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Abstract

Mining has played an important role in the growth of civilisation. Migration, and eco-
nomic and industrial revolutions have been based on the availability of mineral resources.
Open-pit mines are surface excavations created to extract valuable material that is located
below the surface by means of an excavation. Open-pit mining is commonly used for ex-
tracting near to surface metallic and non-metallic ore deposits. Large scale ore deposits
can benefit from the economies of scale offered by the open-pit mining process. Open-
pit mines are excavated in phases often referred to as pushbacks or cutbacks, which are
mineable units designed to maximise the financial return from the mine.

Strategic mine planning is the process that quantifies the economic value of a mining
project over the life of the mine. It aims to answer three main questions regarding an ore
deposit: 1) what portion of the orebody is both economically and technically feasible to
extract; 2) when to extract that portion, or what is the mining sequence and production
scheduling; and 3) where to process the extracted material.

Due to the complexity of the decisions involved in mine planning, standard industry
practice is to subdivide the main problem into interrelated sub-problems that have been
studied in the literature as independent problems. During the last 60 years, optimisation
algorithms and computers have been used to assist the design of open-pit mines. How-
ever, existing models used to provide guidelines for open-pit designs avoid the complex-
ity of modelling practical and operational conditions inherent of the extraction process.
Consequently, most of the output from those models requires significant intervention.

This thesis addresses a key problem in strategic open-pit mine planning which con-
sists of finding the set of pushbacks, their production schedule and the allocation of the
material to an appropriate destination that maximises the discounted cash-flows and sat-
isfies both the practical and operational conditions of the pushback design. This thesis
explores different mathematical techniques to formally include these practical and oper-
ational conditions into mathematical models that can be solved exactly to optimality.

iii





Declaration

This is to certify that

1. the thesis comprises only my original work towards the PhD except where indi-
cated in the preface;

2. due acknowledgement has been made in the text to all other material used; and

3. the thesis is fewer than 100,000 words in length, exclusive of tables, maps, bibli-
ographies and appendices.

v





Preface

This thesis presents original work by Juan L. Yarmuch undertaken during his Ph.D. can-
didature. The use of existing literature and work is made clear within each of those pub-
lications. Juan L. Yarmuch did the majority of the work (substantially more than 50%)
and is lead-author of all included publications.

Part of the research conducted during this PhD and presented in this thesis, as well as
some relevant work completed during the same period, has been published, patented or
communicated elsewhere. In addition, results form Chapters 4, 5 and 6 are in preparation
to be published.

Journal articles

• J. Yarmuch, Brazil, M., Rubinstein, H., Thomas, D.A. (2019) “Optimum ramp design
in open-pit mines”. Computers & Operations Research. doi.org/10.1016/j.cor.2019.06.013.

Patents

• University of Melbourne. Inventors: Joachim H. Rubinstein and Juan L. Yarmuch
(2018) AU Provisional patent ref. no. 2018901873 “Mine planning method and system”.

• University of Melbourne. Inventors: Joachim H. Rubinstein and Juan L. Yarmuch
(2019) PCT international patent. International publication number WO 2019/227147
A1. “Mine planning method and system”.

Conferences and workshops

• J. Yarmuch, Brazil, M., Rubinstein, H., Thomas, D.A. (2017) “A mathematical for-
mulation for practical pushback design”. 21st conference of the International Fed-
eration of Operational Research Societies IFORS. Quebec, Canada.

vii



• J. Yarmuch, Brazil, M., Rubinstein, H., Thomas, D.A. (2018) “A mathematical model
for practical pushback design optimisation”. Invitation as a speaker at the work-
shop Challenges in mine planning DEPLAMIN. Santa Cruz, Chile.

The following contributions from third parties and existing works are acknowledged
here:

• Prof. Maurice Queyranne (University of British Columbia) suggested the use of
variable v in Chapter 5 to keep record of the distance between blocks.

This work was financially supported by the Gilbert Rigg, George Lansell, and Fee Remis-
sion Scholarships from the University of Melbourne; and the National Commission for
Science Research and Technology (CONICYT-Chile) grant no. 72160405, and FONDEF
project IT16M10010.

viii



Acknowledgements

Many thanks to everyone who have been with me in one way or another during my PhD
candidature. You have made this a profoundly fulfilling experience.

I am deeply grateful to my advisory committee Doreen Thomas, Hyam Rubinstein
and Marcus Brazil for their unwavering support, guidance and constant encouragement.

Special thanks to the committee chair Chris Manzie for diligent advice throughout
the candidature. Also, I would like to thank Jan May and Lyn Buchanan for guiding me
through the intricate world of the university rules, procedures and formalities.

In Chile, I am greatly in debt to Rafael Epstein, to whom I consider my mentor and
friend, for encouraging me to pursue an academic career. Without his generous help and
wises advice, this thesis and endeavour would have not being possible.

This acknowledgement would not be complete without expressing my profound grat-
itude and admiration to my life partner (and wife) Constanza Gamboa for being -together
with Juan Ignacio and Celeste- my endless source of happiness.

ix





Para Constanza, Juan Ignacio y Celeste.

xi





Contents

1 Introduction 1

1.1 Background and motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Block model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.2 Pit limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.1.3 Mining sequence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.1.4 Pushback design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.1.5 Haulage road design . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.1.6 Mine production scheduling . . . . . . . . . . . . . . . . . . . . . . 6

1.1.7 Financial evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2 Research problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2.1 Definitions: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Aims . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4 Contribution of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.5 Structure of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 Literature review 11

2.1 Ultimate pit limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.1.1 Multiple-cones . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.1.2 Exact algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2 Mining sequence and pushbacks . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.1 Pushbacks and the final pit . . . . . . . . . . . . . . . . . . . . . . . 16

2.2.2 Parametrisation methods . . . . . . . . . . . . . . . . . . . . . . . . 16

2.2.3 Resource constrained pits . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2.4 Pushbacks as nested-pits . . . . . . . . . . . . . . . . . . . . . . . . . 18

xiii



2.2.5 Semi-practical pushbacks . . . . . . . . . . . . . . . . . . . . . . . . 19

2.2.6 Ramp design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.3 Open-pit mine production scheduling problem . . . . . . . . . . . . . . . . 23

2.4 Aggregation of blocks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3 Optimum ramp design in open pit mines 27

3.1 Optimisation of low stripping roads . . . . . . . . . . . . . . . . . . . . . . 29

3.1.1 Shortest path formulation . . . . . . . . . . . . . . . . . . . . . . . . 29

3.2 Optimisation of high stripping ramps . . . . . . . . . . . . . . . . . . . . . 31

3.2.1 Minimum cost ramp formulation . . . . . . . . . . . . . . . . . . . . 31

3.3 Solution method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.3.1 Mutually exclusive greedy adaptive path (MEGAP) algorithm . . . 35

3.3.2 Local search . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.4 A case study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.4.1 Ex-pit road . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.4.2 In-pit ramp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4 A mathematical model for the practical pushback design problem 45

4.1 The mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.2 Closeness factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.3 Case study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.3.1 Optimal practical pushbacks . . . . . . . . . . . . . . . . . . . . . . 53

4.3.2 Traditional methodology . . . . . . . . . . . . . . . . . . . . . . . . 58

4.3.3 Schedule of aggregated optimised pushbacks . . . . . . . . . . . . . 62

4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5 Two mathematical models for the semi-practical pushback problem 65

5.1 The problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5.2 The mathematical models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5.2.1 The mathematical model 1: Connectivity to a ramp . . . . . . . . . 67

xiv



5.2.2 The mathematical model 2: Horizontal network connectivity . . . 72

5.3 A computational comparison between models SPPM1BLP and SPPM2BLP 77

5.4 Solution method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.4.1 Early and late start . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.4.2 Sliding window heuristic . . . . . . . . . . . . . . . . . . . . . . . . 78

5.5 Computational experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.5.1 Sensitivity analysis of parameters Iwin and Cwin for instance I1 . . 82

5.5.2 Larger computational instances . . . . . . . . . . . . . . . . . . . . . 82

5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

6 A mathematical formulation for the long-range open-pit mine planning prob-
lem 91

6.1 The mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

6.1.1 Objective function . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

6.1.2 Geotechnical constraints . . . . . . . . . . . . . . . . . . . . . . . . . 96

6.1.3 Mining width constraints . . . . . . . . . . . . . . . . . . . . . . . . 96

6.1.4 Connectivity constraints . . . . . . . . . . . . . . . . . . . . . . . . . 97

6.1.5 Haulage ramp constraints . . . . . . . . . . . . . . . . . . . . . . . . 97

6.2 Solution method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

6.2.1 Sliding time window heuristic . . . . . . . . . . . . . . . . . . . . . 98

6.2.2 Sampling and refining algorithm . . . . . . . . . . . . . . . . . . . . 99

6.3 Computational experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.3.1 Optimisation parameters . . . . . . . . . . . . . . . . . . . . . . . . 103

6.3.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

7 Conclusions 109

A PCT patent: Mine Planning Method and System 121

xv





List of Figures

1.1 Example of an open-pit mine. Chuquicamata copper mine, Chile (source:
Google Earth). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Unit operations and basic elements in a mining pushback. Radomiro Tomic
copper mine, Chile. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1 Example of 4 macro-blocks each of which is a 2x2x2 reblocking of the orig-
inal size blocks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.1 Open pit ramp. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.2 Representation of a simple 4 choice of directions graph G. 1, 2, 3 and 4
represent North, East, South and West directions, respectively. Vertices in
white represent incoming directions, while vertices in grey colour outgo-
ing directions. Solid arcs connect all possible incoming directions to all
possible outgoing directions at the same cell. Dashed arcs represent the
feasible connections from a cell to a neighbouring cell. . . . . . . . . . . . . 30

3.3 Illustration of the wall slope precedences. Blocks in grey need to be mined
before the block in black to ensure slope constraint represented by the two
inclined lines that start at the black block. . . . . . . . . . . . . . . . . . . . 32

3.4 Example of a simple 2D case of G3. The vertices in grey illustrate the blocks
that can be selected as ramp, the edges in solid black represent the possi-
ble connections of the path. The initial (S) and final (T) vertices are rep-
resented in black and the edges from and to those vertices are illustrated
with dashed lines. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.5 Illustration of Scenario 1 (a) and Scenario 2 (b). The grey zone in Figure
(b) represents a forbidden area for the roads. Roads in red represent paths
obtained with the high stripping model, while roads in blue show paths
obtained with the low stripping model. . . . . . . . . . . . . . . . . . . . . 38

3.6 Comparison of the performance (cost and time) of the binary linear pro-
gramming (BLP) model and the proposed local search method (Local Search).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

xvii



3.7 Illustration of the in-pit ramps. Figures (a), (b) and (c) represent the engi-
neer design, the ramp obtained with the local search method and the ramp
obtained solving the BLP model, respectively. Ramps are represented in
blue lines, while the stripping associated with the ramps is represented
with blue dots. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.1 Example of a ramp segments template composed of 16 ramp segments with a
1:4 gradient constraint, plan view, considering block 122 as a ramp entrance. 46

4.2 Example of a 45◦ geotechnical slope upward precedence. . . . . . . . . . . 48

4.3 Illustration of the matching factor (plan view). (a) Guidance shells. (b)
Manual design. (c) Matching blocks, gb = db and |gb − db| = 1 are repre-
sented in dark and light grey, respectively. . . . . . . . . . . . . . . . . . . . 52

4.4 Modified slope y◦ after a ramp of width D has been included ([100]). . . . 55

4.5 Isometric view of the guidance and optimised practical pushbacks, colours
represent different pushbacks (a) Guidance pushbacks. (b) Optimised prac-
tical pushbacks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.6 Isometric view of the guidance and optimiser practical pushbacks, colours
represent different pushbacks (a) Guidance shells. (b) Manual practical
pushbacks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

