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A NEW GENERALISATION OF MACDONALD POLYNOMIALS

ALEXANDR GARBALI, JAN DE GIER AND MICHAEL WHEELER

ABSTRACT. We introduce a new family of symmetric multivariate polynomials, whose coefficients
are meromorphic functions of two parameters (g,t) and polynomial in a further two parameters
(u,v). We evaluate these polynomials explicitly as a matrix product. At u = v = 0 they reduce
to Macdonald polynomials, while at ¢ = 0, u = v = s they recover a family of inhomogeneous
symmetric functions originally introduced by Borodin.

1. INTRODUCTION

1.1. Background. The Macdonald polynomials [26, 27], denoted Py(z1,...,Zn;q,t), are a cele-
brated basis for the ring of symmetric functions in n variables. They simultaneously generalise
many important classes of symmetric functions, including the Schur, Hall-Littlewood and Jack
polynomials, which can all be recovered by appropriate specialisations of the parameters (g,t).
Macdonald polynomials have been deeply influential in a variety of disciplines of mathematics, from
the representation theory of affine Hecke algebras [9, 10, 30], to Hilbert schemes [17], to integrable
stochastic systems [5]. Despite the generality of Macdonald polynomials, they are themselves special
cases of some even more general classes. These include the interpolation and Koornwinder poly-
nomials, which are both examples of inhomogeneous symmetric functions that include Macdonald
polynomials at their leading degree.

The purpose of this paper is to introduce a new generalisation of Macdonald polynomials, denoted
Py(z1,---,%n;q,t;u,v), which have polynomial dependence on two additional parameters u and
v. Like the examples listed above, these functions are inhomogeneous symmetric polynomials in
(z1,.-.,2n), but the Macdonald polynomials do not occur as their top degree — rather, they are
embedded in Py(z1,...,Zn;q,t;u,v) as the constant term in (u,v). The key characteristic of these
polynomials is that they not only generalise Macdonald polynomials, they are also generalisations
of a family of inhomogeneous symmetric functions Fy(z1,...,Zn;t;s) recently studied by Borodin
and Petrov [4, 6]. Reducing our family of polynomials to known cases can be summarised by the
following commutative diagram:

Py\(z1,...,Zn;q, t;u,v)

u=v=V \q=0,u=v=s

P)\(ZI:]_,...,.’L'n;q,t) F,\(il;'l,...,.’l:n;t;S)
Macdonald Borodin—Petrov
g= N / !
Py(z1,...,Zn;t)

Hall-Littlewood
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- We expect that the family of polynomials Py(z1,...,Zn;q,t;u,v) will prove to be important for

several reasons: 1. Both Py(x1,...,Zn; ¢, t) and, more recently, F\(z1,...,2n;t; s) have been shown
to be vital in integrable probability. Macdonald processes include a wide range of particle-hopping
processes as their specialisations [5], and it appears that the stochastic vertex model used in the
construction of Fy(z1,...,xn;t;s) plays a similarly powerful role, containing a number of sub-
processes as special cases [6]. The sheer existence of Py(z1,...,Tn;q,t;u,v) suggests that these
two, somewhat complementary pictures could be unified. 2. Given that both Py(z1,...,Zn;q,t)
and F\(x1,...,Zn;t; 8) enjoy a host of special properties, such as Cauchy identities, branching rules
and Pieri identities, it is natural to expect that their mutual generalisation, Py(z1,...,Zn;q, t;u, v),
will too. 3. The functions Fy(z1,...,Zx;t; s) contain the (Grassmannian) Grothendieck polynomials
as a special case [3]. This means that Py\(z1,...,Zn;q,t;u,v) links Macdonald polynomials with
polynomials that have K-theoretic content, going beyond the known reduction to cohomology (the
reduction to Schur polynomials).

Unlike the traditional approach in Macdonald theory, in which Macdonald polynomials are de-
fined by a set of properties and then proven to exist, we shall instead write down an explicit
formula for Py(21,...,2Zn;q,t;u,v). Our methodology is essentially the same as in [8], where a
matrix product formula was obtained for the Macdonald polynomials. A key ingredient of this
approach is to construct a non-symmetric family of polynomials fy(z1,...,2Zn;q,t;u,v), where u
denotes a composition, which can be summed appropriately to produce the symmetric polynomial
Py(z1,...,%n;¢, t;u,v). In this sense, the family f,(z1,...,2n:¢,t;u,v) plays an analogous role to
non-symmetric Macdonald polynomials [10, 30], although it should be emphasised that they are not
the same as the latter, even at the special value u = v = 0 of the parameters. Below,we outline the
basics of our construction. :

1.2. Layout of the paper. In Section 2,we study polynomial representations of the type A,_;
Hecke algebra and families of polynomials f,u which satisfy local quantum Knizhnik-Zamolodchikov
exchange relations. We show that/by summing p over all permutations of a partition A, one obtains
a symmetric function Py. Section 3 examines, in a general setting, how it is possible to construct
such families f,, as matrix products. As we show, the basic requirements for the construction are 1.
A suitable solution of the (higher-rank) Yang-Baxter algebra, and 2. A suitable linear form which
maps elements of the algebra to the space of polynomials in n variables.

In Section 4 we present a new solution of the Yang—Baxter algebra of generic rank r, in terms of
the algebra of t-deformed bosons. We construct an L-matrix that satisfies the Yang-Baxter algebra,
starting from a solution of Jimbo [20] and applying an algebra homomorphism (the details are de-
ferred to Section 8). In Section 5, we are then able to apply the general theory developed at the start
of the paper to the specific solution of the Yang-Baxter algebra obtained in Section 4. This leads
us to explicit matrix product formulae for both f,(z1,...,Zn;q,t;u,v) and P\(z1,...,%s;q,t;u,v),
which are the main results of the paper. Section 6 proves the reduction to Macdonald polynomials
at u = v = 0, which is almost immediate by virtue of the results in [8|. Section 7 proves the (much
more challenging) reduction to the Borodin—Petrov polynomials at ¢ =0, u = v = s.

1.3. Notation and conventions. A composition 1 = (i1, ..., fin) is an n-tuple of non-negative
integers, and p; is its " part. A partition A = (\1,...,\,) is an n-tuple of non-negative integers,
which satisfy A\; > --- > A, = 0. Given a composition u, we let ™ denote the unique partition,

which can be obtained by reordering the parts of x. Throughout this paper A will always refer to’
a partition and p to a composition. Furthermore, the largest part Ay of A will be denoted by r, for
rank:

==l (1)
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2. FAMILIES OF NON-SYMMETRIC POLYNOMIALS AND QUANTUM KNIZHNIK-ZAMOLODCHIKOV
EXCHANGE RELATIONS

Following [8, 22|, we study families of non-symmetric polynomials which satisfy local quantum
Knizhnik—Zamolodchikov exchange relations. The exchange relations are expressed via the action
of generators of the Hecke algebra. Our aim here is to discuss such families at a completely general
level, as we will only specialise to a particular non-symmetric family later on in the paper.

2.1. Polynomial representation of Hecke algebra. We consider polynomial representations of
the Hecke algebra of type A,_;, with generators T; given by

t PR 3
Ti=t- "%l _g), 1<i<n—1, (2)
Ti — Tit1
where o; is the transposition operator with action (o;p)(..., %, Zi+1,...) = (..., Zit1,Li,...) OD
any polynomial p(zy,...,%,). The operators (2) provide a faithful representation of the Hecke
algebra:

TG-t)(Ti+1) =0, TLinTi=TnTLhy, LI =TT, [i-j> 1 )

2.2. Non-symmetric polynomials and quantum Knizhnik—Zamolodchikov equations. Con-
sider for each partition A a family of polynomials indexed by compositions that are permutations of
A. We denote this family by {f,(z1,...,2n)},+=) and assume that it satisfies the following relations
with respect to the generators (2) of the Hecke algebra:

Tifpryiin @15+ 3 Tn) = Fuptsigr it (T1r - -+ s Tn)s when p; > piq1, (4)

T'ifpl,...,un (271, v ’-'L'n) = tfpl,...,m+1,ui,...,pn (-’171, cee ,(Dn), when Hi = Hit1. (5)
These two relations play quite different roles. Equation (4) expresses one member of the family in
terms of another, where the two members are related by a simple transposition of their indexing
composition. On the other hand, (5) dictates that f, is symmetric in (z;, Zi41) if g = pig1.

The relations (4)—(5) do not uniquely determine the family {f,(x1,...,Zn)},+=1. Indeed, by
choosing fy to be any polynomial which is symmetric in (z;, z;41) if A; = Aj4+1, then acting with
(4) to build up the entire family, one finds that (4)-(5) hold generally. By supplementing these
relations by appropriate boundary conditions (such as, for example, a cyclic property [8, 22]) the
family can be made unique, but this will not concern us in the present work.

