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ABSTRACT 12 

Metabolic theory aims to tackle ecological and evolutionary problems by explicitly including 13 

physical principles of energy and mass exchange, thereby increasing generality and deductive 14 

power. Individual growth models (IGMs) are the fundamental basis of metabolic theory because 15 

they represent the organisational level at which energy and mass exchange processes are most 16 

tightly integrated and from which scaling patterns emerge. Unfortunately, IGMs remain a topic 17 

of great confusion and controversy about the origins of the ideas, their domain and breadth of 18 

application, their logical consistency and whether they can sufficiently capture reality. It is now 19 

100 years since the first theoretical model of individual growth was put forward by Pütter. His 20 

insights were deep, but his model ended up being attributed to von Bertalanffy and his ideas 21 

largely forgotten. Here I review Pütter’s ideas and trace their influence on existing theoretical 22 

models for growth and other aspects of metabolism, including those of von Bertalanffy, the 23 
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Dynamic Energy Budget (DEB) theory, the Gill-Oxygen Limitation Theory (GOLT) and the 24 

Ontogenetic Growth Model (OGM). I show that the von Bertalanffy and GOLT are minor 25 

modifications of Pütter’s original model. I then synthesise, compare and critique the ideas of the 26 

two most-developed theories, DEB theory and the OGM, in relation to Pütter’s original ideas. I 27 

formulate the Pütter, DEB and OGM models in the same structure and with the same notation to 28 

illustrate the major similarities and differences among them. I trace the confusion and 29 

controversy regarding these theories to the notions of anabolism, catabolism, assimilation and 30 

maintenance, the connections to respiration rate, and the number of parameters and state 31 

variables their models require. The OGM model has significant inconsistencies that stem from 32 

the interpretation of growth as the difference between anabolism and maintenance, and these 33 

issues seriously challenge its ability to incorporate development, reproduction and assimilation. 34 

The DEB theory is a direct extension of Pütter’s ideas but with growth being the difference 35 

between assimilation and maintenance rather than anabolism and catabolism. The DEB theory 36 

makes the dynamics of Pütter’s ‘nutritive material’ explicit as well as extending the scheme to 37 

include reproduction and development. I discuss how these three major theories for individual 38 

growth have been used to explain ‘macrometabolic’ patterns including the scaling of respiration, 39 

the temperature–size rule (first modelled by Pütter), and the connection to life history. Future 40 

research on the connections between theory and data in these macrometabolic topics have the 41 

greatest potential to advance the status of metabolic theory and its value for pure and applied 42 

problems in ecology and evolution.  43 
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I. INTRODUCTION 72 

A living thing can be thought of as a set of chemical transformations whereby food is converted 73 

into a more ordered biomass through the process of metabolism under the instruction of 74 

internally encoded information. These chemical transformations produce more biomass, i.e. 75 

growth, and underlie development and reproduction; they also only proceed if energy and 76 

materials are spent on maintenance of the system itself. The process of metabolism has been 77 

considered deeply from a physical and chemical point of view since the 1920s. Pütter (1920) 78 

developed the first theoretical growth model one century ago. Lotka (1925, pp. 14–18) 79 

emphasised how the chemical transformations of growth necessarily have a spatial structure and 80 

that the different parts must grow in harmony and maintain a suitable environment. These 81 

notions of integration and internal stability were coined ‘homeostasis’ by Cannon (1926).  82 

Despite this promising early theoretical start, the subsequent study of individual growth and 83 

other aspects of metabolism has not been particularly integrated or harmonious. In fact, it has 84 

been suggested that we presently face a crisis in our theoretical models of growth and the 85 

associated processes of development and reproduction (Marshall & White, 2018). General 86 

theories of metabolism have been proposed since Pütter’s original work, but there is no 87 

consensus on their relative merits, major misunderstandings of what they actually imply (van der 88 

Meer, 2006; Kearney & White, 2012; Maino et al., 2014), and new ideas continue to be proposed 89 

(Sibly & Brown, 2020). Yet we need to consolidate a strong theory of metabolism if we are to 90 

understand life histories, population growth and the responses of species to environmental 91 

change. 92 



 93 

(1) Individual growth and metabolic theory 94 

The notion of ‘metabolic theory’, especially in ecology, has come to represent the potential 95 

power of interpreting processes at different hierarchical levels, from molecules to ecosystems, on 96 

the basis of the way individuals take up and transform energy and matter (Nisbet et al., 2000; 97 

Brown et al., 2004a). Individuals are a special organisational level in this respect because of their 98 

high degree of integration, coordination and feedback as they attempt to maintain homeostasis; 99 

individuals have a ‘target’ state that they head towards in a coordinated fashion when perturbed 100 

but the same cannot be said at the population, community or ecosystem level. Explicit 101 

consideration of the individual level also permits the definition of fitness and selection strength 102 

at the population level such that the evolution of life-history traits can be analysed. Much work 103 

that has been published under the umbrella of the ‘metabolic theory of ecology’ has shown that a 104 

variety of phenomena at scales above the individual can be seen as representing patterns 105 

manifesting at the individual level, especially the scaling of metabolic rate with size and 106 

temperature (Brown et al., 2004a; Sibly, Brown & Kodric-Brown, 2012). This descriptive aspect 107 

of metabolic theory extends a long history of work in comparative biology (Peters, 1983). But, 108 

without an underlying theory for metabolism at the level of the individual, we are merely left 109 

with a ‘metabolic pattern of ecology’.  110 

The term ‘metabolic rate’ or ‘metabolism’ is closely associated with direct or indirect (e.g. 111 

respiration) measures of heat production by organisms. This is because heat production directly 112 

links to the use of energy for work in most organisms. But metabolism is of course much more 113 

than heat production; it includes all the processes by which an organism takes up and transforms 114 

energy and materials for growth, development, maintenance and reproduction. Individual 115 



‘growth’ models (IGMs) aim to capture some or all of these processes at one or more life stages. 116 

The theory underlying IGMs is thus the foundation for metabolic theory in general. 117 

The aim of this article is to review and synthesise the most notable developments in metabolic 118 

theory over the past century, especially as they relate to individual growth. I do this in the 119 

context of Pütter’s (1920) fundamental contribution to the subject which has been largely 120 

overlooked, for reasons to be explained, but which blazed an important conceptual trail. The 121 

focus of this article is on mechanistic as opposed to phenomenological models of growth and 122 

metabolism. The distinction between these approaches to modelling has been a source of 123 

confusion and controversy in metabolic theory (e.g. Cyr & Walker, 2004; White & Marshall, 124 

2019) and so warrants further discussion.  125 

 126 

(2) Mechanistic versus phenomenological models 127 

As scientific fields mature, they inevitably wrestle with the tension between description and 128 

explanation. The study of organismal growth and metabolism is no exception. At one extreme, 129 

quantitative models may act purely as descriptions of observed patterns. In such 130 

‘phenomenological’ models (also called ‘empirical’ or ‘correlative’ in some fields), the form of 131 

the equation and the statistically fitted parameters are not interpreted explicitly in the context of 132 

underlying processes. At the other extreme, a mechanistic model is derived from a list of 133 

assumptions (a theory) about the processes thought to underlie the phenomenon. Thus, the forms 134 

of the equations and the associated variables come directly from the theoretical assumptions, and 135 

the parameters are physically interpretable with meaningful dimensions. The distinction between 136 

empirical and phenomenological models can be fuzzy. For example, subprocesses of a generally 137 



mechanistic model may sometimes be represented by statistical approximations, and an empirical 138 

model’s functional form and parameters may be chosen with particular mechanisms in mind. 139 

Empirical models play an important pragmatic role in science but ideally one aims for 140 

theoretically based mechanistic models because they may provide greater insight, suggest new 141 

observations in a more explicit and testable fashion, make more robust predictions with the same 142 

model structure and parameters, and have greater coherence with other scientific fields. For 143 

example, it is possible to model soil temperature as a function of air temperature and rainfall 144 

using sophisticated statistical models (Horton & Corkrey, 2011) or using physical models of 145 

energy and mass transfer (Kearney et al., 2014). The former, phenomenological approach 146 

requires extensive observational data at the level of the phenomenon in question (i.e. of soil 147 

temperature) to fit the parameters and only applies to conditions within the domain of the data to 148 

which it was fitted (e.g. Australia). The latter, mechanistic approach requires more specific 149 

forcing data and parameters representing the underlying processes (e.g. thermal conductivity and 150 

solar absorptivity of the soil) but its applicability is extended to wherever the underlying theory 151 

holds – in the case of a mechanistic soil temperature model it should apply anywhere on earth 152 

and even to other planets. 153 

In the case of IGMs, as with soil temperature models, we are considering phenomena of energy 154 

and mass exchange which must obey the laws of thermodynamics. The particular way growth 155 

and reproduction is structured in organisms of course represents the action of natural selection, 156 

which has its own mechanistic formulations. But, the processes of natural selection on growth 157 

and metabolism must conform to the more fundamental thermodynamic constraints. Thus, the 158 

more explicitly we can link IGMs to the general principles of energy and mass exchange from 159 



chemistry and physics, the greater will be the generality, the coherence with other fields, and the 160 

predictive capacity of the models (see von Bertalanffy, 1960, p. 170, for further discussion). 161 

 162 

(3) Putting the history of metabolic theory into context 163 

August Pütter (1879–1929) was a German physiologist best known for his ideas on the potential 164 

role of dissolved organic matter in the energy budgets of aquatic animals (Pütter, 1907, 1909; 165 

reviewed in Johnston, 1972; Jørgensen, 1976). But in 1920 he derived an equation that 166 

accurately captured the growth of many organisms on the basis of simple surface area and 167 

volume relationships (Pütter, 1920). In so doing, he provided hope that the complexities of 168 

growth at the molecular level could be captured by simpler dynamics at the whole-organism 169 

level.  170 

In this review I will discuss some of the major ideas that have arisen since Pütter’s work (Fig. 1) 171 

and argue that substantial progress has been made on the development of metabolic theory, but 172 

that this progress has been hampered by lack of a proper synthesis and comparison of existing 173 

ideas. In so doing, I will compare Pütter’s theory in detail with the two existing major attempts at 174 

a mechanistic synthesis of individual growth and metabolism: Dynamic Energy Budget (DEB) 175 

Theory and the Ontogenetic Growth Model (OGM).  176 

To facilitate this comparison, a summary of the parameters and variables of all three models is 177 

provided as online Supporting Information in Tables S1–S3 and a summary of all the major 178 

equations is provided in Table 1, using the notation conventions of Kooijman (2010) (see legend 179 

to Table 1 for explanation). As the example growth curves of Fig. 2 show, all three theories 180 

similarly predict juvenile growth under constant food intake but, as discussed in Section II, the 181 

theories have vastly different capacities to explain the web of interactions between growth, 182 



development, reproduction and their consequences for ‘macrometabolic’ patterns including 183 

stoichiometry, scaling and life history. It is hoped that by consolidating the theoretical ideas on 184 

individual growth and hence metabolism over the past century, we can develop a more 185 

coordinated, efficient and integrated theoretical and empirical approach to this topic. 186 

 187 

II. THE GROWTH MODELS 188 

(1) Pütter’s theory of growth 189 

Pütter’s equation in integrated form was: 190 

 𝐿𝐿 =  𝐿𝐿∞ − (𝐿𝐿∞ − 𝐿𝐿0)𝑒𝑒−𝑟̇𝑟𝐵𝐵𝑡𝑡 (1) 

where L is length at time t, 𝐿𝐿∞ is the ultimate length, 𝐿𝐿0 is the length when t is zero and 𝑟̇𝑟𝐵𝐵 is a 191 

growth rate coefficient, resulting in an asymptotic growth pattern (Fig. 2A). This equation 192 

closely describes the growth of organisms as diverse as comb jellies, lobsters, fish and birds 193 

(Pütter, 1920; Kooijman, 1988) and is now famously known as the von Bertalanffy growth 194 

equation. How did Pütter derive it, and why is it named after someone else?  195 

Pütter conceived the rate of change in volume of biomass V = L3 at a given moment as the 196 

balance between a surface-related build-up (anabolic) process with coefficient {𝑘̇𝑘𝑎𝑎} and a 197 

volume-related breakdown (catabolic) process with coefficient [𝑘̇𝑘𝐶𝐶], i.e. 198 

 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 =  {𝑘̇𝑘𝑎𝑎}𝑉𝑉2/3 − �𝑘̇𝑘𝐶𝐶�𝑉𝑉. (2) 

Pütter emphasised that it was not necessary to know which surface the build-up process was 199 

dependent upon (e.g. gut, gills, intracellular features, etc.), and that the proportionality constant 200 

{𝑘̇𝑘𝑎𝑎} may therefore have to be indirectly determined. The breakdown process was assumed to be 201 

directly proportional to the volume of tissue produced, according to the proportionality constant 202 

