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Abstract

The family of circular Jacobi 8 ensembles has a singularity of a type associated with Fisher
and Hartwig in the theory of Toeplitz determinants. Our interest is in the Fourier transform of
the corresponding N — oo bulk scaled spectral density about this singularity, expanded as a
series in the Fourier variable. Various integrability aspects of the circular Jacobi 8 ensemble
are used for this purpose. These include linear differential equations satisfied by the scaled
spectral density for 8 = 2 and B = 4, and the loop equation hierarchy. The polynomials
in the variable u = 2/ which occur in the expansion coefficents are found to have special
properties analogous to those known for the structure function of the circular 8 ensemble,
specifically in relation to the zeros lying on the unit circle |u| = 1 and interlacing. Comparison
is also made with known results for the expanded Fourier transform of the density about a
guest charge in the two-dimensional one-component plasma.

Keywords Random matrices - Circular beta ensemble - Structure function - Loop equations

1 Introduction
1.1 Definition of the Eigenvalue PDF and Quantities of Interest

In random matrix theory, the joint eigenvalue probability density function (PDF) proportional
to
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N
[Tw @ T 1% =@, w@e) =et’|1 4697 (~x <0 <m), (L)
=1 l<j<k<N

isreferred to as the generalised circular Jacobi § ensemble. This reduces to the PDF specifying
the circular B ensemble (see [27, Sect. 2.8]) upon setting p = ¢ = 0. With ¢ = 0 but
p # 0, an interpretation of the factor |1 4 ¢/? |7 is as being due to a spectrum singularity
of degeneracy p at & = =, and the resulting PDF has been termed the circular Jacobi
ensemble; see [27, Sect. 3.9]. With g # 0 also, the factor e4? is discontinuous comparing
values at 6 = =+, extending the spectrum singularity to the class introduced by Fisher and
Hartwig in the theory of asymptotics of Toeplitz determinants [26]. We remark that generally
the study of Fisher-Hartwig singularities in random matrix theory and its applications is
active to this present day, with recent references including [1, 6, 9, 11, 14, 16, 21, 22, 42, 67,
71]. The naming “circular Jacobi” comes from the fact that the orthogonal polynomials in
z = ¢'? with respect to the inner product (f, g) = ffﬂ Ff(©)g@wD @) p=2 d6 are given
by the hypergeometric polynomials { Fi(—n, b, b + b; 1 — z)}, where b = p — ig, which
in term can be written in terms of Jacobi polynomials [63]. The construction of a random
Hessenberg matrix with eigenvalue PDF (1.1) has been given in [10].

The shift6; — 0~ i+ in (1.1) gives the modified generalised circular 8 ensemble, denoted
a , with weight w (@) = 101 — ¢19|PP In the present paper we focus our attention
on the density for the (modified) generalised circular Jacobi 8 ensemble, p((ﬂ)N @; B, p,q)
say, and the analogue of the corresponding moments, both of which are to be appropriately
scaled with N — oo. The density is defined by integrating out all but one of the 6; in the PDF
specified by (1.1). There being N choices of the one eigenvalue not integrated out effectively
contributes a factor of N—see (2.1) below with & = 1. The moments are the coefficients

{c,icj) (N, B, p, q)} of the Fourier series for the density,

J J _
Py N ©:B.p.g) = o > N B p e (1.2)

k=—00

The particular N — oo scaled limit of interest is

@ pp.g)= lim (N, B, p, ‘”L (t #0), (1.3)

=27k/N’
which is expected to be well defined for general real 7.

Associated with the scaled limit (1.3) is a scaling limit in the neighbourhood of the
spectrum singularity of the density itself, first studied for ¢ = 0 and g = 1, 2 and 4 in [38],
and extended to all even $ and general ¢g in [37, 53]. For general 8 > 0 this can also be
regarded as a bulk scaling limit, with origin at the spectrum singularity, specified by taking
N — oo and the angular coordinates 6; scaled 6; — 2mx;/L so that the mean spacing
between eigenvalues L/N is a constant, which we take to be unity by choosing L = N. The
Fourier series for finite N in (1.2), upon subtracting the constant c(()CJ) = 27t N, then tends to
a well defined Fourier transform relating to c((g). Thus the scaling limit of the density in the
neighbourhood of the spectrum singularity is specified by

21
oSy~ sgn() + 21 /N B p.g). (14)

J .
p((f),)oo(X; B.p.q) = Nh—r>noo N
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or in the setting of the weight (1.1)

~ . 27_[ ~
Pliyeo @ Bo prg) 1= lim =2pl() (O yeco + 21X /N3 B P g)- (15)

Applying this limit to the Fourier series (1.2) we obtain the Fourier transform expression

) _
p((lc),)oo(x; B.p.g)—1= E/ D (z; B, p, q)e ™ dx, (1.6)
—00
where cg) is given by (1.3), and thus by Fourier inversion
9] RN ;
B, p.g) = f (p(l),oo(x; B, p.q) — l)e’” dx. (1.7)
—00

1.2 First Motivation—Analytic Structure of the Generalised Spectral Form Factor

In the case ¢ = 0, p = 1, (1.7) can be identified with the bulk structure function for the
limiting statistical state defined by (1.1) with p = g = 0 [15, 28, 33]. Thus for finite N the
structure function Sy (k; B) can be defined by the covariance of the pair of linear statistics

Zj_V:l el‘k}uj’ Z?’:] e—ik)\j’
N .
Swik: B = (| 30 e

J=1

)
where the averages are with respect to (1.1) in the case p = g = 0. In the bulk scaling limit,

this can be written in terms of the truncated (connected) two-particle correlation function
,o(Tz) oo (X1, X2) according to

) (1.8)

Soo (T3 B) 1= leigoo Sn(k; B)
7 fixed

/ (p(g),oo(x’o) +6(x))eirx dx. (19)

t=2wk/N -

But by the definition of the truncated two-particle correlation function in the case p = ¢ = 0
we have

Pl)00(%: 0) = p() o (x5 B 1,0) = 1, (1.10)

where the RHS comes about since one of the fixed eigenvalues involved in the definition of
the two-particle correlation induces a spectrum singularity of degeneracy 1. Comparing (1.9)
with the substitution (1.10) to (1.7) then tells us that

Seo(t; B) = 1= ¢ (x: 8,1,0). (1.11)
We know from [33] that the quantity
B .
S B) = ﬁsoo(f; B), 0<7t <min(Q2m, 7p), (1.12)
T

extends to an analytic function of t for |7| < min (27, 7f8) and furthermore satisfies the

functional equation
f(r;ﬂ)=f(—2—r;i). (1.13)
B B
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The power series expansion of f(z; 8) in (1.13) is known to have the form [28, 33, 70]

F@py =1+ pi/p)x/2m)! (1.14)

j=l1

where

L .
(I —w)? Y g bju' (bjo=1,bj1=bj ) jeven

-5 | , (1.15)
(1 — u) 21:0 bj,lu (bjy() = 1, bj,l = bj,j—l—l) 7] odd.

