m:a/D%www (20)
—Lh

Use of the hydraulic diameter enables application of the one-dimensional model to the present

microchannel geometry.
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The outlet concentration was then determined by setting ¢ equal to the characteristic
contact time scale *. Here, 1* was estimated using the organic phase residence time fog

(contact time scales are further discussed in Section 3.3).

3.2 Mass transfer coefficient models

Analogous to the heat transfer flux in a simple parallel-flow heat exchanger, the average
diffusive flux J; of solute in the y-direction of the Y-Y microchannel system can be expressed

(Truskey et al. 2004) in terms of an effective mass transfer coefficient K¢ as

= AEoutlet - AEinlet

Jy = Kefr
Aéoutlet
In -
ACinlet
= eff(Ac_)LM ) (21)
where:
_ def _ c_nrg (X)
AE(x) = Cag(x) — S (22)
D
wr (1 1\
K= — 23
off ( ko + Kone KD) (23)

Here, overbars denote the velocity-averaged concentration over the cross-sectional area of

each stream, lying in the yz plane,

_ fci(xvyvz)ux(y72)dA

J(ro)dA 4

Gi(x)

and kyq, korg are the average mass transfer coefficients. Four separate treatments were used

for estimating the values of k;.
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3.2.1 Transfer coefficient model A

The average and local mass transfer coefficients were estimated, here, using penetration
theory (Crank 1975; Higbie 1935). In the first case (denoted ‘averaged coefficient A’), k;
were estimated using the average mass transfer coefficient derived from penetration theory
for a semi-infinite medium (Hotta et al. 2007). For short time scales (taken to be t* < Dﬁ /D)

the average transfer coefficient is given by:

3:7‘1
I
[\

— (25)

The organic phase residence time (t* = f,;g) has been used as an approximation for the

characteristic contact time scale (contact time scales are further discussed in Section 3.3).

In the second case (‘local coefficient A’), the local mass transfer coefficient for a semi-

infinite medium (Crank 1975) was used:

k() =] 2 (26)

where ¢ is the elapsed time of contact between the phases since entering the microchannel.

The approximation

t

*

~
~

©2))

o~ =

was used in order to express the local mass transfer coefficient in terms of the x-distance

ki(x) = ,/%x—'ﬂ. (28)

travelled:
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A differential form of Eq. 21 was then integrated over the length of the microchannel
(Eq. A.25 in Appendix A), which enabled the x-dependence of k; to be explicitly incorporated

into the model.

For both cases, the outlet solute concentration Corg outler Was determined by simultaneously

solving Eq. 21 and the component mass balance equation
ZFiEi,inlet = ZFiEi,outlety 29
i i

where F; is the volumetric flow rate of phase i.

3.2.2 Transfer coefficient model B

The average and local mass transfer coefficients were estimated, here, using the correlations
of van Male et al. (2004). In the first case (‘averaged coefficient B’), k; were expressed in

terms of the phase-specific average Sherwood numbers Sh; as

.9 .
ki= D—;Sh,-. (30)

The values of Sh; were estimated using the correlation (van Male et al. 2004):

Shi(x) =2.43 <1 + {GZ"(’C)}O'SsS) : (31)

132

where Gz;(x) = Re;Sc;Dy, /x is the Graetz number for mass transport, Re = p;i;Dy, /1i; is the

Reynolds number and Sc = y;/p; %; is the Schmidt number. Eq. 31 was averaged using

- 1 [t
S/’Li = Z/O Shi(x)dx. (32)
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Note that Eq. 31 is valid for laminar flow in a square microchannel with mass transport
occurring through one wall (and a no-flux condition on all others), so is only an approximation
for our system. Laminar flow conditions have been confirmed for the present system (phase-
specific Reynolds numbers are tabulated in Online Resource 1). For flow rate ratios close to
unity, the velocity profile will be flat in close proximity to the interface. Hence, the plug flow

correlation of van Male et al. (2004) was also trialled:

‘ 0.407
Shi(x) = 2.467 (1 + G (x)> : (33)

In the second case (‘local coefficient B’), the local mass transfer coefficient was used:

Z;
k,‘(x) = [ThSh,'(x). (34)

As per Section 3.2.1, a differential form of Eq. 21 was then integrated over the length of the

channel. For both cases, Corg outlert Was determined as per Section 3.2.1.

