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Abstract: For a class of reset control systems, we reconsider the piecewise quadratic Lyapunov
function construction proposed in Zaccarian et al. [2005]. In particular, we propose an alternative
construction that addresses an analysis subtlety overlooked in that preliminary result. An
example illustrates the potential pitfalls of ignoring this analysis subtlety. Another example
is used to show that the new statement leads to numerical results that are similar to the ones

that come from Zaccarian et al. [2005].
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1. INTRODUCTION

Perhaps the first work on reset control systems dated
back to Clegg [1958] where a nonlinear modification of the
analog integrator circuit (called “Clegg integrator”) was
proposed to reset its output when the input crossed the
zero value. Later work (Horowitz and Rosenbaum [1975]
and references therein) extended the concept to a much
more general class of reset systems, called First Order
Reset Elements (FORE), where rather than an integrator,
the system to be reset was a first order linear filter.

In recent years, the potential of this class of reset systems
and its ability to overcome fundamental limitations of
linear control was emphasized Beker et al. [2001] and the
stability analysis of FORE control systems was cast as a
Lyapunov type of problem (see Beker et al. [2004] and
references therein). In this work, the original characteriza-
tion of FORESs in terms of zero crossings of its input was
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retained, leading to a Lyapunov characterization imposing
a flow condition on almost all the input/output space of
the FORE, by only removing a suitably modified version of
the zero measure set where the input is zero. A new char-
acterization of the reset rule for FORE was then proposed
in Zaccarian et al. [2005] by showing that with this new
reset characterization, the closed-loop trajectories are sub-
stantially the same but weaker Lyapunov conditions can be
checked to establish stability properties of the reset control
system. This extension allowed to establish exponential
and Lo stability of reset control systems whose underlying
linear dynamics (before resets) is exponentially unstable.
This extension also led to a number of subsequent results
hinging upon this new reset characterization (see Loquen
et al. [2008], Witvoet et al. [2007], Zaccarian et al. [2007],
Nesi¢ et al. [2008] and references therein).

Already in Horowitz and Rosenbaum [1975] it was noted
that the problem of optimizing the nonlinear response
“will be solved more satisfactorily when stability criteria
are developed for feedback loops containing non-linear
elements such as FORE.” The goal of developing such
stability criteria was pursued in Zaccarian et al. [2005] and
the later work Nesi¢ et al. [2008] and references therein. In
this paper we further develop toward the achievement of
this goal by revisiting the piecewise quadratic Lyapunov
construction of Zaccarian et al. [2005] pointing out a sub-
tlety in the Lyapunov conditions and the corresponding
analysis, which calls into question the result in [Zaccarian

10.3182/20100901-3-1T-2016.00195
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et al., 2005, Theorem 3]. The potential pitfalls of ignoring
this subtlety are illustrated here by a simple example for
which the piecewise quadratic construction of Zaccarian
et al. [2005] leads to a function satisfying all the required
conditions, even though the closed-loop system generates
diverging trajectories. This example is however only illus-
trative and cannot be taken as a counterexample because
it does not completely fit into the framework used in
Zaccarian et al. [2005] and also used here. We also propose
in this paper a new set of Lyapunov conditions, solving the
subtlety of Zaccarian et al. [2005] while still being capable
to establish exponential and L, stability. In particular, we
show on another example that there are cases when the
construction proposed here leads to substantially the same
exponential stability conclusions and Lo gain bounds.

The paper is organized as follows. In Section 2, we give a
description of the problem data. In Section 3 we describe
the Lyapunov construction and formulate our main result.
Finally, in Section 4 we discuss two simulation examples.
All the proofs are omitted due to space constraints.

2. FORE SISO CONTROL LOOPS

Consider a strictly proper SISO linear plant whose dynam-
ics is described by

P Tp = Apxp + Bpuu + Bpad,
y = Cpzp,

(1)

where u € R is the control input, d € R™¢ is an £, bounded
disturbance input, ¥y € R is the measured plant output
and Ay, Bpu, Bpq and C, are matrices of appropriate
dimensions.

