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Abstract

Industrial robotics typically consider laser/water cutting, grinding, etc. Within these

machines, the motion controller is responsible for the positioning of the end effector.

The performance of the motion controller directly influences the quality of the resulting

product as tolerance/accuracy are surrogates for machining quality. This is particularly

relevant in tracking and contouring applications when the system has structural flex-

ibility, and no direct feedback measurement of the end-effector position is available.

Traditional control architectures in machining are unable to explicitly bound tracking

and/or contouring errors, and conservative operation is used to ensure satisfactory

performance of the overall system. Bounding errors without unduly compromising

machine throughput requires advanced control algorithms. The development of such

algorithms is the focus of this thesis.

Although numerous control methods are proposed, the proportional integral deriva-

tive (PID) based cascaded control is still the most prevalent in the industry. Based on

this fact, the research starts by objectively assessing the tracking control performance

on a single-axis industrial platform. The results provide practitioners with an in-depth

understanding of the benefits and limitations of existing control algorithms as well as the

motivation to consider advanced controllers as alternatives to the PID-based approach.

For the single-axis tracking problem, this research proposes a model predictive based

approach that guarantees a desired level of tracking error is met for the cases where

the structure is flexible and the end-effector position is estimated. To achieve this, a

robust control invariant set is estimated using a computationally tractable algorithm and

incorporated into the problem formulation. The applicability of the proposed approach
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is successfully demonstrated via simulation and experiments conducted on a commercial

single-axis system.

In terms of biaxial applications, the dual-drive gantry machines are widely used in

industry for manufacturing. However, the non-synchronised movement of the dual drive

may lead to deterioration in contouring accuracy. In this research, we propose two model

predictive based control architectures based on the switched linear time invariant control-

oriented models, that is able to guarantee a two-dimensional contouring tolerance in the

presence of uncertainty arising from imperfect drive synchronisation. The performance

and computational tractability of the proposed approach are demonstrated using high

fidelity simulation and experiment.
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Chapter 1

Introduction

IN 2016, the size of the global industrial motion control market was $US 16.54 billion

and is expected to reach approximately $US 22.8 billion by 2022 [1]. To retain a

competitive advantage in the manufacturing market, two competing performance met-

rics, namely speed and precision, are highly valued by manufacturers. Manufacturing

outcomes largely depend on the performance of motion control systems.

Motion control mainly involves the control of actuators, such as feed drives, to

perform desired coordinated motion at the end effector side. The structure of a general

motion control system is given as Fig. 1.1. The specifications of desired motion are sent

through the human machine interface (HMI) by operators; the computer numerical con-

troller (CNC) then coordinates the entire motion and generates the position commands

with jerk, acceleration and/or velocity constraints. The drive sequentially determines

the voltage to be applied to the motor based on the reference signal and the feedback

measurements at each time step.

From the perspective of productivity, it is desirable that the machining is conducted

with sufficient average speed. For this type of problem, the time-parameterised reference

representing the desired path is given.

For applications such as grasping, cutting and scanning, multi-axes movement

is involved, necessitating the coordinated control of each axis. Due to the fact that

uncertainties/disturbance existing in the system and high-frequency dynamics are

neglected in the control-oriented model, it is not surprising that the controlled end

effector cannot follow the path exactly during the whole process. Consequently, one
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2 Introduction

Motion 
coordinator

(CNC)

HMI

Servo 
Drive

Motor Transmission Load

Command

Feedback

Servo 
Drive

Motor Transmission Load

...
...

...
...

Servo 
Drive

Motor Transmission Load

Feed drive : 
electromotor with 
transmission part

Reference

Fig. 1.1: Structure of industrial motion control.

goal of motion control is to ensure the contouring error, the shortest distance between

the end-effector position and the desired contour, stays within a tolerance bounds in

order to guarantee the product quality [2].

The traditional control architectures in machining are unable to bound the tracking

and contouring errors explicitly, and therefore conservative operation is required to

ensure satisfactory performance of the overall system. The focus of this thesis is to

develop and test control algorithms for error bounded tracking and contouring without

unduly compromising the machine throughput.

1.1 Trajectory tracking control and contouring control

Before moving to the control problem, two different terminologies, namely tracking

error and contouring error, and the linkage between them is explained.

For a biaxial system as shown in Fig. 1.2, let the actual location of the end effector at

time k be (xe(k), ye(k)) and the time-dependent reference position be (x∗e(k), y∗e(k)). The

error ec(k) , ‖(x∗e(k)− xe(k), y∗e(k)− ye(k))‖2 is the distance between the actual and

reference position. Let (xce(k), yce(k)) be the closest projection of the end-effector onto the

desired path, then the contouring error is ε(k) which arises due to tracking error in each

of the axes [3].
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Fig. 1.3: Zero contour error with non-zero tracking error: (a) desired and actual trajectory
of X axis; (b) desired and actual trajectory of Y axis; (c) resulting contour.

The contouring error not only relies on the current end-effector position but also

relates to the shape of the path. As mentioned in [3], the existence of contouring error

definitely indicates the existence of tracking error. However, the opposite conclusion

does not always hold. For example, as a simple case shown in Fig. 1.3, tracking a biaxial

linear path with same delay Tτ on both axes results in non-zero tracking errors but zero

contouring error.

Although large tracking error may result in a relatively small contouring error,

this does not mean reducing tracking error does not have impact on the contouring

error. Considering the biaxial application in Fig. 1.2 again, since (xce(k), yce(k)) is the

closest point from the actual end effector position and the triangle inequality ec(k) ≤
|ex(k)|+ |ey(k)| holds, we can have inequalities between tracking and contouring error
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as follows:

ε(k) ≤ ec(k) ≤ |ex(k)|+ |ey(k)|. (1.1)

The internal relation (1.1) shows that the contouring error can be bounded within

a desired tolerance by applying a tracking error constraint on each axis. Therein, two

approaches are mainly used to reduce the contouring error in industrial manufacturing.

The first is the trajectory tracking control method which intends to reduce the tracking

error of each axis and ultimately improving the contouring performance indirectly. The

second is the contouring control method, where the control law is designed based on the

explicit consideration of the real-time estimated or calculated contouring error.

Therefore, the tracking error bounded control for single axis machines and contouring

error bounded control problem for biaxial machines are investigated in this thesis.

1.2 Challenges in motion control

For machine manufacturers, the desire to reduce machine cost while retaining high

speed and acceleration properties have led to lighter structures for given motor specifi-

cations [4, 5]. The lighter component means more flexible mechanical structures. The

inherent flexibility of the transmission parts and the non-rigid characteristics of the

lighter manipulator result in vibration and oscillation during the manufacturing process.

The resulting vibration not only deteriorates the tracking accuracy but also reduces

the throughput, as avoiding vibration requires lower acceleration and jerk reference

trajectories [6].

In addition to structural flexibility, the non-rigid feature of transmission parts and ma-

nipulator may cause a discrepancy between the motor (actuator) and end effector (load)

position. The desire to control the position of the end-effector with a non-collocated

actuator and sensor spacial location results in a non-minimum phase system, which

introduces undershoot, time-delay and makes the control problem more challenging

[7]. Alternatively, the flexibility of the structure may be ignored, and measurements

from the actuator side are used in place of the end effector [3, 8]. However, by ignoring
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(a) (b)

Fig. 1.4: Laser cutting results in ANCA Motion where (b) is tuned based on the better
motor-side performance than (a).

the structural flexibility and designing the controller based on motor-side performance

cannot guarantee a desired performance from the end-effector side.

This phenomenon may be seen from the practical contouring application. In Fig. 1.4,

the laser cutting results based on two tunings with the same cascaded control architecture

of ANCA Motion are shown. In both cases, the controller tunings are conducted with

the actuator-side position measurements. The tuning in Fig. 1.4b is to achieve better

actuator-side tracking performance compared to Fig. 1.4a, however, more end effector

oscillation occurs in Fig. 1.4b as highlighted by arrows. The tuning based on better

motor-side tracking performance cannot guarantee a good machining outcome.

Furthermore, constraint handling - which refers to the consideration of states, input

and output limitations - is essential in the design of industrial controllers. Failure to

take account of the constraints can have a detrimental effect on machining performance

and/or even damage the machine. Ultimately, it is desirable to explore the full potential

of machines and respect the system constraints. Thus, it is favourable to consider the

system constraints explicitly during controller design.

Another challenge is that disturbances on the actuator and load side can deteriorate
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the trajectory tracking and contouring performance or make the system unstable, which

demands consideration in controller design.

In summary, the properties such as structural flexibility, external disturbance, as

well as non-collocated sensors and actuators position make the tracking and contouring

problem challenging. The overall goal of this thesis is to achieve error-bounded tracking

and contouring with the consideration of discussed challenges.

1.3 Thesis layout

The remainder of the thesis is described as follows. In Chapter 2, the source causing

mechanical vibration and existing works on the trajectory tracking and contouring

control are presented. The literature review considers different control algorithms

under a uniform structure such that a clear understanding of existing research can

be developed, with the consideration of the competing objectives including tracking

performance, calibration effort and computational burden.

To provide researchers and practitioners with a direct insight into the limitation

of existing trajectory tracking control algorithms and the trade-off between tracking

performance and implementation effort, a commercial single-axis motor test bench

is commissioned, and experiments based on major classes of tracking algorithms in

Chapter 2 are conducted. The experimental set-up and tracking performance of different

methods are analysed in Chapter 3.

In Chapter 4, a tracking error bounded model predictive control (MPC) method

for machines with structural flexibility and external disturbance is presented. This is

particularly relevant in applications when the end effector is connected to the drive via

a flexible link, and no direct feedback measurement about the end effector position is

available. To achieve this, a robust control invariant (RCI) set is estimated using the

proposed computationally tractable algorithm and is incorporated into the problem

formulation. The applicability of the proposed approach is successfully demonstrated

via simulation and experiments.
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In Chapter 5, the contouring error bounded control problem is considered. To

develop the controller, we first introduce a high-fidelity model for the dual-drive gantry

machine and identify its parameters using data from an industrial laser machine. The

proposed tracking error bounded MPC is firstly extended to contouring error bounded

control for biaxial systems based on a systematically reduced control-oriented model.

Then, a less conservative contouring error bounded controller is proposed based on

the explicit consideration of the calculated contouring error. The effectiveness of the

proposed algorithms is demonstrated by experiments based on a designed back-to-back

motor test bench.

Finally, the contributions of this thesis and potential further work are summarised in

Chapter 6.
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Chapter 2

Literature review

ADVANCED manufacturing involves moving an end effector through a given

trajectory to perform operations such as cutting, grinding and positioning. The

quality of the resulting product is directly impacted by the ability of the machine to

closely follow the desired trajectory.

Traditionally, the manipulators are built with high stiffness and are assumed to be as

rigid in models used for controller synthesis. However, greater rigidity results in more

weight. Consequently, larger and more costly motors are required to perform a given

operation in a timely fashion [9]. Alternatively, using lighter (but more flexible) manipu-

lators promises faster movements and more efficient utilisation of energy. However, the

flexibility of the lightweight structure can lead to system vibration, which degrades the

trajectory tracking performance [10] and may even lead to system instability [11].

To improve the trajectory tracking performance of systems with flexible linkages,

a range of control methods have been proposed in the industrial motion control field.

Furthermore, for industrial machines, the spatially separate location of actuator and

end-effector leads to a non-minimum phase system which makes the tracking problem

more challenging and highlights the need for control architectures that can compensate

for such challenges in order to maintain or improve the product quality. The objective of

this chapter is to conduct a literature survey of the state-of-art research in addressing

these challenges.

The literature review starts with the discussion of mechanical vibration in feed drives

and machines with flexible linkage. The efforts in modelling this vibration for controller

9
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design purpose are presented. This is followed by a survey of existing trajectory tracking

control algorithms in Section 2.2. For multi-axis application, the contouring performance

is of more importance than the tracking performance of each axis. The contouring

control schemes are those controllers designed based on direct calculated or estimated

contouring error. The studies of contouring control are reviewed in Section 2.3. Finally,

based on the literature review, the research aims of this thesis are proposed in Section 2.4.

2.1 Mechanical vibration in industrial machines

To achieve accurate tracking for references with high-frequency content, high closed-loop

bandwidth is required when designing controllers [12]. Although the approach such

as feedforward control can be used to extend the system bandwidth, the achievable

bandwidth is often limited by the fundamental vibration modes. Thus, the effect of

mechanical vibration on tracking and contouring performance should be considered

when designing the motion controller.

Based on the assumption that the structure of the machine is fixed, the literature

review here focuses on vibrations that can be compensated by the properly designed

control laws.

2.1.1 Mechanical vibration in feed drives

To deliver the translational movement by a rotary motor, transmission parts such as rack

and pinion, conveyor belt and ball screw are commonly used. However, the inherent

structural flexibility of the transmission parts can cause mechanical vibration when the

load moves, thereby deteriorating the tracking accuracy. In this subsection, the rotary

motor with ball screw is taken as an example to show how the dynamics of feed drive

with structural flexibility are considered for control purpose.

A diagram of a ball screw feed drive mechanical assembly is given in Fig. 2.1. For this

type of feed drive, the mechanical vibration is caused by torsional flexibility at the motor
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Fig. 2.1: Schematic diagram of a ball screw feed-drive assembly [12].
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Fig. 2.2: Simplified model of ball screw drive: (a) rotary driven model; (b) linear driven
model [15].

shaft-screw coupling, screw, and nut intersection [13, 14]. The inputs of this system

include the equivalent force Fm from the rotary motor torque Tm and the disturbance

force Fdl (e.g., cutting force) acting on the load. The outputs are the equivalent linear

displacement of motor xm, which is transformed from the angular displacement θm, and

the linear displacement of the load xl.

To describe the vibration and deformation in ball screw assembly, a multi-input multi-

output model based on the mass-spring-damper structure is generally used [12, 15, 16].

In general, the flexible structure of a rotary motor with ball screw can be modelled either

through an equivalent rotary-driven or direct-driven model with the linkage of spring

and damper [15], as shown in Fig. 2.2. If linear-driven model is used, the system model

can be expressed as,

 xm(s)

xl(s)

 =

 G1(s) Gdm(s)

G2(s) Gdl(s)

 Fm(s)

Fdl(s)

 , (2.1)
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Fig. 2.3: Industrial machine with cantilever beam structure: (a) cantilever laser machine
in ANCA Motion; (b) simplified schematic diagram used in [10].

where Gdm(s) and Gdl(s) represent the transfer function from Fdl to xm and xl respec-

tively, andG1(s),G2(s) stand for the transfer function from Fm to xm and xl with explicit

form as

G1(s) =
1

(Mm +Ml)s2
· Mls

2 + css+ ks
Mps2 + css+ ks

, (2.2)

G2(s) =
1

(Mm +Ml)s2
· css+ ks
Mps2 + css+ ks

, (2.3)

where Mp ,MmMl/(Mm +Ml); Mm is the equivalent mass of motor and Ml is the mass

of load; ks and cs are the equivalent axial stiffness and damping coefficient.

2.1.2 Mechanical vibration in machines with flexible linkage

In addition to machines with flexible transmission part, mechanical oscillations are

prevalent in industrial machines with flexible linkage.

For the industrial machine with one slide motor as shown in Fig. 2.3a, the long

cantilever beam may oscillate around the point where the structure is extended. The

simplified schematic diagram of this system is shown as Fig. 2.3b.

In [10], an Euler–Bernoulli beam model using truncated mode method is utilised to
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represent the dynamics of a machine with cantilever beam structure as:

(
ρl

∫ Lb

0
ϕ1(xb)dxb +mϕ1(Lb)

)
p̈b(t) + q̈1(t) + 2ζ1w1q̇1(t) + w2

1q1(t) = 0,

(M +m+ ρlLb)p̈b(t) +

(
ρl

∫ Lb

0
ϕ1(xb)dxb +mϕ1(Lb)

)
q̈1(t) = Fm(t)− blṗb(t)− δb(t),

wb(xb, t) = ϕ1(xb)q1(t), (2.4)

where the first vibration mode of beam deflection is considered; pb is the position of

the motor stage and wb(xb, t) be the lateral displacement of the point with xb distance

to its base; Lb is the length of beam; ρl is the linear density of the beam inertia; ϕ1(xb)

and q1 are the time-independent eigenfunction (modes shape function) and the gener-

alised coordinate of the fundamental vibration mode, respectively; ζ1 and w1 are the

corresponding damping ratio and frequency of oscillating mode; Fm(t) stands for the

electromagnetic force of the motor, and δb represents the lumped input disturbances and

uncertainties.

Depending on the configuration of the machine with flexible beam, the clamped-free

boundary conditions are used here to derive the eigenfunction ϕ1(xb) as [17]:

ϕ1(xb) = α1

(
cosh

(
β1

Lb
xb

)
− cos

(
β1

Lb
xb

)
− coshβ1 + cosβ1

sinhβ1 + sinβ1

(
sinh

(
β1

Lb
xb

)
− sin

(
β1

Lb
xb

)))
,

where α1 is a constant with β1 being the positive solutions of

1 + coshβ1 cosβ1 +
mβ1

ρlLb
(cosβ1 sinhβ1 − sinβ1 coshβ1) = 0.

The model (2.4) is then used for tip tracking of a linear-motor-driven flexible beam

system. The simulation and experiment results show that the model with the considera-

tion of fundamental vibration mode is sufficient for designing a tracking controller and

ensuring the convergence of tracking error.

To reduce the detrimental vibration effect when the manipulator moves at high
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Fig. 2.4: Mechanical resonance in dual-drive gantry machine: (a) gantry laser machine
in ANCA Motion; (b) schematic diagram in [20].

speed, methods such as structure stiffness enhancement are used during the machine

design. For instance, to increase the structural rigidities of biaxial machines, the gantry

structure with two parallel drives is used, and the structure is shown as Fig. 2.4a.

However, the improvement of structural rigidity comes at the expense of increased

machine cost by introducing another motor on the Y axis. Moreover, difficulties in

maintaining complete synchronisation in movement along the parallel axes can cause

deformation in the beam and lead to deteriorated accuracy of the end effector. This

non-synchronised behaviour may arise due to the limited joint stiffness, different charac-

teristics of the dual drives or the variational load distribution when load moving along

the gantry [18, 19]. Consequently, some efforts have been devoted to modelling the

dynamics of the dual-drive gantry machine, e.g. [19, 20].

In [19], the Lagrangian equations are used to obtain the dynamics of the gantry

system. However, the motion of gantry oscillation contradicts with the assumption that

the crossbeam connection is rigid. To address the dynamics coupling issue, in [20], linear

springs are introduced to approximate the effect of ball bearings between the motors

and linear guides as shown in Fig. 2.4b. By neglecting the lateral dynamics, the model of

the gantry system is simplified as:

MtÿG = F1 + F2 − (b1 + b2) ẏG + (b1l1 − b2l2) θ̇,
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Jtθ̈ = −F1l1 + F2l2 + (b1l1 − b2l2) ẏG −
(
b1l

2
1 + b2l

2
2

)
θ̇ −Kθθ, (2.5)

where the two generalised coordinates yG and θ are the position of mass centre in the

Y axis and the rotation angle formed between the coordinate frame Gxy and OXY

respectively; Mt and Jt stand for, respectively, the mass and rotational inertia of the

entire rigid body; F1 and F2 are the electromagnetic force generated by the motors on the

parallel slides, b1 and b2 are the viscous friction coefficients; Kθ is the rotational stiffness.

Although the inclusion of linear springs justifies the lateral deformation when the

rotational motion occurs, the lateral dynamics are neglected in [20]. Furthermore, the

movement of the end effector along the perpendicular axis is ignored.

The lack of model accuracy necessitates the need for a system model that possesses

position-dependent structural coupling characteristics.

2.1.3 Summary

The accuracy of the control-oriented model directly influences the performance of the

motion controller, and thus impacting the manufacturing outcome. It has been shown in

Section 2.1.1 and 2.1.2 that with the explicit consideration of the fundamental vibration

mode in system dynamics, the control-oriented model is sufficient for designing the

motion controller.

For biaxial machines with structural flexibility, the desire to improve the contouring

accuracy motivates the proposition of system model with position-dependent structural

coupling characteristics.

It should be noted that the effect of vibration is only reduced instead of eliminated

by changing the machine structure from the cantilever beam to gantry configuration.

Therefore, in addition to increasing the structural stiffness during the machine design,

proper system modelling and controller design are essential to enhance tracking and/or

contouring accuracy.
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Fig. 2.5: Schematic diagram of industrial trajectory tracking control.

2.2 Trajectory tracking control algorithms

Let the actuator position xm and end-effector position xe be the system outputs, the

motor current u be the input to the mechanical subsystem, the industrial trajectory

tracking control architectures can be represented as Fig. 2.5. The electric drive control in

current loop mainly involves the operation of power converter in different frames. Based

on the assumption that the time scale of electrical subsystem is much faster than the

mechanical subsystem in an industrial plant, the motion control investigated is related

to the dynamics of the mechanical subsystem and the electric drive control in current

loop is not the main focus of this thesis and is omitted. However, it has to be noticed

that the performance of electric drive directly influences the performance of high-level

position control and has drawn plenty of research interest [21].

In practical implementation, the current u contains the process disturbance di, and

the motor position xm and motor velocity vm are contaminated by sensor noise dm. Then

the purpose of tracking control is to derive the current command u∗ based on the desired

position reference x∗e and available feedback, e.g., the measured motor position x̄m and

motor velocity v̄m, such that end-effector of the machine can follow the reference in a

desired pattern.

