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Abstract 

A framework for controller design of sampled-data 
nonlinear systems via their approximate discrete- 
time models has been established recently. Within 
this framework naturally arises the need to investi- 
gate stability properties of parameterized discrete- 
time systems. Further results that guarantee a p  
propriate stability of the parameterized family of 
discrete-time systems that  is used within this frame- 
work have been also established for systems with 
cascaded structure. A fundamental condition that is 
required in this framework is uniform boundedness 
of solutions of the cascade. However, this is diffi- 
cult to check in general. In this paper we provide a 
range of sufficient conditions for uniform bounded- 
ness that are easier to check. These results further 
contribute to the toolbox for controller design of 
sampled-data nonlinear systems via their approxi- 
mate discrete-time models. 

1 Introduction 

The class of sampled-data nonlinear models is 
strongly motivated by the prevalence of computer 
controlled systems and the fact that nonlineari- 
ties can often not be neglected in controller de- 
sign. Recently, a framework for controller design for 
this class of systems via their approximate discrete- 
time models has been proposed in [12, 141. Within 
this framework naturally arises the need to inves- 
tigate stability properties of parameterized families 
of discrete-time systems. Consequently, stability of 
parameterized families of discrete-time systems in 

'This work is supported by the Australian Research Coun- 
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cascaded form has been investigated in [9]. The con- 
ditions presented in this reference are necessary and 
sufficient for stability of parameterized cascades but 
they are often difficult to check. In this paper, we 
provide a range of simpler-techeck sufficient condi- 
tions for stability of parameterized cascades to be 
used within this framework. 
In particular, we study here discrete-time parame- 
terized systems with inputs of the general form 

where z E Etnz, z E I[$". and T is the sampling 
period. In the system (I), z i s  seen as a generic 
input which may be an exogenous signal, the state 
of another system or possibly a control input. In 
the case when it corresponds to the state of another 
dynamical system, say, 

4 k  + 1) = ST(k 4k)) 1 (2) 

we call the system (l), (2) a cascaded system. Such 
systems have attracted the attention of the con- 
trol research community for many years now and 
for many reasons. From a theoretical viewpoint, 
it probably originated in geometric nonlinear con- 
trol where it was shown that many systems can be 
transformed into a cascade via a Iocal change of c e  
ordinates {see, for example, [5, Lemma 1.6.11). 
A natural but fundamental question that arises is 
the following: assuming that (2) and the zero-input 
system 

x(k + ') = fT(kl O) I (3) 

are uniformly asymptotically stable (UGAS) see  
next section for precise definitions- under which 
conditions is the cascade UGAS? This apparently 
simple question largely triggered by the puzzling 
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“peaking phenomenon” (cf. [22]) led to  a range 
of significant results mainly in the context of 
continuous-time systems (see e.g. [19] and refer- 
ences therein). Among the most significant achieve- 
ments stands the statement that a necessary and 
sufficient condition for UGAS of the cascade is 
that the solutions of the system with inputs be 
uniformly globally bounded. This property re- 
quires and implies the so-called “converging-input 
bounded state” property for the system (1) when z 
is regarded as input. In the continuous time context 
it dates back to [20,18] for autonomous systems and 
more recently it was proved that the same holds for 
non autonomous systems in [16]. 
In the discrete-time context there is a considerable 
lag in this research direction. Some notable excep 
tions are however, the recent paper [6] where signif- 
icant results within the framework of the so-called 
input-to-state stability have been established. See 
also [lo] for other results for non ISS cascades. Nev- 
ert heless, these results apply only to autonomous, 
non-parameterized discrete time systems i.e., for a 
fixed sampIing period T, and can be used only when 
the exact discrete-time of the system is known. 
Very recently, as far as we know the first results on 
UGAS of parameterized non-autonomous cascades 
were established in [S, 91. More precisely, it was 
shown that if (2) and (3) are UGAS then, the cas- 
cade (l), (2) is also UGAS if and only if (1) is uni- 
formly globally bounded (UGB). In essence, this is 
the same result which has been known for years in 
the continuous-time context. Interestingly, as we 
will see later and it is thoroughly discussed in [8, IO] 
there exist important technical differences between 
the continuous and the discrete-time contexts. 

