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RELAXED SINGULAR VECTORS, JACK SYMMETRIC FUNCTIONS

~

AND FRACTIONAL LEVEL s!(2) MODELS

DAVID RIDOUT AND SIMON WOOD

ABSTRACT. The fractional level models are (logarithmic) conformal field theories associated with affine Kac-Moody
(super)algebras at certain levels k € Q. They are particularly noteworthy because of several longstanding difficulties that
have only recently been resolved. Here, Wakimoto’s free field realisation is combined with the theory of Jack symmetric
functions to analyse the fractional level sl (2) models. The first main results are explicit formulae for the singular vectors
of minimal grade in relaxed Wakimoto modules. These are closely related to the minimal grade singular vectors in
relaxed (parabolic) Verma modules. Further results include an explicit presentation of Zhu’s algebra and an elegant new
proof of the classification of simple relaxed highest weight modules over the corresponding vertex operator algebra.
These results suggest that generalisations to higher rank fractional level models are now within reach.

1. INTRODUCTION

o~

We begin by briefly summarising some historical details regarding fractional level s[(2) models and the appli-
cation of Jack symmetric functions to conformal field theory. The work presented here forms a part of an ambitious
project aimed at elucidating the properties of general fractional level models as fundamental examples of logarith-
mic conformal field theories. A short digression on the notion of admissibility follows as we use the term in a
non-standard manner as compared to much of the literature. This also provides us with an opportunity to fix some
notation. Finally, we outline the main results of the research reported here.

~

1.1. Fractional level models and Jack symmetric functions. The fractional level s[(2) models are conformal
field theories with a long and notorious history, originally proposed by Kent [1] as non-unitary models whose
existence would lead to a uniform coset construction for all the Virasoro minimal models. This proposal received
a significant boost from the subsequent announcement of Kac and Wakimoto [2] that 5A[(2) has, for precisely
the levels required for this coset construction, a finite set of simple highest weight modules whose characters
close under modular transformations. Moreover, they observed that this property persisted for higher rank affine
Kac-Moody algebras. However, computations [3-5] of the fusion rules of the purported theories gave confusing
and conflicting results. In particular, substituting the modular S-matrix entries into the Verlinde formula resulted
in negative fusion multiplicities. Despite a flurry of subsequent work, no resolution was agreed upon; in their
discussion, the authors of the textbook [6] suggested that the fractional level models may be “intrinsically sick™.

The first steps towards curing this sickness were made by Gaberdiel [7], whose explicit fusion computations
for the sl (2) model of level k = —% demonstrated that one was forced to consider modules that were not highest
weight. Indeed, he found that fusing the highest weight modules of Kac and Wakimoto resulted in infinite numbers
of modules whose conformal weights were not bounded below, modules that were not highest weight with respect
to any Borel subalgebra (relaxed modules), and modules upon which the Virasoro mode Lj acted non-semisimply.
This showed that the k = —% model was not a rational conformal field theory, as had been implicitly assumed
in earlier studies, but was, in fact, logarithmic. Subsequent works [8—11] extended these results to k = —% and
thence to the closely related Sy ghost systems [11-13]. Moreover, it was also shown [12] that a misunderstanding
concerning the role of convergence regions in the modular transformations of Kac and Wakimoto was to blame for
the failure of the Verlinde formula. To get a genuine action of the modular group and a working Verlinde formula,
one needs to include all the simple relaxed modules and all their twists under spectral flow [14, 15].

We regard these recent advances as demonstrating that the sickness of the 5A[(2) models has been cured and

we expect that this cure will be just as effective for higher rank Kac-Moody algebras. Given the logarithmic
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nature of the theories, it is now reasonable to expect that the fractional level models will play an important role
in understanding logarithmic conformal field theory, much as the non-negative integer level Wess-Zumino-Witten
models did for rational conformal field theory. We therefore view the fractional level models as objects that
deserve intense study. In particular, one should at least determine the spectrum of simple modules, compute
character formulae and verify that the modular properties of these characters lead to non-negative integers upon
applying the Verlinde formula. More ambitiously, one would like to understand the fusion ring generated by the
simple modules, the structure of the indecomposable modules generated by fusion, and the corresponding three-
and four-point correlation functions. From a mathematical perspective, one can ask about homological properties
of the spectrum (a category of modules over the corresponding vertex operator algebra) including rigidity and the
identification of the projective and injective modules. We think that it is not unreasonable to expect that there are
beautiful answers to all these questions, given that they concern structures built from affine Kac-Moody algebras.

While some, though not all, of these questions have been answered for sl (2) atlevels k = —% and — %, some of
the machinery employed is clearly unfeasible for more general levels and ranks. In our opinion, it is likely that the
modular story will remain under control within the so-called standard module framework [16, 17]. On the other
hand, brute force methods such as the Nahm-Gaberdiel-Kausch algorithm [18, 19] for fusion products are already
computationally-prohibitive in all but the simplest cases. Further progress will instead require the development of
more general alternatives and free field realisations seem to be the obvious candidates in this respect. Here, we use
a free field realisation to address one of the most basic questions of all, that of determining the simple modules
of a fractional level theory. We restrict ourselves to the sl (2) models as a testing ground, leaving the challenge of
higher ranks for future publications.

The standard free field realisation of an affine Kac-Moody algebra is due to Wakimoto [20], for s.A[(Z), and
Feigin and Frenkel [21] in general. For ;[(2), the Wakimoto realisation combines a free boson with a pair of
bosonic ghosts of central charge ¢ = 2. The virtue of free field theories such as these is that their underlying
Lie algebras are almost abelian. More precisely, the negative modes (creation operators) all commute among
themselves, hence one can invoke symmetric group theory, in particular symmetric polynomials and functions,
to analyse certain representation-theoretic questions. For the question of classifying the simple modules of the
fractional level sl (2) models, it turns out that the key lies in the Jack symmetric functions [22].

The relevance of Jack symmetric functions to conformal field theory goes back to the work of Mimachi and
Yamada [23] who realised that they provide elegant expressions for the singular vectors of Verma modules over
the Virasoro algebra. Explicit singular vector formulae are useful for many field-theoretic investigations including
those of the spectrum of primary fields, the fusion rules and the correlation functions. However, the general
singular vector formulae that were then known, for example those of [24, 25], are not particularly tractable for
these purposes. On the other hand, the Jack function formulae were derived directly from the Feigin-Fuchs free
field realisation of the Virasoro algebra (also known as the Coulomb gas), as developed by Tsuchiya and Kanie
[26] and Felder [27], which is far better suited to explicit computation.

Unfortunately, it appears that the power of symmetric function theory was not immediately exploited in confor-
mal field theory studies, perhaps because of an unfamiliarity with Jack symmetric functions (Macdonald’s influ-
ential textbook [28] did not appear until several years later). However, in more recent times, symmetric function
theory has been embraced by the community, particularly as a means to prove the AGT conjecture [29] which
relates Liouville conformal field theories to the instanton calculus of Yang-Mills theories (although it now appears
that a generalisation of the Jack symmetric functions will be required [30] to prove this conjecture).

The work reported here, using Jack symmetric functions to classify simple modules of the fractional level sl (2)
models, has its genesis in [31] where this formalism was used to classify, among other things, the simple modules of
a family [32] of (logarithmic) conformal field theories called the (p, p_) triplet models. The methods developed
for this purpose were also applied to give a far more elegant proof of the singular vector formulae of Mimachi and
Yamada. More recently [33], it was shown that these methods lead to an elegant new proof of the classification

of the Virasoro minimal model modules. We recall that the original classification proof of Wang [34] combined a
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projection formula for the singular vector of the vacuum module, stated by Feigin and Fuchs and eventually proven
(fifteen years later) by Astashkevich and Fuchs [35], with some intricate cohomological arguments.

The content of this paper is then that these simplified methods generalise to the fractional level sl (2) models.
Specifically, we deduce explicit formulae for singular vectors in Wakimoto modules and classify the simple mod-
ules. We take this as strong evidence that the symmetric function techniques developed here will further generalise
to models over higher rank Kac-Moody algebras and superalgebras. Moreover, it is clear that these techniques
can be profitably exploited to investigate other important representation-theoretic questions including the structure
theory of relaxed Verma and Wakimoto modules. We hope to report on this in the future.

It should be emphasised that, as with the Virasoro case reported in [33], the sl (2) classification result is not new.
The highest weight classification is due to Adamovié¢ and Milas [36] and, independently, Dong, Li and Mason [37].
However, their proofs mimic that of Wang, relying upon a projection formula for the singular vector of the vacuum
module stated (without proof) by Fuchs [38]. From this projection formula, Adamovié¢ and Milas also derive a
classification result for what we call, following [39], the relaxed highest weight modules.! It is not clear to us if
these projection formulae will generalise easily to higher ranks; the tedium of the proof in the Virasoro case alone
warrants, in our opinion, the development of the rather more elegant symmetric function methods. With this in
mind, we remark that, to the best of our knowledge, there are no general classification results known for fractional

level models of rank greater than 1.

1.2. Basic concepts and notation. Suppose that we have a conformal field theory whose chiral algebra is iden-
tified as a Lie (super)algebra g, for example, the Virasoro algebra or an affine Kac-Moody (super)algebra. More
general chiral algebras can be accommodated within the formalism to follow, but this level of generality will suf-
fice for the purposes of the article. There is always a module of the chiral algebra, called the vacuum module, that
carries the structure of a vertex operator algebra V. The elements of the chiral algebra are organised into fields
that generate V and the (anti)commutation relations of the chiral algebra are equivalent to the operator product

expansions of these generating fields. We make the following definition:

Definition. Consider a vertex operator algebra V corresponding to a Lie (super)algebra g as above. If the operator
product expansions of the generating fields constitute a complete set of algebraic relations, then V is said to be

universal.

The terminology comes from noting that a vertex operator algebra is a quotient of V if, and only if, it has a set of
generating fields that satisfy the same operator product expansions as those of V.

One way to understand universality is to consider what it means for the vacuum module. When g is the Virasoro
algebra, the vacuum module of the universal vertex operator algebra is the quotient of the Verma module whose
(generating) highest weight vector has conformal weight O by the Verma submodule generated by the singular
vector of conformal weight 1 (the vacuum must be translation-invariant). For g = sl (2), one quotients the Verma
module generated by the highest weight vector of 5[(2) -weight 0 by the Verma submodule generated by the singu-
lar vector of 5[(2) -weight —2 (as required by the state-field correspondence). In both cases, it may happen that this
universal vacuum module is not simple. But, quotienting by a non-trivial proper submodule amounts to imposing
additional relations upon the vertex operator algebra, so the result would no longer qualify as universal.

Suppose now that we have a parametrised family of universal vertex operator algebras. For example, the Vira-
soro algebra and sl (2) each define a one-parameter family of vertex operator algebras, parametrised by the central

charge ¢ € C and the level k € C\ {—2}, respectively. We characterise the non-simple members of this family.

Definition. Suppose that one has a family of universal vertex operator algebras {V;}._,, parametrised by some

i€l
index set I. A given value i of the parameter is said to be admissible if the corresponding universal vertex operator
algebra V; is not simple.

IThe existence of even more general weight modules follows directly from twisting by the spectral flow automorphisms of 5l (2). Well known

in the physics literature, this twisting is an important ingredient in [39,40] and first seems to have been explicitly noted for fractional level sl (2)
models in [7].
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For the Virasoro algebra, the admissible central charges ¢ are then precisely those for which there exist coprime
integers p, p' € Z>, satisfying ¢ = 13 —6(t +1~'), where t = ﬁ. These central charges correspond, of course, to
the Virasoro minimal models which are commonly denoted by M ( p.p ) We will also denote the simple Virasoro
vertex operator algebra of this (admissible) central charge by M ( p,r ), for convenience.

For sl (2), the structure theory of its Verma modules [41] leads to the following characterisation:

Proposition 1.1. The admissible levels k of the universal vertex operator algebras of sl (2) are precisely those for

which there exist coprime integers u € Z>3 and v € Z> satisfying k = —2+t, wheret = 1.

Needless to say, the admissible levels of s:\[(Z) are precisely those of the fractional level g[(Z) models (including
those of non-negative integer level, for convenience). To emphasise the analogy with the Virasoro minimal models
M ( p,r ) , we shall denote by A (u, v) both the fractional level sl (2) model with k = —2+ % and the corresponding
simple vertex operator algebra. We regard the A (u,v) as the minimal models of sl(2). Note that A; (k+2,1)
requires k € Z>¢ and is therefore just the level £ Wess-Zumino-Witten model on SU (2)

It should be clear now that the focus of our interest is not so much on the universal vertex operator algebras
themselves, but rather on their admissible level simple quotients. The point is that these simple quotients will have
constrained representation theories, due to their additional defining relations, about which we expect to be able to
prove classification theorems. The representation theory of the universal vertex operator algebras is, on the other
hand, unconstrained by additional relations so that (almost) every g-module is allowed.?

To complete the analogy between Virasoro minimal models and fractional level sl (2) models, we consider the
modules of the simple quotient vertex operator algebras.

Definition. Suppose that i € I is admissible for a given family {V;} of universal vertex operator algebras. Then,

any module of the simple quotient of V; is said to be an admissible module of V;.

Note that the admissible modules of the universal Virasoro vertex operator algebra are precisely the central charge
c=13—- 6(5 + %,) modules of the Virasoro minimal model M (p, )y ) These are the highest weight Virasoro
modules corresponding to the entries in the Kac table. The admissible modules of the universal s(2) vertex
operator algebras are the subject of this article. As noted above, they were first classified in [36,37]. We remark
that they can also be associated with the entries of a table with similar properties to the Virasoro Kac table, see
[15].