The existing trajectory tracking control approaches for mechanical subsystem can be

grouped into three classes. The first class of algorithms do not utilise an explicit model

of the system in the design process, and consist of variations on traditional proportional-

integral-derivative (PID) approaches, H∞ control and sliding mode control. The second

class of algorithms use observers to estimate the disturbances in the system in order
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to provide pre-emptive disturbance compensation in the control input. The final class

considers explicit use of the system dynamics in the calculation of the control input, and

are known as model-based approaches.

2.2.1 Non-model based feedback control

Non-model based feedback controllers do not utilise an explicit form of system dynamics

in the controller design [22]. The low commissioning effort and relatively low computa-

tion load make non-model based feedback control easy for implementation in trajectory

tracking applications, and these are highly utilised in industry implementations. The

approach can be further divided into a number of categorisations.

PID-based cascaded control

Despite many advanced control algorithms being proposed for trajectory tracking, by far

the most adopted controller in industrial settings is still the PID-based cascaded control

[23]. The standard cascaded controller consists of three control loops, namely position,

velocity and current loop from outside to inside. In the outermost loop, the position

controller uses the error between the desired and measured position to generate the

command for the velocity loop. In a similar way, the velocity controller in the middle

loop uses the velocity difference to calculate the reference signal for the innermost

current loop. For the innermost loop, the current error is used as the input to the

current controller for generating the voltage required to drive the motor [24]. The

core idea of cascaded control is to feedback intermediate variables that lie between the

disturbance injection point and the output [25]. Note, however, the disturbances on each

loop are effectively treated as constants that are rejected by the integral action of the

corresponding controller.

Structural flexibility in the system can lead to high-frequency vibration and reduced

tracking performance at the end effector side in industrial machines. The standard

PID-based cascaded structure is not able to directly handle these types of disturbances,
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and so many modifications to the structure have been considered.

Active approaches rely on additional sensing such as position and velocity of the

end-effector side [26], and build this into the velocity feedback loop. In [27], a compar-

ative study of various PI-based controller structures for the speed and current loops

was conducted. The approaches considered additional feedback for vibration suppres-

sion in systems with a flexible connection, and theoretical and experimental results

demonstrated that the resonant frequency could be shifted sufficiently to avoid speed

oscillations in the closed-loop system. The primary disadvantage of this approach is

the need for sensors at the end effector, which may be impractical from both a cost and

placement perspective in practice.

Alternatively, the flexibility of the structure may be ignored and measurements of

the motor are used in place of those of the end effector [3, 8]. In systems with some

degree of flexibility, using the collocated control architecture to control the position of

the end-effector leads to a non-minimum phase system which requires detuning the

control gains.

Instead of using additional sensors and/or redesigning the mechanical hardware,

‘passive’ approaches intended to avoid vibration being initiated have been used widely

in practice. These can involve command shaping, where the reference is modified to

remove energy around the natural frequencies of the system. By doing so, the vibration

modes of the system are not excited, thus reducing the residual vibration during the

process [28, 29]. As one example, the input shaping in [30] involves convolving the

desired command with a sequence of impulses, where the amplitude and time locations

of the impulses are determined based on the natural frequencies and damping ratio of

the system.

As another passive approach to deal with un-modelled dynamics online, Fig. 2.6

illustrates how filtering may be included in an industrial trajectory tracking application.

Here the signal generated by the velocity controller is subjected to input shaping before

serving as the current command. Note that without the filtering block, the structure

demonstrated in Fig. 2.6 reduces to the standard cascaded controller. In [28], different
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Fig. 2.6: Schematic diagram of cascaded control with filtering for trajectory tracking.

methods including low-pass and notch filters are described in detail, while the perfor-

mance comparisons of filtering and input shaping schemes can be found in [29, 31, 32].

Due to the mechanical coupling between the motor and the end-effector, vibration at

the end effector induces oscillations in the motor current and position. Consequently, the

filtering schemes above indirectly target the end effector vibration, with the effectiveness

being discussed in applications including ball screw drives [33–35] and servo drive

systems [26, 36, 37].

In summary, the additional filtering augments the standard cascaded controller

to increase the closed-loop bandwidth slightly. This is achieved by attenuating the

detrimental frequency-domain effects of resonance and anti-resonance on the closed-

loop transfer function through careful filter design. However, this approach does not

target other sources of performance degradation arising from system nonlinearities and

other time-varying or unmodelled dynamics.

Non-model based robust control approaches

The cascaded controller is designed based on the assumption that the different loops

are separated in time scales so that independent controller design is possible. Using

PI-variants on the loops is ideally suited for rejection of slowly varying disturbances (in

the time scale inherent to the loop of interest). However, controller calibration that does

not consider structural flexibility or changes due to variation in machine characteristics

may lead to poor tracking in a given loop. This can then detrimentally impact on the

performance of subsequent outer loops [38].
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The desire to improve the robustness of the closed-loop system to these variations

has seen proposed solutions including the controller calibration that explicitly considers

parameter variation through tuning subject to constraints on gain margin or sensitivity

[39, 40].

Other non-model based robust control methodologies such as H∞ control have

also been proposed [41]. The H∞ control explicitly considers the robustness of the

system; however, it requires more system information than the cascaded controller

as the frequency spectrum of possible disturbances is required for control synthesis.

Although the robustness and performance are considered during the H∞ design process,

the control performance of H∞ is conservative, since the worst scenario of disturbance is

considered, and there is always a compromise between the performance and robustness

when a purely H∞ controller is used [42].

Furthermore, the design of the controller is often complicated. To simplify the H∞

control design, [43] proposed combining it with dynamic surface control. The authors

applied the approach for reference tracking of an electrostatic micro-actuator with model

uncertainty and external disturbances. Other applications of H∞ control include [44],

where the non-minimum phase nature of the system was dealt with by shaping the

reference trajectory using a causal inversion approach. The combination was shown, via

simulation of a one-link flexible manipulator, to avoid the destabilising effect of having

the sensor and controller spatially disparate.

In addition to H∞ control, other non-model-based robust control approaches that

have been suggested widely include sliding mode control. This control technique is

robust to model uncertainty and insensitive to parameter variation. Sliding mode

control has been widely applied for trajectory tracking in applications including robot

manipulators [45], mobile robots [46] and electrical feed drives [47]. The potential

disadvantages of the technique include the possibility to induce chattering, and the need

for a bounded disturbance model prior to controller development.
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Implementation considerations

For the non-model-based algorithms discussed, the design of a controller does not rely

heavily on the existence of an explicit plant model. In the case of the robust algorithms,

an approximate linear model with some knowledge of plant variability is typically

enough to design the controllers.

Achieving a high level of performance using this class of algorithms through gain

tuning can be challenging. Often heuristic approaches are employed in practice to

balance the competing needs of robustness and performance, although some effort has

been devoted to systematically approaching this problem [48–50].

On the positive side, once designed, the algorithms are readily implemented at high

computation rates due to the relative simplicity of the associated control calculations.

This has allowed them to be deployed for decades in industrial tracking applications

with relatively low computation resources (e.g. position loop sample rates as high as

26 kHz for PID and H∞ were used as far back as 1998 [51]), or to increase the sampling

rates to very high rates when more computational resources are available.

2.2.2 Disturbance estimation based feedback control

To compensate for the unknown disturbances arising from nonlinear effects including

friction, disturbance-estimation based methods have been widely proposed. Although

a direct position measurement from the end effector side is not generally available,

vibration at the end effector induces oscillations in the motor current and position which

can be measured. Whilst the filtering approaches of the previous section attempt to avoid

excitation of vibrations, the disturbance estimation techniques instead try to actively

compensate for any measured indications by modifying the current control input.

For disturbances that can be explicitly measured or modelled, feedforward and feed-

back linearisation have been proposed to attenuate or eliminate the effect of disturbances

[52]. Implementation of these techniques is typically not undertaken in practice due to

the difficulty and/or expense of the required direct measurements. Instead, different
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Fig. 2.7: Schematic diagram of DOB based reference tracking control scheme.

types of disturbance-estimation-based control (DEBC) methods have been proposed.

These approaches have been shown to preserve the nominal performance of the baseline

controller in the absence of disturbance [53], which is advantageous from a controller

tuning perspective.

Whilst many types of disturbance estimator have been proposed in the literature,

herein their key features are summarised with a focus on the disturbance observer (DOB)

and extended state observer (ESO) methods.

Disturbance observer based control

The disturbance observer was first proposed in 1983 for estimating the load torque in

the speed control of a DC motor [54], under an implicit assumption that the load torque

is constant. Since then, modifications to the original disturbance observer have been

designed to enable application in a range of systems requiring disturbance suppression.

These include extending the algorithm for the position loop in servo-motors [55–60],

applications in X-Y tables [61–63], robotic manipulators [64, 65] and grinding circuits

[66]. An extensive review of disturbance estimation and attenuation techniques and their

application in different domains was presented in [53], although a direct comparison

with other trajectory tracking methods was not considered.

The fundamental idea of DOB can be illustrated as shown in Fig. 2.7, where dl is

the lumped disturbance, and d̂ is the estimated lumped disturbance. If the mechanical
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subsystem from current to motor position can be represented by the transfer function

P (s), the DOB consists of an inverse of the nominal model P−1
n (s) and a low-pass filter

Qf (s). Under the assumption that the time scale of the current loop is much faster

than mechanical loop (implying u→ u∗ − d̂), and the subsystem from current to motor

position is minimum phase, the lumped disturbance reduces to

dl(s) = (P−1
n (s)− P−1(s))xm(s) + di(s) + P−1

n (s)dm(s). (2.6)

Now, if the filter is designed to have Qf (s) ≈ 1 within the desired operating fre-

quency range of the closed loop, then d̂ = dl. By substitution of (2.6) into the equation

xm(s) = (u(s) + di(s))P (s), the output of the system can be shown to be

xm(s) = Pn(s)u∗(s)− dm(s). (2.7)

Hence, the impact of the load disturbance di has been suppressed from the output,

xm by the DOB.

The efficacy of the approach is clearly dependent on the linearity of the plant model,

and subsequent design of the filter Qf (s). Furthermore, for machines with structural

flexibility, (2.7) only deals with the position tracking of actuator instead of the end

effector. There is no direct compensation for structural flexibility.

Extended state observer based control

The extended state observer (ESO) was first proposed in 1995 to estimate the lumped

disturbance with incomplete information about the system dynamics [67]. Unlike many

other methods, there is no reliance on linear plant assumptions. Typically, this observer is

incorporated into the so-called active disturbance rejection control (ADRC) for reference

tracking while reducing the effect caused by unknown disturbance [68].

ESO observers have been successfully deployed in many industrial applications, usu-

ally in conjunction with ADRC, including mechatronics servo systems [69–72], robotic
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manipulators [73–75] and power converters [76–78] for disturbance estimation and

rejection. In addition to experimental results, the ESO-based approaches have been

commercialised for industrial usage in systems such as the SpinTACTM control software

and motion control chip of Texas Instruments [79]. Nonetheless, despite the wide de-

ployment of the approach, fundamental theoretical results for the broad class of ESO

algorithms lagged until 2011 [80].

The structure of a typical ESO is reviewed in the following, under the assumption

the mechanical system is considered as a rigid structure:

ẋm = vm,

v̇m =
kt
Mm

u+
Fdm
Mm

, (2.8)

where kt and Mm are the values of force constant and actuator mass respectively; Fdm

is the unknown disturbance on the motor. By taking the model mismatch and external

disturbance as additional state ζm, the mechanical subsystem (2.8) may be rewritten as,

ẋm = vm,

v̇m =
k′t
M ′m

u+ ζm. (2.9)

Here k′t and M ′m are the nominal values of the force constant and actuator mass respec-

tively; and ζm =
(

kt
Mm
− k′t

M ′e

)
u+ Fdm

Mm
.

For a system in the form of (2.9), the ESO estimates ζm by introducing another state

and applying error feedback on each stage as follows:

˙̂xm = v̂m + l1Φ1 (x̃m) ,

˙̂vm =
k′t
M ′m

u+ l2Φ2 (x̃m) + ζ̂m,

˙̂
ζm = l3Φ3 (x̃m) , (2.10)

Here x̂m, v̂m and ζ̂m are the estimated value of xm, vm and ζm respectively; li is the

gain of the observer to be chosen and Φi(x̃m) is a function of estimation error with
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Fig. 2.8: Schematic diagram of ESO based reference tracking control scheme.

x̃m = x̄m − x̂m for i = 1, 2, · · · , n + 1, where n is the order of mechanical subsystem,

which is chosen to be n = 2 here according to (2.9). The resulting structure of the ESO

based reference tracking control scheme is shown in Fig. 2.8.

Whilst many different ESO implementations have been considered, they may be

broadly categorised as belonging to either linear ESO (LESO) or nonlinear ESO (NLESO)

based on the choice of function Φi(·).

The convergence and stability analysis of LESO, where Φi(x̃m) = x̃m, was first

provided in [81] for an n-order single-input, single-output system with an integrator

chain structure, under the assumption that all disturbances have bounded derivatives.

Using the observer gain li = αiη
−i
o , where αi = (n+1)!

i!(n+1−i)! , i = 1, 2, · · · , n + 1, the

bandwidth of the observer 1/ηo becomes the only tuning parameter in the observer

design.

In the LESO case, if ζ̇m is bounded, there exists an estimation error bound and a finite

time T such that the estimator error of each states |x̃i(t)| ≤ O
(
ηko
)
, ∀t ≥ T ≥ 0, i =

1, · · · , n+ 1 for a positive integer k. This result was later extended to include bounds on

either the disturbance or its derivative [82].

To apply the ESO to nonlinear estimators, [68] proposed specific heuristic structures

for the nonlinear functions, Φi(·). These NLESO algorithms have been widely used

in many applications [71, 73, 75], although the nonlinear functions Φi(·) were further

generalised in [80], where it was shown that they need only satisfy a converse Lyapunov

theorem property. Under this assumption, the observer gain can be chosen as li = ηn−io
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for i = 1, 2, · · · , n + 1 and the estimation error on each state is bounded as |x̃i(t)| ≤
O
(
ηn+2−i
o

)
for all t ≥ T ≥ 0 and i = 1, · · · , n + 1. In practice, the NLESO errors are

typically smaller than the corresponding errors observed using the LESO.

Implementation considerations

As an auxiliary control structure, the tuning of the disturbance estimation part should

ensure that the convergence of disturbance estimation is much faster than the control

loop where the observer located. For the disturbance observer based control, the selection

of the nominal model Pn and the design of the Qf -filter determine the estimation

accuracy of DOB. For the LESO case, since the function of estimation error Φi(x̃m) is

fixed, the tuning is relatively straightforward compared to NLESO as the choice of

function Φi(x̃m) offers more degrees of freedom in the design of the observer.

By directly estimating and compensating for external disturbances, the approaches

discussed in this subsection improve the robustness of the system. However, a potential

drawback of high-gain observers is the propensity to introduce a peaking phenomenon

in the estimation error [83]. This was observed for the NLESO applied to velocity control

in [84] as an initial sharp spike in the response of state estimation may make the system

unstable.

Furthermore, in a non-minimum phase system, applying disturbance attenuation

from the motor side can lead to inferior end-effector tracking performance. This explains

why the disturbance estimation based methods are generally applied in combination

with other approaches such as command filtering in industrial implementations.

From the perspective of computation effort, the disturbance estimation part is essen-

tially another low order state space model added to a baseline controller. As such, it

does not significantly increase the computation load relative to the baseline controller.
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2.2.3 Model based control

The class of model-based controllers (MBC) rely on knowledge of the plant dynamics to

achieve trajectory tracking. Therefore, system modelling and identification are essential

for MBC [85]. Depending on the type of control algorithm, models may also be required

to capture uncertainty or disturbance levels in the control design.

In this section, we will distinguish between two types of model-based controllers on

the basis of system constraints consideration - with the general class of unconstrained

model-based controllers separated from those approaches explicitly encompassing con-

straints denoted model predictive control.

Unconstrained model-based control

Unconstrained model-based control covers a broad range of control architectures includ-

ing state feedback control and linear quadratic (LQ) control for linear systems; through

to Lyapunov-based control and feedback linearisation for nonlinear systems [85]. Many

of these approaches have been applied to industrial trajectory tracking for machines

with structural flexibility, as discussed below.

Pole-placement is a full state feedback control method that utilises a linear model of

the mechanical system. For the cases where the dynamics of actuator and end-effector

are involved, by defining the states as ξ , (xm, vm, xe, ve) and discretising the plant, the

control-oriented model of the mechanical subsystem may be represented in a general

form:

ξ(k + 1) = Adξ(k) +Bdu(k) + Eddi(k),

ȳd(k) = Cdξ(k) + dm(k), (2.11)

where ve is the velocity of the end effector. Here, the output is the measured end-

effector position, i.e., ȳd , x̄e. Assuming di = dm = 0, the poles of the closed-loop

system are assigned using u = −Kξ based on transient performance requirements. In
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[33], a pole-placement method was used to control the translational movement of a

ball screw driven table. With the feedback measurement from both the rotary motor

and table side, the poles related to the axial mode are assigned to speed up the decay

of vibration. A similar pole-placement based active damping method was used for

the speed control of a two-mass drive system in [27]. It has been shown that with

measurement of either shaft torque or load speed as the additional feedback for control,

the desired damping coefficient or the resonant frequency can be adjusted. However,

a major disadvantage of this approach is that the pole-placement method requires full

state feedback, thereby necessitating observer design. Without observers, the additional

measurements are difficult to obtain in a production environment and are therefore not

widely implemented. Even with observers, pole placement control does not explicitly

account for state constraints, so that subsequent careful tuning is required, particularly

in systems with nonlinearities, to ensure the control signals are within the achievable

domain for the entire operating envelope.

Linear quadratic control is another state feedback control method that uses the plant

model (2.11) but assumes the noise processes di and dm are Gaussian with respective

covariances. The controller gain, KLQ is designed based on an offline optimisation of a

specified cost function in the form:

KLQ = arg min
K

E
[
‖ξ(k)‖2Q + ‖u(k)‖2R

]
, (2.12)

subject to (2.11) where E is the expectation. For systems with unmeasurable states and

additional system noise, as the problem investigated in this paper, the optimal regulator

is combined with an optimal state observer to produce a linear quadratic Gaussian

(LQG) approach. To implement this approach, quasi-steady states ξd and inputs ud are

calculated from a reference, x∗e as follows,

 Ad − I4 Bd

Cd 0

 ξd

ud

 =

 04,4

x∗e

 ,
The estimated state ξ̂(k) is calculated based on a two-step process (measurement and
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update with intermediate state ξ′) according to:

ξ̂(k) = ξ′(k) + LLQ
(
ȳd(k)− Cdξ′(k)

)
,

ξ′(k + 1) = Adξ̂(k) +Bdu(k).

The controller gain KLQ and observer gain LLQ can be calculated analytically [86],

leading to the control input u(k) = −KLQ(ξ̂(k)− ξd(k)) + ud(k).

Linear quadratic control has been used in applications including the tip positioning

of a robot manipulator with flexible link [87] and speed control of an electric motor with

flexible shaft [88]. The weightings of the cost function (2.12) are adjusted to achieve

a desired control performance such as improving accuracy [89] or achieving energy

minimisation [88]. The drawbacks of this approach include the number of tuning

parameters for a nth-order system increasing from n in the pole placement case to n2 + 1

for LQ. Furthermore, any nonlinearities in the system are not explicitly considered or

compensated for, which may impact on potential tracking performance.

One approach to address this latter point involves using Lyapunov-based approaches

that enable rigorous stability guarantees. The implementation of these approaches has

been demonstrated in the position tracking control of a flexible-linked robot arm [90, 91]

and position tracking of electric motors [92]. To further improve tracking performance

in the presence of parameter variations or slowly varying disturbances, Lyapunov-based

methods may be augmented with other control methods such as adaptive control or

integral feedback, e.g. [92]. However, it is not trivial to find a Lyapunov candidate for

designing this type of combined controller.

Instead of designing the controller based on the nonlinear dynamics of the system,

feedback linearisation has been proposed to cancel out the nonlinearities in the system,

enabling the deployment of algorithms for linear systems in the form of (2.11). For

the tracking problem investigated in this paper, the feedback linearisation method has

been utilised in numerous applications including decoupling the current and speed

nonlinearities in electric drives [93] and cancelling out nonlinear dynamics of a flexible
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Fig. 2.9: Schematic diagram of MPC based reference tracking control scheme. Note that
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beam for tip position tracking [94]. However, the successful implementation of feedback

linearisation requires exact cancellation of nonlinearities which may be challenging in

real scenarios.

In summary, we can see although some decent trajectory tracking results have been

demonstrated by unconstrained model-based control, none of the control methods above

explicitly take account of input, output and states constraints, and are reliant on the

accuracy of the plant model.

Model predictive control

Model predictive control (MPC) solves an online optimisation problem over a finite

receding horizon with explicit consideration of system constraints [95]. Over the last

30 years, model predictive controllers have been gaining interest across a number of

industrial domains as computational resources have advanced [96].

