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A B S T R A C T 

The general relativistic formulation of the problem of magnetically confined mountains on neutron stars is presented, and the 
resulting equations are solved numerically, generalizing previous Newtonian calculations. The hydromagnetic structure of the 
accreted matter and the subsequent magnetic burial of the star’s magnetic dipole moment are computed. Overall, it is observed 

that relativistic corrections reduce the hydromagnetic deformation associated with the mountain. The magnetic field lines are 
curved more gently than in previous calculations, and the screening of the dipole moment is reduced. Quantitatively, it is found 

that the dimensionless dipole moment ( m d ) depends on the accreted mass ( M a ) as m d = −3.2 × 10 

3 M a / M � + 1.0, implying 

approximately three times less screening compared to the Newtonian theory . Additionally , the characteristic scale height of the 
mountain, go v erning the gradients of quantities like pressure, density, and magnetic field strength, reduces by approximately 40 

per cent for an isothermal equation of state. 
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 I N T RO D U C T I O N  

eutron stars with non-axisymmetric mountains are sources of
ontinuous gra vitational wa ves (CWs) (Zimmermann & Szedenits
979 ; Sieniawska & Bejger 2019 ; Riles 2023 ). Therefore, searches
or CW signals from neutron stars have targeted a diverse range of
strophysical scenarios, including likely neutron stars in supernova
emnants (Abbott et al. 2021d , 2022b ), known radio and X-ray
ulsars (Abbott et al. 2020 , 2021c , e , 2022a , d , e ), and undisco v ered
eutron stars via all-sk y surv e ys (Abbott et al. 2021a , b , 2022c ; Covas
t al. 2022 ). 

One plausible mechanism for forming mountains on accreting
eutron stars is polar magnetic burial (Uchida & Low 1981 ; Hameury
t al. 1983 ; Cheng & Zhang 1998 ; Payne & Melatos 2004 ). In this
rocess, mass from the inner edge of the accretion disc follows the
agnetic field lines and lands on the magnetic poles of the star. This

esults in a reduction of the star’s magnetic dipole moment and in
n increase of its mass quadrupole moment. The latter outcomes are
onsistent respectively with the magnetic field distribution observed
n recycled pulsars (Wijers 1997 ) and the spin period distribution
bserved in low-mass X-ray binaries (LMXBs) (Chakrabarty et al.
003 ). 
Payne & Melatos ( 2004 ) have considered the self-consistent

quilibrium of the polar magnetic mountain by using the fact that
atter does not mo v e through magnetic flux surfaces. They showed

hat mountains bury the magnetic field and reduce the magnetic
 E-mail: phbrossetto@gmail.com 
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ipole moment of the star. This may be one explanation for the
ow dipole moments observed for recycled pulsars (Wijers 1997 ).

elatos & Payne ( 2005 ) considered the implications of these results
or the quadrupole moment of the star and, therefore, the emission of
ravitational radiation. This can be linked with the slow rotation of
eutron stars found in accreting systems (Chakrabarty et al. 2003 ). 
Several aspects of mountain formation by polar magnetic burial

ave been studied in the literature, including hydromagnetic stabil-
ty (Vigelius & Melatos 2008 ; Mukherjee & Bhattacharya 2012 ;

ukherjee, Bhattacharya & Mignone 2013 ), ohmic and thermal
elaxation (Vigelius & Melatos 2009 ; Suvorov & Melatos 2019 ),
uperconductivity (Passamonti & Lander 2014 ; Sur & Haskell
021 ), crustal sinking (Choudhuri & Konar 2002 ; Wette, Vigelius &
elatos 2010 ), equations of state (Priymak, Melatos & Payne 2011 ;
ukherjee 2017 ), triaxial configurations (Singh et al. 2020 ), and

oroidal fields and higher magnetic multipole moments (Suvorov &
elatos 2020 ; Fujisawa, Kisaka & Kojima 2022 ). Ho we ver, all of

he cited studies were done assuming Newtonian gravity. The aim of
his paper is to formulate the problem of polar magnetic burial and
ountain formation in general relativity and compare it with previous
ewtonian calculations. The paper has the following structure. In
ection 2 , we construct the relativistic theory of self-consistent mag-
etically confined mountains on neutron stars including mass-flux
onservation. In Section 3 , we describe the numerical method used
o solve the equations in Section 2 . In Section 4 , we investigate the
ydromagnetic structure of the system by calculating the mountain’s
quilibrium mass density, the distortion of the magnetic field lines,
nd the burial of the star’s magnetic dipole moment. We also compare
ur results with the Newtonian ones. Finally, in Section 5 , we review
© The Author(s) 2023. 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 

provided the original work is properly cited. 
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he main findings of the paper, the limitations of our analysis and
ossible extensions of the current work. 
Even though magnetically accreted mountains have only been 

onsidered in Newtonian gravity, magnetically deformed mountains 
f isolated pulsars have already been considered in relativity (Bonaz- 
ola & Gourgoulhon 1996 ; Sengupta 1998 ; K onno, Obata & K ojima
999 ; Colaiuda et al. 2008 ; Mallick & Schramm 2014 ; Chatterjee,
ovak & Oertel 2021 ; Zamani & Bigdeli 2021 ). Most of the afore-
entioned papers model the deformation using general relativistic 
agnetohydrodynamics (GRMHD) axisymmetric equilibrium, for 
hich a full general covariant approach can be found in Gourgoulhon 

t al. ( 2011 ). 