5.1 Example of horizontal rectangular templates, each template is represented
as a black rectangle. If the block filled in red is chosen to belong to a push-
back then either all blocks marked in black or all blocks marked in grey (or
both) must belong to the same pushback. . . . . . . . . . . . . . . . . . . . 67

5.2 Illustration of a block precedence relationship to model a wall slope of 45◦,
assuming cubic blocks. Blocks 1-5 must be mined in order to mine block 6. 68

5.3 Example of a quick & dirty pushback schedule to estimate the value of pa-
rameters δp. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.4 (a) Example of the relationship between variables x and u. If the block b (in
red) belongs to pushback p, then at least one of the rectangular templates w
which contains b must belong to the same pushback; forcing all the blocks
within that (those) template(s) (blocks marked in grey and black) to belong
to p as well. (b) Illustration of the relationship between variables v, x and
z. The variable vbdp is one if there is a path of blocks (marked in grey) that
belong to pushback p of length less than or equal to d from the selected
coordinate c (marked as black) and the block b (marked as red). . . . . . . 70

5.5 (a) Example of a set of lines l following directions ~X and ~Y for a level.
(b) Example of a simple graph Gl . Arcs from Sl to the blocks and from
the blocks to Tl are represented as bowed arrows, while arcs that connect
blocks with their immediate neighbours are drawn as straight arrows. . . 73

xviii



5.6 (a) Example of a non-convex shape (black) that cannot be obtained by im-
posing directions ~X and ~Y simultaneously. The resultant shape when using
directions ~X and ~Y adds the section marked in red. (b) Example of discon-
nected shapes in direction ~XY when only directions ~X and ~Y are considered. 77

5.7 Illustration of the SWH with Iwin = 3 (the number of consecutive push-
backs in each integer window) and Cwin = 2 (the number of pushbacks
in each continuous window, with the integrality of the variables relaxed),
black, green and red colours represent P1, P2, P3, respectively. . . . . . . . 79

5.8 Mining input data for instances I2 and I3, where colour scale represents the
economic value of the blocks. Plots (a), (c) and (e) are isometric, YZ and
XY views of the input data for instance I2, respectively. Similarly, plots (b),
(d) and (f) are isometric, YZ and XY views of the input data for instance I3,
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.9 Visualisation of the I2(2, 3) plots ((b),(d),(f)) compared to the instance I2
without considering the mining width and connectivity constraints (plots
(a),(c),(e)). Plots (a), (c) and (e) are isometric, YZ and XY views of the re-
laxation of the practical constraints for instance I2, respectively. Similarly,
plots (b), (d) and (f) are isometric, YZ and XY views of the output of in-
stance I2(2, 3), respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.10 Visualisation of the I3(1, 2) (plots (b),(d),(f)) compared to the instance I3
with a relaxation of the mining width and connectivity constraints (plots
(a),(c),(e)). Plots (a), (c) and (e) are isometric, YZ and XY views of the re-
laxation of the practical constraints for instance I3, respectively. Similarly,
plots (b), (d) and (f) are isometric, YZ and XY views of the output of in-
stance I3(1, 2), respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

6.1 Example of the sampling and refining algorithm. (a) blocks marked in grey
represent the reduced number of coordinates Ĉ at the first iteration of the
algorithm. (b) the blocks in red represent the coordinates selected as refer-
ence points for the pushbacks. (c) the blocks in grey represent the new set
of reduced coordinates which correspond to the neighbours of the coordi-
nates selected as a solution in the previous iteration. . . . . . . . . . . . . . 99

6.2 Blocks within the larger ultimate pit. The colour scale represents the value
of the blocks in dollars. Plots (a), (b) and (c) represent isometric, XY and
YZ views, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6.3 Pushbacks found using the sampling and refining algorithm. Colours rep-
resent different pushbacks. Figures (a), (b) and (c) show the solutions at
different view points for the first, second and third iteration of the algo-
rithm, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

xix





List of Tables

3.1 Minimal paths for scenario 1. . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.2 Minimal paths for scenario 2. . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.3 In-pit ramp cost comparison between the BLP model, the local search model
and the engineer’s design. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.1 Economic, design and scheduling parameters. . . . . . . . . . . . . . . . . 53

4.2 Maximum distance parameter D∗ for each pushback used in the optimisa-
tion. Values showed here are the result of a trial and error process. . . . . 55

4.3 Output for the guidance pushbacks for the case study illustrated in Figure
4.5(a). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.4 Material content of optimised practical pushbacks illustrated in Figure 4.5(b). 57

4.5 Material mined each year from each optimised practical pushback. . . . . 57

4.6 Output of the schedule for optimised practical pushbacks in terms of ore,
waste and profit (based on a 12.5% discount rate). . . . . . . . . . . . . . . 57

4.7 Material content inside each pit shell. . . . . . . . . . . . . . . . . . . . . . 59

4.8 Material and profit of each pushback used as pit guidance for the tradi-
tional methodology. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.9 Material inside each manual practical pushback. . . . . . . . . . . . . . . . 60

4.10 Material mined each year from each pushback for the manual practical
pushbacks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.11 Output of the manual practical pushback schedule in terms of ore, waste
and profit (based on a 12.5% discount rate). . . . . . . . . . . . . . . . . . . 62

4.12 Material mined each year from each optimised practical pushback. . . . . 62

4.13 Output of the schedule for optimised practical pushbacks in terms of ore,
waste and profit (based on a 12.5% annual discount rate). . . . . . . . . . . 62

5.1 Computational comparison of models SPPM1BLP and SPPM2BLP for in-
stance I1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

xxi



5.2 Experiment over parameters Iwin and Cwin for instance I1. . . . . . . . . . 82

5.3 Computational experiments for problem instances I2 and I3. The values
presented in I2 Opt* and I3 Opt* are the best solutions found by the solver
within the time limit of 24 hours. . . . . . . . . . . . . . . . . . . . . . . . . 85

6.1 Sampling and refining algorithm results. . . . . . . . . . . . . . . . . . . . . . 104

6.2 Material sent to process and to waste dump per period. . . . . . . . . . . . 104

6.3 Pushback schedule. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

xxii



Acronyms & Initialisms

2D two dimensions.
3D three dimensions.
4D four directions.
BLP binary linear program.
BZ Bienstock-Zuckerberg algorithm.
CAD computer assisted design
CAPEX capital expenditure.
CPU computer processing unit.
HS high stripping ramp.
IBM international business machines.
MILP mixed integer linear program.
LG-2D Lerchs and Grossmann algorithm for the two-dimensional ultimate pit

problem.
LG-3D Lerchs and Grossmann algorithm for the three-dimensional ultimate pit

problem.
LG-UPL Lerchs and Grossmann three-dimensional ultimate pit problem.
LP linear programming.
LS low stripping roads.
MEGAP mutually exclusive greedy adaptive algorithm.
MPPSP multi-period production scheduling problem.
MSRP minimum stripping ratio pushback.
NPV net present value.
OPEX operational expenditure.
OPLRMPP open-pit long-range mine planning problem.
OPLRMPP-
Mod

open-pit long-range mine planning problem mixed integer linear program-
ming model.

OPMPSP open-pit mine production and scheduling problem.
UPL ultimate pit limit.
P.T. pronounced turn.
RAM random access memory.
R.T. right turn.
SPPM1BLP semi-practical pushback binary linear programming model 1.
SPPM2BLP semi-practical pushback binary linear programming model 2.

xxiii



SPPM2sub mixed integer linear programming model for the sub-problem associated to
the semi-practical pushback model 2 (SPPM2BLP).

S.T. slight turn.
STWH sliding time window heuristic.
SWH sliding window heuristic.

xxiv



Nomenclature

Note that separate notation has been defined and used in the re-printed published
manuscripts included within this thesis.

b ∈ B : blocks in the block model 1, . . . , B.

c ∈ C : set of XY-coordinates that act as a reference point to ensure the connectivity
of the blocks within a pushback. A priori the set C is formed by the XY-projection
of the (x, y, z) coordinates associated to all blocks b ∈ B.

t ∈ T : periods 1, . . . , T, where T is the maximum period considered for the sched-
ule.

p ∈ P : pushbacks 1, . . . , P. P correspond to the maximum number of pushbacks to
be considered.

d ∈ Dp : set of distances from the reference point associated to pushback p. 0, . . . , D.

b̂ ∈ B̂b : vertical precedences of block b.

l ∈ L : levels in the block model; 1, . . . , L.

b̈ ∈ B̈l : blocks that belong to a level l.

b̆ ∈ B̆b : blocks that share the same level l with block b.

b+s ∈ B+
s : set of blocks immediately above blocks in ramp segment s.

b−s ∈ B−s : set of blocks immediately below blocks in ramp segment s.

s′ ∈ S ′b : ramp segments that start at block b. The block b act as a ramp entrance of
the segments s′ ∈ S ′b .

s′′ ∈ S ′′b : ramp segments that end at block b .

s ∈ S : all ramp segments (S =
⋃

b∈B
S′b).

b̄ ∈ B̄b : set of horizontal adjacent blocks of block b.

w ∈ W : set of mining width rectangular templates.

xxv



w′ ∈ W ′b : set of mining width rectangular templates that contain block b.

b′ ∈ B′w : set of blocks contained in the mining width rectangular template w.

V ′b : economic value per ton [US$/ton] of block b sent to process.

V ′′b : economic value per ton [US$/ton] of block b sent to waste dump.

Wb : tonnage of block b [tonnes].

Wt
ML

: maximum mining limit [tonnes] for period t.

Wt
PL

: maximum processing limit [tonnes] for period t.

Wt
ML : minimum mining limit [tonnes] for period t.

Wt
PL : minimum processing limit [tonnes] for period t.

Tini
p : minimum extracting period for pushback p.

T f in
p : maximum mining period for pushback p.

δt : discount factor for period t. δt = (1 + ζ)−t, where ζ is the discount rate.

Dbb̆ : Euclidean distance from block b to block b̆ [metres].

D∗p : maximum distance from the ramp entrance to every block at the same level as
the ramp entrance that belongs to pushback p [metres].

Vb : net profit of block b, this will be negative for any block that is waste [dollars].

Wp : minimum tonnage of pushback p [tonnes].

Wp : maximum tonnage of pushback p [tonnes].

λb : compactness factor of pushback p.

δp : value discount factor for pushback p.

F : a mapping function F : B → C such that F (b) = c is the 2D projection over
the XY plane of the spatial location of block b.

xxvi



Chapter 1

Introduction

M INING has played an important role in the growth of civilisation. Migration, and
economic and industrial revolutions have been based on the availability of min-

eral resources. The Victorian gold-rush (1850-1860) which led the development of what
was once called Marvellous Melbourne is a palpable example of this. Today, mining is still
one of the most important sectors for the Australian economy. In 2017-18, minerals and
resources accounted for 55% of the total exports in Australia, making up 8% of Australia’s
economy and employing more than 250,000 people (www.industry.gov.au).

1.1 Background and motivation

Surface mining is a category of mining that differs from underground mining in which
surface mining requires the removal of the material overlying the mineral. The most
common methods among surface mining are open-pit mining, strip-mining and quarry
mining. Open-pit mining is different from quarry mining in that open-pit mines selec-
tively extract the ore, while quarries extract aggregates or dimensional stone products,
such as granite and marble. The main difference between open-pit mining and strip-
mining is how the waste material is disposed. In open-pit mines, the waste material is
generally disposed outside the pit, while in strip-mining the waste material is disposed
inside the pit. Most of the surface coal mines are strip mines.

