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Abstract

Models of diffusive processes that occur on evolving domains are frequently
employed to describe biological and physical phenomena, such as diffusion
within expanding tissues or substrates. Previous investigations into these mod-
els either report numerical solutions or require an assumption of linear diffu-
sion to determine exact solutions. Unfortunately, numerical solutions do not
reveal the relationship between the model parameters and the solution features.
Additionally, experimental observations typically report the presence of sharp
fronts, which are not captured by linear diffusion. Here we address both lim-
itations by presenting exact sharp-fronted solutions to a model of degenerate
nonlinear diffusion on a growing domain. We obtain the solution by identify-
ing a series of transformations that converts the model of a nonlinear diffusive
process on an evolving domain to a nonlinear diffusion equation on a fixed
domain, which admits known exact solutions for certain choices of diffusivity
functions. We determine expressions for critical time scales and domain growth
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rates such that the diffusive population never reaches the domain boundaries
and hence the solution remains valid.

Supplementary material for this article is available online

Keywords: nonlinear diffusion, exact solution, growing domain, sharp fronts

(Some figures may appear in colour only in the online journal)
1. Introduction

Spatial domains that undergo growth are ubiquitous in the natural world [1-4]. Accordingly,
many (bio)physical applications involve diffusive processes that occur on growing domains
[1, 2]. There is significant interest in developing exact solutions to models of such processes
[5-11]. Previous models either rely on an assumption of linear diffusion [9-11] or require
numerical solutions [5, 7]. Models with linear diffusion do not produce solution profiles with
sharp fronts, which are observed frequently in experimental data [12, 13], while numerical
solutions do not provide explicit relationships between model parameters and solution beha-
viour. Here we simultaneously relax both restrictions.

A common approach employed to model diffusion on a growing domain considers a
d-dimensional radially-symmetric growing spatial domain defined according to —L(7) <
r < L(f), where L(f) >0 V¢ [9]. The evolution of a population with density C(r,7) that
undergoes diffusive transport on this growing domain according to the nonlinear diffusivity
function D(C) is

oC(r,t) 1 0 (4 aC (r,1)
ot r1lor (rd b(©) or )
1 0

—Fa(rd_lv(r,t)C(r,l)), —L(f)<r<L(t), C(r,0)=F(r). (1)

The domain undergoes growth due to the expansion of each infinitestimal width of space
according to

dL(r) /L(’) v (r,1)
— = dr,

dt 0 (9r
where v(r,t) is the velocity field that translates each point in space. To facilitate analysis,
it is standard to assume that the domain undergoes spatially uniform growth (i.e. dv/0r is
independent of position)

ov(r,t) 1 dL(y)
B TAC T
and hence
o dL(z)
V(rJ)_MT'

The diffusive component of the governing equation can be considered to represent the random
motion of the population, while the advective component can be considered to represent dir-
ected motion of the population due to the expansion of space. Previous exact solutions of this
model focus on the linear diffusion case (i.e. D(C) = D); with investigations into the role of
dimensionality [9] and the domain growth function [7, 8, 10, 11]. Here we are interested in the
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case where D(C) is a non-negative function. For many applications, the population of interest
exhibits a sharp front, which is not captured by the assumption of linear diffusion [12—-14]. In
this Letter, we derive and present exact solutions for diffusive processes on a growing domain
for a class of degenerate (i.e. D(0) = 0) nonlinear diffusion models.

2. Results

We seek a series of transformations that yields a form of equation (1) that admits an exact
solution. We begin by applying a boundary fixing transform [6, 10]

§= ml(()% —L(0) <& <L(0), 2

which is the ratio of the domain size to the spatial variable. Applying this transformation yields

acEn 1 (LO)\ 0 (.4 dC(&,1 d dL(t
( ) _ — ( ) s é—d 1D(C) ( ) _ ()C(é,t)
ot 3 L(t)) 0¢ 0¢ L(r) dt
We see that we now have a dilution term for the mass when the domain is increasing in size.
To remove the explicit time dependence in the diffusion term, we introduce a temporal scaling

o[ (43 o

which is the integral of the concentration-independent component of the (transformed) diffus-
ivity, and gives

OC(ET) _ 1 0 (a4 9C(&,T)\ _  L(r) dL(7)
The time-dependent source term can be rescaled by defining
L(t) dL(z r
rn=ai 80 cen=venee(- [0 w6), o

which gives

aUa(é’Z.: T) _ %ﬁ <§d_]D(C> aU(EvT)> )

SRS 9¢
The choice of the final transformation to rescale the 7-dependency of the diffusion term
depends on the form of the function D(C). Here we choose D(C) = mC™~! and m # 1, that
is, the diffusivity in the porous medium equation when expressed in its divergence form*. As
such, we have

% - gd%leXp <(m 1)/0Tf(5) ds) % <m€d1U(§,T)’"1 5(];?7")) .

