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Bias correction of estimated proportions using inverse binomial group

testing

Graham Hepworth!

The University of Melbourne

Summary

Group testing, in which individuals are pooled together and tested as a group, can be
combined with inverse sampling to estimate the prevalence of a disease. Alternatives to the
MLE are desirable because of its severe bias. We propose an estimator based on the bias
correction method of Firth (1993), which is almost unbiased across the range of prevalences
consistent with'the group testing design. For equal group sizes this estimator is shown to be
equivalent to _that derived by applying the correction method of Burrows (1987), and better
than existing methods. For unequal group sizes the problem has some intractable elements,
but under some circumstances our proposed estimator can be found, and we show it to be
almost unbiased. Calculation of the bias requires computer-intensive approximation because
of the infinite number of possible outcomes.

Key words: estimation of proportions; inverse sampling; negative binomial distribution; pooled
testing

1. Introduction

Group testing (or pooled testing) describes the process of pooling individuals and
testing them as™a group for the presence of an attribute, usually a disease. The field has
divided into twa fairly distinct areas—identification (or classification) of infected individuals,
and estimation of"disease prevalence p. Estimation has received considerable attention in
recent years, and is the area in which our interest lies. Some areas of application, such
as transmission of viruses by insect vectors (e.g. Walter, Hildreth & Beaty (1980) or HIV
prevalence (e.g: Kline et al. (1989)) have employed group testing for considerable time, but
others, such as drug discovery (e.g. Hughes-Oliver (2006)), have adopted it more recently.
Haber, Malinovsky & Albert (2018) provided an excellent summary of the development of
estimation insgfoup testing.

The most obvious benefit of group testing is in reducing the number of tests needed
(and hence cost), or for the same number of tests, providing gains in efficiency. Group

testing for estimation is most beneficial for small p, though with the appropriate group size
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it also provides gains for moderate prevalence, and has the additional benefit of providing
confidentiality where it is required Hammick & Gastwirth (1994).

In some situations, the design of a group testing procedure is constrained by the
circumstances, such as the limitations of the laboratory equipment or the sensitivity of the test.
As a result, and also.to make the problem more straightforward, group testing research has
generally assumed'afixed number of tests, with a resulting binomial model for the proportion
of positive groups. However, sequential designs have also been proposed, and in some cases,
implementeds Hughes=Oliver & Swallow (1994) proposed a two-stage adaptive procedure
in which the choice.of group size at the second stage depends on the maximum likelihood
estimate (MLE)fromithe previous stage, using a criterion of minimising mean squared error
(MSE). Hepworthu(1996) described a sequential procedure applied to the estimation of virus
infection levels(in /carnations, in which progressively smaller group sizes were used if the
previous stage found all groups to be positive. Hardwick, Page & Stout (1998) suggested an
adaptive procedure, where at each stage either an individual or a group of pre-chosen size is
tested, depending on whether a point estimate exceeds a cut-off. Haber & Malinovsky (2017)
proposed a set of random walk designs, in which the group size (potentially) changes at each
step.

A particular class of sequential designs is that in which testing proceeds until a set
number of positive tests is reached. Katholi & Unnasch (2006) first proposed the application
of this inverse ‘Sampling arrangement to group testing, with the motivation of reporting
estimates early.in‘the testing process. They pointed out that in the case of equal group sizes,
the total number of groups required follows a negative binomial distribution. Rodriguez-Pérez
et al. (2006) used this process in testing an ocular disease vector (black flies) in groups
of 50, until the first positive occurred. Pritchard & Tebbs (2011) used the term “inverse
binomial group'testing” in their examination of point and interval estimation for this design.
Hepworth (2013) further developed their work, proposing an estimator which eliminated
most of the bias, and interval estimators with favourable coverage properties. Montesinos-
Loépez et al. (2012) compared sample size procedures for estimating prevalence under the
negative binomial model. Xiong (2016) considered how to optimise the group size, allowing
for misclassification. Haber, Malinovsky & Albert (2018) showed that an unbiased estimator
does not exist under this group testing arrangement.

Whether?a binomial or negative binomial model is used for group testing, the MLE is
biased, and several alternative estimators have been proposed for both situations. In this paper
we consider bias correction under a negative binomial model. We show that an estimator
based on the bias correction method introduced by Firth (1993) is even better than other
correction methods, and has other advantages in addition to almost eliminating the bias.