Pj(u)={

Thus the coefficient of 7/ is a palindromic or anti-palindromic polynomial in u = 2/8. Note
that this structure is consistent with (1.13). The explicit form of p;(«) has been determined
up to and including j = 9 in [33, 70], while the explicit form of pjo(u) was calculated
recently in [28]. It is found numerically that all the zeros of these polynomials are on the
unit circle in the complex u-plane, and furthermore that the zeros interlace as the degree is
increased. ~

The equality (1.11) tells us that (7 8/|t |)(cfg) (z; B, 1,0) 4 1) shares the same expansion
in 7 as f(z; B). Given that the latter is a higher structured quantity, we pose the question as
to the nature of the the small T expansion of cfg) (t; B, p, q) for general p and ¢g. This is our
first motivation for studying the Fourier transform (1.7).

Remark 1.1 In relation to the large but finite N structure function for general random matrix
ensembles, one notes that the two-point quantity (| Z;v:l ¢**i|2) on the RHS of (1.8) has
been the subject of some recent attention in literature applying random matrix theory to the
study of many body quantum chaos [18, 64] and the scrambling of information in black holes
[17,24]; many more references could be given. Of interest is its graphical shape as a function
of k, which assuming a non-constant spectral density exhibits dip-ramp-plateau features as k
varies as a function of N, with corresponding dynamical significance. Following on from the
applications, several theoretical works have quantified dip-ramp-plateau for various model
random matrix ensembles. With such concerns being in common with the present work when
viewed broadly, we give a comprehensive list of references [15, 28-30, 34, 55, 59, 65, 66].

1.3 Second Motivation—Comparison with the Analogous Expansion for the
Two-Dimensional One-Component Plasma with an Impurity

Further motivation for our interest in (1.2) is that the case ¢ = 0 has previously been the
subject of some literature for the corresponding two-dimensional generalisation of (1.1),
which is up to proportionality specified by the PDF

N

2
l_IlzllﬁQe*ﬁmZI| /2 1_[ lz —zj1f,  z eC. (1.16)
=1 1<j<k=<N

The PDF (1.16) has the interpretation as the Boltzmann factor for the two-dimensional one-
component plasma, consisting of N mobile two-dimensional unit charges, repelling via the
pair potential —log |z — z/|, with a smeared out uniform neutralising background of charge
density —1 in the region |z| < /N /m; see [12, Sect. 4] for a recent review. At the origin is
a so-called host charge (or impurity) of strength Q.
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Let pgszo(r; Q) denote the density at point r in the limit N — oo of (1.16). Charge

neutrality of the screening cloud implies

/Rz(pﬁ(f,';o(r; Q) — dr = —0Q. (1.17)

Two distinct derivations have been given for a sum rule specifying the second moment of the
screening cloud [47, 61]

2
| eistw 0 = DirPar === (=g + prH0)o. (L1

Most recently, under the assumption of analyticity in Q, the fourth moment of the screening
cloud has been shown to obey [62]

1
(p)?

/RQ (PSEr: ©) = DIr*dr = —— (bo(B) + b1 (B +b28)0%) 0. (119)

where
2 1
bo(B) = —(B—6)(B—8/3), bi(B) = 5,3(2/3 =7, b(p)= —gﬁZ‘ (1.20)

Earlier [13, 48] the polynomial by (8)/ > appeared as the coefficient of [k|® in the expansion
of the structure function SC?OCP (k; B). From the spherical symmetry of p(ol)cp(r; 0)—1we
have for its Fourier transform

4 2 (=1 kNS .
/RzU’ﬁ?io(r; Q) — De'Tdr =3 (< m)z (%)’ /R (00500 @) = DIr[* dr.,
j=0 "

(1.21)

and so the results (2.21)—(1.19) give the small |k| expansion up and including order |k|*, and
exhibit a polynomial structure in Q and 4/8,

ik-r |k|2
fRz(p?&‘;o(r; 0) = DT dr = =0+ 32 ((1= /4 + (8/4910) 0
B (o) + 01810 + 2($)0) 0 + 0K
64(rp)? ‘ ’ '

(1.22)

At order |k|® there is evidence that the polynomial structure in 4/8 breaks down, at least
for the coefficient of Q as the latter is equivalent to the coefficient of |k|® in the small
|k| expansion of the structure function SC?OCP (k; B) ([62]; see also Sect.5 below) which is
expected to consist of an infinite series in powers of 4/ [48]. In contrast, in [62] it is argued
that the coefficient of |k|%/ is always a polynomial in Q of degree j + 1.

1.4 Summary of Results

Analogous to the expansion (1.14), we will show that there are coefficients {%; (8, p, q)} and
{h;(B, p,q)} such that

o0 o0
@B ) =) hiB p.)tsgnt+ Y R p. )T, Il <[t (123)
Jj=0 Jj=0

@ Springer



160 Page6of 26 P.J. Forrester, B.-J. Shen

where |7*| is the radius of convergence of the series. We are most interested in properties of
the coefficients as a function of 8, p and g. One notes that the symmetry of the discontinuous
factor of (1.1) in the neighbourhood of @ = =+, namely ¢?7+% (9 > 0) and 7™+ (9 <
0), being unchanged by the mapping 6 +— —6 and g — —gq, implies p((fg?oo(x; B, p.q) =

p((lci?oo(—x; B, p, —q). Hence from (1.7) we have the functional properties

hiB.p.g@) = (DB, p,—q),  hijB p.q) = (=DIh;(B, p,—q). (1.24)

In addition, the fact that p((fg)oo (x; B, p, q) is real tells us that

hiB p.q) =D hB,poa), B p.g)=(=DIhj(B.p,q). (1.25)

It follows from these equations together that % ; alternates pure imaginary then real, while
h ; alternates real and then pure imaginary.

Our study of analytic properties of the Fourier transform (1.6) and its small T expansion
(1.23) begins in Sect.2 where we specialise to B = 2. By doing this use can be made of a
third order linear differential equation which then characterises p((f;)oo Our main finding is
a second order difference equation for the odd indexed expansion coefficients of the non-
analytic terms in (1.23)—see Proposition 2.11. For p a positive integer the implied sequence
terminates for indices great than 2 p — 1. The even indexed expansion coefficients of the non-
analytic terms all vanish as does the coefficients of the analytic terms vanish except for /.
The considerations of Sect.?2 are repeated in Sect. 3, but now for § = 4. This is possible due
to the derivation of an explicit fifth order linear differential equation characterising ,o((g)oo
Proposition 3.2 then gives a fourth order difference equation satisfied by the expansion
coefficients in (1.23), which in general are all non-zero.

A different approach to studying the expansion coefficients of the Fourier transform is
introduced in Sect. 4. This is to derive and apply a hierarchical set of equations referred to as
loop equations for the generating function of the Fourier coefficients. In this method 8 > 0O is
arbitrary. However the computational complexity increases with the order of the expansion
coefficient, which restricts the number of terms which can be computed. Five orders are
specified in Proposition 4.2. A discussion of the explicit functional forms obtained by the
loop equation analysis, in the context of known properties of the expansion coefficients of
the structure function Soo(7; B), is given in Sect. 5. This includes identities relating the case
g = 0 of (1.23) with p — 0, and the case p = 0 of (1.23) with ¢ — 0, to the case
(p,q) = (1, features of the 8 — oo limit, and features of the coefficients in the expansion
(1.23) generalising those of the polynomials in (1.14). Section 5 also contains a comparison
between our findings and analogous results known for the two-dimensional one-component
plasma with an impurity charge (recall Sect. 1.3).