 H Y D RO M AG N E T I C  M O U N TA I N  

QUILIBRIU M  IN  G E N E R A L  RELATIVITY  

he equilibrium structure of a mountain formed by polar magnetic 
urial is go v erned by two physical laws: hydromagnetic force bal-
nce, expressed through the Grad–Shafranov equation and discussed 
n Section 2.1 , and magnetic flux-freezing, expressed through an 
ntegral constraint on the mass-flux ratio and discussed in Section 2.2 . 
hese laws are supplemented by boundary conditions, which are 
pecified and justified in Section 2.3 . 

.1 Grad–Shafranov equation 

e work in traditional Schwarzschild coordinates ( t , r , θ , and φ).
he accreted mass M a satisfies 10 −6 � M a / M � � 3 × 10 −5 for

he purposes of the calculations in this paper. This mass range is
onsistent with the early stages of accretion in LMXBs (Taam & 

an den Heuvel 1986 ). We have chosen the upper limit to be
eliberately lower than the realistic astrophysical maximum to a v oid 
agnetic bubbles (Payne & Melatos 2004 , 2007 ). The formation 

nd evolution of magnetic bubbles in the relativistic context will be 
tudied in a future paper. Accordingly, as a first pass at the problem,
t is reasonable to neglect the contribution of M a to the spacetime
eometry and assume that accretion occurs in a Schwarzschild 
ackground generated by a neutron star with gravitational mass M ∗

M a . Then the metric is given by 1 

 s 2 = −e 2 � d t 2 + e −2 � d r 2 + r 2 d θ2 + r 2 sin 2 θd φ2 , (1) 

ith 

 ( r) = 

1 

2 
ln 

(
1 − 2 M ∗

r 

)
. (2) 

In component notation, the equations of motion take the form 

 a ( ρu 

a ) = 0 (3) 

 a T 
ab = 0 , (4) 

here ∇ a denotes the covariant derivative and ρ, u a , and T 

ab 

re respectively the rest-mass density, the four-velocity, and the 
nergy–momentum tensor. The latter quantity can be split into its 
ydrodynamic and electromagnetic parts, viz. T ab = T ab 

f + T ab 
em 

, 
ith 

 

ab = ρhu 

a u 

b + g ab p (5) 
f 

 As is common in the relativistic literature, we work in a geometrized unit 
ystem where G = c = 1. At times, when comparisons with the Newtonian 
ormalism are necessary, we restore the G and c by dimensional analysis. We 
se the Gaussian unit system for electromagnetic quantities, and the magnetic 
eld has a dividing factor of 

√ 

4 π . 

T  

w  

ψ

c

ρ

nd 

 

ab 
em 

= F 

ad F 

b 
d −

1 

4 
g ab F 

de F de . (6) 

n equations ( 5 ) and ( 6 ), p is the pressure, F ab is Faraday’s electro-
agnetic tensor, 

 = 

e + p 

ρ
(7) 

s the specific enthalpy, and e is the energy density. The four-velocity
 

a is a time-like unit vector with u a u a = −1 according to our
onventions. 

The Faraday tensor can be decomposed into the electric and 
agnetic fields, namely the co v ectors E and B , measured by an

bserver with four-velocity u as 

 = u ∧ E + � ( u ∧ B) , (8) 

here ( 8 ) is written in terms of differential forms, and � and ∧ denote
he Hodge dual and wedge product, respectively. In equation ( 8 ), we
lso use that E and B are defined to be perpendicular to u . Conversely,
iven F , we can reconstruct the electric and magnetic fields via 

 a = F ab u 

b , (9) 

 a = ( �F ) ab u 

b . (10) 

 satisfies Maxwell’s equations 

 F = 0 (11) 

 ( �F ) = �J , (12) 

here J is the current density four-vector. 
We model an accreted mountain, which is static and cylindrically 

ymmetric about the magnetic axis (Payne & Melatos 2004 ). In
eality, accretion violates axisymmetry on the free-fall time-scale, 
.g. via transient finger-like flows formed through the Rayleigh–
aylor instability at the disc–magnetosphere boundary (Romanova, 
ulkarni & Lovelace 2008 ; Romanova & Owocki 2015 ). However, 
e stick with axisymmetry in this paper as a first pass to keep

he focus on the new effects introduced by general relativity and
o facilitate comparison with previous axisymmetric calculations 
Melatos & Phinney 2001 ; Payne & Melatos 2004 ). A fuller treat-
ent is achieved best through time-dependent, three-dimensional, 
agnetohydrodynamic simulations (Romanova & Owocki 2015 ), 
hich track non-axisymmetric processes o v er man y stellar rotations,

f. Basko & Sunyaev ( 1975 ). As the metric ( 1 ) is also static and
xisymmetric, any tensorial quantity related to spacetime, fluid, 
r electromagnetic fields must have vanishing Lie deri v ati ves with
espect to the Killing vectors e a t = ∂ t 

a and e a φ = ∂ φ
a . If the fluid

s a perfect conductor, then the electric field in the fluid’s frame of
eference vanishes, with E a = F ab u b = 0 and u 

a = e −� e a t . Assuming
urthermore that the magnetic field is purely poloidal, i.e. B a e 

a 
φ = 0,

e can write (see Appendix A ) 

 = d φ ∧ d ψ. (13) 

he function ψ in ( 13 ) is called the magnetic flux function. Thus,
e reduce the degrees of freedom in F ab to a single scalar function
 = ψ( r , θ ). 
Upon combining ( 4 ), ( 6 ), and ( 13 ), and writing out the r and θ

omponents, we obtain 

h ∇ a � + ∇ a p = 	 

∗ψ∇ a ψ, (14) 
MNRAS 526, 2058–2066 (2023) 
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here 	 

