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Further results on robustness of linear control systems with quantized
feedback

Tatiana Kameneva and Dragan 3ite

Abstract-This paper extends results from [5], where sequel. The closed loop system, switching rules and protocol
input-to-state stabilization (ISS) of linear systems with are given in Section Ill. The main results are presented in
quantized feedback was considered. In this paper, we Section IV. Section V offers conclusions. The proofs of
show that using the scheme proposed in [5] it is also technical lemmas are given in the appendix.
possible to achieve (nonlinear gain), stabilization for

. II. NOTATION AND PRELIMINARIES
linear systems.

In this section we introduce some notation and give the
I. INTRODUCTION definitions that will make the discussed concepts precise.

The subject of this paper is control of systems with quan’/e glenope the two-norm of the vector as follows} :=
tized feedback. By quantized feedback we mean controlleté 2-i—1(2")?, where z = (z4,2%,...,2"), n is the di-
that have values in a finite (or countable) set. Control giénsion of the vector. The sequence of vectors, for
systems with quantized feedback is an emerging researEh€ [k1,k2], is denoted as, ,,). The two-norm of a
area that brings together elements of control and informatigifduence of vectors on a time-interyiay, k.| is denoted as
theory to provide novel insights into control over networks|z(x, .l = \/ZZ’;,CI |zx|%. ||A|| denotes the induced two-
with bandwidth limitations. The area of NCS is relativelynorm of the matrixA. A quantizer is a piecewise constant
new, nevertheless, a number of important results have bekmction ¢ : R™ — @Q, where( is a finite subset oR™. We
published (e.g. stabilization for systems with quantized conise:
trol/measurements was considered in [1], [2], [4]; robust Assumption 1:[4] There exist strictly positive numbers
stabilization and estimation was considered among others i > A > 0 and Ag, such that the following holds: 1.
[3], [5]. [6] [7], [9D). If |z] < M then|z—q(z)| < A; 2. 1If |z] > M then|q(z)| >

In this paper we explore nonlinear gainstability prop- M — A; 3. For all|z] < Ay we have thay(z) = 0. |
erties of linear time-invariant systems that are controlled/ is called the range of the quantizefy is called the
by the controller proposed in [5]. In particular, we showquantization errory, is the dead-zone. The first condition
that using the time-sampled scheme introduced in [5], it igives a bound on the quantization error when the state is in
possible to achieve nonlinear gain stability for the linear the range of the quantizer, the second gives the possibility to
time-invariant systems with quantized feedback. Similar tdetect saturation. The third condition is needed to preserve
[10], we use a concept of nonlinear gains to describe thbe origin as an equilibrium. We use the following one-
robustness properties of the system with respect to externarameter family of dynamic quantizers introduced in [4]:
disturbances. This is consistent with the result in [6], where -

Martins shows that nonlinear gains are necessary when qu(z) = g <)7 p =0, (1)
formulating properties of the disturbance attenuation for ] . a .

the linear discrete system with quantized feedback. Martiféhere is an adjustable parameter, called “zoom” variable,
shows that linear (finite),, p € [1,0], gains are not that is updated at d|screte instants of time. qu e_ach fixed
achievable when quantized control with finitely many level$h€ range of the quantizer &/, and the quantization error
is used. Our Theorem 1 in Section IV, on the other handS &4 We use the following definition: _

shows what kind of nonlineak, gains are achievable for _Definition 1: A function 7 : R>o — R is of class
linear systems with controllers from [5]. Moreover, we alsdCe if it is continuous, zero at zero, strictly increasing and
state and prove Lemma 1 in Section Il on propertiegf ~ Unbounded. A functiony is subadditive ify(z + y) <
functions that is of interest in its own right. v(z)+~(y) for all z,y > 0. A function is superadditive if

The remainder of the paper is organized as follows. 17(%)+7(y) < y(z+y)forallz,y > 0. We denote a&’,. the