2TheCasef3 =2

2.1 The Confluent Hypergeometric Kernel and a Bessel Kernel

Denote the normalised form of the PDF proportional to (1.1) by pf\fjfg 01, ...,0n). The

corresponding k-point correlation function, p((lc\f)) 01, ..., 0) say, is up to normalisation

@ Springer
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obtained by integrating over all but the first k& of the variables in pﬁ%,
Pl @1 B) = NN = 1) (N =k + 1) | dBy - dby pyp(@r. .. On).
(=7 ]V =K
(2.1)

In keeping with (1.4) in this we replace {6;} in favour of {x;} and further define

J
Pézf),)oo(xl»--wxuﬁ,p,q)
. 27 \k )
= ngnoo (W) Py (T sgn(x1) +27x1 /N, .., =7 sgn(xg) + 27 x/N). (2.2)

The case B = 2 of (2.1) and (2.2) is special. The k-point correlation function then has
a determinantal structure, with the elements of the determinant moreover independent of k.
Specifically, in relation to (2.2) we have

) ) ‘ —d t[K(p.q) ‘ ] 23
Pty oo (X155 Xk By Py q) gy = det [ Koo (xj, x1) Lk (2.3)

where [7, after the change of variables 1/x; — mx;] (see also the introduction of [23] for
further references, and the recent work [37] for an independent derivation)
K(p’q)(x y) = @m)*|0(p+1 - iq)|2efiﬂ()cﬂ)fqﬂ(sgnxﬂgny)/2 (xy)P!
o alQRp+2)L2p+1) x2(x — y)
x(x 1 Fi(p + 1= ig; 2p + 2: 201 Fy (p — i3 23 26y) = (x <> 1))
2.4)

Here | F1(a; c; z) denotes the confluent hypergeometric function in standard notation. In
particular, taking the limit y — x using L’Hopital’s rule gives for the bulk scaled density

J
Pl 53 B 22|

_ (271-)2[7“"(1) +1- iq)|2 —2inx—qrrsgnx|x|2p

d
= L (s F 1 —ig:2p—+2:2i )
ATCp+2T2p+ 1) (dx (xl 1(p+ 1 —iqi2p+2:2imx)

d
x1Fi(p—iq;2p;2inx) —x 1 Fi(p+1—iq;2p+2; ZinX)Em(p —iq;2p; ZinX))-
(2.5)

We remark that use of the Kummer transformation | F(a, b; z) = e*1F(b — a, b; 2)
shows that (2.5) is unchanged by the mapping x +— —x, g +— —g, which must hold for
general B > 0 as noted in the discussion above (1.24).

2.2 The Case g = 0—Bessel Function Asymptotics
Use of the expression for a particular | F in terms of a Bessel function,
—-p+1/2
1F1(p;2p; 2iX) =T(p +1/2) <5> X Jpo12(X), (2.6)

shows [56]

12 Jpr12(@x)Jp—1/2(wy) — Jp—l/z(ﬂx)-lp-i—l/z(”)’).

2.7
2(x —y) @7

K2, y)|  =m(xy)
q=0

@ Springer



160 Page 8of26 P.J. Forrester, B.-J. Shen

Taking the limit y — x and making use of Bessel function identities then gives [27, Eq. (7.49)
with p =1,a = p]
2| |

(ch

Pt B Pl T (Upm12G@a)? + Upiija(rn)?

2p
——Jp- J . 2.8
L o1y ) 2.8)

As a check, it follows from (2.8) and trigonometric formulas for the Bessel functions at half
integer order that

Py e (3 B Do g2 = 1. (2.9)

p=q=0
We see that this is as required by the rotation invariance of the PDF (1.1) for p = ¢ = 0 and
the normalisation implied by bulk scaling. Setting now p = 1, shows

) sinx )2
P(1).00 X3 B, p,q)lpf qz,o =1- o~ . (2.10)

This is in keeping with (1.10) upon recalling the standard fact that in relation to (1.1) with
p=q=0, p((gg?oo(x, 0; B, p, q)|p=2 is given by the RHS of (2.10); see e.g. [27, Eq. (7.2)
with p = 1]. Generally, substituting any positive integer for p in (2.8) reduces the Bessel
function to a trigonometric form involving sin 2w x, cos 2wx. This is further illustrated by
the next simplest example after (2.10), which is to set p = 2 with the result

i B, 1, @) -
P1y.00 X3 By P2 q ST T A T ot
3—2m2x?

3
+W0052nx+msin2ﬂx. (211)

In the notation of (1.7) and (1.23)

. .
b = /_ (P55 B, P @Iz = 1) dx

= Zh,w, P, @lp=2sgn(v)’ + Z (B, p» @)lp=at’.
j=0 j=0

(2.12)

Starting with (2.5), we don’t know how to give an explicit special function evaluation of
the integral in (2.12). Nonetheless, we can use (2.5), expanded for large x, to deduce the
h;(B, p,q) for j odd in the corresponding small T expansion. Our ability to do this comes
about from Fourier transform theory [52]. Thus if

ee}

C2y
P i B P =2 — 1~ 1 2.13)

2n’
_ X—>00 X
q=0 n=1

where only non-oscillatory terms are recorded on the RHS, then

(c)) . itx ~ ( 1) C2n 2n71
f_ (p(l)w(x,ﬂ,p,qngzg— )e™ dx ”Z(zn_w SNCREY
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Generally this approach can access the terms in (2.12) singular in 7 only. The analytic terms
are not accessible via this method.

According to (2.5), the expansion (2.13) as applies to the case ¢ = 0 can be deduced from
knowledge of the large x asymptotic expansion of the Bessel function. The latter is given by
[57, Eq. (10.17.3)]

Jo(z) ~ ( ) (cost( 1k "2"( ) i wZ( 1 az";{fl‘))), (2.15)

where with (u)y ;== u(u —1)---(u+s—1)

w:z—%vn—%n, ap(v) = ﬁ(%—v)k(%—i—v)k. (2.16)

Proposition 2.1 Consider the large x asymptotic expansion of ,o((fi)oo(x; B, P, @) g=2,4=0
restricted to non-oscillatory terms. This is given by (2.13) with ¢z, = ¢, (p), where

D" /1 n
Con (P) = (7_[723 <5 Z (a2s ([9 - ]/2)02(n—s) (p - 1/2) + ass (P + 1/2)02(n—s)(p + 1/2)>
s=0

1 n—1
=3 2 (@41(p = 1/Da25)-1(p = 1/2) + @21 (p + 1/ Dz -1 (p +1/2))

s=0

n—1

+p Y (a2 (p = 1722001 (p +1/2) = 21 (p = 1/Dat2a—2(p + 1/2>)),
s=0
(2.17)

with {ar(v)} as in (2.16).

Proof We substitute (2.15) in (2.8). Applying simple trigonometric identities allows the non-
oscillatory terms to be separated from the oscillatory terms. Finally, the coefficient of 1/x2"
is extracted using the formula for multiplication of power series. O

Remark 2.2 The use of computer algebra to compute (2.17) for small values of n and general
p suggests the simplified form

n—1

en(p) = =5 [[(0* =1, 2.18)
=0

where «, is a rational number. Regarding the latter, the computer algebra computation gives

B B 1 B 7 _2 b
M= @=3 BT9e WT R BT YT 90040

We note in particular that (2.18) implies ¢2,(p) = 0 for n > p, and that cp,(p) is a

polynomial in p? of degree n — 1. In fact this simplified form, together with the explicit value

of «;,, can be obtained by taking a different approach to the large x asymptotic expansion of

(ch)

Pty oo (X3 B, P, @)]g=0,p=2, namely via a differential equation, which is to be done next.