Finally, note that the definition of admissible module given above is not the original definition of Kac and Waki-
moto [2], who originally defined admissible highest weight modules, for arbitrary affine Kac-Moody algebras, in
terms of criteria that guaranteed a character formula, generalising that of Weyl-Kac, and good modular properties.
The vertex operator algebra definition given above is certainly more general and, in our opinion, more fundamental.
However, the two definitions of admissibility coincide for highest weight sl (2)-modules. A generalised version of

this coincidence for higher rank affine Kac-Moody algebras has recently appeared in [42].

1.3. Outline. We close with a brief outline of the contents of this paper. Section 2 is a pedagogical introduction
to the notion of relaxed highest weight theory, crucial for studying the A} (u, v) models. The idea actually reduces
to a special case of parabolic (also called parahoric or generalised) highest weight theory, but the connection to
vertex operator algebras via Zhu’s algebra is so important that we feel it warrants separate consideration. This is
then followed by a detailed discussion of the relaxed highest weight modules of the three Lie algebras used in the
remainder of the paper: The Heisenberg algebra, the (bosonic) ¥ ghost algebra and, of course, sl (2).

Section 3 opens with a brief review of the Wakimoto free field realisation of S:\[(Z) and the corresponding
Wakimoto modules. We pay particular attention to the screening fields and operators as a means to motivate the
usage of symmetric function theory. We then discuss the construction of certain singular vectors in highest weight

~

and relaxed highest weight s[(2)-modules using Jack symmetric function technology to deduce explicit formulae

20One should only exclude modules, such as the adjoint module, that lead to operator product expansions with essential singularities.
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for these (Theorem 3.1). We believe that these formulae are new: Even in the standard highest weight case, the
only similar result we are aware of is an old paper of Kato and Yamada [43] where an integral formula is derived
and evaluated in special cases using Schur polynomials. For singular vectors of relaxed highest weight modules,
the only other formulae we know are of the Malikov-Feigin-Fuchs (complex power) form [39].

One consequence of this singular vector study is that at admissible levels, Wakimoto’s construction yields a free
field realisation of the universal vertex operator algebra of sl (2) rather than of its simple quotient A (u, v). This
is important as it means that the singular vector of the universal vacuum module is accessible in the Wakimoto
realisation, hence it may be exploited to such ends as determining the spectrum of A; (u,v) -modules. We first
obtain an upper bound on the highest weight spectrum (Corollary 4.2) using a surprisingly effortless calculation
that combines the form of the vacuum singular vector with the specialisation formula for Jack symmetric functions.
This bound turns out to be saturated, but to prove this we must address the more involved relaxed highest weight
spectrum. In this case, a few more symmetric function manipulations allow us to identify an explicit presentation
for Zhu’s algebra (Theorem 4.4) in terms of generators and relations.

It is now easy to classify the simple relaxed highest weight modules of A; (u,v), reproducing in an elegant
fashion the results of [36,37]. We emphasise that our proofs are, to the best of our knowledge, independent of
those which have appeared in the literature. We also deduce that highest weight A, (u, v) -modules are semisimple,
giving a new proof of an old result that (essentially) appeared in [2]. In contrast, A, (u, v) is shown to admit non-
semisimple relaxed highest weight modules with two composition factors and these are characterised using short
exact sequences. We moreover conjecture that these modules, together with their simple analogues, exhaust the
indecomposable relaxed highest weight A, (u, v) -modules, remarking that proving this would require, among other
things, a more detailed knowledge of the submodule structure of relaxed highest weight sl (2)-modules. Finally, we
prove that the Virasoro zero mode L acts semisimply on all relaxed highest weight A; (u, v) -modules, independent
of our conjecture on the indecomposable spectrum, and discuss briefly how this is consistent with the expectation
that, for v > 1, the A, (u, v) model is a logarithmic conformal field theory.

Appendix A gives a brief, but thorough, introduction to the aspects of symmetric function theory, in particular,
those relating to Jack symmetric functions, that are used in the text. This material is all standard and may be found
in [28]. We have also included a brief introduction to Zhu’s algebra in Appendix B, concentrating on motivating it
as an abstract version of the algebra of zero modes acting on the space of “ground states” of a relaxed highest weight
module. This appendix is aimed at physicists, in particular, it uses physics conventions for Fourier expansions, but

we hope that it will also prove useful to mathematicians.

2. GENERALISING HIGHEST WEIGHT THEORY

In this section, we consider a generalisation of highest weight theory that we will qualify as relaxed. Orig-
inally introduced for 57[(2) in order to study a correspondence relating s/,\[(Z)—modules to those over the N =2
superconformal algebra [39], relaxed highest weight modules have since appeared as necessary constituents of the
SL (2; ]R) Wess-Zumino-Witten model [40], in admissible level fusion rules [7, 11], in relations to logarithmic min-
imal models [10,44,45], in demonstrating the modular invariance of admissible level theories [14, 15], and in the
full description of bosonic By ghosts [11, 13]. Necessity aside, we feel that from some points of view, particularly
that of Zhu’s algebra [46], discussed in Appendix B, it is more natural to consider these relaxed modules instead

of the standard highest weight modules that one typically encounters in rational conformal field theory.

2.1. Relaxed highest weight theory. We recall that the formalism of highest weight theory for a Lie algebra g is
built from a triangular decomposition

g=g-dhdg;. (2.1)
This is a vector space direct sum of subalgebras of g in which the Cartan subalgebra § is abelian and acts semisim-
ply, through the adjoint action, on both g_ and g. In particular, [h, gi} C g+. Moreover, the subalgebras g_

and g, are assumed to be antiequivalent in that there exists a (linear) order two antiautomorphism, the adjoint ,
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satisfying gl = g+. The elements of h are supposed to be fixed by T, meaning that each x € b is self-adjoint [47].
This is, however, a little too restrictive; we instead only demand that the adjoint preserves the Cartan subalgebra.
Since b is abelian, this implies that each x € § is normal: [x,xT] = (. Note that being a linear antiautomorphism

"= ax" and [x,yr = [y",x"], foralla € Cand x,y € g.

means that (ax)

Given such a triangular decomposition, one defines a highest weight vector in a given g-module to be a simul-
taneous eigenvector of the elements of f) which is annihilated by all the elements of g. Any module generated by
a single highest weight vector is called a highest weight module. Conspicuous examples include the Verma mod-
ules V; = Ug ®yp C,,, where LUg denotes the universal enveloping algebra of g, $b that of the Borel subalgebra
b=hP g, A €h*is the highest weight, and C, is the one-dimensional b-module upon which g acts as 0 and
each x € h acts as A (x) € C. The highest weight vector generating V; is 1®qp 15, where 1 denotes the unit of Llg
(and 1, that of Cy = C).

The Lie algebras g that one typically encounters in conformal field theory have triangular decompositions.
However, they also have more structure in that they are graded by the semisimple action of the Virasoro zero mode
Ly so that, if g, denotes the ad (Ly)-eigenspace of eigenvalue —n, then [gm, g,,] C gm+n- Moreover, the Cartan
subalgebra § is generally chosen to include g, which we will always assume is self-adjoint, hence it follows that
), = g_m. Given this structure, the following definition is natural:

Definition. Let g be a Lie algebra with triangular decomposition (2.1) (where the Cartan subalgebra may include
elements that are not self-adjoint). If there exists Ly € § such that g = @, g, where g, is the eigenspace of ad (L)
of eigenvalue —n, and Ly is the zero mode of a subalgebra of g isomorphic to the Virasoro algebra, then we will

say that g is conformally graded.

The most obvious example is the Virasoro algebra itself which is clearly conformally graded with g, = span{L,},
for n € Z\ {0}, go = span{Ly,C} and g, = {0} otherwise. This shows that the usual, but somewhat confusing,

convention that [L07L,,} = —L, is responsible for g, having ad (Ly)-eigenvalue —n in the above definition.
Definition. Given a conformally graded Lie algebra g, its relaxed triangular decomposition is

g=0<Dgo DY, (2.2)

where g« = @, 0, and g~ = P, s A relaxed highest weight vector is then a simultaneous eigenvector of
h C go that is annihilated by g-. A relaxed highest weight module is a module that is generated by a single relaxed
highest weight vector. The relaxed Borel subalgebra is g> = go ® g~ and a relaxed Verma module is a g-module

isomorphic to Ry = Ug ®y(g. M, where M is a simple weight module of go upon which g-. acts as 0.

These definitions have obvious analogues for Lie superalgebras and other more general structures, but we will not
need this level of generality in what follows.

In this article, we will only consider triangular decompositions of a conformally graded Lie algebra g that satisfy
g< Cg_ and g- C g4. Thus, positive modes are always in g and negative modes are always in g_. When go = b,
the relaxed triangular decomposition then coincides with the (unique) triangular decomposition of this type. We
will shortly see examples of relaxed highest weight modules which are not highest weight modules in the usual
sense. First, however, we mention that relaxed highest weight modules may be identified as generalised highest
weight modules with respect to the parabolic subalgebra g> = go ® g~.. We recall that a parabolic subalgebra is
any subalgebra that contains a Borel subalgebra (see [47,48] for a quick overview of parabolic subalgebras).

It will be occasionally convenient to take this a step further and introduce a category of modules, generalising
the well known category &, that contains the relaxed highest weight modules of g. This is essentially (a variant of)
the parabolic category & discussed, for example, in [48]. The explicit details of this category are not essential for
understanding the results to follow, but we shall devote a few paragraphs to explaining their physical motivation.

Definition. Given a conformally graded Lie algebra g = g & go & g, define the relaxed category % to consist of

the g-modules M satisfying the following axioms:
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e M is finitely generated.
e M is a weight module (the action of the Cartan subalgebra b is semisimple).

e The action of g- is locally nilpotent: For each v € M, the space $lg- - v is finite-dimensional.

The morphisms are the g-module homomorphisms between these modules, as usual.

All highest weight and relaxed highest weight modules belong to category %. Moreover, if g has finite-dimensional
root spaces, then it follows that each module in M will have finite-dimensional weight spaces. Another important
consequence of these axioms is that every (non-zero) module in category % possesses a relaxed highest weight
vector, hence that every simple category &% module is a relaxed highest weight module.

One can, and should, ask whether the mathematical axioms that we impose on category % will end up excluding
modules relevant for applications. This is an important question and the answer is that they do exclude relevant
modules, but in a well-controlled manner. Our motivation for introducing this category is that we want to classify
the modules of the admissible level k vertex operator algebra A; (u,v) by identifying these modules as ﬁA[(Z)-
modules. For the physical application of investigating the corresponding conformal field theories, we must insist
that the category of A; (u,v) -modules be closed under the conjugation operation of 5A[(2) (see Section 2.2) and
fusion. Moreover, we want the characters to behave well under modular transformations so that one can identify
modular invariant partition functions and compute (Grothendieck) fusion rules from a Verlinde-type formula.

Category O is not sufficient for these purposes, in particular, the conjugate of an A; (u, v) -module from category
0 need not lie in category &. Relaxing to category & alleviates this problem and has recently been shown [15]
to lead to characters with excellent modular behaviour, provided that one extends the category again to take into
account twists by the so-called spectral flow automorphisms. The upshot is that these spectrally-flowed modules
are not in category Z#, but the twisting is very well understood, justifying the above statement that the exclusion of
these physically relevant modules is under control.

Axiomatically, accounting for the spectrally-flowed modules would require weakening the local nilpotency
axiom above. However, this axiom has the advantage that category & provides a very natural setting for the
important, and very useful, technology of Zhu’s algebra, discussed in Appendix B. We restrict to weight modules
because the fusion coproduct formulae [49] for 57[(2) show that the fusion product of two weight modules will
again be weight. Similarly, the conjugate of a weight module is weight and omitting non-weight modules does
not restrict the characters in any way. Moreover, being weight does not preclude the Virasoro zero mode Lg from
acting non-semisimply as is required in logarithmic conformal field theories.

To summarise, the relaxed category Z is a rich source of modules for affine Kac-Moody (super)algebras that

appears to be even more relevant to conformal field theory than the much more familiar category &.

2.2. Examples. In this paper, we will use the Wakimoto free field realisation to study the relaxed highest weight
modules of 5?[(2) and determine which of these are modules for the admissible level vertex operator algebras
A (u,v), where u € Z>, and v € Z> are coprime and the level & is determined by % =t =k-+2. We will therefore
need to investigate the (relaxed) highest weight theory of the Heisenberg algebra §), the ¢ = 2 bosonic Y ghost

system & and sl (2) itself. This investigation constitutes the rest of the section.

The Heisenberg algebra $. We will use the same notations and conventions for the Heisenberg algebra as in
[33]. The free boson vertex operator algebra is generated by a single bosonic field a(z), defined by the operator
product expansion
1
a(z)a(w) ~ —. 2.3
@atw) ~ = 23
With the standard Fourier expansion, a(z) =),c7 a,z~"~1, the operator product expansion implies the following
commutation relations:
[am,an] = m&u1nol, m,n € Z. 2.4)
The Heisenberg algebra §) is then the infinite-dimensional Lie algebra spanned by the a, and 1, the latter being

identified with the unit of the universal enveloping algebra of §), as usual. We will assume that 1 acts as the identity
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operator on any $-module. This is only a minor restriction since a simple rescaling of the generators lets this
operator act as multiplication by any non-zero number.
As is well known, the free boson vertex operator algebra admits a one-parameter family of conformal structures.
We will write the energy-momentum tensor and central charge in the form
bos 1 1 bos
7% (2) = 5 ra(z)alz) 1 — —dalz), =1
2 a
where o parametrises the conformal structure. We note that &¢ — oo reproduces the standard free boson central

12
o 2.5
charge P = 1. In Wakimoto’s construction, this would correspond to k — oo, s0 it is permissible to ignore this
case. It is worth recalling that a(z) is not a Virasoro primary for o finite; instead we have
2/al a(w da(w

/a1 a(w) | da(w)

T (2)a(w) ~ ET I P

(2.6)

The Fourier expansion T (z) = ¥, . L2°77"=2 defines the Virasoro modes and it is easy to check that the
Lie algebra g spanned by the a,, L2°* and 1 is conformally graded. It is likewise easy to check that (for finite c)

the only adjoint on the Heisenberg algebra consistent with the standard Virasoro adjoint (L2°%)" = L2 is

2
a=—a_,— < 0l 2.7)
Since go = span{ag,Lo,1} is abelian, it coincides with the Cartan subalgebra hj, hence relaxed highest weight
theory reduces to ordinary highest weight theory for the Heisenberg algebra. We remark that this is one example
where we cannot insist that the Cartan subalgebra consist of self-adjoint elements.