For the plant (1), assume that a control system is designed
with a FORE element described by the following dynam-
ics:

T = Npxp + 0, ifovxr, >0
FORE { =0, if vx, <0, (2)
Interc’n { u =k, (3)
v=—y

where k denotes the loop gain and A, € R denotes the
pole of the FORE. Note that A, can be any real number
(including positive ones) while k should be positive. For
example, choosing £ = 1 and A\, = 0 corresponds to
implementing in the FORE the well known Clegg inte-
grator introduced in Clegg [1958] and recently discussed
in Zaccarian et al. [2005], Nesié¢ et al. [2009, submitted]
using the notation adopted here. The closed-loop system
(1), (2), (3) is of interest because it falls into the category
of linear reset control systems that received much attention
in recent years (see Beker et al. [2004], Nesi¢ et al. [2008]
and references therein). For example, in Beker et al. [2001]
it was shown that this type of control architecture can
overcome intrinsic limitations of linear control.

To avoid Zeno behavior and ensure that solutions are
defined for all positive times (see, Goebel et al. [2004],
Nesi¢ et al. [2008]), the overall closed-loop system is
augmented with temporal regularization namely with a
timer 7 ensuring that between two consecutive resets (or
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jumps) there is a minimum dwell time p. Then the closed-
loop system is described by the following equations, where
z=[2] z,]" e R™:

;:iierde}ifxTszOorTgp,

+ _

;+:?47$} if e’ Mz <0and 7> p, (4)
y=Cx

where A denotes the flow matrix, A, denotes the reset ma-
trix and M characterizes the flow and the jump sets (note
that these two sets have their boundaries in common).
Based on the values in (1), (2) and (3), the matrices in (4)
are

(5a)

(5b)

In this paper we provide a piecewise quadratic Lyapunov
construction to analyze the exponential and L, stability
from d to y of (4), (5).

3. PIECEWISE QUADRATIC LYAPUNOV
CONSTRUCTION

Following the preliminary results in Zaccarian et al. [2005],
we use here piecewise quadratic Lyapunov functions aris-
ing from patching together several quadratic functions, se-
lected in different cones of the state space, to form a unique
piecewise quadratic function. The arising patched function
is continuous as long as the quadratic functions coincide
at the patching surfaces and is homogeneous of degree two
because the patching surfaces are cone boundaries.

N
On -2

2 \\\\541 .
* Yy axis

&y axis

Fig. 1. The type of piecewise quadratic Lyapunov functions
constructed in Theorem 1.



NOLCOS 2010
Bologna, Italy, September 1-3, 2010

As shown in Figure 1, the proposed Lyapunov function
is patched on suitable sectors of the (,,y) plane. More
specifically, given N > 2 specifying the total number of
sectors in the partition and a small value 6. > 0, denote the

patchingangles—@E:90<0<91<...<g<9N:g_|_

fe (for example, in our case studies we select 6; = <5, for
all i € {1,...,N — 1}). Then, for each i € {0,...,N},
define the patching hyperplanes generated by those angles

as
. T
®i = [OIX(TL—Q) Sln(ei) COS(ai)] ) (63“)
and their orthogonal matrices ©; (so that ©7, ©; = 0) as
I 0 o 1"
0 cos(f;) —sin(6;)
Based on the patching hyperplanes, also define the sign

indefinite matrices characterizing each sector between two
patching surfaces as

S() = @o@N + @N@T

@Z‘J_ = (6b)

S; = (@@T1+®Z 107, i=1,...,N,
g O(n—2)0><(n—2) 8 ) ? )
1 = sin(f.
0 sin(f.) —2cos(f.) (Ge)
O(n—2)x(n-2) 0 0
Seg 1= 0 —2cos(f.) sin(f.)
0 sin(6,) 0

so that, with reference to Figure 1, z € S;, namely in the
section of state-space spanned by 6 € [6;,60;,1] whenever
2T S;2z > 0. Similarly, So and S.;, Se» characterize the
cones of Figure 1 corresponding to the strict subset of
the jump set and to the two shaded regions close to the
horizontal and vertical axes, respectively. Based on this
parametrization of the partition by way of 6;,7 =0,..., N,
the following theorem can be stated.