For systems with unmeasurable states, an observer is typically included leading to

a control architecture as shown in Fig. 2.9. The MPC-based trajectory tracking prob-

lem involves solving the following constrained optimisation problem (where X and U



2.2 Trajectory tracking control algorithms 31

represent the state and input constraint sets) at each sampling instant:

U∗(k) = arg min
U(k)

N−1∑
i=0

(
‖ξ(i|k)− ξd(k)‖2Q + ‖u(i|k)− ud(k)‖2R

)
+ ‖ξ(N |k)− ξd(k)‖2P

(2.13)

s.t. ξ(i+ 1|k) = Adξ(i|k) +Bdu(i|k), (2.14)

ξ(i|k) ∈ X , u(i|k) ∈ U , i ∈ Z[0,N−1], (2.15)

ξ(0|k) = (x̄m(k), v̄m(k), x̂e(k), v̂e(k)) . (2.16)

Note that the solution returns the control trajectoryU∗(k) = [u∗(0|k), . . . , u∗(N−1|k)],

but only the first element u∗(0|k) is imposed on plant. Ensuring the feasibility of the

optimisation problem above, and the stability of the closed-loop system under control

are two of the fundamental aspects of predictive control design.

An early contribution in the application of predictive control to motion control of feed

drives was made in 1990 via a combination of cascade control structure with generalised

predictive control (GPC) [97]. Although the idea of including system dynamics (2.14)

and receding horizon with update (2.16) were shown in this early work, the state and

input constraints (2.15) were not considered. Later, this initial work was extended to

handle changing plant parameters such as variation of inertia [98], by updating the

system model online based on observed errors.

To solve the tracking problem (2.13)-(2.16) with constraints while ensuring recursive

feasibility of the open-loop optimisation problem, a command governor was introduced

in [99] to modify the reference and ensure an admissible solution exists. Similar ideas

were expanded in [100]. As an alternative, in [101] a dual-mode predictive control

strategy is proposed where a feasibility recovery mode operates to recover feasibility

should it be lost. These approaches were given a theoretical footing by introducing an

artificial steady state and input as decision variables in the problem formulation (2.13),

leading to a modified control algorithm with provable guarantees for piecewise constant

reference tracking [102]. This was further extended to allow offset-free reference tracking

with explicit consideration of disturbances in the system dynamics [103]. For applications
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where periodical references are involved, the predictive repetitive control is proposed by

incorporating the frequency information of reference within the structure of controller to

enhance the tracking performance while ensuring the operational constraints [104, 105].

However, achieving asymptotically offset-free tracking for a disturbance-free system

is not enough in many practical implementations. For applications such as laser cutting,

it is highly desirable that the contouring error or the tracking error of each axis is within

some desired tolerance. In [106], an error-bounded tracking controller is designed for a

linear time invariant (LTI) system by modifying (2.15) such that the system states stay

within a robust control invariant (RCI) set. The existence of the offline-computed RCI

set indicates that the error bounds can be guaranteed for particular classes of reference

and system with consideration of state and input constraints. However, the RCI set

may not be finitely determined for systems with state disturbances [107–109], making it

non-trivial to be computed for practical implementation.

Implementation considerations

Since model-based controllers are designed and implemented based on the system

model dynamics, the accuracy of the model influences the control performance. This can

be direct, through the reliance on the model in the generation of the control signals, or

indirect in the case of approaches which remain robust to specified model inaccuracy. To

achieve a good control performance typically requires effort to be spent on the system

identification process.

For model-based controllers, the control performance in terms of accuracy is often

reported to be superior to non-model based methods, which is not surprising as the

knowledge of the system dynamics is used constructively in the controller. However,

better performance always comes with a higher commissioning effort. For instance in

LQ control described above, the tuning parameters in the matrices Q and R increase

polynomially with the number of states and inputs; and these parameters may not

be explicitly related to the time domain responses. This can lead to more challenging

commissioning compared to non-model based schemes, especially when there is a lack
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of systematic tuning criteria.

In terms of the embedded computation, the computational load of model-based

control methods is generally higher than a comparable non-model-based controller.

Methods such as pole-placement and an LQ-based controller are essentially control

algorithms reliant on off-line computed state feedback gains, and so have a relatively

low computational burden. In fixed-point microcontrollers, this may be increased if the

feedback linearisation involves certain types of functions - e.g. exponentials.

On the other hand, the online solution of a constrained optimisation problem in

MPC can be computationally challenging even for relatively straightforward system

dynamics depending on the computational resource available. The growing interest in

these algorithms is being driven by their potential capabilities in reference tracking and

constraint satisfaction, yet the computation requirement of fast sample rate applications

remains challenging. For those MPC variations with additional constraints, such as

the error-bounded MPC mentioned above, an extra commissioning effort is required

to compute the required disturbance sets, and the additional inequalities introduced

may pose further challenges in terms of online computation on embedded industrial

platforms.

2.3 Contouring control schemes

Although reducing the tracking error of the individual axis can ultimately improve the

contouring performance, the contouring error does not necessarily rely on the tracking

performance of each axis [110, 111]. This can be seen from the example demonstrated in

Fig. 2.10 where the larger tracking errors in Case II result in a smaller contouring error

compared to Case I.

As another way to improve the contouring control performance, contouring control

schemes are discussed in this section. Different from the tracking control methods, con-

touring control schemes are controllers designed based on information from calculated

or estimated contouring error.
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Fig. 2.10: Two case studies of tracking and contouring error [110].

2.3.1 Cross-coupled control with estimated contour error

In order to minimise contour error when a reference trajectory is given, the cross-coupled

control (CCC) is proposed to correct the input command and force the axial tool position

onto the path [112]. Fig. 2.11 shows the structure of the cross-coupled controller, where

Kx and Ky are the gains for computing contouring error; the compensator W and cross-

coupling gains Cx and Cy are related to the control law for correcting the reference. The

variants of cross-coupled control are related to the choice of contour error model and the

control law [113].

In the original CCC design [112], the corrective command is calculated from the

weighted contour error and forwarded equally to axis controller, i.e., Cx = Cy = 1 with

individual axis controllers unchanged. However, the constant compensator value and

cross-coupling gains make the conventional CCC not effective in dealing with nonlinear

contours and even lead to oscillation for linear contours when steady-state error tends to

zero [114]. To deal with these drawbacks, a variable gain CCC approach was proposed

in [113, 114], where the coupling gains Cx and Cy are state-dependent for nonlinear

contour.
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Fig. 2.11: The cross-coupled system block diagram.

Implementation consideration

The complexity of cross-coupled control highly depends on the choice of compensator

W . Generally, a PID structure is used as the compensator, which makes the tuning of

CCC similar to what described in Section 2.2.1. Without a systematic way of tuning,

achieving high-performance contouring is non-trivial, and the trial and error method is

involved.

However, on the other side, the expression of components in CCC is straightforward

which means the designed control algorithm can be implemented at a high sampling

rate. A higher sampling rate means a higher closed-loop bandwidth can be achieved,

which is beneficial for tracking and contouring performance.

2.3.2 Coordinate transform based approach

Another category of contouring control method is based on the coordinate transfor-

mation where a decoupled contour controller is generally designed to minimise the

contouring error. In [115], a tangential-contouring frame is proposed, and the controllers

for minimising tangential and contour error are decoupled and designed separately

based on the assumption that the dynamics of X- and Y - axis are close enough. Later,
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this tangential-contouring frame is extended to Euclidean space and is formulated as

the task coordinate frame [110].

The tangential-contouring frame simplifies the controller design by decoupling

the tangential and contour dynamics [111]. Its application can be found in biaxial

applications including robotics [116] and XY tables [117]. However, the difficulty in

obtaining the coordinate transformation matrix for free-form contour and the assumption

that the dynamics of two axes should be small limit the applicability of the tangential

contouring control (TCC) method.

In addition to TCC, the polar coordinate is proposed in [118], and the contouring

error is approximated by the radial error. Then the contouring control problem is

reformed into a stabilisation problem by taking the contour error as a state variable. By

integrating the feedback linearisation with the PID controller, the proposed coordinate

frame is used for position tracking in single-axis positioning stage and XY position stage.

Implementation consideration

As an auxiliary method for minimising the contouring error, the complexity of the

coordinate transformation is mainly influenced by the transformation matrix.

Moreover, for the tangential-contouring control, conditions such as the dynamics for

X and Y axes should be similar cannot always be satisfied, which poses restriction on

applicable systems.

2.3.3 Contour control with adaptive feed-rate

Although the contour control methods mentioned above have shown some improve-

ments in contouring accuracy, interpolating the trajectory with higher feed-rate velocity

can deteriorate the contour performance. This motivates the development of contour

control methods with adaptive feed-rate.

For the biaxial contouring problem, the cross-coupled pre-compensation method



2.3 Contouring control schemes 37

(CCPM) is thus developed to reduce the contour error by adding correction terms in the

velocity command of the two axes [119]. The experiment results on the XY table shows

a comparable contouring performance with CCC when tracking a linear contour and

relatively better performance for circular contour.

Similar methods include the cross-coupling position command shaping controller

(CPSCS) proposed in [120]. Different from the CCPM scheme, the CPSCS modifies the

position command instead of velocity command based on the computed contour error

and can be implemented on the CNC system or external computers.

To ensure system constraints while adjusting the feed-rate online, a model predictive

contouring control (MPCC) method was proposed in [121] to deal with competing objec-

tives, improving the contouring accuracy and minimising the traverse time. A virtual

input for controlling the velocity of the reference is penalised with the approximated

tangential and contouring error in the designed optimisation problem. The proposed

method was compared with cascaded PI controller and MPC with pre-determined feed-

rate on an XY table. Although the recursive feasibility of online optimisation cannot be

guaranteed due to the competing objectives, the MPCC showed better performance in

contouring accuracy with less traverse time.

Implementation considerations

Since the methods such as CCPM and CPSCS are proposed to modify the position and

velocity command, they do not impose much additional computation burden on the

baseline controller.

Conventionally, the MPC has a near cubic growth in computation time with respect

to the number of system variables, i.e. tMPC = O(n3) where n is the order of the system.

This means the computation load of MPCC increases non-linearly compared to the

conventional model predictive control used for single-axis tracking. Furthermore, the

decision variable that introduced for updating the velocity reference in MPCC adds more

computation burden. The applicability of MPCC is highly limited by its computation

time, and only 250 Hz sampling rate is achieved in [121].
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2.4 Research aims

In summary, despite a considerable amount of research has been proposed in the motion

control field, the PID-based cascaded control is still the most prevalent in the industry.

With the ever-increasing demand on industrial manufacturing, there is a need to ob-

jectively assess the tracking control performance on an industrial platform to provide

practitioners with the benefit and limitation of existing control algorithms. This motives

the first research aim:

• Provide in-depth benefit and limitation of existing tracking control algorithms on

single-axis platform.

This research aim is discussed in Chapter 3 where a test bench is built, and experiment

results are presented.

For industrial contouring and machining applications, it is desirable the designed

controller can guarantee bounded tracking and contouring errors without unduly com-

promising machine throughput. Although taking account of the structural flexibility in

the control-oriented model can lead to improved trajectory tracking accuracy, achieving

guaranteed tolerance on tracking error using existing control approaches, particularly in

the presence of system disturbances, is not possible. This motivates the second research

aim:

• Develop and validate a tracking error bounded control approach for industrial

machines that has strict stability and feasibility guarantees.

The approach will utilise existing structures proposed in [106], but requires new

techniques for computing RCI set in order to have guarantees on convergence. The

developed approaches are presented and validated experimentally in Chapter 4.

In terms of applications involving multi-axis movement, the contouring error is of

more importance than the tracking error. Thus, it is desirable to achieve contouring error

bounded control. This motivates the following research aim as:
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• Extend the tracking error bounded approach to multi-axis industrial contouring

problems.

In this thesis, the biaxial movement is investigated. This research aim involves

developing a model of biaxial industrial machine with the consideration of position-

dependent structural flexibility. Two contouring error bounded controllers are presented

and validated in Chapter 5.
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Chapter 3

Performance limitation of existing
tracking control algorithms ∗

AS covered in the literature review part, although numerous control methods are

proposed, the proportional-integral-derivative (PID) based cascaded control is

still the most prevalent in the industry, due to a combination of factors including its

relatively simple design and low implementation cost [23]. However, with the ever-

increasing demands on industrial machining, there is a need to objectively assess when

the benefits of advanced controller architectures might provide sufficient motivation to

consider alternatives to the PID-based approaches.

For the one-dimensional system with structural flexibility and non-collocated output,

there is also a lack of controller comparison based on a uniform platform to offer practi-

tioners an insight into the limitation of existing tracking control algorithms. Therefore, it

is the purpose of this chapter to present a performance comparison of existing control

methods based on a design single-axis test bench.

This chapter starts with a general system description representing the one degree-of-

freedom machines with a flexible manipulator and non-collocated output in Section 3.1.

To quantitatively compare the tracking performance of different existing control algo-

rithms under the uniform experiment setup, a test bench is designed and described in

Section 3.2. The system identification of the test bench is described in Section 3.3. The

experiment results of existing classes of tracking control algorithms are demonstrated

and compared in the following Section 3.4. Conclusions are summarised in Section 3.5.

∗Significant parts of this chapter will appear in Control Engineering Practice.

41
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Fig. 3.1: Schematic diagram of investigated system with structural flexibility.

3.1 System description

For the one-degree of freedom system with structural flexibility, the schematic diagram

can be represented as Fig. 3.1. This diagram shows two snapshots of the system, with

the lower (dotted black line) indicating a steady state when the end effector position,

xe is equal to the motor position, xm; and the upper (solid black line) indicating an

orientation during dynamic behaviour xe 6= xm.

If first order approximations of the dynamics are modelled with all higher order

modes relegated to part of the disturbance terms, the system can be represented by the

following equations:

ẋm = vm,

v̇m =
1

Mm
(ktu− ks (xm − xe)− cs (vm − ve)− Fd1) , (3.1)

ẋe = ve,

v̇e =
1

Me
(ks (xm − xe) + cs (vm − ve)− Fd2) . (3.2)

Here vm , ẋm and ve , ẋe are the velocity of the motor and end-effector respectively; u

represents the current to the motor; kt is the equivalent force constant of the motor; ks
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and cs are the equivalent spring constant and internal damping coefficient of the flexible

mechanical components. In a lumped parameter approximation, Mm and Me represent

the equivalent mass of the motor and machine end; while Fd1 and Fd2 stand for the

lumped disturbances on the motor and end-effector respectively, which may include

influences arising from un-modelled dynamics or imperfect model parameters, as well

as noise effects.

This control-oriented model structure has been used to describe many industrial

applications including ball screw mechanisms [12, 33, 35, 122], conveyor belts [123] and

two-mass drives with shaft elasticity [11, 124].

Furthermore, in many related works such as [125], it has been demonstrated this

lumped parameter model (3.1), (3.2) can lead to effective trajectory tracking by the end

effector in single-link flexible manipulator.

3.2 Experimental setup

To demonstrate the tracking performance of existing classes of control methods, a single-

axis test bench representing the dynamics (3.1) and (3.2) is developed. The experimental

setup is covered in this section.

The single-axis test bench consists of a linear motor and a flexible beam, where the

end effector lies at the end of the beam furthest from the motor as shown in Fig. 3.2a.

The LinX R© M-series linear motor designed by ANCA Motion is used as the actuator,

which is a permanent magnet synchronous tubular motor with high-precision position

measurement. To quantitatively compare the trajectory tracking performance, another

linear encoder is installed at the end of the beam to measure the end effector movement

parallel to the motor base as shown in Fig. 3.2b. It has to be noticed that the measured

end-effector position is not used in the controller design process and is only used for

documenting experiment results.

In order to approximate the practical industrial situation where the dominant reso-

nant frequency lies within the closed-loop bandwidth of general cascaded controllers,
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Fig. 3.2: Designed test bench: (a) linear motor with stretched out flexible beam; (b) end
effector measurement with linear encoder and designed bracket.

Fig. 3.3: Frequency analysis of the designed flexible manipulator.

the characteristics of the flexible beam and the structure for measuring end-effector

position are carefully designed. For the aluminium beam used in this experiment, the

Young’s modulus and density are E = 71× 109 N/m2 and ρl = 2.7× 103 kg/m3. The

beam is 350 mm long and comes with a rectangular cross-section with 40 mm width and

4 mm thickness. The frequency analysis, shown in Fig. 3.3, was conducted in SolidWorks

to validate the designed vibration mode before the parts were sent for manufacturing.

To implement the real-time controller, Simulink Real-Time is used as the rapid

prototyping system, and the compiled controller is downloaded onto an embedded

target computer. The entire experiment setup is shown in Fig. 3.4. The communication

rate between the target computer and test bench drive is 1 kHz, and the digital controller
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Fig. 3.4: Overview of experiment test bench.

updates at the same rate for all the investigated control algorithms.

3.3 System identification

For model-based control methods, the accuracy of the control-oriented model directly

influences the performance of motion controllers. In this section, the electrical subsystem

and nonlinear disturbance force in the mechanical subsystem are modelled. The param-

eters in electrical subsystem are identified first. Then, with the current loop controller

implemented, the mechanical subsystem is identified with the closed current loop. The

identified high-fidelity model is used for controller design purpose.

Electrical subsystem

The d-q (direct and quadrature axis) model is frequently used for the design of control

algorithms in sinusoidally excited permanent magnet synchronous motors. By doing so,

time-varying parameters are eliminated, and all variables are expressed in orthogonal or

mutually decoupled d and q axes [126].

Here, the current equations of a general synchronous machine (with field excitation
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circuit and damping circuit) are described first,

ud = Rid +
∂ψd
∂t
− ωeψq,

uq = Riq +
∂ψq
∂t

+ ωeψd,

uf = Rf if +
∂ψf
∂t

,

0 = RDiD +
∂ψD
∂t

,

0 = RQiQ +
∂ψQ
∂t

,

where ud, uq are the terminal voltage and id, iq are the current in d and q axes respectively,

R is the armature winding resistance, ωe is the angular frequency of armature current.

The field winding resistance Rf , field excitation current if , excitation circuit voltage uf ,

only exist when electromagnetic excitation is used. The damper resistance in the d and

q axes are represented by RD and RQ. The damper inductance in the d and q axes are

LD and LQ respectively. The magnetic flux ψd, ψq, ψf , ψD, ψQ in above equations are

defined as

ψd = (L̄d + Ll)id + L̄diD + ψf = Ldid + L̄diD + ψf ,

ψq = (L̄q + Ll)iq + L̄qiQ = Lqiq + L̄qiQ,

ψf = Lf if ,

ψD = L̄did + (L̄d + LD)iD + ψf ,

ψQ = L̄qiq + (L̄q + LQ)iQ,

where Ld , L̄d + Ll and Lq , L̄q + Ll; L̄d and L̄q are armature self-inductance in d and

q axes, Ll is the leakage inductance of armature winding per phase. It has to be noticed

that flux linkage ψf = Lf if only holds for motor with excitation field, where Lf is the

maximum value of mutual inductance between the armature and field winding, and

ψf = ψPM is a constant for permanent magnet motor.
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For the permanent magnet synchronous motor (PMSM) without damping winding,

i.e., iD = iQ = 0, the governing equations of the current loop are:

ud = Rid +
∂ψd
∂t
− ωeψq = Rid + Lm

∂id
∂t
− ωeLmiq,

uq = Riq +
∂ψq
∂t

+ ωeψd = Riq + Lm
∂iq
∂t

+ ωeLmid + ωeψPM ,

where Lm , Ld = Lq holds for permanent synchronous motor. For the linear permanent

magnet synchronous motor (LPMSM) used in the test bench, the dynamics of the

electrical subsystem is:

ud = Rid + Lm
∂id
∂t
− pπLm

τ
vmiq, (3.3)

uq = Riq + Lm
∂iq
∂t

+
pπLm
τ

vmid + kevm, (3.4)

where the conversion ωe = pωm = pπvm/τ holds, vm is the translational velocity of the

motor, p is the number of pole pairs and τ is the pole pitch.

The linear least squares method is then used to identify parameters R, Lm and ke

based on

uq = Riq + Lm
∂iq
∂t

+ kevm,

where the back EMF constant ke , pπψPM
τ and the current in d axis is controlled to be 0

A. The armature winding resistance is identified as R = 12.51 Ω. The inductance and

back EMF constant are identified as Lm = 10.7 mH and ke = 52.89 Vs/m.

Mechanical subsystem

To get the expression of electromagnetic force in PMSM, we start with the power equation

of a three-phase machine as,

Pelm =
3

2
ωe(ψdiq − ψqid) =

3

2
ωe ((Ldid + ψPM )iq − Lqidiq) (3.5)

=
3

2
ωe (ψPM + (Ld − Lq)id) iq,
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With Ld = Lq holds for the LPMSM, the electromagnetic force is given as,

Fm =
Pelm
vs

=
3

2

pπψPM
τ

iq = ktiq, (3.6)

where kt is the force constant of motor with value kt = 79.33 N/A inferred from the

value of back EMF constant ke.

The disturbance Fd1 in (3.1) may include friction, cogging force and measurement

noise. The cogging force and friction are identified as the disturbance force Fd1 on the

motor base, i.e. Fd1 , Fc + Ff . Since no explicit models exist for Fd2, the nominal

model used in simulation is Fd2 = 0. Furthermore, the system identification requires

identifying the motor and end effector mass, spring constant and internal damping

coefficient.

The identification of friction and cogging force are separated by using the constant

and frequency-dependent component of the applied force required to maintain a constant

velocity.