[𝑘̇𝑘𝐶𝐶]. At the start of growth, the build-up term {𝑘̇𝑘𝑎𝑎}𝑉𝑉2/3 is necessarily larger than the breakdown 203 



term [𝑘̇𝑘𝐶𝐶]𝑉𝑉, and becomes increasingly so for a while in absolute terms (Fig. 2B). But, because 204 

the breakdown term increases faster with size than does the build-up term, growth rate ultimately 205 

tends to zero (Fig. 2C) and growth is asymptotic (Fig. 2A).  206 

The ultimate size the organism reaches, 𝐿𝐿∞, emerges from this equation at this steady-state point. 207 

That is, if 𝑑𝑑𝑉𝑉
𝑑𝑑𝑑𝑑

 is set to zero and the equation is rearranged, 𝐿𝐿∞ can be conceived as the ratio of the 208 

anabolic and catabolic coefficients (Table 1). Pütter emphasised that ‘length’ in his model was 209 

not empirical but a more abstract concept of the cubic root of the of the volume, and he 210 

connected it to observed lengths 𝐿𝐿𝑤𝑤 and wet masses (Ww)  (Fig. 2D) by a simple conversion 211 

 𝑊𝑊𝑤𝑤 ≅ 𝑉𝑉 = 𝐿𝐿3 = 𝛿𝛿𝑊𝑊𝐿𝐿𝑤𝑤
3 (3) 

where 𝛿𝛿𝑊𝑊 represents the mass of a unit-length (e.g. 1 cm) individual and thus 𝐿𝐿 =  𝛿𝛿𝑊𝑊
1/3𝐿𝐿𝑤𝑤 under 212 

the assumption that density is one cubic cm per gram and that the organism does not change 213 

shape in the chosen length measure as it grows (isomorphy). 214 

The anabolic coefficient {𝑘̇𝑘𝑎𝑎} (lower case ‘a’ to distinguish anabolism from assimilation) was 215 

regarded by Pütter as controlling the concentration of nutritive materials available for anabolic 216 

reactions, i.e. for maintenance processes and the work (overhead costs) involved in growth. To 217 

capture this concept, Pütter used the metaphor of water pouring into a container with an outlet 218 

hole. The height of the water in the container represents the steady-state concentration of 219 

nutrients for growth. The flow to maintenance and overhead costs [𝑘̇𝑘𝑀𝑀] offsets the available 220 

concentration for the anabolic processes and, in the metaphor, represents the size of the outlet 221 

hole. The height of the container can be thought of as being proportional to the maximum 222 

possible value of {𝑘̇𝑘𝑎𝑎}, i.e. {𝑘̇𝑘𝑎𝑎𝑎𝑎}. However, this may be reduced to a lower maximum level 223 

according to a limitation of the form 224 



 
�𝑘̇𝑘𝑎𝑎� = {𝑘̇𝑘𝑎𝑎𝑎𝑎}

[𝑘̇𝑘𝑁𝑁]
[𝑘̇𝑘𝑁𝑁] + [𝑘̇𝑘𝑀𝑀]

 (4) 

where [𝑘̇𝑘𝑁𝑁] is a nutrient diffusion coefficient controlling how fast the nutritive materials move to 225 

the site of anabolic reactions. As [𝑘̇𝑘𝑁𝑁] becomes very large, [𝑘̇𝑘𝑁𝑁]
[𝑘̇𝑘𝑁𝑁]+[𝑘̇𝑘𝑀𝑀]

 approaches 1, which 226 

metaphorically represents water overflowing from the brim of the container, and {𝑘̇𝑘𝑎𝑎} becomes 227 

{𝑘̇𝑘𝑎𝑎𝑎𝑎}. But at sufficiently lower nutrient diffusion rates, or with higher maintenance or overhead 228 

costs, the maximum concentration of growth materials will decrease, i.e. there will be a lower 229 

water level in the container. Thus, the concentration of nutrients supplying growth drops and the 230 

breakdown rate per volume [𝑘̇𝑘𝐶𝐶] stays constant, so the organism will reach a lower ultimate size 231 

𝐿𝐿∞ than the maximum possible size 𝐿𝐿𝑚𝑚 =  {𝑘̇𝑘𝑎𝑎𝑎𝑎}
[𝑘̇𝑘𝐶𝐶]

. 232 

Finally, by substituting equation (4) into equation (2) and integrating, L can be specified as a 233 

function of time as in equation (1), thus deriving the ‘von Bertalanffy’ growth equation where 234 

the growth rate parameter 𝑟̇𝑟𝐵𝐵 = [𝑘̇𝑘𝐶𝐶]/3 and is therefore interpreted as being driven by volume-235 

specific catabolic rate. Note that Pütter actually wrote equation (1) as 𝐿𝐿 =  𝐿𝐿∞ − 𝐿𝐿∞𝛼𝛼𝑒𝑒
− 𝑐𝑐
𝐿𝐿∞

𝑡𝑡 236 

with 𝛼𝛼 = 1 − 𝐿𝐿/𝐿𝐿∞ and implying 𝑐𝑐 = �𝑘̇𝑘𝑎𝑎𝑎𝑎�/3. However, he later erroneously defined 𝑐𝑐
𝐿𝐿∞

 as 237 

equal to �𝑘̇𝑘𝑎𝑎𝑎𝑎� − [𝑘̇𝑘𝐶𝐶] (clearly a dimensional error) and then proceeded to estimate �𝑘̇𝑘𝑎𝑎𝑎𝑎� and 238 

[𝑘̇𝑘𝐶𝐶] from data on the basis of ultimate physical lengths [not the abstracted dimension of 239 

equation (3)] and estimates of the parameter 𝑐𝑐. von Bertalanffy (1934) was aware of this 240 

problem and used it as part of his general dismissal of Pütter’s theoretical interpretation. 241 

 242 



(2) von Bertalanffy’s contribution 243 

The Austrian biologist Ludwig von Bertalanffy (1901–1972) made important contributions to 244 

theoretical biology, including a series of papers about organismal growth (e.g. von Bertalanffy, 245 

1934, 1938, 1957, 1960). He was the first to define an organism as an open, stationary chemical 246 

system (von Bertalanffy, 1950) – one that heads to a time-independent (steady) state where the 247 

net inputs and outputs are balanced on a macro-scale, even though there is continued exchange 248 

on a micro-scale. That is, it grows to a final size determined by the underlying chemical reactions 249 

that determine the inputs and outputs of material. Following Pütter, von Bertalanffy ascribed 250 

inputs and outputs to the processes of anabolism and catabolism, where the fraction breaking 251 

down is a fixed proportion of the total amount and construction is proportional to ‘some surface’. 252 

However, von Bertalanffy focused on mass as a state variable whereas Pütter focused on 253 

volumes and surface areas. 254 

Despite the strong similarities in reasoning, von Bertalanffy (1938) only acknowledged Pütter for 255 

his equation 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= �𝐻̇𝐻�𝑠𝑠 − [𝑘̇𝑘]𝑊𝑊, where W is mass [𝑘̇𝑘] is a constant for destruction per unit mass, 256 

�𝐻̇𝐻� is a constant representing the synthesised mass per surface area and 𝑠𝑠 is the surface area. 257 

This ‘fictitious’ surface responsible for growth was considered by von Bertalanffy to be 258 

unknown and not directly determinable, but proportional to W2/3. Whereas Pütter’s notion of 259 

length was an abstraction (cube root of volume), von Bertalanffy’s length was actual. But, 260 

because von Bertalanffy worked with an abstract surface area, he included conversions from real 261 

length to abstract surface area.  262 

Pütter’s growth equation became known by von Bertalanffy’s name because of Beverton & 263 

Holt’s (1957) influential book on fish population dynamics. They emphasised the power of 264 

equation (1) for characterising fish growth curves and inaccurately attributed it to von 265 



Bertalanffy (1934, 1938). A retrospective reading of von Bertalanffy’s work makes it clear how 266 

his ideas are derived from those of Pütter, and he did acknowledge Pütter in his 1934 paper (in 267 

German). But it is also easy to understand how Beverton & Holt (1957) missed the often subtle 268 

referencing by von Bertalanffy, especially in his English publications, to Pütter’s work. 269 

Subsequently, von Bertalanffy also referred to Pütter’s model as the ‘Bertalanffy model’ (von 270 

Bertalanffy, 1960). 271 

von Bertalanffy generalised the Pütter model to be flexible on the exponents by which the 272 

anabolic and catabolic terms scale with mass, such that 273 

 𝑑𝑑𝑑𝑑
𝑑𝑑𝑡𝑡 =  𝑎𝑎𝑊𝑊𝑐𝑐 − 𝑏𝑏𝑊𝑊𝑑𝑑 (5) 

where a and b are the anabolic and catabolic constants and c and d are their respective scaling 274 

exponents with body mass (von Bertalanffy, 1957).  275 

 276 

(3) The Gill-Oxygen Limitation Theory 277 
 278 
The Gill-Oxygen Limitation Theory (GOLT) of Pauly (1979, 2010) represents a more 279 

mechanistically-explicit version of Pütter and von Bertalanffy’s ideas about the balance between 280 

anabolism and catabolism. Pauly took the position that mass was a primary state variable and 281 

length was subsidiary, as did von Bertalanffy. Pauly emphasised that von Bertalanffy’s 282 

assumptions imply a link between anabolism and surface area. His main contribution was to 283 

argue that, for water-breathers, it was the surface involved in oxygen uptake that was limiting, 284 

i.e. the gills, since oxygen cannot be stored in large quantities. Pauly then demonstrated that gill 285 

surface area scales with mass with an allometric exponent and argued that, as fish and other 286 

water-breathers grow, their demand for oxygen ultimately outstrips the supply. Pauly used the 287 

general form of the von Bertalanffy model [equation (5)] for his models. This is because gill 288 



surface area has a variable scaling with mass, whereby the mass scaling exponent increases with 289 

fish size, and so the value of the exponent c in equation (5) was allowed to vary accordingly. 290 

However, the underlying logic of the GOLT is the same as Pütter’s, with an explicit focus on 291 

gills and oxygen. 292 

 293 

(4) Dynamic Energy Budget theory 294 

Dynamic Energy Budget (DEB) theory was developed by Kooijman (1986a,b, 1993, 2000, 295 

2010), and it can be seen as a natural extension of Pütter’s ideas to include food dependence, 296 

body condition, development, reproduction and embryonic growth while explicitly adhering to 297 

energy and mass conservation. In both theories, the input for growth is related to a surface and 298 

this is balanced against something that is proportional to a volume. In DEB theory this volume is 299 

called the ‘structural volume’ V and is the part of the biomass being built and maintained through 300 

the process of growth. Similarly to Pütter’s theory, physical length 𝐿𝐿𝑤𝑤 is related to the structural 301 

linear dimension 𝐿𝐿 by the conversion parameter 𝛿𝛿𝐿𝐿, so 𝐿𝐿𝑤𝑤 = 𝑉𝑉1/3/𝛿𝛿𝐿𝐿 = 𝐿𝐿/𝛿𝛿𝐿𝐿. Length does not 302 

play a role in the theory per se but, conceptually, 𝐿𝐿 is always interpreted as a ratio of volume to 303 

surface area in the case of isomorphy. 304 

Both Pütter’s theory and DEB theory include the notion of the ‘mobilisation’ of the nutritive 305 

materials for the processes of growth and maintenance. Pütter thought of the nutritive material in 306 

terms of its concentration, driven by a diffusion process. But he was not explicit about these 307 

dynamics nor about the amount of this nutritive material in his final growth model; he simply 308 

estimated his nutrition-related parameters {𝑘̇𝑘𝑎𝑎𝑎𝑎} and {𝑘̇𝑘𝑁𝑁} from data. As a result, his model has a 309 

single state variable, V. By contrast, DEB theory makes the nutritive material an additional state 310 

variable E, called the ‘reserve’, and models the dynamics of its accumulation and mobilisation in 311 



relation to the structure. In addition, DEB theory uses the concept of a nutritive density, i.e. the 312 

amount of reserve per volume of structure [𝐸𝐸] = 𝐸𝐸/𝑉𝑉, rather than Pütter’s idea of a 313 

concentration. Thus, the wet mass 𝑊𝑊𝑤𝑤  is not simply the linear dimension (structural length) 314 

cubed but is the combination of the mass of reserve plus the mass of the structure:  315 

 𝑊𝑊𝑤𝑤 = 𝑑𝑑𝑉𝑉𝐿𝐿3 + 𝐸𝐸
𝑤𝑤𝐸𝐸
𝜇̅𝜇𝐸𝐸

 
(6) 

where 𝑑𝑑𝑉𝑉 is the density of structure (typically that of water, i.e. 1 g cm–3), 𝑤𝑤𝐸𝐸 is the molecular 316 

mass of reserve (grams per mole) and 𝜇̅𝜇𝐸𝐸 is the chemical potential of reserve (joules per mole). 317 