Theorem 1. Consider the reset control system (4) with
the matriz selection (5). Assume (without loss of gener-
ality) that the plant (1) is in observability canonical form
(so that C,, = [0 --- 0 1]). Choose any N > 2 and any

0. > 0. For any selection of 6;, i = 0,..., N such that
—0. =0, <0< 6, <~--<I <6N:g+967 define the
matrices in (6) and Z = [In_2 0(_2)x2].

If the following linear matriz inequalities in the variables

PZ-:PiT>0,Tpi20,@':1,...,N,P0:Pg>0,
TI,Tel, Te2 > 0, v > 0 are feasible:
_AT.PZ'-I-PiA-i-TFiSi P;By CT
* —~I 0 | <0, (7a)
L * * =l
i=1,...,N,
Z(ATPy + P,AZT ZPyBy ZCT
* —~I 0 <0, (7b)
i * * —~1
A?PlAT—Po—‘rTJSQSO (70)
A:PlAr — P1 + Telsel S 0 (7(1)
ATPlA, — Py + 7282 <0 (7e)
el (P~ P1)0;. =0, i=0,...,N—1, (7f)
O (Py — P)On1 =0 (7g)
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then there exists a small enough p* > 0 such that for
any fized p € (0,p*), the FORE control system (4) is
exponentially stable and has a finite Lo gain from d to
y which is smaller than .

Remark 1. The piecewise quadratic Lyapunov function
arising from Theorem 1 is obtained by patching together
N quadratic functions (characterized by the matrices
Py,...,Py) defined in the (inflated) flow set and one
quadratic function (characterized by the matrix Pp) in the
jump set, as represented in Figure 1. Note that in most of
the state space either a flow or a jump condition needs to
be satisfied, except for the dashed sectors in the figure,
where both the jump and flow conditions are enforced
by (7). The level set sketched in Figure 1 represents a
possible solution arising from the LMI constraints. In
particular, conditions (7f), (7g) ensure that the Lyapunov
function is continuous on the patching surfaces. Moreover,
condition (7¢c) enforces the jump condition from the set S,
condition (7d) enforces it from the set S¢; corresponding
to the portion of the set &7 overlapping with the jump
set, and similarly for condition (7e) and S.;. Conditions
(7a) ensure that the proposed Lyapunov function is a
disturbance attenuation Lyapunov function everywhere
except for Sp. Finally, condition (7b) ensures that the
function 27 Pyz used in the jump set is a disturbance
attenuation Lyapunov function at the boundary with the
flow set consisting in the origin of Figure 1, namely the set
where (z,,y) = (0,0). °
Remark 2. For implementation purposes, the LMI con-
straints (7) can be solved via an auxiliary LMI problem
consisting of only strict linear matrix inequalities. In par-
ticular, it is first useful to impose P; > (I, i =10,..., N,
where ( is a positive number small enough not to make the
L gain estimate too conservative (we selected ¢ = 0.001
for our example studies). Then a very small tolerance &
can be fixed (for our examples we used ¢ = 1071%) and the
non strict LMIs (7¢), (7e) can be replaced by the strict
LMIs

AlPi A, — Py+ 7,5 <0 (8)
AzplAr — Py + 7280 < 0

while the nonstrict LMI (7d) should be broken in the
following two conditions

O(n—2)x1
—[01x(n-1y 1] P1 1 + T sin(6.) <0 (9)
0
—el [I 2 0 2 Q}Pl O(n—l)xl
no 1 <0. (10)
* —&

Finally, the equality constraints (7f) can be replaced by
the LMIs
—el @zl (R - Pi+1) @iL:| < 07
* —el