The model of cogging force is adopted from [127]:

Fc(xm) =

P∑
j=1

(
Scj sin

(
2πj

τ
xm

)
+ Ccj cos

(
2πj

τ
xm

))
, (3.7)

where P is a positive integer number, Scj andCcj are the coefficients before trigonometric

functions. The reference velocity is set to a small positive value, and the input force is

measured through current feedback. A fast Fourier transform of the measured force is

then used to identify the frequency components of the cogging force, and subsequently

can be correlated to the pole pitch and further used to identify the number of harmonics,

P , required for (3.7).

The power spectral density of cogging force under constant velocity at 0.06 m/s is

shown as Fig. 3.5. Using this technique, the pole pitch is identified as τ = 87.5 mm based

on the fundamental peak, and three harmonics are required to approximate the cogging

force. Subsequently, the time series data of applied force can be used to identify the

remaining model parameters of cogging force using a least squares approach, yielding
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Fig. 3.5: Spectral analysis of cogging force under constant 0.06 m/s velocity.

Sc1 = 4.07, Cc1 = 9.20, Sc2 = 0.95, Cc2 = −0.26, Sc3 = −0.72, Cc3 = 0.57.

The friction model employed in simulations is based on the Lorentzian model of

[128] employing the Karnopp remedy [129] to avoid simulation issues around zero

velocity:

Ff (xm, vm, u) =



(
fc + bv|vm|+ fs

1+
(

vm
vs

)2

)
sgn(vm) |vm| > λ

Fe |vm| ≤ λ

|Fe| ≤ |fc + fs|

(fs + fc) sgn(Fe) otherwise

(3.8)

where sgn(·) is the sign function; Fe , (ktu− Fc(xm)) is the externally imposed force.

The system is run at different constant speeds and the constant offset in the applied

force is correlated with the friction at that speed. A least squares method is then used

to identify the parameters of (3.8) from the data across the speed range. Fig. 3.6 shows

the comparison between the measured friction data and the value calculated based on

friction model (3.8). For the test bench, this led to identified values of fc = 36.36 N,

bv = 250.9 Ns/m, fs = 22.04 N, vs = 2.82 m/s and λ = 10−6 m/s.

To identify the system parameters in (3.1) and (3.2), the motor runs at a constant
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Fig. 3.6: Friction model fits with the measured friction force data.

acceleration, with the applied force measured and the disturbance force calculated

from the model identified above. The total effective mass of motor and end-effector is

subsequently identified as Me +Mm = 40 kg, which is used to set a range of allowable

solutions for each parameter.

Then a point-to-point movement is conducted on the test bench. By using the

identified disturbance model to approximate Fd1, a constrained optimisation routine is

then conducted to identify the values of Mm, Me, ks and cs that minimise the difference

between the transient simulated end effector trajectory and the trajectory collected from

a point-to-point movement on the test bench, as shown in Fig. 3.7. The outcome of this

optimisation was Me = 0.38 kg, and Mm = 39.62 kg, whilst the spring constant and

damping coefficient were identified as ks = 2908 N/m, cs = 2.10 Ns/m.

3.4 Performance comparison

In this section, the trajectory tracking performance of algorithms including standard

cascaded controller, cascaded controller with notch filter and cascaded controller with

LESO are demonstrated.
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Fig. 3.7: Model validation based on the end-effector trajectory.

3.4.1 Desired trajectory

To evaluate the tracking performance of the above controllers, two widely used trajectory-

tracking tasks were considered. In Task A, we require the load to conduct a point-

to-point (PTP) movement for 0.1 m distance with maximum velocity 0.1 m/s and

maximum acceleration 4 m/s2. For Task B, a sinusoidal reference trajectory x∗e(t) =

0.05 cos(2t) + 0.05 is used for reference tracking. A 0.1 s waiting time at the beginning of

each trajectory is included in both references.

3.4.2 Tuning of the controllers

Throughout this work, in keeping with most production scenarios, it is assumed that the

position measurement of end-effector is not available when designing the controllers

and is only used to demonstrate the tracking performance.

The high-fidelity model identified in Section 3.3 is used to tune the gains of the

cascaded controller, both without and with a notch filter to improve the actuator-side

tracking accuracy. The cascaded controller consists of a P controller with proportional

gain kpp = 30 (1/s) as the position controller, a PI controller with proportional gain

kpv = 55.67 As/m, and time constant Tiv = 0.04 s as the velocity controller. The current



52 Performance limitation of existing tracking control algorithms

controller is implemented at the drive level and is not considered in the controller design

due to its fast time scale. The instantaneous transfer function of the notch filter is given

as

Nf (s) =
s2 + 2gζωs+ ω2

s2 + 2ζωs+ ω2
, (3.9)

where the gain of notch filter g and the damping ratio of the filter ζ are tuned to be

0.85 and 0.05. The value of the notch frequency ω is chosen as 87 rad/s to reduce the

amplitude of the damped natural frequency present in the test bench.

For the cascaded controller with LESO, we used the same tuning parameters for the

baseline cascaded controller and tuned the observer bandwidth 1/ηo as 700 rad/s to

ensure a fast convergence of estimated states.

3.4.3 Trajectory tracking results

The actuator and load-side trajectory performance for the point-to-point (Task A) and

sinusoidal (Task B) movement are demonstrated in Fig. 3.8 and Fig. 3.10, with the

corresponding tracking error given in Fig. 3.9 and Fig. 3.11. In general, it can be seen

that the flexible linkage amplifies the vibration at the end effector side relative to the

motor oscillations. Anecdotally, this phenomenon is consistent with observations in

production machines where good motor tracking can still result in poor tolerance at the

end effector.

To quantitatively analyse the tracking performance of the tasks using the different

controllers, a number of performance metrics are considered. As there is an implicit

zero vibration assumption in most of the control architectures (i.e. the link between the

end effector and the motor is assumed rigid), the difference between the motor position

and the end effector reference |xm − x∗e| indicates the typical error available for feedback

in a production machine. The output quality is however better indicated by the error

between the end effector and the reference, |xe − x∗e|.

The maximum deformation in the rigid link is calculated as ‖xm − xe‖∞. This

indicates the lateral vibration magnitude and internal stress on the mechanism, which
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Fig. 3.8: Point-to-point trajectory tracking based on different controllers: (a) motor
position; (b) end-effector position.
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Fig. 3.9: Point-to-point trajectory tracking error based on different controllers: (a) motor
side error; (b) end-effector side error.

ideally should be kept low.

The mean absolute value of the current input is used as an indicator of the control

effort, and the implementation cost is characterised by the average computation time

per sampling period. These metrics are captured for the two tasks in Table 3.1 and 3.2.

If we first consider the tracking trajectory results for the cascaded PI structures, from

Fig. 3.8 to Fig. 3.10, it can be seen that there is more vibration at the load side than the

motor side. Quantitatively, the additional filter only provides marginal improvements

in most performance metrics for two tasks, although the maximum deformation across
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Fig. 3.10: Sinusoidal tracking trajectory based on different controllers: (a) motor position;
(b) end-effector position.
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Fig. 3.11: Sinusoidal tracking trajectory error based on different controllers: (a) motor
side error; (b) end-effector side error.

the beam is reduced by approximately 11% in Task A and 33% in Task B.

If the cascaded PI is instead augmented with the LESO, the motor side performance

is improved in terms of both the maximum and average tracking error aspect in Task

A. However, the inclusion of LESO deteriorates the tracking accuracy in Task B for

both actuator and end effector side as seen in Fig. 3.10 and Table. 3.2. This is again

commonly observed in industrial applications where better actuator-side performance

achieved may lead to a worse machining result. In practice, this leads to LESO often

being combined with other augmentations (such as notch filtering) to provide improved
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Table 3.1: Task A performance comparison

Controller
|xm − x∗e| |xe − x∗e| |xm − xe| Control

Com-
putation

(mm) (mm) (mm) effort time
max mean max mean max (A) (ms)

Cascaded
PI

4.002 1.603 6.556 1.722 2.556 0.744 0.026

Cascaded
PI with
filter

4.001 1.596 6.271 1.695 2.272 0.707 0.028

Cascaded
PI with
LESO

3.963 1.379 8.953 1.823 6.910 1.743 0.027

Table 3.2: Task B performance comparison

Controller
|xm − x∗e| |xe − x∗e| |xm − xe| Control

Com-
putation

(mm) (mm) (mm) effort time
max mean max mean max (A) (ms)

Cascaded
PI

3.358 1.975 3.552 2.053 0.830 0.595 0.0115

Cascaded
PI with
filter

3.344 1.968 3.535 2.043 0.551 0.553 0.0118

Cascaded
PI with
LESO

4.044 1.969 11.758 4.394 9.105 2.118 0.0117

tracking results with vibration attenuation.

3.5 Summary

Systems with features such as structural flexibility, non-collocated output and external

disturbances are common in industrial applications, which makes the trajectory tracking

problem challenging. The desire to improve manufacturing accuracy and throughput

inspires the development of different control algorithms.

Based on the designed test bench, the performance and implementation cost of
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existing tracking control methods are compared. Compared to the tracking error on the

actuator side, the relative larger tracking error on the end-effector side shows the neces-

sity of considering the structural flexibility when designing the controller. Ultimately, it

is desirable to propose a controller for error bounded tracking of the end effector.



Chapter 4

Tracking error bounded control for
machines with structural flexibility ∗

FOR industrial contouring and machining applications such as laser cutting, it

is desirable to be able to bound errors without unduly compromising machine

throughput. Traditional control architectures in machining are unable to explicitly bound

tracking errors, and therefore conservative operation is required to ensure satisfactory

performance of the overall system.

In this chapter, a model predictive approach is proposed that guarantees a desired

level of tracking error is met for the case where the structure is flexible and the end-

effector position is estimated. The system description and problem formulation are

firstly described in Section 4.1. This is followed by the detailed control architecture

and controller formulation presented in Section 4.2. To achieve the error bounded

tracking, a robust control invariant (RCI) set is estimated using a computationally

tractable algorithm and incorporated into the problem formulation. In Section 4.3, the

applicability of the proposed approach is successfully demonstrated via simulation and

experiments conducted on the commercial single-axis system described in Chapter 3.

This chapter is ended with a summary in Section 4.4.

∗Significant parts of this chapter is presented in 2019 IEEE International Conference on Industrial Technology
[130] and IEEE Transactions on Industrial Electronics [131].
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4.1 System description and problem formulation

In Section 3.1, the two-degree-of-freedom model characterised by (3.1) and (3.2) is

shown to represent systems with flexibility and nonlinear disturbance. In digital control,

the dynamic equations (3.1) and (3.2) can be rewritten in the following discrete-time

representation with sampling time Ts as:

xm(k + 1) = xm(k) + Tsvm(k),

vm(k + 1) = vm(k) +
Ts
Mm

(ktu(k)− ks (xm(k)− xe(k))− cs (vm(k)− ve(k))− Fd1(k)) ,

xe(k + 1) = xe(k) + Tsve(k),

ve(k + 1) = ve(k) +
Ts
Me

(ks (xm(k)− xe(k)) + cs (vm(k)− ve(k))− Fd2(k)) . (4.1)

The mechanical system dynamics (4.1) can be written in state-space form with the viscous

friction explicitly considered in the system matrices:

ξ(k + 1) = Adξ(k) +Bdu(k) + EdFd(k), (4.2)

yd(k) = Cdξ(k), (4.3)

where the state vector is ξ , (xm, vm, xe, ve) and yd is the output; Fd , (δ, Fd2) is the

disturbance vector with δ , Fd1 − bvvm and bv is the viscous friction coefficient. The

specific matrices of the LTI model (4.2) are given as:

Ad =


1 Ts 0 0

−Tsks
Mm

1− Ts(cs+bv)
Mm

Tsks
Mm

Tscs
Mm

0 0 1 Ts

Tsks
Me

Tscs
Me

−Tsks
Me

Me−Tscs
Me

 ,

Bd =


0

Tskt
Mm

0

0

 , Ed =


0 0

− Ts
Mm

0

0 0

0 − Ts
Me

 . (4.4)



4.1 System description and problem formulation 59

The state and input are assumed to belong to prescribed convex sets, and the external

lumped disturbances are unknown and are assumed to be in closed and bounded sets,

i.e.,

ξ ∈ X , u ∈ U , δ ∈ ∆, Fd2 ∈ F . (4.5)

Here (Ad, Bd) is controllable. We assume (Cd, Ad) is observable and Cd has full

row rank. Furthermore, to ensure error-bounded tracking, it is necessary to impose

constraints on the reference that can be tracked. With this in mind, the reference is

assumed to be generated by an external LTI system

r(k + 1) = Arr(k) +Brur(k),

yr(k) = Crr(k), (4.6)

where r ∈ Rnr , ur ∈ Rmr , yr ∈ R are the state, input and output of the reference model,

subject to the constraints,

r ∈ X r, ur ∈ Ur. (4.7)

Moreover, it is considered that the reference is generated offline, and as such, a

sufficient amount of preview of the reference trajectory (denoted N sampling instants)

is available at each time step. Ultimately, it is desirable to ensure that the tracking

error between the end effector and the reference is bounded by some constant value, εe,

to ensure the tolerance of the machined part. This tracking error requirement can be

represented as

‖yr(k)− xe(k)‖∞ ≤ εe. (4.8)

The complete problem of interest here is formalised as:

Problem 4.1. Consider system (4.2) subject to (4.5) with reference generated by (4.6) satisfying

(4.7). Given a desired tolerance εe ∈ R+ and initial conditions satisfying (4.5) and (4.8), design a

feedback control law u(k) = κ(·), such that the closed-loop system satisfies (4.8) for all k ∈ Z0+.
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Fig. 4.1: Proposed control structure for error bounded tracking.

4.2 Proposed control architecture

Due to the presence of constraints, model predictive control is a good candidate to

solve Problem 4.1. This typically involves solving an open-loop optimisation problem at

each time step subject to constraints that reflect the system dynamics and operational

constraints, without sacrificing feasibility of the optimisation problem at future time

intervals.

In order to guarantee the recursive feasibility of the MPC problem, one approach

is to ensure the system and reference states staying inside an RCI set [106]. For most

industrial systems, it is hard or impossible to measure the position and velocity of the

end effector. We seek to guarantee the error between the reference and estimated position

in a tighter tolerance in order to bound the actual end-effector tracking error within the

desired tolerance. An augmented system that incorporates the dynamics of estimated

states is thus required for controller design.

In the subsequent subsections, the observer design and augmented system dynamics

are described. For systems that the RCI set may not be finitely determined, the proposed

off-line RCI set estimation approach is presented in detail, leading to the formulation

of the MPC problem used to address Problem 4.1. The entire closed-loop structure is

illustrated in Fig. 4.1. Since the time scale of the electrical subsystem is much faster than

the mechanical subsystem, the design of the current controller is not considered.
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4.2.1 Estimation of the end effector states

In general, the value of Cd depends on the measurable states of the system. Here, only

the position and velocity of the motor are measurable.

Thus, the explicit expression of Cd is

Cd =

 1 0 0 0

0 1 0 0

 .
The mechanical system dynamics (4.2) can be written in partitioned matrix form based

on measured and unmeasured states as:

ξ(k + 1) =

 A11 A12

A21 A22

 ξm(k)

ξe(k)

+

 B1

B2

u(k) +

 E1 02,1

02,1 E2

 δ(k)

Fd2(k)

 ,
where ξm , (xm, vm), ξe , (xe, ve). Let ξ̂e , (x̂e, v̂e), where x̂e and v̂e are the estimated

position and velocity of end effector respectively. A Luenberger observer with observer

gain, Lr, for the unmeasured state can be formulated as

ξ̂e(k+1) = A22ξ̂e(k)+A21ξm(k)+B2u(k)+Lr(ξm(k+1)−A11ξm(k)−B1u(k)−A12ξ̂e(k)).

(4.9)

To avoid causality issues in calculating ξm(k+ 1), an auxiliary variable z , ξ̂e−Lrξm
can be introduced with dynamics as follows:

z(k + 1) = ξ̂e(k + 1)− Lrξm(k + 1)

= (A22 − LrA12) z(k) + (B2 − LrB1)u(k)

+ ((A22 − LrA12)Lr +A21 − LrA11) ξm(k). (4.10)

The reduced-order estimation error can be defined as ξ̃e = ξe−ξ̂e. The error dynamics

are given by:

ξ̃e(k + 1) = (A22 − LrA12) ξ̃e(k)− LrE1δ(k) + E2Fd2(k). (4.11)
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The measured states ξm are then combined with the auxiliary variable to form

an augmented state vector x , (ξm, z). Denote the output of augmented system as

y , (ξm, ξ̂e), and the dynamics of this augmented system is given as follows:

x(k + 1) =

 A11 +A12Lr A12

ΛLr +A21 − LrA11 A22 − LrA12

x(k)

+

 B1

B2 − LrB1

u(k) +

 I2

02,2

(E1δ(k) +A12ξ̃e(k)
)

:= Ax(k) +Bu(k) + Ew(k)

y(k) = Cx(k), (4.12)

where the matrix C can be inferred from the state x and output y; Λ , (A22 − LrA12);

w , E1δ +A12ξ̃e is considered as a combined disturbance. This lumped disturbance is

assumed within a closed and bounded sets as w ∈ W , where the range of setW can be

identified. The observer gain Lr should be chosen to ensure the eigenvalues of Λ are

inside the unit circle when designing the observer. In this paper, the gain of the partial

state observer is chosen (after some tuning) to be:

Lr =

 0 0.001

0 0.001

 .
From (4.11) it follows that given a positive constant, εo, there exists a positive pair

of sets (Ω,Γ) such that for all ||ξ̃e(0)||∞ ∈ Ω and || (δ(k), Fd2(k)) ||∞ ∈ Γ, ∀k ∈ Z0+, the

estimator maintains a bounded estimation error performance, i.e.,

‖xe(k)− x̂e(k)‖∞ ≤ εo, ∀k ∈ Z0+. (4.13)

To ensure this infinity-norm bound can be satisfied in practice, it is necessary that

the system must be started from a limited range of initial conditions - for example, the

end effector is at rest and on the desired trajectory initially.

The control problem then becomes ensuring that for a given desired tracking error
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tolerance, εe, the difference between the reference position and the estimated position of

the end effector is bounded by ‖yr(k)− x̂e(k)‖∞ ≤ ε̄e = εe − εo.

Remark 4.1. In practice, the upper bounds of the estimation error εo is identified first. Then

a desired tracking error bound εe is chosen to ensure εo ≤ εe. If the estimation error is within

an error bound ‖x̂e − xe‖∞ ≤ εo and the designed controller can guarantee ‖yr − x̂e‖∞ ≤
εe − εo, we can ensure the end effector tracking error is always within the desired error bound

‖yr − xe‖∞ ≤ εe . This inequality is based on the triangular inequality:

‖yr − xe‖∞ ≤ ‖yr − x̂e‖∞ + ‖x̂e − xe‖∞ .

4.2.2 Estimation of the maximal robust control invariant set

The following three definitions are presented for completeness in the most general

setting:

Definition 4.1. (RCI and maximal RCI sets) Consider the system x(k + 1) = Ax(k) +

Bu(k) + Ew(k), where x ∈ X ⊆ Rn, u ∈ U ⊆ Rm and w ∈ W ⊆ Rd are the state, input and

disturbance vectors. The setR ⊆ X is a RCI set if

x(k) ∈ R,∃u∈U , Ax+Bu+ Ew ∈ R, ∀w ∈ W, ∀k ∈ Z0+.

Furthermore, the set R is called a control invariant (CI) set if w = 0; the set R∞ is the

maximal RCI set if anyR ⊆ R∞.

Definition 4.2. (Robust admissible input set) The robust admissible input set ofR is

Θu(x) = {u ∈ U|Ax+Bu+ Ew ∈ R,∀w ∈ W}

Definition 4.3. (Pre-set) The pre-set represents the set of states that can be robustly steered to

a given set Y ∈ Rn in one step under any possible disturbance w ∈ W , and can be computed as

D (Y,W) , {x ∈ Rn|∃u∈U , Ax+Bu+ Ew ∈ Y, ∀w ∈ W} (4.14)
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Denote the maximal control invariant set of the reference by Rr∞. We assume the

reference is generated offline and stays within the set, i.e., r(k) ∈ Rr∞, ∀k ∈ Z0+ by

selecting ur(k) ∈ Θur(r(k)) ⊆ Ur, where Θur(rk) is the robust admissible input set of

reference system. This guarantees the constraints in (4.7) are satisfied.

Having ensured the invariance of the reference, we now shift attention to ensuring

‖yr − x̂e‖∞ ≤ ε̄e. We begin by defining an initial set of the system and admissible

reference states:

Sx,r = {(x, r) |Cx ∈ X , r ∈ Rr∞, ‖yr − x̂e‖∞ ≤ ε̄e} .

At any time k ∈ Z0+ if (x(k), r(k)) ∈ Sx,r, the system constraints are satisfied and

the tracking error requirement is guaranteed. Consequently, the controller synthesis

problem must ensure (x(k + 1), r(k + 1)) ∈ Sx,r for every admissible r(k + 1) ⊆ Rr∞.

This requires a RCI set of the augmented systemRx,r ⊆ Sx,r, i.e.,

(x, r) ∈ Rx,r,∃u∈U , (Ax+Bu+ Ew,Arr +Brur) ∈ Rx,r,

∀ (w, ur) ∈ (W,Θur(r)) . (4.15)

One method of computing this RCI setRx,r involves the iterationRi+1 = D(Ri, (W×
Θur(r))) ∩Ri, whereR0 = Sx,r, untilRi = Ri+1 andRx,r = Rx,r∞ = Ri. If this property

can be satisfied, the maximal RCI setRx,r∞ is called finitely determined [109].