∗ is the Grad–Shafranov operator given by 

 

∗ψ = 

1 

λ

(
∇ 

a ∇ a ψ − 1 

λ
∇ 

a λ∇ a ψ 

)
, (15) 

nd λ = r 2 sin 2 θ is the squared length of the axisymmetric Killing
ector. Note that ( 3 ) is satisfied identically in a static situation. In the
chwarzschild metric ( 1 ) with ( 2 ), the operator ( 15 ) takes the form 

 

∗ψ = 

1 

r 2 sin 2 θ

[
∂ 

∂r 

((
1 − 2 M ∗

r 

)
∂ψ 

∂r 

)

+ 

sin θ

r 2 

∂ 

∂θ

(
1 

sin θ

∂ψ 

∂θ

)]
. (16) 

Given an equation of state p = p ( e ), one can find a function U such
hat ∇ a U = ( ρh ) −1 ∇ a p . Then, equation ( 14 ) implies that � + U is
onstant along the level surfaces of ψ . We write � + U = f ( ψ) and
nsert this back into equation ( 14 ) to obtain 

 

∗ψ = −ρhf ′ ( ψ) , (17) 

here the prime denotes the total deri v ati ve with respect to ψ .
quation ( 17 ) is the general relativistic Grad–Shafranov equation for
agnetohydrodynamic equilibrium. The function f ( ψ) is a freely

etermined function, when it stands alone in ( 17 ). To specify its
orm uniquely, one must specify the mass between adjacent level
urfaces ψ and ψ + d ψ for all ψ . This translates into an integral
onstraint on ψ , which is described in Section 2.2 . 

In this paper, we adopt the isothermal equation of state, to facilitate
omparison with Payne & Melatos ( 2004 ) and to maintain the focus
n the ne w ef fects introduced by general relativity. The results can
e generalized to other equations of state using known methods
Priymak et al. 2011 ). In the relativistic literature (Yabushita 1973 ;
havanis 2008 ), the isothermal equation of state is given by 

( e) = c 2 s e, (18) 

here c s is the sound speed in the accreted plasma. In equation
 18 ), e substitutes for the Newtonian ρ (Payne & Melatos 2004 ).
he substitution makes sense from a physical point of view because

t preserves physical features arising from a Newtonian isothermal
quation of state, such as the constant phase speed of plasma wave
odes (Rezzolla & Zanotti 2013 ). Equation ( 18 ) implies 

 = F ( ψ) exp 
[− (

1 + c −2 
s 

)
( � − � 0 ) 

]
, (19) 

here � 0 is a reference potential, and hence 

 

∗ψ = −F 

′ ( ψ) exp 
[− (

1 + c −2 
s 

)
( � − � 0 ) 

]
. (20) 

equation ( 20 ) is the isothermal general relativistic Grad–Shafranov
quation. In the Newtonian limit, equations ( 17 ) and ( 20 ) reduce
orrectly to equations (6) and (12) in Payne & Melatos ( 2004 ). In ( 17 )
nd ( 20 ), F ( ψ) is a free function related to f ( ψ), which replaces f ( ψ)
nd is specified uniquely by the mass-flux constraint in Section 2.2 .
he height of an isothermal mountain is � 1 per cent of the stellar

adius R ∗ (Payne & Melatos 2004 ), so one can Taylor expand � ( r )
t the surface to obtain 

 ( r) ≈ � 0 + 

M ∗
R ∗( R ∗ − 2 M ∗) 

( r − R ∗) , (21) 

ith 

 0 = � ( R ∗) = 

1 

2 
ln 

(
1 − 2 M ∗

R ∗

)
. (22) 

Using approximation ( 21 ) we can calculate the pressure (and,
herefore, density) scale height. For the typical values R ∗ = 10 6 cm
nd M ∗ = 1.4 M �, the calculated scale heights are about 40
NRAS 526, 2058–2066 (2023) 
er cent smaller than the corresponding Ne wtonian v alues (Payne &
elatos 2004 ). It is then expected that the relativistic corrections are

ppreciable, and that they make a mountain smaller. 

.2 Mass-flux distribution and flux-freezing 

f the accreted plasma is perfectly conducting, the system evolves
ccording to the flux-freezing condition of ideal magnetohydrody-
amics: charged matter does not cross magnetic flux surfaces, as
ccretion proceeds. In other words, for all ψ , the rest-mass dM
etween the adjacent, infinitesimally separated level surfaces ψ and
 + d ψ in equilibrium (i.e. after accretion ceases, and the mountain

ettles) equals the mass added by the accretion process between
 and ψ + d ψ . Flux freezing uniquely determines F ( ψ) in ( 20 ),
hich must be computed numerically in general. It links F ( ψ) self-

onsistently to the initial conditions and mass-loading history of the
ccretion process, even though the Grad–Shafranov formalism and
quation ( 20 ) itself do not depend on time (Payne & Melatos 2004 ;
igelius & Melatos 2008 ; Priymak et al. 2011 ). Equations ( 7 ), ( 18 ),
nd ( 19 ) must be supplemented by the first law of thermodynamics
Rezzolla & Zanotti 2013 ), 

 e = h d ρ (23) 

n order to obtain expressions for the four thermodynamic variables
 , e , ρ, and h . Then, using equations ( 7 ), ( 18 ), ( 19 ), and ( 23 ) and
mposing the correct classical limits (to determine the integration
onstant), the rest-mass density ρ is given by 