2.3. Symmetric polynomials. Motivated by the theory of non-symmetric Macdonald polynomi-
als, we now consider polynomials Py(z1,...,Z,) which are obtained by summing over all f,, such
that u lies in the Weyl orbit of the partition A:

Pr(1,.-1@n) = D ful@1,---,Tn).
pipt=A
By virtue of the exchange relations (4)—(5), we can easily deduce the following property of Pj.
Lemma 1. The polynomial Py(zy,...,z,) is symmetric in (z1,...,Z,).
Proof. We need to show that T; P, = tP) for all i = 1,...,n — 1, since this would imply symmetry
in (z1,...,Z,). Acting with T; on (4) we find that, for p; < pit1,
Tif...,ui,ﬂin,m = nzf...,mg,m,... = (t + (t - l)Tt) f--»,#i+1»ﬂi:-~~ = tf---,m+1,m,--- + (t - 1)f...,m,m+1»-~-'
We thus find
LY fu= Y. (foutE-D)+ Y. tht Y. fow
m

Mepi<pit1 M= JII g S AS |
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We have thus shown that if we have a family {fu(21,...,2Zs)},+= of non-symmetric polyno-
mials obeying (4)-(5), then the polynomial Py, obtained by summing over all members of the
family, is symmetric. This result is the foundation which allows us to construct the new family
Py\(z1,---,Zn;q, tu,v).

3. MATRIX PRODUCT EXPRESSION

In this section we explain a general construction to obtain explicit families of polynomials that
satisfy the relations (4)—(5), using solutions of the Yang-Baxter algebra.

3.1. Matrix product expression for f, and Zamolodchikov—Faddeev algebra. We begin
by writing explicitly the higher-rank R-matrices which, in Jimbo’s classification [21], are solutions

of the U,z (AP)) Yang-Baxter equation®:

r
R(z) =) E;; ® Ei;
=0
+ Y (5+(2)Ei; ® Ejj + b_(2)Ej; ® Ei; + ¢4 (2)Ei;j ® Eji + c_(2)E;j; ® By 5), (6)
o<i<ysr
where E; ; is the matrix with a 1 at position (4, j) and zeros everywhere else, and the matrix entries
are given by

1-2 =t(1—z)

1-t¢ 1-1t)z
bh(e) =1l b= - (

c+(z) = 1-t2’ c-(2) = 11—tz

The R-matrix (6) is in fact twisted, in the sense of Drinfeld twists, in such a way that all its columns
sum to 1. It therefore generalises the stochastic six-vertex model to arbitrary rank. We define from
this the R-matrix, given by R(z) = PR(z), where P is the (r 4+ 1)2 x (r + 1)? permutation matrix.

Now assume that there exist linear operators A;(z) (¢ =0,1,...,7) acting on some vector space
F, a linear form p : End(F) — C[zi,...,zy], and define for all compositions p with largest part r
the polynomial

fu(@1s- o @n) 3= p (A (@1) - - App (20)) - (7)

It is easy to show [8, 12] that such a family {f,},+-, satisfies (4)-(5), provided that the operators
A;(z) obey the Zamolodchikov—Faddeev (ZF) algebra. [15, 40]:

R(z/y) - A=) @ A@)] = [Ay) ® A(=)], (8)

where R(z/y) is the R-matrix based on U,/» (A,(-l)), and A(z) is an (r 4+ 1)-dimensional operator
valued column vector given by

A(z) = (Ao(z), ..., Ar(z))T.

1We refrain from using the parameter g when writing the quantum group, since this would create confusion with
the ¢ parameter in Macdonald polynomials.
4
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3.2. Solutions of the ZF algebra from the Yang—Baxter algebra. One way to obtain a set
of operators A;(z) that satisfy the ZF relations (8) is to inherit them from a solution to the Yang-
Baxter algebra. The Yang-Baxter algebra is the set of bilinear relations which are encoded by the
equation

R(z/y) - [L(z) ® L(y)] = [L(y) ® L(2)] - R(z/y), (9)

where L(z) is an (r + 1) x (r + 1) matrix, whose entries are operators acting on F. More generally,
the Yang-Baxter algebra also applies to any product of L-matrices which satisfy (9). For example,
if we construct the rank-r monodromy matrix

T(z) = LY(z)--- L") (z), (10)

where each L-matrix L) (x) satisfies (9) and acts on a separate copy F®) of the Hilbert space, then
it immediately follows that

R(z/y) - [T(2) @ T(y)] = [T(y) ® T(z)] - R(z/y)- (11)
Solutions of the ZF algebra may then be obtained as follows:

Proposition 1. If A(z) is identified with any column of T'(z) as defined in (10), then (8) holds.

Remark 1. The R-matrix commutes with the tensor product of matrices D ® D, where D =
diag(dp, ds,...,dr) is an arbitrary (r + 1) x (r + 1) constant diagonal matrix. This means that,
given a solution L(z) of (9), one can always produce another solution L?(x) := DL(z). Assuming
that a different diagonal matrix D) is used in each L-matrix in (10), this allows a set of (r 4 1)r
parameters d? ), 0<i< 7, 1< j<r, to be introduced into T'(z). This in turn would be expected
to endow the polynomials (7) with dependence on such a set of parameters.

We will not consider such gauge transformations in this work, since for the particular L-matrix
and linear form p that we use, the dependence on parameters dz(’ ) introduced in this way would
simply factorise out of the polynomials f, as an overall multiplicative term.

4. L-MATRIX

In this section we present a new solution to the Yang-Baxter algebra (9). To formulate this
solution we first introduce ¢-deformed bosonic operators.

4.1. The algebra of t-bosons. The t-boson algebra B = (¢, ¢1, k) is generated by three operators
{#,#', k}, that satisfy the relations

ok =tkg, tolk=ke', Ppf=1-tk, olp=1-kF (12)

The latter two relations imply that ¢ and ¢! satisfy ¢ppt — tél¢ = 1 —¢. Define vector spaces
F = Span{|m)}>X_, and F* = Span{(m|}$_,, which will be the representation spaces for the
t-boson algebra. We use the Fock and dual Fock representation of the algebra (12):

plm)=(1-t")|m-1), ¢llm)=Im+1), kim)=t"|m), (13)
(mlg=Q1-t")(m+1], (ml¢'=(m-1, (mlk=t"(m|. (14)

4.2. Some important remarks on notation. It will be necessary to use 2 commuting copies of
the t-boson algebra (12). We shall distinguish these copies by the use of subscripts and superscripts
and write them as B? ) = (d}? ), qSI(J ), kg’ )), where 1 < 4,7 < r. The operators in two algebras B,(,b)
and B‘(;d) mutually commute, unless a = ¢ and b = d, in which case the two algebras are identically
equivalent.

We use the superscripts j to indicate bosons which occur in the j** L-matrix in the product (10),

while ¢ labels different families of bosons within one L-matrix. In an L-matrix of rank r there will
5
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be r different families, and accordingly 1 < ¢ < . When it is not important to specify from which
L-matrix the bosons come, we will omit the superscript to lighten the notation.

4.3. A higher rank solution of the intertwining equation. One of the key results in this
paper is a new solution of the Yang-Baxter algebra (9) in terms of the algebra (12) of ¢-bosons. As
we discuss below, it generalises some known solutions of (9) to arbitrary values of the parameters
u, v and of the rank r. We define an L-matrix as follows:

T T r
L00=1—ua:Hkl, Loj= (1—uka[) d)j, for ].SjST, Lio(.’l:)=m(]:[ kt) ¢I,

=1 =1 I=i41
(@ — vk:) [Iimisa Fos i=j
Lij(z) ={ 2 ([Tjmis1 kt) 6105, i>j for 1<i<n 1<j<n
o ([limiss k) gles, i<

(15)
where, as mentioned above, subscripts designate r different families of bosons.

Remark 2. Although we parametrise the L-matrix (15) by two parameters u and v, it turns out the
dependence on one of these parameters is essentially redundant. For example, one can perform the
rescaling z — z/u and v — v/u, after which u appears only as a common factor of 1/u in each row
i > 1. Such dependence is trivial, since it can be administered by a diagonal gauge transformation
D = diag(1,1/u,...,1/u), of the type discussed in Remark 1. Similarly, the rescaling z — zv and
u + u/v reduces the dependence on v to a common factor of v in each row ¢ > 1. This dependence
can in turn be produced by the action of D = diag(1,v,...,v). Since there is no distinguished
choice of which parameter to eliminate we shall keep both. This also allows us to take various limits
of the parameters without having to perform rescalings.

Remark 3. For » = 1 and u = —1 this L-matrix was introduced in the context of integrable
stochastic models by Povolotsky [32], see also Corwin and Petrov [11] for a generalisation to higher
spin versions. The 7 = 1, v = 0 case appeared in the work of Sasamoto and Wadati [35]. The r =1
case also essentially appears in the explicit formulas of the R-matrix and the @-operators in the
work of Mangazeev [28, 29)].