Open-pit mines are surface excavations created to extract valuable material (ore) that
is located below the surface by means of an excavation or cut. The ore body is mined
from top-down in a series of benches (horizontal layers). Mining starts by excavating a
level that is accessible with for topography and after a sufficient area has been exposed
the mining of the following level begins. This process continues until the mine outline is
reached [48]. Ore is usually mined together with a considerable amount of material with
little or no value (waste) which must be extracted before reaching the ore; this process
is known as stripping. The ore is processed at the processing plants or it is stockpiled,
while the waste material is disposed of in dedicated areas commonly called waste dumps.
Figure 1.1 illustrates the general layout of an open-pit mine.

1
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Figure 1.1: Example of an open-pit mine. Chuquicamata copper mine, Chile (source: Google
Earth).

Open-pit mining is commonly used for extracting near to surface metallic and non-
metallic ore deposits. Large scale ore deposits can benefit from the economies of scale
offered by the open-pit mining process [98]. Open-pit mines are excavated in phases often
referred to as pushbacks or cutbacks, which are mineable units designed to maximise the
financial return from the mine. Pushbacks are volumes with sufficient bench (see Figure
1.2) area to allow the safe operation of the equipment in the mining process.

The mining unit operations are the basic steps necessary for the extraction of the ma-
terial. In open-pit mines, the most common unit operations are: drilling, blasting, loading
and hauling. In general, these unit operations occur simultaneously in the same bench.
Benches can be divided into working (or active) benches and inactive benches. Active
benches are in the process of being excavated, whereas inactive benches are left to en-
sure the pit-wall slope stability. To access different benches in-pit haul roads or ramps
are created. Thus open pit mines require a comprehensive road network which connects
the extraction sectors inside the pit to the possible destinations outside the pit. Figure 1.2
illustrates the main units operations and the basic features of a pushback.
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Figure 1.2: Unit operations and basic elements in a mining pushback. Radomiro Tomic copper
mine, Chile.

In general, open-pit long-range (strategic) mine planning is the process that quantifies
the economic value of a mining project over the life of the mine. It aims to answer three
main questions regarding an ore deposit: 1) what portion of the orebody is both econom-
ically and technically feasible to extract? (also known as the pit limit), 2) when to extract
that portion, or what is the mining sequence and production scheduling?, and 3) where
to process the extracted material? Mine planning also produces a cost-benefit analysis
of the ore extraction and the infrastructure required for the development of the project
taking into account the interaction between the economic-performance, safety, availabil-
ity of labour and the mining equipment [98]. Due to the complexity of the decisions
involved in mine planning, standard industry practice is to subdivide the main problem
into the following sequential stages which are solved independently: 1) pit limit defi-
nition, 2) mining sequence optimisation, 3) pushback, dump and road design, 4) mine
production scheduling, 5) mining fleet requirement estimation, and 6) operational and
capital expenditure calculation.

1.1.1 Block model

Geological exploration and modelling is the first stage of the mine evaluation process.
Once the geological, geo-technical and metallurgical models have been completed, tech-
nical and economic studies are conducted before an open pit mine begins development
and production.

The geological model is typically represented as a 3D regular grid where each cell is
called a block. Each block is associated with information about its spatial location and
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a number of attributes regarding the geology of the mineral deposit such as the valu-
able material content, contaminants, specific gravity, rock type, geotechnical domain and
profit amongst others. The number of blocks in a typical block model of a large open-pit
mine is between 500,000 and 10,000,000.

1.1.2 Pit limit

The ultimate pit limit (UPL) is the region of the geological deposit that is technically and
economically viable to mine. In the 60’s Lerchs and Grossmann (see [60]) introduced
an efficient optimisation algorithm to define the UPL by maximising the un-discounted
cash-flows of the excavation, subject to satisfying geotechnical constraints on the slopes
of the pit walls (slope constraints). The PL problem (as described in [60]) is a static prob-
lem that simplifies the mining process to that of deciding which material to extract over
the life of the mine. Time decisions and production capacity constraints are not taken into
account. The Lerchs and Grossmann approach and algorithm is the prevailing method
for solving the UPL problem. However, recent approaches that use maximum flow algo-
rithms for the UPL problem have been shown to outperform the Lerchs and Grossmann
algorithm (see [46]).

1.1.3 Mining sequence

Taking advantage of the efficiency of the Lerchs and Grossmann algorithm, a common
approach to find a mining sequence consists of iteratively generating a set of ultimate pit
limits where the value of each block is weighted. This approach is based on the suggested
parametric analysis (see [60]) which was later formalised by G. Matheron in 1975 [100].
Thus, the output of the parametric analysis is a set of nested-pits which gives a sequence
from the most to the least profitable regions inside the ultimate pit limit, when weights
between 0 and 1 are used.

The parametrisation method is simple and fast. However, in most cases, shells ob-
tained with this parametric analysis are not practical to use directly as pushbacks. There
are three major issues with the nested-pits: the big difference in volume between two ad-
jacent shells, also known as the gap problem (see [80]), the disconnected regions within the
same pit shell and the lack of an operational mining width between shells. In practice,
the set of shells needs to be manually modified by mining engineers to incorporate these
operational conditions using CAD tools [29].

1.1.4 Pushback design

Engineers mainly consider three operational conditions when they design practical push-
backs. First, every pushback must satisfy a minimum width to allow safe operation for
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the mining equipment. Second, all the regions of a pushback must be connected. Third,
every pushback needs to have at least one haulage ramp to access the pushback from top
to bottom.

Current mine planning software and capabilities are not adequate to achieve opti-
mal designs which simultaneously satisfy operational constraints and maximize the net
present value (NPV). The current methodology for designing pushbacks relies on quality
manual interpretation of the nested pits, which might provide some guidance to opti-
mise theoretical NPV, but cannot give practical designs without considerable and sub-
jective judgement from an experienced mine designer. Pushbacks are later scheduled to
produce the mine production schedules.

1.1.5 Haulage road design

In-pit ramps are roads that connect the working phases to the pit exits; these require the
removal of a great amount of material for their construction. The total tonnage of ore and
waste and the pit shape can change dramatically after the addition of the in-pit ramps.
Ex-pit roads, on the other hand, connect pit exits to processing plants or dumps, and their
construction usually requires removing much less material than in-pit ramps.

The ramp design process begins with the determining the pit exits, the ramp width
and gradient. Pit exits are usually located close to the processing plants or waste dumps
to reduce the total haulage cost, while, the ramp width is defined by considering oper-
ational factors, safety conditions and the stripping cost. Examples of operational factors
are the size of the haulage equipment, the number of traffic lanes, the traffic density and
safety elements (centre line piles, road edge barriers and ditches). A comprehensive de-
scription of these factors can be found in [8]. As a rule of thumb, the minimum ramp
width should be at least four times the width of the hauling equipment. The ramp gradi-
ent is constrained by a maximum gradient determined by diverse factors such as the type
of haulage trucks, the mining operation conditions and the road surface quality. Mining
trucks work best when the maximum ramp gradient is between 8% and 10% [95].

Once the design parameters have been defined, engineers must decide whether to use
spiral ramps, switchbacks (180◦ turns) or a combination of both. Because ramps can be
used as catch berms to control local rock failures, a design that includes switchbacks is
generally more stable, in geotechnical terms, than spiral ramps. However, a significant
number of switchbacks over the same wall increases the amount of stripping of the pit,
compromising the profitability of the mine. Also, switchbacks affect the cost and safety
of the haulage truck’s operation [95]. For instance, switchbacks reduce the truck speed
and consequently the truck productivity, they require periodic maintenance increasing
the operational cost, and they generate visual problems for drivers increasing the risk
of collision. Nowadays, most mining operations rely on their engineers for the haulage
road design, and they mostly do this work manually by trial-and-error.
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1.1.6 Mine production scheduling

After the pushback design stage, scheduling and cut-off grade optimisation (classifying
each block as either waste or ore) is done in the next stage. Other constraints such as,
production targets and blending constraints over time are included. Long-range plan-
ning takes into account the pushbacks and their level-by-level subdivisions, known as
benches, as the minimum mineable units. Thus, the pushback design is the key com-
ponent in determining the optimal schedule. Several optimisation softare packages have
been developed to assist engineers in this task. Software like Comet, Geovia Whittle (Das-
sault), Vulcan Chronos (Maptek), Minemax Scheduler, and MineSight Economic Planner
(Mintec) are commonly used in the mining industry for mine production scheduling op-
timisation.

1.1.7 Financial evaluation

The mine schedule gives details of the mining sequence as well as the physical destina-
tion of the material mined. The mine equipment requirement is now calculated based on
the production rates and the haulage distances (fifth stage). Finally, a purchase plan of
mining equipment is computed (CAPEX), and the operational cost (OPEX) is calculated
taking into account the labour costs, consumables, equipment maintenance, shift roster
and other factors [102].

1.2 Research problem

The majority of the models used to describe the pushback design problem avoid the com-
plexity of modelling real operational constraints. Consequently, the output from these
models generally requires significant intervention by mining engineers. At present, there
is a clear gap between the literature and the pushback design problem. Moreover, even
though this is an old problem, there is no consensus in defining what a pushback is. The
key missing parts in the literature will be highlighted in Chapter 2.

1.2.1 Definitions:

The following definition of pushbacks, which will be used in this thesis, is given to avoid
confusion with other definitions from the literature.

• Pushbacks: Pushbacks are a set of disjoint, mineable volumes aimed to maximise
the financial return from a mine. The union of the pushbacks forms the ultimate
pit. Each pushback is a connected volume (aggregation of blocks) with sufficient
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operational width, and as such the slope conditions are honoured. Each pushback
is designed with a haul-road that connects all the benches from top to bottom.

• Semi-practical pushback: A pushback such that the haul-road condition is re-
laxed.

This thesis addresses a key problem in strategic open-pit mine planning which con-
sists of finding the set of pushbacks, their production schedule and the allocation of the
material to an appropriate destination that maximises the discounted cash-flows and sat-
isfies the operational conditions of the pushback design (this problem is hereafter called
the open-pit long-range mine planning problem, or the OPLRMPP). The OPLRMPP is
strategic, and so the time horizon considered in this research is the life of the mine. The
solution of the OPLRMPP defines the set of pushbacks and, for each period, determines
the extracted blocks and their destination.

The OPLRMPP, described in this thesis, contains the following assumptions and con-
siderations:

• All parameters are deterministic and there is no stochastic element in the model.

• The minimum amount of time for scheduling purposes is 1 year.

• No stockpiling/re-handling will be incorporated into the mine production sched-
ule.

• The block model, mining and processing capacities, economic and technical param-
eters for pushback design and scheduling are given.

• The ramp system and mining width considered assume a truck and shovel opera-
tion.

1.3 Aims

This research aims to develop a new model for the open-pit long-range mine planning
problem by considering operational conditions and proposing decomposition methods
and heuristics to solve large scale problems in a reasonable time. The aims of the research
are as follows:

1. Develop a mixed integer linear programming model to generate pushback designs
that take the main operational factors into consideration. Associated research ques-
tions are:

(a) Which algorithms are suitable for solving the OPLRMPP?

(b) If it’s not possible to model all the operational features of pushbacks in a single
mathematical model, should separate models be created?
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(c) How do we incorporate shape control and haulage ramp design into the push-
back design model?

2. Implement and analyse methods to solve this model, ranging from exact solutions
for a small problem to heuristic approaches or approaches with partially relaxed
constraints for large scale problems. Associated research questions are:

(a) Does the model produce an operationally feasible solution and guarantee op-
timality for the pushback problem?