Section Il we give definitions and lemmas that are used in tHdass of functions that are of cla&s,, and are subadditive.
Similarly, we denote byC™ the class of functions that are
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that Zf;o v(a;) <~ (Zf;o ai). To prove the main result adequately measured. During zoom-out stage the control (7)
in Section IV we state and prove the following technicals set to zero and the system is running in open lagmm-
lemma, that we believe is a new result and it is of interedd: while the state is in the range of the quantizrn,( <

in its own right. Muy), the quantization error is decreased (by decreasing
Lemma 1:For any~y € K, there existy; € Kt and the value of adjustable paramejgrin such way as to drive
v2 € K4, such thaty(s) < 1 o y(s) for all s > 0. m the state to the origin. During zoom-in stage the certainty
equivalence feedback, = K gy is applied. |

lll. CLOSED-LOOP SYSTEM Remark 2: We will analyze only the stability properties of

In this section, we recall the plant model and quantizethe discrete-time system (3)-(9). It was shown in [8] and [11]
controller from [5] that are considered in the sequel. Considdrow to use the underlying discrete-time model to conclude
the plant model appropriate stability of the sampled-data system. |

. n Remark 3:Note that it is not necessary to use= 0
&(t) = Ax(t) + Bu(t) + Dw, x(0) =wo €R", (2) (7) during zoom-out. We use this choice to simplify the
wherez € R",u € R™,w € R are respectively state, analysis. For more detailed discussions on the flexibility
control and disturbance. Matrix A is nonzero and nonin the controller and the zooming protocol design, refer to
Hurwitz. Definet, = kT for k = 0,1,2,..., whereT > 0 Liberzon and N8&ic [5]. u
is a given sampling period. We shortly denaté,) = z;, We introduce some notation. For eath> 0 there are two
and similarly for all other variables. Let(t) = u;, = const. possible casedl;, = (2, (in this case we say that zoom-
for all ¢ € [ty,tx41), k > 0. The discrete time plant model out is triggered at timek) or 2, = €, (in this case we
of the sampled-data plant (2) is more amenable to analysgy that zoom-in is triggered at timg). Given an initial
condition and a disturbance there is a sequence of zoom-
Thy1 = Pop +Tup +wr,  2(0) =20 €R", (3)  out and zoom-in intervals. There may be infinitely many or

where & = (AT, T = fT ASBds, wp = f|n|tely manyfs;ch |2ter\l:jals Wellntrogtgzée S JSV) SU(;hkthat
ka eAF1T=5) Dyy(s)ds. To control the system (3) we Qour 1 € [kai, kaiga — 1] and Q= Qi If k €
2it+1, koir1 — 1]; 4 =0,1,..., N (N may be infinity). For
use the quantized hybrid feedback, proposed in [5], defin plicity, we Iet the first mterval always to be zoom-out:
by: Q_1 = Qou, keeping in mind that it may actually be an
ug = U(Qp,pr, k), tE€ [tg,tkr1) 4) tehmp(t]ly interyal. 'I]'cotﬁtate o.urblrgain reiglt \t/\k/]etneed to cotrrl]sider
_ e dynamics of the variabl¢, := Z&, that governs the
= Q . R e .
Hi+1 Gk, e, ) o € Roo ©) switching between zoom-ins and z06m-outs. For zoom-out
Q= H( -1, i, 75), Qo1 = Qowt (6) stage for allk € [ko;, ko;+1 — 1] we have :
0 if Q= Qour < 1@l 1
— ) -— + — |k, 10
U(Qk, g, Tr) - { Kao if Q= Qo (7) |€kt1] < s 1€k | o || (10)
._ Qout (ke +¢) 1 Qe = Qoue for zoom-in for allk € [kait1, k2ir1 — 1] We have :
G, g, r) = { 0 i it Q) = Q.. (8) 2i+15 K2i41
. 1 1 1
Qour 1 [qr| > loutpir Sh+1 = (@ +TK)&, + . L Eve+ 5 Gk (11)
H(Qp—1, pig, ) = Qin i [qr] < linpr 9) in in in

Q-1 i |gr| € [Linkns lout k], wherez/;C = (&) — & and := “&. Under the assumption
wherec > 0, g = qu, (2), lour = M — A, iy = Ay — A that - - (® + I'K) is Schur, there exists strictly positive
andl,,; > lin. The choice of the parametetd, A and A, numbersLl, A1, 7, 7 such that the solutions of the system
is given later. In our discussions we let= 1. The variable (11) satisfy for allk > O(more details can be found in [5]):
Q2 determines the switching rule for the controller. It can take _
only two strictly positive value$,,; and(;,, that will be €kl < Ly exp(=Ask) o] +7ll¥lloo +7lIGk ]l (12)
defined later.