Reserve is conceptualised as stored polymers (fats, carbohydrates and lipids) in ‘blobs’ within 318 

individual cells that must be accessed by the structure from the surface of the blobs at the 319 

subcellular level. Thus, the surface area interface of the reserve with the structure is a 320 

fundamental geometrical driver of the dynamics in DEB theory via the process of reserve 321 

mobilisation. The reserve dynamics of DEB theory makes the assumption that the interface 322 

between reserve and structure scales as E/V1/3, based on arguments that isomorphy is strongly 323 

selected at the cellular level to minimise regulatory complexity as size changes (for further 324 

details, see Section 1.2.2 in Kooijman, 2010). The mobilisation rate has the symbol 𝑝̇𝑝𝐶𝐶 , with the 325 

𝐶𝐶 standing for catabolism, because the reserve is being broken down, and is a function of the 326 

density of the reserve [𝐸𝐸]; the greater the reserve density, the faster it is mobilised because there 327 

is more reserve surface area relative to structure. It also depends on the inherent ‘conductance’ of 328 

the organism from an energetic point of view, represented by the parameter 𝑣̇𝑣 (length per time), 329 

which can be thought of as representing the density of pores (or enzymes) at the interface 330 

between the reserve and structure.  331 

Just as the height of Pütter’s metaphorical container links to the maximum possible concentration 332 

of nutritive materials via {𝑘̇𝑘𝑎𝑎𝑎𝑎}, DEB theory has a maximum reserve density [𝐸𝐸𝑚𝑚] = {𝑝̇𝑝𝐴𝐴𝐴𝐴}/ 𝑣̇𝑣 333 



where {𝑝̇𝑝𝐴𝐴𝐴𝐴} is the maximum potential assimilation rate per surface area of structure. The 334 

realised specific assimilation is an explicit function of the food available 335 

 {𝑝̇𝑝𝐴𝐴} =  {𝑝̇𝑝𝐴𝐴𝐴𝐴}
𝑋𝑋

𝑋𝑋 + 𝐾𝐾 (7) 

where X is food density, K is the half-saturation constant and 𝑓𝑓 = 𝑋𝑋
𝑋𝑋+𝐾𝐾

 is thus a scaled Holling’s 336 

type II functional response (Holling, 1959). There is a clear parallel between equation (7) from 337 

DEB theory and equation (4) from Pütter. But, in DEB theory, the density of nutritive material is 338 

directly related to assimilation and hence to food intake whereas in Pütter’s model it is related to 339 

basal metabolism and a diffusion coefficient. 340 

The rate of change of the reserve density in DEB theory was derived by Kooijman (2010, p. 37) 341 

to be 342 

 𝑑𝑑[𝐸𝐸]
𝑑𝑑𝑑𝑑 =  [𝑝̇𝑝𝐴𝐴] −

𝑣̇𝑣[𝐸𝐸]
𝐿𝐿 =

{𝑝̇𝑝𝐴𝐴𝐴𝐴}𝑓𝑓 − 𝑣̇𝑣[𝐸𝐸]
𝐿𝐿 . (8) 

 Thus, the change in the reserve density depends on the input from assimilation minus what 343 

leaves the reserve via mobilisation. From equation (8), if the reserve density is not changing and 344 

f is 1, it is apparent that the steady-state value is {𝑝̇𝑝𝐴𝐴𝐴𝐴}
𝑣̇𝑣

=  [𝐸𝐸𝑚𝑚], as stated above.  345 

The rate of mobilisation of reserve per unit of structure is 346 

 [𝑝̇𝑝𝐶𝐶] =  [𝑝̇𝑝𝐴𝐴] −
𝑑𝑑[𝐸𝐸]
𝑑𝑑𝑑𝑑 − [𝐸𝐸]𝑟̇𝑟 =

[𝐸𝐸]𝑣̇𝑣
𝐿𝐿 − [𝐸𝐸]𝑟̇𝑟. (9) 

In equation (9), 𝑟̇𝑟 is the growth rate of structure (see below) and the term [𝐸𝐸]𝑟̇𝑟 accounts for 347 

dilution by growth. Equations (7–9) thus specify the reserve dynamics in DEB theory. 348 

The dynamics of structure 𝑉𝑉 in DEB theory, is 349 

 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 =  

𝑓𝑓{𝑝̇𝑝𝐴𝐴𝐴𝐴}
[𝐸𝐸] + [𝐸𝐸𝐺𝐺]𝑉𝑉

2/3 −
[𝑝̇𝑝𝑀𝑀]

[𝐸𝐸] + [𝐸𝐸𝐺𝐺]𝑉𝑉 = 𝑉𝑉𝑟̇𝑟 (10) 



where [𝐸𝐸𝐺𝐺] is the energetic cost of making a unit volume of structure (tissue biomass energy 350 

content plus the energy needed to build the tissue), and [𝑝̇𝑝𝑀𝑀] is the energetic cost to maintain a 351 

unit of structure per time. [Note that here and in the remainder of this section the DEB state 352 

variable of maturity, and the associated process of reproduction and parameter 𝜅𝜅, is excluded for 353 

a clearer comparison with Putter, but see Table 1.] This is analogous to equation (2) from Pütter, 354 

especially when his factor {𝑘̇𝑘𝐴𝐴𝐴𝐴} is adjusted by [𝑘̇𝑘𝑁𝑁]
[𝑘̇𝑘𝑁𝑁]+[𝑘̇𝑘𝑀𝑀]

 which is equivalent to f (Table 1). 355 

However, the surface-related process in DEB theory is assimilation rather than anabolism and the 356 

volume-related process is maintenance rather than catabolism. Also, both the assimilation and 357 

the maintenance terms have the additional state variable, reserve density [E], in their 358 

denominators, thereby linking growth rate to nutritional condition (growth rate slows as 359 

condition declines). Locomotion costs are not explicit in DEB theory but, in the simplest cases, 360 

can be subsumed into the maintenance costs and/or food assimilation efficiency.  361 

It is apparent from equation (10) that assimilation scales more slowly with structure (to the 2/3 362 

power) than does maintenance (to the power 1). Thus, eventually maintenance takes all the 363 

mobilised reserve flux and growth ceases. It is also apparent from equation (10) that, when the 364 

rate of change in growth is zero, the ultimate length 𝐿𝐿∞ = 𝑓𝑓{𝑝̇𝑝𝐴𝐴𝐴𝐴}
[𝑝̇𝑝𝑀𝑀]

, i.e. the ultimate size reflects 365 

the balance between assimilation and maintenance, not anabolism and catabolism which was 366 

the case in Pütter’s theory.  367 

The growth parameter 𝑟̇𝑟 (not to be confused with 𝑟̇𝑟𝐵𝐵) is defined as 368 

 
𝑟̇𝑟 =  

𝑣̇𝑣[𝐸𝐸]/𝐿𝐿 − [𝑝̇𝑝𝑀𝑀]
[𝐸𝐸] + [𝐸𝐸𝐺𝐺] =  

𝑓𝑓[𝑝̇𝑝𝐴𝐴𝐴𝐴]− [𝑝̇𝑝𝑀𝑀]
[𝐸𝐸] + [𝐸𝐸𝐺𝐺]  (11) 



with [𝐸𝐸]
[𝐸𝐸𝑚𝑚]

 converging to 𝑓𝑓 = 𝑋𝑋
𝑋𝑋+𝐾𝐾

 under the assumption of constant food. Thus, the growth rate 369 

at constant food is a result of the difference between the nutritive material coming in via 370 

assimilation and that being lost to somatic maintenance, mediated by the reserve. 371 

Finally, equation (10) in integrated form with respect to length becomes 372 

 𝐿𝐿 =  𝐿𝐿∞ − (𝐿𝐿∞ − 𝐿𝐿𝑏𝑏)𝑒𝑒−𝑟̇𝑟𝐵𝐵𝑡𝑡 (12) 

with 𝐿𝐿𝑏𝑏 being the length at birth and the growth rate parameter 𝑟̇𝑟𝐵𝐵 is interpreted as 373 

 𝑟̇𝑟𝐵𝐵 =  [𝑝̇𝑝𝑀𝑀]
3([𝐸𝐸]+[𝐸𝐸𝐺𝐺])

. (7) 

Thus, the standard DEB model simplifies to ‘von Bertalanffy’ growth under constant food [i.e. 374 

equation (1), Pütter’s original equation], with the physiological interpretation of the von 375 

Bertalanffy growth rate parameter as being directly proportional to structural maintenance costs 376 

and inversely proportional to the sum of the current amount of reserve per unit structure and the 377 

cost of making a unit of structure. DEB models can also handle the effect of varying food 378 

through time on growth because they are explicit about reserves. 379 

 380 

(5) The Ontogenetic Growth Model 381 

One would expect processes of metabolism, including growth, to be driven by relationships 382 

between surface areas and volumes, such that scaling relationships involve powers of one third, 383 

as assumed by Pütter and in DEB theory. The major problem regarding this expectation is the 384 

frequently observed quarter-power scaling relationships of metabolic rates, and associated 385 

physiological and life-history rates, with body mass. The Ontogenetic Growth Model (OGM) of 386 

West, Brown & Enquist (2001) attempted to resolve this paradox by building on the idea that the 387 

delivery of resources through supply networks drives quarter-power metabolic scaling (West et 388 

al., 2001; but see also Banavar et al., 2010).  389 



Like the Pütter model, the OGM uses mass as a state variable (i.e. 𝑊𝑊 = 𝑑𝑑𝑉𝑉𝑉𝑉). Its equation for 390 

growth rate is of the same mathematical form as that used by Pütter and von Bertalanffy. Like 391 

DEB theory, it uses the notion of maintenance rather than catabolism as the loss term in the 392 

growth model but, as explained further below, it considers growth rate to be determined by the 393 

difference between anabolic and maintenance rates. 394 

The OGM assumes that the scaling relationship between anabolic rate and mass is the same as 395 

that for respiration and mass, i.e. 3/4, and it assumes that maintenance is directly proportional to 396 

body mass. Thus 397 

 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑎𝑎𝑊𝑊3/4 − 𝑏𝑏𝑏𝑏. (14) 

In this equation, 𝑎𝑎 was interpreted by West et al. (2001) as {𝑝̇𝑝𝑂𝑂}𝑊𝑊𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

, where 𝑊𝑊𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  and 𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  are 398 

the mass per cell and energy requirements for cell synthesis, respectively, and {𝑝̇𝑝𝑂𝑂} is a 399 

coefficient defining the supply of limiting resources through a network from a central point (with 400 

dimensions of energy × time-1 × mass–3/4; the symbol O represents oxygen for reasons explained 401 

below). Defining mass-specific synthesis (overhead) cost of growth as �𝐸𝐸𝑔𝑔� =  𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑊𝑊𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

, the 402 

parameter 𝑏𝑏 is a maintenance coefficient to be interpreted as [𝑝̇𝑝𝑀𝑀]
�𝐸𝐸𝑔𝑔�

, where [𝑝̇𝑝𝑀𝑀] is the maintenance 403 

rate per unit mass. Thus, equation 14 can be rewritten as  404 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 =

{𝑝̇𝑝𝑂𝑂}
�𝐸𝐸𝑔𝑔�

𝑊𝑊3/4 −
[𝑝̇𝑝𝑀𝑀]
�𝐸𝐸𝑔𝑔�

𝑊𝑊 
(15) 

in parallel to Pütter’s model [equation (2)] and the DEB model [equation (10)]. The ratio of a to 405 

b simplifies to {𝑝̇𝑝𝑂𝑂}
[𝑝̇𝑝𝑀𝑀]

 and the ultimate mass reached is 𝑊𝑊∞ = �{𝑝̇𝑝𝑂𝑂}
[𝑝̇𝑝𝑀𝑀]

�
4
 . Thus, as in DEB theory, 406 

maximum size reflects the ratio of a quantity that is available for growth and maintenance to a 407 

quantity that is required for maintenance. It was argued by West et al. (2001) that one can, in 408 



principle, measure the mass, synthesis cost and maintenance cost of an individual cell of a 409 

species to obtain estimates of 𝑊𝑊𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  and [𝑝̇𝑝𝑀𝑀], respectively (but see Makarieva, Gorshkov 410 

& Li, 2004), and that {𝑝̇𝑝𝑂𝑂} could be obtained by measurements of respiration. 411 

Following the criticism that explicit consideration of the overhead cost of growth was omitted 412 

from the OGM (with Ecell erroneously equated to energy content of a cell) (Makarieva et al., 413 