In [132], the maximal RCI set is computed as a union of polyhedra, which is non-

convex and leads to the complexity in terms of convex elements growing exponentially

with the number of iterations. In [106], an algorithm is proposed to compute a convex

RCI set, but relies on the computation of the pre-set (4.14). The stopping criterion for the

algorithm relies on either reaching a maximum number of iterations (i.e. no solution

found) or the maximal set estimate being equal at successive iterations. This latter

condition may be numerically difficult to be satisfied, and consequently we propose a
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modification here based on an estimate of the pre-set using an inner approximation [109]:

D̂ (Y, ρ) = {x ∈ Rn| ∃u∈U , Ax+Bu+ Ew ⊆ Y − Bn(ρ), ∀w ∈ W} . (4.16)

The parameter ρ in this equation is a tuning parameter that can be used to influence

the conservativeness of the estimate; i.e., a larger ρ leads to a more conservative estimate

of the pre-set [109]. The modified algorithm for estimatingRx,r is now given as follows:

Algorithm 1 RCI set computation for error bounded tracking

1: Initialisation:
2: i← 0,R0 ← Rs ∩ R̄0, where
3: Rs ← (Rn ×Rr∞) ,
R̄0 ← {(x, r) ∈ Rn+nr |Cx ∈ X , ‖yr − x̂e‖∞ ≤ ε̄e} .

4: Iteration:
5: Ri+1 ← Rs ∩ R̄i+1, where
6: R̄i+1 ← D̂

(
R̄i, ρ

)
∩ R̄i,

D̂
(
R̄i, ρ

)
←
{

(x, r) ∈ Rn+nr | ∃u∈U , (Ax+Bu+ Ew,Arr +Brur) ∈ R̄i − Bn+nr(ρ),

∀ (w × ur) ∈ (W ×Ur)} . (4.17)

7: ifRi − Bn+nr(ρ) ⊆ Ri+1 then
8: returnRx,r ← Ri+1

9: else
10: i← i+ 1
11: go to 4
12: end if

The inclusion of the ρ-radius ball in the stopping criterion ensures the computed

Ri+1 is an RCI set. The critical difference in the proposed algorithm here relates to the

inclusion of the estimate, which enables a finite number of iterations to be employed.

This is proven in the following theorem.

Theorem 4.1. Given a prescribed tracking error bound ε̄e and a closed ball with radius ρ,

Algorithm 1 terminates in finite steps. If the computed setRi+1 6= ∅, thenRx,r = Ri+1 ⊆ Rx,r∞
is a polyhedral RCI set for (4.12) and (4.6) subjected to input constraint, and robust to w ∈ W
and ur ∈ Θur(r).

Proof. The proof includes two parts: showing the finite termination of computing RCI
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set and the calculated Rx,r is a RCI set. Firstly the finite termination of the algorithm

is shown. If Ri = ∅, specifically Rs ∩ R̄i = ∅, implies Ri+1 = Rs ∩ D̂
(
R̄i, ρ

)
∩ R̄i = ∅.

Since ∅ ⊆ ∅, for i ∈ Z0+ withRi = ∅ stop criterion holds.

IfRi 6= ∅ for i ∈ Z0+, we assume maximal RCI setRx,r∞ exists. As in [109], we have

Rx,r∞ = limi→∞Ri and there exists j ∈ Z0+ such thatRi−Bn+nr(ρ) ⊆ Rx,r∞ ,∀i ≥ j. Thus

Ri − Bn+nr(ρ) ⊆ Ri+1 holds sinceRx,r∞ ⊆ Ri+1, ∀i ∈ Z0+.

The proof of Ri+1 is a RCI set is given as follows. Suppose (x, r) ∈ Ri+1 = Rs ∩
D̂
(
R̄i, ρ

)
∩ R̄i,Rs ∩ D̂

(
R̄i, ρ

)
can be rewritten as

Rs ∩ D̂
(
R̄i, ρ

)
=
{

(x, r) | r ∈ Rr∞,∃u∈U , (Ax+Bu+ Ew,Arr +Brur) ∈ R̄i − Bn+nr(ρ),

∀ (w × ur) ∈ (W ×Ur)} . (4.18)

Since the order of projection and intersection can be inverted considering Rs is

independent of the projection variable u andRi = Rs ∩ R̄i, (4.18) can be represented as

Rs ∩ D̂
(
R̄i, ρ

)
=
{

(x, r) | ∃ur∈Θur (r), Arr +Brur ∈ Rr∞,

∃u∈U , (Ax+Bu+ Ew,Arr +Brur) ∈ Ri − Bn+nr(ρ),

∀ (w × ur) ∈ (W ×Ur)} . (4.19)

BecauseRi − Bn+nr(ρ) ⊆ Ri+1 according to stop criterion, (4.19) means there exists

u ∈ U such that (Ax+Bu+ Ew,Arr +Brur) ∈ Ri − Bn+nr(ρ) ⊆ Ri+1. This implies

(Ax+Bu+ Ew,Arr +Brur) ∈ Ri+1, which shows Ri+1 is a RCI set according to the

Definition 4.1.

The propertyRx,r ⊆ Rx,r∞ follows from the proof in [106], so the details are omitted

here. The RCI set calculated based on Algorithm 1 is more conservative than the RCI set

computed using R̄i+1 = D
(
R̄i, (W ×Ur)

)
∩ R̄i since D̂

(
R̄i, ρ

)
⊆ D

(
R̄i, (W ×Ur)

)
.

Now, assuming an RCI set has been estimated, the controller synthesis task re-

quires ensuring that the system remains within this set at all times to guarantee the

estimated end-effector position remains within the specified tolerance bound. The con-
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troller should also consider minimising some performance objective, J(x, r, u), whilst

retaining the system within the RCI set and obeying the system dynamic constraints.

If the performance measure is to be considered over multiple steps, it is clear that the

reference trajectory must be available, i.e. at k ∈ Z0+, N ∈ Z+ step future reference

γNk = (r(k), · · · , r(k +N − 1)) is assumed known. One possible choice of performance

objective is J (·) = Q1 (yr(k + i)− x̂e(i|k))2 +R1u
2(i|k), for i ∈ Z[0,N−1], where Q1 and

R1 are positive scalars which are used to emphasise weight on tracking performance

and control effort respectively.

As discussed previously, model predictive control provides a systematic way of

achieving these synthesis requirements, and the resulting controller, κ(x(k), γNk ) :=

u∗(0|k), results from the solution of the online optimisation problem:

U∗(k) = arg min
U(k)

N−1∑
i=0

J (x(i|k), r(k + i), u(i|k))

s.t. x(i+ 1|k) = Ax(i|k) +Bu(i|k),

yr(k + i) = Crr(k + i),

x(i|k) ∈ Rx,r (x, r(k + i)) , ∀i ∈ Z[0,N−1],

x(0|k) = x(k) (4.20)

where U∗(k) = (u∗(0|k), · · · , u∗(N − 1|k)). At each time instant, the optimal control

u(k) = u∗(0|k) is applied to the plant.

Remark 4.2. The cost function used here J (·) = Q1 (yr(k + i)− x̂e(i|k))2 + R1u
2(i|k) is

chosen as it aligns reasonably well with the overall control objective by penalising tracking error

and control effort. Other choices, which consider control rate or terminal costs, are possible and

may result in different closed-loop responses. These alternative cost functions are not investigated

here but are readily accommodated in the proposed approach. Similarly, for a given R1 matrix,

the magnitude of the elements of Q1 will have an effect on the closed-loop response, with larger

Q1 typically resulting in smaller maximum tracking error at the cost of increased vibrations

observed in the end effector along the reference trajectory.

Remark 4.3. Robustness is directly handled through the guarantees that the controller maintains
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the system states within the RCI set x(i|k) ∈ Rx,r (x, r(k + i)). At the time of computing the

RCI set, the influence of any unknown disturbance within a disturbance set,W , is considered

during the iteration process. Following calculation of the RCI set, provided the feasibility of MPC

is satisfied initially, the recursive feasibility of the MPC problem can be guaranteed and all state

and input constraints will be satisfied in the future, i.e. robustness to any disturbance inW is

provided.

4.3 Effectiveness demonstration

To validate the effectiveness of the proposed algorithm, the point-to-point trajectory

tracking is firstly conducted in high-fidelity simulation with the model identified in

Section 3.3. Then the same test bench described in Section 3.2 is used for experimental

trajectory tracking based on the proposed algorithm and cascaded PI controller.

4.3.1 Disturbance set identification

In addition to the parameters identified in Section 3.3, the lumped disturbance set,W
in (4.12), requires identification. To identify W , a library of representative tracking

trajectories is defined. The difference between the measured and modelled motor

velocities is then collected over the complete set of trajectories, leading to the population

of the disturbance set. To allow for potentially unconsidered references being used, the

size of the set is increased by a safety factor of 25%. For the plant of interest and its

identified model, this led to a disturbance range of w̄ ∈ [−5, 5] mm/s for w , [0, w̄]T .

4.3.2 Simulation results and comparison

In this section, we desire the end effector to track a reference trajectory with a tracking

error bound εe = 5 mm. The reference trajectory is described as r , (yr, vr), where yr

and vr are the desired position and velocity of the end effector. The reference is generated

from a double-integrator model whilst considering position and velocity constraints;
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i.e., (0,−0.1) ≤ r(t) ≤ (0.1, 0.1) [m, m/s]. Acceleration is the input to the model, ur and

is subject to the constraint −4 ≤ ur(t) ≤ 4 [m/s2]. The LTI model of the reference (4.6)

prior to constraint consideration, is given as follows:

r(k + 1) =

 1 Ts

0 1

 r(k) +

 0

Ts

ur(k),

yr(k) =
[

1 0
]
r(k). (4.21)

The state and input constraints of the system are:

−[5, 10, 5, 10]T ≤ (ξm, ξ̂e)× 102 ≤ [15, 10, 15, 10]T ,

− 9 ≤ u ≤ 9.

Yalmip [133] and MPT3 [134] are used to estimate the pre-set, D̂ (·) in (4.16). The

RCI set is subsequently calculated using Algorithm 1, with the tracking error bound

considered to be ‖yr − x̂e‖∞ ≤ ε̄e = 4.5 mm considering the upper bound of estimation

error is identified as εo = 0.5 mm.

Proposed controller vs standard MPC

With the RCI set established, the proposed MPC problem can now be explicitly formu-

lated. The cost function solved at each time step, (4.20), uses J = (yr(k + i)− x̂e(i|k))2 +

5× 10−5u2(i|k) to emphasise tracking accuracy over control effort.

Fig. 4.2 illustrates the simulated tracking performance of the proposed controller

following a point-to-point movement reference with 4 m/s2 maximum acceleration and

0.2 s zero position waiting time. It shows that the end-effector position stays inside the

error bound during the whole process.

As an initial comparison, we consider a standard tracking MPC with terminal cost
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Fig. 4.2: Trajectory of simulated point-to-point tracking of proposed controller with
Q1 = 1, R1 = 5× 10−5.

[103] where the controller solves the following optimisation at each sampling instant:

U∗mpc(k) = arg min
Umpc(k)

N−1∑
i=0

(
‖y(i|k)− y∗(k + i)‖2Q1

+R1u
2(i|k)

)
+ ‖y(N |k)− y∗(k +N)‖2P1

s.t. x(i+ 1|k) = Ax(i|k) +Bu(i|k), y(i|k) = Cx(i|k),

u(i|k) ∈ U , i ∈ Z[0,N−1],

y(i|k) ∈ X , i ∈ Z[1,N ],

x(0|k) = x(k)

Here ‖x‖2Q1
= xTQ1x and y∗ , (r, r) is the full state reference. The first element of U∗mpc

is applied to the plant. For fair comparison, the tuning weights of standard MPC are

chosen as Q1 = diag(0, 0, 1, 0), R1 = 5 × 10−5 and P1 solved according to the discrete-

time algebraic Riccati equation.

The tracking error of the proposed controller and standard MPC are illustrated in

Fig. 4.3. It can be seen that the tracking error of the standard MPC violates the 5 mm

error constraint, primarily due to the control-oriented model not capturing all dynamics.

Retuning the standard tracking controller may lead to constraint satisfaction on this
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Fig. 4.3: Simulated end-effector tracking error by using proposed controller and standard
MPC.

particular reference but is not guaranteed for other references. On the other hand,

the proposed method uses the same control-oriented model but guarantees constraint

satisfaction in the presence of the same unmodelled dynamics for all references used in

the RCI set calculation.

Proposed controller vs standard MPC and cascaded PI controller

Based on the fact that the cascaded PI controller is still widely used in industry, it

represents a good candidate to provide a benchmark for assessing the performance of the

proposed algorithm. To further demonstrate the effectiveness of the proposed controller

while comparing with cascaded controller, we retune the cost function of proposed

controller to J = 105 (yr(k + i)− x̂e(i|k))2 + 0.4u2(i|k) for less conservative control.

Fig. 4.4a illustrates the simulated tracking performance of the proposed controller,

resulting from the current applied as shown in Fig. 4.4b. The end effector position still

remains inside the error bound and input current stays within the acceptable range, and

further validates the efficacy of the proposed approach.

Since the position of the end effector is not measurable, only the motor position

and velocity errors are used by the cascaded PI architecture. This approach is typical
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Fig. 4.4: Simulated point-to-point tracking of proposed controller with Q1 = 105, R1 =
0.4: (a) position trajectory, (b) current command generated by proposed controller.

of an industrial implementation. For a fair comparison, a notch filter was added after

the calculated current command, and the calibration of the cascaded controller was

undertaken using the high-fidelity plant model and the same cost function used in the

MPC formulation. After tuning to achieve good performance, the proportional gain and

integral time constant of the velocity loop controller are kpv = 38.21 As/m, Tiv = 0.04

s. The proportional gain of the position loop is chosen as kpp = 30 (1/s). A continuous

notch filter is designed with 0.80 minimum gain and 0.18 damping ratio. The continuous

notch filter is then discretised by Tustin discretisation and used in digital control.

To provide a fairer comparison between the cascaded PI and the proposed algorithm,

two sampling rates of the PI controller are considered to allow for the increased computa-

tional demand of the optimisation problem in (4.20). In the first case, an identical sample

rate of 1 kHz is initially considered for both controllers, whilst a faster rate of 4 kHz is

also used with the PI controller to reflect the higher computational load associated with

incorporation of an MPC approach and provide a ‘computationally-agnostic’ compari-

son of the controller architectures. To improve the performance of the standard MPC

relative to Fig. 4.3, it is retuned with weightings Q1 = diag(0, 0, 105, 0), R1 = 0.4. The

terminal penalty weight P1 is subsequently found by solving the discrete-time algebraic

Riccati equation using these values.

The resulting end-effector tracking errors for all four control approaches are dis-
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Fig. 4.5: Simulated end-effector tracking error by using different control methods and
sampling rate for point-to-point movement.

played in Fig. 4.5. It can be seen that the tracking error of these approaches remains

within the specified error tolerance, which is not unexpected considering the simulation

model does not explicitly consider estimation error, and thus the disturbance forces arise

from the algorithm only considering nonlinear effects considered in (3.7) and (3.8). It

is interesting to note, however, that the error trajectories with proposed controller and

cascaded PI at 1 kHz sample rate are very close, 3.22 mm and 3.44 mm respectively.

Increasing the sample rate for the cascaded PI controller to 4 kHz leads to a slightly

reduced 2.86 mm maximum tracking error. As seen in Fig. 4.5, the retuned standard

MPC exhibits comparable performance to the proposed MPC scheme, although it must

be noted this standard approach does not guarantee constraint satisfaction and requires

more calibration of the cost function weights relative to the proposed approach.

Once again, the key benefit of the model-based approach becomes more apparent

when looking at the transient response, where significant reductions in the vibration

are achieved during the constant velocity manoeuvre from 0.2 to 1.2 s. The average

tracking error achieved by the proposed controller is 0.54 mm, which is approximately

20% smaller than 0.66 mm and 0.65 mm achieved by the cascaded controllers operating

at 1 kHz and 4 kHz sampling rates.

The key effectiveness of the proposed controller is that it can guarantee the desired
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tolerance is retained. After the reference reaches the desired position of 0.1 m, the value

of control input calculated based on on-line optimisation is reduced considering the

error bound already within the required error tolerance. The negative current at the

steady state intends to reduce the tracking error, but this force is neutralised by the

un-modelled disturbance force, which can be seen from Fig. 4.4b. This causes the small

vibration and steady-state offset (albeit within the tolerance bound) of the proposed

controller after deceleration - if it was desirable to fully remove the steady-state error,

this could be tackled by integrator augmentation within the MPC as discussed in [135].

4.3.3 Experiment results and comparison

Due to the communication limits between the target computer and drive, only the ex-

perimental tracking performances of the proposed controller and cascaded PI controller

with 1 kHz sampling rate are demonstrated. The same tuning parameters and constraint

tolerances as discussed in the Subsection 4.3.2 are considered here, although the opti-

misation problem (4.20) and solver are matched using CVXGEN to ensure fast on-line

implementation [136].

Initially, the same point-to-point reference tracking is conducted. The tracking

performance and current output of the proposed controller are given in Fig. 4.6a and

Fig. 4.6b respectively. As expected, the trajectory of the end effector lies inside the error

bound, and the state and input constraints are obeyed, which supports the proposed

controller’s ability to maintain error tolerances in the case of further un-modelled

disturbances than were considered in the simulation.

As the end effector position was measured (although not used in either control

formulation), it is possible to present the corresponding estimated tracking error and

the measured tracking error, as shown in Fig. 4.7. The maximum estimated and actual

tracking error of end effector are ‖yr − x̂e‖∞ = 4.27 mm and ‖yr − xe‖∞ = 4.88 mm.

As seen from Fig. 4.7, the estimated tracking error is within the ε̄e bound and the

actual tracking error is within the εe error bound. Also, same tracking error offset
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Fig. 4.6: Experimental point-to-point tracking of proposed controller: (a) position
trajectory, (b) current command generated by proposed controller.
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Fig. 4.7: Experimental end effector tracking error of proposed controller based on
point-to-point reference: (a) estimated error; (b) actual error.

as shown in simulation can be seen at the steady state. The vibration after decelera-

tion is smaller compared to simulation (in this case helpful) because an un-modelled

disturbance (friction) on the end effector is not considered in the simulation.

For comparison, the trajectory tracking of the same point-to-point reference based

on the cascaded controller is conducted, and the tracking error is shown in Fig. 4.8. In

this case, the maximal tracking error from the motor and end effector side is 3.87 mm

and 5.46 mm, respectively. It can be seen that the tracking error on the motor side is

within the desired error bound. However, the end effector tracking error exceeds the
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Fig. 4.8: Experimental end effector tracking error of cascaded PI controller based on
point-to-point reference: (a) motor side; (b) end effector side.

error bound, and a more obvious oscillation can be seen on the end effector tracking

error, Fig. 4.8b compared to the performance of the proposed controller, Fig. 4.7b.

To further assess the capabilities of the proposed approach, a cosine reference, yr =

0.05+0.05 cos(2t), is considered. This form of reference is typical in generating a circular

contour in machining applications. The end effector tracking error of the two control

methods is presented in Fig. 4.9. It shows the maximum tracking error is reduced

from 3.71 mm to 2.76 mm using the proposed method. Although the error tolerance is

achieved by the cascaded PI controller, the qualitative assessment of the two trajectories

suggests the proposed approach may be able to achieve a tighter error bound.

The experimental results demonstrate the potential for implementing the proposed

control scheme on a machine with an industrial level sampling rate. Furthermore, the

proposed approach, in being able to guarantee a given tolerance, offers substantial

benefit in machining applications. Naturally, whilst the performance of the proposed

approach is superior in the case studies considered, this does come at a computational

cost, as the average computation time of MPC in the experiments considered was found

to be 0.69 ms at each sampling instant, which is substantially higher than that of the

cascaded PI algorithm, 0.04 ms. The maximum computation time of MPC and cascaded

PI is 0.72 ms and 0.13 ms respectively. The relative merit of ensuring tolerance bounds

are met using the proposed approach must be weighed against the potential increase in
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Fig. 4.9: Experimental sinusoidal reference end effector tracking error of two methods:
(a) proposed controller; (b) cascaded PI controller.

computational, and therefore financial cost when fully considering the choice of which

algorithm to use in an industrial context.

4.4 Summary

In this chapter, an error bounded tracking control scheme based on an MPC structure is

proposed. The approach requires the estimation of the maximal RCI set to ensure that

feasibility and stability guarantees for the approach are possible. As existing approaches

for estimating RCI sets may not converge, an augmented approach was proposed.

The proposed robust MPC algorithm was then tested in both simulations and on a

linear motor test rig with a flexible connection to the end effector. It has been demon-

strated that the proposed controller guarantees satisfaction of the specified end-effector

error bound and can be implemented in real time on an industrial machine with a 1 ms

sampling time. By contrast, the error bound was exceeded by a conventional cascaded

PI controller with a notch filter.
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Chapter 5

Modelling and contouring control of
a biaxial industrial gantry machine ∗

DUAL drive gantry machines are widely used in industry for manufacturing.