Remark 1:The adjustment policy fop, called "zooming
protocol”, depends only on the quantized measurements of The main contributions of this paper are presented in
the stateg,, k = 0,1,2,..., N. Geometrically, at each time this section. The main purpose of our work is to use
instant R™ is divided into a finite number of quantization an appropriate notion of nonlinear gains to characterize a
regions. Each region corresponds to a fixed value of theonlinear gainly stability property of the system and show
guantizerg,. The control law and the protocol (4)-(9) arethat the scheme proposed by Liberzon angdifla [5] yields
used to switch between two stages: zoom-out stage athls property. We show that the closed loop system (3)-(9)
zoom-in stageZoom-out: while the state is in the saturation possesses the following stability property:
region (x| > M puy), the range of the quantizer is increased Definition 2: The system (3)-(9) is said to be nonlinear
(by increasing the value of adjustable parameieat the gain (NG) I, stable if for everypu, > 0 there exist
rate faster than the growth df;|) until the state can be 71,792,735 € K& such that for every initial conditionsy, 1o

IV. MAIN RESULTS



and every disturbance the following holds: N1 ki1 -1

1 <mllzr)+ Y o [z | Y wa(lw) 13)
=0 j=k
2o,k l1* < 1 (lzol) + 72 ZV3(|’LU¢|)> vk > 0. o
1=0
Note that~;, ¢« = 1,2,3, are nonlinear functions that in N-1 Figa—l
general depend op,. Definition 2 shows explicitly what < 71(|Zk,|) + ¢11 e D ealw) (14)
we mean by nonlinear gains and is in a more general form 1=0 j=ki

than the definition of NG, stability used by Martins in [6],
whereys (s) := 42(1/s) andys(s) := s%. Martins [6] showed
that Iinea(1r)gains ;re 21ot achi(e\)/able with quantized feedback. = 1|2k [) + P11 Z > w120 pa(lwy) (15)
The main contribution of our work is the following theorem, =0 i=h
which presents conditions under which the system (3)-(9) is o1
NG [, stable. _ )
Theorem 1:Consider the system (3)-(9). Suppose that = nllzkol) + 72 Z vallws) | (16)
Assumption 1 holds and for a given sampling period> 0:
() K is such thatd + 'K is Schur; (i) Qo > ||®||; (i) where the inequality (13) comes from Lemma 1 since
Qi € (0,1) is such that- (® +T'K) is Schur; (V)M and  ©1(s) < @11 0 p12(s), Vs 2 0, o11 € Kt andgs € K.
A are such thaf/ > (2+L1 +7v)A, whereL; andy come The inequality (14) is true since,; € KT. The inequality
from (12). Then, the system (3)-(9) is Nig stable. B (15) is true sincepi» € K. The last equality (16) comes
Theorem 1 shows that using the same controller design asfiem the fact that we denotg;(s) := ¢11(s) and~ys(s) :=
[5] it is possible to achieve NG, stability of the system (3)- 12 © @a(s). This completes the proof. [ |
(9). As opposed to the work by Martins [6] where he showed Remark 5:Note that sincep;; € KT, the nonlinear gain
what kind of gains are not achievable for the discrete lineay, = @11 has a form of a superadditive function (the example
systems with quantized feedback, Theorem 1 shows what a supperadditive function is a square function). Moreover,
kind of gains are achievable with controllers from [5]. from the proof of Lemma 1 in the appendix, we have that
Remark 4:The controller design is the same as in [5] andp11(s) := sp1(s) Vs > 1, which is growing faster than a
is completed as follows. First, for the quantizer satisfyindinear function. This is consistent with Martins results in [6].
Assumption 1 we use a one-parameter family of dynamidlso, the gainys is a composition ofC., and/C. functions.
guantizers (1). We desigR such thatb +T'K is Schur. We Note that it was shown in [5] that it is possible to achieve
choose(,,; > [®[| and Q;,, € (0,1) such that5-(® + global asymptotic stability inc whenc = 0 in (8), but at
I'K) is Schur. Then, by Lemma I11.2 in [5], there alwaysthe same time not have ISS. We show that 0 in (8) is
exist strictly positiveL; and~ such that the solutions of the in general also necessary for Nig stability. Proposition 1
system (11) satisfy (12). In the last step we chodseand below shows the lack of robustness of the system (3) in NG
A such that the last condition of Theorem 1 holds. B [, sense wher = 0 in (8), which is similar to Proposition
The proof of Theorem 1 relies on Lemma 1 from Section I11.6 in [5]. Note, Proposition 1 employs a more general form
and Lemma 2 given bellow. Lemma 2 combines the resultsf stability, than given in the Definition 2 (wherg and-ys
of Lemmas 3-6 in the appendix and shows a bound frorare identity functions). The proof of Proposition 1 follows
w to xz. Note that the bound in Lemma 2 depends on thaelmost the same steps as that of Proposition 111.6 in [5] and
switching timesk;, that in turn depend omg, po andw. is omitted.
Nevertheless, this bound implies NG stability via Lemma Proposition 1: Consider the system (3)-(9). Let= 0 and
1, as shown in the proof of Theorem 1 that is given bellowd be such that it has at least one eigenvakje > 1 and
Lemma 2:Consider the system (3)-(9). Suppose that alts corresponding eigenvectgy, = 1. Then, for every fixed
conditions of Theorem 1 hold. Then for evepy > 0 o > 0 there do not existyy, 2,73, 74,75 € Koo, Such that
there existy;, ¢1,92 € Ko such that for every initial the following holds for every initial conditionsg, 1o and
conditions g, iig, any k > 0 and any disturbance there every disturbancey:
exist switching times; e N, i =1,..., N with ki, = 0 and
kx = k, such that the following holds:

—1kip1—1

Jj=ko

k k
1 s (lzi)) < vllzol) + 920 vs(lwil)) ¥k > 0.
=0 i=0

N-1 kiy1—1
) 2 < e ;
kol S ) + 31 (3 gatlus) ¥ ConeLusione
— =k

Proof of Theorem 1.For anyp, > 0 there existy, ¢ and This paper presents results on nonlinear gairstabil-
(2 such that the bound from Lemma 2 holds. Then for anjty for linear time-invariant systems with quantized state
fixed initial conditionszy, , 1, and any bounded disturbancemeasurements. Our main result (Theorem 1) shows that a

w we can write: particular type of NGI, stabilization is possible with the
N-1 kiy1—1 control scheme proposed in [5]. We state and prove Lemma
|20 eI < Tillzke) + D> 1 | D ea(lwy]) 1 on properties 0., functions that is of interest in its own

1=0 =k right.
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VI. APPENDIX . : ; ;
easy to see that the functiop defined in (17) is of class
Proof of Lemma 1. First note that there is no loss of K.,. Note also that the function
generality in assuming that(1) = 1 since we can always = (s 3(s) _
scaley as follows:y(s) = v(1)=57(s) =t /(L) (s) , and Pals) _ { - =a(s), s<[0]]
o . s 1, s>1
we can only concentrate on o%tammg the boundypnwith
71(1) = 1. Next we note that given any functiop € K.,  is nonincreasing sincagis nonincreasing of0, 1] andq(1) =

with (1) = 1, we can always write it as followsj(s) = 1. This implies thaty, is subadditive. Indeed, we can write:
1 0 4a(s) where Yoz +y) = xvzii-;y) + “fziﬂ;@ < xvziw) +y7275y) —
i sscl01] 5(s),5 € [0,1] F2(x) + A2(y) . Hence,3, is of classk ., which completes
A1(8) := (), s > 1 Fa(s) := 55> ] the proof. [ |
AR U= (17) The following Lemmas 3-6 follows directly from Lemma