The highest weight theory of the Heisenberg Lie algebra is well known. The Verma modules are known as Fock
spaces and are parametrised by the ag-eigenvalue p of the highest weight vector. They are simple for all p € C.
We will denote the Fock spaces by F, and their corresponding highest weight vectors by u,,. In accordance with
(2.7), the module conjugate to the Fock space F), is I, 5 /4.

The ghost algebra &. For the 3y ghost system, we follow the notations and conventions of [13]. The ghost vertex

operator algebra is generated by two bosonic fields, (z) and y(z), whose operator product expansions are

BB ~0, 1AM ~——,  H2)yw) ~o. (2.8)

—w

From these, one constructs a Heisenberg field J(z) and an energy-momentum tensor 72" (z) by

J@)=:B@NE):, T =—:B)IN):. 2.9)

These give B(z) and y(z) Heisenberg weights +1 and —1, and conformal weights 1 and 0, respectively. We remark

that J(z) is not normalised as in (2.3), nor is it primary with respect to 72" (z):

1 -1 J(w) aJ(w)
J(Z)J(W)Nm, (Z_W)3+(Z_W)2+ .

T (2)J(w) ~ (2.10)

—w
As with the free boson, there is actually a one-parameter family of conformal structures; 72" (z) has been chosen
so that the ghost fields 3(z) and 7y(z) have the required conformal weights. This choice also fixes the central charge
of the ghost system to be c2" = 2.

The Fourier expansions 3(z) = Y_,cz Baz " ! and ¥(z) = ¥z %z " now yield the commutation relations

[ﬁﬁhﬁﬂ] =0, [Ymaﬁn] = Om+nol, [Ymv ')/n} =0; m,n € 7. (2.11)

The infinite-dimensional Lie algebra &, spanned by the f3,, ¥, and 1, is called the ghost Lie algebra. Again,
1 is identified with the unit of (& and we assume that it acts as the identity on all &-modules. As with the
Heisenberg algebra, we will extend this algebra by the modes J,,,L%h' € U, defined by J(z) = ¥,czJuz " ! and
T (2) =Y,z L&"7z7"=2_ The Lie algebra g spanned by the B, 1, Ju, L™ and 1 s then conformally graded with
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relations including
[Jm7ﬁn] = Bintns [Jma'Vn] = —Ym+n, [L;gnh'aﬁn} = —nButn, [L;%lh'7 n] = _(m+n)7m+na (2.122)

1
[‘Imrln] = _m6m+n,017 [Lrgnhiyjn] = —nJmin— Em(m+ 1)5m+n,01~ (2.12b)

The Cartan subalgebra b = span{Jo,Lﬁh', 1} is a proper subalgebra of gy = span{ o, %,J0, L, 1}, so the relaxed
and ordinary highest weight theories of the ¥ ghost system do not coincide. In this case, the ghost adjoint

Bi = 7-n (2.13)

implies that all the elements of § are self-adjoint.

We start with the ordinary highest weight theory corresponding to the triangular decomposition in which By € g+
annihilates the highest weight vector v and 7y € g— need not. It turns out that this yields a unique Verma module
because these conditions imply that Jov = L(g)h'v =0 (and 1 acts as the identity, as always). This module is simple;
in fact, we may take it to be the ghost vacuum module G because these conditions also imply that Lg_hl'v =0. Of
course, one can also take the triangular decomposition in which 7 annihilates the highest weight vector and B
need not.> The resulting Verma module is the simple module C(S) conjugate to G, obtained by twisting the action
of & by c, the (order 4) conjugation automorphism that sends f3, to 7, and %, to —f3,..

The relaxed highest weight theory of the ghost system is significantly more interesting as we no longer require
that By (or 9p) annihilates the highest weight vector. In fact, we may induce from a fairly arbitrary simple weight
module of gg. Given that Jy and Lgh', as abstract elements of g, are going to be identified with elements of /& and
that the go-module weight vectors are going to be identified with the relaxed highest weight vectors of the induced
module, we may restrict to go-modules on which the action of Jj is identified with that of 9y and the action of
Lgh‘ is always 0.

Proposition 2.1 [13, Prop. 1]. A simple weight module over gy upon which Jy = Yo and Lgh' = 0 is isomorphic
to one of the following:

e The module G generated by a vector v which is annihilated by By and thus also Jo. This module has a basis of
weight vectors v;, j € Z<o, where Jov; = jv;.

e The module E(g) conjugate to G, generated by a vector v which is annihilated by Yy and thus Jov = v. This
module has a basis of weight vectors v;, j € Z>1, where Jov; = jv;.

o The modules §q, where q € C\ Z, each of which is generated by a vector v satisfying Jov = qv; it follows that
no non-zero vector is annihilated by By or Y. The eigenvalues of Jy = Yo all lie in q + Z and these modules
have a basis of weight vectors v, j € q+Z, satisfying Jov; = jv;. The modules §q and §q+1 are isomorphic.
Additionally, one can consider the indecomposable go-modules §§ and §(§ that likewise have a basis of weight

vectors v;, j € Z, satisfying Jov; = jv;, but they are not simple. They are determined (up to isomorphism) by the

following non-split short exact sequences:

0—G—Gy —¢c(§) —0, 0—7¢(G) —G —5—0. (2.14)

Inducing the go-modules G, €(5) and G, (¢ ¢ Z) therefore results in relaxed Verma modules for &. The first
two give the simple ghost vacuum module G and its conjugate C(S), respectively; the last gives new modules G,
which are also simple and satisfy G, = G, 1. We may similarly induce the non-simple go-modules 53 and §5 to
obtain non-simple &-modules §§ and G, which are likewise determined (up to isomorphism) by the following

non-split short exact sequences:

0—95—G; —c(9) —0, 0—¢c(9)—G, —5—0. (2.15)

3There are other triangular decompositions, but they will not concern us here. Indeed, they may be obtained from those already mentioned by
twisting with a so-called spectral flow automorphism, see [13].
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~

The affine Kac-Moody algebra s[(2). We consider the universal vertex operator algebra of non-critical level
k # —2 generated by three fields e(z), h(z) and f(z) satisfying the operator product expansions

h@etw) ~ 200 nw) ~ 2L ¢(2)e(w) ~0,
o 0 (2.16)
Hr~ L e@ro s P EEL @ ~o

and no other (independent) relations. We denote this vertex operator algebra by V;. The maximal proper ideal
of Vj is non-trivial if and only if k is admissible. Moreover, this ideal is generated by a single primary field
(singular vector) [41]; we do not set this primary field to zero. Note that we have chosen the 5[(2) basis {e, i, f}
to be consistent with previous work, [12] in particular, where it was necessary to tailor the basis to the 5[(2;R)
adjoint rather than the (more traditional) su (2) adjoint. This is reflected in the signs appearing in the formulae for
e(z)f(w) above.

With the usual Fourier expansions g(z) = ¥,cz 8.2 "', where g = e, h, f, the commutation relations are

[hmyen} = +2emin, [hm7hn] = 2m6m+n,0kla [emaen] =0,

MEL 2.17
[hmafn} = =2 fmtn; [em,fn] = _hm+n _m8m+n,0k1> [fmafn] =0, - ( :

and these make span {e,, i, f»,1} into a Lie algebra which we denote by sl(2). Once again, we assume that the
unit 1 € £4(s(2)) acts as the identity on each 5l (2)-module.

The standard conformal structure of Vy is uniquely determined by requiring that e(z), 4(z) and f(z) are Virasoro
primaries of conformal weight 1 (this structure exists for all kK # —2). The Sugawara construction then gives the
explicit form of the energy-momentum tensor as

T(z)= 2% (; th(Dh(z): —:e(@)f(2): — : f(2)e(z) :), (2.18)

where t =k+2. With T (z) =Y ez L,z "2, one finds that the modes L, generate a copy of the Virasoro algebra
with central charge ¢ = 3 — 6/t. The Lie algebra g spanned by the e,, Ay, f,, L, and 1 is then conformally graded
with Cartan subalgebra b = span {hg, Ly, 1}. We have chosen the 5[(2) basis so that the 5[(2;R) adjoint becomes

el=fn  hi=h_. (2.19)

Again, the Cartan subalgebra consists of self-adjoint elements.

The highest weight theory of f,A[(Z) is well known. The standard triangular decomposition splits the zero
modes so that ey € g annihilates highest weight vectors but f € g_ need not. Then, the Verma modules V,,
are parametrised by the 5[(2)—weight (ho-eigenvalue) A € C of the highest weight vector because it follows from
(2.18) that its conformal weight is then given by

These Verma modules need not be simple. The quotient module V/V_,, where the submodule V_, is generated
by acting with fj on the (generating) highest weight vector of Vy, is the vacuum module; it carries the structure of
the universal vertex operator algebra V; defined by (2.16). As with the ghosts, one can also consider the triangular
decomposition in which fy annihilates highest weight vectors but ey need not.* The Verma modules with respect
to this decomposition are then the conjugates W(V ,1) of the Verma modules V;, where the (order 2) conjugation
automorphism w sends ¢, to —f, and h, to —h,,.

Because g = span{eg, ho, fo,Lo,1} is non-abelian, it strictly contains f, so the relaxed highest weight theory

of g[(2) is strictly more general. We note that inducing from a go-module reduces to choosing an 5[(2) -module

4And as with the ghosts, there are again other triangular decompositions that will not concern us here, being related to those discussed here by
spectral flow automorphisms, see [12, 15].
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because we require that 4¢L acts as h% —2eqfo — 2foeo (this is how 4zL acts on relaxed highest weight vectors).
The analogue of Proposition 2.1 is then the classification of weight modules for 5[(2) (see [50], for example):

Proposition 2.2. The simple weight modules of 5[(2) are exhausted by the following:

e The (A + 1)-dimensional modules L, with A € Zo. The module Ly has a basis of weight vectors w,,, where
m=A,A—2,...,—A and how,, = mwy,. It is both highest and lowest weight.

e The infinite-dimensional highest weight modules D, with A € C\ Z>¢. The module D) has a basis of weight
vectors wy,, where m = A, A —2,A —4,... and how,, = mwy,.

o The infinite-dimensional lowest weight modules W(ﬁ_ ;L), with A € C\ Z<o. Here, W is the Weyl reflection
of 5[(2) that sends eg to —fo and hg to —hg. The module W(@, x) has a basis of weight vectors wy,, where
m=AA+2,A+4,...and how,, = mw,,.

e The infinite-dimensional weight modules R, A with A, A € C satisfying 4tA# u (U +2) for any u € A +2Z. The
module iA;A has a basis of weight vectors wy, with W € A + 27, satisfying howy = Uwy. It is neither highest

nor lowest weight. Moreover, there are isomorphisms ﬁ,l; ARy, 12:A-

As with Proposition 2.1, there are non-simple analogues of the ﬁl; A When 4¢A = pu (1 +2) for some u € A +27.
The structures of these indecomposables depend upon precisely how many p € A 4 27Z satisfy this constraint [50]
and we shall defer their consideration until they are needed (Section 4.2).

Inducing each of the simple 5[(2) -modules now yields relaxed Verma modules for sl (2). More precisely:

e Inducing £, where A € Z, results in the highest weight module V; /V_; _,, where the highest weight vectors
of V, and V_,_, arerelated by w_; _, = f&“w,l. This induced module need not be simple; its simple quotient
will be denoted by £, . These simple modules are self-conjugate: W(L ,1) =0L,.

e Inducing D, where A € C\ Zx, results in the Verma module V; ; the simple quotient will be denoted by D; .

e Inducing W(D_, ), where A € C\ Z<, results in w(V_, ); the simple quotient is w(D_; ).

e Inducing R, with A,A € C satisfying 4tA # p (1 +2) for any g € A + 27, results in a new relaxed Verma
module that we shall denote by R.5; its simple quotient will be denoted by €,.4. As above, there are isomor-

phisms Ry .o =2 Ry 0.4 and €.4 = € 42.4. Finally, the module conjugate to 3.5 is €_j.a.

We emphasise that whereas the simple highest weight modules (and their conjugates) are characterised by a single
parameter, the highest weight, the £,.o require two parameters in general. The three classes of simple sl (2)-
modules £;, D; and w (D, 2 ) ,and &, ., are distinguished by their relaxed highest weight vectors: £ has finitely
many (A + 1 in fact); D, and w (D_ ,1) have infinitely many, but their 5[(2) -weights are bounded above and below,
respectively; €. has infinitely many with no bound on the 5[(2) -weights.

3. THE WAKIMOTO FREE FIELD REALISATION

A free field realisation of sA[(2) for any level was constructed by Wakimoto in [20]. It shows that fields e(z),
h(z) and f (z), satisfying the operator product expansions (2.16), may be constructed in terms of a free boson and
a pair of bosonic ghosts. We review this and the screening operator formalism of free field theories, concluding
by deriving explicit formulae, in terms of Jack symmetric polynomials, for certain (relaxed) singular vectors in

(relaxed) Wakimoto modules over s[(2). A corollary of this analysis is that for admissible levels, Wakimoto’s
construction describes the universal vertex operator algebra Vj of sl (2), rather than its simple quotient A (u, v).