(and similarly for (7g)). The arising solutions will satisfy
the LMIs (7) up to a very small tolerance (proportional
to the size of ¢). This can be shown by slightly twisting
the arising matrices to enforce the required continuity
constraints using the tools given in Appendix A. o
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Remark 3. Note that, different from the preliminary re-
sults in Zaccarian et al. [2005], in the numerical construc-
tion of Theorem 1, we explicitly impose that there is a
(generally small) sector where the flow and the jump con-
ditions are both satisfied (this corresponds to the dashed
areas in Figure 1). Moreover, the new condition (7b) en-
forces a good property for 27 Pyx at the boundary between
the flow and jump sets where (x,,y) = (0,0). This extra
constraint allows to guarantee good flow conditions in
an inflated version of the flow set, so that the results
of Nesié et al. [2008] apply. These extra conditions were
not enforced in Zaccarian et al. [2005], thus calling into
question the result of [Zaccarian et al., 2005, Theorem
3]. A counterexample seems difficult to find because the
structure of the FORE control loops in (5) helps ruling out
defective cases. Nevertheless, we illustrate in Example 1 (in
the next section) the possible issues arising from omitting
the overlap conditions (7d), (7e). This example does not
fit into the class of reset systems described by (4), (5) but
is still indicative of the potential problems with [Zaccarian
et al., 2005, Theorem 3]. o

Remark 4. Unlike most of the existing work on FORE
control systems, in the stability conditions considered here
we are not incorporating any reference signal. However,
by following the same reasonings as in Beker et al. [2004]
it is straightforward to generalize the approach to set
point regulation whenever the plant contains an integrator
(namely an internal model of the reference signal). For
more general results with reference signals, the reader is
referred to the developments in Zaccarian et al. [2007],
Loquen et al. [2008], Witvoet et al. [2007]. o

Remark 5. In Theorem 1, the LMI conditions involve:

D=N+4+ W(N + 1) decision variables and £ =
n(2N +5) +ng(N + 1) — 2 lines. Using the same notation,
the number of decision variables and lines corresponding

to [Zaccarian et al., 2005, Theorem 3] are, respectively,

D = W—i—i’) and L = 2n + ng + 1. When the
complexity analysis of the numerical method is addressed,
the numbers of lines and of variables of the considered
LMIs play a crucial role. Indeed, the computation gets
more complex when these numbers become larger: see,
for example the complexity analysis of the interior-point
method in Gahinet et al. [1995], or the complexity analysis
for a primal method in [de Klerk, 2002, Theorem 5.1] or
for a dual method in [de Klerk, 2002, Theorem 5.2]. LMI
conditions can be solved in polynomial time for instance
by specialized algorithms as in Gahinet et al. [1995], with
complexity proportional to D3L. It clearly appears that
the numerical complexity grows with the number N (for
given n and ng). Of course, other LMI solvers may perform
differently. )

4. SIMULATION EXAMPLES

Example 1. Consider the planar reset system character-
ized by d =0, A= [°° 1], and M = [ °, ' ]. For this
system, the conditions in [Zaccarian et al., 2005, Theorem
3] are feasible and the corresponding construction gives
the function with the level set shown in Figure 2. How-
ever, despite the fact that the underlying linear system
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without resets is exponentially stable (it leads to the thin
solid trajectory in the figure), when adding resets, the
system’s state response starting from the initial condi-
tion xg = [10 710]T goes to infinity sliding along the
boundary between the flow and the jump set. The cor-
responding trajectory is represented by the bold curve in
the figure. The trajectory, after crossing the horizontal flow
set boundary, exhibits the sawtoothed shape arising from
flowing in the jump set until 7 < p and then jumping
back to the horizontal axis in some sort of chattering-
like behavior. Note that this example does not satisfy the
conditions of Theorem 1 because the diverging chattering
is not allowed based on the overlapping flow and jump
conditions. Note also that this example does not fit into the
framework (5) which would require A3 ;) = —1 because
Cp = 1 by the observability canonical form of the plant.
In other words, it requires changing the sign of v in the
second interconnection equation of (3) and, consequently,
swapping the jump and flow set inequalities in (2). This
results in a quite unnatural FORE implementation where
the state is reset when the FORE input and state have the
same sign, rather than opposite signs as in (2). However,
since the proof of [Zaccarian et al., 2005, Theorem 3] does
not use any information on the structure of A in (5) (nor
the proof of Theorem 1 of this paper does), this example
is illustrative of the potential problems with [Zaccarian

et al., 2005, Theorem 3. x
10
5r |
S —

-10 ‘ : i
30 20  -10 10 20 30

0
X
P

Fig. 2. Trajectories (solid) and a level set (dotted) for
Example 1.