= 

[
c −2 

s F ( ψ) 
]1 / ( 1 + c 2 s ) exp 

[−c −2 
s ( � − � 0 ) 

]
. (24) 

e integrate ρ between the flux surfaces ψ and ψ + d ψ by changing
o coordinates whose basis vectors are unit vectors perpendicular and
angential to the level surfaces of ψ , viz 

 

a = 

∇ 

a ψ 

|∇ψ | (25) 

nd 

 

a = 

εabc ∇ b ψ∇ c φ√ 

λ|∇ψ | , (26) 

espectively, where we write |∇ ψ | 2 = ∇ 

a ψ∇ a ψ , and εabc = u d εdabc 

s the three-dimensional volume form. The exterior deri v ati ve of the
ne-form s a = g ab s b vanishes. By Poincare’s Lemma, there exists a
unction s satisfying s a = (d s ) a and hence an infinitesimal volume
lement 

 V = 

r sin θ

|∇ψ | d s d ψ d φ. (27) 

herefore, the rest mass is given by 
∫ 

V ρd V and the mass-flux ratio
s 

d M 

d ψ 

= 2 π
∫ 

C 

ρr sin θ

|∇ψ | d s, (28) 

here V and C denote the volume r ≥ R ∗ and a contour ψ = constant,
espectively. 

Substituting equation ( 24 ) in equation ( 28 ) and solving for F ( ψ)
e obtain 

 ( ψ) = 

(
d M 

d ψ 

)1 + c 2 s 
(

2 π

c 2 s 

∫ 

C 

r sin θ |∇ψ | −1 e −( � −� 0 ) /c 2 s d s 

)−( 1 + c 2 s ) 

(29) 

sing the surface approximation ( 21 ). Equation ( 29 ) reduces correctly
o equation ( 14 ) in Payne & Melatos ( 2004 ) in the Newtonian limit. 
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The mass-flux ratio dM / d ψ , which determines F ( ψ) via ( 29 ), is
etermined itself by the history of the accretion process. In general, 
he accretion process is complicated, time-dependent, and non- 
xisymmetric, as revealed by simulations (Romanova & Owocki 
015 ). Identifying the flux surfaces that connect magnetically to 
he accretion disc, and calculating the instantaneous mass accretion 
ate on those flux surfaces, is an unsolved problem. In this paper,
e follow previous authors (Payne & Melatos 2004 ; Priymak et al.
011 ; Suvorov & Melatos 2019 ) and make the approximation 

( ψ) = 

M a 

2 

1 − e −ψ/ψ a 

1 − e −ψ ∗/ψ a 
, (30) 

ith ψ ∗ = ψ( R ∗, π /2). In ( 30 ), ψ a denotes the level surface, which
ouches the inner edge of the accretion disc. Implicitly, we assume 
hat ψ a does not change during the accretion process. Equation ( 30 )
hen states that mass accretes mostly on the polar flux tube 0 ≤ ψ ≤
 a , i.e. along open magnetic field lines, which connect magnetically 

o the accretion disc. Correspondingly, there is minimal accretion 
long equatorial magnetic field lines ψ a ≤ ψ ≤ ψ ∗, which close 
nside the inner edge of the accretion disc. A non-zero amount 
f equatorial accretion is included to a v oid a sudden density step
t ψ = ψ a and promote the numerical convergence of the Grad–
hafrano v solv er (see Section 3 ), irrespectiv e of whether or not it
ccurs astrophysically. 

.3 Boundary conditions 

e consider the distortion of an initially dipolar magnetic field, 
hich remains dipolar at and below the surface even after accretion, 

n the customary line-tying approximation (Payne & Melatos 2004 ). 
he general form of the flux function for a dipole is 

 d ( r, θ ) = ψ ∗R ∗g( r) sin 2 θ. (31) 

n the Newtonian theory, one has 

( r) = 

1 

r 
. (32) 

n general relativity, one has (Petterson 1974 ) 

( r) = −3 

8 

r 2 

M 

3 ∗

(
ln 

(
1 − 2 M ∗

r 

)
+ 

2 M ∗
r 

+ 

2 M 

2 
∗

r 2 

)
. (33) 

ote that in both treatments, ψ d is proportional to sin 2 θ . Ho we ver,
n Newtonian theory one has 0 < ψ d ( R ∗, θ ) < ψ ∗, and in general
elativity one has 0 < ψ d ( R ∗, θ ) < ψ ∗R ∗g ( R ∗), where g ( r ) is
iven by ( 33 ). Additionally, the relativistic dipole ( 33 ) satisfies the
omogeneous relativistic Grad–Shafranov equation, that is, 	 

∗ψ d = 

. 
At r = R ∗ the magnetic field is anchored in the heavy crust of the

tar, and we apply line-tying boundary conditions, that is, ψ( R ∗, θ ) =
 d ( R ∗, θ ). We also apply a Dirichlet condition along the magnetic

xis, where we set ψ( r , 0) = 0, i.e. the polar field line remains straight
fter accretion. North–south symmetry at the equator also requires 
he magnetic field to be perpendicular to the θ = π /2 plane, which
ranslates to the Neumann boundary condition ∂ ψ/ ∂ θ = 0 for all r
t θ = π /2. 