3.3 Static transfer cell model (STCM)

McCulloch et al. (1996) solved a one-dimensional diffusion equation for a static transfer
cell. Ciceri et al. (2011a) adapted this equation for use in a dynamic microfluidic system by

considering the characteristic time scale ¢* of the device

~ KDéaq,inlet Z(t*) 172
Corg,outlet = 12

(1/Zoig) + (Kn/ Zad) Mmom®'/>

(35)

where hporm = heqForg / F,q and heq is a cross-sectional-area-equivalent height. Eq. 35 is valid

in the small-time limit (t* < h2 ..,/ Z;).
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Due to the development of a complex three-dimensional velocity profile, determination
of the appropriate characteristic time scale is nontrivial. The average residence time of one
phase can been used (Ciceri et al. 2011a,b; Hotokezaka et al. 2005). For example, defining

the residence time based on the organic phase gives

\%
Torg = F17/2 ) (36)

org

where V), is the microchannel half-volume. Alternatively, the average interfacial contact
time f;,; can be used (Hotta et al. 2007), requiring determination of the interfacial velocity by
numerical simulation. The mean interfacial velocity can be determined based on the solution

to Eq. 6 using

Sy, dz

7 — 37
Uint de ) 37

where the integral is taken over the z-direction line defining the organic interface of the
‘master’ mesh file in Figure 1b. The interfacial contact time f;,; can then be determined using

ling=——" (38)

Uint

An alternative method of estimating #;,; was developed by modifying a two-dimensional
analytical result for two-phase flow in a thin slit (Bird et al. 2002). The expression of Bird
et al. (2002) was modified to include two phase-specific pressure gradients as detailed in
Appendix B. The pressure gradients were set such that the experimental flow rates were
matched. The interfacial contact time #,; can then be determined using the centreline interfa-

cial velocity:

L L\ [ m+i >
= — =2 =) (HTHE2 ) 39
" Ui (Dh) <AP1+AP2 59)
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A Hele-Shaw model (Nadim et al. 1996), adapted for the present geometry, was also con-
sidered, however this model was not as accurate in predicting the interfacial contact time
as Eq. 39. The present study aims to assess the validity of using either foy or fin for the
characteristic time scale #* in Eq. 35. Use of 7, is denoted ‘STCM’ (Static Transfer Cell
Model). The values of #;, were estimated using two different methods: use of the thin slit
expression (Bird et al. 2002) is denoted ‘modified STCM A’ and use of the full finite volume

simulation is denoted ‘modified STCM B’.

4 Details of original experiments

4.1 8-hydroxyquinoline solute

The diffusion of 8-hydroxyquinoline (§HQ) solute across an aqueous/heptane interface was
modelled based on the experimental work of Ciceri et al. (2011a). Properties used are shown
in Table 3. Outlet velocity-averaged solute concentrations ¢; were generated for all models.
As vial sampling was used, this form represents the concentration measured in the original

experiment.

Table 3: Physical properties used for simulation of Ciceri et al. (2011a) experimental data.
Reference conditions are 1 atm and 293 K

Aqueous phase  Organic phase

co (mM) 0.266 0
Z; (m*/s)  14x10792 22x107%8
Wi (Pas) 1.0x1073P 43x1074¢
pi (kg/m3) 9984 686°
Kp () 44.82
L (m) 0.02
Dy, (um) 54
2 McCulloch et al. (1996) ¢ Yaws (2003)

b Lide (2009) d Perry and Green (2007)
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Table 4: Properties used for simulation of Surmeian et al. (2002) experimental data. Reference
conditions are 1 atm and 293 K

Aqueous phase  Organic phase

co (mM) 7.4 %1073 0
F; (mL/hr)  3.0x 1072 3.0x 1072
Z; (m?/s)  5.4x10710 7.2x 10710
u; (Pas) 1.0x 10732 9.6x1074°
pi (g/cm®)  998° 780°
Kp () 0.91
L (m) 0.03
Dy, (um) 30
2 Lide (2009) ¢ Perry and Green (2007)

b Yaws (2003)

4.2 Methyl red solute

The diffusion of a methyl red solute across an aqueous/cyclohexane interface was modelled
based on the experimental work of Surmeian et al. (2002). Properties used are shown in
Table 4. A line profile along each half-volume centreline was generated as shown in Figure 1d.
The average solute concentration for a given x-coordinate was also determined using

Jei(x,y,z)dA

TdA (40)

5,‘ ()C) =

where the integral is taken over the cross-sectional yz plane (for each phase) located at the
given x-coordinate. Note that this is not the same as the velocity-averaged concentration
defined previously in Eq. 24 as a comparison is now being made to thermal lens microscopy

(TLM) (Harada et al. 1993; Minagawa et al. 2001) line profile data.