Via a change of variable in the integral, we have
T m—1
L(0)
exp f(mfl)/ f(s) ds) = (d) ,
< 0 L(1)

3 Noting that the porous medium equation is written as
ocC
5 —AE =V (mc"~'vC),

so that we have D(C) = mC™~! and that the factor m can be removed by rescaling time.
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and

U, T) 1 (dL(0)>'"—‘a m_laU(f,T)>.

d—
s~ (i) o (et 22T

To obtain an exact solution, we seek a transformation such that the dependence on the ratio of
domain sizes is not present in the scaled coordinates. We define 7(7) such that

dr _drdr [ LO))"
dr  dedr \ L(1) ’

7 () :/Ot (nig)wrl ds. 4)

Applying this transformation, we ultimately obtain

oU(&,7) 1 9 d—1
- > - U , - 2" 7
o erige \" UG o€
which is the porous medium equation, for which there are several known exact and approxim-
ate solutions [15, 16].
For a Dirac delta initial condition, the Zeldovich—Kompaneets—Barenblatt solution to the
porous medium equation on a d-dimensional infinite domain is

and hence

m—1 8U(§7T)> (5)

1
— m—1
Uer) = (o= " bagr )

d 1

herea= — % -
M= gm—n+2 T dm-1+2

and c is an arbitrary constant related to the initial mass [16]. Solutions for the static (i.e. non-

growing) domain case are shown in the supplementary information. Hence, from the trans-
forms defined in equations (2)—(4),

cer-a [[(46) ]
27\ T

Gl TG B HRC

+

is the solution in the original (r,f) coordinate system. We note that other exact or approx-
imate solutions to the porous medium equation could also be transformed into solutions
in the growing domain coordinate system. Further, we could choose a different diffusivity
function and, provided that a 7(7) transformation exists such that we obtain an equation
that admits an exact solution, we can determine an exact solution in the original coordinate
system.

Equation (6) is defined for an infinite domain. However, the standard approach for diffusive
processes on growing domains is to consider a finite domain where any mass that reaches
the boundary is immediately removed from the system. We therefore impose the boundary
condition C(—L(t),t) = C(L(¢),t) = 0.
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If we consider a finite static domain, the population will eventually reach the boundary
and the solution will no longer satisfy the boundary conditions. However, the porous medium
equation admits solutions with compact support [16]. Therefore, for growing domains, we are
interested in addressing the question of whether the population spreads faster than the growth
rate of the domain. We define r*(7) as the width of the support for the solution at time ¢, that
is, that C(r,1) =0 for r > r*(¢). If L(t) > r*(¢) V¢ then the population will never reach the
domain boundary, the boundary conditions will be satisfied, and hence the solution is valid.
Further, provided the population does not reach the domain boundary, the solution also satisfies
homogeneous Neumann and periodic boundary conditions. Equation (5) is invariant in 7 (but
not #). Accordingly, we are not restricted to a Dirac delta initial condition; instead, we could
consider a shifting in 7 such that the initial condition is any solution U(¢, 7). However, here
we focus on the case where C(r,0) = F(r) = §(r).

Two common choices of domain growth functions are linear growth, where L(7) = L(0) +
Bt, and exponential growth, where L(7) = L(0) exp(/5t) [6, 10]. In both cases, 5 > 0. The cor-
responding time transformations are

' m1 L) (1- [ e 1"
0= (tmmm) - (ﬂm{mw})’

and

! m—+1 —expl—8(m
T(t):/o (dexp (—Bs))""! ds:d ta ﬁ(fn[_’_f)( +1)1))

For m > 1, the mass that evolves according to the porous medium equation exhibits compact
support [16]. The width of this support, in the original coordinates, is

cm 12
0= () oy ?

for the relevant choice of domain growth function, L(r). We see that the width of the sup-
port scales with the ratio of the current domain size to the original domain size. We require
that r* () < L(r) Vt for the boundary conditions to be satisfied by the solution. For a linearly
growing domain this is satisfied for all 7 if

Bm_ (y(m—1)L©0)*\"
dm+1L(0) ( ) =1,

and, otherwise, will be satisfied for a finite interval of 0 < 7 < r* where
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—1
G
s LO [, Bm (- DLO T ®
B dmt1L(0) 2cm
For an exponentially growing domain, the boundary conditions are satisfied for all 7 if
1
Blmt 1) (y(m-DLO " _
dmtl 2cm -
and, otherwise, will be satisfied for a finite interval of 0 < ¢ < * where
—1
! Bt 1) (v -2\ 7]
* m yim—
=1 1— 9
B ! dm+l ( 2cm ) ©

An increase in either the domain growth rate or the initial size of the domain results in an
increase in t*. Moreover, these conditions allow us to identify a critical growth rate 5* for a
specific initial domain length (or, equally, a critical initial domain length for a specific growth
rate) for a specified diffusivity function and dimension, above which none of the population
will reach the moving boundary and below which at least a fraction of the population will
reach the moving boundary. For a linearly growing domain,