However, due to the limited joint stiffness, the non-synchronised movement of

the dual drive may lead to deterioration in contouring accuracy, and traditional control

architectures commonly used in machining cannot explicitly bound the contouring error

to meet a desired tolerance. In this chapter, we first propose a model predictive control

architecture based on switched linear time invariant control-oriented models as an

extension of Chapter 4. This controller is able to guarantee a two-dimensional contouring

tolerance in the presence of uncertainty arising from imperfect drive synchronisation. A

second MPC is also proposed, with stronger assumptions on the reference trajectory to

be tracked. These assumptions lead to less conservative performance results but will be

more restrictive in the paths that can be followed.

To develop the controllers, we introduce a high-fidelity model for the dual drive

gantry machine in Section 5.1. The parameters of the model are identified using data

from an industrial machine, and the results are presented in Section 5.2. In Section 5.3

and Section 5.4, we present the two contouring error bounded control algorithms. For the

first approach, the contouring error bound is guaranteed by ensuring the tracking error

of each axis is within the desired tolerance, whereas the second contouring controller

is designed to bound the calculated contouring error explicitly in real time. To test the

∗Part of this chapter is presented in Proc. 3rd IEEE Conference on Control Technology and Applications [137]
and a significant part is being prepared for journal submission.
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efficacy of proposed methods and based on the fact that the position measurement of

end-effector for laser machine is not applicable, we build a back-to-back motor based

test bench. Simulation and experiment results are presented in Sections 5.5 and 5.6.

5.1 System description

A typical structure of the dual-drive gantry machine consists of two motors that sep-

arately sit on parallel linear slides carrying a crossbeam in the orthogonal direction.

Generally, there is another drive on the gantry holding the end-effector head. The

industrial machine shown in Fig. 2.4a is investigated in this chapter.

Since intensive finite-element optimisation has been widely used for the structural

design of industrial machines, the structural parts generally have more rigidity than the

joints. Such machines can be successfully modelled with rigid elements connected by

flexible joints [18].

5.1.1 Structural configuration

In order to capture the characteristics of systems with limited stiffness joints, we firstly

propose a physics-based model with linear and torsional springs that possesses position-

dependent structural coupling characteristics as shown in Fig. 5.1. This schematic figure

shows the behaviour of the system when the dual drive is in synchronised (dot grey

line) and non-synchronised (solid black line) conditions. In order to allow the lateral

deformation in the X direction, linear springs that link the Y -axis motors and linear

guides are introduced. The two linear springs with spring constant ks are assumed

symmetrically located at the vertical centre of the two sides of each Y -axis motors. The

torsional spring links the drive and crossbeam with spring constant kr.

In the schematic of the gantry machine, OXY is the fixed inertial coordinate frame

with origin O located in the middle point between the two linear guides and Y axis

parallel to the linear guides. Let O′ be the centre of mass (CoM) of the crossbeam. The
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Fig. 5.1: Schematic of moving gantry machine with Y -axis dis-synchronisation.

half-length of the crossbeam and motor are L and l respectively. The half-width of the

beam is wN . The dual drives on Y axis are denoted as DY 1 and DY 2 respectively. Here,

O′X ′Y ′ is a moving coordinate frame with the X ′ axis paralleling the lateral direction of

the beam.

When the movements of the two Y -axis drives are not synchronised perfectly, the

angle formed between the X and X ′ axes is θ. The moving distance of the X-axis head

with respect to X ′ is xh which can be directly measured by the linear encoder on the

gantry. Let d denote the projection of the distance between the head and beam mass

centre in the Y ′ direction. Given the mass of the head is relatively small compared to the

mass of crossbeam, the centre of mass of the entire assembly is well approximated by

the COM, O′

Finally, let y1, y2 be the position of the Y -axis motors along the respective guides,

which can be measured by the linear encoders.

5.1.2 Lagrangian-based system modelling

If it is assumed that the rotation angle of the gantry is small and the beam is rigid, the

angle of rotation and position of CoM for the gantry beam can be approximated by

θ = (y2 − y1)/2L and yN = (y1 + y2)/2. Linear springs are included to support some
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degree of misalignment between DY 1 and DY 2, although translational dynamics are

neglected in the modelling. The planar movement dynamics can be described by the

generalised coordinates xh, yN and θ.

Based on these generalised coordinates, the CoM positions of Y -axis drives, gantry

and end effector head are respectively defined as:

P1 = (x1, y1) = (−L cos θ − l, yN − L sin θ),

P2 = (x2, y2) = (L cos θ + l, yN + L sin θ),

PN = (0, yN ),

Pe = (xh cos θ + d sin θ, yN + xh sin θ − d cos θ).

The velocity of the four separate objects, namely two dual drives, gantry and end

effector head, are denoted as V1, V2, VN and Ve with value:

V1 =

 L sin θθ̇

ẏN − L cos θθ̇

, V2 =

 −L sin θθ̇

ẏN + L cos θθ̇

 ,

VN =

 0

ẏN

 , Ve =

 Υ cos θ − xh sin θθ̇

ẏN + Υ sin θ + xh cos θθ̇

 , (5.1)

where Υ , ẋh + dθ̇. Let M1, M2, Me and Mn denote the mass of the drive DY 1, drive

DY 2, X-axis head drive, and the gantry respectively. Since the gantry and end-effector

are two distinct rigid bodies, only the rotary kinetic energy of the gantry is calculated.

Let IN denotes the moment of inertia of the gantry corresponding to the central point O′

as:

IN =
1

12
Mn

(
(2L)2 + (2wN )2

)
. (5.2)

The moment of inertia of the end effector head about its centre of mass is assumed

negligible. The total kinetic energy is then calculated as

K =
1

2
M1V

T
1 V1 +

1

2
M2V

T
2 V2 +

1

2
MnV

T
N VN +

1

2
MeV

T
e Ve +

1

2
IN θ̇

2. (5.3)
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The total potential energy stored in linear and torsional springs is P = krθ
2 +

ksL
2 (1− cos θ)2. The Lagrangian, L = K − P , allows the dynamic equations for this

three degree-of-freedom system with generalised coordinates qj = {xh, yN , θ}, j = 1, 2, 3

to be calculated from the Lagrange equation d
dt

(
∂L
∂q̇j

)
− ∂L

∂qj
= Qqj .

The external generalised forces Qqj are computed based on kinematic approach:

Qxh = kxix − bxẋh, (5.4)

QyN = ky(i1 + i2)− by(ẏ1 + ẏ2), (5.5)

Qθ = (ky(i2 − i1)− by(ẏ2 − ẏ1))L cos θ, (5.6)

where kx, ky are the force constant of the X,Y -axis motors; ix, i1, i2 are the current

inputs of the end effector motor, drives DY 1 and DY 2 respectively; bx, by are the viscous

friction coefficient of gantry and linear guides, where the viscous coefficients on Y 1 and

Y 2 are assumed identical.

The governing equations of the gantry mechanism are given by (5.7), (5.8) and (5.9),

Me(−xhθ̇2 + ẍh + dθ̈ + ÿN sin θ) = Qxh , (5.7)

Me sin θẍh +MtÿN + (Med sin θ −MdL cos θ +Mexh cos θ) θ̈ +Me(−xh sin θθ̇2

+ 2ẋh cos θθ̇ + dθ̇2 cos θ) +MdLθ̇
2 sin θ = QyN ,

(5.8)

Medẍh + (Med sin θ −MdL cos θ +Mexh cos θ) ÿN +

(
L2 (M1 +M2) +

Mn(L2 + w2
N )

3

+Me

(
d2 + x2

h

))
θ̈ + 2krθ + 2L2ks sin θ (1− cos θ) + 2Meθ̇ẋhxh = Qθ,

(5.9)

where Mt = M1 +M2 +Me +Mn is the total mass of the system; Md ,M1 −M2 is the

mass difference. Unlike existing models, the governing equations are able to capture the

position dependent structural variation when the head motor moves along the gantry

beam.
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5.2 System identification

To parameterise the proposed model, data was collected from a commercial laser ma-

chine shown in Fig. 2.4a. This machine is made by Farley Laserlab with a moving

distance of 1.5 and 3 m in X and Y axes respectively. Analogue incremental encoders

ERN1387 with 2048 lines resolution are used to measure the position of actuators.

During the laser cutting process, the raw material to be cut is put on the operating

base, and the cutter moves above the base to perform the desired movement as specified

by engineers. To increase productivity, the operating base is movable. By interchanging

two operating bases, the time for removing and loading the machining parts is saved.

However, if the base is not installed properly, the movable operating base may induce

oscillation when the cutter moves.

5.2.1 Acceleration test

Considering the operating base may have potential oscillation, before conducting the

system identification, we install two accelerometers on the laser head and cutting base

separately for acceleration test. The experiment setup is shown in Fig. 5.2. We require the

machine to move with high speed and acceleration to double-check if there is unexpected

relative vibration between the laser head and base when the machine moves.

The two accelerometers are based on Bosch XDK110 sensor platform and are pro-

grammed with features including SD-card data recording and wireless-controlled opera-

tion. The sampling rate of accelerometers is set as 1 kHz, and a square-shape movement

is conducted.

The reference and the trajectory of two axes are shown in Fig. 5.3. For validation, the

acceleration of the laser head and cutting base from accelerometers is compared with the

value derived from the motor position. The measured acceleration for X and Y axes are

shown in Fig. 5.4 and Fig. 5.5 respectively. The red lines in Fig. 5.4 and Fig. 5.5 reflect the

actual machine movement, which is the acceleration derived from the actuator position.



5.2 System identification 85

(a) (b)

Fig. 5.2: Experiment setup for acceleration test: (a) two accelerometers that are installed;
(b) accelerometer based on Bosch XDK110 platform.
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Fig. 5.3: The reference for acceleration test: (a) desired contour; (b) trajectory of two
axes.

The accelerometer installed on the laser head is used to validate the reliability of

sensor, and it can be seen from the shaded area 1 and 3 in Fig. 5.4a and area 1 in Fig. 5.5a

that the mean value of blue line agrees with the red line for X and Y axes.

However, as highlighted in the shaded area 2 of Fig. 5.4a, there is a discrepancy

between the measured acceleration and the double derivative from the motor position.

This shows that the sensitivity of the accelerometer mounting makes it unsuitable for

controller design in most cases.

In the meantime, as highlighted in Fig. 5.4b and Fig. 5.5b, the movement of the laser

head does not lead to the oscillation of the operating base. This is important because the
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(a) (b)

Fig. 5.4: X-axis acceleration: (a) data measured from sensor installed at laser head; (b)
data measured from sensor installed at operating base.

(a) (b)

Fig. 5.5: Y-axis acceleration: (a) data measured from sensor installed at laser head; (b)
data measured from sensor installed at operating base.

dynamics of base vibration can be ignored in modelling the machine.

5.2.2 Parameter identification

To simplify the system identification, a small angle approximation to (5.8) and (5.9) is

applied at different operating point x̄h and the terms Mex̄hθ̈ and Mex̄hÿN arising are

neglected and considered as plant-model mismatch. The full-order nonlinear model is
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Fig. 5.6: Bode plot from drive current to velocity when the laser head is located at
different positions: (a) x̄h = 0 m, (b) x̄h = −0.66 m.

then approximated by the following dynamic equations for y1 and y2:

Mt

(
ÿ1 + ÿ2

2

)
+ by (ẏ1 + ẏ2) = ky (i1 + i2) , (5.10)

J
ÿ2 − ÿ1

2L
+ byL (ẏ2 − ẏ1) + kr

y2 − y1

L
= kyL (i2 − i1) , (5.11)

where J(x̄h) , J0 + Mex̄
2
h is the total moment of inertia which depends on value of

x̄h, and J0 , L2 (M1 +M2) +
Mn(L2+w2

N)
3 + Med

2. Noting J has x̄h dependency, the

approximated transfer function from current i1 to the drive velocity ẏ1 is:

Giv1(s) =
ky
((
J + L2Mt

)
s2 + 4L2bys+ 2kr

)
(Mts+ 2by) (Js2 + 2L2bys+ 2kr)

. (5.12)

Several of these parameters can be identified from the machine data sheet (e.g. the

force constants, kx and ky) while the remainder (e.g. J0, Mt, by, kr) must be identified

from the frequency response of collected data. During the data collection, the Y -axis

motors are excited with a 4 A peak amplitude chirp-signal current when X-axis motor is

held constant at x̄h = 0 m and x̄h = −0.66 m.

The experimental and modelled frequency responses are shown in Fig. 5.6. The

physical system exhibits a change in anti-resonance frequency from approximately 47

Hz to 45 Hz as the X-axis motor is moved from 0 to 66 cm along the gantry beam,
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exhibiting a state-dependence of this motor on the resulting dynamics. The modelled

system is able to capture this dependence and also exhibits a similar magnitude shift in

anti-resonance frequency.

5.3 Contouring error bounded control based on bounded track-
ing error

5.3.1 Control-oriented modelling

To formulate the contouring error bounded controller, the control-oriented model is first

derived. For the X axis, the dynamics equation (5.7) can be reformulated as (5.13) by

lumping all terms involving yN , θ into a disturbance term:

ẍh +
bx
Me

ẋh =
kx
Me

ix + dx, (5.13)

where the disturbance term is dx , xhθ̇
2 − dθ̈ − ÿN sin θ. To develop an approximate

model of Y axis without dependence on the dynamics of xh, the (5.8) and (5.9) are

approximated at different operating point x̄h and rearranged as follows by applying a

small angle approximation:

MtÿN + 2byẏN +Mex̄hθ̈ = ky (i1 + i2) + d1, (5.14)

Mex̄hÿN + Jθ̈ + 2byL
2θ̇ + 2krθ = kyL (i2 − i1) + d2, (5.15)

where Md is assumed to be zero; the disturbance force are d1 = Me(x̄hθθ̇
2 − θẍh − dθθ̈−

2ẋhθ̇ − dθ̇2) and d2 = −Me(2θ̇ẋhx̄h + dθÿN + dẍh).

Multiple linearisation at different x̄h is undertaken to reduce the model mismatch,

leading to a switched LTI model for these axes.
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5.3.2 Preliminary of controller formulation

For the type of two-axes contouring problem commonly seen industrially, the reference

trajectory is time stamped and is therefore different from the class of path-following

problems. In this subsection, we will extend the tracking error bounded controller in

Chapter 4 to the contouring control problem.

As discussed in Section 1.1, the bounded tracking error can lead to a bounded

contouring error. For the contouring error bounded control (CEBC) problem investigated,

we have the lemma as follows:

Lemma 5.1. Given a desired contouring error bound εc, the bounded contouring error ‖ε‖∞ ≤ εc
can be guaranteed by bounding the tracking error of X and Y axes as ‖ex‖∞ + ‖ey‖∞ ≤ εc.

Proof. Since (xce(k), yce(k)) is the closest point from the actual end effector position, we

have |ε(k)| ≤ |ec(k)|, ∀k. Based on the triangle inequality, we have |ec(k)| ≤ |ex(k)| +
|ey(k)|. Then the following inequalities hold: |ε(k)| ≤ |ec(k)| ≤ |ex(k)|+ |ey(k)| ≤ εc.

From Lemma 5.1, the control objective can be restated as ensuring ‖ex‖∞ ≤ εx and

‖ey‖ ≤ εy, where εx and εy are the upper bound of tracking error on X and Y axes

respectively, and εx + εy = εc.

Because the X-axis tracking error in the control oriented model is ex = x∗e − xe =

x∗e − xh− dθ, the following remark is provided to show how to ensure ‖ex‖∞ ≤ εx based

on the X-axis dynamics and reference trajectory.

Remark 5.1. Consider a desired X-axis tracking error bound, εx that the system is initialised

within, and set the rotation angle constraint as |θ| ≤ θmax ≤ εx/d. If the designed X-axis

controller can guarantee |x∗e(k)− xh(k)| ≤ ε̄x , εx − dθmax, ∀k, the bounded tracking error

can be guaranteed, i.e. ‖ex‖∞ ≤ εx. Note that the RCI set calculation in this instance potentially

introduces an asymmetry between the X- and Y - axes error bounds due to the dθmax tightening

of εx. This is an artefact of decoupling the axes controller in the proposed approach.
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5.3.3 Model predictive based controller formulation

A tracking error bounded control method for a single-axis machine described as an LTI

system with disturbance has been proposed in [131]. We now extend this work to allow

bounds to be imposed on contouring error in biaxial systems.

Same as the single-axis tracking problem, the trajectory of end-effector position is

assumed to be generated offline and with specified position, velocity and acceleration

constraints. In keeping with standard approaches, we assume the reference model of

individual axis is in the same format of (4.6) as:

rj(k + 1) = Arrj(k) +Braj(k), j = {x, y} , (5.16)

where rj ∈ R2, aj ∈ R are the state and input of the reference model. The matrices Ar

and Br are given with reference sampling time Tr as:

Ar =

 1 Tr

0 1

 , Br =

 0

Tr

 .

For X-axis reference, rx ,
[
x∗e v∗x

]T
with x∗e and v∗x as the desired position and

velocity and ax is the desired acceleration. The same model (5.16) can be used to describe

the evolution of Y -axis reference as well when states ry ,
[
y∗e v∗y

]T
represent the

Y -axis desired position, velocity and ay is the acceleration. The reference trajectory

generated with (5.16) is considered to satisfy constraints of the form:

 −x̄e
−v̄x

 ≤ rx ≤
 x̄e

v̄x

 , −āx ≤ ax ≤ āx, (5.17)

 −ȳe
−v̄y

 ≤ ry ≤
 ȳe

v̄y

 , −āy ≤ ay ≤ āy. (5.18)

The discrete-time state space models for the X and Y axes can be derived from (5.13),
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(5.14) and (5.15) with given sampling time Ts as

ξx(k + 1) = Axξx(k) +Bxix(k) + Exdx(k), (5.19)

ξy(k + 1) = Ay(x̄h)ξy(k) +By(x̄h)iy(k) + Ey(x̄h)dy(k), (5.20)

where ξx , (xh, ẋh), ξy ,
(
yN , ẏN , θ, θ̇

)
are the states, ix, iy , (i1, i2) are the inputs;

dy , (d1, d2) is the disturbance vector. The system coefficient matrix of (5.19) and (5.20)

and dy can be inferred from (5.14) and (5.15).

The states and inputs of the system are required to remain within bounded con-

straints, i.e.:

ξx ∈ Xm ⊆ R2, ξy ∈ Xy ⊆ R4, ix ∈ Ux ⊆ R, iy ∈ Uy ⊆ R2. (5.21)

As a conservative approach, the constraints on states and inputs are used to define

bounds on the disturbance forces using the explicit form of dx and dy in (5.19), (5.20).

This leads to compact disturbance sets of the form:

dx ∈ Wx ⊆ R, dy ∈ Wy ⊆ R2.

Based on the definition of RCI and robust admissible input (RAI) set, we require the

reference generated by (5.16) stays in the reference CI set rj(k) ∈ Rrj∞,∀k ∈ Z0+ during

all the process by selecting aj(k) ∈ Θaj (rj(k)) ⊆ Uaj , for j = {x, y}.

Then, to ensure ‖x∗e − xh‖∞ ≤ ε̄x, we start by defining a set of the system and

reference states, Sξx,rx with feature,

Sξx,rx = {(ξx, rx) | ξx ∈ Xm, rx ∈ Rrx∞, ‖x∗e − xh‖∞ ≤ ε̄x} . (5.22)

If at any time k ∈ Z0+ the combined state (ξx(k), rx(k)) ∈ Sξx,rx , we want the system

and reference states stay in Sξx,rx in the next time instant as well. This requires a RCI set
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Rξx,rx ⊆ Sξx,rx as

(ξx(k), rx(k)) ∈ Rξx,rx ,∃ix(k)∈Ux : (ξx(k + 1), rx(k + 1)) ∈ Rξx,rx ,

∀ (dx(k), ax(k)) ∈ (Wx ×Θax(rx)) ,

where Θax(rx) is the robust admissible input (RAI) set for reference CI set Rrx . For

system with disturbance, the RCI set is generally not finitely determined. We will use

the method proposed in [131] to calculate theRξx,rx in finite number of steps.

The reference position trajectory is assumed known N steps ahead, and may be

used to establish a reference velocity trajectory. Thus, using the reference γNx (k) =

(rx(k), · · · , rx(k +N − 1)), the X-axis MPC solves the following optimisation problem

at each time instant:

U∗x (k) = arg min
Ux(k)

N−1∑
i=0

(
Qx (x∗e(k + i)− xh(i|k))2 +Rxi

2
x(i|k)

)
s.t. ξx(i+ 1|k) = Axξx(i|k) +Bxix(i|k),

xh(i|k) =
[

1 0
]
ξx(i|k),

x∗e(k + i) =
[

1 0
]
rx(k + i),

ξx(i|k) ∈ Rξx,rx(ξx, rx(k + i)), i ∈ Z[0,N−1],

ξx(0|k) = ξx(k), (5.23)

where Qx and Rx are the cost function weight on X-axis position error and control

input respectively; U∗x(k) = (i∗x(0|k), · · · , i∗x(N − 1|k)). At each time instant, the optimal

control ix(k) = i∗x(0|k) is applied to the plant.

