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Abstract

We present a Newton—based extremum seeking algorithm éomilitivariable case. The design extends the recent Newton—
based extremum seeking algorithms for the scalar case &modlutes a dynamic estimator of the inverse of the Hessidnixna
that removes the fliculty with the possible singularity of a possible directirstte of the Hessian matrix. The estimator of
the inverse of the Hessian has the form of &atential Riccati equation. We prove local stability of theanalgorithm for
general nonlinear dynamic systems using averaging andilsingerturbations. In comparison with the standard gradigased
multivariable extremum seeking, the proposed algorithmaees the dependence of the convergence rate on the unknesgald
matrix and makes the convergence rate, of both the parasstigrates and of the estimates of the Hessian inverse asségrable.
In particular, the new algorithm allows all the parameterganverge with the same speed, yielding straight trajestdo the
extremum even with maps that have highly elongated leve] setontrast to curved “steepest descent” trajectori¢isefjradient
algorithm. Simulation results show the advantage of th@@sed approach over gradient—based extremum seekingsigyiag
equal, desired convergence rate to all the parameters Ngwgpn'’s approach.

Keywords: Newton—based extremum seeking, Averaging, Singular getion, Stability.

1. Introduction algorithm is dictated by the second derivative (Hessiarthef
o ) map, the convergence of the Newton algorithm is independent
Motivation. Dramatic advances have occurred over the paspf the Hessian and can be arbitrarily assigned. This isqarti
decade both in the theory (Ariyur & Krsti¢, 2002, 2003; Choi 51y important in non-model based algorithms, like extoam
etal., 2002; Krstit & Wang, 2000; Rotea, 2000; Stankoval et seeking, where the Hessian is unknown.
2010; Stankovic & Stipanovic, 2010; Tan et al., 2006; Teel & 15 nower of the Newton algorithm is particularly evident
Popovic, 2001; Wang & Krsti¢, 2000) and in applications{Ba i, nti_input optimization problems. With the Hessianrzgi
naszuk et al., 2004; Becker et al., 2007; Carnevale et 920 . matrix in this case, and with it being typically veryferent

Coch.rar_1 et al.,, 2009; Cochrar.l & Krsti¢, 2009; Gua){ et al.from the identity matrix, the gradient algorithm typicalBsults
2005; Killingsworth et al., 2009; Luo & Schuster, 2009; Wangj, gigrerent elements of the input vector converging at vastly

etal., 2000; Zhang et al,, 2007) of extremum seeking Controlyigrerent speeds. This problem is inherent to gradient-based
All these references employ gradient-based extremumrsgeki ghemes. To rectify it one would need to modify the algorithm
A N(_awton—based extremum seeking aIgor_lthm was 'mro'using the inverse of the Hessian matrix which is not avaélabl
duced_ln (Moase et al., 2010) \_/vhere, for the single-inpue cas as the model of the system is assumed to be unavailable. On the
an estimate of the second derivative of the map was employeg . hand, the Newton algorithm, if equipped with a conver-

in a Newton-like continuous~time algorithm. A generai@al 4o estimator of the Hessian matrix, achieves convergehce
employing a diferent approach than in (Moase et al., 2010),5)| the elements of the input vector at the same, or at arbjtra
was presented in (NeSi¢ et al., 2010), where a methOdc’Iogé(ssignable rates.

for generating estimates of higher—order derivatives efith-

known single—input map was introduced, for emulating more _ o

general continuous—time optimization algorithms, witheaN ~ Results of the papein this paper we present a multivariable

ton algorithm being a special case. Newton—based extremum seeking algorithm, which yields arb
The key distinction of the Newton algorithm relative to the trarily assignable convergence rates for each of the elewdén

gradient algorithm is that, while the convergence of theligrat e input vector. We generate the estimate of the Hessiammat
by generalizing the idea proposed in (NeSi¢ et al., 20a0)He