Note that sincej € K. and5(1) = 1 we also have that the IV.5 - IV.9 in [5]. Lemma 3 claims that the zoom-out interval

so constructed, 7 € K. Next we show that for any € 'S bounded and there exist a boundmoduring the zoom-out
K. there existsly such tof?at'y(s) < 5(s) Vs >0 . and Interval. Lemma 4 claims that there exist a boundoat

moreover,5; and3, constructed above are respectively Su;he end of each zoom-out. Lemma 5 claims that there exist

peradditive and subadditive. Constructioniof Let 5(s) .— & Pound .or;zlfjurinc? bzoom—in. And rll_emm: 6 claitr)ns tzatdif
sv(s), s > 1. Obviously, we have thaf(s) < 7(s) = sy(s), Eoorr?_lr:c IS o owe ; r):ZC()qu-Obut, t emaln H _arel Our:j_?
Vs > 1 . Moreover,3, (s) defined in (17) iska, since it is DY the functions of the disturbance only (initial conditions

; g ; : ; forgotten).
zero at zero, continuous (singé1) = 1), strictly increasing 2"® _ _
since v is strictly increasing and unbounded singeis. Lemma 3:Consider the system (3)-(9). Suppose all con-

We just need to show superadditivity &f. First, we show ditions of Theorem 1 hold. Then there exist, vz, p1, p2 €

that if 222 is a nondecreasing function af then 7, is IOCOC Su%} ttr?a:c fﬁ)r alli hzlg’lk”]\;’x’z 16 R”, fiky; >
supperadditive. Indeed, in this case we have forall that: %} © e following holds#zi1—kzi < 1+¢1 (|, |)+

©2 (Zk%“’l |wj|2) and for allk € [k, k2ip1] We have

j=ka;

x%(aﬂry) N iz +y)

A = k—1
Y@ +y) T4y T4y 12zl < pr(aha: ) + P2 ( 255k, w;|?). u
- - Lemma 4:Consider the system (3)-(9). Suppose all con-
> xw + yL(y) = (z) +71(y) . ditions of The_orem 1 hold. There _exiﬁf,oo functions p,
x Yy p and a continuous bounded functignsuch that for all
Using our construction ofj;, we have that i=0,1,...,N and all yy,, > 0, z,, € R", w; € R! the