We restrict the numerical solver to the region R ∗ ≤ r ≤ R max 

nd choose R max to lie outside most of the screening currents in the
ountain, i.e. R max � 10 5 mountain scale heights. At r = R max , we

emand that the magnetic moment 

 d ( r ) = 

3 

2 

1 

g( r ) 

∫ 1 

−1 
ψ( r , θ ) d ( cos θ ) , (34) 
alculated by integrating ψ over angle at fixed r , does not change as
 function of r . This is justified physically, because the surface r =
 max is chosen deliberately to lie well outside the screening currents
t r ≈ R ∗. Upon differentiating ( 34 ) with respect to r , we obtain 

 = 

3 

2 

1 

g( r) 

∫ 1 

−1 

[
−g ′ ( r) 

g( r) 
ψ + 

∂ψ 

∂r 

]
d ( cos θ ) . (35) 

t large distances we expect that ψ takes the form of a dipole
 ψ ∝ sin 2 θ ) as for any localized current distribution. This means,
hat the condition ( 35 ) can only be satisfied if one has 

 = −g ′ ( r) 

g( r) 
ψ + 

∂ψ 

∂r 
(36) 

or arbitrary large r . Equation ( 36 ), e v aluated at r = R max , provides
 Robin-type boundary condition on ψ to supplement the mixed 
irichlet and Neumann conditions specified abo v e. 
Payne & Melatos ( 2004 ) chose the magnetic field to be radial

t the outer boundary for numerical convenience. A radial field is
nconsistent with the fact that any static current distribution tends to
 dipole at large r , but the error thereby introduced is small, because
he field is weak at r = R max , and the screening currents reside at r

R max , as confirmed numerically (Payne & Melatos 2004 ). 

 N U M E R I C A L  SCHEME  

e solve equations ( 20 ) and ( 29 ) simultaneously using a modified
ersion of the iterative numerical scheme developed by Payne & 

elatos ( 2004 ). We re vie w the algorithm and performance, with
pecific emphasis on the relativistic modifications, in this section. 
ther effects, such as superconductivity, have been studied by other 

uthors and are omitted here to focus on relativistic corrections 
Sur & Haskell 2021 ). 

The algorithm presented here has been written in Python, to take
dvantage of inbuilt libraries for contouring and polynomial fitting, 
longside ‘numpy’ vectorization (Harris et al. 2020 ) to optimize 
atrix operations such as those in the relaxation scheme described 

elow. 

.1 Grid and dimensionless variables 

e solve equation ( 20 ) for ψ( r , θ ) on a grid of ( N r , N θ ) cells in ( r ,
) coordinates, in the region R ∗ ≤ r ≤ R max and 0 ≤ θ ≤ π /2. In
eeping with Payne & Melatos ( 2004 ), we convert to dimensionless
oordinates ˜ x = ( r − R ∗) /x 0 and ˜ μ = cos θ , and we introduce the
imensionless variables ˜ ψ = ψ/ψ 0 , ˜ M = M/M a , ˜ F = x 3 0 F /c 2 s M a ,

˜  = s/x 0 , x 0 = 

c 2 s R 
2 ∗

GM ∗ α, α = 1 − 2 GM ∗
c 2 R ∗

, β = 1 + 

c 2 s 
c 2 

, and a = R ∗/ x 0 .
n these variables, using the Grad–Shafranov operator defined in 
quation ( 16 ), equations ( 20 ) and ( 29 ) become 

˜ 
 

∗ ˜ ψ = −x 4 0 ( ̃  x + a) 2 (1 − ˜ μ2 ) 
d ̃  F 

d ̃  ψ 

e −β ˜ x (37) 

nd 

˜ 
 ( ̃  ψ ) = 

(
d ˜ M 

d ˜ ψ 

)β (
2 π

∫ 

C 

( ̃  x + a)(1 − ˜ μ2 ) 1 / 2 | ̃  ∇ 

˜ ψ | −1 e − ˜ x d ̃ s 

)−β

, (38) 

here the dimensionless Grad–Shafranov operator ˜ 	 

∗ takes the 
orm: 

˜ 
 

∗ = αe 2( β−1) ̃ x 

(
∂ 2 

∂ ̃  x 2 
+ 2( β − 1) 

∂ 

∂ ̃  x 

)
+ 

1 − ˜ ˜ μ2 

( ̃  x + a) 2 
∂ 2 

∂ ̃  μ2 
. (39) 
MNRAS 526, 2058–2066 (2023) 
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M

Figur e 1. Conver gence and validation test. (a) Residual <	ψ / ψ > versus iteration index k . (b) Fractional mass deficit ( M a −M check )/ M a versus k as a percentage. 
Here, ψ ∗ = 5 × 10 23 G cm 

2 , R ∗ = 10 6 cm , M ∗ = 1.4 M �, � = 0.99, M a = 10 −5 M �, b = 10, N r = N θ = 256, and N c = 255. 
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o capture the large gradients in ρ and ψ near the surface of
he neutron star, we space radial grid points logarithmically with

aximum grid resolution nearest the surface according to ˜ x 1 =
og 

(
˜ x + e −L x 

) + L x , where the user-selected control parameter L x 

s chosen small (or zero) to ensure there are several grid points per
cale height. 