Because of the intractability of some aspects of inverse binomial group testing when groups
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are of different size, most work in this area has been limited to equal group sizes; we show
that under certain testing arrangements, the bias correction can also be applied to unequal

group sizes, and is very effective.

2. Bias correction for equal group sizes

2.1. Maximum likelihood estimation

We assume that the outcomes for individuals follow independent and identically
distributed Bernoulli distributions with parameter p, and that they are randomly pooled into
groups of size s. A random number 7" = ¢ tests are then performed until n positive groups
are observed. We also assume that sensitivity and specificity are both 1, i.e., there is no
misclassification. Although these assumptions have sometimes been relaxed in group testing
studies which assumesa binomial model, they have been adhered to in most work on inverse
binomial group,testing.

The probability-of a positive group is 7 = 1 — (1 — p)*. The number of tests performed,

T, has a negative,binomial distribution with parameters n and 7. The MLE of p is

and its bias is evensgreater than that arising from a binomial model, because the MLE of ,
n/T, is already'biased. Pritchard & Tebbs (2011) proposed three estimators of p, all of which
shrink the proportion of positive groups towards 0, which in turn adjusts the MLE downwards.
This reduces theé bias and MSE, but the optimisation required to compute them depends on
prior knowledge of p, and so their performance can vary widely (Haber, Malinovsky & Albert
(2018)).

2.2. Gart’s biascorrection method

Gart (1991) described a general bias correction to the MLE for a single unknown
parameter, which Hepworth (2013) applied to inverse binomial group testing. Gart showed

that the bias (except for terms of O(n=2)) is

2d1/dp + E(d®1/dp®)

= 215"

ey

where [(p) is the log-likelihood and I (p) is the Fisher information, which in this situation is

ns2(1 _p)s—2
(1= (1=p)*)?
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(Pritchard & Tebbs (2011)). Hepworth (2013) showed that

ﬂ = —n32 (S — 2)(1 —p)573 + (5 + 2)(1 —p)25*3
dp < (1—(1—-p)s)3 > 3)
and

d3l )
e () = it

s+ D0 p) = (1= p)*) +26s(1—p)P + (1=p)S* = 1)2 ,
X ( (1—(1-p)*)3 1(1p)5>~(4)

Substituting p into _these expressions gives an estimate of the bias, which can be subtracted
from p to give thebias-corrected estimate, whose estimator we denote pg. This estimator
is undefined on‘the boundaries of the parameter space, which is of concern only at p = 1,
since p = 0 cannot arise (I" > n > 0). The result p = 1 (all positive groups, 7" = n) is highly
uninformative, and*should be unlikely in a well-designed study, but it still needs an ad-hoc
solution; if this/result occurs it suggests that the group size is too large for the underlying p.
To address this“issue"when evaluating bias, Hepworth & Watson (2009) imposed an upper
bound v on p, where 1 is the value of p at which the probability of all positive groups is 0.05,
which for equal group sizes has the closed form 1 — (1 — (0.05)'/™)*/5. This restricts p to
values consistent, with the design of the group testing procedure, since the probability of all
positive groups willthen be small.

Hepworth (2013) evaluated the performance of pg for n=1,5,10 and s =
9,10, 20, 30, 50. The Gart correction was found to be very effective in removing the bias,
especially for small¥p! It resulted in an overcorrection of between about 1% and 2% for p

close to 1. The MSE of pi was also examined, and found to be much less than that of p.

2.3. Firth’s bias correction method

Hepworth & Biggerstaff (2017) applied the general bias correction method introduced
by Firth (1993),to.fixed group testing with a binomial model. They found the resulting bias-
corrected estimator to'be almost unbiased across a range of problems, and less biased overall
than the estimator arising from Gart’s correction. They also showed that for equal group sizes,
Firth’s method.is equivalent to the bias-correction method introduced by Burrows (1987),
which removed nearly all the bias of the MLE and also greatly reduced the MSE. Firth’s
method does not find the MLE and then correct it, as Gart’s method does. Rather, it is based

on a modification to the score function, requiring the solution pg to

S(p) = I(p)B(p) =0. Q)
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It is therefore preventative rather than corrective, which has the advantage of avoiding
undefined parameter estimates, such as those on the boundary. The score function for inverse

binomial group testing is

(Hepworth (2013)), and the other two quantities in (5) are already given in 2.2.