The necessary condition of UGB imposed in [8, 91 
is in general hard to check. This paper establishes 
a range of easier-techeck sufficient conditions for 
UGB to hold. 
Our results can be classified into two types: (i) in- 
tegral conditions; (ii) conditions involving forward 
completeness. For the first case, we present con- 
ditions to verify UGB via the property of integral 
input-to-state stability (iISS) and integral input-tc+ 
state neutral practical stability. In essence, in& 
grsl conditions impose a minimal convergence rate 
of the solutions of the subsystem (2) seen as “in- 
puts” to the top subsystem (1). These results fol- 
low cIosely results in [4] and [IS]. Moreover, we 
make strong connections between iISS results of [4] 
and the integrability condition results of [16]. ’Con- 
ditions involving forward compIeteness establish a 
relation between the convergence rate of the top 
system and the growth rate of the interconnection 
terms in (l), i.e., the terms of f~ which depend 
on z. The first of this is a result involving dead- 
beat stabilitj, property for (3) and the second can 
be seen as a result which parallels 116, Theorem 41 
in which systems i = j ( t ,  z) f g( t ,  z, z )  are studied 
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under the assumption that j ( t ,  ,> and g ( t ,  ., z )  have 
similar growth rates. As discussed in the Iatter ref- 
erence, this case excludes input-to-state stable (ISS) 
systems. Again, we provide a unified proof for these 
two seemingly unrelated results. 
Thus, the results we present here contribute to- 
gether with those in [9] to  what we may call 
cascaded-based control design (see the latter ref- 
erence for an illustrative application) for sampled- 
.data systems via their approximate discrete-time 
models within the framework that was estabjished 
in [12, 131. In particular, the definitions that we 
use are strongiy motivated by results in the latter 
references. 
Our results generalize the time-invariant discrete 
time results in [Si as well as [IO] and parallel similar 
continuous-time results from [4, 161. However, as it 
will become clear below, the results presented here 
are not a simple translation of their counterparts 
in continuoustime. Indeed, the properties we con- 
sider,’ the conditions we impose and the proofs we 
establish here are notably different and the suffi- 
cient conditions we impose are tailored specifically 
for discrete-time parameterized systems. 
The rest of the paper is organized as follows. In 
next section we present some mathematical prelim- 
inaries and formulate the precise problem that we 
address. In Section 3 we present our main results. 
We conclude with some remarks in Section 4. 

2 Mathematical preliminaries and 
problem setting 

For the system (l), (2) we use the notation 6 := 
[xT zTIT to denote the state of the overall s y s  
tem. In our main results we regard z in the system 
(1) as an exogenous input that is not necessarily 
generated by the subsystem (2) in order to obtain 
more general results that can be used in establish- 
ing stability of cascades. Hence, we refer to the 
subsystem (1) as the system with input 2. The so- 
lution of the system (1) with input z at time k that 
starts at initial time instant k, from the initial state 
z(k,) = zo and under the action of the input se- 
quence wfko,k.) := { z ( k o ) ,  . . . z ( k  - 1)) is denoted as 
# ~ ( k , k , , z o , w ~ o , k ) ) .  We also use w z  := w ; ~ ~ , ~ ) .  
Note that the sohition of the system (3) is the 
same as the solution for system (1) with input z 
when z ( j )  0, V j  E [ I F o ,  k ]  and hence for solutions 
of (3) we use the notation ~ # + ( k , k ~ , x ~ , O ) .  Simi- 
larlywe use notation $$ . (k ,ko , (o ) ,  4$ . (k ,ko ,<o)  and 
@ , ( I F ,  ko, zo) to denote solutions of the overall sys- 
tem (l), (2) and its B and z components respec- 
tively. 
A function a : R>o 4 P%>o is said to be of class K 
(a  E K), if it is continuous, strictly increasing and 
zero at zero; a E Km if, in addition, it is unbounded. 
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A function p : B>o x R>o --+ JR>o is of class KL if 
for all t > 0,  ~ ( < t )  E C, for ali s > 0, ~ ( s , . )  is 
decreasing to zero. A function 7 : R ~ O  + R ~ o  
is said to be of class N if y(-) is continuous and 
nondecreasing. 
For an arbitrary T E B we use the notation 1.1 := 

max z. Given strictly positive real numbers L,  T 

we use the following notation: 
zEZ,z<r 

(4) 

Our main results are targeted at establishing the fol- 
lowing form of asymptotic stability, which is moti- 
vated by the framework of [12, 131 for sampled-data 
systems. 