For u = v = 0 the model reduces to the r-species t-boson process appearing in the works of
Prolhac et al. [33] and Arita et al. [1] in the context of matrix product states for the asymmetric
exclusion process, and in the works of Inoue et al. [19], Takeyama [36, 37|, and Tsuboi [38]. In
particular it reduces to the L-matrix used in [8] to construct a matrix product expression for
Macdonald polynomials.

A characterisation of a rank-r and higher spin R-matrix is presented in the recent work of Kuniba
et al. [25]. Our L-matrix can be directly related to this work; see Appendix A of [25] and Section
6 and 7 of [7].

Theorem 1. The L-matrix defined in (15) satisfies the Yang-Baxter algebra (9).

Proof. The proof of Theorem 1 will be deferred to Section 8 in order to not interrupt the flow of
the paper. O
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Example 1. In the case r = 1, the R and L-matrices are given by

1 0{0 O
= v | 0 c_|[b_ O _[(1-zuk (1- uvk)q&)
R(z) = 0 by|cy 0 )° L(z) = ( zo!t z—vk /'
0 0]0 1

where we have omitted the bosonic subscripts, given that only one family is present. In this case
the R-matrix is that of the stochastic six-vertex model, and the L-matrix has appeared in various
forms in the literature [32, 28, 29, 4, 11, 6]. Here we adopt an operatorial version of the entries and
include two deformation parameters u,v (for example, one sets © = v = s to recover the L-matrix
of [4, 6]).

Example 2. In the case r = 2, the R and L-matrices are given by

/100000000\
0 cc 0(bo0 0[O0 0 O
0 0 c |0 0 0fb 0 0
0 b Ofcy O O[O O O
Rzy=10 0 oflo 1 0l0 0 o0},
00 0[0 0 c O b 0
0 0 5,/{0 0 O|cy 0 O
0 0 0[{0 0 b:|0 ¢y O
\0 0 0|0 0 0|0 0 1)

zkag! (z — vk1)ks vka¢] b

1 —zukiky (1 —wvkike)dy (1 — uvkike)de
L(z) = ( )
a:qb; m¢;¢1 x — vko

5. A NEW CLASS OF SYMMETRIC POLYNOMIALS

In Section 3.1 we gave a general construction of families of polynomials {f,},+=x which obey
(4)-(5), given a solution L(z) of the Yang-Baxter algebra. We now apply this formalism to a
specific example — namely, to the L-matrices studied in Section 4, in order to obtain our new classes
of polynomials f, and P, as explicit matrix products.

5.1. Matrix product expression for f,. Define, as in equation (10), a monodromy matrix T'(z)
whose constituent L-matrices are given by (15). From this, construct a solution to the ZF algebra
(8), by extracting the first column of T'(z):

A(z) = (Ao(z), A1 (), ..., Ar(2))T = (Too(z), Tro(), . . ., Tro(z))T. (16)
For any composition p with largest part » = uf we then define
f[l(xl’ eIy q, t; u, U) =p (Aﬂl (xl) toT A#n (xn)S) ’ (17)

where the linear form p will be given below. Here we work in slightly greater generality than in
Section 3.1, and aside from parameters ¢, u, v which enter via L(z), we also allow for an additional
parameter ¢ which is incorporated via a twist matrix S:

O]
T
S=85M...50 S50 = H k§j_i)a where t* =q. (18)
j=i+l
By their very construction, the f, obey the quantum Knizhnik-Zamolodchikov equations (4)—(5).
7
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It remains to specify the linear form. We let |m)£j ) denote a basis state in the Fock space
corresponding to Bi(J ) = (¢£J ) ,¢>:-f(] ),k? )). We use abbreviated notation for a sum over all basis
states: |0)§‘7 ) = S oo |m)z(-1 ). The linear form p is defined in the following way:

(1) Trace over the Fock representation of all algebras ng ) such that i > j.
(2) Sandwich between vacuum states (OISJ ) and |O)f‘7 ) for all algebras ng ) such that i < j.
(3) Sandwich between the states (0|§i) and |0)§i) for all algebras Bz(i).

More succinctly, the form can be written as

p (Am (551) cee A”n (:Z:n)S) =

(H <01) 01. 1y 0 I(i) ‘Tr(z) r]) [Altl ((D]_) A#n (-'L'n S] (

i=1

M’OMO'M)

i=1

Although the B?) algebras seemingly bring considerable complication to (19), it is not hard to show

that only a single term in the sum ) .-, (m|£i) survives — namely, the term m = m;(x), where
m;(u) is the part-multiplicity function:

my(p) = #{k : px = i}.
This allows us to write, equivalently,

P (Am (z1)--- Ann (xn)S) =

(H O, 051, ma(u)|® fﬁg?__,,,,) (441 @1) -+ A (@0)S] (H 01, .. “’) . (20)
i=1

Although (20) is manifestly simpler, (19) is preferable as the definition of the linear form p, since it
does not depend on p.

At this stage, it is by no means obvious that this particular linear form is the best choice available.
The main reason that we adopt it is that it succeeds — it ultimately leads to a family of polynomials
which simultaneously generalise both those of Macdonald and those of Borodin-Petrov — a fact that
will be borne out below. For now, let us only remark that the most natural choice for p, which
would be to trace all r2 bosons that appear, causes fu to vanish for all non-zero compositions p.

5.2. Matrix product expression for P). Following the procedure in Section 2.3, we now obtain
symmetric polynomials Py by summing over all u which are permutations of u* = A. Summing
over (20), we obtain

P)\(xl)"'axn;Q)t;uav) =
r

(g, 1) x (H(01, 02, mi(N)| O Tx) )[A(xl) - A(n) s](

i=1

|01, .. Oi)(i)) (21)

i=1
where we have defined

Az) =) Aj(=),
3=0

and (g, t) is an introduced overall normalisation to be given in the next subsection. It is apparent

that the product A(z;)---A(z,) gives rise to terms A, (z1)--- Ay, (zn) for all compositions p

contained in the n x r rectangle, and not just those for which u* = A. However, any u for which

ut # X gives a vanishing contribution to (21). Note that Py written in the form (21) is manifestly
8



WO~ U WN =

symmetric because [A(z), A(y)] = 0, which follows from left-multiplying the ZF equation (8) with
the row vector (1,1,...,1) and the fact that the columns of the R-matrix add up to 1.

Equation (21) is the main result of the paper. It is a completely explicit formula for the new
family of symmetric polynomials Py(z1,...,Zn;q,t;u,v), whose specialisations will be explored in
the coming sections.

5.3. Specifying the normalisation. Equation (21) contains a normalising factor that we can
freely choose, without spoiling the symmetry in (zy,...,z,). Bearing in mind that we will subse-
quently specialise (21) to Macdonald polynomials, we define

Q@)= [[ (1-a"%),
1<i<j<r
where X denotes the conjugate partition of A:
X=X =mi(d), Vixl

This is the same normalisation as was used in [8].

5.4. A polynomial example. We look at an explicit example for rank 2. Using (10) we construct
a solution of the ZF algebra by taking the first column of the monodromy matrix defined by

T(z) = LW(z) - L),
where each L-matrix is a copy of the 3 x 3 rank 2 matrix of Example 2. We thus have

Ao(2) 1—gukiky (1—uwvkika)gy (1 — uvkike)da\ D /1 — zukiks\ @
A(z) = (Al () ) = ( koo (x — vky)ko vkadl o ) ( zkoo! ) ,
Ax(z) “’qg x¢£¢1 z — vks :1:¢£
(22)

where we only wrote the first column of L(?)(x). We now explain the matrix product form for
p=(2,1), with my(u) = ma(p) = 1.

There are four boson families B? ) with i,j € {1,2}. According to the prescription (20), the two
diagonal families B should be sandwiched between (m;(u)| and |0), which for both i = 1 and ¢ = 2
results in sandwiching between (1| and |0). The family B?) is sandwiched between (0| and |0) and
the fourth family Bél) will be traced over. Hence we define

far(z1, 223 q, 5w, v) == p(Az(z1)A1(22)S)

(1)
= (11D (01, 121 Tx [Ax(@1)As(z)S] | 10 (01,02 (23)

Note now that (22) only contains the creation operator ¢1(2) of B§2) and not the annihilation
operator ¢§2). As Bgz) is sandwiched between (0| and |0), the nonzero remaining terms are those
not containing ¢J{(2). In other words, we can set ¢I(2) =0 and kf") =1in (22).