It is usefulstorfirstly examine the estimates arising from the Firth correction. Consider
n =5 and s =20,the same example used in Hepworth (2013) to illustrate the Gart bias
correction. Forgthis example, ¢ = 0.039. Table 1 shows p, pr and pg for the first ten
outcomes (excluding all positive groups (¢t = 5)). Firth’s method, although providing a
substantial corréction to the MLE, results in a slightly smaller correction than Gart’s method,

a feature noted by Hepworth & Biggerstaff (2017) for binomial group testing.

Table JewFirth and Gart bias corrections applied to the MLE, n = 5 and s = 20.

t 6 7 8 9 10 11 12 13 14 15

p 0.0857., 0.0607 0.0479 0.0397 0.0341 0.0299 0.0266 0.0240 0.0218 0.0201
PFr 0.0635_.0.0470 0.0376 0.0314 0.0270 0.0238 0.0212 0.0191 0.0175 0.0161
pa 0.0600"%0.0460 0.0372 0.0312 0.0269 0.0237 0.0212 0.0191 0.0174 0.0160

119

120

122

123

124

125

Haber, Malinovsky & Albert (2018) applied the idea of Burrows (1987) to this model,

and derived the/estimator

1/s
. y+v s—1
by <y+n+y—1> VT g 2

where y is the number of negative groups until the nth positive; in our notation, ¢t = y + n.

Using (1) to (4), (5) can be shown to simplify to

=2ns+ (1 —p)*(—2st+s+1)+2st+s—1 _o
2(1=p)(Q1=p)*=1) B

which requires
_ 2st—2ns+s—1 t—n+v

1—-p)°= =
( ) 2st —s—1 t—14v

whose solution is given by (7). Hence the Firth bias correction is equivalent to the Burrows

bias correction for inverse binomial group testing, as found for the binomial model.

© 2018 Austrflhi swairti¢ Fetishprotectediby copyright. All rights reserved

Prepared using anzsauth.cls



126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

3. Bias of corrected estimator

Calculation of bias is more complicated for sequential testing than for fixed testing,
especially when there are an infinite number of possible outcomes, as is the case when they
follow a negative binomial distribution. The exact bias of either of the corrected estimators is
an infinite sum, with no analytical simplification. It is necessary to slightly approximate the

bias, which we (did by calculating

b
> (or(p ) -y ) ®
where Pr(T' > t2). <4075 for the smallest value of p considered, which we set to v/250. For
p larger than this, Pr(Z7’ > ¢..) is even smaller than 1076, because this function is decreasing
in p; the approximation is therefore extremely close to the exact value.

We calculated the expected value, bias and percentage bias of py for the example above
(n = 5, s = 20). " The results are shown in Table 2 for selected values of p, along with those

for pg as a comparison.

Table 2. Expected value, bias and percentage bias for the estimator corrected for bias using the Firth
correction or the Gart'eorrection, for n = 5 and s = 20 (¢ = 0.039).

D 0.001_—20.003  0.005 0.01 0.02 0.03 0.04 0.05 0.1
E(pr) 0:0010__0.0030 0.0050  0.0100  0.0200  0.0301  0.0400 0.0497 0.0874
E(pg) 0.0010 0.0030 0.0050 0.0100  0.0199  0.0297 0.0394  0.0487  0.0861

Bias(pr) 0.0000 0.0000 0.0000  0.0000 0.0000 0.0001 0.0000 —0.0003 —0.0126
Bias(pa) 0.0000==0.0000 0.0000 —0.0000 —0.0001 —0.0003 —0.0006 —0.0013 —-0.0139

% Bias(pr) 112 0.09 0.02 0.06 0.24 0.34 0.11 —0.65 —12.6
% Bias(pc) 0.01 0.01 0.01 —0.06 —0.38 —0.88 —1.59 —2.61 —13.9

Both correction methods are clearly very effective in removing the bias for small p, with
Firth’s method better gverall. For p < 1) = 0.039, the mean absolute bias is 0.22% for Firth’s
method and 0.50% for, Gart. For larger p, both methods over-correct, but the Firth correction
less so.

Figure 1 (top three rows) displays the bias of pr and pgs forn = 5,10 x s = 5,20, 50
and p < 1.1%, a range of p broadly consistent with the group testing design. The vertical
dashed line in each plot is at p = ). The plots show that Firth’s correction has virtually
eliminated the bias for p < 1. The Gart correction has also been very effective, but is not

quite as good as the Firth correction, except for the smallest problem (n = 5, s = 5).
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Figure 1. Bias and MSE of estimators corrected by either Firth’s or Gart’s method, for various

combinations of 7o and s. Firth = continuous line, Gart = broken line. Vertical dashed line is at p = ).