scalar case.
*“This research was supported by the Australian ResearchcCoudler the Generating an estimate of the Hessian matrix in non—-model
Discovery Grants scheme. i AtiAn ~
Email addressesaghaf far@ucsd. edu (Azad Ghafari), based.opt|m|zat|on is not the qnly challgnge. The other-chal
krstic@ucsd.edu (Miroslav Krstic),d .nesic@ee.unimelb.edu.au |enge_ is that the Newton_algorlthm requwe_s an mverse of the
(Dragan Nesic) Hessian matrix. The estimate of this matrix, as it evolves in
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continuous time, need not necessarily remain invertiblee W
tackle this challenge by employing a dynamic system for gen- Q)
erating the inverse asymptotically. This dynamic systera is
filter in the form of a Riccati dferential equation. When fed [kl &
with a positivgnegative—definite estimate of the Hessian ma- S(t) — M(t)
trix over a longer period of time, this filter converges to a S
positivenegative—definite inverse of the Hessian matrix. Hence, Figure 1: Gradient-based extremum seeking for a static map.
after a transient, our non—-model based algorithm behawves (o
average) as a model-based Newton algorithm. 0 y

While the basic idea of our algorithm is developed for static Q)
maps, we provide the analysis of convergence when the algo-| S(t) M(t)
rithm is applied to general nonlinear systems, as in (Kr&ti’ -
Wang, 2000). We apply classical averaging and singular per- K | _1'C |« G R
turbation methods, so our stability result is local—thegpae- S G N(t)
ter estimates start not too far from the true parameterstand t L] I'=wT - wTHT
estimate of the Hessian matrix starts not too far from the tru
Hessian matrix. It is also possible to prove non-local $tsbi Figure 2: Newton—based extremum seeking for a static map.
of the proposed scheme in a similar manner as (Tan et al.)2006

where a gradient—based algorithm was investigated. i dth turbati ianal defined
The continuous—time Newton algorithm that we propose ignatrix, and the perturbation signais are detined as

Y
Y

D>

novel, to our knowledge, even in the case when the cost fumcti S(t) = [al sin(it) a, sin(wnt)]T @)
being optimized is known. The state—of-the—art continsous T’
time Newton algorithm in (Airapetyan, 1999) employs a Lya- M(t) = [a% sin(at) --- % sin(a)nt)] , 3)

punov diferential equation for estimating the inverse of the . .

Hessian matrix—see (3.2) in (Airapetyan, 1999). The converVNeréwi/wj are rational ana are real numbers, with the fre-
gence of this estimator is actually governed by the Hessizn m _qu_enmgi chosen such thats w; ande; +w; # w for distinct
trix itself. This means that the algorithm in (Airapetyaf99) 1, ), andk.

removes the diiculty with inverting the estimate of the Hes- Remark 1. A gradient-based extremum seeking for the static
?lan,tl%ut goes.not ?ch|ev:e |n(3epen(1||eng?hof ,the conver@;:e rmap (1) is given bﬁ = KM(t)y, 6 = 6 + S(t). In the parameter
rom fhe hessian. In contrast, our aigorithm s convergea error variabled = 6 - 6*, the closed—loop system in Fig. 1 is

is independent from the Hessian and is user—assignable. given byd = KM(t)QQH* +S() + é), The basic idea of the

scheme, as well as of the choice of the perturbation signals,

Organization. We state the problem and review the gradient—is understood by noting that, for the case of a quadratic map,
based extremum seeking algorithm for a static map in Sectiop(g) = Q* + %(9 —6")TH(0 - "), the averaged system is given

2. Section 3 presents our Newton—based scheme for the statig
map. In this section we explain how we generate the estimate G =KHI (4)

of the Hessian matrix and the estimate of its inverse. A gen-

eralization of the Newton—based scheme to dynamic plants {hereH is the Hessian of the static map, and it is negative defi-
introduced in Section 4. The main stability result is stared Nite. This observation reveals two things: (i) the gradieated