5 Results and discussion

A summary of all model results for the 8HQ experimental data (Ciceri et al. 2011a) is shown

in Table 5. Corresponding model results for the methyl red experimental data (Surmeian et al.
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Fig. 2: Model results for the two-layer-flow methyl red experimental data of Surmeian et al.
(2002). Finite volume simulation uses the highest resolution mesh (Mesh 3 in Table 2).
Experimental data reprinted with permission from Surmeian et al. (2002). Copyright 2002
American Chemical Society

2002) are shown in Figure 2. In order to assess the relative errors associated with each model,
the Mean Absolute Percentage Error (MAPE) was determined for each data set. Two separate
MAPE values were calculated, with either the experimental concentration (MAPEy,) or the

simulation concentration (MAPEj;,,) acting as the reference value in the denominator:

1 N C-exp,n - Emodel,n
MAPE, = — ) | =250 % 100% (41)
PN C
n=1 exp,n
MAPE, o 1 N Esim,n - Emodel,n
dm = )| e Cmodel | 1009 42)
Nn:l Csim,n

Here, N is the number of data points considered. MAPE.x, and MAPEg;,, values for all
models are shown in Figure 3. As the finite volume simulation solves the most comprehensive
set of physical equations of all models considered, simulation values are used as a reference to
account for the possible presence of error or scattering associated with the experimental data

points. Note that due to the difference in measurement methods (discussed in Section 4.2),
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[l experiment reference [] simulation reference

tor (T 22.0%
simulation

simulation
infinite composite medium 48.1% infinite composite medium | N/A
STCM STCM | N/A
modified STCM A modified STCM A | N/A
modified STCM B modified STCM B | N/A

averaged coefficient A

local coefficient A

averaged coefficient B
(laminar flow)

averaged coefficient B

39.6%
48.3%

averaged coefficient A

local coefficient A

averaged coefficient B
(laminar flow)

averaged coefficient B

[ 1.5
34.4%

36.0%

(plug flow) 40.1% (plug flow)
local coefficient B local coefficient B
(laminar flow) (laminar flow)
local coefficient B local coefficient B
(plug flow) (plug flow)
(a) 8HQ data (b) methyl red data

Fig. 3: MAPE values for all models using (a) 8HQ experimental data of Ciceri et al. (2011a)
and (b) methyl red data of Surmeian et al. (2002). MAPE., and MAPEg;, defined in Egs. 41
and 42

velocity-averaged simulation concentrations were used in the MAPE;,, denominator for the

8HQ data (Ciceri et al. 2011a) and area-averaged simulation concentrations were used for

the methyl red data (Surmeian et al. 2002).

5.1 Finite volume simulation

As shown in Figure 3, the finite volume simulations were found to have values of MAPE,
of less than 22% for both data sets. Example cross-sectional distributions of the 8HQ con-

centration are shown in Figure 4. For all flow rates shown, the highest gradients in solute
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concentration occur close to the inlet of the microchannel and are localised close to the
interface. This explains why the deviation between the simulation line profile and simu-
lation area-averaged concentrations decreases with increasing x/L, as shown in Figure 2.
The presence of curving in the concentration contours as a result of the laminar flow pro-

file, or ‘butterfly effect’ (Ismagilov et al. 2000; Kamholz et al. 1999), was observed in the

simulations.
[8HQ] (mM)
0 015 0.30 Mass transfer direction
Organic phase Aqueous phase

2.0

<

1.5

X (cm)

1.0

0.5

() (b) (©)

Fig. 4: Cross-sectional distribution of 8HQ concentration for (a) {Fyg,Faq} =
{0.23,0.15} mL/hr, (b) {0.75,0.39} mL/hr, (c) {1.84,0.86} mL/hr
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5.2 Infinite composite medium model

As shown in Figure 3a, the MAPE.y, value for the infinite composite medium model was
high (of order 50% for the experimental data of Ciceri et al. (2011a)). The model is not
applicable to the methyl red data of Surmeian et al. (2002) due to failure of the constraint
t* < h2;m/Z;. The high error associated with the infinite composite medium model is
consistent with the approximations implicit in the model. The model uses a one-dimensional
approximation of the complex geometry and does not account for the effect of dispersion
due to the non-uniform velocity profile. This model assumes the solute concentration is
constant on both walls, as well as at the interface. From Figure 4, it can be seen that the solute
concentration does not remain constant on the outer walls for the time scales associated with

the experiment.