Definition 1 The family of the parameterized 
time-vu ying systems 

i s  uniformly globally asymptotically stable (WGAS) 
if there exists 0 E KL and T* > 0 such that for all 
ko 2 0,  y(k,) = yo, yo E Rn and T E (0,"'') the 
following holds: 

For this, we know from [S, 91 that a necessary and 
sufficient condition is that the system with inputs 
(1) have the UGB property (cf. Theorem 1). We 
define the latter as follows. 

Definition 2 The system (5) is uniformly gEobaEly 
bounded (UGB), if there exist pi E Kw, c and X* > 0 
such that for  all k, 2 0, y(k,) = yo, yo E W" and 
T E (O,T*) it holds that 

I#;(k,k*,Yo)l 5 f d l v o l )  + c  (7) 

for all k 2 k , .  0 

More precisely, in [8, 91 the following was estab- 
lished. 

Theorem 1 Suppose that the solutions of the sys- 
tem [ I )  with input z satisfg the following: 

Assumption 1 There exists T* > 0 such that for 
any strictly positive reals 7, E and L there exists 

I/wZtl I p,  k, 2 0 unci all z ( k o )  = 5, with jx01 I q, 
we have that 

p > 0 such that for all T E (O,T*), d l  z(.) Gth 
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Then, the system (1), (2) is  UGAS if and only i f  
the following conditions hold: 

1. The system (3) is UGAS; 

2. The system (2) is UGAS; 

3. The system (l) ,  (2) satisfies the property 
UGB. 

0 

A "semiglobal-practical" version of Theorem 1 can 
also be stated (see [9] for details). 
The first assumption, which we called in [9], uni- 
form semi(globa1) continuity, is not restrictive. It 
is a technical condition motivated from numerical 
analysis methods and is satisfied for instance when 
f ~ ( k ,  z, z )  satisfies a particular type of Lipschitz 
property in 2 and z that is uniform in k but not 
in the parameter T .  (see [9] for further details). 
In contrast to this, the UGB assumption is in gen- 
eral hard to check. Our main results, which are 
presented next, are focussed on establishing suffi- 
cient conditions for UGB to hold. Semiglobal ver- 
sions of this property (useful to establish semiglobal 
practical uniform asymptotic stability) can also be 
established by carefully restricting the domain of 
attraction and making appropriate changes to the 
definitions. These are omitted here for simplicity 
and space reasons. 

3 Main results 

As mentioned above, the sufficient conditions that 
we establish for UGB can roughly be classified into 
conditions involving integral input-testate stability 
and conditions involving the property of uniform 
forward completeness. 
All our results can be easily modified to be a p  
plicable to  non-parameterized discrete-time systems 
and they are briefly commented on. The interested 
reader should refer to [lo] where precise statements 
with proofs of these results can be found. 

3.1 Conditions involving integral ISS 
In this section we prove a.result that is a discrete- 
time version of [4, Theorem 11. Moreover, we show 
that  the result involving integrability conditions in 
[16, Theorem 51 is closely related and can be recov- 
ered using the iISS framework. For the purposes 
of this paper we have modified the definitions of 
integral input-testate stability propertie? given in 
[l] to be applicable to parameterized discrete-time 
systems. 

Definition 3 (IISS) The system (1) with input z 
i s  Integral Input-to-State Stable (iISS) with gain p 
i f  there exist a, p E IC,, p E KL and T" > 0 such 
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for all k 2 k,. 0 

Definition 4 (iISNpS) The system (1) is Integrul 
Input-to-State Neutrally practically Stable (iISNpS) 
with gain p and input .z if there exist a, y1, p E IC,, 
7 2  E N and Tm > 0 such that for all ko 2 0, x ( k , )  = 
2, With IC, E Rnz, 611 i n p ~ b  z(-) and T E (0, T*) 

(9) 
for all k 2 k,. 0 

Necessary and sufficient conditions for iISS of non- 
parameterized discrete-time time-invariant systems 
can be found in [l]. Integral input to state stabil- 
ity properties of Parameterized systems were inves- 
tigated in [2]. The following Proposition captures a 
similar result to that contained in [4, Theorem 11. 
This result shows that in order to have UGAS of 
the system (l), (Z),  there is a trade-off between the 
rate of convergence of trajectories of the system (2) 
and the shape of the iISNpS gain of the system (1). 