@ Springer



160 Page 10 of 26 P. J. Forrester, B.-J. Shen

2.3 The Case g = 0—A Third Order Linear Differential Equation

Inthe work [39, Sect. 3.1.2] the scaled density (1/7r)p(°1])’oo(x/7t; B, P, q)|g=2,q=0 was shown

to satisfy the third order linear differential equation

2 i " 2 2\ p/ 4172 _
X“R7(x)+4xR"(x) + 2—-4p° +4x")R'(x) — —R(x) = 0. (2.20)
X

This can be used to provide an alternative approach to the computation of the coefficients in
the expansion (2.13).
Proposition 2.3 The expansion (2.13) holds with

n—1

[[*-. w=2. @21

=0

| 1 2n-3)!
=gl =T o

Proof Due to the scaling of x in the density assumed in the derivation of (2.20), the expansion
(2.13) transforms to

R(x)—l ~ liizcz" (2.22)
X i X n
Substituting (2.22) in (2.20) and equating like (negative) powers of x implies
1, 1 2n-1  , 2
Q=-53P, mp= ;m(l? —n)c, (n=1). (2.23)
Iterating the first order recurrence (2.21) follows. ]

Remark 2.4 1n the notation of (2.18), (2.21) gives @ = 1/2 and
2n —3)!
oy = —
)
for n > 2. This indeed reproduces the values obtained in (2.19).
With r(x) = R(x) — 1/m = O(x~2) as implied by (2.22), there is a well defined

meaning to taking the Fourier transform of (2.20). Upon integration by parts and an additional
differentiation with respect to t this reads

- £((r3 - 4r)f(r)) + 4d—2(r2f(f)) —2(1 — 2p2)i(rf(r)) —4p*F(1) =0
dt3 dt? dt ’
(2.24)
where
S .
7 (1) :=/ r(x)e'™ dx.
—0Q
Proposition 2.5 Let
00 1 pZ
bo = /_OO (R(x) - ;) dx. bi=1- (2.25)
and specify {ca,} by Proposition 2.3. The small T expansion
o0
Fr)y =) bu(rr)", >0, (2.26)

n=0
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substituted in (2.24) has the unique solution

(=D"ca
2
@2n —1)!

Proof Substituting (2.26) in (2.24) gives

b1 = nzl), by=0 @m=z=1). (2.27)

n ( 2 (n+ 1)2
n2(n+3)(n+2)(n+1) 4
The value of by is not restricted by the differential equation, nor is the value of b, while for
n even and positive the recurrence gives b, = 0. For odd subscripts, replacing n by 2n — 1
allows the recurrence to be related to that in (2.23), which implies (2.27). ]

buss = )ou (1= 0).

Remark 2.6 1. The implied coefficient of the third derivative in (2.24) has a zero at 7 = 0
and t = =2, telling us that the radius of convergence of (2.26) is 2.

2. Since r(x) as relates to (2.24) is an even function of x, 7(7) must be an even function
of 7. Hence for 7 < 0 (2.26) is now a power series in ||, as is consistent with (2.12).
In particular the coefficient of T must then relate to the coefficient of 1/x? in the large x
expansion of r(x) as implied by the relation between (2.13) and (2.14). This justifies the
choice of b1 in (2.25) which as already mentioned otherwise is not determined by (2.24).

3. The log-gas interpretation of the factor |1 + ¢'?|8P in the circular Jacobi weight wy(0)
of (1.1), otherwise interpreted as a spectrum singularity of degeneracy p at 6 = m, is
as a fixed charge of strength p. From this log-gas picture, perfect screening of the fixed
charge (see e.g. [27, Sect. 14.1]) implies

/OO (R(x) - %) dx = —p (2.28)

—0o0

and thus from (2.25) that by = —p.

Corollary 2.7 Specify {c2;} by Proposition 2.3 supplemented by co = 0. For B = 2 and
q = 0, the expansion (1.23) holds true with

h2j(,37 P q) p=2 = €2j (j =0), th—l(,B, P:q) p=2 = Ej(ﬁ, P q) p=2 = 0G=D.
q=0 q=0 q=0
(2.29)

The perfect screening sum rule (2.28) gives fzo(ﬂ, Py Plp=2,p=0 = —p.

2.4 Third Order Linear Differential Equation for the Case g # 0

A third order linear differential equation satisfied by the scaled density (1/7) ,o(ClJ)’ X/ B,
P, q)|g=2 for general p, g can be obtained by following the same procedure as used in [39] to
deduce (2.20), suitably generalised to involve the extra parameter ¢ . In doing this, use is made
of a general relation between the generalised circular Jacobi ensemble, and the generalised
Cauchy ensemble.

In relation to this, one remarks that the PDF (1.1) is an example of a 8 ensemble with the
eigenvalues supported on the unit circle in the complex plane. In contrast, a 8 ensemble on
the real line is specified by a joint eigenvalue PDF of the form

N

[Twen ] lw—x07. (2.30)

=1 1<j<k<N
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160 Page 12 0f 26 P. J. Forrester, B.-J. Shen

Generally an Hermitian matrix H can be constructed from a unitary matrix U by way of the
Cayley transform

H=ily -y +0)"",
valid provided —1 is not in the spectrum of U and thus [y +U isinvertible. This was introduced
into random matrix theory by Hua [46]. The corresponding mapping of the eigenvalues is
i0

X = = tan(0/2), 2.31)

1+ e
which is recognised as specifying a stereographic projection between the unit circle and the

real line. Applying the inverse of this mapping, up to proportionality the PDF (1.1) transforms
to the functional form (2.30) with

1
(1 —ix)e(l +ix)c’
which is then referred to as the generalised Cauchy f ensemble; see [27, Eq. (3.124)].

w(x) = c=B(N+p—1)/2+1—iq, (2.32)

cJ

Proposition 2.8 The scaled density (1/7'[);0(])’Oo

linear differential equation

3R (x)+4x>R" (x)+2x(1=2p> —4gx+2x>)R'(x) —4(p* +¢qx)R(x) = 0. (2.33)

(x/m; B, p, q)|g=2 obeys the third order

Proof For the Cauchy ensemble with weight (2.32) and B = 2 let p(;’) (1) denote the

corresponding density. With g(r) = (1 +12)p(1,"} (+) we know from [39, Eq. (3.33) with

r(t) = g(t), a; = p, ap = —q] that
(14152 + 211 + 128" + 4((p2t —(N+pg)(g—1g)

+(N +p)? + (N + pat = p* = qP)g) = 0. (2.34)

From (2.31) and associated theory it follows 2 g()|;=tan(9/2) = p((‘fg)N (0). We want to
scale O about the spectrum singularity at & = m, and as a normalisation we require that
at large distances in the scaled variable the density is 1/m. These requirements are met by
choosing = 7 +2X/N. Witht = tan(6/2) and N large this implies t ~ —N/X. We make
this substitution in (2.34). Equating terms at leading order in N in the resulting equation
gives (2.33). ]

For g # 0, it follows from the functional form (1.1) that p((f;)oo (x; B, p, q) is not an even
function of x, in distinction to the case ¢ = 0. In place of (2.13) we now expect

N d
J
Py e i B P @lp=a — 1~ ;

x—+o00 xn ’
n=lI

(2.35)

for the asymptotic form of the non-oscillatory terms. The analogue of (2.14) for the non-
analytic terms in the small t form of the Fourier transform is then [52]