5.3 Mass transfer coefficient models

The mass transfer coefficient models, in particular those based on the local mass transfer
coefficient, were associated with low values of the MAPE. Basing a model on the local mass
transfer coefficient (‘local coefficient A & B’) resulted in more accurate results than using the
average transfer coefficient (‘averaged coefficient A & B’). As shown in Figure 3, a reduction
in both MAPEy, and MAPEg;,, was achieved for all local coefficient models in comparison
to the corresponding averaged coefficient model.

Figure 5 shows the x-dependency of the phase-specific local mass transfer coefficients.
When calculated using penetration theory (Eq. 28), the local transfer coefficients approach
zero as x, or equivalently ¢, approaches infinity. This is not consistent with the use of the
correlations of van Male et al. (2004) (Egs. 31 and 33), in which the local transfer coefficient

has a non-zero horizontal asymptote. The plug flow correlation (Eq. 33) was found to diverge
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Fig. 5: Example local mass transfer coefficient x-dependency for: (a) aqueous phase, (b) or-
ganic phase (see inset). The contact time scale has been arbitrarily set to t* = 1's for both
phases

from the laminar flow correlation (Eq. 31) at low values of x/L. The similarity of the local
transfer coefficient values in the region x/L > 1072 explains the closeness in results when
either averaged laminar or plug flow coefficients were used (‘averaged coefficient B*). Values

for x/L < 10~2 do not contribute significantly to the integral average over the entire domain.

As shown in Figure 3, use of the correlation of van Male et al. (2004) (‘local and averaged
coefficient B’) resulted in a lower value of both MAPE.y, and MAPEg;,, than estimating
the transfer coefficient using penetration theory (‘local and averaged coefficient A’). Using
Eq. 31 (‘averaged coefficient B”), Sh; were found to range between 2.7-3.9 for the aqueous
phase and 2.7-4.3 for the organic phase (Sh; values are tabulated in Online Resource 1). Note
that Eq. 31 was originally determined from a regression to CFD simulation results, while
Eq. 33 was derived using an analytical solution to a two-dimensional diffusion equation

with a constant velocity profile. For this reason, Eq. 31 captures the effect of the velocity
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profile on solute dispersion, whereas Eq. 33 will introduce an error due to the assumption
of a uniform velocity profile (plug flow). When comparing the averaged coefficient results
to the simulation, which does account for dispersion due to the velocity profile, the value
of MAPEj;,,, increased for all cases. For the local coefficient models, the value of MAPEg;,

remained approximately constant.

5.4 Static transfer cell models

Results using the STCM and modified STCM are shown in Table 5 for the experimental data
of Ciceri et al. (2011a). The static transfer cell models cannot be applied to the methyl red
data of Surmeian et al. (2002) as the time constraint t* < h2.,../ Z; is not satisfied for the
experimental conditions used. As shown in Figure 3a, use of the interfacial contact time #;,
(‘modified STCM B’) resulted in lower values of both MAPEcy, and MAPE;,, than using
the organic phase residence time #,; (STCM).

A comparison between the experimental organic phase residence time f,;y and the sim-
ulated interfacial contact time f;,, for the 8HQ data is shown in Figure 6. For all flow rates
used, the interfacial contact time was found to be greater than the organic phase residence
time. Similar results have been obtained for a homogeneous system (Hotta et al. 2007).