51(s) :{ 1 s€0,1] following holds for all k& € [ko;, koiv1] pi < p(|@k,,|) +
S

~ _ k—1
A(s), s>1 k) + 0 (S42h,, [wsl?). m



Lemma 5: Consider the system (3)-(9). Suppose all con- i

in 12
ditions of Theorem 1 hold. Then there exist continuous e (2”2(2 w5 [%): 4o (120 )
nondecreasing funCtIOI’IBZ”( )+ Rsg x Ryg — Rxo, g=ko
j = 1,2, with pm(O u) = 0 for all y, such that for all _ ki—1
i = 0,1,...,N,:ck2i+1 € R piy,,, > 0,w; € R the +pi”(2p2(z w; %), 45 (i)
following holds for all k € [koiy1, k2ita] (2o, 1l < i=ko
in in k—1
P1 (|xk2¢+1‘23ﬂz2i+1) + pa (Zj:k2i+1 ‘wj|2vui2i+l)' u ki1—1 ki—1
Lemma 6:Consider the system (3)-(9). Suppose all con- +p (2o Z |wj‘2),2'5( Z |wj|2))
ditions of Theorem 1 hold. There exists > 0 such that ko ko
for an arbitraryi = 0,1,..., N, if ko;10 < +o0, then -
i < N—1 and the following holdsmax { |z, ., |, ks, } < i
< (kaiial| 1o bl s} +o5" (Y |wsl* 4p(|ex, )
4t (Zj:k%_'_l |wj| 2 u j=k1
Now we combine Lemmas 3-6 to prove the next lemma.
Proof of Lemma 2: From Lemma 3 for allk € [ko, k] P 5 P C
we have: +02 (Z |wj‘2a4p(ﬂko))+[’2 (Z |wj|272ﬂ(z |w1|2))
b1 Jj=k1 Jj=k1 J=ko (19)
2 2
2k |” < 2o 1l < pr(l2k, |) 4 p2( Z lwil*)- (18)  |nthe next step we use the propertykaf, functiong applied
7=ko to the functionspi®, pi* and apply a triangle inequality
By Lemma 3 the duration of the zoom-out interval is finiterepeatedly in (19):
and there exist the time instaify < oo such that the 2 o jin(g 4
zoom-in is triggered. Theriky, ky] is a zoom-in interval, s 1[I < P (201 (|20 1), 4P (|21 1))
ko can be infinity, and from Lemma 5 we have for all 1 pin ~
! 1" (20(|wol), 49 (1o )
ko€ bkl ol < flopall < pf(on P 0k,) + o o
pé"(zj w, [wil?, pz,). Substitute (18) withk = k; for in R 120 o N g2
|z, |? in the inequality above and use triangular inequédity t (¢>o2p(2k: ] )’2'0(_2]; ;%))
J=Fo J=Fo
ki1—1 .
g, s 1% < ot (o1 (2o ) + o2 ). 13,) +01" 201 (J2ko 1), 071 0 2p1 (| )
i—=k in
o +p1 (¢ 0 dp(|aky ), dp(|k|)
in in ki1—1 ki—1
+058 () |wjl? 1iZ,) < o1 (2p1(Jewol), k) ; -
2 s, oDt a3y 67 0203 )
j=ko j=ko
‘ ki1—1 .
+1 (202( Y Jwy?), p7,) + ™ Z jw; |, 1,)- +01" (6 0 4p (g ) 4D (111 )
J=ko J=ka kyi—1 k-1
From Lemma 4 we havep? < p(|zx,|) + plur,) + o1 (202( Y wj?), 67 0202 w;l?))
A(Y S lwj]?). Substitute this foru? in the inequality i=ho g=ho
above. Then for alk € [k1, k2] we have: ki—1 ki—1
| - 1" (@0 2p( Y [w[), 250 [y )
|2k, k1% < P 2p1 (2o ])s oo )48 ke )+2( D 5]%) g=ko g=ko
j=ko ki—1 ki—1
_ ol ol +0 (202 (D fwil?), 67" 0202( D |wy]?))
o7 (202 Y |ws?), pllwwg ) + Aliky) + 20 wy]?) d=ko g=ko
j=k j=k in
e ) Jl ’ +0" (¢ 0 4p(|iy ), 4p(|2k,|))
1
m k—1 k—1
+p5 |wjl?, p(|k ) + Alaky) + £( ) [wy]?)) in _
Z 3P plloial)+ Blse) + 2 2 oy (S 2,67 (3 )
. ) B j=k1 j=k1
< P 2pr(|wrol)s 4p(17ko 1) 4 £1" (2p(|2ko |), 49 11k, )
. il 5" (D wjl?, 45, )
+o1" (201 (o)), 200D Jws[?)) i=h
Jj=ko

) ) 21f p - R>g X R>9 — Ry is of classK for any fixedy and
For Koo functionpi™ the following holds for alks € [k1, ko] pi"(si+  for any fixed z is nondecreasing iry, then p(z,y) < p(é(y),y) +
s2, 1) < pi™(2s1, ) + pi" (252, 1) p(z, 07 (x)) Vax,y >0, where¢ is an arbitraryK oo function.



ki—1 ki—1 k3—1

05" (@020 Y Jwyl?),26( Y |wjl?) +pu(lera]) + p2( D i)+ A1(wras )
Jj=ko Jj=ko Jj=k2
k—1 k—1 ks —1 ka1
o (3 w2 67 (S g 2). (20) 9o (ks Y |wsl?) + Fs (s Y |wyl?). (25)
Jj=k1 Jj=k1 J=k2 Jj=ks

Define¥, as the sum of all functions in (20) wittus, , |z, |) From Lemma 6 we have:max{|zp,| m.} <

ko—

arguments, 7, as the sum of all functions (20) with (255 | lw;?). We can see, that after the second

(Mij P lw;|?) arguments, andy; as the sum of all zoom- in (WhI.Ch is followed by zoom-out), we forget about

functions (20) with( Z’f—l lw;|2) arguments. Then we initial conditions z,. The state depends only on the

0 :k;l J . . . . . . . .