2004; van der Meer, 2006), it was modified by Hou et al. (2008; see also Moses et al., 2008) 414 

whereby the total flow of assimilated energy from food was split between storage (i.e. a reserve, 415 

𝐸𝐸) and the total metabolic rate. The total metabolic rate was defined as the ‘resting costs’ 416 

{𝑝̇𝑝𝑂𝑂}𝑊𝑊3/4 multiplied by the activity scope parameter 𝐹𝐹 (𝑓𝑓 was used in the original publication). 417 

The resting costs were then split into synthesis (overhead) costs and maintenance costs so that 418 

the input term equation (14) [and equation (15)] must be reinterpreted as representing only the 419 

energy dissipated in the work done to build the tissue, i.e. an anabolic process. Hou et al. (2008) 420 

also added the work of digestion (‘specific dynamic action’) to the maintenance term of their 421 

model. The dynamics of assimilation and reserve mobilisation were not specified; assimilation 422 

was simply computed on a demand basis from the activity costs and the energy content of 423 

biomass [𝐸𝐸𝑐𝑐] [i.e. a parameter representing West et al.’s (2001) original interpretation of 424 

[𝐸𝐸𝑔𝑔]]. Hou, Bolt & Bergman (2011) subsequently added a new parameter 𝑓𝑓 (𝛽𝛽 in the original 425 

publication) as a food restriction factor by which {𝑝̇𝑝𝑂𝑂} was multiplied. Overall, these changes of 426 

interpretation of {𝑝̇𝑝𝑂𝑂} imply that, in the OGM, the network dynamics are constraining the 427 

delivery of non-storable metabolites (namely oxygen) required for the overhead costs of growth 428 

and digestion, and for the maintenance costs of the soma, and not the flow of the somatic 429 

building blocks and associated chemical energy to the cells. It is not clear whether the network 430 

dynamics were also thought by the authors to limit activity costs 𝐹𝐹{𝑝̇𝑝𝑂𝑂}𝑊𝑊3/4, although this is the 431 



implication (but see Darveau et al., 2002). It is also not clear how their original loss term in 432 

equation (15), which represents maintenance costs, can be interpreted in the context of the 433 

scaling of resting metabolic rate with 𝑊𝑊3/4, and at this point the whole scheme must be regarded 434 

as logically inconsistent. 435 

Finally, it should be noted that two contributors to the OGM, Sibly & Brown (2020), recently 436 

criticised its assumption of maintenance costs scaling in direct proportion to mass and abandoned 437 

the network-based explanation for quarter-power scaling. They endeavoured to reformulate the 438 

OGM such that maintenance scales with mass3/4, and supply (i.e. assimilation) is network 439 

constrained but with a capacity that scales with mass2/3. They therefore arrived at a case of the 440 

generalised von Bertalanffy model, equation (5), with c = 2/3 and d = 3/4 based on empirical 441 

rather than theoretical argument (see points made by West, Enquist & Brown, 2002). However, 442 

their conceptual reasoning about the underlying physiological processes regarding developed and 443 

growing cells results in a violation of mass conservation (Kearney & Kooijman, in press). 444 

 445 

(6) What about reproduction, development and embryos? 446 

Any comprehensive theory of growth and metabolism should of course incorporate reproduction 447 

and development as well as embryonic growth. None of these processes were considered by 448 

Pütter, von Bertalanffy or Pauly, but they have been fully included in DEB theory and partly 449 

included the OGM. 450 

In DEB theory, reproduction is captured by adding an allocation parameter, 𝜅𝜅 which is a constant 451 

that splits the mobilised reserve flux into 𝜅𝜅𝑝̇𝑝𝐶𝐶  which goes to growth and maintenance, and 452 

(1 − 𝜅𝜅)𝑝̇𝑝𝐶𝐶  which goes to reproduction (the ‘kappa rule’), so that equation (10) becomes 453 



 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 =  

𝜅𝜅𝑓𝑓{𝑝̇𝑝𝐴𝐴𝐴𝐴}
𝜅𝜅[𝐸𝐸] + [𝐸𝐸𝐺𝐺]𝑉𝑉

2/3 −
[𝑝̇𝑝𝑀𝑀]

𝜅𝜅[𝐸𝐸] + [𝐸𝐸𝐺𝐺]𝑉𝑉 (16) 

and ultimate length then becomes 𝐿𝐿∞ = 𝜅𝜅𝜅𝜅{𝑝̇𝑝𝐴𝐴𝐴𝐴}
[𝑝̇𝑝𝑀𝑀]

.  454 

An immature animal spends the (1 − 𝜅𝜅)𝑝̇𝑝𝐶𝐶  flux of energy from the reserve, not on reproduction, 455 

but on ‘maturation’, i.e. the metabolic work required for development and general preparation for 456 

reproduction. This introduces a new state variable, maturity EH, which should formally be 457 

considered in the dimension ‘information’ but is quantified in practice as cumulative energy 458 

investment. The formal incorporation of information into biology and physics in general is an 459 

important work in progress (Davies, 2019) but it is more tractable to work with energy as a 460 

dimension because the energetic costs of development are readily measured (Tyler, 1935). The 461 

threshold level of maturation investment when an embryo transitions to a juvenile (i.e. when 462 

feeding starts) is the parameter 𝐸𝐸𝐻𝐻𝑏𝑏  (at ‘birth’) and maturity investment plateaus at a value 𝐸𝐸𝐻𝐻
𝑝𝑝 (at 463 

‘puberty’), after which any surplus energy from the (1− 𝜅𝜅)𝑝̇𝑝𝐶𝐶  goes to a reproduction buffer ER 464 

and is periodically dispensed to the environment as eggs (and other reproductive material) with 465 

efficiency 𝜅𝜅𝑅𝑅 (1 − 𝜅𝜅𝑅𝑅  being dissipated). Maturity level is maintained at a cost directly 466 

proportional to EH defined by the ‘maturity maintenance rate coefficient’ 𝑘̇𝑘𝐽𝐽. Thus, in the 467 

standard DEB model, the processes of reproduction and development are included with the 468 

addition of two new state variables and five new parameters. Also, in the standard model, the 469 

onset of reproduction does not alter growth trajectory, assimilation rate, respiration rate or food 470 

intake, consistent with empirical data (Kooijman, 2010, pp. 47–49). 471 

In the OGM, reproduction was handled differently for those that reproduce after reaching their 472 

maximum size (determinate growth) and those that reproduce while still growing (indeterminate 473 

growth) (West et al., 2001; Charnov, Turner & Winemiller, 2001). For determinate growers, the 474 



required energy is derived from increases in metabolic scope and hence in feeding post 475 

maturation. For indeterminate growers, reproduction costs were added to the maintenance 476 

parameter [𝑝̇𝑝𝑀𝑀] with investment of energy of eggs ER proportional to body size via an allocation 477 

term λ and a spawning period ts. This alters ultimate size to be 𝑊𝑊∞ = � 𝑓𝑓{𝑝̇𝑝𝑂𝑂}
[𝑝̇𝑝𝑀𝑀]+𝜆𝜆/𝑡𝑡𝑠𝑠

�
4
once the 478 

organism matures and thus causes a switch in the growth trajectory post maturation (West et al., 479 

2001). The indeterminate grower reproduction scheme arises from West et al.’s (2001) error of 480 

equating energy content of tissue with metabolic work to make tissue. In the reformulation (Hou 481 

et al., 2008), λ can only apply to the overhead costs of reproduction and not to the biomass 482 

allocated to eggs (this problem propagates into Charnov et al., 2001). Reproduction was not 483 

revisited in Hou et al. (2008) but, presumably, the egg energy would come from the stored 484 

energy. Thus, in both determinate and indeterminate growers, reproduction must involve an 485 

increase in assimilation, and hence of food intake, under the OGM. The dynamics of 486 

reproduction under this theory are therefore constrained solely by feeding, which must increase 487 

in mature animals in proportion to reproductive output. 488 

Zuo et al. (2011) attempted to incorporate development into the OGM by arguing that the flux of 489 

energy originally seen as fuelling the overhead costs of growth could be allocated between 490 

growth and development. They argued that maximum size was reached when development was 491 

complete and that this could be at different body sizes depending on whether the temperature 492 

responses of growth and development differed. Developmental state was defined as 𝜇𝜇′ = 𝑡𝑡/𝑡𝑡𝑑𝑑𝑑𝑑𝑑𝑑  493 

where 𝑡𝑡𝑑𝑑𝑑𝑑𝑑𝑑  is total developmental time (at some reference temperature). Thus, development, 494 

and its end point, were only defined in the dimension of time and no parameters were introduced 495 

explicitly to account for developmental costs. It is unclear how the earlier definition of maximum 496 

size as 𝑊𝑊∞ = �{𝑝̇𝑝𝑂𝑂}
[𝑝̇𝑝𝑀𝑀]

�
4
 (West et al., 2001) can be consistent with a partitioning of growth costs 497 



also to include development costs, or how development and reproduction are related 498 

(especially for indeterminate growers). The inclusion of development under the full OGM 499 

scheme has been argued to produce conceptual and empirical inconsistencies (Makarieva et al., 500 

2004; Makarieva, Gorshkov & Li, 2009; Zuo et al., 2009). Hence, the integration of 501 

development in the OGM is problematic at present. 502 

Embryonic growth does not follow equation (1), as acknowledged by Pütter (1920), but proceeds 503 

at a faster rate. In DEB theory, the dynamics of embryonic growth are captured by the reserve 504 

dynamics (Kooijman, 1986b) and the inclusion of maturity as a state variable (Kooijman, 1993). 505 

The organism is initialised as almost pure reserve (the egg) and thus has a very high reserve 506 

density. It has all the same dynamics as a juvenile [equations (8, 9, 11 & 15)] except that it does 507 

not feed (𝑓𝑓 and hence 𝑝̇𝑝𝐴𝐴 is zero). By contrast, embryonic growth was incorporated into the 508 

OGM by simply deleting the maintenance term of equation (14) on the argument that it is 509 

negligibly small for embryos (Gillooly et al., 2002). This renders the model phenomenological, 510 

and hence the incorporation of embryonic development in the OGM is also problematic.  511 

 512 

III. COMPARISON AND SYNTHESIS 513 

This review shows that Pütter’s (1920) model was the first general and comprehensive attempt at 514 

a mechanistic theory of whole-organism growth. The ideas of von Bertalanffy and the GOLT 515 

were nuanced restatements of Pütter’s ideas. However, two new mechanistic theories of 516 

metabolism have since emerged – the DEB theory based on the notion of reserve and its 517 

dynamics, and the OGM based on the notion of branching supply networks. The DEB theory 518 

builds directly from Pütter’s concepts whereas the OGM derives from von Bertalanffy’s 519 

generalisation of Pütter’s model, with a theoretical justification for the exponents (Fig. 1). The 520 



fundamental equations (Table 1), parameters and variables (Tables S1–S3) are collated here 521 

using the same notation and arrangement, permitting a general comparison and synthesis (Table 522 

2). I do this first with respect to ontogenetic growth and then consider how other aspects of 523 

whole-organism metabolism are included as well as assessing the relative numbers of parameters 524 

and state variables. I then consider how ‘macrometabolic’ patterns in the scaling of metabolic 525 

rate, the temperature–size rule and life histories relate to these theories. 526 

 527 

(1) Interpretation of individual growth 528 

Growth is typically modelled as the difference between a gain term and a loss term, and the 529 

Pütter, DEB and OGM theories have very different interpretations of gain and loss with respect 530 

to the notions of anabolism, catabolism, assimilation and maintenance (Table 1). These 531 

differences of interpretation have not always been made clear.  532 

Pütter’s ‘gain’ term was interpreted as anabolism. But he incorporated maintenance into 533 

anabolism [equation (4), see also Table 1], as represented by the hole in his metaphorical bucket 534 

of nutritive materials. He interpreted maintenance as the ‘basal metabolism’ and thus his 535 

anabolic gain term represents materials available for the growth process after the basal metabolic 536 

costs are subtracted from assimilated food, assimilation being implicit in the model. These basal 537 

costs were regarded by Pütter to include growth overheads in addition to general maintenance 538 

(and, presumably, digestion overheads), hence Pütter’s argument that the anabolic term should 539 

be proportional to the basal metabolic rate. Pütter’s loss term was catabolism – a breakdown of 540 

the material built, as reflected in nitrogenous waste production – and was not connected to the 541 

basal metabolism. 542 



In the OGM, the gain term was equated to basal metabolic rate, with the network argument 543 