Interfacial velocities were also obtained using the thin slit result of Eq. 39. As shown in
Figure 6, the interfacial contact time did not match that of simulation, but rather approxi-
mately equaled 7o for all values of #,rg. The two-dimensional nature of the thin slit model
implicitly assumes that the depth of the microchannel does not affect the shape of the ve-
locity profile. As noted by Pohar et al. (2012), the formation of laminar planar interfaces in
heterogeneous systems requires a high width-to-depth aspect ratio. For the present systems,

the ratio of the maximum channel x-width to maximum channel z-depth was approximately
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Table 5: Outlet 8HQ concentrations (mM) of all models for the corresponding experimental
data of Ciceri et al. (2011a): (a) aqueous phase, (b) organic phase

Quantity Flow rate (mL/hr) and concentration (mM)
F,q (mL/hr) 0.86 0.60 0.39 0.23 0.15
experiment 0.174+0.01 0.16£0.003 0.154+0.003 0.094+0.006  0.094+0.02
simulation 0.180 0.165 0.140 0.105 0.074
infinite composite medium 0.195 0.176 0.158 0.130 0.104
(@ STCM 0.206 0.189 0.172 0.138 0.095
modified STCM A 0.203 0.189 0.171 0.140 0.105
modified STCM B 0.196 0.178 0.159 0.125 0.086
averaged coefficient A 0.219 0.207 0.196 0.177 0.155
local coefficient A 0.174 0.166 0.148 0.128 0.117
averaged coefficient B 0.226 0.210 0.193 0.155 0.108
local coefficient B 0.187 0.170 0.143 0.103 0.070
Forg (mL/hr) 1.84 1.12 0.75 0.41 0.23
experiment 0.035+£0.005  0.043+0.003  0.051+£0.0001  0.073£0.003  0.112+0.001
simulation 0.040 0.054 0.065 0.090 0.125
infinite composite medium 0.071 0.088 0.103 0.125 0.143
() STCM 0.028 0.041 0.049 0.072 0.111
modified STCM A 0.029 0.041 0.050 0.071 0.105
modified STCM B 0.033 0.047 0.055 0.079 0.118
averaged coefficient A 0.022 0.031 0.036 0.050 0.073
local coefficient A 0.042 0.053 0.061 0.077 0.097
averaged coefficient B 0.019 0.030 0.038 0.062 0.103
local coefficient B 0.036 0.051 0.063 0.091 0.128

3.6 for the 8HQ experiments and 9.1 for the methyl red experiments. This means that the
two-dimensional thin slit approximation for this system is invalid. Hence, in the absence
of tine values determined using numerical simulation, it is suggested that the organic phase
residence time f,;y be used as the contact time scale as opposed to the value determined using

the thin slit result.

5.5 Model comparison

The different models examined are each associated with assumptions that approximate the
physical reality of the diffusion experiment. The infinite composite medium model (Eqgs. 17
and 18) is based on constant wall concentration boundary conditions. Finite volume simu-

lation results in Figure 4 show that these boundary conditions are not generally applicable
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Fig. 6: Example parity plot of interfacial contact time #,;, determined by: (i) averaging the
interfacial velocity from two-dimensional finite volume simulations or (ii) use of a thin slit
result (Bird et al. 2002), against organic phase residence time for. Experimental geometry
and flow rates from Ciceri et al. (2011a) are used

for x 2 1 cm, as each wall concentration deviates from its initial value when the phase flow
rates are low. The infinite composite medium model is also based on a one-dimensional
approximation of a complex geometry and does not account for dispersion due to the velocity
profile. The infinite composite medium model, where applicable, was associated with the

highest value of MAPE.y, out of all models considered.

The STCM models are based on the same one-dimensional diffusion equation as the infi-
nite composite medium model (Eq. 16), however the no-flux boundary condition (Neumann
condition) on the microchannel wall is more realistic than that of constant concentration
(Dirichlet condition). This is consistent with the lower values of both MAPE, and MAPEg;y,
for the STCM model, where applicable, than the infinite composite medium model. The
STCM model was found to improve when basing the pass length contact time on the interfa-
cial velocity as opposed to the average velocity. For the 8HQ data, using #;,; gave a MAPEg;,

value of 13.0% compared to 22.1% when using fo.
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The transfer coefficient models were found to have varying degrees of resultant error.
Generally, use of average mass transfer coefficients (‘averaged coefficient A & B’) resulted
in higher MAPE values than the use of local transfer coefficients (‘local coefficient A & B’).
The most accurate transfer coefficient model was ‘local coefficient B” with MAPEy, and
MAPEj;;, values of less than 15% for both data sets. This low error is consistent with the
model accounting for dispersion by the velocity profile, which was not accounted for by any
of the other analytical models. Use of the laminar flow correlation of van Male et al. (2004)
(Eq. 31) was demonstrated to give lower values of MAPEg;, for the 8HQ data than the plug
flow correlation (Eq. 33), and lower or approximately similar values for the methyl red data.