Proposition 1 Suppose that there exist a ,  71, p, 
cr E Km, K E K, 7 2  E Jf and A, c, T* > 0 such 
that:' 

1. The system (1) i s  iISNpS with gain p and in- 
put z; 

U(.(.) e-xt); 
2, The system (2) is UGAS with p ( ~ , t )  := 

3. The following condition holds: 

1 l - h  S 5 c < 00: (10) 

Then, the cascade ( I ) ,  (2) is UGB. 

Proof. The proof follows closely that of [4, Theo- 
rem 11. By assumption, there exist a,  71, ,u E IC,, 
7 2  E N ,  IE E K and A, T* > 0 such that for all 
k,  2 0, <(ko) = to with 6, E Bn and k 2 k, 

(11) 
d I$$ (k, A-0 9 C O )  1 )  I 7 1  i l z o  I) 

+yz (TL-T&, p a  U ( K ( l z o l ) e - + q )  . 

The sum on the right hand side of the inequality 
above satisfies 

T C ~ ~ ,  p o U ( K ( l z o l ) e - X ( " - k o ) T  ) = T p  0 U 0 ~ ( [ z o l )  

261 
+TCr=kO+l /A 0 U (n( /zol )e-X(k-ko)T 

)il(s) := is 9 d t  

exists for all s 2 0 and it is of class K because 
r;1(0) = 0 and > 0 for all t > 0. Putting 
all these bounds together and using item 2 of the 
Proposition we obtain that 

4 lWk,ko , fo ) l )  5 rl(lsol) 
+72 (T*P 0 0 d i ~ o l )  t 0 41~01)) 

for all k 1 ko 2 0 and since the system.(2) is UGAS, 
0 

We remark that the assumption in item 2 of Propo- 
sition 1 is not restrictive since such bound exists for 
any UGAS system. Indeed, it was shown in [21] 
that given any p E KC, there exist cr E Km, /i E K 
such that ,D(T ,  t )  5 c ( K ( T ) e - ' )  VT, t 2 0. 
The condition in item 3 was first used in [4, The- 
orem 11 and it is very related to the summability 
condition in [E, Theore? 51. Item 3 is restrictive 
and it shows a tradeoff between the iISIVpS gain p 
of (I) arid the convergence rate of (2). As a mat- 
ter of fact, and this should be clear from the above 
proof, this condition can be regarded as a sufficient 
condition for summabilityof the solutions of the sub- 
system (2) that are weighted by the gain p. More 
precisely, it is a sufficient condition for 

the solutions of (l), (2) are UGB. 

k = k ,  

to be uniforiiily bounded by a function of the initial 
states. Then, it is evident from Definitions 3 and 
4 that the system (1) is UGAS (resp. UGB) if it 
is iISS (resp. iISNpS) and the quantity above is 
uniformly bounded. The above given condition was 
used in (16, Theorem 51. Another observation to 
keep in mind is that item'3 holds if the subsystem 
(2) is uniformly locally exponentially stable and ,u is 
locally linear. See {9, 81 for further discussions and 
a physical example illustrating these observations. 
Items 2 and 3 of the Proposition reIy on the abil- 
ity to compute a KL bound for the solutions of (2). 
This may often be done from a Lyspunov function 
(when available) for the system (2) and compari- 
son arguments; for instance, see [12, 141. Sufficient 
Lyapunov type conditions for iISS of parameterized 
systems are given below: 
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with E := VT(k + l,fT(k,Z,Z)) - VT(k  + 
1, fT(k, z, 0)). Then, the system (1) with input z 

0 

The proposition above makes clear other interesting 
links with conditions used in the literature in the 
context of continuoustime systems to prove UGB. 
Note that the condition (15) restricts the growth 
of cp. In particular, it holds when p(s) = s; this 
situation was considered for instance in El61 with 
;Ul(.) 0. Earlier results using similar conditions 
are found in [I11 and in the context of forward com- 
pleteness already in [17]. 
If we consider differentiable VT’S and assume 
that f ~ ( k ,  z, z )  := FT(~, x) + TGT(k, 2, z ) ,  with 
G ~ ( k , z , 0 )  = 0 then we may interpret condition 
(13) as follows. By the mean value theorem, there 
exists 7 : F~(k,z) + 0 G ~ ( k , x , z ) , B  E (0 , l )  such 
that 

is iISNpS with gain ,U( s) = 71 (s) + S. 

l v T ( k + L f T ( k s , z ) )  - h ( k +  LfT(k ,GO)) I  = 
T I%h)l J G T ( h ~ , ~ ) l  