3.1. The Wakimoto construction. There is a one-parameter family of realisations of 5A[(2) in terms of tensor
products of the free boson and ghost fields. Given the operator product expansions (2.3) and (2.8), it is straightfor-

ward to verify that defining (we omit the tensor products for notational simplicity)

e(z) =PB(z),  h(zx)=2:B()¥(2): +aal(z),

a?

(3.1
f(2) = BV : +aal@)r() + (5 —2) )
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reproduces the sl (2) operator product expansions (2.16) with the level k = ¢ — 2 being related to the parameter o
by a? = 2t. Moreover, the sl (2) energy-momentum tensor (2.18) and central charge then decompose as

T(z) =T (z)+ T () = % ca(z)a(z) : — éaa(z) —:B(2)dv(z):,

12 6
C:Cb05.+cgh-:1—72—|—2:3—77
o t

(3.2)

identifying o with the deformation parameter in the free boson conformal structure (2.5).

Definition. We define the Wakimoto vertex operator algebra to be the tensor product of the Heisenberg and ghost

vertex operator algebras, equipped with the conformal structure given in (3.2).

Recall that when k is admissible, the universal s[ (2) vertex operator algebra is not simple, but has a unique maximal
ideal that is generated by a single primary field (singular vector). One of the results of this section (Corollary 3.2)
is that this field is non-zero in the Wakimoto vertex operator algebra.

The Wakimoto free field realisation endows the tensor product of a Heisenberg Fock space and a ghost module
with the structure of an sl (2)-module, by restriction. We refer to such modules as Wakimoto modules, distinguish-

ing at least four types:

e The highest weight Wakimoto modules W, = J, ® G, recalling that § denotes the ghost vacuum module.

e The conjugate highest weight Wakimoto modules ¢ (W,,) =JF,®c (9) , obtained by conjugating the ghost mod-
ule.

e The relaxed highest weight Wakimoto modules W,., = F, ® G, for g ¢ 7Z.

e The relaxed highest weight Wakimoto modules W;E;O =F,® S(jf.

The structure of the highest weight Wakimoto modules W, was determined in [4]. To the best of our knowledge,
the relaxed modules W,,., have not previously been considered in the literature.

Consider now the tensor product of a Heisenberg highest weight vector u,, and the ghost vacuum v, denoting
it by f p) = u, ®v for convenience. The free field realisations (3.1) of the 5[(2) fields imply that ‘ p) isan s1(2)
highest weight vector of 5[(2) - and conformal weight

2) _ Ap(Ap+2) 43

1
Ay =ap, Apzp(p+a PR

where we recall that > = 2¢. Similarly, the tensor product

Piq) = up ® vy of u, with a relaxed highest weight
vector v, for the ghosts is an sl (2) relaxed highest weight vector of 5[(2) - and conformal weight

2\ (Apg—29) (Apg —2q+2)
(p+a> B 4

1
Apg = 0p+2g, Ap=2p . (3.4)

2

This shows that all the simple 5A[(2)-m0dules, highest weight and relaxed, may be realised as subquotients of

Wakimoto modules.

3.2. Screening fields and operators. We begin by recalling the construction of vertex operators for the free
boson. For this, one extends the Heisenberg algebra by introducing a generator 4 satisfying

[am,a] = 8ol (3.5)

The vertex operators ¥, (z), parametrised by p € C, are then defined by
. o_ a,
Vp(z) = ePizP% H exp (p—mzm) exp (—p—mz_m> . (3.6)
ot m m
A standard computation shows that the vertex operators are free boson primaries of Heisenberg weight p and
conformal weight % p ( p+ %), by virtue of the operator product expansions
PYp(w) 22(P )% (W) | 9%p(w)

a(2) ¥ (w) ~ E— T (2) ¥ (w) ~ (- w)?

(3.7)

z—w
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For later use, we record that the composition of k vertex operators is given by

k k k
. A -a a_ a, _
Ppo (1) P () = [ T@— )77 - e=mr P Tl - T exp (mmzp,-z;"> o (nranzpizi ’") oY
i=1 i=1 i=1

i<j m>1

We now define the notion of a screening field.

Definition. A screening field 2(w) for a vertex operator algebra V is a field, generally not belonging to V itself,
which has the property that the singular terms of the operator product expansions of each of the generating fields

of V with 2(w) are total derivatives in w.

Our definition of a screening operator, in a moral sense at least, is then a vertex operator algebra module homo-
morphism that can be constructed from screening fields. This means that a screening operator commutes with the
fields, and hence the mode algebra, of the vertex operator algebra. The standard way of constructing screening
operators is as the residues (zero modes) of screening fields; these are guaranteed to commute with all the vertex
operator algebra fields, provided that the residues are well defined. Their chief application stems from the fact
that they map (relaxed) highest weight vectors to (relaxed) highest weight vectors and thereby explicitly construct
(relaxed) singular vectors. We remark that if the screening field is a Virasoro primary (excluding the identity field),
then its operator product expansion with the energy-momentum tensor forces its conformal weight to be 1.

The operator product expansions of the free field sl (2) fields (3.1) with a free boson vertex operator are easily
computed to be

ap?,(w ap?,(w)y(w
(T~ 0, hE W) e I gy ) o, SP7LN) (9)
=W Z—w
For a vertex operator to be a non-trivial screening field, its Heisenberg weight would have to satisfy % p ( p+ %) =1.
However, the above operator product expansions show that these vertex operators are not screening fields for sl (2).

However, the field 2(z) = 7_,/4(z)B(z) is a screening field [4]:

Vooa
e(2)2(w) ~ 0, h(z)2(w) ~ 0, f2)2(w) ~ —t&wzz/_iv(vw). (3.10)
It follows that the zero mode
[ _ dz _ dz
2= 20) = § 7 2/a(BC) 5 (3.11)

is a screening operator, whenever the contour around 0 actually closes. This will be the case when 2!! acts on a
state for which the relevant Fourier expansion of 2(z) has only integer powers of z. Equivalently, 2 1 has a well
defined action on a given state if and only if the operator product expansion of 2(z) with the corresponding field
is a Laurent series. For example, 2l only acts on | p> = up ®v, the tensor product of a Heisenberg vacuum u,,
with the ghost vacuum v, when p = %m(x, m € 7, because

Vp-2/a(W)B(W)

2(2)p(w) = V_2/a(2)Vp(w)B(2) = (Z—w)2r/a

(3.12)

This shows that the screening field 2(z) only defines module homomorphisms, hence constructs singular vectors,
for certain vertex operator algebra modules.

To construct more module homomorphisms, it is natural to consider products of screening fields. To check that
such products also yield screening operators, it is convenient to use the language of differential forms. Suppose

then that j(z) is a vertex operator algebra field and that 2;(w;) is a screening field, so that
[jn, Q,’(Wi) dw,-] = awl. ?}’,-(wi) dWi = d@i(wi)7 (313)
for some (n-dependent) £2;(w;). Then,

[jn,gl (Wl) dwi A QQ(WQ) sz] =dZ; (Wl) /\QQ(Wz)dwz + 2 (Wl) dw /\dgzz(WQ)
:d(«@](Wl)QZ(Wz)sz-QI(Wl)dW] gzz(Wz)) (3.14)
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is exact, hence the commutator vanishes upon integrating over a closed cycle. The generalisation to more than two
screening fields is immediate.

We therefore ask the question of when there exists a closed cycle over which some given product of the screening
fields 2(z) = ¥_5/4(z) B(z) can be integrated to define 5[(2)-homomorphisms. We introduce the shorthand

() =2 (z,....5) = 2(z1) - 2(z) (3.15)

and consider the action of this product of screening fields on the Wakimoto module W, whose Heisenberg highest

weight is p . Using (3.8), this action can be written in the form

Q[r](z)‘ _ H (Zi_Zj)4/a2'HZ;2p/a

Wp

1<i<j<r i=1
2 a_m 2—ap r

: —Zpn () == @) - : . (316

[Tewe (~5on %52 oo (Zon @ ) 118, | . 16

where p,, (z) denotes a power sum and the overline p,, (z) = pm (zfl,...,z,’]) denotes variable inversion (see

Appendix A for our conventions for power sums and other symmetric polynomials). The action of 2 Y (z) on the
other Wakimoto modules with Heisenberg highest weight p, for example the relaxed highest weight module W,,.,,
is identical — the ghost weight ¢ is not changed.

Up to an unimportant phase factor, which we suppress, the first two factors on the right-hand side of (3.16) are

H (z _Zj)4/oc2 ,IL[Z;2P/OC _ H (1 _ ﬁ) e .IL[ZI(’*I)Z/sz%P/Ot7 (3.17)
1<i<j<r i=1 1<i£j<r Zj i=1
where we recall that o> = 2¢. The second factor on the right-hand side of this expression therefore isolates all
the (potential) non-integer powers of the z; in (3.16), hence a closed cycle over which 20'] (z) may be integrated
will exist precisely when the common exponent of the z; in this factor is an integer, s € Z say. This requires the
Heisenberg weight p of the Wakimoto module W to have the form

-1 o
pm:%—%, reZs>y, se€Z. (3.18)
We remark that the multivalued function
N\ 1/t
Gzn= T (1-2)", (3.19)
1<i#j<r Zj

appearing on the right-hand side of (3.17), is just the integration kernel of the inner product (A.18) with respect to

which the Jack symmetric polynomials are orthogonal. Setting p = p,.,, (3.16) now takes the form

21 (z) o = Gr(z;t)fk? JJexp (—ipm (2) a};’") exp (i'%(z)i::) -f{ﬁ’(a)

Prs m>1

(3.20)

Wy

—rs

Again, the action on W, ., is identical except that the right-hand side now acts on W, ;.

3.3. Singular vectors. The existence of cycles over which the product 2 (z) of screening fields may be inte-
grated follows from the same arguments used in the analogous question for the free field realisation of the universal
Virasoro vertex operator algebra, because the multivalued function G,(z;¢) is the same in both cases. This question
was answered for the Virasoro case (see Theorem A.4) by Tsuchiya and Kanie [26] to whom we refer for further

details. We will use the cycles [A,] that they construct in what follows, but normalised so that

dzy---dz
Gz =1 (320

(A/] FARRRN4S
We mention that there are various explicit constructions of cycles, over which screening operators can be inte-
grated, in the conformal field theory literature, but that the symmetric function literature uses different construc-

tions again. However, Cohen and Varchenko [51] showed that, up to normalisation, there is only one non-trivial
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homology class of cycles when the integrand is G,(z;¢) times a symmetric function, bar some restrictions on ¢, and
thus the various constructions in the literature are all essentially equivalent.’

The normalised cycles [A,] let us construct f/,\[(Z)—homomorphisms (screening operators) from the products
] (z) of screening fields. Our aim is to use these homomorphisms to explicitly construct singular vectors in
(relaxed) highest weight modules over sl (2) using symmetric function technology (we refer to Appendix A for a
primer on what is needed). Of course, we need to verify that the screening operators are not just zero maps.

To this purpose, we introduce an algebra isomorphism pg, for each 6§ € C*, from the algebra A of symmetric
polynomials in infinitely many variables to the universal enveloping algebra $$)_ of the negative subalgebra of the

Heisenberg algebra. This isomorphism is given, on the power sum generators, by

Ps(Pm (¥)) = 6a—pm. (3.22)

For convenience, we will always take pg to act only on symmetric polynomials of the variables y;. For the ghosts,
we analogously define injective linear maps o, and G, from the algebra A, of symmetric polynomials in r variables
to the ghost universal enveloping algebra £{&. These maps are defined on the basis {g}, : ¢(v) <r} dual to the

symmetric monomials my by

or(gy(x) =B-vi-1--Bv—1,  Gr(gy(x)) =B-v, By, (3.23)

We will only take these maps to act on symmetric polynomials in the x;. Here, the partition v may have length ¢(Vv)
strictly less than r; in this case, we pad the partition with zeroes so that the images o, (g!,) and &,(g!,) are padded
by B_1 or Py, respectively, so that the right hand sides of (3.23) each consist of r factors.

With these maps, we can prove that the 2 Y (z) yield non-trivial screening operators and derive explicit formulae

for certain (relaxed) singular vectors of the (relaxed) Verma modules over sl (2).

Theorem 3.1. Letr € Z>, s € Z and t € C* and suppose that d(d+ 1)/t ¢ Z and d(r —d)/t ¢ Z, for all integers
d satisfying 1 <d <r—1. Then,
ol — /[ ]g[r] 21y 2 dzy -+ dzy (3.24)
Ar

defines non-trivial sl (2)-module homomorphisms between (relaxed) Wakimoto modules:
MW, =W, 2 W, oW, (3.25)

In particular, if ’Pm> = up,, ®v and |pm;q> = up,, ® vy, where uy, denotes the Heisenberg highest weight vector
of weight p, v denotes the ghost vacuum and v, denotes a ghost relaxed highest weight vector of weight q ¢ Z, then

(- 0) (Q, 1y (63)) [prs) £0 ifs <1,
ifs>0,

gl ‘ Prs) = (3.26a)

(p,a Oar) (Ql[fs’] (x,y)) ’p*”vs;q> #0 ifs <0,
ifs>1,

9| pysiq) = (3.26b)

where Q', denotes the symmetric polynomials dual to the Jack polynomials (see Appendix A). The Q[r]-images of
’Pr.,s> (|pr,s;q>) inW,_,.. (Wp_,.q) are therefore (relaxed) singular vectors, for s < —1 (s <0).