To ease notation we call the diagonal families Bgi) = (ai,a:!, ki) and drop the indices from the

(1) )
2

remaining family B;", and find after projecting out the family Bgz that we have

Far(e1,22: 0, ,0) = (L] (1ol Trg [Aa(z1)A1(22)S] 101)102), (24)

where A;(x) are determined from
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fio(a:) 1—zusik (1 — uvkik)o _
fil(a:)) = ( zkal vkal ) . (1 112;“’\',2)
Ao(z) 24! z — vk i
(1 — zur1k)(1 — zure) + z(1 — uv.‘clk)gba;
= zkal (1 — zury + voal) - (25)
z(pt(1 — zuke) + (z — vk)ag)

The projection of the a bosons in (24) implies that we only need to collect terms in the product

Ag(z1)A;(z2) that are proportional to a){ag, as other terms project to zero in the bra-ket between

(11] (12| and |0;) [02). The surviving terms are
z172 Try [(va&*(l - mlung)kalqﬁag + (z1 — vk)agkal(l — Touks))k?],

where we also used the definition (18) of the twist S.

The next step is to order both a! bosons to the left and pair up ¢t and ¢. This will result in
some additional factors of ¢ due to commutation relations between af and &, and between ¢ and k.
For this example, after projecting out the a' bosons we arrive at

fa(z1, z25 9, tu,v) = 2122 Trg [('ut_1¢1¢k(1 — zyut) + (21 — vk)k(1 — :vzu))k“]

= 212 Try [(vt™1(1 — k)k(1 — zrut) + (z1 — vk)k(1 — zau))k®]

= 2122 Trg [t 711 — k — th)k'™™ + z1(1 — uwo(1 — k))& + Touvk®™® — zizauk .
The traces can now be simply evaluated because Try k8 = (1 — t#)71, resulting in

fa(z1, T259,tu,v) =

v(l—q) 1 — gt — uvgt(l — ¢) uY u
e ( A-g(-a®) (-gl-¢® 11 @® 1-a¢"") (26)

Likewise we compute

fiz(z1,72; g, tu,v) = p(A1(z1)A2(x2)S),
where again we need to consider only the terms proportional to ¢f(1)¢2(2) =al a2, which in this case
are given by

2172 Try [(vkal gabl (1 — zours) + k(1 — zruks)(z2 — vk)alab)k®].
Reordering and projecting out the af bosons we get in this case
fiz(z1, 259, t;u,v) = 122 Try [(vkqﬁqﬁt(l — zou) + k(1 — zyut)(ze — vk))k"‘] .
= 2122 Trg [(vk(1 — th)(1 — z2u) + k(1 — zqut)(z2 — vEk))E°]
= 2172 Try [v(1 — th — k)k'T* + T uvtk®® + 25(1 — wv(l — tk))kM® — zyzoutk! ],
After taking the traces we end up with

frz(z1, 25 ¢, 854, v) =

v(l — q)t uvt 1—qt? —wv(l - t) ut
e ( T—oi-@  1- ' T-ai-@ 2 1-g?) &)
Finally, the symmetric polynomial P = 921 (fo1 + fi2), where Q21 =1 — ¢t, is equal to
uv(l — q)t v(l —
Poi(21,%2; ¢t u,v) = (1 - 1(—_;2—)) (afzs + 2123) — (1 +1) ( 1(_ qtq2) 182 + uwlmz) (28)
10
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5.5. On the monomial content of Py(z,,...,2Zy;q,t;u,v). We conclude the section with a result
which illustrates the dependence of Py on the monomial symmetric functions m,(x1,...,%,), and
on u and v.

Proposition 2. When developed on the basis of monomial symmetric functions, our polynomials
have the expansion

PA(xla-“axn;qvt; U, ’U) = vt c,\ )(Qat ’U,'U)mu(.‘ltl, :xn)+
- M
121 pe|p|—|A|=—1

> Auatiumuen. e+ 3 3 W@ tuwmue,.. zn)

pilul=|A| 321 p:|p|—|A|=7

where the coefficients cg‘ ) depend on the parameters u and v only via their product uv. Setting

u = v = 0 restores the homogenelty of P\, and one obtains the usual expansion of Macdonald
polynomials on the monomial basis: Py = mx + 3, u=ia,u<h CAu(@ )My

6. SPECIALISATION TO MACDONALD POLYNOMIALS

In this section we present the first main property of the polynomials Py(z1,...,2Zn;q,t;u,v) —
their reduction to Macdonald polynomials when v = v = 0. We begin with some preliminary
simplifying observations.

6.1. A simplification of the matrix product (20).

Lemma 2. Let M € ®£J—=1 ij ) be any monomial in the expansion of A, (1) - Au, (Ts), where
the operators A, (z;) are given by (16). Then if the annihilation operator ¢§") appears in M, a
creation operator ¢;r ® must also be present in M, for some £ > j.

Proof. 1f qﬁgj ) appears in M, it must have come from component (¢',7) of an L-matrix Ly (zq), for
some 0 < ¢/ #i < 7 and 1 < a < n. Let us denote this component by L (a:a) Given that this
component is selected, the component L(J )(ma) must also be present, for some 0 < <r. If

i #1, L",, )(xa) gives rise to the boson ¢1(’+1) and the result follows. If ¢/ = 4, the boson ¢T(] +1)
is not produced, but we can iterate this reasoning to the next L-matrix in the product If we need

to iterate all the way to the final L-matrix in the product, the component ng) (zq) will arise. This
produces the boson ¢I(r), since we know that ¢ # 0. O

We analyse more closely the expression (20) for f,, focusing on its dependence on the algebras
7
B§l), e ,Bgr). It is helpful to construct a two-dimensional visualisation of the matrix product,

showing only that part of p which acts on the *! boson families Bz(l), ceey Bgr):
11
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(mi()l (0l (|

L 11 1 [ |

#1 — LM () L (z,) L) (z1)—0
Mn—L M (z,,) LG (z,,) L) (2, )—0
T T I
§ = T T | I |
Tr Tr Tr |0) |0} [0}

Lattice representation of the matrix product (20), where for simplicity we only show
the action of the linear form p on the i** ¢-boson families Bi(j ) (G =1,...,r), te
(ma(u)| DO Ty A, (1) -+ - A (@)SIVED 10) () The full action of p
is obtained by taking a product over all ¢ =1,...,r

Each square of the lattice represents the contribution from a single L-matrix in the matrix product
(20). In all columns j # ¢ we must have an equal number of annihilation and creation operators
present, otherwise the resulting algebraic monomial will vanish under the action of p. In other

words, we require that #(¢§j )) = #(¢I(j)) in all columns j # i.
This implies, in particular, that #(¢ ) = #(¢1(3)) = 0 in all columns j > i. We prove this by
supposing that £ > i is the largest value such that #(¢ ) #(¢1(e)) > 1. If £ < r, then necessarily

#(d)? )) = ((ﬁ;-f(J )) =0 for all £ < j < r. Given that ¢i appears, Lemma 2 tells us that ¢3(’) must
appear for some ;7 > ¢, leading to an immediate contradiction. Furthermore if £ = r, we cannot

have #(¢§r)) = #(¢I(T)) > 1, since we are extracting the first column of the monodromy matrix
(10) and only the creation operators 431( ) appear but not the annihilation operators ¢§”. We thus
conclude that there is no value j > 7 such that #(qSU)) = #(qST(")) > 1

It follows that we are able to substitute ¢ — 0, ¢ ) 0, k(J) — 1 in (20), for all 2 < j,
leaving it invariant. Such a substitution causes many entries of the participating L-matrices to

vanish, greatly reducing the complexity of (20).

6.2. The u = v = 0 case of (20). The specialisation v = v = 0 is a further, great simplification
of (20). One easily shows that, after setting ¢§j) — 0, ¢IU) — 0, kgj) — 1 for all ¢ < j and
u = v = 0, it is impossible for ¢§i) or kgi) to appear in (20) for all 1 < 7 < 7. It follows that qb:-f(i)
appears exactly m;(u) times, and the expectation value (m; (#)h@ (¢I (i))m‘(") |0)§i) =1 is effectively
a common factor of (20).

Therefore, when v = v = 0, we can additionally substitute ¢f() — 1 for all 1 <7 < r and omit

the expectation value (m; (u)|§z) |O)§z) from the linear form p.

6.3. Equivalence with matrix product formula of [8] at v = v = 0. An explicit matrix product
expression for the Macdonald polynomials was given in [8], using essentially the same method as in
12
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Sections 5.1 and 5.2. The L-matrix used in [8] is exactly the same as (15) with v = v = 0, as can
be easily checked.

There is however a change in notation between the presentation here and [8]. The construction of
solutions to the ZF algebra in [8] makes use of a rank-reducing mechanism, whereby a monodromy
matrix T(z) = L)(z) - L) (z) is written as in (10) but with LO(z) an (r —i +2) x (r —i + 1)
rectangular matrix, whereas (10) uses only the square (r + 1)-dimensional L-matrix.