(West, Brown & Enquist, 1997) used to justify the ¾ power scaling of this term. In the first 544 

version of the OGM (West et al., 2001), the gain term represented the total energy going into the 545 

production of biomass, whereas the loss term was attributed to maintenance rather than 546 

catabolism. West et al. (2001) neglected the overhead costs of growth from their estimate of the 547 

cost of tissue production, as was later acknowledged (Hou et al., 2008). But it is clear from their 548 

reasoning about reproduction that West et al. (2001) initially meant for the gain term to represent 549 

the total biomass production rate, in parallel to Pütter’s model. Later, however, they revised their 550 

gain term to include only the growth overhead costs (Hou et al., 2008). Thus, in the new 551 

formulation, the growth potential was defined entirely in terms of metabolic work, being the 552 

difference between total basal metabolic rate and maintenance costs. Energy content of tissue 553 

was accounted for secondarily by the demand-driven assimilation term as described above. This 554 

is most clearly illustrated in the magnitude of the energy flows of the Pütter model compared to 555 

the OGM in Fig. 2B, C. Throughout the development of the OGM there has therefore been 556 

confusion about the connections between basal metabolism, maintenance costs and growth 557 

overheads, culminating in the abandonment of the entire scheme by Sibly & Brown (2020) on 558 

the basis that maintenance costs do not scale proportionately with mass. 559 

The DEB model differs from both Pütter and the OGM in specifying the gain term as 560 

assimilation and the loss term as maintenance (see also Winberg, 1960). However, by including 561 

the concept of reserve and its dynamics, the DEB model made explicit the missing step in 562 

Pütter’s model between assimilation and the flow of nutritive materials to the growth process. In 563 

the DEB model, anabolic and catabolic processes are included in the gain term in that food is 564 

broken down (catabolic) and then converted into reserve (anabolic) which, in turn is broken 565 



down (catabolic) in the process of reserve mobilisation and converted into structure (anabolic). 566 

The basal metabolism is thus interpreted as having contributions from the overhead cost of 567 

growth (and assimilation if digesting), as well as from the loss term due to the maintenance costs 568 

of the existing structure and maturity level. 569 

Finally, in all three models, there is also the notion of a functional response that cuts the growth 570 

rate (and maximum possible size) down from its maximum, but with different interpretations 571 

(Table 1): in the Pütter model it is the diffusion rate of nutritive materials balanced by 572 

maintenance costs whereas in the DEB model and the OGM it is the food availability. However, 573 

the OGM as originally stated does not directly link to food as an environmental forcing variable 574 

but assumes that feeding meets demands [but see Hou et al. (2011) for an attempt to include food 575 

restriction in the OGM]. 576 

 577 

(2) Beyond growth 578 

Individual metabolism is a network of strongly interacting processes that include growth and 579 

maintenance but also feeding, assimilation, storage, reproduction and development (and ageing, 580 

which is not considered here), and these processes change throughout ontogeny. Pütter and von 581 

Bertalanffy focused on growth but never explicitly considered feeding, assimilation, 582 

reproduction and development. The DEB theory for growth incorporated feeding, assimilation 583 

and reproduction from the beginning (Kooijman, 1986a), including how these processes 584 

transition between embryo and juvenile (Kooijman, 1986b), and later incorporated development 585 

explicitly (Kooijman, 1993). The inclusion of reserve as a state variable in DEB theory allowed 586 

embryo dynamics to be captured (Kooijman, 1986b, 2009), as well as the pupal phases of 587 

holometabolic insects (Llandres et al., 2015). The OGM came from a strong focus on a 588 



mechanism for the scaling of respiration (West et al., 1997) and the translation of this 589 

mechanism to growth (West et al., 2001), with other processes added on later (Hou et al., 2008, 590 

2011; Zuo et al., 2011). However, inconsistencies in the way growth costs were handled during 591 

the development of the OGM, and the limited accounting for development and storage (reserve) 592 

dynamics under varying food levels, as discussed above, have resulted in an incomplete theory 593 

(Table 2). 594 

Food restriction is another important process that a general metabolic theory should be able to 595 

capture. Pütter considered the effect of constant food restriction through its influence on the 596 

nutrient diffusion coefficient [𝑘̇𝑘𝑁𝑁], resulting in a smaller maximum size. In DEB theory, and 597 

the OGM (under the formulation of Hou et al., 2011), a similar role is played by reductions in 598 

{𝑝̇𝑝𝐴𝐴𝐴𝐴} and {𝑝̇𝑝𝑂𝑂}, respectively, via the functional response factor 𝑓𝑓, resulting in smaller 599 

maximum sizes. Thus, in DEB theory the reduced maximum size is interpreted as direct 600 

consequence of the change in food itself and its effect on assimilation, whereas in the OGM it 601 

is due to a correlated change in the processes of respiration. Under extreme starvation, the 602 

standard DEB model results in degradation of structure to pay for maintenance but alternative 603 

formulations involve the redirection of reproduction buffer or energy for maturation to 604 

maintenance (i.e. effectively via changes in 𝜅𝜅) (Kooijman, 2010, pp. 115–122).  605 

Of the three theories, only the DEB theory handles fluctuating food availability, and this is 606 

because it includes reserve as a state variable. Feeding modules of varying sophistication can be 607 

incorporated, including digestive processes and stomachs (Kooijman, 2010, pp. 25–36, 114–124 608 

and 261–279) but, at a minimum, the incorporation of variable food involves the addition of two 609 

parameters: {𝑝̇𝑝𝑋𝑋𝑋𝑋} which is the maximum structural surface area-specific feeding rate and 𝜅𝜅𝑋𝑋 610 

which is the conversion efficiency of assimilated food. The additional forcing variable 𝑋𝑋 is the 611 



food availability, which can be expressed per environmental surface area (two-dimensional 612 

environments) or volume (three-dimensional environments). In addition, the ‘synthesising 613 

unit’ construct of DEB theory allows multiple limiting substrates to be incorporated into food-614 

limitation models (Kooijman, 1998; Kooijman, Andersen & Kooi, 2004). 615 

  616 

(3) Parameter richness and accessibility 617 

An important practical consideration of models from any theory is the number of parameters they 618 

require and how easily they are obtained, especially as more processes are included. As 619 

summarised in Tables S1–S3, Pütter’s theory has one state variable, five core parameters and one 620 

auxiliary parameter (auxiliary parameters are not required for the theory but for linking to 621 

observations). For the processes covered in the present paper, the DEB theory has four state 622 

variables, ten core parameters and five auxiliary parameters whereas the OGM has four state 623 

variables, ten core parameters and three auxiliary parameters. The initial version of the OGM had 624 

fewer parameters than the original DEB model but, as the OGM has evolved to include the same 625 

number of processes, it has converged on the number of parameters and state variables in the 626 

DEB model, despite claims to the contrary (e.g. Brown et al., 2004b; Zuo et al., 2009; Marquet 627 

et al., 2014). The differences in parameter and variable counts among the different models are 628 

thus a simple reflection of the number of processes considered, with approximately one 629 

parameter per process. 630 

Regarding the availability of parameter estimates, the growth rate parameter of the Pütter model 631 

has been estimated for many species (Kooijman, 1988, p. 199; Froese & Pauly, 1994) but there 632 

are no accurate estimates of the core parameters. For the DEB theory, estimates of all core 633 

parameters are now available for over 2300 animal species (Marques et al., 2018). For the OGM, 634 



compilations of some core parameter estimates have been made for a number of taxa, with a 635 

focus on {𝑝̇𝑝𝑂𝑂}, [𝑝̇𝑝𝑀𝑀], [𝐸𝐸𝑔𝑔], [𝐸𝐸𝑐𝑐], 𝑓𝑓 and 𝐹𝐹 (West et al., 2001; Hou et al., 2008, 2011) but there are 636 

few estimates of reproduction parameters. 637 

 638 

(4) Mass balance and stoichiometry 639 

A formal metabolic theory should allow both mass and energy balances to be computed based on 640 

the interacting sub-processes. All the metabolic theories discussed here are closely tied to 641 

empirical patterns of respiration, which connects to metabolism via indirect calorimetry – i.e. the 642 

flows of oxygen, carbon dioxide, water and nitrogenous waste in relation to heat production. 643 

Moreover, the sum of all the mass flows of different molecules in the metabolism could in 644 

principle be related to the flows of individual elements, and so connect directly with the field of 645 

ecological stoichiometry (Sterner & Elser, 2002).  646 

Pütter’s model and the OGM are not stoichiometrically explicit, and mass conservation is 647 

considered only in terms of total biomass. Discussions of stoichiometry in relation to OGM-648 

based metabolic theory have emphasised empirical body-size scaling patterns in elemental 649 

turnover (Peters, 1983) and verbal arguments have been made about why this might be tied to the 650 

metabolic rate (Brown et al., 2004a; Allen & Gillooly, 2009). But such ideas have never been 651 

formalised other than through phenomenological equations invoking theoretically justified 652 

scaling exponents. However, the strategy in DEB theory of dealing with pools (reserve, 653 

structure) of constant chemical composition allows the mass to be balanced on the basis of 654 

chemical elements (Kooijman et al., 2004). It can thus make a direct mechanistic link to indirect 655 

calorimetry and to stoichiometry.  656 



The capacity of DEB theory explicitly to connect individual growth and metabolism to 657 

stoichiometry has been overlooked by many authors, including those calling for such a synthesis. 658 

For example, Allen & Gillooly (2009) reviewed the literature on the metabolic theory of ecology 659 

and ecological stoichiometry and remarked (p. 380) that the models and data they considered 660 

showed how “individual energetics and biomass stoichiometry are inextricably linked with each 661 

other”. They lamented that there was not a stronger connection between the two fields and 662 

discussed how this could be achieved. It is thus worth briefly explaining how a way of formally 663 

connecting energy, mass and elemental flows had already been proposed within DEB theory 664 

(Kooijman, 2000; Kooijman et al., 2004).  665 

First, the composition of the ‘organic’ 𝒪𝒪 aspect of the biomass, i.e. food 𝑋𝑋, structure 𝑉𝑉, reserve 666 

𝐸𝐸, reproduction buffer ER and ‘product’ 𝑃𝑃 (i.e. faeces for an animal), can be specified as a matrix 667 

in terms of C-moles 𝑛𝑛 (i.e. moles of molecules per moles of carbon) for a set of common 668 

elements, minimally carbon 𝐶𝐶, hydrogen 𝐻𝐻, oxygen 𝑂𝑂 and nitrogen 𝑁𝑁: 669 

𝒏𝒏𝓞𝓞 = �

𝑛𝑛𝐶𝐶𝐶𝐶 𝑛𝑛𝐶𝐶𝐶𝐶
𝑛𝑛𝐻𝐻𝐻𝐻 𝑛𝑛𝐻𝐻𝐻𝐻

𝑛𝑛𝐶𝐶𝐶𝐶 𝑛𝑛𝐶𝐶𝐶𝐶
𝑛𝑛𝐻𝐻𝐻𝐻 𝑛𝑛𝐻𝐻𝐻𝐻

𝑛𝑛𝑂𝑂𝑂𝑂 𝑛𝑛𝑂𝑂𝑂𝑂
𝑛𝑛𝑁𝑁𝑁𝑁 𝑛𝑛𝑁𝑁𝑁𝑁

𝑛𝑛𝑂𝑂𝑂𝑂 𝑛𝑛𝑂𝑂𝑂𝑂
𝑛𝑛𝑁𝑁𝑁𝑁 𝑛𝑛𝑁𝑁𝑁𝑁

�.       (17) 670 

The same can be done for the ‘mineral’ ℳ component of the biomass flows, i.e. 𝐶𝐶𝑂𝑂2, 𝐻𝐻2𝑂𝑂, 𝑂𝑂2 671 

and the organism-specific nitrogenous waste: 672 

𝒏𝒏𝓜𝓜 = �

𝑛𝑛𝐶𝐶𝐶𝐶 𝑛𝑛𝐶𝐶𝐶𝐶
𝑛𝑛𝐻𝐻𝐻𝐻 𝑛𝑛𝐻𝐻𝐻𝐻

𝑛𝑛𝐶𝐶𝐶𝐶 𝑛𝑛𝐶𝐶𝐶𝐶
𝑛𝑛𝐻𝐻𝐻𝐻 𝑛𝑛𝐻𝐻𝐻𝐻

𝑛𝑛𝑂𝑂𝑂𝑂 𝑛𝑛𝑂𝑂𝑂𝑂
𝑛𝑛𝑁𝑁𝑁𝑁 𝑛𝑛𝑁𝑁𝑁𝑁

𝑛𝑛𝑂𝑂𝑂𝑂 𝑛𝑛𝑂𝑂𝑂𝑂
𝑛𝑛𝑁𝑁𝑁𝑁 𝑛𝑛𝑁𝑁𝑁𝑁
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1 0
0 2

0 𝑛𝑛𝐶𝐶𝐶𝐶
0 𝑛𝑛𝐻𝐻𝐻𝐻

2 1
0 0

2 𝑛𝑛𝑂𝑂𝑂𝑂
0 𝑛𝑛𝑁𝑁𝑁𝑁

�.     (18)  673 

The complete mass balance can be summarised as follows, where 𝐽𝐽 ̇represents a mass flux 674 