00 o n
(ch) . iTx ~ ! n—1
/_OO (P(l),oo(xa B, psq@)lp=2 — 1)9 dx r_)oﬂ ngildnmf sgnt. (2.36)

As for the result of Proposition 2.3, the differential equation (2.33) can be used to determine
the coefficients d,, in (2.35).
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Proposition 2.9 The expansion (2.35) holds with

2 2 2

P +q 12n+1 Il n=1/, n

- , dugr = — ——( ——)d > 1).
22 =t s g )d = D

(2.37)

d=——, dy=

Proof As with (2.22), to relate the expansion (2.35) to an expansion of R (x) in (2.33) requires
a scaling x — x/m to give

[ee)

Roy— L o~ L 3 whdy (2.38)

T X—>00 T xn
n=1

The result now follows by substituting (2.38) in (2.33) and equating like (negative) powers
of x. O

We note that setting ¢ = 0 in (2.37) reclaims the result of (2.21). However unlike the
situation with ¢ = 0 the recurrence in (2.37) does not admit a simple functional form for its
solution. Structural points of interest are that dy,, is equal to (p* + ¢?) times a polynomial in
p? and g2 of degree n — 1, while for n > 2, dp,—; is equal to ¢ (p? + ¢2) times a polynomial
in p? and ¢? of degree n — 2. Specifically, as some low order examples

4w’ +q®) PP -pP=5¢°) g +¢H —3p* —Tg%)

dy=——————, d
3 273 4 84 83

, ds
(2.39)

And as we know from (2.36), knowledge of {d,} gives the explicit form of the coefficients
{hn(B, P, q)Ip=2} in the functional form (1.23) according to

Tn

l
wonr "=t

Remark2.10 1. Starting from (2.5), and using the appropriate generalisation of (2.15) as
can be found in [57], we have independently verified that with respect to non-oscillatory
terms

hn—1(8, P, @) p=2 = mdy (2.40)

1
Rx)—— ~ —L 2.41)
71' X—>00 ]Tx

as is consistent with Proposition 2.9.
2. Assuming the validity of (2.28) for g # 0, the result (2.37) for d; used in (2.36) implies

o0
lim (R(x) — l)ei” dx = —p—igsgnT, (2.42)
—=0* J_o T
telling us that for g # 0 the Fourier transform is a discontinuous function of 7, and that
in (1.23), ho(B, p, q)Ip=2 = —p-

3. Difference equations satisfied by moments of the spectral density for classical ensembles
is arich theme in random matrix theory; references include [19, 20, 35, 36, 43, 45, 50, 51,
54, 69]. Excluding the case of the Cauchy ensemble, a feature of these settings is a global
scaling for which the spectral density has compact support. However in the present
setting of the non-compactly supported bulk scaled spectral density about a spectrum
singularity, there is no literal meaning of the moments due to the slow decay at infinity.
Hence the non-analytic terms in the expansion (1.23) of the Fourier series. Note that this
is in contrast to the two-dimensional case as exhibited in (1.21), even though the support
there also non-compact.
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160 Page 14 of 26 P. J. Forrester, B.-J. Shen

It remains to investigate the coefficients {fl‘,- (B, P, q)|p=2} in the expansion (1.23) for
Jj > 1. For this purpose we introduce r(x) = R(x) — 1/m and proceed to take the Fourier
transform of (2.33) to deduce as the ¢ # 0 generalisation of (2.24)

d3 3 ~ d2 2 . ~ d 2 L NA
—ﬁ((r —40)FD) + p((m +8igT)F (D)) — E((Z(l —2p?)7 +4ig)F(T) )
—4p?i () = 0. (2.43)
The following result now follows by direct substitution.
Proposition 2.11 The small t expansion

P(r) = ien(i) r >0, (2.44)

n=0
substituted in (2.43) implies the recurrence for {e,}

(n+1)?

(n+3)(n+2)(n+ Densa +iqg(2n +3)(n + Deny +n(P2 - )en =0, (n=0).

(2.45)

The values of es, e3, . .. implied by (2.45) are independent of e but depend on 1. However
in keeping with the circumstances of Proposition 2.5 the value of e is not determined by
the differential equation (2.43). We note that writing ¢, = [fnJr 1™ /n! in (2.45) shows
{J,,} satisfies the same recurrence relation as {d, } in Proposition 2.9. In the context of the
expansion (1.23) this implies that for 8 = 2 the sequences {h;(B, p, ¢)} and {fzj B, p,q)}
satisfy the same recurrence. While all terms in the sequence {; (8, p, q)|g=2} are known
according to Proposition 2.9 and (2.40), the sequence members h i(B.p,q)lp=2forqg #0
and j > 2 depend on the value of le(ﬂ, D, q)|p=2 for g # 0, which is not known from the
above considerations. However results from Sect.4—specifically by taking the imaginary
part of a1|g=2 in (4.21)—allow us to deduce that we have le (B, P, q)|p=> = 0 for general
¢ and hence fl_,-(ﬂ, P, q)lp=2 =0for j > 1.

3TheCasef3 =4

The scaled statistical state in the neighbourhood of the spectrum singularity for § = 4 is a
Pfaffian point process, rather than the simpler determinantal point process for g = 2 [37,
38]. Perhaps surprisingly then, the functional form of the of the 8 = 4 density is functionally
related to the § = 2 density. This is simplest to state with ¢ = 0, for which from [38,
Eq. (3.34) witha = p and X = Y] reads

(ch

J
p(])’oo(X;/&p’q) B )

4 =p(1)’oo(2x;ﬂ7p’q)‘ B=2
0 q=0,p—2p

X
—ﬂp%ﬁjzx} i sV Dy p@s)ds,  (3.1)
where for convenience it is assumed x > 0 (as previously remarked, for ¢ = 0 the density is
an even function). An analogous result for g # 0 is given in [37]. However for our interest
in the expansion (1.23) we will not make use of such an explicit expression. Rather the key
feature of the B = 4 density for our purposes is that it, like the 8 = 2 density, satisfies a
linear differential equation albeit now of degree 5.
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Proposition 3.1 Let p = p — 2p?. The scaled density (l/n)p(clj) X/ B, Py q)|p=4 satis-

fies the differential equation

RO (x) + 10x*RW (x) + x? (205 — 20gx 4+ 22 + 105)R” (x)
+ x%(64x> — 76gx + 4+ 44p)R" (x)
Fax(16x* — 32x° +4(4g% + 45 + Dx? — (6 + 16p)x + 45> +7p — DR (x)
+ 8(—4qx> +4(¢> + p)x> — q(6p — )x +2p*)R(x) = 0.

Proof A fifth order linear differential equation for the 8 = 4 Jacobi ensemble density has
been given in [60, Th. 2]. Making use of the relation between the Jacobi and Cauchy averages
(39]

(fA=ixi, oo, 1= ixy)) D = (f@rr, o, 200V | v petyjamigigr 32
r=—B(N+p—1)/2—1—iq

valid for f a multivariable polynomial, and where the average on the RHS is to be understood
in the sense of analytic continuation, we can deduce from this a fifth order differential equation
for the quantity (1 +12) p((lc)y 1)\/ (t), where p((ﬁv })V (#) denotes the § = 4 Cauchy ensemble density
corresponding to the weight (2.32). As in the proof of Proposition 2.8, the computation is
concluded by substituting t = —N /X as corresponds to a hard edge scaling and equating to
leading order in N. Due to the large number of terms involved, the required steps were all

carried out using computer algebra. O

As for the differential equation (2.33), the differential equation of Proposition 3.1 has a
unique solution of the form (2.38).