The equivalence of the two approaches is based on the simplifications listed in Sections 6.1 and
6.2. After performing the substitutions stated therein, one finds that the L-matrices in (20) contain
many redundant entries, which only give a vanishing contribution to fu(z1,...,2s;q,;0,0). After
suppressing these entries (which amounts to deleting rows and columns from the L-matrices), one
arrives precisely at the rectangular L-matrices L®)(z) of [8]. We have already seen, for instance,
that (22) reduces to (25) in the example of Section 5.4. A general proof is elementary but tedious
to explain in detail, so we will not elaborate further.

We conclude that, at u = v = 0, the matrix product (20) recovers the family of non-symmetric
polynomials { f,.(z1,...,Zn;q,t)},.+=» studied in [8]. Since the latter produce symmetric Macdonald
polynomials Py(z1,...,Zs;q,t) by summing over all x in the Weyl orbit of ), we find that

Py(z1,...,Tn;q,t0,0) = Py(z1,...,Zn;q, 1)

which we had set out to demonstrate.

7. SPECIALISATION TO BORODIN-PETROV RATIONAL SYMMETRIC FUNCTIONS

In the recent papers [4, 6], Borodin and Petrov have introduced a rational, inhomogeneous gen-
eralisation of Hall-Littlewood polynomials, Fy(z1,...,Zs;t;s). This generalisation is achieved via
the inclusion of an additional parameter, s, which can be considered to parametrise the spin of
a vertex model?. Indeed, at the special values s = t~¢/2, ¢ € N, the functions Fa(zi1,...,2Zn;t; s)
reduce precisely to the wavefunctions of a spin-¢/2 XXZ chain. The Hall-Littlewood polynomials
themselves are recovered at s = 0, which can accordingly be viewed as the limit of infinite spin.

One of the main results of this paper is that the polynomials Py(zy,...,Zn;q,t;u,v) degenerate
to the Borodin—Petrov family when ¢ = 0. Before proving this, we first point out some minor
differences in convention that we use, in comparison with [4]. 1. The members of the family
Py(z1,...,Zpn;q,t;u,v) are polynomials, so after taking ¢ = 0 we will obtain polynomials, not
rational functions. This discrepancy can be cured by a harmless normalising factor depending on
all z variables. 2. Py\(z1,...,%s;q,t;u,v) contains two deformation parameters, u, v, rather than a
single s. After taking ¢ = 0 we obtain a function in u,v, which then reduces to the Borodin—Petrov
case after setting u = v = s. 3. To correctly perform the reduction, a trivial shift of the indexing
partition is necessary. This will be explained in more detail in Remark 4 below.

7.1. Borodin—Petrov family. Following [4], we construct polynomials F)(z1,...,Zn;t;u,v) di-
rectly from the rank-1 integrable model of Example 1. Let us again write the L-matrix, this time
placing a superscript 7 on the bosonic operators, to indicate a copy BY of the t-boson algebra:

0
L0 (z) = (1 e (1;_‘“;’;”) . (29)

2We will not work in the full generality considered in [6], where a separate spin parameter and quantum impurity
was introduced at each site of the lattice, preferring to focus on the functions Fi(z1,...,zn;t;s) as they were
introduced in [4].
3Since this is a rank-1 model, there is only one family of bosons. Hence there is no need to place subscripts on
bosonic operators.
13
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A monodromy matrix is constructed by taking a product of these L-matrices, where j ranges from
1 up to r, the largest part of the partition that will subsequently interest us:

T (:l:) T01 (.’L‘)
T(z) = LO(z)--- L (z) = (200 . 30
(z) (z) (z) Tio(z) T(z) (30)
Definition 1. Let A = 1™! ... r™" be a partition with largest part A; = r, whose part multiplicities
satisfy ;_, mi(A) < n. We define symmetric polynomials F)(z1,...,Zn;t;u,v) as expectation
values in the rank-1 model (29), as follows:

r

@1, > Zastiu,v) i= A T(@1) ... T@a) [0), A= mN@,  [0)=R) ),
i=1 i=1
(31)

"where T (z) = Too(z) + Tio(z) is the sum of entries in the first column of (30).

Remark 4. Up to differences in normalisation and a shift of the indexing partition A, the polyno-
mials (31) are the same as those of Borodin-Petrov. Denoting the rational symmetric functions of
[4] by Fa(z1,...,Zs;t; 8), the exact correspondence is given by
Forn(zi, ... Tnitu,v)
F,\(xl,...,:cn;t;s) = ( -El:)lxz(l _xiu))q-l-l
where (A + 1) denotes the partition obtained from A by adding 1 to every part. The factor of
(1 — z;u)M*! in the denominator is to account for the fact that [4] uses a rational normalisation
of the L-matrix (30), whereas we adopt its polynomial normalisation. The appearance of z; in
the denominator accounts for the slightly different gauge used in our solution of the rank-1 Yang-
Baxter algebra, compared with [4]. To explain the shift in the partition, consider (31) in the case
Y-i—1mi(A) = n. Inthat case, the Too(x;) operators have a vanishing contribution to the expectation
value in (31), and we can replace each 7(z;) by Tio(z:). The resulting expectation value then
matches that of Borodin—Petrov after performing the shift A — (A — 1), which we are able to do,
given that all parts of X are strictly positive in this case. The polynomials F)(z1,...,Zn;t;u,v) are
therefore slightly more general than those studied in [4, 6], since they allow free boundary conditions
at the left edge of the underlying lattice, as we shall shortly see.

(32)

U=v=_s

Remark 5. The functions F)(xy,...,Zns;t;u,v) can be expressed as an explicit sum over the sym-

‘metric group:

Fy(z1,...,Tnit;u,v) =
()

Tt 2o L G EDNEED ] @

0ESn 1€i<j<n i=1 i=1

where £(A) denotes the length of A, and vx() = [[;5¢ 1‘[;.";9)(1 —#)/(1—t) is a standard normalising
factor from Hall-Littlewood theory [27]. We omit the proof of this result, since we will not require it
in our subsequent calculations. It can be proved either by simple modifications of the Bethe Ansatz
approach in [6], or by the F-basis approach in [39]. Equation (33) allows easy comparison with the
family introduced in [4], when u =v = s.

7.2. Lattice representation of F)(z1,...,Zn;t;u,v). It is useful to view F)(z1,...,Zn;t;u,v) as

a partition function in an integrable lattice model. This is valuable not only for a more combinatorial

understanding of F)(zy,...,Zs;t;u,v), but also for assigning to it a probabilistic interpretation [6].

In the Hall-Littlewood case (u = v = 0), this point of view has been well explored, see for example
14
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[23, 39]. Here we mostly follow the notation and conventions of [4, 6]. One begins by representing
the entries of the L-matrix (29) as vertices*:

m m—1 m+1 m
| || (35)
m m m m
1— zut™ 1 — uptm! z(1 —tm+l) T — vt™

Define the set P, ()), consisting of all possible configurations of n paths on an n x \; lattice, subject
to these boundary conditions: 1. The bottom and right edges of the lattice are unoccupied, 2. The
left edges may be either occupied or unoccupied, 3. The top edges are occupied according to the
data {mi,...,my,}. For example, in the case n = 4 and A = (4,3,3,1), Pn()) is the set of all
possible configurations on the lattice

m ma m3 my ms

using the four types of vertices (35). The Boltzmann weight of a single configuration P is the
product of the Boltzmann weights of the constituent vertices, and denoted Wp(x1,...,Zn;t;u,v).
The expectation value (31) can now be cast as a partition function of the set Pp(A):

mi(,\)
H H (1 —-¥) x Fy(z1,..-,Zp;t;u,v) = z Wp(z1,...,Zn;t;u,v). (36)
31 j=1 PEPA(N)

7.3. The ¢ = 0 case of the matrix product. At ¢ = 0, the matrix product (21) greatly sim-
plifies. This simplification is by virtue of the twist S. One can easily see that all traces over ¢; 2
bosons reduce to vacuum expectation values of the form (OI(J ) |O)(J), since all “higher” terms

in the trace (m[fj ) Im)o) (m 2 1) give rise to positive powers of ¢ and hence vanish. Letting
fu(Z1,- .., Zn; t;u,v) denote the polynomial fy(z1,...,Zn;q,t;u,v) at ¢ = 0, we obtain
@1, T, v) = @y (0,..,0,m5,0,..., 01D 4y, (21) .- Ao (22) Q74 10, .., 00D (37)

,ith

4The vertices in (35) employ the Fock representation
plmy=Im—-1), ¢'lm)=QQ-t"")|m+1), k|m)=t"|m), (34)

which differs from the representation (13) that we have used throughout the rest of the paper. This is a difference in
convention which only affects the overall normalisation of partition functions, but it does make certain calculations
in this section proceed more smoothly. We have kept track of this normalisation in equation (36).