(mol/time): 675 
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1 0
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0 𝑛𝑛𝐻𝐻𝐻𝐻
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2 𝑛𝑛𝑂𝑂𝑂𝑂
0 𝑛𝑛𝑁𝑁𝑁𝑁
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+ �

𝑛𝑛𝐶𝐶𝐶𝐶 𝑛𝑛𝐶𝐶𝐶𝐶
𝑛𝑛𝐻𝐻𝐻𝐻 𝑛𝑛𝐻𝐻𝐻𝐻

𝑛𝑛𝐶𝐶𝐶𝐶 𝑛𝑛𝐶𝐶𝐶𝐶
𝑛𝑛𝐻𝐻𝐻𝐻 𝑛𝑛𝐻𝐻𝐻𝐻

𝑛𝑛𝑂𝑂𝑂𝑂 𝑛𝑛𝑂𝑂𝑂𝑂
𝑛𝑛𝑁𝑁𝑁𝑁 𝑛𝑛𝑁𝑁𝑁𝑁

𝑛𝑛𝑂𝑂𝑂𝑂 𝑛𝑛𝑂𝑂𝑂𝑂
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�,  (19) 676 

where the fluxes of elements associated with both the mineral 𝑱̇𝑱𝓜𝓜 and organic 𝑱̇𝑱𝓞𝓞 fluxes must 677 

sum to zero according to the conservation law, i.e. 𝒏𝒏𝓜𝓜𝑱̇𝑱𝓜𝓜 + 𝒏𝒏𝓞𝓞𝑱̇𝑱𝓞𝓞 = 𝟎𝟎.  678 

 679 

The only remaining step is to connect the organic mass flows to the energy flows from 680 

assimilation 𝑝̇𝑝𝐴𝐴, growth 𝑝̇𝑝𝐺𝐺  and the other dissipative processes associated with maintenance, 681 

maturation and reproduction 𝑝̇𝑝𝐷𝐷  via the multiplication  682 
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�,      (20) 683 

where the η terms are mass/energy conversion parameters and 𝜇̅𝜇𝐸𝐸 is the chemical potential of 684 

reserve discussed earlier. Thus, if the mineral and organic stoichiometric composition is known 685 

and the organic fluxes are computed as above via the DEB model energetic fluxes associated 686 

with assimilation, growth and dissipation, the mineral fluxes can be computed as 687 

𝑱̇𝑱𝓜𝓜 =

⎝

⎜
⎛
𝐽𝐽𝐶̇𝐶
𝐽𝐽𝐻̇𝐻
𝐽𝐽𝑂̇𝑂
𝐽𝐽𝑁̇𝑁⎠

⎟
⎞

= 𝒏𝒏𝓜𝓜−𝟏𝟏𝒏𝒏𝓞𝓞𝑱̇𝑱𝓞𝓞.         (21)  688 

The total respiration rate in terms of 𝐶𝐶𝑂𝑂2 (i.e. 𝐽𝐽𝐶̇𝐶) or 𝑂𝑂2 (i.e. 𝐽𝐽𝑂̇𝑂) then emerges as a weighted sum 689 

of the assimilation, growth and dissipation processes, which will vary through time depending on 690 

ontogenetic and feeding state. So too does metabolic water 𝐽𝐽𝐻̇𝐻 and nitrogenous waste 𝐽𝐽𝑁̇𝑁 691 

production. Thus, in the DEB theory, the respiration rate is a secondary outcome, rather than a 692 



primary driver. In the OGM, by contrast, the empirically observed metabolic rate is a primary 693 

and given driver, linked directly to the anabolic flux.  694 

Although organisms show a striking degree of ‘stoichiometric invariance’ (Allen & Gillooly, 695 

2009), they may vary in their composition as a function of diet. In DEB theory, the reserve 696 

concept allows explicit consideration of fluctuating food (the ‘dynamic’ part of DEB theory) and 697 

its effect on body condition if the elemental compositions of reserve and structure differ and their 698 

relative amounts change. The introduction of multiple reserves in DEB theory together with the 699 

innovation of the ‘synthesizing unit’ dynamics (Kooijman, 1998) can also permit the 700 

consideration of multiple limiting nutrients ( Schouten, Vesk & Kearney, in press) and ultimately 701 

link to food chains and ecosystem dynamics (Nisbet et al., 2000; Kuijper et al., 2004; Kearney et 702 

al., 2010; Sperfeld et al., 2017). These features of current metabolic theory are not widely 703 

appreciated in mainstream research on ecological stoichiometry but have great potential to unify 704 

ecological studies of nutrition, stoichiometry and energetics (Sperfeld et al., 2017). Empirical 705 

tests of this aspect of DEB theory will be potent tests of its performance. These could include 706 

assessments of the expected allometric patterns the theory predicts for e.g. metabolic water and 707 

nitrogenous waste production under different circumstances (e.g. food limitation), as well as 708 

consistency checks against detailed stochiometric accounting during different phases of 709 

ontogenetic growth. 710 

 711 

(5) The scaling of metabolic rate 712 

An understanding of the scaling of metabolic rate with size, especially the hypoallometric 3/4 713 

power scaling pattern, has been a holy grail in comparative physiology for many years (Kleiber, 714 

1932). Pütter (1920) had already emphasised that his theory implied a 2/3 scaling relationship 715 



between basal metabolism and body size and that it would thus not apply to all species. von 716 

Bertalanffy went further and grouped animal growth responses into three distinct types according 717 

to whether respiration was: (i) surface proportional (e.g. fish, mammals): (ii) mass proportional 718 

(e.g. insects); and (iii) somewhere in between (e.g. snails) (von Bertalanffy, 1957). This is what 719 

led him to an allometrically generalised version of Pütter’s model (equation 5). 720 

The first major paper on DEB theory aimed to explain the scaling pattern of metabolic rate by 721 

distinguishing between ontogenetic and interspecific patterns of metabolic rate (Kooijman, 722 

1986a). The ontogenetic pattern was explained by the decreasing contribution of growth 723 

overhead costs with size, a mechanism subsequently used to explain half-power scaling of 724 

respiration in two-dimensional organisms (White et al., 2011). The interspecific scaling was 725 

attributed to a null expectation from the theory that species of larger size have proportionally 726 

more reserve. This emerges from the fact that the assimilation parameter is the only extensive 727 

parameter of the three that determine maximum length, i.e. 𝐿𝐿𝑚𝑚 =  𝜅𝜅{𝑝̇𝑝𝐴𝐴𝐴𝐴}
[𝑝̇𝑝𝑀𝑀]

; because maximum 728 

reserve density [𝐸𝐸𝑚𝑚] = {𝑝̇𝑝𝐴𝐴𝐴𝐴}
𝑣̇𝑣

 and 𝑣̇𝑣 is also an intensive parameter, it follows that [𝐸𝐸𝑚𝑚] 729 

increases with size if selection acts solely on size. The increased reserve density with length 730 

dilutes the metabolic rate per total biomass because reserve does not require maintenance. The 731 

departures from ‘von Bertalanffy’ growth were subsequently explained due to different forms of 732 

‘metabolic acceleration’ (Kooijman, 2014). Moreover, although the DEB and OGM predict 733 

curvature in the scaling of metabolic rate, it is in the wrong direction to what has been reported 734 

empirically in mammals (Kolokotrones et al., 2010). 735 

As already mentioned, the OGM argued that the scaling of the supply network (circulatory 736 

system) and its effect on the supply of non-storable metabolites (namely oxygen) was what 737 

caused respiration to scale hypoallometrically. Thus, both the DEB theory and the OGM (West et 738 



al., 1997, 2001) predicted 3/4 power scaling of metabolic rate but through different mechanisms. 739 

There is still great potential for empirical investigations into the different theoretical expectations 740 

of the two theories (Kearney & White, 2012). The theories may well be complementary in some 741 

respects (Maino et al., 2014) and, although network limitations may not always exist or occur in 742 

the manner expected (Aitkenhead et al., 2020), they may become limiting in certain situations 743 

such as low oxygen (Verberk & Bilton, 2011) and may be empirically tied to organismal shape 744 

changes (Hirst, Glazier & Atkinson, 2014).  745 

 746 

(6) Temperature–size rule 747 

Another macrometabolic pattern is for body size to decline as a plastic response to rearing 748 

temperature under benign conditions – the ‘Temperature–Size Rule’ (TSR) (Atkinson, 1994). 749 

Pütter (1920) noted that many species, including foraminifera, paramecium and fish, grow larger 750 

in the cold. This pattern typically is explained by proposing differential temperature sensitivity to 751 

the parameters in the growth equation. Pütter (1920) proposed that parameters interpreted as 752 

reaction coefficients should have an exponential response to temperature whereas diffusion 753 

constants should have a linear response. He regarded the nutrient supply parameter [𝑘̇𝑘𝑁𝑁] [see 754 

equation (4)] as a diffusion constant and the maintenance parameter [𝑘̇𝑘𝑀𝑀] [see equation (4)] as 755 

well as the catabolic rate parameter [𝑘̇𝑘𝐶𝐶] [see equation (2)] as reaction coefficients. Thus, the 756 

anabolic response should have a lower temperature sensitivity than the catabolic response. von 757 

Bertalanffy proposed Pütter’s hypothesis as his own (von Bertalanffy, 1960, p. 216). As a 758 

consequence, Pütter’s major role in the history of the temperature–size rule has gone unnoticed 759 

(but see Taylor, 1962).  760 



Pütter’s notion that anabolism and catabolism have different temperature sensitives has not 761 

survived empirical analysis (e.g. Angilletta, Steury & Sears, 2004). An alternative avenue of 762 

investigation, first proposed by van der Have and de Jong (1996) and then restated within the 763 

OGM (Zuo et al., 2011; Pettersen et al., 2019; but see also Forster, Hirst & Woodward, 2011), is 764 

to assume different temperature sensitivities for the rates of development and growth. This 765 

assumption was most recently shown to provide a powerful empirical explanation for the TSR 766 

rule in respect to offspring size (Pettersen et al., 2019). However, due to the incomplete 767 

incorporation of development into the OGM, as discussed above, these empirical findings do not 768 

help with the theoretical assessment of the OGM. 769 

The TSR has not been considered formally within the DEB theory and in this sense presents an 770 

important challenge. The thermal sensitivities of rates of different metabolic processes are not 771 

assumed to vary under benign body temperature ranges because of the regulatory complexities 772 

(and extra parameters) resulting from temperature dependence of yield coefficients in metabolic 773 

pathways (Kooijman, 2010). However, because the maturity state variable is conceptually 774 

information, rather than mass or energy, it could be expected to depart from other processes in its 775 

thermal sensitivity. Further experimental investigation of the TSR in a DEB context is a 776 

promising way to test fundamental aspects of the theory, especially in regard to the maturity 777 

concept. 778 

 779 

(7) Life history and evolution 780 

Life histories are the outcome of natural selection acting to optimise reproductive success within 781 

the constraints imposed by energy, mass and time budgets (Stearns, 1992; Roff, 2002). These 782 

constraints involve trade-offs necessitated by the laws of thermodynamics and the specific 783 



architecture of metabolism. Most life-history analyses have been done on the basis of 784 

optimisation arguments without an underlying metabolic framework (Stearns, 1992; e.g. 785 

Kozłowski, 1992; Charnov, 1993; Roff, 2002). However, the physical and chemical constraints 786 

on growth, maintenance, development and reproduction assumed in a metabolic theory should 787 

capture those life-history patterns that are driven primarily by constraints. In this way, the theory 788 

should provide null expectations for life-history patterns and covariations in much the same way 789 

that the physics of load bearing can predict constraints on limb shape in animals.  790 

Neither Pütter nor von Bertalanffy discussed life-history patterns in relation to metabolic theory 791 

but they have been considered in the DEB and OGM theories. DEB theory makes predictions of 792 

life-history constraints in part through the way that growth, maintenance, maturation and 793 

reproduction relate to ultimate size via the kappa rule for allocation. For example, all else being 794 

equal, a decrease in the value of 𝜅𝜅 itself would simultaneously decrease size, shorten 795 

development and maturation times and increase reproduction allocation, but the smaller overall 796 

size would result in a lower absolute reproductive output if size at birth remained constant. The 797 

other source of life-history constraints relates to the notion that extensive parameters (size-798 

dependent) covary as a null expectation while intensive parameters do not (Kooijman, 2010, p. 799 