If we assume moreover that: (A) i%(q)l 1x1 I 
cVT(k,z)K1(Iz\) for all 5 and IGT(k,s ,z) \  5 
~2(1z1)  1x1 then one can show that (13) holds. The 
linear growth restriction on the interconnection 
term G T ( k ,  e ,  z )  in the assumption (A) has been ex- 
haustively used to establish UGB in the context of 
continuous-time systems’ (see e.g. [19, 151 and ref- 
erences therein) and it finds its original motivation 
in the so called peaking phenomenon introduced in 
[7]. It is interesting that the linear growth condition 
is not required for time-invariant non parameterized 
discrete-time systems as the following example illus- 
trates: 

Example 1 Consider the system: 

xk+l = axk -k ZZYk 

Yk+l  = 0 1 (16) 

where p 2 0 is arbitrary and a E (0 , l ) .  We claim 
that the discrete-time system is GAS for a n y p  2 0.  
W e  prove this by constructing a Lyapunov function 

‘For simplicity we strengthen here the condition (A) t o  
hold on the whole state space but in the cited references the 
authors require this to hold only far “large” states. Moreover, 
the first part of assumption (A) in continuous-time is usually 
stated as \ g ( x ) l  1x1 5 cV(r ) .  However, in discrete-time this 
assumption is too restrictive since 7 depends on t. 
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for the system. Let > 0 be such that a + E - 1 < 0 
and define the Lyapunov function 

V(rc,y) := lax + zpyl + e 1x1 + IyI . (17) 

This function is obviousli positive definite and TU- 

dially unbounded for any value of p 2 0. Finally, 
the first diflerence of the Lyapunov function is: 

AV = la(.. + d‘y)l + E lax + zPyl 
- lax + aPyl - E 1x1 - ly/ 

= (a  + E - 1) 10.5 + zPyl - E 1x1 - 191 (18) 

which is negative definite for any p 2 0 since a + 
E - 1 < 0 and e > 0. 

3.2 Conditions involving uniform forward 
completeness 
Sometimes it is possible to relax the U G 3  assump- 
tion in our main results and replace it with a par- 
ticular type of forward completeness. This section 
contains several results that follow this approach. 
In particular, we present a unified proof for two im- 
portant situations: (i) the bottom system i s  dead- 
beat stable; (ii) certain conditions involving growth 
rate restrictions on the function f~ hold. The first 
of these results is very important in discrete-time 
since dead-beat behaviour can often be achieved. 
The second result was considered in [16] and it uses 
conditions that restrict the growth rate of f ~ .  The 
definitions that we use to  prove the main result are 
stated in sufficient generality in order to prove the 
two results in a unified manner (see Proposition 3). 

Definition 5 The system (11, (2) is  uniformZyfor- 
ward complete (UFC) af there exist CTI, 02 E K m  and 
T*, c > 0 such that for- all k, 2 0, [(k,) = to, m.th 

E Wn, and T E (O,T*) we have: 

ld$(k ,ko ,&) i  5 al(l€~II>+aa(T(I;-Is,))-tc > (19) 

for  all k 2 k, .  0 

Clearly, UFC is a weaker condition than UGB, since 
the bound in (19) grows unbounded as (k - k,)T -+ 

UFC as defined above is very similar to the prop- 
erty of forward completeness for continuous-time 
systems. Indeed, Definition 5 is inspired from [3]. 
It is important to note that a crucial feature of the 
UFC property is the particular dependence of the 
bound on the parameter T .  
The following stability property is important to  
unify the results of this section. 
Definition 6 The system (2) i s  practically dead- 
beat stable (PDBS) with ofset  C if there exist 0, L E 
Km, G 2 0 and T* > 0 such that for all ko 2 0, 
z ( k , )  = zo, with z, E W“., and T E (0 ,  T * )  we have: 

Co. 

I$+(k, ko,zo)l 5 4lzoI ) ,  Vk E [a, k o  + k , T ]  

I&-(k, k,,z,)l I C , ‘dk 2 ko + BL,T (20) 

where L := L(lzol) and ~ L , T  is defined by  (4). . U 
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Obviously, if the system (2) is UGAS, then it is 
PDBS with offset C for any C > 0. However, the 
system may be UGAS but not PBDS with offset 
C = 0. Our motivation to use Definition 6 is to  
unify proofs for the cases when the system (2) is 
PDBS with offset C = 0 and when it is UGAS. To 
state our main result in this section we introduce 
one more definition. 