Section 5. Stability analysis based on the averaging amglisin  €Xtremum seeking algorithm is locally convergent, andti§
lar perturbation methods is presented, respectively, oti@e ~ CONVergence rate is governed by the unkn0\_/vn Hessian matrix
6 and Section 7. Section 8 presents an illustrative exanaple t- One of the features of the Newton algorithm presented in
highlight the diference between the proposed scheme and thie next section is to eliminate the dependence of the conver

standard gradient—based extremum seeking. gence rate on the unknow
2. Review of the gradient algorithm for static map 3. Newton algorithm for static map
_ _ The Newton—based extremum seeking algorithm for a static
Consider a convex static map map is shown in Fig. 2, where; is a positive real number.
. There are two vital parts in the Newton—based algorithm: the
y=0Q(0), 6= [ 61 6> -+ Oy ] , (1)  perturbation matrixN(t), which generates an estimate of the

Hessian, and the Riccati equation, which generates anadstim
with a local maximum at*. The cost function is not known of the inverse of Hessian matrix, even when the estimateeof th
in (1), but we can measurgand we can manipulat@ The  Hessian is singular.
gradient—based extremum seeking scheme for this mukiivizri The idea for producing the estimate of the Hessian matrix
static map is shown in Fig. 1, wheke is a positive diagonal H := 92Q(6*)/36? is borrowed from the scalar design in (Nesic
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et al.,, 2010). Referring to the Taylor series expansion ef th the probing frequencies we have

cost function around the peak, we have

y= Q" +8+S(t)
1, T i~ ~
= Q)+ (6+S(t) H(B+S(1)) + R@ + S(1)). (5)

wheredQ(6*)/d6 = 0 andR(d + S(t)) stands for higher order
terms iné + S(t). Product ofN(t) andy needs to generate an
estimate of the Hessian in an average sense. We show that by
an appropriate selection of matrix(t), the average value of

H = N(t)y over the periodl, which is related ta;’s (see (10)),
is an estimate of the Hessian. We start with

1 1
I j; N(o)ydo =

=1+J+H+ % fn R(@ + S(c))N(o)dor, (6)
0
| = % fo ! (Q(a*) + :—2L§TH§)N(0-)do-, 7)
1
Ji= % fo 6" HS(o")N(o)dor, (8)

_ I
H:= %j; %S(O’)THS(U)N(U)dU

= % fon %_ Z Z Hi j sin(wio) sinjo)N(o)do. (9)

i=1 j=1

By takingII as

=27 x LCM{i},

Wi

iefl, 2, ---,n} (20)

where LCM stands for the least common multiple, we hiaxe
0 if N has zero average ovHEr Also, takingN such that

% j(;n sin(io)Njk(o)do = 0, (12)

holds for alli, j, andk € {1,2,---,n}, makes the integral
equal to zero. Furthermorél is equal toH if we chooseN
such that

% fo ! SN (Yo % 0 (12)
%Lﬁnsm@ﬂﬂsm@mﬂNu&ﬂ¢T¢0 (13)
% fo SN, (o)do = 0 (14)
% fo " sin(io) sin;o)Ns (o)dor = 0, (15)

% fo ! sir?(wio) cos(io)do = —% (16)
% fo " it (w0 sir(wjo)do = % (17)
% fo ' sin’(wj) sin(j)do- = 0 (18)
% fo ' sin(wio) sin(w;jo) cos(ic)do = 0, (19)

foralli # j. Hence, one possible choice of elements ofrtke
matrix N(t) that satisfy all of the aforementioned constraints is
given by

16, 1
N = ¥(smz(wit) - E) (20)

4 . L
NLJ = a|—aj S|n(w|t) S|n(wjt), 1 # J? (21)

whereNT (t) = N(t). Based on this selection, we have

1 11
% fo N(o)ydo = H + % fo R + S(0))N(o)do.  (22)

In Section 6 we show that this averaged value converges to the
actual value of the Hessian, under specific conditions;cand
a.