.2 Integral mass-flux constraint 

o solve equations ( 37 ) and ( 38 ), we start with dM / d ψ and an
nitial guess ψ 

(0) ( r , θ ) = ψ ∗R ∗g ( r )sin 2 θ . Contours of ψ 

(0) ( r , θ )
re computed using the Python library ‘contourpy’ . We choose
 c = N r −1 contours such that the contours and grid points are spaced
omparably and therefore roughly optimally, as validated by Payne &
elatos ( 2004 ). With the contours in hand, F [ ψ 

(0) ] is calculated
rom equation ( 38 ). The deri v ati ve F 

′ [ ψ 

(0) ] is then computed from
he polynomial fit: 

 ( ψ) = 

N p ∑ 

i= 0 

a i ψ 

i , (40) 

ith N p = 8. Polynomial fitting is performed using
numpy.polynomial’ ’s ‘polyfit’ package, and analytic
ifferentiation is performed by the ‘polyder’ package. As high-
ighted by Payne & Melatos ( 2004 ), a polynomial fit a v oids numerical
nstabilities introduced by simple finite-differencing. 

.3 Grad–Shafrano v solv er 

he right-hand side of equation ( 37 ) can be calculated after mapping
 

′ [ ψ 

(0) ] to the grid using bilinear interpolation. Equation ( 37 ), which
s an elliptic partial differential equation with a known source
erm on the right-hand side is then solved using successive over-
elaxation to obtain the intermediate Gauss–Seidel iterate ψ 

(0) 
new .

he next iterate is obtained by under-relaxation, viz. ψ 

( k+ 1) =
 

( k) ψ 

( k) + 

[
1 − � 

( k) 
]
ψ 

( k) 
new , with under-relaxation factor 0 ≤ � 

( k ) ≤
. In order to speed up the relaxation scheme, we allow the relaxation
arameter � 

( k ) to vary as the scheme progresses. We increase � 

( k + 1) 

owards unity when the residual δ( k ) defined by equation ( 42 ) at
teration k is larger than the residual at iteration k −1, and decrease
NRAS 526, 2058–2066 (2023) 
he relaxation parameter otherwise, according to 

 

( k+ 1) = 

{ 

� 

( k) + 1 
2 δ( k) > σδ( k−1) 

2 � 

( k) − 1 δ( k) < σδ( k−1) 
, (41) 

here σ is a tolerance, which prevents the relaxation parameter
pdating unless the residual changes between iterations by a factor
. We choose σ = 5. 

.4 Conv er gence 

onvergence of the solution is validated in tw o w ays. First, the mean
esidual o v er the grid is calculated viz. 〈

	ψ 

ψ 

〉( k) 

= 

1 

N r N θ

∑ 

i,j 

| ψ 

( k) ( x i , μj ) − ψ 

( k−1) ( x i , μj ) | 
| ψ 

( k) ( x i , μj ) | (42) 

nd iteration continues until the convergence criterion <	ψ / ψ > 

( k ) 

 ξ is satisfied. We choose ξ = 10 −3 typically. Fig. 1 (a) displays the
ean residual as a function of the iteration number. It can be seen

hat for M a = 10 −5 M �, the solution converges within the first 100
terations. We additionally track the enclosed mass in the simulation
omain, integrating equation ( 24 ) over the volume r ≥ R ∗, which
hould be equal to the total accreted mass M a . In practice, we require
hat the enclosed mass be within approximately 5 per cent of M a to
nsure there is minimal mass leakage. To check that this is the case,
he density ρ( ̃  x , μ) is inte grated o v er the domain at each iteration to
alculate the enclosed mass M check , defined by 

 check = 

∫ 

V 

ρ( r, θ, φ) e −� r 2 sin θd r d θd φ (43) 

= 

2 πx 3 0 √ 

α

∫ ˜ x max 

0 

∫ 1 

0 
( ̃  x + a) 2 ρ( ̃  x , μ) e −( β−1) ̃ x d μd ̃  x . (44) 

onverting to a discrete sum to allow summation o v er the grid, and
ultiplying by a factor of two to account for both hemispheres, we

btain 

 check = 

4 πx 3 0 √ 

α

N x ∑ 

i= 0 

N μ∑ 

j= 0 

( ̃  x + a) 2 ρ[ x i , μj ] e 
−( β−1) ̃ x 	μ	x . (45) 

Fig. 1 (b) displays the percentage difference between the total
ccreted mass and the enclosed mass, illustrating that there is no
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Figure 2. Flux function ψ for M a = 10 −5 M � and b = 10. (a) Final relativistic configuration (solid lines) compared to the initial dipole (dashed lines). (b) 
Final configuration in relativistic (solid lines) and Newtonian (dashed lines) treatments. 
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ignificant mass leakage from our simulation domain. One might 
sk why | M a −M check | does not tend to zero, as k increases. This
ccurs because of the imperfect spatial resolution of the numerical 
imulation, i.e. the mass discrepancy is due to the non-zero grid size,
ot the finiteness of k . 

 M O U N TA I N  PROPERTIES  

n this section, we present numerical solutions of the relativistic 
rad–Shafranov equation ( 20 ) subject to the flux freezing condition 

 28 ). We have verified that every relativistic result smoothly goes to
he correspondingly Newtonian result when we artificially increase 
he speed of light in our code ( c �→ 2 c , 4 c , 8 c , and 10 c ). The magnetic
eld profiles and the mass density of the mountain are discussed in
ection 4.1 . The magnetic dipole moment is calculated as a function
f M a in Section 4.2 . In every plot in this section that displays
altitude’, the latter quantity is defined to be the proper radial distance
easured by static observers. Furthermore, in every simulation, we 

dopt the following fiducial values of the physical parameters: M ∗ = 

.4 M �, R ∗ = 10 6 cm , ψ ∗ = 5 × 10 23 G cm 

2 , and c s = 10 8 cm s −1 ,
opying Payne & Melatos ( 2004 ) to facilitate comparison. 