We also examined the MSE of pr, using the same approximation method as for the bias,
with p replaced by p% in the summation shown in (8) to calculate the expected value of the
square of the estimator, and hence the variance. For the same reasons described above, this
method givesa very close approximation to the true value of the MSE.

Figure 1 (bottomurow) shows the MSE of pr and pg for n = 5 or 10 and s = 20. Plots
for the other combinations of n and s have the same shape and pattern, and are not shown.
There is clearly very little difference in MSE between the two bias-correction methods. Note
that the contribution of the bias (squared) to the MSE is very small, so the plots are essentially

showing the variance. It is not surprising that for larger n, the MSE is smaller for the same
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p, though it is larger if we consider p relative to 1. We have not plotted either the bias or the
MSE for p, as it is many times greater than that of either of the bias-corrected estimators. Nor
have we plotted the bias for larger n, as it is even smaller than for the values of n shown in

Figure 1.

4. Bias correction for unequal group sizes

In somes sitwations, equal group sizes is not a practical option. For example, in the
transmission of_viruses by mosquitoes, the natural group is a trap, in which the number of
individuals (moS$quitoes) can vary (Biggerstaff (2008)). In other situations, unequal group
sizes are used intentionally because of considerable uncertainty about the prevalence. For
example, the study of carnation viruses described by Hepworth (1996) used group sizes of
25,5and 1.

When groups arejof unequal size, the distribution of 7" is not negative binomial, and I (p)
is intractable, thus inhibiting analytical solutions to finding bias. Pritchard & Tebbs (2011)
derived the observed information, and used it to find an approximate confidence interval for
p based on the score. They calculated coverage probabilities by simulation, using ranges of
group sizes such as 10'to 30. But for point estimation they considered only equal group sizes.

One situation which results in a tractable information function is when each group size
has a set numberof positives at which testing for that group size stops. Suppose there are
d group sizes 8=="(s1,...,54), and that for each s;,i = 1,...,d, a random number T; = t;
tests are performed until n; positive groups are observed. The outcomes T' = (17, ...,Ty)
then follow a product of independent but non-identically distributed negative binomial
distributions. All the quantities defined in (1) to (6) can be summed across the d group sizes.

This situation is arguably more realistic than one in which there is just an overall number
of positives n = Zle n;. For example, suppose the group sizes alternate between s; = 5
and s; = 20 with an overall n = 10, and it takes 20 tests to obtain 10 positives. The elements
of n = (n1, ng)now constitute a random variable; for example, (6, 4) and (2, 8) give different
impressions of prevalence, with p = 0.0520 and 0.0657 respectively. It would likely be more
sensible, and no more|difficult, to set both n; and no, for example, to 3 and 7 respectively.

To test the bias, correction methods, we combined the three group sizes that we
tested for equal size groups, i.e. s = (5,20,50). To choose a sensible testing scheme, we
assumed p = 0.02, awvalue not incompatible with any of the group sizes. This led to us
using n = (3, 10, 20), which is roughly in proportion to the probability of a positive group
(0.096,0.332,0.636), so that the expected number of tests of each group size is similar. As
with equal group sizes, it is useful to first examine the estimates themselves. Table 3 shows

P, pr and pg for a set of outcomes selected to give a range of values of p (¢ = 0.122).
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As observed for equal group sizes, Firth’s method results in a smaller correction than Gart’s

method, though for smaller p the difference is minimal.

Table 3. Firth and Gart bias corrections applied to the MLE for a range of outcomes, n = (3, 10, 20)
and s = (5, 20, 50).

t (4,11/20)  (8,12,21) (15,15,22) (24,20,24) (30,30,30) (40,36,35) (50,60,55)
I 0.1381 0.0721 0.0486 0.0336 0.0211 0.0165 0.0093
P 0.1173 0:0670 0.0463 0.0323 0.0204 0.0159 0.0090
be 04152 0.0667 0.0462 0.0323 0.0204 0.0159 0.0090

Calculation of bias is more difficult again for unequal group sizes, because the number
of possible outcomes involved in the summation of probabilities can be extremely large,
even with an approximation corresponding to (8). For the current example, the number of
outcomes for which Pr(T" > ¢,) < 10~ for p = 1/250 is 3822, 1630 and 966 respectively,
for the three group sizes. The total number of outcomes to consider is the product of these
numbers, which is around 6 x 10°. With more group sizes than three, the number would be
even more computationally prohibitive.