Computing the inverse of the Hessian matrix is the next step.
Calculatingl’, the estimate of the inverse of the Hessian, in an
algebraic fashion createsficulties when the matrid is close
to singularity, or it is indefinite. To deal with this problema
dynamic estimator is employed to calculate the inversél of
using a Riccati equation. Consider the following filter

H = —wrH + weH. (23)

Note that the state of this filter convergespan estimate of

H. Denotel'=H". Sincel' = -T'HT, then equation (23) is

transformed to the €lierential Riccati equation
I = T — wTHT. (24)

The equilibria of the Riccati equation (24) dré = Onx, and

I'* = H1, providedH settles to a constant. Singg > 0, the

equilibriumI™ = O is unstable, whereas the linearization of (24)

aroundr™* = H-! has the Jacobianw, |, so the equilibrium at

I'* = H! locally exponentially stable. This shows that, after a

transient, the Riccati equation converges to the actuakvaf

the inverse of Hessian matrixf is a good estimate df.

A good estimate of the region of attraction of the exponen-
tially stable equilibriuml™ = H-1 of (24) is dificult to ob-
tain. An easy but conservative estimate makes the region of
attraction inversely proportional to the largest eigeneaifH,
which, due to the convergenceldfto H, which we shall prove
to be achieved locally (in an average sense), means thatian es

for all distincti and j. Noting thatll is the common period of mate of the region of attraction &f = H™%is 1/Amax{H}.
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Remark 2. To highlight the contrast between the Newton and

gradient algorithms, we refer to Remark 1 where the average P X = f(x a(x 6) y
behavior of the gradient algorithm is discussed. For thetdiew y = h(x) >
algorithm in Fig. 2, the algorithm is given by ¢
i S(t) M) | —S_
0 = -KT'M(t)y (25) Stwh
I = T — w,TN(t)VT, (26) 06[K| G W)
whered = §+S(t). In the error variableg = 6—6*, = T-H1, S St z=y-n@
when the map is quadratiQ(d) = Q* + %(9 - 6°)TH(9 - %), Figure 3: Gradient-based extremum seeking.
the averaged closed—loop system is given by
6 = —Kd - KI'H 27
N - @7 0 | %= f(xa(x6)) Y
I'= -l - wTHT, (28) T y=hw —r>
whereKI'H@ is quadratic in [, 8), andw,I'HI is quadratic irl". _S
The linearization of this system has all of its eigenvaluesta S(t) M(t) Stwh

and—w;. Hence, unlike the gradient algorithm, whose conver-

gence is governed by the unknown Hesdigrthe convergence é o A

rate of the Newton algorithm can be arbitrarily assignedhey t K — 16 |« —_— Z=Y—n
S

designer with an appropriate choicetoandw;. ? Stw) N(D
. A H w) z
4. Newton algorithm for dynamic systems = —wTHL [« S+_w|

Consider a general multi-input—single—output (MISO) non-Figure 4: Newton-based extremum seeking. The initial d@rdl(0) should

linear model be chosen negative definite and symmetric.
x = f(x u), (29)
y = h(X) @30) We present the generalized scheme for multivariable Newton
’ based extremum seeking as shown in Fig. 4.
wherex € R™ is the statey € R" is the inputy € R is the out- The perturbation signals are defined by equations (2), (3),

put, andf : R"x R" - R™andh : R™ — R are smooth. (20) and (21). The probing frequenciess, the filter codi-
Suppose that we know a smooth control law=a(x,6) cientswy, w;, andw, and gainK are selected as
parametrized by a vector paramefee R". The closed loop

systemx = f(x, a(x, 8)) then has equilibria parametrized By wi = ww] = O(w), ie{l,2,---,n (33)
We make the following assumptions about the closed—loop sys  , — (), = wdwl; = O(wd) (34)
tem, as in (Krstic & Wang, 2000). ,

W = ww = Wéw, = O(wd) (35)
Assumption 1. There exists a smooth functiafRP—R™ such wr = WwR = wWéwg = O(wd) (36)
that f(x, a(x, 8)) = 0if and only if x=1(6). K = wK’ = wéK” = O(w?), (37)

Assumption 2. For eachd e R", the equilibrium x=1(6) of  wherew ands are small positive constants; is a rational num-
the systenx = f(x, a(x, 0)) is locally exponentially stable uni- per,w;,, w{, andwy, areO(1) positive constants” is anx n

formly in6. diagonal matrix withO(1) positive elements, arid’ = 6K”.