.1 Relativistic hydromagnetic structure 

e start by investigating how the hydromagnetic structure of the 
ountain, with general relativistic corrections considered, depends 

n M a and b in the ranges 10 −6 ≤ M a ≤ 3 × 10 −5 and b = 3
r 10, in keeping with the Newtonian analysis (Payne & Melatos 
004 ). The parameter b can be interpreted geometrically in terms
f the colatitude θa = arcsin ( b −1 / 2 ), where the flux surface ψ a in
he undistorted dipole ( M a = 0) meets the stellar surface, i.e. the
alf-opening-angle of the magnetic polar cap. 
Fig. 2 (a) displays contours of the flux function ψ (in cross-

ection at fixed longitude) as solid curves. The contours are for
he representative values b = 3 and M a = 10 −5 M � such that the

ountain distorts the magnetic field significantly. In the same panel, 
e o v erlay the initial undistorted dipole giv en by ( 31 ) and ( 33 ),
epicted as dashed curves. The result is qualitatively the same as in
ayne & Melatos ( 2004 ), i.e. the polar mountain deforms the field

ines into a ‘magnetic tutu’ concentrated around the equator, and 
he polar mountain is confined by the θ component of the magnetic
ension in the equatorial tutu. 

Fig. 2 (b) compares directly the final equilibrium ψ for the
elati vistic and Ne wtonian scenarios, drawn with solid and dashed
ontours, respectively. To perform this comparison, we renormalize 
he contours of the Newtonian case by multiplying ψ by R ∗g ( R ∗),
here g ( r ) is given by ( 33 ). It is evident that general relativity

ntroduces significant changes to the flux function. The magnetic 
eformation is not as pronounced, i.e. the curvature of the magnetic
eld lines is lower, in the relativistic treatment. This aligns with the
xpectation discussed at the end of the Section 2.1 . 

Fig. 3 complements Fig. 2 by displaying the density structure 
f a mountain with M a = 10 −5 . Panels 3 (a) and (b) show the
ensity contours with and without general relativistic corrections, 
espectively. The maximum density when considering general rel- 
tivity is 4 . 1 × 10 14 g cm 

−3 , compared to 1 . 9 × 10 14 g cm 

−3 in the
ewtonian theory. These maxima of density are reached on the 

urface of the star at the magnetic poles. As discussed in Payne &
elatos ( 2004 ), they are unrealistically high due to the rigid surface

ssumption. A complete treatment of this problem should include 
he sinking of the mountain into the crust, as studied by Wette et al. 
 2010 ). 

In panel 3 (c), we fix the colatitude at θ = 5 ◦ and plot ρ against
ltitude. Although the curves differ by a factor greater than two at
he surface, they have the same asymptotic behaviour for altitude 
 10 2 cm . This behaviour is observed across all colatitudes. Panel
 (d) shows the colatitudinal dependence of the density at the fixed
ltitude of 7 . 8 cm . We notice that the mountain is confined nearer to
he pole in the relativistic case. In panel 3 (d), the two curves cross at
≈ 25 ◦. Similar behaviour is observed for other altitudes inside the
ountain. 

.2 Magnetic burial: reduction of the magnetic dipole moment 

he magnetic dipole moment m d in general relativity is a global
uantity calculated by integrating the magnetic flux over a volume 
ontaining the electric currents of interest. In order to compare with
he Newtonian results reported previously in the literature, including 
y Payne & Melatos ( 2004 ) and Priymak et al. ( 2011 ), we generalize
he Newtonian formula for m d to encapsulate both the Newtonian 
MNRAS 526, 2058–2066 (2023) 
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M

Figure 3. Density configuration of the magnetically confined mountain. Panels (a) and (b) display the contour levels of the density ρ in the general relativistic 
and Ne wtonian scenarios, respecti v ely. P anel (c) shows the density profile in cross-section at θ = 5 ◦ in both treatments. Panel (d) shows the density profile in 
cross-section at a constant altitude (7 . 8 cm ). 
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nd the relativistic regimes according to 

 d ( r ) = 

3 

2 

1 

g( r ) 

∫ 1 

−1 
ψ( r , μ) d μ, (46) 

equation ( 46 ) determines the dipole moment at a fixed r , that is, it
ncorporates the effect of the diamagnetic screening currents in the
olume R ∗ ≤ r ′ ≤ r but not the screening currents in the volume r ′ ≥
 . Equation ( 46 ) gives the Newtonian formula when we choose g ( r )
o be given by equation ( 32 ). 

Caution should be e x ercised when comparing Newtonian and
eneral relati vistic v alues of m d . Equation ( 10 ) sho ws that the
agnetic field depends on the observer who measures it, and equation

 33 ) shows that the form of the dipole is not the same in both theories.
his leads to subtleties in setting the value of ψ ∗ in our simulations.
 way to approach this would be to fix a fiducial value of the polar
agnetic field measured by a local observer in both theories and

hen compute the appropriate value of ψ ∗. A second approach is to
x a fiducial value for ψ ∗ and to use that value in both theories.
he latter approach a v oids the conversion of B ∗ to ψ ∗ and makes

he simulations agree for the value of the dipole moment calculated
NRAS 526, 2058–2066 (2023) 
ith equation ( 46 ) at the surface. Given these helpful properties, we
hoose the latter approach. 