(b) Could that model be implemented and solve large-scale problems?

3. Make a comparison of the new model and its results with current practice. Associ-
ated research questions are:

(a) How much value can be added by the new model compared with traditional
methodology based on nested pits?

1.4 Contribution of the thesis

This thesis makes the following contributions:

Chapter 2:

• A comprehensive literature survey about the ultimate pit limit problem and the
mining sequencing (pushback design) problem is provided, and

• A classification of various definitions of a pushback from the literature is given.

• Different approaches to find the next best ore such as the mine production schedul-
ing and the pushback problem are analysed.

Chapter 3:

• A shortest path formulation, which can be efficiently solved, is adapted to solve the
ex-pit road design problem.

• A mixed integer linear programming model to solve the in-pit ramp design prob-
lem is introduced.

• A heuristic approach to solve realistically sized instances -within a reasonable time
scale- of the high stripping ramp design problem is developed

• A set of computational experiments based on real mine data is presented.

Chapter 4:

• A formal description of the practical pushback problem is given.
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• A binary linear programming model for the practical pushback problem is intro-
duced.

• A suitable aggregation method is used to solve realistically sized problems (with
millions of blocks).

• A closeness factor is introduced to measure the similarity between a computer-gene-
rated solution and a corresponding manual design that includes practical constraints.

• Real mine data is used to compare the use of the new formulation to the traditional
methodology based on nested-pits.

Chapter 5:

• Two binary linear programming models for the semi-practical pushback problem
are introduced. Both models explicitly account for the connectivity and mining
width conditions as linear constraints.

• A variable reduction pre-processing routine and an adaptation of the Sliding Time
Window Heuristic are implemented to solve medium size problem instances.

• Real mine data and two instances from the Minelib mining problem library are used
to test the models and heuristics.

Chapter 6:

• A mixed integer linear programming (MILP) model for the OPLRMPP is devel-
oped. The model is aimed to maximise the time-discounted cash-flow of the mine
(also know as NPV). The model is capable of generating a mine production sched-
ule that satisfies the processing and mining capacities, as well as the cut-off grade
definition.

• The mathematical model incorporates the connectivity, mining width and haulage
ramp conditions as linear constraints.

• A series of pre-processing routines, model simplification and heuristics are imple-
mented to solve medium size problem instances.

• Real mine data is considered to validate the model.

Appendix A:

• A binary linear programming (BLP) model for semi-practical pushabcks, and a BLP
model for the mine production schedule are introduced.

• The mathematical models approach the connectivity and mining width conditions
by using physical behaviour of soap bubbles.

• Traditional algorithms in mine planning (such as LG-3D[60] and BZ[12]) can be
used to solve large scale problem instances for the new mathematical formulations.
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1.5 Structure of the thesis

This introduction forms Chapter 1 of the thesis, and the remaining five chapters are struc-
tured as follows:

Appropriate methods and approaches available in the literature for the open-pit long-
range mine planning problem (OPLRMPP) are introduced in Chapter 2, as well as pro-
viding a more thorough motivation for our interest in the addition of geometrical and
operational conditions to the OPLRMPP. A review is also given of the models, methods
and approaches for optimising pushbacks and mine production schedules.

In Chapter 3, the problem of adding a haulage ramp to a given semi-practical push-
back is studied. Additionally, the problem of finding the minimum cost ex-pit haulage
road is addressed. This chapter is based on a published manuscript.

Chapter 4 explores the use of the in-pit ramps as an element to control the shape
of a pushback; and thus generate more operationally feasible designs. A mathematical
model that simultaneously optimises a pushback and the correspondent in-pit ramp is
introduced. The output of the proposed model is compared to the traditional approach
based on nested-pits to measure the value added by the new model.

Chapter 5 describes two approaches aimed at incorporating some of the operational
conditions -block connectivity and a minimum mining width- into a single model. Both
models generate operationally feasible designs that relax the in-pit ramp condition. The
use of heuristic algorithms allows medium-size problem instances to be solved close to
optimality in a reasonable time.

Chapter 6 considers the question of how it is possible to incorporate the main oper-
ational conditions for the OPLRMPP into a single model; and also simplifications and
heuristics to solve real mine datasets. This work introduces a unique mixed integer lin-
ear programming (MILP) model for the OPLRMPP that uses some of the techniques pre-
sented in Chapters 4 and 5 to model the operational conditions. This new formulation
answers the questions of what and when to extract, and where to process.

Chapter 7 draws the conclusions from Chapters 3-6 together, summarises the findings
and discusses future work.

Finally, in Appendix A a patented method that considers the physical properties of
soap bubbles to model block connectivity and operational width conditions is presented.
New models for semi-practical pushbacks and mine production scheduling can be solved
for large problem instances (consisting of millions of blocks) by using well known algo-
rithms in mine planning.



Chapter 2

Literature review

Anyone who is not familiar with many of these [optimisation techniques in open-pit mine
planning] will be bewildered by all the articles in the literature, each claiming to either be in the
process of solving the problem or to have solved the problem.

—Young C. Kim and Yixian Zhao [54]

THE main task of open-pit long-range mine planning is to define the strategy that
maximises the financial return of the extraction of a mineral deposit while satisfying

-among others- technical, operational, legal and financial conditions. This task is com-
pleted by determining which portion of the geological resource (orebody) is technically
and economically viable for extraction -the ore considered within this portion constitutes
the mining reserves. The financial return of a mine is usually measured by net present
value (NPV), which is the summation of the time-discounted cash-flows. To estimate the
cash-flows of a mine -and consequently the NPV- it is necessary to develop a production
schedule of the mine.

Production planning is a complex process that takes into account a variety of aspects
such as the geometry of the orebody, the processing and mining capacities, the interac-
tion of the unit operations and types of equipment, and the production targets. The mine
production schedule defines the cash-flows which are essential in achieving the highest
financial return of the mine [98]. Pushbacks are the foundation for the production sched-
ule and play a crucial role in defining annual cash-flows [40]. Realistic pushback designs
-those that account for enough operational area and access roads- are fundamental for
a proper evaluation of a mine. Production plans not based on realistic designs typically
underestimate the waste and overestimate the ore material, this often leads to wrong
decisions in project evaluation [29]. The final pit outline is the resultant pit after the min-
ing of the scheduled ore and waste. Computing the final pit is required to estimate the
mining reserves [86].

As Kim and Zhao stated, the monolithic approach to -what we called- open-pit long-
range mine planning problem (OPLRMPP) has not previously been considered in the
literature due to the size and complexity of various mine planning aspects [54]. This
observation is still valid today. Instead, three interrelated components of the OPLRMPP
have been studied in the literature as independent problems: 1) the definition of the

11
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final pit or the ultimate pit limit (UPL) problem, 2) finding the mining sequence, or the
pushback design problem, and 3) determination of the production planning or the open-
pit mine production scheduling problem (also referred as OPMPSP).

2.1 Ultimate pit limit

Early work in open-pit mine planning -from 1960 to 1990- primarily focussed on finding
methods to define the ultimate pit limit. Before the use of computers, the final pit outline
was defined by hand over a series of 2D cross-sections. Each of these must at least have
information regarding the geological inventory and the surface topography. Then, a pit
boundary was locally defined for each section by moving the limits of the pit until the
calculated stripping ratio (amount of waste divided by the amount of ore) reached a break-
even ratio, previously defined by the practitioner. This process was done by hand in a
trial-and-error process. Finally, the interpolation (or smoothing) of the 2D pit boundaries
resulted in the final pit (for a detailed explanation of the method, see [56]). Although the
hand-method was useful in the early days of mine planning, the method suffered from
two main weaknesses: it was error-prone, and it was a time-consuming process [18]. For
example, according to Robb [86], the time required for a team of engineers involved in
the detailed design of a large open pit was between 12 and 14 person-months.

Contrary to modern practice, the use of regular-sized block models to represent the
geological inventory was not standard practice in the early days. Instead, continuous
representation of the orebody and the use of irregular-sized blocks were the preferred
choices. The main reasons for using the latter over the former were to reduce the storage
space and to minimise the number of calculations in planning tasks such as the final pit
calculation. Therefore, some of the first computer algorithms developed to assist mine
planning assumed continuous or irregular-sized block representations of the orebody
(for example, see [18] [75], [68] and [58]).

2.1.1 Multiple-cones

From an historical point of view, the computer program developed by Kennecott Cop-
per Corp. in 1963 was arguably the first successful case of the use of computers to assist
open-pit mine-planning. This computer program allowed users to compute a final pit
automatically. The core of the program was based on the multiple-cone (also known
as a floating cone) algorithm developed by Milton Pana, which simulates the extrac-
tion of multiple cones and analyses the economic potential of the incremental removal
of each cone, keeping track of the contribution to the total net value of the pit. The al-
gorithm stops when the sum of the net value of all the increments reaches a maximum.
Although the computer program was initially aimed to assist the economic evaluation of
new projects, it was later modified and successfully implemented in Kennecott’s Chino
Mines and Bringham mine [18].
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The use of multiple-cone techniques to compute final pits and mining sequences
rapidly gained popularity within the mining industry, replacing the hand methods. The
main advantages of the use of multiple-cones are ease of implementation; low memory
requirements and a reduced number of calculations crucial for early-computer systems;
the use of cones allowed the modelling of a variety of wall slope conditions and mini-
mum areas for mining equipment (mining width).

However, the resultant final pit obtained using this method depends on the order
in which the incremental cones have been considered over the geological inventory. The
reason for this variability is that the proposed algorithm cannot adequately accommodate
the cost of the waste material in the intersection of overlapping cones. In the following
decades, researchers proposed new cone-based methods to deal with overlapping cones.
For example, Lemieux [59] introduced an optimising floating cone algorithm that com-
bines two algorithms (a positive floating cone and negative floating cone algorithm). The
optimising algorithm uses the results from the positive and a negative cone algorithms
to identify the overlapping cones, and then reallocates the costs of the waste associated
with the overlapping cones (see [58] for details). Also, Dowd and Onur [28] proposed an
alternative floating cone algorithm, which modifies the algorithm previously introduced
by Korobov (see [26]) by introducing a rule that redefines the order in which the cones
should be evaluated, starting with the cones that do not overlap and then evaluating the
overlapping cones. Dowd and Onur claim that the resulting algorithm finds the optimal
final pit. However, no rigorous proof of optimality has been provided for this or any
other floating cone algorithm mentioned here.

2.1.2 Exact algorithms

In 1965 a couple of researchers from IBM, Lerchs and Grossmann [60], introduced two al-
gorithms; one of them later becoming the basis of modern mine planning software. The
first algorithm consisted of a dynamic programming method for the optimal final pit in 2-
D cross-sections (LG-2D algorithm), and the second corresponded with a graph-theoretic
algorithm for finding the final pit in 3-D (LG-3D algorithm). The problem formulated
in the paper (hereafter called the LG-UPL problem) assumed the geological inventory is
represented by regular blocks; the profits, grades and density is known for each block;
the profit is independent of the mining sequence; and the only operational considera-
tion is the wall slope condition, which is imposed by the relation between the blocks
(precedence relationship). The authors provided mathematical proofs of optimality and
convergence for the graph-theoretic algorithm. However, this 3-D algorithm could not be
efficiently implemented for real-size mines until the mid-eighties. The main reasons were
the amount of computer memory, and the number of calculations required exceeded the
capacities of the early-computer systems [4].