Example 2. Consider a two dimensional linear plant con-
trolled by a FORE discussed in Negi¢ et al. [2005], where 5
the (incorrect) tools of Zaccarian et al. [2005] were used
to establish closed-loop stability and finite £, gain for
different values of A,. Here we revisit the same example
and employ Theorem 1. For this specific example, the
missing conditions in [Zaccarian et al., 2005, Theorem 3]
do not cause any evident difference on the stability and Lo
gain results so the curves arising from applying [Zaccarian

5 Note that in Nesié¢ et al. [2005] the Lo gain estimate is different
from here because following [Zaccarian et al., 2005, Remark 5], the
extra constraints P; > I, ¢ = 0,..., N were added to the LMI
constraints, thus making the estimate more conservative.
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et al., 2005, Theorem 3] and Theorem 1 of this paper are
substantially coincident (see Figure 3).

In this example, originally discussed in Hollot et al. [2001],
a FORE element whose linear part is characterized by the
transfer function ﬁ (namely with A, = —1) controls via
a negative unitary feedback a SISO plant whose transfer

function is P = 5(%01.2)' For this example, the control

system involving the FORE is shown in Hollot et al. [2001]
to behave more desirably than the linear control system.
It was shown in Hollot et al. [2001] that the reset system
had only about 40% overshoot of the linear closed-loop
system while retaining the rise time of the linear design.
This example can be further interpreted using the results
of this paper. Indeed, when computing the £, gain from
a disturbance d acting at the plant input to the plant
output y, the linear closed-loop system has an H,, norm
around 5, while using the piecewise quadratic construction
of Theorem 1 we obtain that the L, gain of the reset
system is smaller than 2.7.

T T
= = = |inear CLS
Reset CLS (Thm 3, ACC 2005)
----- Reset CLS (this paper) n

-
1
1
1
1
I
1
1
1
1
]

1

24

N =

o

Fig. 3. L5 gains of linear and reset closed loops for
Example 2, as a function of the pole of the FORE.
The thin solid curve corresponds to the one reported
in Nesi¢ et al. [2005].

Figure 3 shows the L5 gains for the linear closed-loop
and the reset closed-loop as a function of the pole of
the FORE (N = 20 is chosen in Theorem 1). Similar to
the previous example, the introduction of resets does not
cause any increase of the Lo gain estimate, thus suggesting
that the closed-loop performance is improved by the resets
for any value of \,.. Moreover, for positive values of A,
(unstable FOREs) the linear closed-loop is unstable, while
the reset closed-loop guarantees smaller gains. The case
studied in Hollot et al. [2001] corresponds to the horizontal
coordinate A, = —1 in Figure 3.

According to Remark 5, a growing value of N could result
into unfeasible conditions due to numerical problems. This
is however not the case in this example since a solution is
obtained although N is increased until 10 (with associated
complexity quantity D3L = 43008 10%). *
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5. CONCLUSIONS

In this paper we proposed a piecewise quadratic Lyapunov
construction in terms of LMIs for exponential stability
and Lo stability analysis of linear control systems with
First Order Reset Elements. In particular, we revisited the
previous results in Zaccarian et al. [2005] providing new
conditions which address a subtle issue overlooked in those
preliminary results. The new conditions have been tested
on two examples, one illustrating the problems associated
with the results in Zaccarian et al. [2005] and the second
one illustrating that in some cases the conditions given
here and those of Zaccarian et al. [2005] lead to the same
results.