Proof. We first show the non-triviality of 2. Let (p_,| and (p_,:q

denote the functionals dual to ] p_,,s> and
| p,m;q>, respectively. Then, it follows from the ghost commutation relations (2.11) and adjoint (2.13) that

(g | TTBG)Y svg) = (1) vy |vg) [ ], s>l geC. (3.27a)
i=1 i=1

51t is because of these minor restrictions on ¢ that we state our choice of class of cycle explicitly. These restrictions are only relevant for the
precise statement of Theorem 3.1. A more detailed understanding of these cycles is not required for reading the remainder of this article.
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Replacing the relaxed highest weight vector v, by the ghost vacuum v gives the same result, but for s > 0 (because

Po annihilates v):
WITIB@) Y- w) = (=) (v | W] z*",  s=>o. (3.27b)
i=1 i=1

The non-triviality of 9l on me, for s > 0, now follows from (3.20) and the normalisation of [A,]:
(s 277, rs) = /A Gl <p,r,s<nmzmrp,mdm el

dz1
"'Prx|P r\/ G

= (_1) r!<p,m ’ pfr,s> #0. (3.28a)

Here, we note that the a_,, and a,,, with m > 1, appearing in (3.20) annihilate < p,m| and ’ p,’S>, respectively. A

similar calculation gives the relaxed version for s > 1:

Q[r]i’:s|l7r,s§61> = (_l)rr!<p—r,s;q | p—r,s;q> #0. (3.28b)

We note that the conformal weight of | p,m> (| p,r7s;q>) is greater than that of | pr7s> (’ Dr, S;q>) by rs. It follows

<p—r,s;q

that 2" ‘ p,,s> =0 (2N ] pm;q> =0) for all s > 1 because 2! is an 5A[(2)—module homomorphism and hence it
preserves conformal weights.
We settle the non-triviality of 20! for the remaining values of s by explicitly computing the image of the

(relaxed) highest weight vectors ] pm> and ‘ Drss q>. In the former case, we obtain

,@["]’pr,s>:./A Gr(Z;t)]fIZl HCXp (pm ) Hﬁ Zi |p rs>dZ1 -dz,

m>1
_ 2 pm( )a,m
Gr(zt HZ HeXP E— Z Bovi—1+Bov,—1my(2)|p—rs) dz1 - dz
] m>1 m viL(v)<r
- 1 pp m
:/ Gr(Z§I)Hzf~p_a<Hexp (p(y)p(Z)>> 'O-f< Z g[v(x)mv(z)>‘p—r,s>dZ1"'er
(Ar] i=1 m>1 t m v )<
. - m m le"'er
= | Gz s+ (5 00, () +pm ()P (Z)) yGady
-/[Ar] (z t)gzl (p—a©0y) (};Ilex < m p—rs) e

(if s = 0, this vanishes, in agreement with (3.26a), as the powers of the z; in the integrand are all positive)

) <Pt[<—1—s>r] (2),Py (Z>>: (P-a00y) (Q) (,3)) | Prs)

v:iL(v)<r
= (P00 07) Q1 (63 ) [Prs)- (3.299)

Here, we have used the finite-variable version of (A.16) to rewrite the sum over the symmetric monomials m, and
their duals g!, as a product of exponentials of power sums. Then, we note that p,, (x) + p;, (v) is the power sum
Pm (x,y) in both x; and y; variables and use (A.16) again to expand the product of exponentials in terms of Jack
polynomials and their duals. Finally, we use Proposition A.5 to identify [ [; z;lf“‘ as a Jack polynomial in the zfl ,
then apply the orthogonality of Jack polynomials, and lastly note that the Jack polynomial norm follows from the
normalisation of [A,]. For s < —1, the result is non-vanishing since p_, and o, are injective. This proves the
non-triviality of 2" on W, for all s € Z, as well as (3.26a).

A similar computation in the relaxed sector results in

;
[r]‘pw / G, (z:t) Hz HexP< 2pm(z 2 ) HB z)|porsiq) dzi -+ dz,

m>1 i=1

_/ 6 Ha Hexp( 2 p (2) a— m) Y _vl...5_Vrmv(z)|p_,ﬁs;q>%

m>1 m vil(v)<r
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= (p-a6,) Q) () ) [P-rsia)- (3.29b)
which is likewise non-vanishing for s < 0 as p_, and G, are injective. This proves (3.26b) and the non-triviality of
9 on'W,, ., forall s € Z. |

Suppose now that the ;[(2) level k is admissible: t = k+2 = ¥, where u € Z> and v € Z>1 are coprime. The
5[(2) vacuum may be identified with the Wakimoto highest weight vector |0) = [p10) = |P—ust~v) EWp i,
(we note the symmetry p,.; = p,qus+v). Theorem 3.1 then guarantees that the sl (2)-module homomorphism 2 [u~1]
acts non-trivially on ’ pu71,7v> to give a non-trivial singular vector in the vacuum module. The corresponding field

then generates the non-trivial proper ideal of the universal vertex operator algebra, proving the following result:

Corollary 3.2. The universal vertex operator algebra V. of sl (2) at non-critical level k # —2 may be realised as

a subalgebra of the Wakimoto vertex operator algebra.

This is, of course, obvious if k is not admissible. What it means in the admissible level case is that calculations
requiring the singular vector of the vacuum module of 5A[(2) may be equivalently carried out in the free field

realisation using Jack symmetric polynomials.

4. CLASSIFYING ADMISSIBLE MODULES

In this section, we specialise to admissible levels k =t — 2, where ¢t = % and u € Z>, and v € Z> are coprime.
Then, the universal vertex operator algebra V; of 5A[(2) is not simple and the unique maximal proper ideal is
generated by the field that corresponds to the singular vector of the vacuum module (see Section 2.2). As we
saw in Theorem 3.1 and Corollary 3.2, the vacuum module may be constructed as a submodule of the Wakimoto
vacuum module Wy and its singular vector is then explicitly given by =1l | Pufl,fv>.

Quotienting by this maximal proper ideal, that is, setting the singular vector =] ’ pu—l,—v> to zero, amounts
to replacing the universal vertex operator algebra V; by its simple counterpart A; (u7v). Our aim in this section
is to use the explicit expression for the vacuum singular vector to classify the possible (relaxed) highest weights
and thereby determine the spectrum of A; (u, v) -modules. By Corollary 3.2, these calculations may be performed
in Wakimoto’s free field realisation. More specifically, we will use symmetric polynomial technology to compute
a generator of the annihilating ideal in Zhu’s algebra. For readers unfamiliar with Zhu’s algebra, we refer to
Appendix B for motivation, basic definitions and a very short primer.

An old result of Frenkel and Zhu [52] states that Zhu’s algebra Zhu [Vk] for V; is nothing but the univer-
sal enveloping algebra £ls[(2) of (non-affine) s[(2) (see Proposition B.3). By Proposition B.2, Zhu’s algebra
Zhu [A1 (u7 v)} for the quotient Ay (u, v) is then the quotient of 115[(2) by the annihilating ideal generated by the
representative of the singular vector 2 [u=1] | Pu—1 ’,V>. Since Zhu’s algebra is filtered by conformal weight, whereas
the conformal weight of e(z), i(z) and f(z) is 1 and the conformal weight of the singular vector is (u — 1)v, it fol-
lows that the image of the singular vector in Zhu[V,] is a polynomial in the s[(2) generators of total degree at
most (1 — 1)v. Furthermore, as Zhu’s algebra is just the algebra of zero modes acting on relaxed highest weight
vectors, the polynomial corresponding to the singular vector can be determined by evaluating the zero mode of
the singular vector on general relaxed highest weight vectors, as in [53], since this is equivalent to evaluating the
polynomial at infinitely many points.

However, the 5[(2) -weight of the vacuum singular vector 2[u-1] |pu,1,,v> is Ay—1,—y = }w_u,_v =2(u-1),
which means that the corresponding field and its zero mode shifts the 5[(2)-Weight of any relaxed highest weight
vector upon which it acts by this amount. It is far more convenient to work with a field that does not shift s[(2) -

weights and so we instead consider the field corresponding to the s{ (2) -weight 0 vector

f @ pusi ) = 22N P )
= Mu—1,—v (lufl,fv - 1) e ()Lufl,fv - M+2) Q[u_l]yg_l |pu71,7v>~ (41)
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Since u > 2, we may renormalise this vector by dividing by the non-zero A,_; _,-dependent factors on the right-
hand side. The field corresponding to this renormalised vector is then

x(w) = o) Q["*l](zl W, Zuet +w)“//pufm,(w)y(w)”" dzy---dzq

= /[A } Voaa(at+w) Vg a2 +w) Yo, (W)B 1 +w) -+ Blzu1+w)y(w)* " dzy -+ dz—1. (42)

=1 p,—1,—) gives a non-zero multiple of the singular vector

We note that ef‘)*] acting on the vector fé’*lo@
Q1] ‘ Pu—1,—v>. It follows that the annihilating ideal that we obtain from  (w) will be the same as that which we

would have obtained if we had instead worked with the singular vector directly.

4.1. Admissible highest weight modules. In this section, we will evaluate the action of the zero mode of y(w)
on a general highest weight vector before moving on to the evaluation of y(w) on relaxed highest weight vectors.
This highest weight computation will not yet yield sufficient information to determine the image of y(w) in Zhu’s
algebra Zhu[V,| as a polynomial in the s[(2) generators e, and f, but it will constrain the weights of admissible
highest weight vectors to a finite set.

Every highest weight vector of Vi may be realised as a highest weight vector of some Wakimoto module W, It
follows that the Heisenberg weights p of the admissible highest weight vectors of sl (2), that is, the highest weight
vectors of the A (u,v)-modules, are zeroes of

<P’X(W) ’P> = /[A ]<”p7%—2/a(21 +w)- yfz/a(zufl +W)7/pu71.7y(w) "‘P>

(v, Bzi+w) - Blzumr +w)yw) V) dzy - dzy. (43)

The ghost contribution is easily evaluated by computing the operator product expansion of the ghost fields. Since

v is the ghost vacuum, only the fully contracted part of the operator product expansion contributes:
(viBlai+w) Bzt +w)yw) ' v) = (v, : Bz +w) - Blzur +w) 1 1 y(w)---y(w) 1 v)
-1 u—1¢,, _ !
_ DT W=D Ly, (“4)

21 Zu—1
The contribution from the free boson part of the Wakimoto realisation is likewise easily determined. Up to non-zero

constant factors, which obviously do not affect the zeroes of < p| x(w) | p>, this contribution is

(up, V2pq (21 W) V20 (Zumt + W) Vot o (W) 1)

u—1
= L ) TGy e 2 a0 )
<iz#j<u— =
u—1 B u—1 Z —2p/a
:Gu_l(z;t)l_[ziv-HO—&—;) (up,u), 4.5)

i=1 i=1
where we have used (3.8), noting that all the terms involving the a,, with n # 0 either annihilate the Heisenberg
vacuum u,, or its dual, and recognised the kernel of the symmetric polynomial inner product from (3.19).
Putting these contributions together, we find that the admissible Heisenberg weights of an sl (2) highest weight

vector (in the Wakimoto free field realisation) must satisfy

. u—1 N —2p/a
0= (plx(w)|p) = ./[Ar] Gu1(z) P () ] (1 + ﬁ) ”/ M(l? | p), (4.6)

i w 21 Zu—1

where we have recognised the product of the z; as a Jack polynomial using Proposition A.5 (recall that the overline
indicates a symmetric polynomial in the inverse variables z;” 1). We have also, again, neglected an overall non-zero
constant factor. This expression has the form of an inner product for symmetric polynomials; to evaluate it, we

only need to decompose the product over i into Jack polynomials. For this, we use specialisation in the form given
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in (A.28) withx; = —z;/wfori<u—1,x;=0fori>u—1,and X = ap:

u—

20/ -
T+ 2) ™" - EPt im0 (@) -

) Eap (Qz (7)) - 47)

1

i=1 T T

Here, we have also used the homogeneity of the Jack polynomials (|7] is the sum of the parts of the partition 7).
Using the orthogonality of Jack polynomials, (4.6) now becomes

0 Zw—\r|< . P’T>:HEW (Q;(y))=w*HV”*‘1|<P@,,,1],Pf[vu,l]>:ﬁlzap (Qfury )

op+td (b)—1'(b)
t(a(b)+1)+1(b)

— =y Zap (QEVM*I] (y)) — (=

be[u—1]

u—1 v
(u—1)v ap+t]_l) (l_l)
) (4.8)
E]l:[l t(v—j+1)+u—1—i

where the result of specialising the dual Jack polynomials Q is given in Proposition A.5 (or (A.28)) and the arm
and leg (co)lengths of (A.2) are easy to determine for the rectangular partition [*~!]. As the denominators of the

factors appearing in this expression are all strictly positive, we arrive at the constraint

u—1v—1 u—1v—1
[1TT(ap+tj—(i—1)) =] [(ap—api;) =o0. 4.9)
i=1 j=0 i=1 j=0

This proves the following result:

Proposition 4.1. Let A.; = A, = op,; = r— 1 —ts. Then, every highest weight vector of an A (u, v) -module has
5[(2)-weight of the form A5, wherer=1,2,...,u—1lands=0,1,...,v—1.