Several authors continued working on improvements to the Lerchs and Grossmann
algorithms. For example, Johnson and Sharp [51] proposed a method for the LG-UPL
problem that repeatedly uses the LG-2D algorithm over cross-sections, given it is re-
quired to mine to a particular level, and then a final application on a longitudinal section
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where the blocks represent the optimal section contours down to each level. According to
Johnson and Sharp, the implementation of the algorithm allowed solution of mines up to
100,000 blocks, but the largest example provided consisted of 23,010 blocks taking 1,457
seconds to run. However, the algorithm cannot find the optimal pit for the 3D problem
in all cases.

Also, Lipkewich and Borgman [61], introduced a procedure called “layer-cake” which
reduced the memory requirement of the LG-3D algorithm by solving the LG-3D algo-
rithm over a sub-graph of the complete model. The LG-3D algorithm is run from the top
bench, and the remaining graph is augmented with the following layer of data, remov-
ing from the memory the blocks within the partial solutions before moving to the next
bench, until the bottom bench is reached. The program accepted instances of up to 12,000
blocks because of the computer system limitations. Additionally, Caccetta and Giannini
[16] proposed the use of dynamic programming to produce a “bound” for the optimal pit
limit and, thus, reduced the complexity of the problem by running the LG-3D algorithm
over the blocks within the bound.

Another example is the algorithm introduced by Zhao and Kim [104], which modifies
the LG-3D algorithm by operating over directed trees based on the ore-waste relation-
ship. The algorithm presented redefined the original concepts introduced by Lerchs and
Grossmann making it easier to understand. Besides, the new algorithm considers a series
of preprocessing routines that reduce the size of the memory requirements and increases
the speed compared with the LG-3D algorithm. The largest instance tested consisted of
256,000 blocks (52,325 after preprocessing) taking 115 minutes to run.

Other methods, such as linear programming and network flows, have been proposed
to solve the LG-UPL problem. Meyer [68] proposed a linear programming model that
considered columns instead of blocks to reduce the number of variables. However, the
model introduced is constrained to vein-shape ore zones. Picard [76] presented a trans-
formation of the LG-UPL problem to a network flow problem (over a transformed graph).
The solution of the LG-UPL problem corresponds to the minimum-cut of the transformed
graph which can be found using a variety of max-flow min-cut algorithms such as the
Sleator-Tarjan, the Push-relabel [46] and the Pseudo-flow [47] algorithm. Underwood
and Tolwinski [96] present a network flow algorithm based on the dual of the LG-UPL
problem. The authors provide a theoretical insight of the LG-3D algorithm from a math-
ematical programming viewpoint. Another interesting approach is the parametrisation
method proposed by G. Matheron (described in [36]), which replaces the search for the
final pit with the determination of a parametrising function which particularly can find
different iso-value pits.

In the mid-80’s Alford and Whittle [4] gave an efficient implementation of the LG-
3D algorithm. The largest instance reported consisted of 500,000 blocks of 5x5x5 m size,
taking 100 hours to run and 100 megabytes of disk space; the same instance required 3
hours of computer time after regularisation (aggregation) into 30,000 aggregated blocks
of 10x10x10 m size. No details of the preprocessing methods considered or the imple-
mentation were provided due to commercial interest. In the following years, Whittle’s
implementation of the LG-3D algorithm became the industry standard for computing the



2.2 Mining sequence and pushbacks 15

ultimate pit (now known as Geovia Whittle); and it has been described as one of the most
efficient implementations of the LG-3D algorithm [46].

More efficient algorithms combined with advances in computer systems now allow
the solution of the LG-UPL problem for mines containing millions of blocks in just a
few minutes. For example, recent studies have shown that the pseudo-flow algorithm
outperforms the LG-3D algorithm (see [71]). For instance, Geovia Whittle has reported a
time-reduction from 15 hours to 12 minutes for a mine instance with 21.3 million blocks
[9]. Other software providers, such as Datamine1 and Deswik [78], have also opted for
the pseudo-flow algorithm as the optimisation engine for the LG-UPL problem.

Despite significant advances in solving the LG-UPL problem to optimality, the solu-
tions will not necessarily result in practical designs because of the simplifications and
assumptions of the LG-UPL problem formulation. The addition of further operational
constraints such as mining widths and haulage roads is usually done by hand over the
optimised shape, which in some cases significantly degrades the value of the solution
[55], [28] and [43]. Moreover, other assumptions such as maximising un-discounted cash-
flows, assuming profits independent of the mining sequences, considering unlimited
mining and processing capacities pose questions of the validity of the optimal solution in
“real” terms [43] and [28].

2.2 Mining sequence and pushbacks

The ultimate pit limit gives the final contour of the mine, but there are multiple mining
sequences that end in the same final pit. Different mining sequences may lead to different
mine plans which, in turn, may produce different discounted cash-flows or NPV ([60],
[101] and [103]). Although the concept of pushback has not been unequivocally defined,
some key features can be extracted from the multiple definitions existing in the literature.
Pushbacks form a sequence of mineable pits that contain enough material to support
production ([86],[80],[30], [66] and [64]), with enough working area ([48], [23], [86], [103],
[84], [22], and [37]), and with haul road access ( [48], [40], [84], [22] and [37]) aimed at
maximising the NPV of the mine.

Pushbacks are the basis of production plans. The use of non-mineable pushbacks for
production planning and project evaluation may lead to wrong decisions in feasibility
studies [29]. The size of equipment is crucial to the definition of the minimum working
area for the pushbacks [86], and their production rates are inter-related with the shape
and size of the pushbacks [6].

1https://www.dataminesoftware.com/product/npv-scheduler/ consulted on the 29/11/2019
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2.2.1 Pushbacks and the final pit

The study of the mining sequence is an old problem in mine planning. In some cases,
methods for finding a mining sequence have been proposed in articles primarily focussed
on the ultimate pit limit problem.

Lerchs and Grossmann [60] proposed a parametric analysis to design intermediate
pits (mining sequence). The idea consisted of obtaining pits with a limited volume that
represented, for example, one year of production. Robb [86] proposed a heuristic method
based on floating cones to design pushbacks that are formed as a series of incremental
cones. Alford and Whittle [4] proposed an algorithm that computes the ultimate pit over
a partial selection of the block model. At each step the algorithm runs a pit limit adding a
bench to the block model from top to bottom until the bottom-most level is reached (this
method was later referred to as vertical bounding [100]). The Matheron parametrisation
method for the final pit can also be used to deliver a set of nested pit shells if different
parameter values are considered [36].

2.2.2 Parametrisation methods

The main principle behind the parametrisation method is to weight the value of the
blocks in order to obtain smaller pits when an ultimate pit algorithm is computed over
the weighted-value blocks. Different parametrisation methods will drive different min-
ing sequences. Thus, the challenge is to properly define a weighting procedure such that
the pits obtained (or the mining sequence) lead to the best possible NPV. Probably, one
of the best-known parametrisation techniques is the revenue factor method introduced by
Whittle and Rozman [101]. The method consists of iteratively computing the LG-3D al-
gorithm over a series of revenue-factor value block models. The output of this method
is a set of “nested pits” which gives a sequence from the most to the least profitable pit,
when factors between 0.0 and 1.0 are considered (see [100]).

Another -less common- parametrisation approach, known as the mining direction me-
thod [100], consists of weighting the value of the blocks depending on their spatial loca-
tion and a given starting point and direction. Poblete et al. [77] give an example of the
mining direction method applied to a copper deposit. Ramazan and Dagdelen [82] intro-
duced an algorithm to find a series of minimum stripping ratio pushbacks (MSRP). The
authors claim that the algorithm is capable of producing the optimal MSRP. According to
the authors, the result of the proposed algorithm can be replicated by the revenue factor
method if the same grade value (maximum grade in the block model) is assigned to all
the ore blocks.

Other authors have proposed methods to incorporate geological uncertainty into the
pushbacks obtained through the parametrisation method. For example, Gholamnejad
and Osanloo [40] propose the addition of a penalisation factor -associated with the geo-
logical variability- to the value of the blocks before using the revenue factor method to find
a sequence of nested-pits. Thus, according to the authors, the obtained sequence will ac-
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count for the geological uncertainty. Dimitrakopoulos, Martinez, and Ramazan [27] use
the revenue factor parametrisation method over a series of simulated orebodies to ac-
count for geological uncertainty. For each set of nested-pits (each one associated with an
orebody simulation) a mine production schedule is obtained. Finally, the criteria to de-
fine the best nested-pits is based on the NPV and the risk profile of the production plans.
Meagher, Sabour, and Dimitrakopoulos [65] develop a two-stage optimisation method
that takes into account market and geological uncertainty. The first stage consists of as-
signing different aspects of the uncertainty to the economic value of the blocks. The
second stage uses a parametric min-cut algorithm for generating lower risk pushbacks
considering the values from the first stage.

2.2.3 Resource constrained pits

Another approach to defining pushbacks is to assume that pushbacks are resource-cons-
trained pits. An early method to find resource-constrained pits was developed by Wang
and Sevim [97]. The authors introduced a heuristic algorithm to find maximum value pits
with a given number of blocks. The key idea of the introduced heuristic algorithm is that
finding the best pit with M blocks over a total of M+N blocks is equivalent to eliminating
the N worst blocks (least metal). Thus, the proposed algorithm uses a modified floating
cone procedure to find and eliminate the N blocks.

A more rigorous approach for the constrained pit problem (called maximal closure
on a graph with resource constraints) is presented by Tachefine and Soumis [91]. The
authors give an mixed integer linear programming formulation for the constrained pit
problem and develop a solution method based on the Lagrangian relaxation to solve
instances up-to 100,000 blocks with 3 to 4 resource constraints. The authors tested the
bundle and the sub-gradient methods to find the Lagrangian multipliers. Both methods
gave satisfactory results for solving the instances considered close to optimality.

Somrit and Dagdelen [87], approximated the pushback problem as a simplified multi-
period production scheduling problem (MPPSP). The authors assume that each push-
back corresponds to a period of the MPPSP; thus, the mining and processing capac-
ity constraints act as a material content constraint for the pushbacks. Also, some con-
straints, such as average grade and chemical content, were added to the model. The ob-
jective function contains time-discounted cash-flow, but because the model assumes one
pushback per period, the time-discount factor is also a pushback discount factor. Som-
rit and Dagdelen proposed the use of solution strategies such as the Lagrangian relax-
ation, period (pushback) aggregation and other variable reduction methods to improve
the tractability of the problem.

Tabesh and Askari-Nasab [90] presented a binary programming model that imposes
upper bounds for both the total tonnage and ore content of each pushback. The formula-
tion maximises the un-discounted cash-flows associated with the extraction of the blocks,
and no other constraints apart from the wall slope condition were included. The authors
use a Lagrangian relaxation as a bounding method to eliminate some of the problem
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variables, and a clustering algorithm (described in [89]) to reduce the number of binary
variables and to improve the practicality of the solutions. The method is tested in an
ore-deposit with 19,561 blocks and contrasted with traditional methods.

Askari-Nasab, Mieth, and Mohammad Tabesh [7] build on the work presented by
Tabesh and Askari-Nasab [90]. The authors introduced a local search and a greedy pro-
cedure to improve the tractability of the method studied in [90]. A mine with approxi-
mately 177,000 blocks is used to test the heuristics, and the results are compared to the
ones obtained from the revenue factor parametrisation method.

Meagher, Dimitrakopoulos, and Vidal [66] presented a binary programming formu-
lation for a single pushback problem. The objective function maximises the total un-
discounted cash-flow subject to wall slope conditions and a resource limit constraints
(imposed over the material considered as ore). The model considers a dynamic cut-off
grade optimisation, in other words, is capable of defining whether the block is ore or
waste within the optimisation (based on the resource limit constraint).