15
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where for each 1 < i < 7, [0,... ,O){i) € .Fl(i} @ ® .E@ denotes a completely unoccupied state
and (0,...,0,m;,0,...,0/®) € ]_—;‘(%) R ® .7-":(1) is a dual state containing m;(u) particles of type
i. Likewise, from (21) at ¢ = 0, the symmetrised polynomial Py becomes

Pyt s Zniti,0) = @y 0,---,0,my,0,..., 0[P A1) ... A(@n) @, [0,..., 008 (38)

"
ith

7.4. Lattice representation of P)(x1,...,Zn;t;u,v). Proceeding along similar lines as above,
one can represent (38) as a lattice partition function. It is first necessary to depict the entries of the
L-matrix as vertices®, and given that we are now working in a rank-r model, we shall represent the
different possible families by colouring our lattice paths. In what follows, the green lattice paths
represent some family 4, while blue paths represent another family j, where 1 <7 < j < r. Black
lines indicate an arbitrary set of paths (of any colour) which propagate unchanged through the
vertex:

{m]_,...,m?-} {...,H'-’,i'“l,...} {...,H!,‘-}--l,...}
{my,...,m.} T scoy Vg oo e y Py v

1 — zutl™ 1 — wwtim—1 z(1 — tmtlygimls
Ity et} | Toos 88 = Dponsa®g Pl o | oss 00 F Lip sty =Ty o}
{mi,...,m,} {-ooymiy .o, mj, ... } {..,miy...,mj,... }
(z — vt™)tlml: z(1 — gt )iml; (1 — gmitlygimli—1

where in all cases |m| := > ";_; my and |m|; :== 3 ;. ; my.

Introduce the set C, (), consisting of all possible configurations of coloured paths on an n x A\
lattice, subject to the following boundary conditions: 1. The bottom and right edges of the lattice
are unoccupied, 2. Fach left edge may be occupied by any coloured path or unoccupied, 3. The

top edge in the i*" column is occupied by m;(A) paths of colour ¢, and no other paths. For example,

SAs we did previously, we use the representation (34) to obtain our Boltzmann weights, before correcting the
overall normalisation in (39).

16
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in the case n =4 and A = (4,3,3,1), C,(A) is the set of all configurations on the lattice

mp mz m3 M4 Mp

1T

in addition to all configurations which are possible by permuting the colours at the left edge. The
Boltzmann weight of a configuration C is, once again, the product of the Boltzmann weights of its

constituent vertices, and denoted Wc (z1,...,2p;t;u,v). The lattice representation of (38) is then
m;(A)
H H (I =) x Pxlxy, ... yEnitiu,u) = Z We(zi, ..., Zn;t; u,v). (39)
i1 j=1 CeCa (M)

Definition 2. Let C be a coloured path configuration in C,(A). The black-and-white projection of
C, denoted C*, is the profile traced out by the paths in C. In other words, C* is obtained from C by
colouring all paths black.

7.5. Equivalence of polynomials. At this stage, one notices the strong similarity between the
form of (31) and (38). Aside from the fact that (31) is expressible in terms of rank-1 L-matrices,
while (38) makes use of rank-r L-matrices, it is conceivable that the two expressions are related. In
fact, they are equal:

Proposition 3. For all partitions A, we have
F,\(:rla . ,xn;t;u,v) = PA(Ils . 1$n;t;uﬁv)' (40)

There is an even stronger result, related to the combinatorial interpretation of (40). On the left
hand side, we have a partition function (36) whose configurations are lattice paths which propagate
SW — NE. On the right hand side, we have a partition function (39) featuring coloured lattice path
configurations, propagating in the same direction. It is natural, then, to search for a correspondence
which identifies a single term in the partition function on the left hand side with multiple terms on
the right hand side. Such a correspondence exists:

Proposition 4. Let P be a configuration of lattice paths in the sum (36), and Wp its corresponding

Boltzmann weight. Similarly let C be a configuration of coloured lattice paths in the sum (39), We¢
its Boltzmann weight, and C* the black-and-white projection of C. Then

Wp(z1,...,Znit;u,v) = Z Wc(a:l, o s Baitit ¥): (41)
CeCn(N)
cr=p
Remark 6. Equation (41) is very analogous to identities obtained in [16]. The “colour-independence”
property was used in [16] to show that certain partition functions in sl(n) vertex models are in fact
equal to sl(2) counterparts, much as in the situation at hand.

The rest of this section will be devoted to the proof of (41). Proposition 3 follows as an immediate
corollary, by summing (41) over all path profiles P. The first step is to prove the following, very
powerful theorem:

17
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Theorem 2. Let L;j(z) denote component (z,j) of the rank-r L-matrix, where 7,j € {0,1,...,7}.
Let |m;,...,m,) denote a generic bosonic state in F; ® - - - ® F, and define

,
M) = Z |ma,...,mp), where |m| = Zmi'
i=1

{mi1,..,mr}
Im|=M
In particular, ||0) = |0,...,0). The following four relations are valid for any M 2 0:

Loo(x) | M) = (1 — zut™) | M), (42)

LOj(‘T) "M» = (1 - uvtM_l) ”M - 1» ) V] € {17 s ,7'}, (43)
D Lu(@) [|M) = 2(1 —t"+) |M +1), (44)
i=1
Y L@ M) = (= - wt™)|M), Vie{l...,r} (45)
i=1

where we have assumed the Fock representation (34) in writing these equations.

Proof. The proof is by direct computation, using the explicit form of the entries of L(z). The
relations (42) and (43) are immediate, since

Loo(z) | M) = Z (1—-zuky...k)|my,...,m;) = Z (1 — zut™)|my,...,m.),

{mi1,....,mr} {m1,...ms}

|m|=M Im|=M
and
LOj (:L‘) ”M» = Z (1 - uvk1 ‘e k,.)qu|m1, ‘e ,an)
{mli'"rmr}

[ml|=

= Z (1—uvky ... k)lma,...,myp) = Z (1- uvtlml)|m1, cee ).
{mi,....;ms} {mi1,....,mr}

|ml=M—1 m|=M~-1

The relation (44) is slightly more complicated. We find that

Lo@)[My= Yk ...kiadllma,...,m.)

{ml,...,m,-}
[mi=
= Y g(-tmrhme g™ mt],) = Y (- ™ my, L, my),
{ml,...,m,.} {ml,...,rm-}
|m|l=M jm|=M+1

where we used the fact that (1 — ¢™¢) = 0 if m; = 0 to write the final summation. Summing over
all 1 <7 < r produces a telescoping sum:

ZLiO(fU) [|MY) = Z z(1—-t™ ... t™)|my,...,my) = Z z(1 — t™|my, ..., m,).
i=1

{m1,...,ms} {m1,...ms}
Im|=M+1 |m|=M+1

The relation (45) requires the most work. Using the explicit form of the entries L;;(z), we have

> Lij(z) |M)
i=1

18
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j—1 r
= Y | D@k kip18le) + @ — vkkjr . ket Y (ke ki1 glgs) | Ima,. ., my),

{nlz,l,...,m,.} i=1 i=j+1
m|=M

and after acting with each operator on the bosonic state vector, we obtain

r j—l
z Li.‘i(x) "M» = Z ( (vtm’ B Alas 3! (]_ _ tm:‘))
i=1 {mi1,...,mr} 1

|ml=

i=

T
—ot™ AT g™ T Y (@™ (1= ) | [ma, ., my).
i=j+1

Similarly to above, the internal sums are telescoping, and this simplifies to

YL@ IMy= Y (@—vt™ ... t™)m,...,m.).
=1

{ml 1'"ymr}
|m|=M

Corollary 1. Equation (41) holds.

Proof. The relations (42)-(45) have a simple combinatorial meaning. Consider a single vertex in
the model of Section 7.4, and do the following:

(1) Take the left edge to be (a) unoccupied or (b) occupied, in which case a sum is taken over
all possible colours,

(2) Sum the bottom edge over all possible ways of colouring M particles,

(3) Fix the right edge to be (c) unoccupied or (d) occupied, in which case any colour may be
chosen,

(4) Fix the top edge to any set of N coloured particles.

Theorem 2 says that this sum is equal to the Boltzmann weight of the corresponding vertex in the
uncoloured model (the model in Section 7.2). In other words, it is equal to the weight of the vertex
whose

(1) Left edge is (a) unoccupied or (b) occupied, respectively,
(2) Bottom edge contains M particles,

(3) Right edge is (c) unoccupied or (d) occupied, respectively,
(4) Top edge contains N coloured particles.