) ) The analysis of (Ariyur & Krsti¢, 2002; Krstic & Wang,
Assumption 3. There exists" € R" such that 2000; Rotea, 2000) shows that, in the gradient-based scheme
g for “sufficiently small” w and|al, wherea = [a; ap - - an]T,

55 1oN(E)=0. (31)  and stficiently smalls, which imply small filter cut—& fre-
pY quencies, the stateg, @) of the closed—loop system exponen-
W(hol)(@*):H <0, H=HT. (32) tially converge to a®(w + ¢ + |a])—neighborhood ofl (6*), 6*),

and the outpuy converges to a®(w + § + |al)—neighborhood
Our objective is to develop a feedback mechanism whictof the optimum outpuy* = (hol)(6").
maximizes the steady—state valueydiut without requiring the In Section 6 we prove that the average valu&(j over the
knowledge of eitheé* or the functionsh andl. The gradient— periodIl is close enough to the actual value of the Hessian, un-
based extremum seeking design that achieves this objectivder specific conditions o, § anda. Since we are integrating
suitably adapted from (Krsti€ & Wang, 2000) to the multivar over a finite time period, and we set the phase delays of thie per
able case, is shown schematically in Fig. 3. Parallel to, thisodic perturbation signals equal to zero, it is possible wee
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conditionw; # wj+wk. The probing frequencies need to satisfy 6. Averaging analysis

wi ¢ { (w + W), wj+ 2wy, Wit wy £ |} (38) The first step in our analysis is to study the system in Fig. 4.
We “freeze”xin (41) at its equilibrium value = 1(6* + 6+ S(7))
for all distincti, j, k, andl. As we see in section 6, ignoring the and substitute it into (42), getting the reduced system

conditions (38) is shifting the estimate of the parametesyaw

from its true value, and leading to inaccurate estimatesi®f t b, X —K”(f“: +HHG
gradient vector and Hessian matrix. q G, ~w| Gy + w’L(v(Hr + S(7)) - ﬁr)M(‘r)
> | =06] wp@+HD(1+(F + H)T + HY) [(43)
H ’
5. Stability of the closed loop system with the Newton— ﬁr ~w{Fr —w H '“”L(V(er + S(T)) nr)N(T)
based extremum seeking algorithm ' —wiyiir + wiv(Br + S(1))
We summarize the system in Fig. 4 as wherev(z) = hol(6” +2) - h§|(9*)- In view of Assumption 3,
»(0) = 0, 9v(0)/0z = 0, andd?v(0)/0Z2 = H < 0.
f(X (% 6" +6 + S(1) ] To prove the overall stability of (39), first we show that the
g —K(I +HYHG reduced system (43) has a unique exponentially stablegierio
dlé —wG+ w|(y hol(6°) — U)M(t) ) solution around its equilibrium.
— |~ = ad —1 _ 7 = -1 . 39
t |1_:| qu +H )(I (H+ H)(l: * l:' )) Theorem 2. Consider system (43) under Assumption 3. There
. —oH —wH + w|(y— hel(6") - U)N(t) exists,a > 0 such that for alls € (0,5) and|a € (0,3) sys-
n —wn) + wh(y— hol(e*)) | tem (43) has a unigue exponentially stable periodic sotutio

(aH(T) Gl(z). T(z). Al'(x). (7)) of periodIT and this solu-
To conduct a stability analysis we have introduced error-var tjon satisfies

ablesh=0-6*,0=0+S(t),77=n-hol(¢*),T =T —H?, and
H = H — H, wheren is governed by

|9“ (t) - Z J, @] < O( +af) (44)
n = —wny + why. (40)
We perform a slight abuse of notation by stacking matrix guan <00) (45)
tities T" andH along with vector quantities, as alternative nota- kN W 3
tional choices would be more cumbersome. i +Z ZH H CJ lal| < 0(0 +1ar) (46)
Our main stability result is stated in the following theorem |=1n 1=1n