2.2.4 Pushbacks as nested-pits

Elkington and Durham [30] introduced an MILP formulation to design pushbacks from a
series of panels (intersection between nested-pits and benches) aimed at maximising the
NPV of a production schedule. The nested-pits are previously calculated using the rev-
enue factor parametrisation method. The authors conducted a computational experiment
over a -relatively small- problem instance with 34,461 continuous variables, 693 binary
variables and 46,007 constraints which took 13 hours to solve.

Jelvez, Morales, and Askari-Nasab [49] proposed a BLP formulation that generates
pushbacks as a collection of predefined nested-pits. Similar to Elkington and Durham
[30], the nested pits are computed beforehand considering the revenue-factor parametri-
sation method. The Jelvez, Morales, and Askari-Nasab formulation for pushback selec-
tion does not maximise time-discounted cash-flows as in Elkington and Durham; instead,
other objective functions are proposed such as minimising tonnage differences between
pushbacks, minimisation the stripping (waste/ore) ratio in the first pushbacks and max-
imising the ore content within each pushback. Nevertheless, it only takes into account
the desired content for each pushback.

Wharton and Whittle [99] presented an algorithm implemented in the software Whit-
tle (Geovia) that imposes a mining width on the nested-pits after they are calculated. The
authors approach the minimum mining width as a rectangle of n and m blocks in the
x and y direction (hereafter rectangular template). All the blocks within the rectangular
template, up to a user-defined tolerance, must belong to the same pit-shell.

The algorithm evaluates whether the blocks within the template satisfy the mining
width by superimposing the template over all the blocks, level by level, starting from
the bottom level of the UPL to the top. In the case that the condition is not satisfied the
value of the pit shell associated with the blocks is modified to generate a valid mining
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width. For a set of experiments, the authors reported a loss of net present value (NPV)
for the whole mine of between 3% and 22% after the inclusion of the mining width. The
significant loss in NPV reported is produced by two combined factors. First, there is an
inherent loss of NPV due to the imposition of the minimum mining width, since wider
pits take more time to be excavated, delaying the extraction of valuable material. Second,
the algorithm described adds the mining width constraint as a post-process, after the set
of unconstrained pit shells has been obtained.

Consuegra and Dimitrakopoulos [22] proposed a multi-stage approach for pushback
definition. Pushbacks are considered as a collection of nested-pits, computed using the
revenue factor parametrisation method. The first stage consists of computing the nested-
pits; the second stage defines different pushback candidates (groups of nested-pits) ac-
cording to predefined criteria such as desired tonnage content or stripping (waste/ore)
ratio. Finally, in the third stage, a stochastic production plan is considered for each set of
pushback candidates, selecting the ones that produce the best-expected NPV with mini-
mum risk.

Goodfellow and Dimitrakopoulos [44] proposed two formulations aimed at modify-
ing pushbacks in order to reduce the geological risk (grade variability) associated with
the material sent to processing. The objective function of the first formulation consists of
minimising the cumulative deviation (with respect to a target value) over the processing
destination. The second objective function consists of the minimisation of a standard-
ised quadratic deviation concerning the target. Only wall slope conditions have been
considered for pushback creation. A Simulated Annealing algorithm is developed and
implemented to solve the proposed models.

2.2.5 Semi-practical pushbacks

There have been a number of earlier attempts to model semi-practical pushbacks in the
literature, which we now outline.

Juarez et al. [52] sketched a methodology to define semi-practical pushbacks and their
schedule at the same time. The algorithm, described as an approximate dynamic pro-
gramming approach, creates and explores several mining sequences taking into account
geometric considerations. The methodology starts by calculating a set of nested pits that
are later used to generate extraction zones heuristically (aggregates of blocks that satisfy
semi-practical constraints). Each extraction zone is either a conical pit or an expansion
from a previous pit. In the latter case, the set of nested pits is used to limit the extraction
zone to one of the nested pits that satisfies the minimum width (among other parameters
of the software) required to form the pushback. Adjacent extraction zones are aggregated
and considered as pushbacks.

From this, a tree of possible (and feasible) states for the mine for each period is cre-
ated. Metrics, like cumulative NPV at each state or predicted NPV from each state, are
used to prune the tree to find a solution in a reasonable time. Finally, the path of chrono-
logically sequential states that maximise the NPV over the pruned tree is chosen. Due to
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commercial confidentiality, the authors give no details of the scheduling heuristic, nor the
aggregation process. This approach has two main drawbacks. First, the use of the nested
pits as a guide might bias the solution. Second, since the number of possible states is
substantial, the quality of the solution might be severely compromised by the pruning
algorithm and the metrics used.

On the other hand, Zhang [103] introduced a simulated annealing meta-heuristic to
produce flatter bottom pushbacks that satisfy mining width constraints. The idea of the
algorithm is to evolve from a set of pushback designs to another set of pushbacks with
higher NPV. Each pushback is characterised by a single four-dimensioned point (x, y, z, t)
that is used to select which blocks belong to each pushback. The blocks selected are those
that have a minimum value over a distance metric to the point (x, y, z, t). For the first
iteration, the time component is calculated from a direct schedule of the blocks (a general
formulation for the direct block scheduling problem is described in [13]). For subsequent
iterations, the reference point is randomly generated by the perturbation of the reference
point obtained in the previous iteration of the algorithm.

For each candidate solution, a smoothing heuristic is used to ensure the minimum
mining width and the flatter bottom constraints. The smoothing heuristic employs the
rectangular template introduced in [99]. The objective function of the meta-heuristic is
maximising the NPV, which is calculated by scheduling the blocks within each pushback
from the first to the last and from the uppermost to the lowermost level. Although an
improvement in NPV has been shown in two case studies, the heuristic nature of this
approach does not guarantee the optimality of the solution. Also, the algorithm does not
ensure the connectivity of the blocks within each pushback.

Similarly, Froyland and Menabde [38] proposed a method to produce semi-practical
pushbacks, named Generic Kumpking (this term only appears in Bhp patents and refers
to methods used in internal mine planning softwares), which starts by aggregating the
blocks in the block model in clumps, to reduce the number of variables of the prob-
lem. Clumps are scheduled with respect to mining and processing capacities and later
clustered into pushbacks. The clustering method uses spatial and temporal coordinates,
where the emphasis of the time coordinate can be modified to generate more or less mine-
able clusters. The minimum mining width constraint is imposed on the clusters, as a
post-process, to create semi-practical pushbacks. However, only details of the aggrega-
tion methods are provided, and no disclosure of the clustering method and the mineable
criteria have been given.

Likewise, Farmer and Dimitrakopoulos [35] introduced a framework to create semi-
practical pushbacks from a pre-conceived direct schedule of blocks. The method begins
by aggregating the adjacent blocks that are scheduled at the same period to form shapes.
If the number of blocks in a shape is larger than a threshold, the shape is considered
as a mineable-shape; otherwise, it is not a mineable shape. Mineable-shapes are then
clustered using a variation of the k-means algorithm according to their attributes: extrac-
tion period and spatial location, where the emphasis of each attribute can be modified.
The clusters are used as seed pushbacks to which non-mineable shapes are later attached.
Finally, the minimum mining width constraint is added as a post-process using the rect-
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angular template introduced in [99]. Since the only step of the procedure that uses op-
timisation is the direct schedule of blocks, the optimality of resultant pushbacks cannot
be guaranteed. Moreover, the incorporation of the mining width as a post-process may
severely reduce the quality (regarding NPV) of the solution, as noted in [99].

Recently, Bai et al. [10] introduced an algorithm to generate semi-practical pushbacks
using image modification tools. Resource-constrained pits, pits obtained by weighting the
metal price with a weight such that a resource constraint is satisfied, are the basis for the
construction of their semi-practical pushbacks. The algorithm transforms each horizontal
section of a pushback into binary images, which are manipulated by using morpholog-
ical tools to enforce the minimum width, smoothness and continuity constraints. The
modification of each pushback proceeds level-by-level, from bottom to top. The objec-
tive function of the algorithm is to maintain the NPV close to the one obtained from
parametric nested pits. Pushbacks are created individually (one after other) from first to
last. Blocks within the pushbacks created are not considered for the calculation of the fol-
lowing resource-constrained pits. However, the sequential generation of pushbacks may
preclude the generation of globally optimal pushbacks. Additionally, since the resource-
constrained pits are calculated using the parametrisation technique, pushbacks obtained
may suffer from the gap problem.

2.2.6 Ramp design

In this section, we review the state of the art of the open pit ramp design problem. Al-
though there are many articles about the open pit ramp design problem, the majority of
them focus on practical guidelines instead of mathematical formulations or algorithms.
We are aware of only a few publications that analyse the in-pit ramp design problem, and
none on the ex-pit road design problem. For that reason, we survey some useful litera-
ture on road design in forest operations that can be applied to the ex-pit (low stripping)
road design problem. Interested readers can find a more complete review of optimisation
techniques in forest road network problems in [3].

Low stripping roads

If the stripping associated with the construction of a road is not significant, the problem
can be reduced to the problem of finding the minimum cost curvature-constrained path
between two directed points. Different approaches considering continuous or discrete
optimisation have been studied. For instance, Chang et al. [20] introduce a continuous-
space formulation to find a least cost curvature-constrained path in a plane where the
cost function is anisotropic. However, this technique is only valid when the construction
cost is independent of the geographical location. More recently, Casal, Santamarina, and
Vázquez-Méndez [19] have presented a sequential quadratic programming method for
the optimisation of horizontal alignment roads (which are composed of circular curves
and tangent line segments joined by means of transition curves). This model can be
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used in road reconstruction projects. Also, Mondal, Lucet, and Hare [69] develop a bi-
level programming model for the optimisation of the horizontal alignment in a specified
corridor. The proposed method obtains locally optimal horizontal alignment and vertical
alignment that is globally optimal.

On the other hand, discrete optimisation techniques have been widely used to design
roads in forest operations. One of the most interesting approaches consists of dividing
the terrain into cells and then associating with each cell a certain set of nodes to represent
the directions in which the cell can be accessed. Thus, the turning radius constraint can
be mathematically modelled and discrete optimisation techniques can be applied (for
example, see [62], [33], [5], [67], [73] and [79]).

Current digital elevation models allow the discretisation of the terrain in cells of size
10 by 10 meters, and the number of cells selected as neighbours to each cell is 8 or 24. A
smaller cell size and a higher number of neighbours increases the resolution of the model,
but makes it harder to solve ([45] and [88]). Because roads in forest operations are low
stripping, this approach can be implemented to find the minimum cost ex-pit roads.

Interestingly, [15] uses three-dimensional blocks to compute a more accurate cost
(compared to the method of estimating the cost by the interpolation of 2D vertical sec-
tions) for the Earth Allocation Problem. The partition of the problem domain into 3D
regular blocks, known as a block model, is often used in mining optimisation problems
(see [74]) and, indeed, is a standard tool in mine planning. This approach is relevant to
us since we use a block model structure as the basis for the mixed integer linear program-
ming model introduced in Chapter 3.

High stripping ramps

A complete description of the in-pit (high stripping) ramp design problem can be found
in [23]. In addition, [53], [8] and [92] provide a good explanation of hauling operational
issues and ramp design guidelines. Ramp parameters, such as width, super-elevation,
gradient and construction materials, and operational considerations, such as safe dis-
tances between trucks and the use of traffic signals, are explained well in those articles.

To our knowledge, there are only two papers in the literature that discuss algorithms
to solve the in-pit ramp design problem. Dowd and Onur [28] presents a simple algo-
rithm that starts from a specific block at the bottom of the pit and then generates one
clockwise ramp and one anti-clockwise ramp from bottom to top. After these ramps are
generated, the algorithm iterates to another block in the bottom of the pit until no more
blocks can be evaluated. Finally, the algorithm selects the ramp with minimum loss in
profit. Depending on the topography surrounding the pit, clockwise and anti-clockwise
ramps can differ greatly in the amount of stripping and the pit exit location. However, the
algorithm does not consider the addition of switchbacks to the ramp or place a constraint
on the pit exit, creating purely spiral maximum gradient roads.