Definition 7 The system (1) with input z has the 
property of bounded input bounded state [BIBS) with 
input bound C i f  there exists C, d 2 0, T* > 0 and 
Q E Km such that for  dl ko 2 0, x ( k 0 )  = x,, with 
zo E Rnz, T E (O,T*) and Iz(k)l 5 C,Vk 2 k, 2 0 
we have: 

The following proposition establishes the conditions 
when the UFC property implies the stronger UGB 
property needed in Theorem 1. 

Proposition 3 Suppose that there exists C 2 0 
such that the following conditions hold: 

1. The system (l), (2) is UFC. 
2. The system (2) i s  PDBS with o$set C .  
3. The system (11 with input z i s  BIBS with 

0 

Proof. Let C 2 0 come from conditions of the 
Proposition. Let ulrcr2,c,T; come from item 1, 
L,T," come from item 2 and 03 E Ic,,T,*, come 
from item 3. We show that (l), (2) is UGB with 
T* := min{T;,T,',T,*}, 

~ ( s )  := max{a  (201(s) + 2 0 2  0 L(s ) )  ,Fr(s)+uzOL(s)) 

and c1 := max{a3(2c) + d + C,c). Let T E (0,T") 
and CO E R" be arbitrary. First, consider the so- 
lutions of the system ( I ) ,  (2) on the time interval 
k e [ko, k, + ~ L , T ] .  Then, using item 1 and the fact 
that TIL,T 5 L(IzoI) 5 L(l&,l) we can write 

znput bound C.  
Then, the system (l), (2) is UGB. 

p i k o , & J ~  5 ( J l ( I E O l ) + G 2 ( T ' k T )  

+C (21) 

I L.l(IEol) + 0 2  0 Lt t&l) + c 3 

for all k E [k,, k ,  + l L , r ] .  Now consider the solutions 
on the interval k 2 k,  + ~ ! L , T .  On this time interval 
we have from item 2 that lz(k)l 5 C. Denote 5 1  := 

4$(ko + ~ L , T ,  k,, Eo). Suppose that we use 1-norm 
for vectors. In this case, with an abuse of notation, 
we have that = 1x1 + IzI. From items 2 and 3, we 

Combining (21) and (22) and in view of the com- 
patibility of norms, the result follows. 
Two special cases of the above Proposition that are 
easier to check are given below. Corollary 1 estab- 
lishes that if the solutions of (1) (that is, driven by 
the inputs ~ ( 4 )  ) do not explode in finite time then 
UGB follows observing that there always exists a 
sufficiently large (but finite) insta.nt k such that the 
solutions of (2) enter (and remain) in a ball of ra- 
dius C 2 0. In particular, if C = 0 then we impose 
that (2) be deadbeat stable. The second corolIary 
concerns the case when C > 0 and as it will become 
clear later, in this case it is sufficient to impose a 
growth-rate restriction on the interconnection terms 
of (1). 

Corollary 1 Suppose that the following conditions 
hold: 

1. The system (l), (2) is UFC. 
2. The system (2) is PDBS with offset C = 0. 
3. The system (3) i s  UGAS. 

Then, the system ( I ) ,  (2) is UGB. U 

Proof. It follows directly from the proof of Propa 
sition 3 by noting that UGAS of system (3) trivially 
implies BIBS with input bound C = 0 of the system 
(1). Indeed, we can take o(s)  = ,&(s, 0) and d = 0. 

Corollary 2 Suppose that the following conditions 
hold: 

1. The system (I), (2) is UFC. 
2. The system (2) i s  UGAS. 
3. There exist a 1 , c y 2  E Km, o E K ,  X,c,T* > 0 

and for all T E (0,T') there e d s t  functions 
VT, W, : Et20 x Rnr + IE>o such that for all 
x E RRx, z E R"., T E (O;T*) and k 2 0 we 
have 
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We present next a sufficient condition for UFC 
stated in terms of a radially unbounded Lyapunov 
function (similar conditions for continuous-time sys- 
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I TClVT(k, 5, .) + T C Z  , 

for some cl, c2 2 0, then the system (l), (2) is UFC. 

4 Conclusions 

It has been established in [9] that a necessary and 
sufficient condition for UGAS of cascaded discrete- 
time parameterized systems is that the systems SCF 
lutions be uniformly globally bounded. This condi- 
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els. 
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