The way of computing RCI setRξy ,ry is similar to that forRξx,rx . In order to ensure

‖y∗e − ye‖∞ ≤ εy, we start with a set Sξy ,ry :

Sξy ,ry =
{

(ξy, ry) | ξy ∈ Xy, ry ∈ Rry∞, ‖y∗e − yN − x̄hθ + d‖∞ ≤ εy
}
. (5.24)

Since xh is approximated as a piecewise constant x̄h over its operating range, for
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system (5.20) we need to compute the RCI setRξy ,ry
x̄jh

for each linearisation point x̄jh for

j = 1, · · · , Nl whereNl is the total number of linearisation point. Clearly, there is another

trade-off in that using finer intervals in x̄h leads to a better approximation of xh, but

leads to more controller switching and requires more off-line calculation and storage of

the RCI sets. The following requirement is imposed for the off-line RCI set calculations:

(ξy(k), ry(k)) ∈ Rξy ,ry
x̄jh

,∃iy(k)∈Uy : (ξy(k + 1), ry(k + 1)) ∈ Rξy ,ry
x̄jh

,

∀ (dy(k), ay(k)) ∈ (Wy ×Θay(ry)) , (5.25)

where Θay(ry) is the RAI set for reference CI setRry .

At time instant k, the predictive controller for controlling yN and θ solves the on-line

optimisation based on reference γNy (k) = (ry(k), · · · , ry(k +N − 1)):

U∗y (k) = arg min
Uy(k)

N−1∑
i=0

(
Qy (y∗e(k + i)− ye(i|k))2 + ‖iy(i|k)‖2Ry

)
s.t. ξy(i+ 1|k) = Ay(x̄h)ξy(i|k) +By(x̄h)iy(i|k),

ye(i|k) =
[

1 0 x̄h 0
]
ξy(i|k)− d,

y∗e(k + i) =
[

1 0
]
ry(k + i),

ξy(i|k) ∈ Rξy ,ry
x̄jh

(ξy, ry(k + i)), i ∈ Z[0,N−1], j ∈ Z[1,Nl],

ξy(0|k) = ξy(k), (5.26)

where ‖iy(i|k)‖2Ry
= iTy (i|k)Ryiy(i|k);Qy andRy are the tuning weight on Y -axis position

tracking error and control input respectively; U∗y (k) ,
(
i∗y(0|k), · · · , i∗y(N − 1|k)

)
. At

each time instant, the optimal control iy(k) = i∗y(0|k) is applied to the plant. The

constraint of rotation angle θ, which is required in Remark 5.1, is guaranteed by enforcing

the state ξy stays in the calculated RCI set.
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5.4 Contouring error bounded control based on explicit con-
touring error

In this section, the second contouring error bounded controller is proposed. Instead of

tightening the contouring error by reducing the tracking error of each axis, we propose

a control algorithm with the explicit consideration of computed contouring error.

5.4.1 Problem formulation

In Cartesian space, the path to be tracked can be represented as:

f (x∗e, y
∗
e) = 0, (5.27)

where x∗e and y∗e are the desired position of the end-effector in X and Y axes respectively.

Assumption 5.1. The desired contour constraint function f is a finite group of straight line

and circular contour.

The given path (5.27) is parameterised with time dependency and the evolution of

x∗e and y∗e are chosen as:

f (x∗e(k), y∗e(k)) = 0, k ∈ Z0+. (5.28)

Based on the fact that the contouring error is only related to the shape of contour

and the actual position of end-effector, the bounded contouring error requirement is

represented as,

ε (xe(k), ye(k)) ≤ εc, k ∈ Z0+, (5.29)

where εc is the desired contouring tolerance. Then the problem of interest is formalised

as,

Problem 5.1. Consider the nonlinear system (5.7), (5.8) and (5.9) subjects to constraints

(5.21). Given the reference in the form of (5.28) and a desired contouring tolerance εc ∈ R+,

if conditions (5.21) and (5.29) are satisfied initially, design a contouring controller to de-

termine the multi-variable inputs uc(k) , (ix(k), iy(k)) such that the closed loop system
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ensures (5.29) for all k ∈ Z0+ and asymptotic convergence of the error ec with ec(k) ,

‖(x∗e(k)− xe(k), y∗e(k)− ye(k))‖2.

5.4.2 Feedback linearisation of coupling terms

Different from the contouring control method in Section 5.3, feedback linearisation is

utilised first in computing the current command. By doing so, the nonlinearities in

the model are cancelled, and a control-oriented model with smaller disturbance sets is

obtained, thus reducing the conservativeness of the previous control method.

Let M ′e and k′x be the nominal value of end-effector mass and X-axis force constant

and by choosing

ix =
M ′e
k′x

(
−xhθ̇2 + dθ̈ + ÿN sin θ

)
+ i′x, (5.30)

the X-axis dynamic (5.7) is rewritten as,

Meẍh + bxẋh = kxi
′
x + ηx, (5.31)

where the lumped disturbance ηx includes the model mismatch and nonlinear coupling

in the form,

ηx =

(
kxM

′
e

k′x
−Me

)(
−xhθ̇2 + dθ̈ + ÿN sin θ

)
=

(
∆kxM

′
e −∆Mek

′
x

k′x

)(
−xhθ̇2 + dθ̈ + ÿN sin θ

)
,

where Me = M ′e + ∆Me and kx = k′x + ∆kx. The value of ∆Me and ∆kx characterise the

range of model mismatch.

Let ∆xh be the interval of the system be linearised and xh = x̄h+δxh as demonstrated

in Fig. 5.7, with the assumption Md = 0 and the condition |δxh| ≤ ∆xh, the dynamics

relating to coordinate yN (5.8) are rewritten as,

MtÿN + 2byẏN +Mex̄hθ̈ = kyiy1 −Me

(
sin θẍh + d sin θθ̈ − xh sin θθ̇2 + 2ẋh cos θθ̇

+dθ̇2 cos θ
)
−Meδxhθ̈,
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·O
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Head

xh

*

∆xh

Linearisation region

x̄h

δxh

X

Y

Fig. 5.7: Approach for linear modelling of axis. Here xh is the position of head, x̄h is the
linearisation point, ∆xh characterises half length of the linearisation region, δxh is the
deviation from xh to x̄h.

where iy1 = i1 + i2 and ẏN = (ẏ1 + ẏ2) /2.

By choosing the input iy1 as

iy1 =
M ′e
k′y

(sin θẍh + d sin θθ̈ − xh sin θθ̇2 + 2ẋh cos θθ̇ + dθ̇2 cos θ) + i′y1, (5.32)

we have

MtÿN + 2byẏN +Mex̄hθ̈ = ky1i
′
y1 + ηy1, (5.33)

where the lumped disturbance ηy1 is in the form,

ηy1 =(
kyM

′
e

k′y
−Me)(sin θẍh + d sin θθ̈ − xh sin θθ̇2 + 2ẋh cos θθ̇ + dθ̇2 cos θ)−Meδxhθ̈

=(
∆kyM

′
e −∆Mek

′
y

k′y
)(sin θẍh + d sin θθ̈ − xh sin θθ̇2 + 2ẋh cos θθ̇ + dθ̇2 cos θ)

−Meδxhθ̈,

where ky = k′y + ∆ky.

Similarly, the dynamics relate to the coordinate θ, i.e., (5.9), are rewritten as,

Mex̄hÿN + J(x̄h)θ̈ + 2byL
2θ̇ + 2krθ =kyLiy2 −Me

(
dẍh + d sin θÿN + 2θ̇ẋhxh

)
−MeδxhÿN − 2Mex̄hδxhθ̈ −Meδx

2
hθ̈,
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where iy2 = i2 − i1. By choosing the iy2 as,

iy2 =
M ′e
k′yL

(
dẍh + d sin θÿN + 2θ̇ẋhxh

)
+ i′y2, (5.34)

we have

Mex̄hÿN + J(x̄h)θ̈ + 2byL
2θ̇ + 2krθ = kyLi

′
y2 + ηy2, (5.35)

where the lumped disturbance ηy2 is in the form,

ηy2 =(
kyM

′
e

k′y
−Me)(dẍh + d sin θÿN + 2θ̇ẋhxh)−MeδxhÿN − 2Mex̄hδxhθ̈ −Meδx

2
hθ̈

=(
∆kyM

′
e −∆Mek

′
y

k′y
)(dẍh + d sin θÿN + 2θ̇ẋhxh)−MeδxhÿN − 2Mex̄hδxhθ̈

−Meδx
2
hθ̈.

Then the discrete-time state space model for the X and Y axes can be derived from

(5.31), (5.33) and (5.35) with given sampling time Ts as,

ξx(k + 1) = Axξx(k) +Bxi
′
x(k) + Exηx(k),

ξy(k + 1) = Ay2(x̄h)ξy(k) +By2(x̄h)i′y(k) + Ey2(x̄h)ηy(k),

where ξx , (xh, ẋh) and ξy ,
(
yN , ẏN , θ, θ̇

)
are the states; i′x and i′y ,

(
i′y1, i

′
y2

)
are the

inputs; ηy , (ηy1, ηy2) is the disturbance vector. Note that Ax, Bx and Ex here are same

as in (5.19). Let ξc ,
(
xh, ẋh, yN , ẏN , θ, θ̇

)
be the states, the state space model of entire

system is,

ξc(k + 1) = Ac(x̄h)ξc(k) +Bc(x̄h)i′(k) + Ec(x̄h)η(k), (5.36)

where i′ , (i′x, i
′
y) and η , (ηx, ηy). The states and inputs have operational constraints

ξc ∈ Xc ⊆ R6, i′ ∈ Uc ⊆ R3.

With the knowledge of potential parameter mismatch range, the constraints of states

and inputs (5.21) can be used to determine the bounds of disturbance. The compact
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disturbance set is represented as η ∈ Wc ⊆ R3.

5.4.3 Computation of robust control invariant set

Linear contour

For linear contour with the form f (x∗e, y
∗
e) = ax∗e + by∗e + c, the contouring error is

ε (xe, ye) =
|axe + bye + c|√

a2 + b2
.

Then, the requirement of bounded contouring error is represented as

ε (xh, yN , θ) =
|a(xh + dθ) + b(yN + x̄hθ − d) + c|√

a2 + b2
≤ εc. (5.37)

For linear contour that covers Nq linearisation points, we start by defining a set of

system states to ensure ε ≤ εc,

Sql =

{
ξc ∈ R6| |a (xh + dθ) + b

(
yN + x̄qhθ − d

)
+ c|√

a2 + b2
≤ εc

}
, q ∈ Z[q̀,q̀+Nq−1], (5.38)

where x̄qh with value q ∈ Z[q̀,q̀+Nq−1] specify the involved linearisation point as shown in

Fig. 5.8.

The sets characterised by (5.38) are convex and can be represented by a finite number

of inequalities. These sets are used later to compute the RCI set for ensuring bounded

contouring error. It has to be noticed that the sets Sql are not related to the states of the

reference model.

Circular contour

For circular contour with form f (x∗e, y
∗
e) = (x∗e − xo)2 + (y∗e − yo)2 −R2

c , the contouring

error is:

ε(xe, ye) =
∣∣∣Rc −√(xe − xo)2 + (ye − yo)2

∣∣∣ .
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** * *

∆xh

ax∗
e + by∗e + c = 0

x̄
q̀+Nq−1
h

x̄q̀
hx̄1

h x̄Nl

h

ye

xe

Fig. 5.8: Schematic diagram of linear contour and linearisation region, where the star
symbol shows the linearisation point.

Then, the requirement of bounded contouring error is represented as,

ε (xe, ye) =
∣∣∣Rc −√(xe − xo)2 + (ye − yo)2

∣∣∣ ≤ εc. (5.39)

This inequality corresponds to a feasible set Sξcc shown in Fig. 5.9a, which is non-

convex and not applicable for computing the corresponding RCI set directly. To solve

this problem, the set approximation and partitioning is conducted.

At first, the smallest inner regular polygon (an outer approximation of inner circle)

and the largest outer regular polygon (an inner approximation of outer circle) are found

as demonstrated in Fig. 5.9b.

Let nin and nout be the side number of inner and outer polygons respectively, e.g., in

the example of Fig. 5.9b, nin = 6 and nout = 8, the feasible set Sξcc is approximated by the

area between the two polygons Ŝξcc and is partitioned into nin numbers of convex sets:

Ŝξcc =
nin∪
i=1
Sic,

where Sic are convex sets. This estimated feasible set Ŝξcc can be represented by nin +nout

numbers of inequalities.
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Fig. 5.9: Example of feasible sets for bounded contouring error: (a) non-convex set Sξcc
(grey shaded area) and desired contour (dot line); (b) approximated sets with partitioned
polygons in blue shaded area.

Let the distance from the circular centre to the vertices of inner polygon, to the side

of outer polygon be lvert and lside respectively. Once the contour radius Rc and desired

contour tolerance εc are given, the value of lvert and lside are related to the side number

of inner and outer polygons and can be computed as,

lvert =
Rc − εc

cos (π/nin)
,

lside = (Rc + εc) cos
π

nout
.

Since the estimated feasible set Ŝξcc will be used for subsequent RCI set computation,

the number of inequalities used for set approximation, i.e. nin + nout directly influences

the complexity of the corresponding RCI set. At the same time, in order to obtain a

feasible RCI set, constraints lvert ≤ Rc and lvert ≤ lside should hold. To reduce the online

computation burden when implementing the MPC with RCI set constraints, we would

like to solve the optimisation problem as follows:

arg min
nin,nout

nin + nout (5.40)

s.t.
Rc − εc

cos (π/nin)
≤ Rc, (5.41)
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Rc − εc
cos (π/nin)

≤ (Rc + εc) cos
π

nout
. (5.42)

Considering the constraint (5.41) is independent of nout, a sub-optimal algorithm is

conducted as Algorithm 2. It starts with determining the minimum n̄in based on (5.41)

with given Rc and εc. Then a suitable number of n̄out is chosen to ensure a feasible group

of RCI sets can be obtained.

Algorithm 2 Computation of side numbers of inner and outer polygons

1: Input: Rc and εc
2: Output: n̄in and n̄out
3: Compute n̄in based on:

n̄in = arg min
nin

nin

s.t.
Rc − εc

cos (π/nin)
≤ Rc

4: Compute n̄out based on:

n̄out = arg min
nout

nout

s.t.
Rc − εc

cos (π/n̄in)
≤ (Rc + εc) cos

π

nout

5: if {(x∗e, y∗e)| (x∗e − xo)2 + (y∗e − yo)2 = R2
c} ⊆ Ŝξcc then

6: return n̄in and n̄out
7: else
8: n̄out ← n̄out + 1
9: go to 5

10: end if

Once n̄in and n̄out are determined, the partitioned polygons Sic are used to compute

the RCI based on switched LTI system dynamics (5.36). Since the system dynamics is

linearised at different points x̄h, the feasible set Sic may cover several regions where the

system is linearised. Let Ni be the numbers of linearisation region the set Sic covers and

x̄jh be the linearisation point involved for j ∈ Z[pi,pi+Ni−1], the schematic diagram of

partitioned feasible set and linearised region is shown in Fig. 5.10 where N1 = 2 for S1
c .
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Fig. 5.10: Partitioned feasible sets and the linearised region (area between dot grey lines)
where the star symbols stand for the linearisation points.

RCI set for contouring error bounded control

Let the RCI set corresponding to set Sql with system dynamics linearised at x̄qh be Rql
and the RCI set corresponding to set Sic with system dynamics linearised at x̄jh beRi,jc
for q ∈ Z[q̀,q̀+Nq−1], i ∈ Z[1,n̄in] and j ∈ Z[pi,pi+Ni−1]. Given the feasible set Sql and Sic for

linear and circular contour, and the system dynamics (5.36), the algorithm for computing

the RCI set Rξc =
{
Rql ,R

i,j
c

}
for contouring error bounded control is proposed as

Algorithm 3.

Proposition 5.1. The computed setRξcm+1 is an RCI set for ensuring bounded contouring error.

Proof. The proof to showRξcm+1 is an RCI set is similar to the proof for Algorithm 1 with

appropriate modification, and is thus omitted here.

Here, two characteristics of Algorithm 3 should be noticed:

1. The evolution of reference states are not required when computing the RCI set

considering the contouring error is independent of the reference.

2. When computing the RCI sets for circular contour, the system dynamics is position-

dependent, and this may lead to more than one RCI set corresponding to Sic if more than
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Algorithm 3 RCI set computation for contouring error bounded control

1: Initialisation:
2: m← 0,Rξc0 ← Rξcs ∩ R̄ξc0 , where
3: Rξcs ←

{
ξc ∈ R6 | ξc ∈ Xc, x̄h − ∆xh

2 ≤ xh ≤ x̄h + ∆xh
2

}
, for x̄h =

{
x̄qh, x̄

j
h

}
R̄ξc0 ←

{
ξc ∈ R6 | ξc ∈

{
Sql ,Sic

}}
, q ∈ Z[q̀,q̀+Nq−1], i ∈ Z[1,n̄in], j ∈ Z[pi,pi+Ni−1].

4: Iteration:
5: Rξcm+1 ← Rξcs ∩ R̄ξcm+1, where R̄ξcm+1 ← D̂

(
R̄ξcm, ρ

)
∩ R̄ξcm,

D̂
(
R̄ξcm, ρ

)
← {ξc ∈ Rn | ∃i′∈Uc , Ac(x̄h)ξc +Bc(x̄h)i′ + Ec(x̄h)η ∈ R̄ξcm − B6(ρ),

∀η ∈ Wc}.

6: ifRξcm − B6(ρ) ⊆ Rξcm+1 then

7: returnRξc =
{
Rql ,R

i,j
c

}
← Rξcm+1

8: else
9: m← m+ 1

10: go to 4
11: end if

one linearisation region is overlapped with Sic. In total, there are Nq +
∑n̄in

i=1Ni number

of RCI sets need to be computed offline for guaranteeing the contouring error bound.

5.4.4 Model predictive based controller formulation

Let the term yc , (xe, ye + d) and rc = (x∗e, y
∗
e + d) stand for the output and reference

respectively. Assume the N -step reference (N ∈ Z+), γNc (k) = (rc(k), . . . , rc(k+N − 1)),

is known. The controller ensuring bounded contouring error and convergence of tracking

error is required to solve the following optimisation problem at each time instant:

U∗c (k) = arg min
Uc(k)

N−1∑
i=0

(
‖yc(i|k)− rc(k + i)‖2Qo

+
∥∥i′(i|k)

∥∥2

Ro

)
+ ‖yc(N |k)− rc(k +N)‖2Po

s.t. ξc(i+ 1|k) = Ac(x̄h)ξc(i|k) +Bc(x̄h)i′(i|k),

yc(i|k) = Ccξc(i|k),

ξc(i|k) ∈ Rξc (ξc(k), rc(k)) , i ∈ Z[0,N−1],

ξc(0|k) = ξc(k). (5.43)
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Here, U∗c (k) = (i′∗(0|k), . . . , i′∗(N − 1|k)). The total current command is generated by

addition of the feedback linearisation term, i.e.,

it(k) = i′∗(0|k) + if (k), (5.44)

where it , (i∗x, i
∗
y1, i

∗
y2) and the feedback linearisation term if can be inferred from

(5.30), (5.32) and (5.34). The current command of Y -axis motors is then computed as

i∗1 = (i∗y1 − y∗y2)/2 and i∗2 = (i∗y1 + i∗y2)/2. The explicit form of output matrix Cc is,

Cc =

 1 0 0 0 d 0

0 0 1 0 x̄h 0

 .
The termRξc (ξc(k), rc(k)) in (5.43) means the applied RCI set is related to reference

and system state at time instant k. The value of rc(k) determines whether the RCI

elementRql orRi,jc is used, and the value of ξc(k) decides which element, i.e., the value

of q , i and j for q ∈ Z[q̀,q̀+Nq−1], i ∈ Z[1,n̄in] and j ∈ Z[pi,pi+Ni−1], is used in the controller

formulation.

The Qo and Ro are the tuning parameters to penalise the tracking error and control

effort. The value of Po is chosen based on the following remark.

Remark 5.2. Once we have Q̀ = CTc QoCc and P̀ = CTc PoCc, the cost function in the

(5.43) is equivalent to the form of MPC formulation in [102], with the steady state ξd =

(x∗e, 0, y
∗
e + d, 0, 0, 0) and steady input id = (0, 0, 0).

With the chosen Qo and Ro, the value Q̀ is computed as Q̀ = CTc QoCc. As described in

[102], the positive definite matrix P̀ is a solution of equation

(Ac +BcKc)
T P̀ (Ac +BcKc)− P̀ = −(Q̀+KT

c RcKc),

where Kc is a stablising control gain such that (Ac +BcKc) is Hurwitz. The weighting matrix

Po is computed as Po = (CcC
T
c )−1CcP̀C

T
c (CcC

T
c )−1.
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Fig. 5.11: Desired reference: (a) time-dependent trajectory in X and Y axes; (b) contour.

5.5 Simulation results of contouring control methods

To evaluate the effectiveness of the two proposed methods, contouring control simulation

based on the high-fidelity model identified in Section 5.2 is conducted. The end-effector

is required to follow a contour consisting of a circular path with centre at (0, 0) and 0.08

m radius and a straight line part for acceleration and deceleration with the maximum

velocity at 0.1 m/s and maximum acceleration at 1 m/s2. The desired path and trajectory

on X and Y axes are shown in Fig. 5.11.

The desired contouring error bound is chosen as 4 mm, corresponding to 5% of the

radius of the circular part of trajectory. Considering the computation load for biaxial

control is higher than single-axis tracking control, the controller is updated at 2 ms and

the data sampling rate is chosen as 0.25 ms.