Furthermore, this result can be readily iterated over any rectangular lattice of vertices in the coloured
model, so long as each external left and bottom edge is summed as we have described. The partition
function (39) satisfies these criteria: each left edge is summed over all possible unoccupied/occupied
states, while each bottom edge is summed (trivially) over all ways of colouring 0 particles. The result
(41) follows immediately.

d

7.6. An example of Proposition 4. To illustrate more clearly the simple meaning of (41), we
give here an explicit example for the running case n = 4, A = (4,3,3,1). A permissible path
19
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configuration P € P, (M) in that case would be

P

Wp

|

Ty —p
T3 ——

mp ma m3 mg

1]

(z1 — vt)(z1 — v)(z1 — vtz (1 —t)
z2(1 — )(1 — wv)za(l — t2)
(3 —v)z3(l — t)(1 — utzs)

(24 —v)(z4 —v)za(1l — 1)

where we have written the corresponding Boltzmann weight Wp alongside. Proposition 4 states
that the same result will be obtained if we sum over all coloured configurations C in the higher-rank
model, whose profile C* matches P. There are six such configurations:

C

We

e

We

mp m2 m3z my

(1 —t)(z1 —v)v(l — )z (1 —t)
za(l —t)(1 —uw)z2(l — )¢
(za — v)z3(1 — t)(1 — utzs)

(x4 —v)(z4 —v)z4(1 — 1)

mp mz2 M3 my4

T

& T
)

(1 — v)(z1 —v)v(1 —tH)z1 (1 — 1)
za(1 — t)(1 — uwv)za(l — t)t
(3 —v)z3(1 — t)(1 — utz3)

(z4 — v)(z4 — v)z4(1 — 1)

myp moa M3z My

T] ______

v(1 —t)(z1 —v)u(l — )z (1 — 1)
z2(1 —t)(1 —uv)ze (1l — 1)
(z3 — v)z3(1 — t)(1 — utzg)

(z4 — v)(z4 — v)z4(1 —2)

mp m2 m3 my

x

T3

’J ,,,,,,

Y e it

(z1 —v)(z1 — v)v(l — 321 (1 - 1)
z2(1—t)(1 —wv)z2(l —t)
(z3 —v)x3(l — )(1 — utzg)

(x4 — v)(z4 — v)z4(1 — 1)

T
T2
T3

T4

An T

(1 =) (21 —v)(z1 —v)z1(1 1)
zo(1—t)(1 — uv)za(l — t2)
(x3 — v)zz (1 —€)(1 — utzs)

(24 — v)(z4 — v)za(l — 1)

mi1 mz2 m3z My

(z1 —v)(z1 —v)(z1 —v)z1(1 — 1)
z2(1 — t)(1 — wv)za(l — t2)
(23 —v)xa(l — t)(1 — utzs)

(24 — v) (x4 — v)z4a(1 — 1)

Summing the six weights WC, we recover Wp.

8. CONSTRUCTION OF THE L-MATRIX

In this section we will show how to construct the integrability objects R(z,y) and L(z,y) of the

quantum group § = UT(A,(})) using the formula of Jimbo [20]. As a result the statement of Theorem
1 will follow.

The quantum affine Lie algebra § = UT(A,(,I)) possesses the universal R-matrix R € g®§ [13, 21|
which satisfies the Yang—-Baxter equation

R1,2R13R23 = R23R13R1,2.

20
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This is an identity in § ® § ® § and the indices of R specify which two copies of § it belongs to.
Let 5, be the fundamental representation of g on the space V obtained via Jimbo homomorphism
and 7, be the homomorphism between § and its finite version g, 7 : § = g ® C[z,z~!], where
g = Uj(slr41) is a certain refinement of U,(sl.+1) (the details are given below). Then applying
Pz ® Py @ T, to (46) we get

Ry2(z,y)L1,3(z, 2)L2,3(y, 2) = La3(y, 2)L1,3(z, 2)R12(z, ), (47)

where R(z,y) € End(V ® V) is the well known R-matrix of § and L(z,y) € End(V) ® g is the
L-operator of the fundamental representation V. The Jimbo homomorphism can be decomposed as
Pz = p o mz where p : g — End(V'). There is an important class of homomorphisms 5 which send
g to an algebra A that has infinite dimensional representations, for example the Fock space. The

homomorphisms p and 7 define the R-matrix and L-matrices®
R(z,y) = (id ® p) L(z,y), (48)
L(z,y) = (id ® 7) L(z,y). (49)

If we apply id ® id ® p to (47) we find the usual Yang-Baxter equation, while applying id ® id ®
leads us to the RLL intertwining relation
Ry2(z,y) Ry 3(2, 2) Re,3(y, 2) = Ra,3(y, 2) R1,3(2, 2) Ra,2(2, ), (50)
Ri2(z,y)L1,3(x, 2)L2,3(y, 2) = L2,3(y, 2)L1,3(, 2) R1,2(x, y)- (51)

Recall the permutation operator P which transposes the tensor components P(a ® b) = (b® a) for
a,b € g, and is denoted by P in the fundamental representation V. Acting with P on (50) and (51)
we get

Ri2(z,y)R1,3(x, 2)Re;3(y, 2) = R1,3(y, 2)Roa(2, 2) Ru2(, 9), (52)
Ri2(2,y)L13(2,2) L23(y, 2) = L13(y, 2) L23(2, 2) Ra2(2, y), (63)

where R(z,y) = PR(z,y). We can omit indices in the last equation and recover (9)
R(z,y)L(z,2) ® L(y, z) = L(y, z) ® L(x, z) R(z, y). (54)

The universal R-matrix R of a quantum affine Lie algebra A, restricted to the trigonometric
solutions [21], is defined by the commutation with the coproduct A : A - A ® A of the algebra

RA(a) = Al'(a)R, Va € A, (55)
where A’ is the opposite coproduct P(A(a)) = A’(a). Applying p; ®my to (55) we find the equation
L(z,y)A(a) = A'(a)L(z,y), (56)

for the operator £. For simplicity we keep the same symbol for the coproduct and its opposite. The
explicit form of the operator £ for the Hopf algebra g with the standard coproduct A was given by
Jimbo in [20]. In the present paper we are dealing with stochastic vertex models which correspond
to a twisted Hopf algebra § with the coproduct AF twisted by an element F. More concretely, a
twist F is an invertible element (of a certain extension) of § ® g, written as

F= Z_f,- ® ft. (57)

Furthermore, we require the condition [14]
(A ®id)(F)Fi2 = (id ® A)(F)Fy3, (58)

6There are several homomorphisms g — .A, however, for the purpose of the present paper we will be concerned
with a specific one and call it . The first example of such homomorphism for the algebra g was given in [18].
21
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then F is called a Drinfeld twist. Using a Drinfeld twist F' we obtain a new Hopf structure AF of
g (see [14, 34])

AF = FAFL. (59)

For an appropriately chosen F the twisted Hopf algebra g = U,-(A,(‘l)) with the coproduct AF
defines the U, (A$1)) vertex models with a stochastic R-matrix. The resulting twisted Hopf algebra
possesses the universal matrix R¥ which, when restricted by p, ® Ty, gives the operator LF(z,y)
leading to the stochastic R-matrix and the associated L-matrices under the homomorphisms p and
7. Combining (55) and (59) we obtain
F'RFAF(a) = AF'(a)F'RF !,
RF = F'RF™L.
The universal R-matrix RF with F being a Drinfeld twist satisfies the Yang-Baxter equation (46)
[14, 24]. Set @ = p, ® my(F’) and &~ ! = p, @ my(F~!), (56) defines the L-operator
LF (z,y)AF (a) = AF'(a)LF (z,y), (60)
LF(2,y) = b ®my(RT) = 2L (z,y)27, (61)
where we assumed again p, ® m, (A (a)) and similarly for AF,
In the next subsections we give the definitions of the algebras g and g, the Jimbo’s formula for

L and its twisting £F. We then give the explicit homomorphism 7 and write the resulting matrix
L(z,y) together with the stochastic matrix R(z,y) as images of  and p applied to LF, respectively.

8.1. Definitions. Let us recall the construction of Jimbo [20]. Fix a parameter 7 € C, |7| < 1. We
start with the algebra U,(slr+1) generated by the elements e;, f; and K;, K~ 1 (¢=1,...,r) which
satisfy the following relations

KK'=K'K;=1, [K,K;]=0,
K,-e,- = TCi’jejKi, Kifj = t_Ci'jiji’

K;— K1
les £3] = is———=1
e?eiil - (T + 'r_l)e,-eiﬂei + eiile? =0, 1<%,tx1Lr
i — T+ Dfifirfi+ finnff =0, 1<4ixl<r (62)

Where C; j are the matrix elements of the Cartan matrix C;; = 2, C;i41 = Cj3-1 = —1and C;; =0
for [i — j| > 1. We define the algebra g = U’ (sl.1) by adding the elements X! (i = 0,...,7) to
the algebra U;(sl;4+1) such that K; = k;_1k; 1 It is convenient to introduce also the elements ¢;
(:=0,...,7), related to k; by k; = 7. The new elements x; commute with e; and f; for j <i—1
and j > ¢, otherwise

Kie; =T eiki, ki fi = 7 fiki,

Ki—1€; = T€;Ki_1, Kic1fi = 77 kit

The element kgx; - - - k- = ¢ belongs to the center of the algebra. The algebra g is equipped with
the coproduct A: U - g®g