Note that when v = 1, so that k =1 — 2 = u — 2 € Zxy, the allowed s[(2)-weights A.; = Ao = r — 1 belong to the
set {0,1,...,k}. These are, of course, the highest weights of the integrable sl (2)-modules and are well known to
be the A (k +2, 1)—m0dules that arise in the Wess-Zumino-Witten models defined on the Lie group SU (2)

At this point, we cannot say whether all these highest weight vectors do actually appear in an A (u, v) -module.
For this, we need to work out the constraints on an arbitrary relaxed highest weight vector because it is these
constraints which allow us to write down the generator of the annihilating ideal of Zhu’s algebra. It is, however,
well known that the Verma module V., withr=1,2,...,u—1and s =0,1,...,v— 1, has infinitely many linearly
independent singular vectors; however; none have 5[(2) -weights belonging to the allowed set except the generator
of s[(2)-weight A. It follows that there are only finitely many highest weight A; (u,v)-modules:

Corollary 4.2. Every highest weight A, (u,v) -module is isomorphic to one of the simple faA[(Z)-modules Ly, 0r
Dy, wherer =1,2,... . u—lands=1,2,...,v—1.

Again, we have not yet proven that all these Vi-modules are actually A, (u, v) -modules. However, it is germane to
point out, at this point, that these highest weight modules are precisely the admissible modules first discussed by
Kac and Wakimoto [2].

4.2. Admissible relaxed highest weight modules. We now turn to the more intricate, but ultimately more re-
warding, analysis of the relaxed highest weight modules of A; (u,v). The goal is to determine the image of the
field (w) in Zhu’s algebra Zhu[V)] = £ls[(2) as a polynomial 1, (e, k, f) in the s[(2) generators. Here, we
identify the s[(2) generators e, & and f with the images of e(z), h(z) and f(z), respectively, in Zhu[V,]. Since
Zhu’s algebra is nothing but the algebra of zero modes acting on relaxed highest weight vectors (Appendix B),
I.v(e,h, f) is identical to the polynomial 1, ,(eg, ho, fo) that describes the action of the zero mode Yo on relaxed
highest weight vectors. We remark that as the 5[(2) -weight of x(w) is 0, the polynomial J,,, may be expressed as
a polynomial in Ao and the Virasoro zero mode L.

So as in the previous section, we evaluate matrix elements containing the field x (w), but this time the “bra” and
the “ket” will be relaxed highest weight vectors from a general relaxed Wakimoto module:
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(w)

5 > = \/[A ]<MP7/1/—2/(X(Z1 + W) e /1/—2/05(&4*1 + W)/y/Pufl‘fv(W) Mp>
<vq, Bz +w) Bz +w) s s y(w)et: vq> dz;---dzu—1. (4.10)

We recall that v, satisfies Jovy = 10Bovy = gvq-
The contribution from the free boson is exactly the same as in the non-relaxed case and was given in (4.5).
The ghost contribution, however, requires more work. Wick’s theorem lets us write this contribution in terms of

contractions and normally-ordered products:

(vg, : Blzi+w) - Blzut +w) s 1 y(w) 1 ivy)

‘ | (u—1)
-y S Hz (v TTBG+w) vy evg) 4y
_ (I/l S |I | i¢l
Here, each factor of —zi_l is the contraction of B(z; +w) and y(w) and the factorials count how many such con-
tractions are needed. As relaxed highest weight vectors are not necessarily annihilated by S, the normally-ordered

factor is quite non-trivial:

(vq, :Hﬁ(zi-i-w)-y(w)“_l_‘ll. vg) = {vg. %y - m,Bu =, >H (zi+w)™
il i¢l

u—2—\I|+ _
=(u—1-1I))! H+q [ TGi+w) " (vg,vq)- (4.12)
u—1—1I i1
Up to an overall non-zero constant factor, the total ghost contribution is therefore

i |1|+q T
Ig{l,; 1}( b ( — |1 )HZ, [TG@i+w)

il il

u—1 u—1

_ u—2—n+ w w
:H(Zi—l—w)l-Z(—l)"( q)e,,<l+,...,l+ )
i=1 n=0 u—1l-n 21 Zu—1
u—1 N —1 u—l . n 1

% u n+gq u—1—-m\—— , 1
~T1(1 7) Y (=1 m—(u=1), 4.13
P T Gnrit ol R

where e, denotes the m-th elementary symmetric polynomial and we have used the identity

" fu—1-—m

en(L+x1,...,1+x,-1) = Z < )em(x) 4.14)
m=0 n—m

to get from the second to the third line.

Combining this with the free boson contribution (4.5), the matrix element (4.10) is thus proportional to

u—1 u—1 N\ —2p/o—1
G . v—1) Zi
/ u—1 Z HZ, II;I[( +W)
u—1 I n 1
. Z(_l)n u—2—n-+gq Z u—1-—m 7em " dz;---dz,—1
= u—1—n o n—m 21 Zu—1
= pyr(u—2-n+a o (u—1-m\ ,, pr ul apja-t\ "7 LS
= _(_ ) u—1-n Z_: n—m w [(v—l)”l 7 ( ) , (4.15)
n=0 m=0 i=1 t

where we recall that elementary symmetric polynomials are examples of Jack polynomials (Proposition A.5).

Using (A.25) and specialisation as in (4.7), but with X = ap -+, this reduces to

ul u—2—n " fu—1-—m —1)l ; . u—1l_ ,

,;)(l)n( u—1_:q) ,2:0< _— )Wm;(wz (Pl @ PE@), Zapia (@)
ul u—2-—n " u—1—m\ (—1)H Ul .

:’12()(—1)"( Mil—:q>mzo< nim >(w:|)m (PL (@) P @), Zapr (Q )
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u—1 _2_ n —1— u—1
_ W—(u—l)(v—l) Z <u n+61> Z (71)m+n <u m> <P'i1m] (Z) s th] (Z)> ap+t (QL (y)) , (4.16)

n=0 u—1l-—n m=0 n—m t

[x]

where p = [(v—1)* 1+ [1" = ", (v—1)*"'""] and |u| = (u—1)(v— 1) +m. In the last step, we have used
(A.25) again and the definition (A.18) of the symmetric polynomial inner product.
Proposition A.5 gives the norm squared of Pl[lm] = e, and the specialisation of QL as

u—l (w—1i)(t+m—i) u—1\ & t+m—i
Pl (2), Pl > - = — 4.17
< 1 (2Pl ), g(m—i+1)(t+u—1—i) m gﬂ—u—l—i @17
v—1| m .. u—1 .. m .
- ap+tj—i+1 ap+tj—i+1 ap+u—i+1
2 Q)= — — |- .
apsr (Qu () i EZM—I—z—t(]—l) ilr:L 2u—1—i—tj E r+m—i
u—1lv—1 m—1

1:[ (Ap — Ars) - Hap+u—z

=

[TITCu—1-i—t(j=1) JT(2@w-1) 1:[1 t+u—1—i)-[J(t+m—i)

m
i=1j=2 i=0 i=m+1 i=1

(4.17b)

Here, we have assumed that v > 1; if v = 1, then the denominator of (4.17b) is just [T, (r + m —i). Noting that
the double product in the denominator of (4.17b) is a constant, independent of m, n, p and ¢, the matrix element

(4.10) is thus proportional to

=1 a0\ u—l—nJ = n—m m-/iso
u—1v—1 u—1
g—1\ (u—1+¢ ap+u
= (Ap—Ars) - , (418
Bt w0 BT e

where in addition to suppressing the denominator we have also suppressed an overall non-zero constant factor that
arises when simplifying the binomial expressions.

The double product in this expression can be interpreted by noting that
(r—ts)>—1  (vr—us)?—1?
4¢ 4uv ’
by (3.4). If we define K (u,v) to be the set of pairs (r,s) € {1,...,u—1} x{1,...,v— 1} with (r,s) and (u—r,v—s)
identified, then the matrix element (4.10) is given by

el T eosn (), wa

(rs)EK (u,v) (=0 u—1

p—2s) Rp = A r ) =41(Ap —Ars),  Ang= A, = 4.19)

In order to use this to find a generator of the annihilating ideal in Zhu’s algebra, the sum factor in (4.20) needs

to be expressible in terms of 5[(2) data. To demonstrate this, we define a function f of u, p and ¢ by

u—1 _ _ Y
Tpiq(u) = Z (q / 1) (M ui—f ) (;‘_Pi_“g) (4.21)

=0

For small values of u, it gives polynomials in A,., and A,

1
qu( ) pqv fp;q( ) 4l§q pa fP;q( ) IZAS‘] <3_mp> Ap;q' (4.22)

Of course, a@ = \/2t = \/2u/v also depends upon u, but may be regarded as an independent variable for the

following analysis because of its v-dependence.

Proposition 4.3. For each u € Z>, fp.q(u) is a polynomial in Ay, and A, that satisfies the recursion relation

(2u+ 1), 4tA, — (u—1)(u+1)

Frglu+2)= (u+1)2p’qfﬂ;q(“+1)_ wr1)y?

Frg (). (4.23)
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Proof. We apply Zeilberger’s creative telescoping algorithm, see [54] for background. If we set

N fu—144
Fyg(10,0) = (‘1 , )(“MT ) (uap;L“ g), (4.24)

then the algorithm constructs the recursion relation
((ap+1)? = u?) Fpg(u, £) — (2u~+ 1) ApgFpg(u+1,0) + (u+1)*Fpg(u+2,0) = G(u, L+ 1) — G(u,£), (4.25)
where G(u,?) = R(u,l)F.,(u,l) and

28 (op+1+0) (20 +(2ap+3)utap+1)

R(u,6) = u(w—0)(u—L+1)

(4.26)

Summing this recursion relation over ¢ then yields (4.23), upon noting that (ap +1)? = 4tA, + 1. Since f,.,(0) =0
and f,(1) = 1, it follows from (4.23) that f),,(u) is a polynomial in 4., and A,, as claimed.

Let g,»(A,A) denote the polynomial for which f,,.; (1) = gu,v(Ap.q,Ap) and let

Ly(A,A) = J] (A=A guv(A,A). 4.27)

(r,s)€K (u,v)
It is a simple corollary of (4.22) and (4.23) that g, ,, has degree u — 1 as a polynomial in A. If we regard A as having
degree 2, then the total degree of g, , is also u — 1 and that of 1, is therefore (u— 1)v.

Theorem 4.4. Zhu’s algebra of A (u, v) is given by the quotient
Usl(2)
(luy (R, T))’
where T = 3.(3h* — ef — fe) denotes the image of T (z) in Zhu[V,] = Usl(2).

Zhu[A; (uv)] = (4.28)

Proof. As noted above, the ideal of 115[(2) by which one quotients to get the Zhu algebra Zhu [/—\1 (u,v)] is
generated by the image of the null field y(z). This image is a polynomial in e, f and & of total degree at most
(u—1)v. We have evaluated the action of the zero mode of X (z) on a continuum of relaxed highest weight vectors
and thus the image of x(z) in Zhu’s algebra is, up to non-zero constant factors, equal to the polynomial 7, ,(h,T)

of total degree (u— 1)v. |

Before we can use this presentation of Zhu’s algebra of A, (u7 v) , we need to know a little more about the zeroes

of the polynomial g,, .

Proposition 4.5. For each u € 7>\, the polynomials g,,(A,Avo) evaluate to zero when r =1,2,...,u—1 and
A=r—1,r=3,...,—r+3,—-r+1.

Proof. This is trivial for u = 1 as there are then no r or A to check. For u = 2, (4.22) gives g ,(A,A) = A and we
need only check r = 1 and A = 0. We may therefore assume, inductively, that the statement of the proposition is

true for g1,,82.v,...,8u+1,»- Then, the recursion relation (4.23) shows that

Qu+1)A 4tA0— (u—1)(u+1)
u+2,v A'aAr = 7 1\7 Sutly /’{';Ar - ; u,v )LaAr 4.29
8 +2, ( ,0) (M+1)2 8 +1, ( 70) (M+1)2 8 s ( 70) ( )
will vanish forallr=1,2,...,u—land A =r—1,r—3,...,—r+3,—r+1, because g1, and g, , do. Moreover,
because 4tA, 0 = (u—1)(u+1), g+2, also vanishes forr=uand A =r—1,r—3,...,—r+3,—r+1.

The only remaining case is » = u+ 1. Then, 4tA, 110 = u(u+ 2), hence we may identify op with u or —u — 2,

hence g = (A — otp) with 1(A —u) or §(A +u+2), respectively. From (4.21) and otp = u, we now obtain

AR —u) =1\ (u+1+0\ (2(u+1)
_ _ 2
8ur2, (A Dy 10) = fujar(a—uy2(u+2) = ;) ( , > ( ), ) <u+ 1 _g)

(R R - ) ()
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2+ 1)\ A+ u)AH+u—2)--- (A —u+2)(A —u) (4.30)
o\ utl 2utl(y4-1)! ’ '
which clearly vanishes for A = u,u —2,...,—u+2,—u. The result is the same for ap = —u — 2. [ |

We are now in a position to classify the simple weight modules over Zhu [A; (u,v)]. Recall that Zhu [A; (u,v)]-
modules are automatically s[(2)-modules; by a weight module over Zhu[A, (u,v)], we mean that it is a weight
module over 5[(2). The classification of simple 5[(2) weight modules was summarised in Proposition 2.2. We

also recall that the quadratic Casimir operator
1
inﬁ—q—ﬂzyT 4.31)
acts as a scalar multiple of the identity on any simple sl (2) weight module.

Theorem 4.6. The following 5[(2)-m0dules provide a complete list of the inequivalent isomorphism classes of
simple weight modules of Zhu [Al (u, v)] :

o The finite-dimensional highest and lowest weight modules ZM), where 1 <r<u-—1.

o The infinite-dimensional highest weight modules @lm’ where l <r<u—1land1 <s<v—1.

o The infinite-dimensional lowest weight modules W(ﬁ/lm); where l <r<u—land1 <s<vy-—1.

o The infinite-dimensional relaxed highest weight modules il,Am’ where (r,s) € K(u,v) and 4tA; # u(u+2) for
allp € A +27.