. d"L(0 m—1)LO)?*) "
o m()(v( 20;()) | (10,
and, for an exponentially growing domain,
2\
. dt! m—1)L(0)"\ "
o (7( ) <>> | an
m+1 2cm

We present solution profiles, C(r, ), the width of the support, r*(¢), and the critical time, *,
for a range of 3 and m values for the case of linear domain growth in figure 1. Similar results
for exponential domain growth are presented in the supplementary information (SI figure 3).
The solution profiles are presented at r < #* in the cases where 5 < 8%, so the profiles obey the
boundary conditions in each case. We observe that as the domain growth increases, the popu-
lation spreads more rapidly, as expected. As we increase m, we see that the solution profiles
change from exhibiting negative curvature as C(r,f) — 0% (figure 1(a)) to exhibiting posit-
ive curvature as C(r,t) — 0T (figure 1(g)). This feature of the solution profiles is consistent
with solutions arising from the porous medium equation on a static domain [16]. Intuitively,
in figures 1(c), (f) and (i), we observe that * — oo as 5 — (5*.

We highlight how the critical domain growth rate changes with the initial domain size
in figure 2 for both linearly and exponentially growing domains and a suite of m values. In
both cases, we observe that for small initial domain sizes, higher m values require more rapid
domain growth for the solution to be valid for all time. However, as L(0) increases, lower m
values require higher domain growth rates than higher m values. This is because for the Dirac
delta initial condition, the population support increases more rapidly at early time for higher
m values, as the population is highly concentrated. As the population disperses, the evolution
of the support becomes faster for lower m values (figures 1(b), (e), (h) and equation (7)).
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Figure 1. (a), (d), (g) Solution profiles (equation (6)), (b), (e), (h) support widths
(equation (7)) and (c), (f), (i) critical times (equation (8)) for different linear domain
growth rates with (a)-(c) m=1.5, (d)-(f) m=2 and (g)-(1) m=2.5 for a domain
with L(0) = 50. Solution profiles are presented at (a) =500, (d) +=3000 and (h)
t=1x 10*. The critical domain growth rates are (a)—(c) 3* =~ 5.57 x 1072, (d)~(f)
8% ~8.33 x 1073, (2)-(i) B* ~ 1.67 x 10~2. Results are presented for c =1 and d = 1.
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Figure 2. Critical domain growth rates for (a) linear domain growth (equation (10))
and (b) exponential domain growth (equation (11)) for m=1.5 (grey), m =2 (green),
m=2.5 (red) and m = 3 (yellow) and a range of initial domain sizes. Results are presen-
ted forc=1andd=1.
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3. Discussion and conclusions

In this Letter we have presented new exact solutions to a model of a nonlinear diffusive process
on growing domains. Growing domains occur throughout nature [1-4], and there is significant
interest in understanding how the combination of diffusion and domain growth manifests in the
spread the population [2]. Previous investigations have primarily focused on linear diffusive
processes [6—11]. However, in many applications, the population of interest exhibits a sharp
front, which is not captured by linear diffusion [12, 13]. Here we extend the transformation
approach considered in prior studies [6, 9] such that the model of nonlinear diffusion on a grow-
ing domain can be transformed into a nonlinear diffusion equation on a static domain, which
admits exact solutions for certain choices of diffusivity functions and boundary conditions
[16]. Upon inverting the transformations, we obtain exact solutions that describe the spread of
a population undergoing nonlinear diffusion on a growing domain. The exact solutions allow
us to probe and analyse the relationship between model parameters and the spreading rate, and
identify critical domain growth rates and timescales for the solutions to be valid.

We have restricted our focus to a diffusive population. However, it would be straightforward
to include a linear growth term and use a similar set of transformations to obtain an exact solu-
tion. While the assumption of linear growth is overly simplistic for many populations where
crowding effects are important [17], this can be considered as a linearisation of a higher order
growth term that is valid at low population densities. In previous studies, one benefit of the
exact solutions is that relevant statistics such as the splitting and survival probabilities can be
calculated exactly [6, 9—11]. Here, for the solution to be valid, we require that the population
does not reach the domain boundaries and hence we are only able to describe the case where
the survival probability is exactly one. Other investigations have considered stochastic mod-
els, such as a lattice-based random walk on a growing lattice, and the relationship between
such models and continuum models of linear diffusive processes on growing domains [18—
20]. While the impact of the choice of the specific stochastic domain growth model has been
explored in depth [19], the details of a lattice-based random walk that would faithfully describe
the behaviour of a population with a sharp front remains unclear. Accordingly, it would be
of interest to determine the random walk process that is (approximately) consistent with the
model examined in this Letter.
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