Ae)=K?@ei+e 0K, Af)=K*®fi+iok[?  Ar)=xloxt.
Next we define the higher root elements e; ; € g (0< ¢ # j < 1)

€i-1,i = €, €ii-1 = fi (63)
22
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€i,j = € k€kj — TEk,j€ik, for j <k <1, (64)
€ij = €; K€k j — 'r‘lek,je,-,k, fori<k<j. (65)
It is easy to verify that the higher roots e; ; commute with «; for I # ¢, j and otherwise
Ki€ij = T€; jKi, Kjeij =T le;jkj, i # J.
They also enjoy the Cartan—Weyl basis type property
1 -1

Kik; " — K; "Kj ) )
[e:.5, €3] = *7:1—-, i # J.
The quantum affine Lie algebra § is generated by the elements &;, f; and K £ (; = ., T) satisfying

(62) with the Cartan matrix C',,J of the a.lgebra A( ), where Cz i =2, Cz itl = Cz i1=-2ifr=1

and Ci; = 2, Ciip1 = Ciie 1—C,~0—Co,n=—1a,ndC,_,, =0forl<|i—j <rifr>1 The
algebra homomorphism 7, : § = g ® C[z,z~!] is given by

7z(€0) = zey, 72(fo) = =™ fo, m2(Ko) = krkg !, (66)
(&) = e, (i) = fi, mo(Ki) = K; fori>0, (67)
eo = Ty 'K, Lero, fo=T1"tkorreo (68)

8.2. L-operator. The fundamental representation p : g — End(V) with V = C™*! is defined by
eij — Eij, k= I+ (1 — 1) By, € — B, (69)

where I is the identity matrix in V, E;; are the matrix units with one at position 7,j and zero
elsewhere and the indices ¢, j run from 0 to r. Assuming that A(e) is the image of the coproduct
of g under p ® Id, then the L-operator £ of the fundamental representation satisfies the following
linear equations

L(z,y)A(a) = A'(a)L(z,y), a€g, (70)
L(z,y)D(eo) = D'(e0)L(z, y), (71)
L(z,y)D(fo) = D'(fo)L(=, ), (72)
where we defined
D(ep) = y.‘cl/z 12 g e+ e ® 5;1/2,%1)/2’ D'(ep) = 1/250 ®eo+TE ® nl/z 1/2 ,

D(fo) = ok¥?k3 " ® fo+yfo ® k7 2kg/%,  D'(fo) = am-lﬂ 2®fo+yfo® 51/2&0 1z,

In [20] it was shown that (70)-(72) can be solved by the L-operator E(a:, y), which we write in the
from adopted for our purposes

L(z,y) = Z Ej,i@-éi,j(xay)a

0<i,j<r
12 ¢ nl/zn;/ze,,j, 1<
~ 1o -1 .
Eijzy) =1 (r—7"1)" (o —yri "), i=]
-1/2 _—1/2 C
r1/2 Y K /nj /ei,j, 1> ).
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As discussed above, the next step towards the stochastic R-matrix and the associated L-matrix
is to deform the Hopf structure of the algebra with a twist F'. We choose the twist to be

F =71~ X%, (73)
It is straightforward to check that F satisfies (58). Applying the homomorphism p,; ® m, we find

¢ = Pz@"ry(F)—ZEJ,J@’ H Ky (74)
l—_7+1
7! = p@my(F ') = ZE,-,,- ® an. (75)
i=0 =0

The operator £LF(z,y) is a solution of (70)-(72) were A, A’, D and D’ are substituted with their
twisted versions, implying the homomorphism g, ® m, we have

AF = 3AD1, AF = AP, (76)
DF(X)=®D(X)®7}, DFI(X)=®D'(X)®', X =e,fo (77)
With these redefinitions equations (70)-(72) lead to the following form for the operator £F (z,y)

£F(z,9) = 8L(z,)27 = ) Eji®E[(z.y), (78)

0<i,j<r

R T . i—1

Efj(may) = H K'[_lEi,j(xv ) H""fl-
I=j+1 1=0

Using the fact that xgk1 - - - kK, = ¢ we can write E! J(m y) as

_ 1/2 1/2 .
T2 2 K, / I‘&J/ | J Y 2]_[,_1 le; ;, i<j

Efjzy)=cx{ (r=7) (2 —ys7") i 7% i=j (79)
_1 2 —1 2 —2 C
8/ P2t [T Hz_]+1 RCEE t>7

8.3. Homomorphism to the t-Oscillator algebra. In this section we provide a homomorphlsm
n [31] which takes g to A = A; ® - - - ® A, where A; is the algebra of 72-oscillators A; = {a;, a hi}
with defining relations

hia; = 7" 2a;h;, h,-a;-r = Tza;-rh,-,
aia] =1—72h;, ala; =1—h,. (80)
Let us define hg as hp = ¢ []}_, h; The homomorphism 7 reads
r
n(wo) = /2 1’2, n(k:) = h72, fori=1,...,r, (81)
i=1
122 232
n(er) = ———=ho Yyl 1(f1) = ————=ho YARTY4(1 - hoday, (82)
A2 ' 32
n(e;) = —— hi_11/4hi 1/40,,-_10,1-\, n(fi) = —1hz 1M‘h.i 1/40,: 105, fori=2,...,7
(83)
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Introduce the following convenient notation
oh =c* (1~ ko), ap=cM (84)

Note, {ao, a(‘;, ho} do not satisfy the relations of the 7-oscillator algebra. With this notation we can
write compactly the homomorphism 7 for the simple roots e; = eg1, f1 = e10, € = €j—14 (1 > 1)
and f; = e;;—1 (i > 1) and for the higher roots e; ;

1/2
ness) = —— T_lh;l/“hj—l/‘* IT # il for i < j (85)
i<il<j
73/2 —-1/4, -1/4 /2 ¢ .
n(ei ;) = p— h; "h; H h'"aja;, for i > j, (86)
i<i<i

where ¢,j run from 0 to r. It is easy to verify the validity of these equations using (63)—(65).
Previously we were using the t-oscillator algebras B; generated by {¢, ¢:-', k:}, satisfying

kidi =t ki, kig] = tolk,
$idl =1—th,  glgi=1-ki.
The algebras B; are related with A; simply by identifying ¢; = a;, dJI = a:f, ki = h; and t = 72. One
also needs to add the notation By
ko=c ' [[kY  #h=c*A-k), do=cV2 (87)
i=1

Applying the fundamental homomorphism p and oscillator homomorphism # in (78) and (79) we
obtain the R-matrix and the L-matrix

R(z,y) =id®@p (LF(z,y)) =ct™2x > Eji ® Rij(=,y),

o<t j<r
. c
L(z,y) =id®n (ﬁp(x,y)) = (tlT—t‘—l/"’) X Z E;; ® Ly j(z,y),
0<i,j<r
l ¥ Eij, i> 7.
(= [Tiej ke $id, i<j
Li,j(m’ y) =< (‘T - ykl) H;=i+1 kh 1= .7 (89)
\ ¥ Timjsr bt 01, i>J.

In this section we defined the matrix R(z,y) using the (twisted) fundamental L-matrix of Jimbo,
hence it came with a different normalisation compared with (6). In order to match the above matrix
R(z,y) with the conventions used in (6) we must multiply it by

t1/2(1 — t)

c(y —tx)
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In order to match L(z,y) with (15) we must recall the definition of By (87), set ¢ = uv and y = v,
multiply the first column by (uv)/? and the first row by —(u/v)}/? and finally normalise the matrix
by the factor (£/2 — ¢~1/2)~1(uv). This L-matrix is simply related to the L-matrix written in [2]
and can also be recovered from the R-matrix appearing in [25, 7].

9. CONCLUSION

This paper contains three major results. First, we describe a general scheme for the construction
of symmetric polynomials using a matrix product formalism. The main idea of this construction is
to first define a family of polynomials f,, indexed by compositions 1, which solve the local quantum
Knizhnik-Zamolodchikov (qKZ) exchange relations. Such polynomials f,, are non-symmetric and
can be expressed as matrix products if a certain solution to the Zamolodchikov-Faddeev (ZF)
algebra can be found. A symmetric polynomial is then obtained by symmetrisation over the family
fu, similar to what occurs in the theory of non-symmetric Macdonald polynomials E,,. We emphasise
here that the polynomials f,, constructed in this paper are quite different from E,.

Our second result is a general and constructive method to obtain solutions to the ZF algebra from
L-matrix solutions to the Yang-Baxter equation, and the third result is a new bosonic L-matrix.
The latter is obtained using a new homomorphism from the quantum group to families of deformed
oscillators.

Using these three results, the approach outlined above culminates in a new family of polynomials
that generalise Macdonald polynomials, and unifies these with another class of polynomials recently
studied by Borodin and Petrov. By virtue of its construction, it is tempting to speculate that our
new family will have a number of natural properties such as Cauchy identities, branching rules and
Pieri identities, but this lies beyond the scope of the present work.
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