Proof. We first consider a simple finite-dimensional Zhu[A (u,v)|-module M, which must therefore also be a
finite-dimensional sl (2) -module. As the quadratic Casimir takes the value %(r2 — 1) = 2tA, on the r-dimensional
simple sl (2) module, it follows that g, ,(h,7') must act trivially on M because the remaining A-independent factors
of I, ,(4,A) do not have A, as a root for any positive integer r. By Proposition 4.5, g, ,,(m,A.9) =0if 1 <r<u—1
andm=r—1,r=3,...,—r+ 1. Conversely if r > u, then g, ,(m,Ao) # 0 forsome m =r—1,r=3,...,—1+r,
because the A-degree of g,,(A,Aro) is u— 1, so there cannot be more than u — 1 zeroes. Thus, M must be
isomorphic to one of the er.o for some 1 <r<u—1.

Next, we consider a simple infinite-dimensional Zhu[A; (u,v)]-module M, which must therefore also be an
infinite-dimensional 5[(2) weight module. Because there must be an infinite number of weight vectors in M with
distinct 5[(2) -weights, g, ,(h,T) cannot vanish identically on M. In order for I, ,(h,T) to then vanish, T must act
as multiplication by A, for some (r,s) € K(u,v). Referring to Proposition 2.2, it follows that the last three cases

of Theorem 4.6 exhaust all the possible isomorphism classes for M. ]

The correspondence (Theorem B.1) between simple modules of a vertex operator algebra and its Zhu algebra then

proves the following classification result:

Theorem 4.7. The following E[(Z)-modules provide a complete list of the inequivalent isomorphism classes of
simple relaxed highest weight modules of A (u, v) :

® The highest weight modules L), where 1 <r <u—1.

o The highest weight modules ZD;LM, where l <r<u—1land1 <s<v-—1.

e The conjugates W(@;Lm), where l <r<u—land1 <s<v-—1.

e The relaxed highest weight modules €y, , where (r,s) € K(u,v) and 4tA,; # p(u +2) for all p € A +2Z.

These are therefore the simple modules of the vertex operator algebra A; (u,v) which belong to the category %
that was introduced in Section 2.1.
Zhu’s correspondence also extends to non-simple Zhu [Al (u, v)] -modules. In particular, 5[(2) admits reducible,

but indecomposable, modules similar to the ﬁl; A of Proposition 2.2 whenever

4tA=p(u+2) forsome pe€A+27. (4.32)
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For A = A, where (r,s) € K(u,v), the only solutions are gy =r—1—ts=Asand g = —r— 1415 = Ay_pp—s. As
0 < s <v, we find that A,.; — A,_.,—s ¢ 2Z, concluding that an indecomposable with A = A, ; may have at most
one weight u satisfying (4.32). Thus, there are [50] precisely two reducible, but indecomposable, 5[(2)—modules
ﬁ;‘s; A,, and ﬁim; A, foreach I <r<u—1and 1 <s<v—1. They are determined (up to isomorphism) by the

following non-split short exact sequences:
O — 5}'&\' — i/—{_r.s,Ar‘.v — W(ﬁlufr,vfs) — O’ O — W(ﬁlufnvf,\) — izr..syA):.v — 5/,1%5 — O (433)

Applying Zhu’s construction now leads to the following result:

Theorem 4.8. Foreach 1 <r<u—1and1 <s <v—1, there exist two reducible, but indecomposable, A, (u, v)-
modules EZ}V A and 8;%; Ay obtained by inducing i;[m Ay and ﬁ;m Ay 1O level k sl (2)-modules and quotienting
by the sum of all the submodules that trivially intersect the space of conformal weight A,s. They are determined

(up to isomorphism) by the following non-split short exact sequences:

0— D, — & — w(@,luwﬂ,) — 0, 0— w(DAHH) — &7

s Brs aoa, Dy, — 0. (434

A theorem of Kac and Wakimoto [2, Prop. 1] asserts that the A (u, v) -modules in category ¢ are all semisim-
ple. The category & A, (u,v) -modules therefore consist of finite direct sums of the highest weight modules of
Theorem 4.7. By way of contrast, a corollary of Theorem 4.8 is that the A; (u,v) -modules of category % need
not be semisimple (when v # 1). We remark that we have not excluded the possibility that there exist relaxed
highest weight modules over A; (u,v) that extend the €, , , or the &

A‘I‘.S7AK.S"
quire more information about the submodule structure of the relaxed Verma modules than is currently available,

non-trivially; this would seem to re-

see [39,55]. However, the highest weight result given in Corollary 4.2 and the analogous results for the Virasoro

minimal models suggest the following conjecture:

Conjecture. The A;(u,v)-modules of Theorem 4.7 and Theorem 4.8 exhaust the indecomposable A (u,v)-
modules of category Z.

We close by demonstrating that the non-semisimplicity of relaxed highest weight modules over A; (u7v) does
not imply that the Virasoro mode L acts non-semisimply, a fact that is of interest to logarithmic conformal field
theory studies. This result requires the finite-dimensionality of the weight spaces of the category % modules,
discussed in Section 2.1.

Theorem 4.9.

1) The image of the energy momentum tensor T in Zhu [Al (u, v)] = 115[(2) /<Iu‘,v(h, T)> acts semisimply on every
weight module of Zhu [Al (u, v)] with finite-dimensional weight spaces.

2) The Virasoro zero mode Ly acts semisimply on every relaxed highest weight module of Ay (u7 v).

Proof.

1) Let M be an indecomposable weight module of Zhu [Al (u, v)} on which (the image of) T" acts non-semisimply.
As T is proportional to the image of the quadratic Casimir Q, it follows that 7" has a single (generalised)
eigenvalue on M. Then, by Weyl’s theorem for 5[(2), M must be infinite-dimensional with an infinite number
of distinct 5[(2) weights. Let W be the submodule of M spanned by the eigenvectors of T. As W is non-zero,
‘W must also be infinite-dimensional as it possesses an infinite number of distinct 5[(2) -weights. Thus, W is an
eigenspace of T with eigenvalue A, for some (r,s) € K(u,v).

Next, assume that there exists a generalised eigenvector v of T, so that (T — A,;)v # 0, with 5[(2) -weight
A,. The existence of v would imply that 7, ,(A4,,A) has a zero of order at least 2 at A = A,;. Since there are only
finitely many s[(2)-weights A for which A = A, is a zero of 1,,(1,A) of order at least 2, the quotient M/W
must be finite-dimensional. But, the eigenvalue of 7' on v+ "W is then A, for some 1 <r <u— 1, whichisa

contradiction. It follows that no such generalised eigenvectors exist, hence that 7' acts semisimply on M.
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2) On any relaxed highest weight module over A (u,v), the action of Ly on the relaxed highest weight vectors
coincides with that of T on the corresponding Zhu [A] (u, v) ] -module. As the latter action is semisimple, so is
that of Ly on the relaxed highest weight vectors. As these generate the whole module, Ly acts semisimply. =

We stress that this result does not imply that the conformal field theories corresponding to the vertex operator
algebras A (u, v) are non-logarithmic. Indeed, it has been known for some time that there are models with k = —%
[7] and k = —% [9, 11] that are logarithmic. The loophole is that we may also twist by the so-called spectral flow
automorphisms which, when v # 1, lead to infinitely many new simple (and indecomposable) A (u,v) -modules
that do not belong to category Z. For k = f% and k = f%, there exist indecomposable A (u, v) -modules that are
formed from relaxed highest weight modules from different spectral flow sectors and the action of Ly on these is
non-semisimple. In fact, these modules are staggered in the sense of [16,56]; a detailed discussion may be found in
[14]. We expect that there exist staggered A (u7 v) -modules whenever v # 1, hence that the associated conformal

field theories are logarithmic, and hope to report on this in the future.

ACKNOWLEDGEMENTS

We thank Jim Borger for help with a question of commutative algebra, Jiirgen Fuchs, Masoud Kamgarpour
and Christoph Schweigert for illuminating discussions regarding parabolic Verma modules, Antun Milas for cor-
respondence concerning the current status of higher rank generalisations, Ole Warnaar for advice on symmetric
function theory, and the organisers of the Erwin Schrodinger Institute programme “Modern trends in topological
quantum field theory” for their hospitality. DR’s research is supported by the Australian Research Council Dis-
covery Project DP1093910. SW’s work is supported by the Australian Research Council Discovery Early Career
Researcher Award DE140101825.

APPENDIX A. SYMMETRIC POLYNOMIALS

The standard reference for the parts of symmetric function theory most applicable to the work reported here is
Macdonald’s book [28]. In this appendix, we summarise the results from Chapters 1 and 6 of this book that we use

freely throughout.

A.1. Partitions of integers. A number of bases of the ring of symmetric polynomials are indexed by partitions.
We therefore fix some notation on partitions before going on to discuss symmetric polynomials. A partition
A =[A1,..., A is a weakly descending sequence of positive integers called parts. The length ¢(A) = m is the
length of the sequence and the weight |[A| = Y_; 4; is the sum over all elements of the sequence. Sometimes, it is
convenient to define the A; for i > ¢(A) to be 0. A partition A4 is often also referred to as a partition of the integer
|A]; [3,3,2,1,1,1] is thus a partition of 11. It is customary to regard the empty partition [] as a partition of 0.

A convenient shorthand for partitions is to indicate repeated parts using a superscript. Thus, [3,3,2,1,1,1] and
[32,2,13] denote the same partition. The multiplicity in A of a given part i, that is, the superscript in the convenient
shorthand notation, will be denoted by m,, (i). For every partition A, one may then introduce the following number:

2 = [mai)!-im . (A.1)
i>1
These numbers play a small role in what follows, see (A.15) below for example.

One also associates, to each partition A, a diagram called a Young diagram. This consists of ¢(A1) rows of
left-aligned boxes for which the length of the i-th row is A;. We draw the first row at the top and the ¢(A)-th at the
bottom. With this convention, the conjugate partition A’ is defined to be the partition whose Young diagram is the
reflection of that of A along the diagonal line from top left to bottom right. This reflection exchanges the lengths
of the columns and the rows.

Each box b of the Young diagram of A, generally written as b € A, may be parametrised by a pair b = (i, j),
where i is the row number counted from top to bottom and j is the column number counted from left to right.
Given a partition A and a box b € A, the arm length a(b), the leg length /(b), the arm colength @’ (b) and the leg
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colength ['(b) are the distances from b to the right, bottom, left and top edges of the Young diagram, respectively.
In formulae,

a(b) = A —j, db)=j—1, 1(b) = l} —1, I'(b)y=i—1. (A.2)

Finally, we remark that partitions admit a number of partial orderings, among which the dominance ordering,

which we denote by >, will prove useful. Two partitions A and u satisfy A > p if |A| = |u| and

™=

lZ

M§

Ui, forallm>1. (A.3)

1 1

A.2. Symmetric polynomials. Let A, be the ring of n-variable polynomials with complex coefficients that are in-
variant under arbitrary permutations of the variables. A, is called the ring of symmetric polynomials in n variables.
This ring is graded,

An=EPA, (A.4)

k>0
where AF is the space of homogeneous symmetric polynomials of degree k.

Examples of symmetric polynomials include:

1) Power sums: The symmetric polynomial

& k>, (A5)

m:

pk(xlv“ » X )

Il
-

I

is called the k-th power sum. For each partition A = (4,...,4,,), we define

PA = Pa, " P, (A.6)

2) Elementary symmetric polynomials: The symmetric polynomials
e (X1,...,x,) =1, e (X1, .. yx0) = Z XXy, 1<k<n, (A7)
1§i1<~~<ik§n
are called the elementary symmetric polynomials. The elementary symmetric polynomials appear in the expan-

sion of the generating function
n
H y+x;) Zel X1y Xn) Y (A.8)
i=1

3) Monomial symmetric polynomials: Let ot = (a,...,0,) € ZZ, be an n-tuple of non-negative integers. The

symmetric polynomials

Mo (X1, X Zx - (A9)

where the sum runs over all distinct permutations ¢ of «, are called the monomial symmetric polynomials or
symmetric monomials for short. Given «, there is always precisely one distinct permutation ¢ whose entries
are in descending order, hence by omitting any trailing zeroes, we may assume that ¢ is a partition of length at

most n.

Proposition A.1.

1) The power sums py are algebraically independent for k < n and generate A,:

An=C[p1,...,pnl- (A.10)
2) The elementary symmetric polynomials are algebraically independent and generate A,:

A, =Cley,... el (A.11)
3) The symmetric monomials my with £(A) < n form a basis of A,,.

When working with symmetric polynomials, it is a remarkable fact that the number of variables is often irrele-
vant, assuming only that this number is sufficiently large. For this reason, it is convenient to work with symmetric

polynomials in infinitely many variables. The ring of symmetric polynomials in infinitely many variables, x; say,
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is given by an inverse limit:
A= 1%1/\"' (A.12)
Often the elements of A are distinguished by referring to them as symmetric functions. The projection
To: A — Ay, (A.13)
defined by setting x; = 0 for all i > n, recovers the case of finitely many variables.

Proposition A.2.

1) The power sums are algebraically independent for all k > 1 and generate A:
A =Clp1,p2,--..]. (A.14)

In addition, the p), form a basis of A as A runs over all partitions of all non-negative integers.
2) The symmetric monomials my form a basis of A as A runs over all partitions of all non-negative integers. The

projection ,: A — A, satisfies ,(my ) = 0 if and only if ¢(1) > n.

The basis of A which is most interesting for the purposes of this article is that consisting of the Jack symmetric
polynomials. These polynomials are orthogonal with respect to the following inner product on A:
{(pa,pu), = 221" M5y . (A.15)
In fact, there are infinitely many families of Jack polynomials, each forming a basis of A, parametrised by the
complex number ¢ € C\ Q< appearing in this inner product.
Proposition A.3.