In Fig. 4 , we show how the normalized magnetic dipole moment
epends on the altitude and on the accreted mass. The normalization
s done with respect to the pre-accretion dipole moment. Panel 4 (a)
hows the decay of the normalized magnetic dipole moment as a
unction of altitude in both the Newtonian (as in Payne & Melatos
 2004 )) and general relativistic scenarios. We choose b = 3 and
hree dif ferent v alues of accreted mass: 10 −6 M �, 10 −5 M �, and
 × 10 −5 M �. Qualitatively, screening occurs near the surface in both
cenarios. Never the less, the screening currents are compressed to
ower altitudes in the relativistic scenario. Performing an exponential
t of the form 

 = (1 − y ∞ 

) e −x/λ + y ∞ 

, (47) 

o the data in Fig. 4 (a), we find λ = 42 cm (general relativity),
ersus λ = 55 cm (Newtonian), approximately independent of M a ≤
 × 10 −5 M �. The fitted λ values are comparable to the scale heights
 0 = 32 cm (general relativity) and x 0 = 54 cm (Newtonian). 
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Figure 4. Normalized magnetic dipole moment. (a) Magnetic burial for different masses in the general relativistic (solid lines) and Newtonian (dashed lines) 
scenarios. The different accreted masses are colour coded as follows: 10 −6 M � in blue, 10 −5 M � in orange, and 3 × 10 −5 M � in green. (b) Normalized dipole 
moment as a function of the accreted mass M a for Newtonian (orange circles) and general relativistic (blue circles) treatments, o v erlaid with the best fit linear 
re gressions. F or all these simulations, we take b = 3. 
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Fig. 4 (b) shows the decrease of the normalized dipole moment 
s a function of accreted mass for both the Newtonian and general
elativistic theories. In the same figure, we plot the linear regressions:

 d , GR = −3 . 21 × 10 3 M a /M � + 1 . 00 (48) 

 d , N = −9 . 61 × 10 3 M a /M � + 1 . 00 (49) 

or the general relativistic and Newtonian scenarios, respectively. 
he linear regressions ( 48 ) and ( 49 ) show that m d is around three

imes higher in the relativistic scenario for the same M a . 

 C O N C L U S I O N  

e have verified that general relativistic corrections are important in 
he theory of magnetically confined mountains on accreting neutron 
tars. The main effect of relativity is to smooth out the deformation
f the magnetic field. This smoothing results in a three-fold decrease 
n the screening effects of the magnetic field burial. We also conclude
hat the length scale of the mountain is 40 per cent smaller when
ompared to the Newtonian result. 

In our analysis, we make several approximations that can be 
elaxed in future work. These approximations include: perfect 
onductivity (Vigelius & Melatos 2009 ), isothermal equation of state 
Priymak et al. 2011 ; Suvorov & Melatos 2019 ), neglect of type II
uperconductivity (Passamonti & Lander 2014 ; Sur & Haskell 2021 ), 
nd Schwarzschild spacetime, which does not include contributions 
o the metric from the rotation of the star. Another interesting future
nvestigation would be to evolve the equations dynamically in a fully
RMHD simulation. This would test the stability of the equilibrium 

olutions that we calculate (Vigelius & Melatos 2008 ; Mukherjee & 

hattacharya 2012 ; Mukherjee et al. 2013 ) and also appropriately 
escribe the interaction of the mountain with the spacetime geometry. 
his latter effect is likely to be small for the mountain sizes dealt
ith in this paper, but could become more rele v ant as one increases

he accreted mass to values comparable to that of the star. 
Finally, the results presented here have consequences for the 

eneration of gra vitational wa ves (Melatos & Payne 2005 ). The
mplitude of the persistent, quasi-monochromatic signal emitted by 
 magnetic mountain will be investigated in a forthcoming paper. 
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PPENDI X  A :  SYMMETRIES  O F  

AG N E T I C A L LY  C O N F I N E D  M O U N TA I N S  

ontinuous symmetries of a system are expressed mathematically by
ie deri v ati v es. The connection between e xterior and Lie deri v ati ves

s given by Cartan’s Identity , 

 X F = X · d F + d ( X · F ) , (A1) 

ith the dot symbolizing the contraction of the vector X with the first
ndex of the form F . 

Since our system is axisymmetric, the Lie deri v ati ve of the Faraday
ensor with respect to the Killing vector e a φ is zero. Therefore, by the
elation ( A1 ), we have 

 ( e φ · F ) = 0 , (A2) 

here we use Maxwell’s equation ( 11 ). Since the exterior deri v ati ve
f e φ · F vanishes, according to Poincar ́e’s Lemma, there is a function
 satisfying 

 

a 
φF ab = ∇ b ψ. (A3) 

By virtue of equation ( A3 ), ∇ a ψ is normal to e a φ . Furthermore,
rom the ideal MHD condition F ab u b = 0, we have that ∇ a ψ is
ormal to u a and, hence, to e a t . Given all the above conditions, we
an write the most general form of F ab as 

 = d φ ∧ d ψ + C � ( d φ ∧ d ψ) . (A4) 

If the magnetic field has zero toroidal component, i.e. ( �F ) ab e 
b 
φ =

, we have C = 0. Therefore, we can write the electromagnetic tensor
s 

 = d φ ∧ d ψ. (A5) 

Equation ( A5 ) shows that the Faraday tensor F is completely
etermined from the function ψ . That means that every magnetic
uantity can be calculated once ψ is known. 
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