The finite volume simulation solves the most comprehensive set of equations out of all
models considered. The simulations account for the complex cross-sectional geometry of
the system and account for effects of the velocity profile on dispersion of the solute. The
two main assumptions associated with the simulations were covered in Sections 2.1 and
2.2: neglecting of the interfacial curvature and velocity development length. Note that these
two assumptions were also employed in all of the analytical models considered. Hence, it
is expected that the accuracy of any of the analytical models can approach, at best, that of
the simulations. Thus, MAPEg,, values can be interpreted as the ability of the analytical
model to reproduce the underlying diffusion equations, given the assumptions common to
all predictive methods used. The simulation also allows determination of both area-averaged
and velocity-averaged concentrations. Simulation velocity-averaged results (not shown) and
area-averaged results, however, were found to have a maximum difference of 1% for the
aqueous phase. Therefore, in this system, the velocity-averaged output from the transfer
coefficient model was judged to be representative of an area-averaged concentration.

Of the analytical models used, the ‘local coefficient B’ model was found to have the

ideal combination of low values of MAPE.y, and MAPEg;y,, together with a greater range
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of applicability (the infinite composite medium and STCM models are subject to the short
time scale restrictions t* < D%/ Z; and t* < h2o., /). If detailed CFD type models are not
practical, it is recommended that the ‘local coefficient B’ model be used for the Y-Y design,
using a local mass transfer coefficient based on the laminar flow correlation of van Male et al.

(2004) (Eq. 31).

6 Conclusions

A finite volume simulation has been used to model existing experimental data for interfacial
solute diffusion in a microchannel. The steady-state Navier-Stokes equations were first solved
on a two-dimensional plane before the solution was extruded through a three-dimensional
volume, allowing the advection-diffusion equation governing the concentration profile to
be solved efficiently. The simulation methodology is novel in that it makes use of split
flow domains to accurately treat jump discontinuities in both concentrations and physical
properties across the interface. The simulation also accounted for the complex cross-sectional
geometry of the microchannel.

Analytical approaches including an infinite composite medium model, mass transfer
coefficient models and a static transfer cell model were assessed. The infinite composite
medium model resulted in the highest error when compared to the experimental results
of Ciceri et al. (2011a). The static transfer cell models showed good agreement with the
same data, however are subject to restrictions on the experimental time scale. An increase
in accuracy can be achieved for the static transfer cell model by basing the characteristic
time scale on the interfacial contact time (determined using CFD), as opposed to the organic
phase residence time. Mass transfer coefficient models were found to give accurate results

when based on the local mass transfer coefficient. The most accurate method of estimating
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the local mass transfer coefficient was found to be the laminar flow correlation of van Male
et al. (2004).

Use of CFD techniques is recommended for reliable and accurate results, with a maxi-
mum mean absolute percentage error (MAPE) of 22% for all experimental data considered.
Mass transfer coefficient models, however, have been shown to give low MAPE values and
are recommended for use as a first approximation of the system. Application of the simulation
technique and analytical models is envisaged in the determination of reaction rate constants

for uSX experiments as detailed in Part II of this study (Ciceri et al. 2012).
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Knovel

A Mass transfer coefficient model

A.1 Derivation

The local flux Jy, of solute in the y-direction is defined by

Jy = kaq (an - Caq,im) (A.1)

= korg(corgﬁim - Eorg) 3 (A.2)

where kyq and koo are the local mass transfer coefficients, c; jy, are the interfacial concentrations (per volume

basis) and ¢; are the velocity-averaged solute concentrations given by

L acnida

i = — , (A.3)
fAM”idA
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where A | ; is the cross-sectional area of the relevant half of the channel. The distribution coefficient is defined,

using Eq. 11, by

Corg,int = KDCaq,int . (A4)
Substituting Eq. A.4 into Eq. A.2 gives
Jy = korg (KDCaqﬁim - ‘_'Org) . (AS)
Eliminating c,q int gives
1 1 _ Corg
(L P (A6)
’ (kaq knrgKD > aq Kp
For convenience, the following definitions are introduced:
— def _ Eorg
AC=Cyq— —— A7
C=Caq Ko ( )
~1
def 1 1 )
Kegr=|-—+ (A.8)
off ( kaq korg Kp
so that
Jy = KeAcC. (A.9)
From the definition of J, (Eq. A.2),
JydA = Fyq [Gaq(A) — Cag(A +dA)] (A.10)
= Forg [Corg (A+dA) — ag(A)] - (A1)