Gill [41] and [42], on the other hand, present a dynamic programming algorithm to
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minimise the cost of the ramp construction for a given open pit. Using a graph to rep-
resent the pit contour, the algorithm is capable of incorporating gradient constraints as
well as minimising the stripping cost. Gill claims that his algorithm can find the op-
timum ramp under some assumptions, but no details are provided due to commercial
confidentiality.

2.3 Open-pit mine production scheduling problem

In 1968, Johnson [50] formulated a linear programming (LP) model for the open-pit mine
production scheduling problem (OPMPSP). The author proposed a Dantzig-Wolfe de-
composition to solve the LP model by separating the multi-period problem into a series of
single-period sub-problems. The master problem accounts for the constraints associated
with the production capacities, while the subproblems force the wall-slope conditions.
The model considers fractional variables associated with the extraction and processing
of blocks. Therefore the solutions obtained by this method might need rounding if frac-
tional values are obtained.

Dagdelen [25] proposes a Lagrangian decomposition for the mine production schedul-
ing problem, that decomposes the multi-period problem into a series of single period
sub-problems (equivalent to the LG-UPL problem) which can be solved by using the LG-
3D algorithm. A sub-gradient method is considered to find the Lagrangian parameters.
However, the Lagrangian relaxation method may generate the so-called gap problem (a
big difference in volume between two adjacent shells) precluding the finding of a feasi-
ble solution in all cases.

Akaike [2] worked on the solution strategy introduced by Dagdelen [25]. Akaike pro-
posed a new method to update the Lagrangian multipliers, which consists of modelling
the mine production scheduling problem as a 4D-network flow problem. The produc-
tion capacity constraints are relaxed and penalised in the objective function to create the
4D-network, leaving only the wall slope condition. The problem is then solved using
maximum-flow algorithms. The method is reported to be faster than the one proposed
by Dagdelen, but it still suffers from the gap problem.

Caccetta and Hill [17] redefined the variables of the OPMPSP that account for the
extraction period of a block from at period t to by period t. The authors introduced a
branch-and-cut strategy, that combines depth first search with breath first search strategies
to solve large problem instances of the OPMPSP. According to the results reported by the
authors, problems instances of up to 200,000 blocks can be efficiently solved (in less than
24 hours) close to optimality.

Gaupp [39] introduced a series of techniques to improve the tractability of the OPMPSP
such as preprocessing variable elimination routines and generation of LP cuts to strengthen
the formulation of the OPMPSP, using the Lagrangian relaxation techniques. Cullenbine,
Wood, and Newman [24] builds on Gaupp techniques. A Sliding Time Window Heuristic
(STWH) is introduced, which consists of repeatedly solving a partly relaxed sub-problem



24 Literature review

of a mixed integer linear programming model. At each iteration of the algorithm, a sub-
problem is set-up and solved, then a fraction of the variables of that sub-problem is fixed,
and this is repeated until all variables of the mixed integer linear programming model
have been fixed.

Bley et al. [13] proposed a method for the determination of clique and cover con-
straints (cutting planes) which can be added to the OPMPSP to strengthen the formula-
tion. Additionally, the authors proposed a variable reduction method within the branch
and bound tree based on the block precedence relationships. Some of the experiments
presented show a considerable CPU time reduction compared with the original formula-
tion.

Lambert et al. [57] expanded Cullenbine, Wood, and Newman’s work and proposed
a series of techniques to improve the tractability of the OPMPSP such as variable elim-
ination, a heuristic to generate initial solutions and the use of Lagrangian relaxation.
The authors tested the proposed techniques over problem instances with 10,000 to 20,000
blocks. The solutions time reported are in the range of 924 to 35,449 seconds.

Muñoz et al. [72] studied the Bienstock-Zuckerberg (BZ) algorithm (see [12]), which is
presented as a Delayed Column Generation algorithm. The computational performance
of the BZ algorithm is compared to a Dantzig-Wolfe decomposition method. The results
show that the BZ algorithm outperforms the Dantzig-Wolfe decomposition.

2.4 Aggregation of blocks

In some open pit design problems, a change in size and shape of the blocks (by aggrega-
tion) has also been used to ensure the fulfilment of some problem constraints such as the
mining width (for example, see [58]). Aggregation is a common technique used to reduce
the number of variables and constraints in optimisation problems.

Reblocking is probably the most common and simple aggregation technique used in
open pit optimisation problems. The idea is to create macro-blocks from the union of a
set of adjacent blocks. For instance, Figure 2.1 illustrates an example of 4 macro-blocks
each of which is the union of 2 by 2 by 2 blocks in x, y and z coordinates, respectively.
However, there are two main issues related to reblocking. First, there is a loss in the
quality of the solution due to the aggregation, and, second, larger blocks often violate the
slope constraints defined by the disaggregated blocks.
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Figure 2.1: Example of 4 macro-blocks each of which is a 2x2x2 reblocking of the original size
blocks.

Concerning this latter issue, Ramazan, Dagdelen, and Johnson [81] presented a linear
programming methodology to aggregate blocks in subsets with positive value that sat-
isfy the slope constraints of the disaggregated block, so-called fundamental trees. Similarly,
Froyland and Menabde [38] introduced a linear programming based method to calculate
clumps, an aggregate of blocks that are spatially connected and have similar properties.
Clumps also satisfy the slope constraints of the disaggregated blocks. Other approaches
based on agglomerative hierarchical algorithms and Fuzzy C-Means clusterisation algo-
rithms can be found in [89] and [83].





Chapter 3

Optimum ramp design in open pit
mines

A pit without roadways cannot be called optimum as roads can change the overall shape of the pit
dramatically.

— Peter Dowd & Ahmet Onur [28]

©Elsevier 2019. Re-printed with permission from:

Yarmuch, J. L., Brazil, M., Rubinstein, H., & Thomas, D. A. (2020). “Optimum ramp de-
sign in open pit mines”. In: Computers & Operations Research. https://doi.org/10.10-
16/j.cor.2019.06.013. Note that the notation of this chapter differs from the rest of
the thesis in order to be consistent to the published article.

THE problem considered in this chapter is the design of the optimal open pit haulage
ramp, for a given ramp width and a maximum ramp gradient, which connects two

points of the pit, minimising construction and operational costs. Since the stripping cost
associated with in-pit ramps can be considerably larger than that of ex-pit roads, we
discuss the two different problems: high stripping ramp design and low stripping road
design. The first is commonly associated with in-pit ramps, whereas the second is more
relevant to ex-pit roads.

In-pit ramps must connect the bottom of the pit to a given pit exit at the top of the ex-
cavation (see Figure 3.1). The model should account for the fact that external conditions,
such as rock quality, could disqualify some sectors of the pit for ramp construction and
that material above the ramp must be extracted so as to satisfy the maximum pit-wall
slope conditions. Decision variables of the problem are the ramp starting and final points
(from a given set of candidate points), the direction and slope of each section of the ramp,
and the number and locations of switchbacks.

27
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Figure 3.1: Open pit ramp.

The ex-pit road design problem consists of finding the path that connects the pit exit
to the mine facilities such as processing plants, stockpiles, dumps and maintenance bays.
For this problem, the starting and ending points are given, as well as any forbidden
areas. Because the stripping associated with the ex-pit roads is usually not significant,
the topography can be considered invariant. Thus, for simplicity, the stripping associated
to each segment of the road can be considered as a pre-calculated cost. Even though a
change in direction in the path does not have a significant impact in stripping cost, it does
increase the road construction and maintenance cost. Therefore, the changes of direction
along the road should be taken into account in this problem.

The contributions of this work are first, to adapt the ex-pit road design problem as a
minimum distance problem that can be efficiently solved. The second contribution is to
develop a new mathematical model to solve the in-pit ramp design problem. In order to
be able to solve realistically sized problems within a reasonable time scale, an heuristic
approach is developed to solve the high stripping ramp design problem. Additionally,
computational results based on real mine data are here presented.

This chapter is organised as follows. In Section 3.1 we present a shortest path for-
mulation to solve the low stripping road problem. In Section 3.2, we give a binary linear
programming model for the high stripping ramp design problem. In Section 3.3 we intro-
duce a heuristic approach to solve the high stripping ramp design problem. In Section 3.4
we present a case study for both formulations, and in Section 3.5 present the conclusions.
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3.1 Optimisation of low stripping roads

Techniques used in the forest industry can be applied to define the optimum ramp in
open pit mines. One of the problems that needs to be solved in the planning stage for the
forest problem is to determine the layout of the roads that connect the forested (produc-
tion) areas to the timber mills (processing plants). Road systems of several kilometres in
length and at least 10m wide are designed as part of the planning stage. Similarly, the
ex-pit haulage roads in the open pit mining problem need to connect the pit exit to the
processing plant. The layout selected will define the amount of stripping and the haulage
cost, which is proportional to the ex-pit road length.

3.1.1 Shortest path formulation

The problem of finding the minimum path over a weighted graph has been widely stud-
ied and efficient algorithms have been developed to find the optimum in polynomial
time. According to Bertsimas and Tsitsiklis [11], Dijkstra’s algorithm is the most efficient
for solving the shortest path problem in dense graphs. However, different implementa-
tions of the Dijkstra algorithm improve theoretical computational bounds or empirical
running times for special classes of graphs (see [1] for further details).

As mentioned in Section 2.2.6, low stripping roads can be approximated as a road lo-
cation problem. First, the topography must be projected onto a 2D horizontal plane and
divided in regular cells. For each cell we associate a group of nodes that represent the
directions in which that cell can be entered and left. The nodes of each cell are then con-
nected to the nodes in the neighbourhood cells, creating a graph that represents possible
paths on the topography. Thus, costs for changes in direction and gradient constraints,
as well as operational costs depending on the geographical location or characteristics of
the ramp can be incorporated into the problem as weights on the arcs between nodes.
Note that the representation of directions as nodes in which a cell can be accessed was
briefly introduced by Epstein et al. [33] and more described in [32]. The following section
explains in detail the construction of the graph for the ex-pit road case.

Construction of the graph

First, it is necessary to subdivide the given topography, where the road will be defined,
into a set of cells (C). Our approach is to use a regular 2D lattice of cells, where each cell,
c ∈ C, represents a rectangular area of the terrain. For each cell c, we define the set of
neighbours cells ĉ ∈ Ĉc to generate the number of directions in which the cells will be
accessed. For example, in Figure 3.2, the 4 neighbours of the central cell correspond to
4 rectilinear directions. More generally, neighbourhoods of 8 or 24 cells correspond to
more directions.
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Figure 3.2: Representation of a simple 4 choice of directions graph G. 1, 2, 3 and 4 represent
North, East, South and West directions, respectively. Vertices in white represent incoming direc-
tions, while vertices in grey colour outgoing directions. Solid arcs connect all possible incoming
directions to all possible outgoing directions at the same cell. Dashed arcs represent the feasible
connections from a cell to a neighbouring cell.

The vertices V of the graph G(V ,A) represent the possible incoming and outgoing
directions of the ramp at each cell. Let D′ and D′′ represent a discretised set of incoming
and outgoing directions respectively. Then, the vertex of an outgoing direction d′′ ∈
D′′ at cell c is represented as vd′′,c. Similarly, vd′,ĉ is the vertex of an incoming direction
d′ ∈ D′ at cell ĉ. Therefore, an arc denoted as (vd′′,c, vd′,ĉ) represents the connection
of the outgoing direction d′′ at cell c to the incoming direction d′ at cell ĉ. In Figure
3.2, vertices of incoming directions are illustrated as white nodes, while the vertices of
outgoing directions are represented as grey nodes.