1) Let {un} be a basis of A and let {vi,} be the dual basis with respect to the inner product (A.15). Then, the
following identities hold:

[ exp <: P (31,7, ) 04 01,32 ”)> = [T =xy) ™" =Y i, 22, Jm1,32,--.). (AL16)

1 k ij>1

Analogous identities hold for finite numbers of variables x; and/or y; by projection.
2) For every partition A and everyt € C\ Q<q, there exists a unique basis of symmetric polynomials P’}L such that
<P’1, PL> . =0, whenever A # U, and such that they satisfy upper-triangular decompositions into symmetric

monomials,

Ph=Y upu(t)my, (A.17)
p<i

where uy, ,,(t) € C and u, (t) = 1. Here, the sum runs over all U that are dominated by A. It follows that the

P%, are homogeneous symmetric polynomials of degree |A|.

Definition. The P’, determined by the previous proposition are called the Jack symmetric polynomials or, when

working in the infinite-variable ring A, the Jack symmetric functions.

We remark that if # € Q<o, then some of the coefficients u;, , () in (A.17) will diverge for certain A, hence some
of the Jack polynomials will not be defined.
The Jack polynomials P satisfy a number of remarkable properties. Before we can list those that we shall

require, we need to introduce one more inner product, this time that of two symmetric polynomials f,g € A, of n

variables: y
t
n Xi _ dxy---dx
<f7g>t :/ H (1_l> f(x17~"axn)g(xla"'7xn)7’1' (AIS)
[An] 1<i#j<n Xj X1 Xp
Here, the overline indicates that the arguments of the function have been inverted: f(x1,...,x,) = f(x;',...,x, ).

We remark that the integral in (A.18) may be thought of as an n-variable generalisation of taking the residue at 0
of a meromorphic function. In particular, the integral vanishes if f and g are homogeneous of different degrees.
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In [28], an inner product is defined for a deformation of the Jack polynomials (now) called the Macdonald
polynomials. The definition is almost identical to (A.18), utilising a cycle [A,] that is just a (normalised) product
of n unit circles. However, there are some subtleties when passing to the Jack polynomial limit and, in particular,
this cycle is no longer suitable. Instead, we will use the (normalised) cycles constructed by Tsuchiya and Kanie
which also have the advantage of being supported in the domains required for radially-ordered expansions of

screening operators.

Theorem A.4 [26]. Let r € Z>1 andt € C* and suppose that d(d+ 1)/t ¢ Z and d(r —d) /t ¢ Z, for all integers d

satisfying 1 <d <r—1. Then, there exists a cycle A, such that for each symmetric Laurent polynomial f(z1,...,z,),
the integral
dzy---dz
/ Gr(z0)f (2t es2r) ——— (A.19)
Ay 21 Zr

is equal to
dy;---dy,—1dz
/ / PG (i) f (291,252 2et) P
et Jo TR

where 0,_1 is (a regularisation of) the (r — 1)-simplex {1 >y > --- >y,_1 > 0}. If r =1, then Gi(z;t) = 1 and

(A.20)

A\ is just the unit circle. In particular, if f(z1,...,2;) = 1, then (A.19) may be evaluated as a Selberg integral:

1

$.(0) = | Gofan) g = L TSI, (A21)

j=1
This integral is non-zero, hence the cycle A, is non-trivial.
The normalised cycle [A,] is then given by [A,] = A, /S,(t), so that (1,1); = 1.

We finish by summarising the properties of the Jack symmetric polynomials that we will use in this article.

Proposition A.5.

1) The elementary symmetric polynomials are Jack polynomials (for all values of t): e = P’“k].

2) The norm squared of P’;L with respect to the infinite variable inner product <-, > . s

¢ ory _ pytad) +1)+1(b)
{ "Pm_g ta(b) 1B+ 1 ° (A.22)

The corresponding dual basis of the Jack polynomials will be denoted by
p!
Q) =t (A23)
(PP,
3) Forany X € C, one defines a ring homomorphism Ex : A — C, called the specialisation map, by Ex (py) = X,
for all k > 1. The Jack polynomials and their duals specialise to

oopy T XA B) =B Ly X td(b) = 1'(b)
“X‘P”*E 1a(D)+1(b) +1 ‘X(Ql)*gt(a<b)+1)+z<b)' (A.28)

4) The projection onto n variables satisfies m,(P', ) = 0 if and only if {(A) >
5) In A, one has P[m,,] (X1, %) = m[mn](xl,...,x,,) =TT, x"
6) Suppose that A satisfies £(A) < n and let A + [m"] denote the partition [A +m, ..., A, +m]. Then, in Ay,

Hx Py =Pt (A.25)

7) Suppose that A satisfies £(L) < n. Then, the norm squared of the Pﬁ with respect to the finite variable inner
product (-,-); is
PP =TT (t(a(b)+1)+1(b)) (n+1td (b) —1'(b))
Bl L2 (ra(b) +1(b) + 1) (n+1(a'(b) + 1) —I'(b) 1)

The specialisation map of Proposition A.5, item 3), seems somewhat mysterious at first glance and deserves
—X/t

(A.26)

some additional explanation. Our chief use for it is to expand products of the form [];>;(1 —x;) in terms of
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Jack polynomials. To do this, we consider (A.16) with y; = 1 and y; =0 for all i > 1:
— 1 Pk (X1,...,X,
1:[(1—x,~) U =TTexp <t(k") . (A.27)
i>1 k>1
It follows that we may now write

TT0 =) = Texs (f P <x1,:2,...>) = (Hexp Cpk (.72 ) (yl,yz,...)>>

i>1 k>1 k>1

- E'X <ZPI}L (-x17-x27' . )QIA (y17y2a" )) = ZPIA (-x17-x27- . )E'X (th (y17)727~- ))
A A

X +1d (b) —1I'(b)
g t(a(b)+ 1) +1(b)

)3

A

P) (x1,x2,...), (A.28)

where we take the specialisation map Ey to act only on the symmetric polynomials in the y;.

APPENDIX B. ZHU’S ALGEBRA

From any vertex operator algebra V, one can construct a unital associative algebra Zhu [V] called Zhu’s algebra.
The representation theory of this associative algebra is closely related that of V and is a crucial tool for classifying
V-modules, especially simple V-modules. In this appendix, we motivate Zhu’s algebra by using generalised com-
mutation rules to relate it to the algebra of zero modes of the fields of V. From this point of view, the technology
of Zhu may be regarded as an abstract formalisation of the “annihilating ideals” discussed in the physics literature
[53]. A part of this motivational discussion may be found in [57]; another means of motivating Zhu’s algebra via
deforming the standard conventions for normal ordering is the subject of [58].

A weight module M of V is said to be N-graded if its decomposition into generalised Ly-eigenspaces is bounded
below, that is, if there exists an i € C so that

M=EPM,, M,={ueM : (Ly—h—n)"u=0forsomem € Z>}. (B.1)
n>0
The space M = M is often called the space of ground states; these states are clearly annihilated by every positive
mode of every field. We remark that in the language of Section 2.1, the space M is spanned by relaxed highest
weight vectors (though M may contain other such vectors that are not in M).

Our preferred means to motivate the construction of Zhu’s algebra is the observation that a simple weight
module M of V is, rather generally, completely determined by its space of ground states M. This space admits an
action of the zero modes of the fields and Zhu’s algebra is an abstract realisation of this action. To be more precise,
consider [57] the generalised commutation relation obtained from the contour integral

A(z)B hawhs=1 dz d
¢4 (@)B(w) 1w &z dw (B2)
0Jw z—w 2mi 2mwi

where A(z) and B(z) are two fields of V of conformal weights h4 and hp, respectively. (We denote their modes by
Aj and Bj, respectively, and the corresponding states by A and B.) Without the denominator in the integrand, the
usual procedure of breaking the inner contour in two or employing the operator product expansion would lead to
the commutation rules of the modes A and By. With the denominator, the generalised commutation relation is

ha
[A_jBj+B_j_1Aj41]| = ( . ) (A;B)o, (B.3)
where (A;B)o denotes the zero mode of the field corresponding to the state A ;B. Letting this generalised commu-

tation relation act on a ground state v € M (or a relaxed highest weight vector), we arrive at

hy
ApBov = < . > AiB)ov. (B.4)
jzghA J+hA ( J )
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This motivates the definition [46] of Zhu’s product * on the vertex operator algebra V (we identify its elements
with the states of the vacuum module for convenience):
(1+z) d
AxB=Y ( )AB j{A d+a & (B.5)
P hy + hy Z 27171
The vacuum Q is easily verified to be a (two-sided) unit with respect to this operation. To illustrate, we tabulate

the products of the generators e, i and f of the level k universal vertex operator algebra V of sl (2):

* ‘ e h f
e lee: teh: —2e tef i — ' (B.6)
h| the: +2e thh: thf: =2f
fl fe:+h :fh:+2f Cff:
For example, hxe = h_1e+ hpe = : he : +2e. We see immediately that, unlike the algebra of zero modes on the

ground states, this * operation does not respect the s[(2) commutation rules, for example, hxe —exh = 4e+2de.
Moreover, it is not even associative, for example, (h*e)xe—hx(exe) =2:dee: +2:ee: .
Consider now, for each N-graded V-module M, the map taking a vertex operator algebra element A € V to the

linear endomorphism Ay, restricted to the space of ground states M. From (B.4) and (B.5), we see that
v (A * B) = e (A) e (B). B.7)

Because the algebra of zero modes is associative, it follows that the failure of * to be associative on V must be
explained by the discrepancies being mapped to zero:

v ((AxB)*C—Ax(BxC)) =0, (B.8)

for all A,B,C € V and all N-graded V-modules M. Similarly, discrepancies between the commutation rules of the
zero modes and the *-commutation rules must also map to zero. In accord with these observations, it is easy to
check that my( does map hxe —exh—2e =2(e+de) and (h*xe)xe—hx(exe) =2(:dee: + :ee:) to zero.

To accurately reflect the algebra of zero modes acting on the ground states, we should therefore quotient the
vertex operator algebra by the intersection (over all M) of the kernels of the ). One can obtain many elements

of this kernel by again appealing to generalised commutation relations, in this case that obtained from

hA+l hB 1 dz d
}4 f . < dw (B.9)
27 2mi”
The resulting generalised commutation relation, applied to v € M, takes the form
ha+1 ha
ApBov = < . ) (A;B)ov = ( . ) (AjB)ov =0, (B.10)
jz—%—l jtha+1)" jz_zh/i_l jtha+1)

where we have combined this relation with that of (B.4) in order to obtain the vanishing condition.

This motivates the definition [46] of Zhu’s other product o on V:

ha
AoB= Y 7{A (L+2)™ dz (B.11)
P j+hA+1 2 2mi

It is clear from (B.10) and (B.11) that all elements of the form A o B belong to the kernel of every m);. Indeed,
Zhu showed that the space O(V) spanned by the elements of this form is a two-sided ideal of V. There appears to
be some confusion in the literature as to whether Zhu proved explicitly that O(V) is in fact the intersection of the
kernels of the 7y, (for example, a remark amounting to this is stated without proof in [52]), but this result may be
found in [59, App. A.2]. In any case, the quotient Zhu [V} =V/0(V) is what is now referred to as Zhu’s algebra.
It is a unital associative algebra with respect to Zhu’s * product.

Consideration of the elements of O(V), for example, T 4+ dT =T o Q € O(V), shows that Zhu’s algebra is

not graded by conformal weight. It is, however, filtered by conformal weight in the sense that it has an increasing
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sequence of subspaces Zhuy [V] C Zhu; [V] C Zhuy [V} C ..., where Zhu,, [V} is the image in Zhu [V} of @ Vn
(and V is here regarded as an N-graded module over itself).
It should now be clear that the space M of ground states of a V-module M is a Zhu [V} -module. The converse

to this statement is of great importance to the representation theory of vertex operator algebras.

Theorem B.1 [46, Thms. 2.2.1-2]. There is a bijective correspondence between isomorphism classes of simple
Zhu [V] -modules M and simple N-graded \/-modules. More precisely, for every simple N-graded \/-module M,
the ground states form a simple Zhu [V] -module M and for every simple Zhu [V] -module M, there exists a simple
N-graded N/ module M with M as its space of ground states.

Zhu actually gives a construction of a universal N-graded V-module M from a simple Zhu [V} -module M so that
any N-graded V-module M’ with M as its space of ground states is a quotient of M. If the vertex operator algebra
V is rational, then its modules are semisimple and thus M is simple. However, for more general vertex operator
algebras the universal M that Zhu constructs may be reducible. Moreover, one may also start with a non-simple
Zhu [V] -module; the result is then always reducible.

We close this appendix with two results of Frenkel and Zhu that will be used in this paper.

Proposition B.2 [52, Prop. 1.4.2]. Let V be a vertex operator algebra with an ideal | that does not contain the
vacuum S or the conformal vector T. Then, the image Zhu [I] of | in Zhu [V] is a two-sided ideal satisfying

Zhu|V/I] = ZZ};;% (B.12)

This result allows us to describe Zhu’s algebra for the simple admissible level vertex operator algebras A; (u,v)
of sl (2) in terms of that of the universal vertex operator algebras V. and the generators (singular vectors) of their

maximal ideals. The next result determines the latter Zhu algebras.

Proposition B.3 [52, Thm. 3.1.1]. Zhu’s algebra for the universal 5A[(2) vertex operator algebra at level k # —2

is isomorphic to the universal enveloping algebra of non-affine 5[(2) :
Zhu [Vk] = 115[(2). (B.13)

Moreover, the image of T in Zhu [Vk] may be identified with the quadratic Casimir of 5[(2) :

1

_ _Lla
T_Z(Hz)Q, Q=3I —ef ~ fe (B.14)
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