Combining Eqs. A.10 and A.11 gives

1 1
sl o)

F, aq Fnrg ( Al 2)
— _ Eorg (A + dA) Eorg (A)
— A+dA) —yq(A) — - .
[t +an) g a) - (Cnlf 1) onl

Using the definition from Eq. A.7 and taking the limit dA — 0 gives

1 1 dAc
Jy + =——. (A.13)

? (Faq ForeKD > dA
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Substituting Eq. A.9 gives

dac 1 1

L A (A14)

(k)

Integrating this expression gives

AEmtlet) ( 1 1 >

In| —— | = —Kegr | — + —=—— ) Ares (A.15)
( Alipler ¢ Faq  ForgKp e

where A is the total area of the interface. The total amount of solute transferred across the interface is given

by

JyAref = Faq (an,inlet - C_aq,outlet)

= Forg (Eorg.outlel - Eorg,inlel) )
where fy is the average flux of solute. Combining Eqs. A.16 and A.17 gives

- 1 1
J_ vAref -+

= 5aq‘inlet - anputlet +
F, aq F orgKD >

Kp

= ACinlet — ACoutlet -

Combing Egs. A.15 and (A.18) gives

Aouttet — ACinter

Jy = Kegt
A Coutlet
In —
ACinlet
= Ketr (AC) 1 -

A.2 Solution method

The aim is to solve for Corg outler for a fixed experimental Agjye. From mass conservation,

Eorg,oullel

C org,inlet

Kp

FaanqA,oullet + Forgc_'orgﬁoullet = Faananlet + Forg(jorg.inlet .

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A21)
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Substituting
5org,0ullel =Kp (an,outlet - AEoullel) (A.22)
into Eq. A.21 gives
_ 1 _ _ _
Caq,outlet = m (Faqcaqﬁinlet + Forgcorg.inlet + FnrgAcoutlet) s (A.23)

where, for constant values of k; (‘averaged coefficient A & B’), AGoyget is determined from Eq. A.15,

_ _ 1 1
ACoutlet = ACintet EXp |:_Keff (m + ﬁrg) Aref:| - (A.24)

Eq. A.24 is substituted into Eq. A.23 in order to determine Cyq outlet- Corg,outlet €an then be determined from
Eq. A22.

For x-dependent k; values (‘local coefficient A & B’), ACoyet is determined using numerical integration:

1 1 L
AEoutlet = Ac_inlel exXp |:_ (F + m) /O Keff(x)ddx:| ) (A25)
aq org g
where
Kege(x) < ! + ! )71 (A.26)
X) = _ .
off kaq () " Korg (*)Kp
and
7
ki(x) = D%’]Shi(x). (A.27)

Here, the substitution dA = d dx has been made, where d is the z-height of the interface. The same solution

method for determining Corg outler then follows as per the constant k; case.

B Analytical expression for a heterogeneous thin slit

Building on the approach of Bird et al. (2002), an analytical expression was derived for two immiscible,
incompressible liquids flowing in the y-direction of a thin slit of length L and effective width 2Dy. The
momentum flux for each phase i is given by the differential equation

dfyx‘i Ap;

T (B.1)




Modelling of interfacial mass transfer in microfluidic solvent extraction 37

where A p; is the phase-specific pressure difference between the pass length inlet and outlet. Integrating Eq. B.1

for each phase gives

A .
Tmi( f’)yﬂxi, (B.2)

where ¢; is a constant of integration. The momentum flux across the interface (located at y = 0) is assumed to

be balanced:

Tyx,1ly—0— = Tyx2 y—0+ (B.3)

def
=0 =0 =0.

Substituting Newtons’s law of viscosity and integrating gives

y = —y+Bi (B.4)
1
The solvent velocity was assumed to be continuous across the interface:

wetly oo =tal, o (B.5)

=B =B EB.