300). For example, the extensive parameters {𝑝̇𝑝𝐴𝐴𝐴𝐴}, 𝐸𝐸𝐻𝐻𝑏𝑏  and 𝐸𝐸𝐻𝐻
𝑝𝑝 would be expected to covary so 800 

that size at birth, size at maturation and ultimate size also co-vary; selection on size at one of 801 

these three life stages would cause correlated responses in the other two unless there is 802 

differential selection acting across life stages. A general analysis of the evolution of life histories 803 

under DEB theory is provided by Lika & Kooijman (2003). Life-history evolution under the 804 

OGM has been studied by Charnov et al. (2001) in the context of optimality analyses and more 805 

recently by Burger, Hou & Brown (2019), but there has been no assessment of the OGM and 806 



life-history variation in the context of extensive and intensive parameters, and Burger et al. 807 

(2019) did not put their work into context with previous DEB work on life history. 808 

Life-history phenomena may be a potent testing ground for ideas in metabolic theory because 809 

they represent the outcome of the full network of interactions of metabolic processes. For 810 

example, Marshall & White (2019) pointed out that reproduction scales hyperallometrically in 811 

some species, and challenged existing growth theories on this basis. They emphasised the 812 

optimality argument of Kozłowski & Wiegert (1986), Kozłowski (1992) and Kozłowski & 813 

Teriokhin (1999) whereby declining rate of growth reflects a smooth, increasing investment in 814 

reproduction. Kozłowski, Konarzewski & Czarnoleski (2020) recently argued that selection on 815 

life history drives the patterns of scaling in metabolic rate. There is scope to explore such 816 

patterns and hypotheses more fully within the existing metabolic theories of growth (Kearney, 817 

2019). In particular, the DEB theory provides a unique perspective through its clear distinction 818 

between null expectations from a ‘physics only’ perspective with respect to scaling (or 819 

‘covariation’) rules, and because it adds more explicit internal constraints for optimality analyses 820 

via the kappa rule and the resultant connections between growth, development, reproduction and 821 

ultimate size.  822 

 823 

IV. CONCLUSIONS 824 

(1) Although whole-organism metabolic theory has a rich and productive history, it has 825 

progressed in a disorganised and disconnected manner. Some of the most fundamental concepts 826 

stem from Pütter’s original contribution 100 years ago (Fig. 1). However, the subsequent 827 

development of the field has been hampered by failures properly to acknowledge or account for 828 

existing ideas when proposing new ones. 829 



(2) This review aimed to consolidate our current understanding of metabolic theory so that the 830 

research program can develop in a more coordinated and coherent fashion. A summary of the 831 

major outcomes is provided in Table 2. The analysis has singled out two major mechanistic 832 

theories for individual growth that have emerged since Pütter: DEB theory and the OGM. A 833 

comparison of these models revealed that their similar mathematical structure for asymptotic 834 

growth is underlain by major conceptual differences in the interpretation of anabolism, 835 

catabolism, maintenance and assimilation. 836 

(3) Serious problems with the OGM arise from its conceptual interpretation of the supply term in 837 

the growth equation as anabolism, and the loss term as maintenance. This interpretation arises 838 

from the theory’s emphasis on networks limiting the supply of non-storable metabolites, and the 839 

notion that the empirically observed metabolic rate is a primary driver of growth as opposed to a 840 

secondary outcome. Thus, the OGM explicitly considers only the energy flows associated with 841 

metabolic work, i.e. overheads and maintenance, and not tissue content. This has prevented a 842 

clear connection to assimilation, reproduction and stoichiometry, and led to logical 843 

inconsistencies in the treatment of maintenance. Moreover, the OGM has not adequately 844 

incorporated development in embryos or juveniles. 845 

(4) By contrast, the DEB theory was shown to be a natural expansion upon Pütter’s original 846 

concepts. This is especially by making the ‘nutritive materials’ explicit with their own state 847 

variable, the ‘reserve’, which mediates between the assimilated food and the energy and matter 848 

used for growth. However, a major conceptual difference is the shift from an 849 

anabolism/catabolism framework to an assimilation/maintenance framework, where there are 850 

both anabolic and catabolic aspects to the processes of assimilation and growth. Because DEB 851 

theory is built on the assumption of stoichiometrically invariant pools of biomass, it interprets 852 



the empirically observed metabolic rate as a secondary outcome and permits stoichiometrically 853 

explicit mass balancing. Reproduction and development are incorporated by a partitioning of 854 

flow out of the reserve, with a fixed fraction going to growth and maintenance and the remainder 855 

allocated to maturation plus reproduction, preserving ‘von Bertalanffy’ growth trajectories in 856 

isomorphic organisms. Embryonic development is then captured simply through an absence of 857 

assimilation and an initial state of almost pure reserve. 858 

(5) A theory should be logically consistent, adequate to explain the desired range of phenomena, 859 

and coherent with existing related theory (including basic physics and chemistry). In this context, 860 

the inescapable conclusion from this review is that we currently have only one viable 861 

mechanistic theory of metabolism at present – the DEB theory. The founder of that theory has 862 

provocatively suggested there can be no simpler alternatives (Kooijman, 2020). Future research 863 

on this topic must therefore either prove this assertion wrong, or further explore how the DEB 864 

scheme may explain metabolic phenomena. If the former proves possible then research should 865 

focus on ways to test the alternative assumptions. Most tests of metabolic theory have used 866 

existing data that were not collected with the specific goal of testing the theoretical assumptions 867 

in convincing ways (Kearney & White, 2012). Yet, there is a very rich array of empirical 868 

phenomena to explore in the context of formal metabolic theory, especially in the area of 869 

stoichiometric and life-history phenomena. In this way we can progress towards the vision of a 870 

metabolic theory of ecology (Nisbet et al., 2000; Brown et al., 2004a). 871 
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Table 1. A general comparison of the core equations of the three major theoretical models of growth: the ‘von Bertalanffy’ model as 1095 

first developed by Pütter, the Dynamic Energy Budget (DEB) theory and the Ontogenetic Growth Model (OGM). Reproduction for 1096 

indeterminate growers is included in the equation for ultimate physical wet mass for the OGM. Note that lower and upper case ‘a’ 1097 

refer to anabolism and assimilation, respectively, lower and upper case ‘g’ refer to growth overhead costs and total growth costs, 1098 

respectively, and lower and upper case ‘m’ refer to maximum and maintenance, respectively. See Tables S1–S3 for definitions of 1099 

variables and parameters used in this table. In this review I follow the notation of Kooijman (2010), indicating rates by using a dot 1100 

above the symbol, volume-specific quantities with square brackets and surface area-specific (and network-specific) quantities with 1101 

curly brackets. 1102 

 Pütter (aka von Bertalanffy) DEB OGM 

Key publication(s) Pütter (1920) Kooijman (1986a, 2010) West et al. (2001); Hou et al. (2008, 2011) 

Key innovations surface to volume relation reserve dynamics, maturation supply network constraints 

Growth interpretation anabolism–catabolism assimilation–maintenance anabolism–maintenance 

Growth equation (no 

reproduction) 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 =  𝑓𝑓{𝑘̇𝑘𝑎𝑎𝑎𝑎}𝑉𝑉2/3 − �𝑘̇𝑘𝐶𝐶�𝑉𝑉 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 =  

𝑓𝑓{𝑝̇𝑝𝐴𝐴𝐴𝐴}𝑉𝑉2/3 − [𝑝̇𝑝𝑀𝑀]𝑉𝑉
[𝐸𝐸] + [𝐸𝐸𝐺𝐺]  

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 =

𝑓𝑓{𝑝̇𝑝𝑂𝑂}𝑊𝑊
3
4 − [𝑝̇𝑝𝑀𝑀]𝑊𝑊
�𝐸𝐸𝑔𝑔�

 

Scaled functional response  𝑓𝑓 =
[𝑘̇𝑘𝑁𝑁]

[𝑘̇𝑘𝑁𝑁] + [𝑘̇𝑘𝑀𝑀]
 𝑓𝑓 =

𝑋𝑋
𝑋𝑋 +𝐾𝐾 𝑓𝑓 =

𝑋𝑋
𝑋𝑋 +𝐾𝐾 

Growth incorporating 

reproduction/maturation in 

volume/mass 

– 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 =  

𝜅𝜅𝜅𝜅{𝑝̇𝑝𝐴𝐴𝐴𝐴}𝑉𝑉2/3 − [𝑝̇𝑝𝑀𝑀]𝑉𝑉
𝜅𝜅[𝐸𝐸] + [𝐸𝐸𝐺𝐺]  

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 =

𝑓𝑓{𝑝̇𝑝𝑂𝑂}𝑊𝑊3/4 − ([𝑝̇𝑝𝑀𝑀] + 𝜆𝜆/𝑡𝑡𝑠𝑠)𝑊𝑊
�𝐸𝐸𝑔𝑔�

 

Growth parameter (in 

length) 
𝑟̇𝑟𝐵𝐵 =

[𝑘̇𝑘𝐶𝐶]
3  𝑟̇𝑟𝐵𝐵 =

[𝑝̇𝑝𝑀𝑀]
3(𝜅𝜅[𝐸𝐸] + [𝐸𝐸𝐺𝐺]) 𝑟̇𝑟𝐵𝐵 =

[𝑝̇𝑝𝑀𝑀] + 𝜆𝜆/𝑡𝑡𝑠𝑠
4�𝐸𝐸𝑔𝑔�

 



Ultimate volumetric length 
𝐿𝐿∞ =  

𝑓𝑓{𝑘̇𝑘𝑎𝑎𝑎𝑎}
[𝑘̇𝑘𝐶𝐶]

 𝐿𝐿∞ =  
𝜅𝜅𝜅𝜅{𝑝̇𝑝𝐴𝐴𝐴𝐴}

[𝑝̇𝑝𝑀𝑀]  𝐿𝐿∞ =  �
𝑓𝑓{𝑝̇𝑝𝑂𝑂}

[𝑝̇𝑝𝑀𝑀] + 𝜆𝜆/𝑡𝑡𝑠𝑠
�
4/3

 

Ultimate physical wet mass 𝑊𝑊𝑤𝑤,∞ =  𝛿𝛿𝑊𝑊𝐿𝐿∞3 𝑊𝑊𝑤𝑤,∞ =  𝑑𝑑𝑉𝑉𝐿𝐿∞
3 + 𝐸𝐸𝑚𝑚

𝑤𝑤𝐸𝐸
𝜇̅𝜇𝐸𝐸

 𝑊𝑊𝑤𝑤,∞ =  �
𝑓𝑓{𝑝̇𝑝𝑂𝑂}

[𝑝̇𝑝𝑀𝑀] + 𝜆𝜆/𝑡𝑡𝑠𝑠
�
4

 

Physical length 𝐿𝐿𝑤𝑤 =
𝐿𝐿

𝛿𝛿𝑊𝑊
1/3 𝐿𝐿𝑤𝑤 =  

𝐿𝐿
𝛿𝛿𝐿𝐿

 𝐿𝐿𝑤𝑤 =
𝐿𝐿

𝛿𝛿𝑊𝑊
1/3 

Growth curve in volumetric 

length 
𝐿𝐿 =  𝐿𝐿∞ − (𝐿𝐿∞ − 𝐿𝐿0)𝑒𝑒−𝑟̇𝑟𝐵𝐵𝑡𝑡  𝐿𝐿 =  𝐿𝐿∞ − (𝐿𝐿∞ − 𝐿𝐿𝑏𝑏)𝑒𝑒−𝑟̇𝑟𝐵𝐵𝑡𝑡  

𝐿𝐿 =  �𝑊𝑊∞�1− (1 − �
𝑊𝑊𝑏𝑏

𝑊𝑊∞
�
1/4

)𝑒𝑒−𝑟̇𝑟𝐵𝐵𝑡𝑡�
4

3
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Table 2. Summary of the nature of mechanistic individual growth models including their conceptual basis, applicability, consistency 1106 

and major strengths and limitations. GOLT, Gill-Oxygen Limitation Theory; DEB, Dynamic Energy Budget Theory; OGM, 1107 

Ontogenetic Growth Model. For the DEB theory, surface area and volume refer to that of the ‘structure’ (see Section II.4). 1108 

  Pütter von Bertalanffy GOLT DEB OGM 

Core processes anabolism, catabolism anabolism, catabolism anabolism, catabolism 

assimilation, 
maintenance, maturation, 
growth, reproduction, 
ageing 

anabolism, maintenance 

Core internal 
constraints 

surface area-dependent 
assimilation and 
anabolism, volume-
dependent breakdown 

surface area-dependent 
assimilation and 
anabolism, volume-
dependent breakdown 

(gill) surface area-
dependent uptake, mass-
dependent breakdown 

surface area-dependent 
assimilation, surface area 
to volume ratio-
dependent reserve 
mobilisation, volume-
dependent maintenance 

distribution network-
dependent anabolic rate, 
mass-dependent 
maintenance 

Potential 
environmental 
forcing 

constant food, 
temperature 

constant food, 
temperature 

dissolved oxygen, 
temperature 

dynamic food (and other 
resources), temperature, 
food composition, water 

constant food, 
temperaure 

Role of reserves implicit, mechanistic 
role, static absent absent explicit state variable, 

dynamic static output 

Role of respiration implicit outcome, given implicit outcome, given explicit constraint, given 
explicit outcome (all core 
processes contribute), 
mechanistically derived 

explicit constraint, given 

Stoichiometry absent absent absent explicit absent 

Food limitation static absent absent dynamic static 
Reproduction absent absent absent explicit unresolved logical issues 
Development and 
embryonic growth absent absent absent explicit unresolved logical issues 