Proposition 3.2 Substituting the expansion (2.38) in the differential equation of Proposi-
tion 3.1, but with the coefficients renamed from {d,} to {g,} for distinction, one obtains
that

q L. 5 1 S 2
= -, = —02p — s = —_-— —-1-=2
gil=—5- 82=552p=4) & =—7—54( p+a°)
1
= —— (~16p —4p* + 19¢° + 12p¢* — 5¢%),
84 = 1og7 (7160 —4p° +19¢° +12pq” = 5¢7)
with the higher order coefficients gs, ge, - . . then determined by the fourth order recurrence

relation

64(n + 4t gnia — 32g(11 + 4n) 3 guys
+4 (324 54n +29n% + 5n° + 8p(3 + 2n) + 24¢* + 16ng%) 7 gy 12
—4g (4p(1 +4n) +n (4 + 1n + 5n%)) wgup1
+ ((n = 1) (16p* +2pn(5n — 2) + n* (=2 +n +n?))) g, = 0.

As with going from (2.35) to (2.36), then to (2.40), knowledge of {g,} tells us that

l‘}’l

hn—1(B, P, @) p=4 =7Tgnm- (3.3)

Remark 3.3 1. A fifth order linear differential equation is also known for the density of
the Jacobi ensemble in the case 8 = 1 [60]. However this is not independent of the
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160 Page 16 of 26 P. J. Forrester, B.-J. Shen

corresponding differential equation in the case 8 = 4. Writing g, = g,(8, p, ¢), where
{gn} is used in the same sense as Proposition 3.2, the dependence implies

(B, P, Dlp=1 = (=2)""' g, (B, —p/2, —29)|p=4. 3.4

This functional equation is generalised in (4.33) below.

2. The fifth order differential equation of Proposition 3.1 can be transformed into a fifth
order differential equation for the Fourier transform of (R(x) — 1/7). Now substituting
the small T expansion (2.44) gives a fifth order recurrence for the coefficients {e,}. Upon
the substitution e,, = gn41i" ! /n!, this recurrence becomes that of Proposition 3.2 with
{gn} replaced by {g,}. As in the discussion below Proposition 2.11 in the case 8 = 2, this
implies that for 8 = 4 the sequences {%; (8, p, q)} and {fl‘,- (B, p, q)} of the expansion
(1.23) satisfy the same recurrence. According to (3.3) and Proposition 3.2 the first of
these is fully determined. However the latter requires specification of g», g3, g4 as initial
conditions, which are not determined by the differential equation. However, we will see
that these initial conditions can be accessed using result deduced from results of the next
section (specifically (4.31) and (4.32)), which imply

q

i N P . 1
Br=——5. B=-—P+q). B=—7q(-1-3p+2¢"). (3.5
T 8

167

3. The identity (3.2) was used in [39] to obtain linear differential equations satisfied by
the density in the Cauchy ensemble with § = 1, 2 and 4, and to study the corresponding
moments. This line of study was initiated in [3]. Another application of (3.2) was given
in [31], where it was used to study the distribution of the trace in the Cauchy 8 ensemble;
see also [2-5, 68] for the case f = 2. As the latter references indicate, one of the interests
in this is that it relates to the joint moments of the characteristic polynomial of a random
unitary random matrix with Haar measure and its derivative, which in turn is relevant to
the study of the Riemann zeta function.

4 A Loop Equation Approach
4.1 Connected Correlators

Consider the Stieltjes transform

DO B, p. )

. 27[ p
Wi(x; N, B, p,q) 12/ do, x ¢, 4.1)
0

x —el?
where C; denotes the unit circle in the complex plane. Expanding for large x shows that this
quantity relates to the Fourier components of the density as specified in (1.2),

i ff”(N ﬂ p.q)

Wi(x; N, B, p.q) = . x> L 4.2)

One recalls that a primary aim of this paper is to obtain the small T expansion of the Fourier
transform c(cj)(r; B, p, q) as specified in (1.7). To see how Wi(x; N, B, p, q) relates to this
aim, suppose that this quantity admits a 1/N expansion

Wi N, B p.q) = —+NZ T L0 (43)
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Suppose furthermore that each Wll (x; B, p, ¢) when expanded for large x analogous to (4.2)
has coefficients which are polynomials in k of degree [ — 1. Denote the leading coefficient
in the polynomial by o;_1(8, p, g) so that

o0

— 1 1
Wi B, poa) =+ O~ (ai(B. p k™! + 0K D). (44
k=1

It then follows from the definition (1.3) that
o o~ (T
L pp=Y (5) b po. 4.5)
=0

In fact this general approach has been used to determine {c; (B, p, ¢)|p=1,g=0} up to and
including / = 10 in [70], thereby reclaiming the explicit form of the polynomials {p;(y)} in
(1.14) for j =1, ..., 9, first obtained in [33].

In the loop equation formalism, the computation of the coefficients in the series of (4.3)
up to the j-th requires knowledge of the large N expansion of particular truncations of the
multipoint correlators

N

1
Wast.ooooxai N Bopaq) = (GO - G]G0 =Y . (46)
j=1

These truncations, denoted W,,, have for n = 2 the simple covariance form

Walxi, x2) = ((G(m) —(GxDN(G(x2) — (G(X2)))>, 4.7)

and similarly for n = 3. For general n > 2 the truncations, referred to as connected cor-
relators, are symmetric linear combinations of {W,, (xj,, ..., xj,; N, B, p, @)}m=1,...,
1 <ji1 <--- < jm < n defined so that they are generating functions for the mixed cumu-
lants; see e.g. [32, Eq. (1.17)]. A key feature of the connected correlators is that their order
of decay in a 1/N expansion increases as n increases,

00 7l

_ w s Xni By P,

W}’l(xly ---7xn; N,ﬂ, p’ q) — NQ—HZ n(xl N-;Cn :3 p q); (48)
1=0

see [8, 70]. To compute Wi(x; B, p,q)in (43)uptoorder! = j, we will require knowledge
of the expansion (4.8) of W, forn =2,...,j+ luptoorder! =n — j — 1.

4.2 The Loop Equation Hierarchy

The connected correlators have previously been analysed in the case of the Jacobi g ensemble
based on (2.30) with the weight

wx) =™ (1 —x)2 x0<x<1, 4.9)

where x4 = 1 for A true, x4 = 0 otherwise. They satisfy a hierarchy of equations—referred
to as loop equations—specified by [40, Eq. (4.6)]

0= ((x 2y (A—‘ —— ))Wi(xl, - —"L W

dx1 X1 1 —xg x1(1—xp)

@ Springer



160 Page 18 0of 26 P. J. Forrester, B.-J. Shen

Xn=1

A=l EEND CIR WL
xl(l_xl)<(k1+A2+I)N+KN(N 1)) Zxk W, (Jn)

x1(1 —xp) P Xy

—J ~ —J
{ anl(xlv-"vxks""xn) - anl(-]n)

|
+ 7Wn—1(‘]”)
X] — Xk X1

"9
+ Xn#l Z o
= 0xk

—J —J —J
o | W G xn ) + Y W G DWW,y Gen, T\ D) | (4.10)
]g]n

Here the subscripts J on the an indicate the connected correlations with respect to the
Jacobi B ensemble, k = B/2 and J, = {x2,...,x,} with J1 = {. Also, the tuple
(X1, ..., Xk, ..., Xxy) consists of x1, ..., x, in order with x; excluded.