Appendix A. PATCHING DISCONTINUOUS LEVEL
SETS

In this appendix we give some general results on how to
modify the level sets of two quadratic Lyapunov functions
to allow for a continuous patched Lyapunov function
(which is piecewise quadratic), where the patching zone is
a hyperplane. In particular, we show that the modification
that needs to be enforced on one of the two functions
is bounded in size by the mismatch between the two
functions on the patching hyperplane.

Proposition 1. (Patching on one hyperplane) Consider
two functions Vi(z) = 2T Piz and Va(z) = z1 Py, with
x € R™, and a patching hyperplane Hy := {x : 21 sin —
xgcosf = 0}, for 8 € [0,m). This hyperplane can be
also defined as Hg = {x : h'z = 0}, where h =
[sin@ —cosf 0 --- O}T. Define the following worst case
mismatch between Vi and Vo at the patching hyperplane:

I’T(Pl — PQ)SC

6=
Ty

(A1)

sup
z€H\{0}

Then there exists a matriz AP such that
|AP| <6 (A.2)
zT(P, — Py + AP)xz = 0, Y € Hy, (A.3)
where |AP| denotes the induced Fuclidean norm of the ma-
triz éP. FEquivalently, the patching between Vi = T Pix
and Vo = 2T (Py — AP)x (alternatively, Vo = 2T Pox and
Vi = 2T (P + AP)z) is continuous on the hyperplane Hg.

Example 3. In this example we patch together the two
functions with Py = [3322] and P, = [{}] on the
hyperplane with 8 = 7/4. We get 6 = 3.5 and AP =
— 13 18], with [AP] = 3.5.

The level sets of the patched functions are represented
in Figure A.1, where the first column represents the
functions before patching, the second column represents
the functions after modifying P, and the third column
represents the functions after modifying Ps. *

Proposition 2. (Patching on two hyperplanes) Consider
two functions Vi(z) = 2T Piz and Va(z) = 2T Py, with
x € R"™, and two patching hyperplanes Ho, = {z :
x18inby — xacosby = 0}, for 61 € [0,7) and Hp, = {x :
x18in 0y — x5 cos Oy = 0}, for O € [0,7), 02 # 61 (namely,
the hyperplanes are not coincident). These hyperplanes
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Fig. A.1. The level sets for Example 3. The patching
hyperplane is the dashed line.

can be also defined as Ho, = {x : hiz = 0}, where
hi = [sin@l —cosf, 0 --- O]T, Hy, = {x : hlz =
0}, where hy = [sineg —cosfy 0 --- O]T. Define the

following worst case mismatch between Vi and V, at the
patching hyperplanes:

0= sup M (A.4)
x€Ho, UM, \{0} r-x
Then there exists matriz AP such that
|AP| <35 (1 —|cos(f; — 6)))" (A.5)
2 (P — Py + AP)x =0, Yo € Hg, U Hy,, (A.6)

where |AP| denotes the induced Euclidean norm of the ma-
triz éP. Equivalently, the patching between Vi = z7 Pz
and Vo = 2T (Py — AP)x (alternatively, Vo = 2T Pyx and
Vi = 2T(Py+AP)z) is continuous on the hyperplanes Ho,
and Hp,. (As a consequence, the corresponding piecewise
quadratic function is Lipschitz).

Unpatched Modify P, Modify P,

Fig. A.2. The level sets for Example 4. The patching
hyperplanes are shown by dashed lines.

Example 4. In this example we patch together again the
two functions with Py = [3:222] and P, = [{}] on the
hyperplanes with 6; = 7/4 and 6, = %w. We get § = 3.5,
so that the bound in (A.5) is 36(1 — | cos(0; —02)1)_1 ~ 17.
We get for this example AP = [_ %3, “58002], with

|AP| = 3.9113.
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The level sets of the patched functions are represented in
Figure A.2 where the first column represents the functions
before patching, the second column represents the func-
tions after modifying P, and the third column represents
the functions after modifying Ps. *
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