This gives a set of two equations to be solved simultaneously:

iap,
2u; L Mi

y+B. (B.6)

Uyi=

A no-slip boundary condition was applied on two fictional walls, each a distance Dy, from the centreline:

Uit |y—_p, =03 ux‘z|),:Dh:0- B.7)
Solving for ¢t and f gives:
Dy, .UZAPI*IJIAPZ)
a(Ap1,Apy) = b ((B22PL—F12P2 B.8)
(Ap1,4Ap2) 2L< T (
D} AP1+AP2>
Api,Apy) =0 (2222 B.9
Blap.apy = 5 (400 ®9)
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The average velocities ity ; are then given by:

1 0
Uy = — / ”xﬁl(Y)dy

Dy J-p,

1 Ap, D} Dy
—— =Mt a(Ap1,Apa) 5 +B(Ap1,A
L 3 +a(ap, P2)2”1+ﬁ( p1,Ap2)

_ 1 (P
Ux2 = Hh~/() Ux2 (y) dy

1 Apy D} Dy
=——— 22 Th  g(Ap,Apy) =~ + B(Ap1, A
3 L 3 a(Ap, pz)2#2+l3( p1,4p2)

Eqgs. B.10 and B.11 are solved simultaneously for A p;. The interfacial velocity is then given by

List of symbols

AL
Aref

Bo

™

o

Uine = B(Ap1,4Ap2).

cross-sectional area of microchannel half-volume, (m?)
total area of interface, (m?)

Bond number (Bo = ApgD?/y), (-)

local species concentration, (mM)

spatially-averaged species concentration, (mM)
velocity-averaged species concentration, (mM)
z-height of interface, (m)

hydraulic diameter of microchannel half-volume, (m)
diffusivity, (m2/s)

volumetric flow rate, (m?/s)

gravitational acceleration, (m/s?)

mass transfer Graetz number (Gz = ReSc Dy /x), (-)
equivalent height, (m)

flow-rate-scaled equivalent height, (m)

identity tensor, (—)

local mass transfer coefficient, (m/s)

average mass transfer coefficient, (m/s)

(B.10)

(B.11)

(B.12)
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Kp

Kegr

Re
Sc

Sh

_x7y’ Z

<

Greek letters

Y

emax

distribution coefficient, (-)

effective mass transfer coefficient, (m/s)

microchannel pass length, (m)

unit normal vector, (-)

mean absolute percentage error (experimental reference), ()
mean absolute percentage error (simulation reference), (—)
local diffusive flux of solute, (mol/m? s)

average diffusive flux of solute, (mol/m? s)

fluid pressure, (Pa)

interface radius of curvature, (m)

Reynolds number (Re = piaDy /), (-)

Schmidt number (Sc = 1/p2), (-)

Sherwood number (Sh = kDy,/ 9), (-)

elapsed time of contact between phases, (s)

characteristic contact time scale (set either to forg O £iny), (s)
interfacial contact time (finy = L/ifint), (8)

organic phase residence time (forg = V) /2/ Forg)- ()

fluid velocity, (m/s)

mean fluid velocity, (m/s)

mean interfacial velocity, (m/s)

microchannel y-half-width, (m)

microchannel half-volume, (m?)

Cartesian coordinates, (m)

maximum y-deformation of the interface, (-)

interfacial tension, (N/m)
maximum interfacial contact angle, (—)
fluid density, (kg/m?)

viscous stress tensor, (Pa)
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Subscripts
0
aq

exp

inlet
int
LM

max

org
outlet

sim

Abbreviations
8HQ

CFD

DEHPA

LOC

MAPE

TLM

TRM

STCM

SX

uSXx

dynamic viscosity, (Pa s)

maximum angle subtended by the interfacial arc, (rad)

initial

aqueous phase
experiment

ith phase

pass length inlet
interface
logarithmic mean
maximum

nth data point
organic phase
pass length outlet

simulation

8-hydroxyquinoline
Computational Fluid Dynamics
di-(2-ethylhexyl) phosphoric acid
Lab-on-a-Chip

Mean Absolute Percentage Error
Thermal Lens Microscopy
tetramethyl rhodamine

Static Transfer Cell Model
Solvent Extraction

Microfluidic Solvent Extraction