Instead of completely enumerating the (approximate) bias across all possible outcomes,
we randomly sampled 100,000 outcomes, weighted by their probabilities. These were
averaged to obtain the expected value of the estimator. Table 4 shows the expected value,
bias and percentagesbias of pr for the current example.

Table 4. Expected value, bias and percentage bias for the estimator corrected for bias using Firth’s
correction, for n = (3, 10, 20) and s = (5, 20, 50) (¢p = 0.122).

p 0.001,  0.005 0.01 0.03 0.05 0.1 0.125 0.15
E(®r) 0:0010 0.0050 0.0100 0.0300 0.0500 0.1004 0.1242 0.1449
Bias(pr) 0:0000 0.0000 0.0000 0.0000 0.0000 0.0004 —0.0008 —0.0051
% Bias(pr) 0.83 0.01 0.06 0.06 0.10 0.43 —0.68 —-3.43

The Firth correction has virtually eliminated the bias for small p, with less than 0.1%
bias even at p = 0.05.,For larger p it is still very small, with well under 1% absolute bias at
p = 1. The yirtues of this correction that were exhibited for equal group sizes clearly extend
to unequal group sizes.

In situations where there is an overall number of positives n but no separate values
of n;, there is no analytical way to derive Firth’s correction, but it would be a reasonable
approximation to apply it using the observed values of n;. Consider the example described

above, in which the group sizes alternated between s; =5 and so = 20 with an overall
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n = 10, and it took 20 tests; suppose that n; = 2 and ny = 8. Assuming the n;’s are fixed,
and applying the steps above, results in p = 0.0657 and pr = 0.0582. Note that if the
sequential testing were ignored and binomial sampling assumed, the bias-corrected estimate
would be 0.0624.

5. Discussion

We derivedranrestimator based on the bias correction method of Firth (1993), for group
testing problemsiinswhich a negative binomial model is appropriate. The correction has been
shown to be extfemely effective, virtually eliminating the bias when the prevalence is small,
and greatly reducingsit for any p consistent with the group testing design. It is an improvement
on the bias correction method of Gart (1991), and uses the same algebraic components related
to the log-likelihood which were derived by Hepworth (2013). Unlike Gart’s method, Firth’s
method involves the solution of an equation rather than requiring a plug-in estimate. It is
therefore preventative rather than corrective, which has the advantage of avoiding undefined
parameter estimates. Both methods result in similar MSE, so Firth’s method can be generally
recommended for inverse binomial group testing.

We showed that for groups of equal size, the method of Firth is equivalent to the method
introduced by Burrows (1987), which has previously been shown to be a very good estimator
in a range of group,testing problems. Haber, Malinovsky & Albert (2018), who derived the
Burrows-type.estimator for the negative binomial model, also did so for group testing which
proceeds until a set number of negative tests is reached. They found an unbiased estimator
for that problem, and also showed that no unbiased estimator exists for the negative binomial
model with a set number of positive tests. Having an unbiased estimator is generally desirable,
though practitioners may be less interested in a method whose end-point depends on the
number of negative tests rather than the number of positive tests.

Unequal group sizes creates a formidable problem for inverse binomial group testing,
with the intractability, of the distribution of the number of tests adding to the complexity
of the infinite number of possible outcomes. However, we made inroads into this problem by
proposing a design which considers each group size separately, and then combines the results.
Not only is this a reasenable approach, but the outcomes can also be used to approximate the
results from @'more general design which considers only the total number of tests.

Another way to"address the intractability of the information function would be to use
the observed information, which Pritchard & Tebbs (2011) derived for this problem, and
used to construct confidence intervals for p. Firth (1993) used both expected and observed
information in illustrating his method, and found both to be acceptable. However, the

expression for the observed information (and its derivative) is much more complicated,

© 2018 Austrflhi swairti¢ Fetishprotectediby copyright. All rights reserved

Prepared using anzsauth.cls



247

248

249

250

252

253

11

adding to an already complex and computer-intensive calculation. This would be an
interesting extension to our work in this paper.

Another extension of our work would be to allow for misclassification. Xiong (2016)
allowed for imperfect testing in optimizing group size for inverse binomial group testing,
but that study.assumed equal group sizes. All the derivations from the log-likelihood could
include sensitivity*and specificity parameters not equal to 1, though this would add to the

complexity. Miselassification also creates issues near the boundaries of the parameter space.
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