There is a mapping between averages in the generalised circular Jacobi and Jacobi ensem-
bles, which reads [27, corollary of Prop. 3.9.1]

(f (=€ =N = (F x| g nyaiige A1)

ra=Bp
Here f is a multivariable polynomial, and the identity is to be interpreted in the sense of
analytic continuation; cf. (3.2). The extension of the validity of (4.11) for f analytic follows
by appropriate summation. Note that shifting the integration variables 6; > 6; + 7 on the

LHS of (4.11) removes the minus signs in the arguments of f to give

(FE, N = (f ) g vy 1sig- (4.12)
ro=PBp
The mapping (4.12) allows the loop equations (4.10) for the generalised Jacobi 8 ensemble to
be transformed to the loop equations for the circular Jacobi B ensemble with weight (1.1) by
a simple substitution of A1, A;. With this done, the large N expansion (4.8) can be substituted
and like powers of N equated to obtain a triangular system of equations for { W,El)}.

Corollary4.1 Letk = /2, ki =k — | — kp — qi, Ao = 2k p. We have

1—o -0

— Wi+ (W, (x))? =0, (4.13)
K —0 —0 1 0 —o

- —W,yx,x) - ———m—W _xy—W
p 2(x1,x2) d =) 1(x2) o _xl)xz o2 1(x2)

—0 —0
i(M + %W?(@) F AW ) Way, 1) =0, (4.14)
1

0x2 x| — X2
40 ~ ~
oW, (x) A A2 \—0 K—1
(€= D=L (2 - W) - SWi
ax X 1—x X
+ LT W x) + 2 W ()W (x) = 0, 4.15)
x(1—x)
K —I+1 0 5»1 12 —1
—-=w" (x1)+|:(/c—1)+— i|W1(x1)
X1 dx1 X1 1—x;
[—1 &2 1+2
+kWy  Gx) +x Y W @W, @) =0, 121, (4.16)
m=0
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and
K —141 ) o A2 —
— =W, ) | = D 2 - Wh(x1, x2)
X1 8x1 X1 1—x1
1 3 i+ o (Wi - W ) 141
+ 1) — 2 +
— (o +1 (@) + o1 : —Wl (x2)
x1(1 —x1) 8x ) x| — X2
1—1 i 1+1
+aWs (x5 x) + 26 ) W )Wy (1, x2) =0, [>0. (4.17)
m=0

.. . , —I+1 .
In addition, an equation analogous to (4.17) holds which expresses W, for n > 3 in terms
of lower order terms in the triangular system.

A hand calculation readily suffices to solve the above triangular system up to and including
—2
W (x). Thus we find

—0 J kp+iq  —2 (kp—ig—x+1Dkp+iq)
W == W =1 W = , (4.18
109 x 100 kx(l —x) 100 K2(x — 1)2 (“+-18)
with the intermediate results
—0 —1 —0
Wox,y) = Wyx,y) =0, Ws(x,y,2)=0. (4.19)

The evaluations of W?(x), W}(x) and Wg(x, y) can in fact be obtained by specialising
parameters in results from [40, Prop. 4.8]. The first of the equations in (4.18) is equivalent
to the normalisation

2 5 N 2
/ iy N ©:B.p.g)do =N = —5k:0/ e do, kel (4.20)
0 ’ 27 0

As commented in the sentence above (1.4), this last expression, with the restriction to k = 0
removed, is to be subtracted from the Fourier coefficient fo ,o((f;) N @ B, p, q)e”“e do to
arrive at (1.7). With this done, according to the definition of {o;} given in (4.4), we read off

from the second and third equations in (4.18) that

i 1 —q + (k — 1)i
w=—p- "2, a1=(——1)p+p2+‘“"—(2)), (421)
K K K
where « := /2.

The use of computer algebra allows the evaluations (4.19) to be extended, and thus simi-
larly for (4.21). Specifically, in relation to the latter, this shows

a(l +a—k)(—24+a—a+ 2k

o = ( )(2K3 ), (4.22)
a(l+a—k)(6+a>+a> —3a2+a—2«) —5a(k — 1) — 11k + 6x?)
64 ’

1
oy = —a(l—l—a—x)(a —a® — 60> (2+oe—2/<)+9oe (k — 1)

(4.23)

o3 =

2445
+ & (=26 + 47k — 26x7)
+o (34 +6a% — 29 (k — 1) — 63k + 34K?) + 12 (=2 + 5k — 5k2 +2¢%)),  (4.24)
1 53
o5 = T20% 6a(1+a—/<)(a +a* —100° Q+a—2«)—lda’(k — 1)

@ Springer



160 Page 20 of 26 P. J. Forrester, B.-J. Shen

+ 502 (22 +4@* — 19a(k — 1) — 41k +22c%) + &> (71 — 127« + T1x?)
+ & (154 — 377k + 377k — 154k%) + 4 (30 — 91k + 1247 — 91k + 30x*)
— S (42428 — 17@* (k — 1) = 107& +107k> — 423 +a (47 — 86k + 47k%))),  (4.25)

where o := « p 4+ iq. We are now in a position to specify the coefficients in (1.23) up to and
including index label j = 5.

Proposition 4.2 Let «y, ..., a5 be given by (4.21)—(4.25). We have

1
hj(B,p,q) = (2 —y Imaj, jeven h;(B,p,q) = an )]Reaj, jodd (4.26)

and

- 1 -
hj(B,p,q) = an )/Reaj, jeven h;j(B,p,q) = o )/Imaj, jodd. (4.27)

Explicity, for indices up to and including j = 3,

i 1
ho(B. po@) = ==L, hi(B, p.q) = =—5(@* +xp +>(=1 + p)p), (4.28)
K 2K
i
h2(B.p @) = s (1407 + 1@+ p) + A1 = p+ ), (4.29)
1
h3(B.p.q) = 35— (1707 = 5q" +k(=33q> = 6p(=1 +¢%) + K> (174> + p*(5 — 6¢")

F (=174 6¢%) + K3 p(17 = 9p — 2p) — k* p(6 — 5p — 2p° + p3)) (4.30)

and
. - iq(1 —k) =
ho(ﬂaPaQ):—Pa hl(,B7p’q):W7 hZ(ﬂJLQ)
1-
= (4 7 3)(2(] +1p+ Kk =1+ p)p), (4.31)
i 1
h3 (B, p,q) = —%(—H 16¢% + k(11 4 12p) 4+ 6k*(—=1 — 2p +2p?)). (4.32)

Proof This follows by comparing (1.23) and (4.5), then making use of the property noted in
the sentence below (1.25). m]

Remark 4.3 1. Based on the loop equations (4.10) it has been shown in [32] that the Jacobi
B ensemble connected correlators Wﬁl satisfy the functional equation

W1, s Xns Nk Aty ) = (=) "W (1, xns No i, Ay, —kAa),

whereas in Proposition 4.2, ¥ := /2. The mapping (4.11) then induces the functional

. . . 7
equation for the circular Jacobi 8 ensemble connected correlators W,Cl ,

J Jp—
Wy (K15 ey Xs Noie, pog) = (=) "Wy (x1, .o, X3 —k N, 1/, =k p, q /).