Jqu iAo 52 3
Theorem 1. Consider the feedback system (39) under Assump- H () - Z Zwlcivjaj‘ <O +a8) (47)
tions 1, 2 and 3. There exisis > 0 and for anyw € (0, ) = n1=1
there exists,a > 0 such that for the givew and anylal € ) - = iiai2| < 06 + Jal*) (48)
(0,a) and§ € (0,6) there exists a neighborhood of the point 4 T

(x,0,G,T,H,n) = (I(67),6",0,HL H, hol(6)) such that any
solution of systems (39) from the neighborhood exponéntial for all = > 0, where
converges to an (@ + ¢ + |al)—neighborhood of that point. Fur-

thermore, yt) converges to an (@ + ¢ + |al)-neighborhood of et | 6532%( )
hol (67). i l
To prepare for the proof of Theorem 1, which is given in Ci:—1 dzﬁszz ©)
Sections 6, 7, and Appendix, we summarize the system (39) in b !
the time scale = wt as ! ! 3 ]
X iy =-H" 350) | Vijeln2.n  (49)
= = f(xa(x 0+ 0+ S(1) (41) ]
Yo Cli+jl >, (0)
é _K"(F . H—l)é :’ azl'azizﬂ
. & —a:’LG + wi_(y— h~0|(9*) —NTNI)M(T) C” 3
SIE| = o] g HY(1 - (A + H)(T + H)‘l_)) ,(42) o | 52050 |
H —w (H+H) + o (y_ hol(6") — i7)N(7) ”
: : / N o 0O
U —w}ii + wiy(y = hol (7)) (W)j,k 02070z’ vi,jandk € {1,2,---,n}. (50)

WhereS_(T)=S(t/a)), I\Z(r) =M(t/w) and N_(T) =N(t/w). Proof is presented in Appendix.
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7. Singular perturbation analysis It follows then that(r) = ¢ + () + S(r) exponentially con-

erges to arD é + |al)—neighborhood of".
Now, we address the full system in Fig. 4 whose state spac\é b(‘:)] The solugt?())rtx(r;(l)f|%54) Isgatisfies

model is given by (41) and (42) in the time scate w t. To

make the notation in our further analysis compact, we write X(7) = (6" + 6: (1) + s_(T)) — Xp(t) = O(w), (60)
(42) as ~

% = 5E(r, X&) (51) whereg; (1) is the solution of the reduced model (43) ant)

dr e is the solution of the boundary layer model (58). From (60) we

where¢ = (6,G,T, H, 7). By Theorem 2, there exists an expo- 9€t

nentially stable periodic solutiafi'(r) such that X(7) = 1(67) = O(w) + 16" + & (1) + SO)) = 1(67) + Xo(t). (61)
11 ~
.(ro(T) = 6E(r, L(7, &'(7)), &'(1)), (52) Since 6, (r) exponentially converges to the periodic solution

B 5,“(1), which isO(s)—close to the average equilibrium (59), and
whereL(r,&) = 1(¢" + 6 + S()). To bring the system (41) and since the solution(t) of (58) is exponentially decaying, then
(51) into the standard singular perturbation form,we sti& by (61),x(r)-1(6") exponentially converges to &(w+4+|al)—

state¢ using the transformatiofi= ¢ — £'(r) and get neighborhood of zero. Consequently= h(x) exponentially
~ converges to a®®(w + § + |a))-neighborhood of its maximal
a@ = 6E(t, X, &) (53)  equilibrium valuehol (67).
S)T( This completes the proof of Theorem 1.
we = F(z, %, &) (54)
8. Simulation results
where

E(r, x, &) = E(r, . & + &1(7)) - E(r, L(r, &4(7)), &"(r))  (55) To illustrate .the results and highlight thefférence be-
~ - ~ . — tween the gradient—based and Newton—based extremum seek-
F(r. x,é) = f(x, (X, &1+ 0"+ 6 (7) + S(T)))- (56) " ing methods, the following static quadratic input—outpaimis