Major advance or 
strength conceptual pioneer wide uptake, conceptual 

expansion 
specific limiting 
mechanism 

integrated across whole 
life cycle, in dynamic 
environments, 
stoichiometrically 
explicit 

wide uptake, specific 
limiting mechanism 

Major limitations only applicable to growth 
under constant food 

only applicable to growth 
under constant food 

only relevant to water-
breathers 

level of abstraction of 
state variables, requires 
more targeted testing of 
realism 

only applicable to growth 
in mass under constant 
food 

 1109 
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 1111 

Fig. 1. Major developments in the theory of organismal growth and metabolism, starting with the 1112 

ideas of Pütter and leading to the development of Dynamic Energy Budget theory (DEB) on one 1113 

branch, and on the other via von Bertalanffy (vB) and Beverton and Holt (B&H) to the Gill 1114 

Oxygen and Limitation Tolerance hypothesis (GOLT), the Ontogenetic Growth Model (OGM) 1115 

and Sibly & Brown (S&B). Important conceptual innovations are indicated in orange. The 1116 

GOLT model was based on von Bertalanffy’s work but derives in fact from Pütter. V is volume 1117 

and W is mass. 1118 

  1119 

Pütter 1920

DEB 1986

vB 1934/38

GOLT 1979 & 2010

B&H 1957

DEB 1993

DEB 2000

DEB 2010

OGM 2001

OGM 2008

embryo
assimilation

reserve
structure

network 1/4 power 
argument
assimilation
storage

gill O2 1/3 power
argument

synthesising units
mass balance

development/maturation
non-isomorphs

mechanism for 
reserve dynamics

popularisation as vB

generalised exponents

anabolism ~ V2/3

catabolism ~ V

assimilation ~ V2/3

maintenance ~ V

S&B 2020
assimilation ~ W2/3

maintenance ~ W3/4

OGM 2011 development/maturation
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 1121 

Fig. 2. Growth outcomes of the Pütter, Dynamic Energy Budget (DEB) and Ontogenetic Growth 1122 

Model (OGM) for the rat, Rattus norvegicus: (A) Observed (red dots) and predicted (black line) 1123 

body length versus time. (B) Energy input (red) and energy sink (blue) versus body length for 1124 
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each model, representing anabolism/catabolism in the Pütter model, assimilation/maintenance in 1125 

the DEB model and anabolism/maintenance in the OGM. Energy to reproduction is also 1126 

indicated for the DEB model (pink line) and assimilated energy (grey line) for the OGM. (C) 1127 

Energy flow to growth versus body mass, with grey vertical broken lines showing where 1128 

Pütter/DEB models reach a maximum and black vertical broken lines where the OGM reaches a 1129 

maximum. (D) Observed (red dots) and predicted (black line) wet mass versus time. Although 1130 

each approach captures the growth pattern well under constant food intake, the underlying 1131 

theoretical bases are very different and vary substantially in their ability to capture the dynamics 1132 

of growth and reproduction across different stages of the life cycle and in variable environments. 1133 

The R code used to compute these curves is provided in Appendix S1. 1134 

  1135 



Table S1. The variables and parameters of Pütter’s growth model. 1136 

 Symbol Dimension Interpretation 

State variables 𝑉𝑉 =  𝐿𝐿3 volume total volume = cube of volumetric length 𝐿𝐿 ≈ total mass (assuming 1 cm3 = 1 g) 

Core parameters {𝑘̇𝑘𝑎𝑎𝑎𝑎} mass time–1 volume–2/3 maximum specific nutrient concentration for anabolism (build-up) rate 

 [𝑘̇𝑘𝐶𝐶] mass time–1 volume–1 specific catabolic rate 

 [𝑘̇𝑘𝑁𝑁] mass time–1 volume–1 specific nutrient diffusion coefficient 

 [𝑘̇𝑘𝑀𝑀] mass time–1 volume–1 specific basal metabolic rate 

 𝐿𝐿0 length initial volumetric length 

Compound 

parameters 
𝑓𝑓 =  

[𝑘̇𝑘𝑁𝑁]
[𝑘̇𝑘𝑁𝑁] + [𝑘̇𝑘𝑀𝑀]

 – nutrient concentration functional response 

 {𝑘̇𝑘𝑎𝑎} =  𝑓𝑓{𝑘̇𝑘𝑎𝑎𝑎𝑎} mass time–1 length–2 specific nutrient concentration-adjusted anabolic (build-up) rate 

 
𝐿𝐿∞ =  

𝑓𝑓{𝑘̇𝑘𝑎𝑎𝑎𝑎}
[𝑘̇𝑘𝐶𝐶]

 length ultimate volumetric length 

 𝑊𝑊𝑤𝑤,∞ =  𝛿𝛿𝑊𝑊𝐿𝐿∞3 mass ultimate wet mass 

 
𝑟̇𝑟𝐵𝐵 =

[𝑘̇𝑘𝐶𝐶]
3  mass time–1 length–3 relative (von Bertalanffy) growth rate coefficient 

 𝐿𝐿𝑤𝑤 =
𝐿𝐿

𝛿𝛿𝑊𝑊
1/3 length physical (measured) length 

Auxiliary 

parameters 
𝛿𝛿𝑊𝑊 volume1/3 mass–1 volumetric length to wet mass conversion coefficient 

 1137 
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Table S2. The variables and parameters of the standard model of the Dynamic Energy Budget theory. 1139 

 Symbol Dimension Interpretation 

State variables 𝑉𝑉 volume structural volume 

 [𝐸𝐸] energy volume–1 reserve density 

 𝐸𝐸𝐻𝐻 energy maturity 

 𝐸𝐸𝑅𝑅 energy reproduction buffer 

Forcing 

variables 
𝑋𝑋 energy volume–1 (or surface–1) food energy density per unit environmental volume or surface area 

Core parameters {𝑝̇𝑝𝐴𝐴𝐴𝐴} energy time–1 volume–2/3 maximum specific assimilation rate 

 [𝑝̇𝑝𝑀𝑀] energy time–1 length–3 specific maintenance rate 

 𝑣̇𝑣 volume1/3 time–1 energy conductance 

 
𝜅𝜅 – 

energy allocation parameter (growth/maintenance versus 

maturation/reproduction) 

 𝜅𝜅𝑅𝑅 – reproduction efficiency (determines overhead costs) 

 𝐸𝐸𝐻𝐻𝑏𝑏 energy threshold maturity at birth 

 𝐸𝐸𝐻𝐻
𝑝𝑝 energy threshold maturity at puberty 

 [𝐸𝐸𝐺𝐺] energy volume–1 specific cost (biomass content and overhead) of growth 

 𝑘̇𝑘𝐽𝐽 time–1 maturity maintenance rate coefficient 

 𝐾𝐾 energy volume–1 (or surface–1) food density half-saturation constant 



Compound 

parameters 
𝑓𝑓 =

𝑋𝑋
𝑋𝑋 +𝐾𝐾 – food functional response 

 {𝑝̇𝑝𝐴𝐴} =  𝑓𝑓{𝑝̇𝑝𝐴𝐴𝐴𝐴} energy time–1 volume–2/3 specific food-adjusted assimilation rate 

 [𝐸𝐸𝑚𝑚] =
{𝑝̇𝑝𝐴𝐴𝐴𝐴}
𝑣̇𝑣  energy volume–1 maximum reserve density 

 𝐿𝐿∞ =  
𝑓𝑓𝑓𝑓{𝑝̇𝑝𝑎𝑎𝑎𝑎}

[𝑝̇𝑝𝑀𝑀]  volume–1/3 ultimate structural length 

 𝑊𝑊𝑤𝑤,∞

=  𝑑𝑑𝑉𝑉𝐿𝐿∞
3 + 𝐸𝐸𝑚𝑚

𝑤𝑤𝐸𝐸
𝜇̅𝜇𝐸𝐸

 
mass ultimate wet mass 

 𝐿𝐿𝑤𝑤 =  
𝐿𝐿
𝛿𝛿𝐿𝐿

 length physical (measured) length 

 
𝑟̇𝑟 =

𝑓𝑓[𝑝̇𝑝𝐴𝐴𝐴𝐴] − [𝑝̇𝑝𝑀𝑀]
[𝐸𝐸] + [𝐸𝐸𝐺𝐺]  time–1 growth rate of structure 

 𝑟̇𝑟𝐵𝐵 =
[𝑝̇𝑝𝑀𝑀]

3(𝜅𝜅[𝐸𝐸] + [𝐸𝐸𝐺𝐺]) energy time–1 volume–1 relative (von Bertalanffy) growth rate coefficient 

 𝐿𝐿𝑏𝑏 length length at birth 

Auxiliary 

parameters 
𝛿𝛿𝐿𝐿 volume1/3 length–1 structural length (L) to physical length (Lw) conversion coefficient 

 𝑑𝑑𝑉𝑉 mass volume–1 structural density 

 𝐿𝐿𝑤𝑤 Length physical (measured) length 

 𝑤𝑤𝐸𝐸  weight mole–1 molecular mass of reserve 



 𝜇̅𝜇𝐸𝐸 energy mole–1 chemical potential of reserve 

 1140 
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Table S3. The variables and parameters of the Ontogenetic Growth Model. 1142 

 Symbol Dimension Interpretation 

State variables 𝑊𝑊 mass wet mass 

 𝐸𝐸 energy stored energy (total biomass content) 

 𝐸𝐸𝑅𝑅 energy energy to egg  

 𝜇𝜇′ – relative development 

Forcing variables X energy volume–1 (or surface–1) food energy density per unit environmental volume or surface area 

Core parameters {𝑝̇𝑝𝑂𝑂} energy time–1 mass–3/4 specific anabolic rate 

 [𝑝̇𝑝𝑀𝑀] energy time–1 mass–1  specific maintenance rate 

 [𝐸𝐸𝑔𝑔] energy mass–1 specific overhead cost of growth 

 [𝐸𝐸𝑐𝑐] energy mass–1 specific energy content of tissue 

 𝐹𝐹 – activity scope (multiplier on {𝑝̇𝑝𝑂𝑂} for determining assimilation) 

 𝜆𝜆 – energy allocation parameter (growth versus reproduction overheads) 

 𝑡𝑡𝑠𝑠 time time at spawning (at a reference temperature) 

 𝑡𝑡𝑑𝑑𝑑𝑑𝑑𝑑 time time at completion of development (at a reference temperature) 

 𝑊𝑊𝑏𝑏 mass mass at birth 

 K energy volume–1 (or surface–1)  

Compound 

parameters 
𝑓𝑓 =

𝑋𝑋
𝑋𝑋 +𝐾𝐾 – food restriction factor 



 
𝑊𝑊𝑤𝑤,∞ =  �

𝑓𝑓{𝑝̇𝑝𝑂𝑂}
[𝑝̇𝑝𝑀𝑀] + 𝜆𝜆/𝑡𝑡𝑠𝑠

�
4

 mass ultimate mass 

 
𝐿𝐿∞ =  �

𝑓𝑓{𝑝̇𝑝𝑂𝑂}
[𝑝̇𝑝𝑀𝑀] + 𝜆𝜆/𝑡𝑡𝑠𝑠

�
4/3

 length ultimate volumetric length 

 𝑟̇𝑟𝐵𝐵 =
[𝑝̇𝑝𝑀𝑀] + 𝜆𝜆/𝑡𝑡𝑠𝑠

4�𝐸𝐸𝑔𝑔�
 energy time–1 mass–1 relative (von Bertalanffy) growth rate coefficient 

 𝑎𝑎 =
{𝑝̇𝑝𝑂𝑂}
[𝐸𝐸𝑐𝑐] energy time–1 mass–3/4 anabolic coefficient 

 𝑏𝑏 =
[𝑝̇𝑝𝑀𝑀]
�𝐸𝐸𝑔𝑔�

 energy time–1 mass–1 maintenance coefficient 

Auxiliary 

parameters 
𝛿𝛿𝑊𝑊 volume1/3 mass–1 volumetric length to wet mass conversion coefficient 

 𝐿𝐿𝑊𝑊 length physical (measured) length 

 𝑑𝑑𝑉𝑉 mass volume–1 density of total body 

 1143 
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