can write for allk € [k17k2]73 disturbance during this zoom-in interval. Substitute this
inequality for|xg,| and uy, in (27). Then,

||x[k1,k?]H2 < :}/1(|$k0|,/.tk0) ki—1
2 _ - 2
ki—1 k—1 ||$[k0,k4]|| < ’Yl('xko‘ﬁ/f}co) +/72(/1‘k07 Z |wj| )
Y2 (ko >, [wjil) +Fa ko, > lws?). (21) d=ho
j=ko j=ky ko—1 ko—1 ks—1
- 2 ~ 2 12
To have a bound for two intervalgko, k1], [k1,ks], 73 (ko ; |wj )+/)1°71(; |w;| )+P2(; lw;|*)
we add (18) withk = ki and (21) with & = ky: I .- = 1k ) I
[ kg ko [1* < P1(|Iko|)+,02(2j1:;0 |wy| )+;y1(|xko|7,uk’o)+ e — —
! - Defi 1 (Fa( Z |wj\ Z |wj\
Tolstkor S [w?) + Faling, X525 wyl?).  Define = =
1105 5) = pa(s) + 7 (1, 5) AN B . 5) = max{pa(s) +
’72(:“78)7’73(M’ 8)} Then we have: ”x[ko k2]|| < ~ (3 2 2
1 kiya—1 ’ +y2(51( lw;[%), [w;|%)
stk ko )+ 300 P2 stkr Sy g ). 1F ey = 00 ; ' ; ’
then the proof is complete. K> < +oo then for zoom-out - o
interval [ks, k3] from Lemma 3 for allk € [ko, k3] we have: P < -~
o s (o s (i (Y ), D wsf?). (26)
) = =k j=ks
|2kl” < Nz, §p1(|xkz|)+p2(2 Wil (22)  pefine s as a sum of all functions in (26) with
g=kz (ukg,zj 2 \wj| ) arguments:y4 as a sum of all functions
Again, by Lemma 3 the duration of zoom-out interval isin (26) with (ukmzf o Jw;|?) arguments and; as a sum

finite and there exist the time instaki < oo such that the ka—1 5
of all functions in (26) with SO i|*) arguments.
zoom-in is triggered. For the next zoom-in interyaj, k4] Then (26) (12 i=ks [w;[%) arg

from Lemma 5 for allk € [k3, k4] we have: kyo1
) ) ) ||x[ko7k4]||2 < ’71(|$1€0|7/‘k0) +’72(/1‘1€07 Z |wj|2)+
|2k |? < gl < o1 (Jens |, 12,) + 057 Z w;[?, 7, )- i=ko
(23) ko—1 ks—1 ka—1
~ 12V & 12V & 12
From Lemma 4 fok = k3 (end of second zoom-out interval) VKo, 7; w3 P47 ko, 7; o] H%(uk“’gk: e ")
_ _ _ J=Fk1 J=k2 =R3
we have:ud, < pllowl) + i) + 5 (Sh) i) _ 27)
Substitute this fop?, and (22) withk = k; for |z,|? into  Definey, as the following:
(23). Similarly to (21) we have for alt € [ks, k4): 02 (11, ) 1= max{¥2 (1, ), ¥3 (11, ), Y4 (1, 8), Y5 (1, 8) .
_ 28)
etk il < (i ) (
ot sh i Then we have: [z e l® < 710 l7el) +
ks—1 k—1 Z ( Z l+1 | |2) Note, that © ( ) <
_ 2 _ 2 1=0 P2 Hkq s k w;i|™)- ) P2 ;S =
52 (ks Z |w; %) + V3t Z w;[*). (24) wa(p, 8). |If k4j = +o0o then the proof is complete.
J=ka J=ks If k4 < +4oo then for N intervals (v may be

To obtain a bound for all four intervals, add the bound forc) (27) will be modified into tge following:
the first two intervalsiko, k1], [k1, ko] (21) with k = Ky, [[@ (ko) ]I < Y(|zro |, pko) + ?2(#1«072] wo [w5[?) +
the bound for[ks, k3] (22) with £ = k3 and the bound for 73(/%2:5 5 lw; )+ 74(,%,25 kz lw;?)  +

i = . — k 1
[k3,]<i4] (24) with k& ky: '75(/“9072] k"g ‘wj| ) -+ ,y4(’uszij;] 2| ]‘2) 4
_ _ k .
2o kg I* < A1 (|20 |5 i) 75(Nko»ZJNkN L w; ) For N intervals define ¢,
according to (28). Then we have1|a:[k wll? <
k1—1 ko—1 1+1—1 O’ZN P
Faiirgs D [wsl?) +Folang, Y [wgl?) il i)+ Sl e, 35 fuyl®). - This

frard prd completes the proof.