Now setting n = 1, expanding in 1/N as in (4.3), then proceeding from this to (4.5) gives
the functional equation

L@ pp.a) = _BC S(=2t/B:4/B, —Bp/2, —2q/B)
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or equivalently

hj(B,p.q) = (— %)Mh;(%7 —%pv _%)7
hiB.p.q) = (—%)Mﬁj(%,—%p,—%). (4.33)

The functional equations (4.33) are readily exhibited on the explicit functional forms
(4.28)—(4.32).
2. Inthecase g = 0 the density /’(1) 0o (X5 Bs P, q) is an even function of x and consequently

cc(,coj) (t; B, p, q) is an even function of . In the expansion (1.23) we must then have that
h;j(B, p,q)lq=0 = 0 for j even and ﬁj(ﬁ, P> q)|q=0 = 0 for j odd, which can also be
viewed as corollaries of (1.24). This is indeed a feature of the explicit functional forms
(4.28)-(4.32).

5 Discussion

Setting ¢ = 0 we read off from (1.7), (1.23) and the results of Proposition 4.2 that

| (ot Bl = 1) an

Izl pU—k) 7’ 3
—P+*((1—K)+K )7 W((l—x)—i—xp)}(—z—i—O(r ). (5.1

It is of interest to compare this expansion to the analogue for the two-dimensional one-

component plasma (1.21). With Q identified as p, we see that the first term on the RHS,

which corresponds to the perfect screening of the external charge, is the same for both. In

two-dimensions the generalised Fourier transform of the logarithmic potential VO°P(r) =

—log|r|is yocp (k) =2m/ |k|? and the dimensionless thermodynamic pressure is ,BPOCP =
— B/4. Hence the second term in the expansion (1.22) can be written

Q

m(ﬁf"’c" +(B/40). (52)

In relation to the circular 8 ensemble (CBE), the generalised Fourier transform of the
logarithmic potential VCPE(r) = —log|r| is VCPE(7) = mr/]t| and the dimensionless
thermodynamic pressure is 8 PCPF = 1 — /2. Hence the second term in the expansion (5.1)
can be written

CBE
SoE TS Ty BPTE + BIOP) (5.3)

The structural similarity between (5.2) and (5.3) is evident. However when it comes to
comparing the third terms on the RHSs of (5.1) and (1.22) structural differences show.
Specifically the former is Q times a quadratic polynomial in Q, while the latter is p times
a linear polynomial in p. This is perhaps not unsurprising as the argument used in [62] to
predict the Q2 term relies in part on the screening cloud having a fast decay with well defined
moments, which is not true in one-dimension. The dependence on g is quadratic in 1/8 in
both cases, although in (5.1) there is a stand alone factor of (1/k — 1) with no analogue in
(1.22).
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A linear response argument is used in [62] to deduce that

1 . -
]‘ . OCP . —1 lk~l‘d — VOCP k SOCP k:
Jim = /R (P55 @) = e dr = —pV O ) ST (k: )

= —BVOP R (1+ /R (0057 (r: @)l g1 — De T ar), (5.4)

where the second equality follows from the two-dimensional analogue of (1.11). As noted in
[62], this sum rule is readily checked to be a feature of the expansion (1.22). The same linear
response argument can be applied to the one-dimensional log-gas to obtain
N Y ; ~ CPE
tim / (POP_ (x5 p, Dlgmo — D™ dx = —BVPE D)2z B
- —00

[ee)

= 7 (1 + / (03P . @)l p=1 — D™ dx), (5.5)
-0 q=0
or equivalently, using (1.6) and (1.11), the relation
1 = b14] T
lim =P B, p.0) = == (1 +cD(z; 8,1,0)). 5.6
lim D p.p. 0 = 1 (14D 5.1.0) (5.6)

From the results of Proposition 4.2 we can check the validity of (5.6) in a small T expansion
up to and including order 7.

Linear response also applies in the limit ¢ — 0. To facilitate this, define V (x) = wsgn(x).
Noting as an improper integral that

00 e—ixr
if dt = msgn(x)
o T

allows us to take the inverse Fourier transform to conclude \7(1) = 2mi/t. With this knowl-
edge we can deduce the analogues of (5.5) and (5.6). Specifically, in relation to the latter we
obtain

lim L@ (- — @ (.

im e (x: ,0,q) = =1+ (w: 8.1.0)). 5.7)

q—>0¢q T
As with (5.6), using the results of Proposition 4.2 we can check the validity of (5.7) in a small
T expansion up to and including order *.

In Proposition 4.2 let us replace g by «g. Then h; and h j are each polynomials of
degree j in 1/k. As remarked in the Introduction below (1.15), in the case p = 1,¢ = 0
these polynomials have the property of being palindromic or anti-palindromic in u := 1/«.
Moreover, it has been observed from the explicit form of these polynomials that all the zeros
lie on the unit circle |u| = 1 in the complex u-plane and moreover exhibit an interlacing
property [28, 33], which is a feature too of the polynomials appearing in the 1/N expansion
of the moments of the spectral density for the Gaussian 8 ensemble [69]. (More on this has
been communicated to the senior author by Michael A. La Croix, who among other things
highlights the references [25, 44, 49]—one should add too the recent work [58]—although
any sort of explanation is still lacking.) Our results of Proposition 4.2 reveal these same
properties for the polynomials in u := 1/« which result as coefficients by expanding % ; or
Ej in a power series in p for ¢ = 0, or in g for p = 0. For example, from (4.25) and (4.25)
we compute that in relation to h5(8, p, q)|4=0 the coefficients of p, ..., p? in order are, up
to proportionality, the (anti-)palindromic polynomials

(u — 130 — 91u + 124u* — 914> + 30u*), 32 — 75u + 90u® — 75u> + 32u*,
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(=11 =20u +11u%), 5—9u+5u> u-—1,

and which indeed can be checked to have successively interlacing zeros all on the unit circle
in the complex u-plane.

The results of Proposition 4.2 take on a simpler form in the case ¢ = 0 with 8 — oo (low
temperature limit),

im @ (g LI L>2 ”( —1~)<E 3
ﬂhf;ocoo (t; B, p,0) = p—i—pzn +P<2n_ +p(l 67 7'[)
1 —

#2(1-30)(57) (1= 575 (5)
(5.8)

where p := p(p — 1). The factor of p in all terms but the first makes sense as the ground
state is an equally spaced lattice for both p = 0 and p = 1, which is when p vanishes. Also,
the leading term in p of each power of t is suggestive of the summation in t

pltl/ Q)

~ P/ 59
50 1 —||/(27) (59

lim ¢ (z; B, p.0) + p
B—00

which makes explicit the form of the singularity in t as |t| — (27)~. In fact for p — 0
(and thus p — —p — 0) this can be anticipated from the first equality in (5.5). The required
input is the large B form of Sgoﬁ E(‘L’; B), which we know from [33, Sect. 5] to be given by
the RHS of (5.9) with p replaced by 2/8. Substituting in the first equality of (5.5) gives a
result equivalent to (5.9) for p — 0. We remark that with ¢ = 0 a result of [41] tells us that
with bulk spectrum singularity scaling, in the limit 8 — oo the eigenvalues crystallise at the
zeros of the Bessel function J, 12 (7 x).
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