5.5.1 CEBC based on bounded tracking error

The contouring control method proposed in Section 5.3 is tested first. In order to

guarantee the 4 mm contouring error bound, the upper bound of X and Y -axis tracking

error is chosen as εx = 2 mm and εy = 2 mm. The upper bound of rotation angle is

chosen as θmax = 0.0025 rad and this gives ε̄x = 1.5 mm.
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Fig. 5.12: Simulated X-axis end-effector tracking error.
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Fig. 5.13: Simulated rotation angle (up) and Y -axis tracking error (down).

For the Y -axis control, the switching LTI model (5.20) is linearised at point x̄h =

{−0.075,−0.025, 0.025, 0.075} m with ∆xh = 0.025 m to achieve a trade-off between

the accuracy of the control-oriented model and numbers of controller switching. The

weighting parameters in the MPC cost function (5.23) and (5.26) are chosen as Qx =

Qy = 105, Rx = 0.1 and Ry is chosen as a scalar matrix with multiple 0.1 to put more

weight on the tracking errors.

The tracking error of end-effector on X axis x∗e − xe is shown in Fig. 5.12 with the

maximum absolute value as 1.48 mm. The value of rotation angle and tracking error

of Y axis y∗e − ye are demonstrated in Fig. 5.13. It can be seen that the rotation angle is
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Fig. 5.14: Contouring error during the whole process based on CEBC with bounded
tracking error.

much smaller compared to the desired tolerance, i.e., θ � θmax = 0.0025 rad, and the

tracking error on Y axis is within the 2 mm tolerance.

Since the entire path only consists of straight line and circle, the contouring error can

be directly calculated and is illustrated in Fig. 5.14. The maximum contouring error is

2.34 mm, which is below the specified error tolerance and is around 2.92% of the circle

radius.

On the first straight line segment, the non-zero tracking error on Y axis leads to a

zero contouring error. This is due to the fact that the end-effector starts on the contour

and there is no displacement on the X axis.

While on the circular path, during 1 to 2 seconds, theX-axis tracking error is constant

around 1.5 mm, however, the Y -axis tracking error changes from around +0.9 to −1.8

mm as seen in Fig. 5.12 and Fig. 5.13. The corresponding contouring error, therefore,

passes through a minimum shortly after 1 seconds. Although the tracking error on both

axes is constant through next 0.78 seconds, when the mapped contour is projected and

it results in the decreasing contouring error from 1.6 to 2.1 seconds, before the X-axis

tracking error increases again. This pattern continues for the rest of the circular contour.

On the last straight line segment, the tracking error on X axis maps directly to con-
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Fig. 5.15: Feasible sets for bounded contouring error.

touring error. The simulation results demonstrate the ability of the proposed controller in

meeting a specified contouring error requirement for a system with position-dependent

flexibility.

5.5.2 CEBC based on computed contouring error

To achieve the contouring error bounded control with tolerance 4 mm, the method

proposed in Section 5.4 starts by choosing the number of inner polygon based on (5.41).

The values n̄in = 10 and n̄out = 10 are determined by Algorithm 2. The switched LTI

model (5.36) is linearised at points x̄h = {−0.075,−0.025, 0.025, 0.075}m as previously,

and 10 feasible sets for circular contour are found and shown in Fig. 5.15. We started by

indexing the RCI set corresponding to S1
c at linearisation point x̄h = −0.025 m as Set 1,

and did the subsequent computation clockwise as shown in Fig. 5.15 for all the RCI sets

until Set 16. The RCI set for linear contour is computed based on the model linearised at

x̄4
h = 0.075 m and is represented asR4

l for q = 4.

The tuning weights in MPC formulation (5.43) are chosen as Qo = diag(105, 105) and

Ro = diag(10−1, 10−3, 102) to emphasise more weight on tracking errors. The value of

Po is computed based on the Remark 5.2. The contouring error bound is guaranteed by

ensuring the system state ξc within the group of RCI setRξc .
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Fig. 5.16: Contouring error based on CEBC with explicitly computed contouring error.
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Fig. 5.17: End-effector tracking error by using CEBC with explicitly computed contouring
error: (a) X-axis tracking error; (b) Y -axis tracking error.

The contouring error during the whole process is computed and demonstrated in

Fig. 5.16. The maximum contouring error is 0.202 mm, which is within the error tolerance

and smaller than the maximum error achieved by CEBC based on bounded tracking

error. This is due to the fact that the approximated feasible set Ŝξcc is used for RCI set

computation, which leads to a group of more conservative RCI sets.

In addition, the tracking errors on X and Y axes are computed and given in Fig. 5.17

to offer more information about the performance of the proposed controller.

Similar to the trend presented in Fig. 5.14, the contouring error shown in Fig. 5.16
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Fig. 5.18: Active RCI set when the end-effector moves along circular contour.

is related to the three segments of the path. On the first straight line segment, the

contouring error is close to zero due to small displacement in the X axis.

During the circular contour segment, the change of velocity onX axis results in spike

tracking error and indeed leads to contouring error.

In the last straight line part, although the tracking error on Y axis exists, the con-

touring error is close to zero due to the existence of a small X-axis tracking error. In

addition, it is interesting to see that although the X-axis tracking error is above 4 mm,

the contouring error is much smaller than the desired tolerance.

The index of active RCI set is given in Fig. 5.18. This offers the information about the

time and which RCI is activated when the end-effector moves. For the region where two

RCI sets are overlapped, the active RCI set switches between the two sets and only the

control output results in the lowest cost is applied.

5.6 Experiment results

To validate the contouring control performance of the proposed methods, the experi-

mental contouring control is conducted. However, due to the fact that there is no direct

position measurement of end-effector on the laser machine, we build a back-to-back mo-
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Fig. 5.19: Experimental test bench for contouring control.

tor based test bench, and the contouring control is implemented in a hardware-in-loop

configuration as described later. Moreover, due to hardware limitation, only the CEBC

method based on bounded tracking error is implemented.

5.6.1 Experiment setup

The entire experiment setup is shown as Fig. 5.19, which consists of a development

computer, target computer and two back-to-back motors. The Simulink Real-Time

environment is used for controller implementation.

The designed test bench ‘AM-Lab 2000’ includes two back-to-back rotary motors

with the same specification and two separate control drives. By properly generating

the current command for the motor MT2, this test bench can be used to represent the

dynamics of (5.7). With the rotary to translational unit conversion, the feedback of motor

MT1 is used to represent the position measurement of laser head along the X ′ axis, i.e.,

xh.

The dynamics of the back-to-back motor can be represented as:

JAθ̈h = kAix − brθ̇h − FL − Ffn, (5.45)

where JA is the total moment of inertial including two motors and the coupling part;
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θh is the rotary angle of motor MT1; kA is the force constant of the motors; br is the

rotary viscous friction coefficient; FL is the load torque imposed on the motor MT1 with

expression FL = kAiT ; Ffn is the nonlinear component of friction.

With the unit conversion θh , xh
rA

, where rA is the radius of the motor shaft, the

dynamics (5.45) is rewritten as:

ẍh =
kA
MA

ix −
bA
MA

ẋh −
FL
MA
− Ffn
MA

,

whereMA , JA
rA

is the equivalent total mass and bA , br
rA

is the viscous friction coefficient

for the translational movement.

By choosing the current command of motor MT2 as

i∗T = F ∗L/kA =
MA

kA

((
kA
MA
− kx
Me

)
ix −

(
bA
MA
− bx
Me

)
ẋh − dx

)
, (5.46)

where i∗T is the current command of motor MT2 and F ∗L is the command of load toque.

Then the dynamics of test bench would be:

ẍh =
kx
Me

ix −
bx
Me

ẋh + dx −
Ffn
MA

. (5.47)

This test bench is used with the simulated model (5.8) and (5.9) as the plant for later

contouring control.

5.6.2 Input delay in test bench

Before we implement the proposed method on the plant for contouring control, we did

the test of current command tracking first, and the result is shown as Fig. 5.20.

The communication rate between the target PC and servo drive is set at 4 kHz, and

a cascaded controller is implemented at the drive level for current tracking. The servo

drive has an intrinsic cycle time of 1 ms, and this means if there is no delay, it takes 1

ms for the current feedback to respond after the drive receiving the command change.
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Fig. 5.20: Closed-loop response of current loop on motor MT1.

However, it can be seen from Fig. 5.20 that there is another 1 ms communication delay

between the target PC and servo drive. This may be due to the setting of the firmware

provided and cannot be avoided at the time doing the experiment.

Therefore, if the controller is updated every 2 ms, there is one sample delay of the

input and this should be considered in the controller design.

5.6.3 Modified control-oriented model

In this section, we require the end-effector to traverse the same reference shown in

Fig. 5.11.

Since there is one sample delay in the current loop feedback, the dynamics of test

bench in discrete time with sampling Ts is indeed:

ẋh(k + 1) =
TskA
MA

ix(k − 1) +

(
1− TsbA

MA

)
ẋh(k)− TsFL(k − 1)

MA
− TsFfn(k)

MA
.

Then by implementing the current command of motor MT2 as (5.46), the load torque
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implemented is:

FL(k − 1) = MA

((
kA
MA
− kx
Me

)
ix(k − 1)−

(
bA
MA
− bx
Me

)
ẋh(k − 1)− dx(k − 1)

)
.

The test bench behaves as:

ẋh(k + 1) =
Tskx
Me

ix(k − 1) +

(
1− TsbA

MA

)
ẋh(k) + FNx(k) (5.48)

where FNx(k) = Ts

(
bA
MA
− bx

Me

)
ẋh(k − 1) + Tsdx(k − 1)− TsFfn(k)

MA
can be considered as

the disturbance and is assumed within a bounded set FNx ∈ WN .

Let ξx , (xh, ẋh) and ix(k−1) be the state and input respectively, the dynamics (5.48)

is represented in state space form as:

ξx(k + 1) = Aeξx(k) +Beix(k − 1) + EeFNx(k), (5.49)

where the matrix Ae, Be and Ee can be inferred from (5.48).

Let ξ̄x(k) , (ξx(k), ix(k − 1)) be the state of the augmented system. To account for

the input delay, the 1-sample delay is incorporated into the X-axis system dynamics

(5.49) as:

 ξx(k + 1)

ix(k)

 =

 Ae Be

01,2 0

 ξx(k)

ix(k − 1)

+

 02,1

1

 ix(k) +

 Ee

0

FNx(k)

, Āξ̄x(k) + B̄ix(k) + ĒFNx(k). (5.50)

Then this control-oriented model (5.50) is used to compute the RCI set Rξ̄x,rx and

ξ̄x(k + 1) = Āξ̄x(k) + B̄ix(k) is used in the MPC based formulation (5.23) to ensure the

tracking bounded control.
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Fig. 5.21: Experimental end-effector tracking error: (a) X-axis error; (b) rotation angle
(up) and Y -axis error (down).

5.6.4 Contouring control performance

The tuning parameters in the MPC cost function are first chosen as the same values used

in the simulation parts, i.e., Qx = Qy = 105 and Rx = 0.1 and Ry = diag(0.1, 0.1), for

contouring error bounded control.

The tracking performance of X and Y axes is given in Fig. 5.21. The maximum

tracking errors of X and Y axes are 1.35 mm and 1.23 mm, respectively, and both

are within the desired tracking error tolerance. The computed contouring error is

demonstrated in Fig. 5.22 and the maximum contouring error is 1.65 mm, which is

around 2% of the circle radius.

Then we retune the parameters in (5.23) and (5.26) with a less aggressive way to

investigate the effect of tuning onto the contouring performance. The parameters are

chosen as Qx = Qy = 103, Rx = 0.5 and Ry = diag(0.5, 0.5). The same reference in

Fig. 5.11 is used as the position command of X and Y -axis controller. The tracking

performance of X and Y axes is shown in Fig. 5.23. The maximum tracking errors on

X and Y axes are 1.48 mm and 1.27 mm respectively, which are both within the error

tolerance. The computed contouring error is demonstrated in Fig. 5.24 and the maximum

contouring error is 1.62 mm, which is around 2% of the circle radius.

By comparing the X-axis tracking errors of the two experiments, i.e., Fig. 5.21a and
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Fig. 5.22: Experimental contouring error during the whole process with Qx = Qy = 105,
Rx = 0.1 and Ry = diag(0.1, 0.1).
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Fig. 5.23: End-effector tracking performance with less emphasis on tracking: (a) X-axis
tracking error; (b) Rotation angle (up) and Y -axis tracking error (down).
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Fig. 5.24: Experimental contouring error during the whole process with Qx = Qy = 103,
Rx = 0.5 and Ry = diag(0.5, 0.5).

Fig. 5.23a, it can be seen that although putting more weight on tracking error may result

in a smaller maximum tracking error, at the same time, it results in more oscillation in

tracking. By comparing Fig. 5.22 and Fig. 5.24, it shows that by detuning the proposed

controller, the contouring error can still be bounded within the desired tolerance. Al-

though a larger steady-state contouring error is achieved with the detuned controller,

this steady-state error can be removed by including the integrator augmentation in the

MPC formulation as shown in [135].

When we move to the comparison of the contour achieved by two-different-tuning

controllers as shown in Fig. 5.25, it is clear that putting more effort on tracking error

results in more obvious vibration along the path and the proposed error bounded control

method can ensure the contour error is not violated for different tuning schemes.

By comparing the experimental contouring error in Fig. 5.25a with the simulated

result in Fig. 5.14, it can be seen a smaller maximum contouring error is reached during

the experiment, but this is achieved at the expense of more introduced oscillation. This

is due to the fact that there is a one-sample delay in the control input and the nonlinear

friction is included in the disturbance set.
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Fig. 5.25: Desired and actual contour with tuning: (a) Qx = Qy = 105, Rx = 0.1 and
Ry = diag(0.1, 0.1); (b) Qx = Qy = 103, Rx = 0.5 and Ry = diag(0.5, 0.5).

5.7 Summary

In this chapter, a model for a dual-drive industrial gantry machine was proposed and

it captured twist in the gantry beam that may lead to contouring control problems.

This model was used in the design of two biaxial model predictive based contouring

controllers that can guarantee a given contouring tolerance. The effectiveness of the

proposed two contouring error bounded control methods are first demonstrated in high-

fidelity simulation. Then a back-to-back motor based test bench is designed. Finally,

the contouring control based on bounded tracking error is tested on the designed test

bench. The experiment results validate the efficacy of the proposed controller in an

’industry-emulated’ circumstance.



Chapter 6

Contributions and future work

THIS chapter summarises the contributions of the thesis and lists the articles that

are published or submitted for publications as the outcome of this research. Lastly,

the possible directions of future work are outlined at last.

6.1 Summary of contributions

As identified in Section 2.4, there were three main research aims, which now forms the

basis of contributions in this thesis.

Providing an in-depth benefit and limitation of existing tracking control algorithms

With the ever-increasing demands on industrial machining, there is a need to objectively

assess the benefit and limitation of existing tracking control algorithms for systems

with structural flexibility, non-collocated control output and external disturbance. In

Chapter 3, we build a linear motor based test bench for end-effector tracking control.

The tracking performance of widely used cascaded control, cascaded control with notch

filter and cascaded control with linear extended state observer are compared in terms

of tracking accuracy, control effort and implementation cost. The presented results

provide an insight for the practitioners for when the advanced controller is required as

an alternative to the PID-based approaches.

119
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Development and demonstration of error bounded tracking control for systems with
structural flexibility

The inherent structural flexibility of the industrial system has a detrimental influence on

the tracking/contouring accuracy at the end-effector side. Moreover, it is desirable to

guarantee the tracking error during the whole process is not violated. In Chapter 4, an

error bounded tracking control for systems with structural flexibility and unmeasurable

control output is proposed.

The proposed control algorithm involves an augmented control architecture that

incorporates the dynamics of the estimated state. By ensuring the error between the

reference and estimated end-effector position is in a tighter tolerance, the end-effector

tracking is guaranteed within the desired tolerance.

The robust control invariant set (RCI) is essential in guaranteeing the tracking error

bound and ensuring the feasibility of MPC for achieving error-bounded control. Based on

the fact that the computed RCI is not finitely determined for systems with disturbances,

an algorithm for computing the robust RCI set with finite-step termination guarantees

is proposed [130, 131]. In Chapter 4, the computed RCI set is incorporated into the

controller formulation for tracking error bounded control.

To validate the effectiveness of the proposed control algorithm, reference tracking

control of the proposed method is conducted on a linear motor based single-axis test

bench, and the results are compared with a cascaded PI controller.

Development and demonstration of contouring error bounded control

Dual drive gantry machines are widely used in industry for manufacturing. However,

the non-synchronised movement of the dual drive may lead to deterioration in contour-

ing accuracy. In Chapter 5, we first propose a model for a dual-drive gantry machine,

that captures the twist caused by non-synchronised movement.

For applications that involve multi-axis movement, it is desirable the contouring error

can be bounded within the desired tolerance during the whole process. In Chapter 5, the
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error bounded tracking controller is first extended to the biaxial application to ensure

the contouring error is guaranteed [137]. A second MPC is proposed, with a strong

assumption on the reference to be tracked. With the explicit consideration of contouring

error, the second proposed controller has less conservative performance but is more

restrictive in the paths that can be followed. The two designed model predictive control

based architectures are able to guarantee a two-dimensional contouring tolerance in the

presence of uncertainty arising from imperfect drive synchronisation.

Due to the fact that the position measurement of the end effector is not available

for the laser machine, we build a back-to-back motor based test bench for contouring

control. The proposed contouring control method based on bounded tracking error is

implemented on the built test bench, and the contouring error is shown to be within the

desired tolerance.

6.2 Research publications

The research carried out for this thesis has been, or is intended to be, published in the

following.

Journal papers

1. M. Yuan, C. Manzie, M. Good, I. Shames, L. Gan, F. Keynejad, and T. Robinette,

”Error bounded reference tracking MPC for machines with structural flexibility,”

IEEE Transactions on Industrial Electronics, Early Access, 2019

2. M. Yuan, C. Manzie, M. Good, I. Shames, L. Gan, F. Keynejad, and T. Robinette,

”A review of industrial tracking control algorithms,” Control Engineering Practice,

minor amendment, 2019
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Conference papers

1. M. Yuan, C. Manzie, L. Gan, M. Good, and I. Shames, ”Modelling and contour-

ing error bounded control of a biaxial industrial gantry machine,” in 2019 IEEE

Conference on Control Technology and Applications (CCTA). IEEE, 2019, pp. 388–393.

2. M. Yuan, C. Manzie, M. Good, I. Shames, F. Keynejad, and T. Robinette, ”Bounded

error tracking control for contouring systems with end effector measurements,” in

2019 IEEE International Conference on Industrial Technology (ICIT). IEEE, Feb 2019,

pp. 66–71.

In preparation

The work in Chapter 5 is currently being prepared for journal submission.

6.3 Future work

6.3.1 Extension to error bounded reference tracking control problem

It was seen in Section 4.3.2 and Section 4.3.3 that the steady state tracking error exists by

using the proposed control method. This error can be fully removed by including the

integrator augmentation within the MPC formulation as discussed in [135].

Moreover, in Chapter 4, the trajectory tracking control is only tested on the test bench

built with one beam with a particular specification. An investigation of the influence of

different stiffness beams on the control performance can be conducted.

6.3.2 Extension to contouring error bounded control algorithm

In Section 5.4, the controller is designed based on the assumption the desired contour is a

combination of straight line and circular contours. It is desirable to extend the applicable

contour to more shapes such as ellipses, and this requires the computation of contouring
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error for the particular path. Ultimately, the contouring error bounded control (CEBC)

can be extended to free-form contour, but it is likely the upper bound of the estimated

contouring error is required.

In addition, reshaping/recalculating the reference online while delivering the bounded

contouring error can be investigated.

6.3.3 Develop good tuning guideline for contouring error bound control
methods

In Section 5.6.4, the effect of different tuning on the closed-loop system response is

investigated. Further research to develop good tuning guidelines for contouring error

bounded control with RCI set constraint can be conducted.

6.3.4 Real-time implementation of contouring error bounded control on in-
dustrial laser machine

In Section 5.5.2, the high-fidelity contouring control simulation of the method based on

explicit computed contouring error is carried. However, as the computation burden

increases nonlinearly with respect to system dimension and more than one optimisation

problem needs to be solved to determine the suitable RCI set, this CEBC algorithm

spends a much longer time in computation than the bounded tracking error based ap-

proach. Therefore, in order to facilitate the real-time implementation of contouring error

bounded control that relies on explicit contouring error, further reduction of computation

burden is required. The potential solution may be applying more advanced/suitable QP

solvers, resorting to an embedded system with a fix-point processor or implementing

the proposed CEBC method at the drive level instead of using an external target PC.

Moreover, in Chapter 5, the proposed contouring control method is implemented

on an ‘industry-emulated’ test bench instead of a laser machine due to the fact that

the real-time measurement of end-effector position is not available. Implementation

of the proposed contouring control method on a real industrial machine can further
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demonstrate its efficacy of guaranteeing the error bound and show the possibility of its

commercial adoption.

It is likely that external sensors such as an industrial accelerometer are required to be

installed on the laser head to offer real-time feedback related to end-effector. Moreover,

all the measured data needs to be fed into CNC for timestamp matching. The information

measured from the end-effector side would allow for a more detailed analysis of the

performance of proposed controllers.
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