We note thak = L(r, & + £1(7)) is the quasi—steady state, and considered:

that the reduced model o1 T i
y: y=Q(6) =Q +5(6-6) HE-0). (62)
=L = 6E(1, L(1, & + &), & + &N 57
dr (T (rér+ &) &+ 4 (T)) &7 To make a fair comparison between the two methods, all param-

has an equilibrium at the origié = 0. This equilibrium has eters are chosen the same except the gain matrix. Befort-sele

been shown in Section 6 to be exponentially stable for a sma|l'd Matrix K we investigate the performance of the gradient-
ased scheme versus the Newton—based scheme.
al based sch the Newton—based sch

To complete the singular perturbation analysis, we alstystu ~ R€call (27) and (28). The initial convergence rate for the
the boundary layer model (in the time scido=7/w): Newton-based scheme is governed by the time—varying ma-
trix —K,[(t)H. Equation (4) shows that in the gradient—based

% = F(1, % + L(r, € + £1(1)), &), scheme the convergence depgnds on th_e eigenvaluegHbf
This means that, to have a fair comparison between the two
= (% +1(6), a(xo + 1(6). 6)), (58)  methods, we should sele€t andK, such thaKg = —K,[(0).

whered = ¢ + 8 + S(r) should be viewed as a parameter We perform our tests with the following parametess;0.1,
independent from the time variatieSincef(1(6), «(1(6),6)) = @ = 0.lrad's, w1 = 70w, wp = 50w, w; = 10, wy = 8,
0, thenx, = 0 is an equilibrium of (58). By Assumption 2, this @i = 10,a=[0.1 01]", Ky = 10 *diag([-25 - 25]), K/ =
equilibrium is locally exponentially stable uniformly th(and  diag([1 1]),1“51 = 400diag([1 1]),60 = [2.5 5]", Q" = 100,
hencd(0)). 0 =[2 4]T, Hi11 = 100,H1, = Hy1 = 30, andH,, = 20.

By combining exponential stability of the reduced model Fig. 5 illustrates the estimate of the maximum. Evolution of
(57) with the exponential stability of the boundary layerdab  the parameters is depicted in Fig. 6. Since the initial estm
(58), using Tikhonov's Theorem on the Infinite Interval (Bhe of the Hessian is not true, each parameter starts to upddte wi
rem 9.4 in (Khalil, 1996)), we conclude the following: a different rate. As seen in Fig. 7, after 40 seconds the esti-

a) The solution&(r) of (51) is O(w)—close to the solution mate of the Hessian is close enough to its actual value. Hence
& (7) of (57), and therefore, it exponentially converges to anthe convergence rates of both parameters are the same @fter 4
O(w)—neighborhood of the periodic solutigi(r), which is  seconds. Furthermore, Fig. 6(c) shows that, except for & sho
O(6)—close to the equilibriurg®. This, in turn, implies thatthe initial transient that is due to the estimation of the ineecd

solutiond(r) of (42) exponentially converges to &(w + 6)—  the Hessian, the Newton-based extremum seeking moves the
neighborhood of parameters to the peak along a straight trajectory. In astr
n the trajectory of the gradient-based algorithm is curved @n
Z [Cl. 2. ... CU.]Ta2 + [O(la®)] (59) greater length. Figs. 6(a) and 6(c) show that the gradient al
IR il < nx1. : ' )
=t gorithm, which follows the steepest-descent path, resulise
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Figure 6: Parameter estimates. (a and b) time responsegzh&sg portrait. The
Newton trajectory is straight to the extremum, whereas thaeignt trajectory

follows the curved, steepest—descent path.
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Figure 7: Time evolution of the Hessian matrix estimdiot. The true value
of H is reached in 40 seconds. Note in Fig. 6 that the Newton ardiegratra-
jectories coincide for the first 40 seconds, after which, tdewakes a straight

path.

parametef; undershooting below its true value, which is not
the case with the Newton algorithm whose parameter tratssien
are monotonic. The Hessian matrix converges to its actlia¢va

as depicted in Fig. 7. Also it is worth noting that the Hessian

converges faster to its actual value tiaandé. As illustrated

in Fig. 8 the estimate of the gradient vector converges to zer

after Hessian matrix finds its true value.
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Figure 8: The estimate of the gradient vector versus time.

9. Conclusions

Using the gradient—based extremum seeking in the mukHivari
able case without having a good information about the curva-
ture of the cost function, namely, the Hessian matrix, maylte
inappropriate performance. With a growing number of the pa-
rameters, it is almost impossible to tune the convergenee ra
of all parameters in a desirable fashion. The Newton-based
extremum seeking, which relies on the estimation of the gra-
dient and Hessian matrix of the cost function at the same, time
removes the trial and error process to update all paramaters
formly. Furthermore, the proposed Newton scheme elimgate
the concern about the inversion of the Hessian estimateéxmatr
by performing the inversion dynamically using a Riccati &qu
tion filter. The convergence rates of both the parameter &nd o
the estimator of the Hessian inverse are independent ofrthe u
known Hessian and can be assigned arbitrary by the user.

Appendix: Proof of Theorem 2

System (43) is in the form to which the averaging method is
applicable. The average model of (43) is

d

~ ~ ~ ~ T
a7 G TR R | =

dr
—K”([2+HYH)G?
~0{ G+ ol f (0 + S@)M(r)dor
5| wp@E+HY( - (AR + H)EE+HY) (63)
~o{Af - w{H+ o f [ + SE)N(@)do
~Ol i+ i o V@ + S(oNde
Average equilibriun{d*®, G, T3, HP®, 7i7°) satisfies
Ge=0 (64)
[1 _ —
f V(52 + S(0)M(e)dor = 0 (69)
0
1 o —
=g [ @+ Sendr (69
IT Jo
N i
Hee+H = = f V(7 + S()N(0)dor (67)
0
(e + H)EPe+ HT = 1. (68)
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As we shall see, for smalhl, [%H-1<0. By postulating’ a’e in
the form

D> ciaa+ Olal’), (69)

=1 k=1

o2 = Z bla; +

whereb| andc],
(68) and equating the like powers af, we getbi = 0, for all

i,j e{1,2-- }c'k_Oforallqutke{lZ n}, and
(49). The equmbrlum of the average system is:
e = Zc” a +0(la®)
G2® = onxl
n n
rae = Z Z H'WHc| ja? + [O(|a|3)]nxn
n i=1 n =1
Hae = .le Z; 'c;al + O(|a|3)]nxn
1 n
iire = 7 D, Hual + Ogal’), (70)

[

whereW is anxn matrix defined by (50). The Jacobian of the

average system at the equilibrium is

Aonxon O2nx(2n+1)
Joe = o[ : 71
' [B(2n+l)><2n Cent1)x@n+1) (71)
[ Onen —K”(H1+T7°)
A= w (I p 7 ’ i
»ﬁfo (Mo —w Inxn
VOan Oan
[1
B= ‘”Ln b de(vN)dO' Onxn|,
I
it o 702 Onan
_lean + O]_ _a);qH72+ 02 0n><1
C = |Onxn —a)f_lnxn Onx1 |»
,01><n 01><n —wh
n n o
O = wh Y > HWi¢) ja +[0(la?)],
i=1 j=1
n n ) )
02 =wh Y > HHWH™ - H'W)Hc| ja? +
i=1 j=1
+[o(aP)]

SinceJ?* is block—lower—triangular, it is Hurwitz if and only if
App = — f M(O') V(Ga“e + S(o-))do- <0. (72)
With a Taylor expansion we get thab; = w; H + O(la]). We

then have

det@IZann - 6A) =
= de{A(A + W[ ) lnn + 7K (H™ + T29)Agy))

= de{(4® + W 6)lan +

are real numbers, substituting (69) in (64)-

+62K"(H™ + [0(aP)])(w| H + [O(al)]))

= det((+ [ 6) I+ K" +[O@ | )]} (73)

which, in view ofH < 0, proves thatl®® is Hurwitz for a that

is suficiently small in norm. This implies that the equilibrium
(70) of the average system (63) is exponentially stablelif al
elements of vectoa are stficiently small. Then, according to
the averaging theorem (Khalil, 1996), the proof is compulete
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