Two types of connections are needed to build the graph. To clarify the construc-
tion of the graph, we define the disjoint sets of arcs Ad and Ac, where A = Ad ∪ Ac.
The set Ad connects all possible incoming directions to all possible outgoing directions
at the same cell (solid arcs inside cells in Figure 3.2). Thus, Ad = {(vd′,c, vd′′,c), d′ ∈
D′, d′′ ∈ D′′, c ∈ C}. The set Ac represents the set of permitted connections from a
cell to a neighbouring cell (dashed arcs in Figure 3.2). Formally, Ac = {(vd′′,c, vd′,ĉ), ĉ ∈
Ĉc, c ∈ C}.

Curvature constraints can be modelled within this graph definition. Changes of di-
rection constraints can be included by weighting or cutting off some arcs inAd. Likewise,
topographical (or gradient) constraints can be incorporated by adding weights to arcs in
Ac.

The weights associated with the elements ofAd are calculated as the costs of changing
the direction d′ to d′′ at each cell c. These costs may vary depending on the angle of the
turn, the super-elevation and the maintenance costs. Likewise, weights related to arcs
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in Ac are designed to reflect the cost of building a section of road from c to ĉ; usually
this cost is proportional to the Euclidean distance that separates the nodes, adjusted to
account for any difference in height.

Once the weights have been calculated and the start and end cells defined, the prob-
lem of finding a minimum cost path can be solved using Dijkstra’s algorithm for the
weighted graph G or any other shortest path algorithm that suits graph G). This approach
does not take into account a physical modification in topography as we are dealing with
the low stripping case. Note that the graph G can be also used to solve the problem of
finding the minimum cost network when more than two terminals need to be connected
through a road network. In this case the problem reduces to the Steiner Tree problem in a
graph ([5]), a well-studied problem, for which good exact and heuristic algorithms exist.

3.2 Optimisation of high stripping ramps

In this section, we present a binary linear programming (BLP) formulation to find a mini-
mum cost ramp with vertical and horizontal alignment constraints for a given pit, a given
set of initial and final points, and a given ramp width. This formulation takes into account
the stripping associated with the ramp excavation and the construction and haulage cost.

3.2.1 Minimum cost ramp formulation

Here a binary linear model to find the minimum cost ramp is formulated. The inputs
for the model are divided into two types: the geological inputs, which will include the
geological block model, the topography, the contour of the pit, and the dependencies
between blocks based on the required pit slopes; and operational inputs, which include
various costs, the ramp width, and the set of possible starting and final points for the
ramp. The geological model is assumed to be represented as a regularly spaced set of
blocks (equal dimensions in coordinates x and y), and must include the contour of the pit
shape we are aiming to achieve. To reduce the size of the problem, blocks that are too far
from the contour of the pit can be discarded. We assume the ramp width is equal to the
block size in x (dx) or y (dy) and the dimension in z (dz) represents the maximum ramp
gradient (max. slope ≥ dz

dx or dz
dy ). For a standard block model this may necessitate first

dividing every block into several horizontal slices (dotted lines in Figures 3.3 and 3.4).

To consider the stripping associated with the ramp, we define a set of vertical prece-
dences (upward), or blocks above the ramp, that need to be extracted to ensure a mini-
mum wall slope (see Figure 3.3). Similarly, to avoid the construction of the ramp above
excavated blocks, we consider a set of vertical precedences (downward) to ensure that no
block corresponding to the floor of a ramp is extracted.
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Figure 3.3: Illustration of the wall slope precedences. Blocks in grey need to be mined before the
block in black to ensure slope constraint represented by the two inclined lines that start at the
black block.

Formally, the precedence relationships are represented in terms of the digraph G1 =
(V1,A1) where V1 is the set of blocks and (u, v) ∈ A1 only if the block v must be extracted
before the block u. We assume that digraph A1 contains only immediate precedence re-
lationships. That is, if u, v and w ∈ V1 are such that (u, v) ∈ A1 and (v, w) ∈ A1, then
(u, w) /∈ A1. Similarly, the condition that the ramp cannot be built above excavated
blocks is represented by a digraph G2 = (V2,A2) where (u, v) ∈ A2 represents the con-
straint that if the block u is selected as ramp, then the block v must not be extracted.

To build G1 we add a vertex to V1 for each block in the sliced block model, and we add
an arc (u, v) to A1 from each vertex u ∈ V1 to all vertices v ∈ V1 such that the minimum
wall slope is ensured for the block that is represented by vertex u. This is a standard
method in pit design problems as it can be seen in [74]. The graph G2 = (V2,A2) has a
similar structure to G1, but in this case for each vertex u there is a unique arc (u, v) in A2
such that the block represented by v is immediately below the block represented by u.

The ramp is represented as a connected path of adjacent blocks from S to T (two
artificial blocks that represent the starting and ending points of the ramp). Formally, the
possible adjacencies between blocks is represented in terms of the digraph G3 = (V3,A3),
where there is one vertex v ∈ V3 for each block that can be selected as part of a ramp, plus
the initial vertex S and the final vertex T. The set of arcs (u, v) ∈ A3 consists of all pairs
of vertices that can be selected as adjacent blocks in any feasible ramp. Additionally, we
add one edge from S to every node that can be selected to begin the ramp, and one edge
per vertex that can end the ramp to T. Figure 3.4 illustrates an example of the graph of
connections for a simplified case.
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T

S

Figure 3.4: Example of a simple 2D case of G3. The vertices in grey illustrate the blocks that can
be selected as ramp, the edges in solid black represent the possible connections of the path. The
initial (S) and final (T) vertices are represented in black and the edges from and to those vertices
are illustrated with dashed lines.

We now present a formal mixed integer linear programming model for finding the
minimum cost in-pit ramp.

Indices, sets and parameters

In addition to the block model and sets V1, V2, V3 and A1, A2, A3 described above, we
have the following sets and given parameters.

d ∈ D : types of change of direction (e.g. slight left turn, right sharp turn, switchbacks,
etc.).

A′3 : Set of arcs inA3 other than the arcs that end at vertex T,A′3 = A3−{(i, j) such that j = T}.
A′′3 : Set of arcs in A3 other than the arcs that start at vertex S or end at vertex T,
A′′3 = A3 − {(i, j) such that i = S or j = T}.

F : a mapping function F : {(i, j, k)|(i, j), (j, k) ∈ A′′3} → D.

Ci : extraction cost of block i.

Hi,j : haulage cost associated with arc (i, j) ∈ A′′3 . Note that the haulage cost Hi,j of any
arc (i, j) should account for the total tonnage that will traverse that arc over the life
of the mine.

Pd
i : change of direction cost at block i, where d ∈ D is the type of change of direction.

Variables

ri : binary, equal to 1 if the block i is selected as a ramp, 0 otherwise.
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xi : binary, equal to 1 if the block i is extracted, 0 otherwise.

vd
i : binary, equal to 1 if the ramp undergoes a change in direction of type d at block i,

0 otherwise.

ai,j : binary, equal to 1 if the arc (i, j) ∈ A3 is selected as a segment of the ramp, 0
otherwise.

Objective function

The objective function is defined as follows, subject to a number of constraints:

Min: ∑
i∈V1

Ci · xi + ∑
(i,j)∈A′′3

Hi,j · ai,j + ∑
i∈V3

∑
d∈D

Pd
i · vd

i

The objective function minimises the cost of the blocks extracted due to the ramp con-
struction together with the haulage cost and those costs associated with changes of direc-
tion of the ramp.

Geotechnical constraints

xi ≤ xj (i, j) ∈ A1 (3.1)

ri ≤ xi i ∈ V1 (3.2)
ri ≤ 1− xj (i, j) ∈ A2 (3.3)

Constraint (3.1) ensures the vertical precedences are honoured in the extraction of
any block. Constraint (3.2) ensures that every block flagged as part of the ramp must be
extracted. Constraint (3.3) avoids building a ramp in the air.

Ramp constraints

∑
(i,j)∈A′3

ai,j ≤ rj (3.4)

ri + rj ≤ 1 + ai,j (i, j) ∈ A′′3 (3.5)

∑
(i,j)∈A3

ai,j − ∑
(j,k)∈A3

aj,k =


−1, if j = S
1, if j = T
0, if j 6= S and j 6= T

(3.6)
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Constraints (3.4) to (3.5) flags the block j as belonging to the ramp if and only if the block i
belongs to the ramp and the arc ai,j has been selected. Note that Constraint (3.4) could be
also expressed as ai,j ≤ rj, ∀(i, j) ∈ A′3, but Constraint (3.4) gives a stronger formulation.
Constraint (3.6) ensures the connectivity of the ramp.

Change of direction constraints

ai,j + aj,k ≤ vd
j + 1 (i, j), (j, k) ∈ A′′3 , d = F (i, j, k) (3.7)

Constraint (3.7) identifies the change of direction at each segment of the ramp.

Scope of the variables

xi, ri, au,v, vd
j ∈ {0, 1} i ∈ V1, d ∈ D, (u, v) ∈ A3, j ∈ V3 (3.8)

Finally, Constraint (3.8) defines the scope of the variables, all of which are binary.

3.3 Solution method

With the mathematical formulation presented in Section 3.2.1, the high stripping ramp
model can be implemented and solved directly with a commercial MIP-solver. In this
section we introduce much faster heuristic solution approach based on backtracking al-
gorithms. A new algorithm to find feasible paths with mutually exclusive ramp segments
is introduced in Section 3.3.1. In Section 3.3.2 we describe a local search method to im-
prove the solution found by the algorithm presented in Section 3.3.1. Throughout this
section we use the same notation as in Section 3.2.1.

3.3.1 Mutually exclusive greedy adaptive path (MEGAP) algorithm

This new algorithm is an adaptation of the depth-first search algorithm presented in [93].
The idea of the MEGAP algorithm is to traverse the graph G3 from the source node S to
the sink node T following a greedy procedure. The way in which G3 is traversed ensures
that the nodes in the solution ramp p satisfy the constraints introduced in Section 3.2.1.
In other words, the resultant path will be a feasible solution for the In-pit ramp problem.

Before introducing the MEGAP algorithm, define Gtc = (Vtc,Atc) as the transitive
closure of G1 ∪ G2. Also, the stripping associated with each node u ∈ V3 is calculated as
the out-degree of u ∈ Gtc.
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Algorithm 1: MEGAP, Mutually Exclusive Greedy Adaptive Path

Data: G3 with edges sorted by stripping in increasing order, Gtc,
starting node S, final node T

Result: A path p that is a feasible solution for In-pit ramp problem
1 begin
2 p← ∅;
3 cN ← ∅;
4 foreach u ∈ V3 do
5 u.visited ← False;
6 u.predecessor ← null;

7 MEGAPvisit(S)
8 p ← p ∪{T}
9 pred ← T .predecessor

10 while pred 6= null do
11 p ← p ∪{pred}
12 pred ← pred.precedessor

13 Output p
14 Function MEGAPvisit (u):
15 foreach v such that (u, v) ∈ Atc do
16 cN ← cN ∪ {v}
17 u.visited ← True;
18 foreach v such that (u, v) ∈ A3 do
19 if (v.visited=False) and (v /∈ cN) and (T .visited=False)

then
20 v.visited ← True;
21 v.predecessor ← u;
22 MEGAPvisit(v)

The MEGAP algorithm works as follow. Lines 2-6 initialise the variables p (ramp),
cN (nodes in conflict with the ramp segments already selected), and the node attributes
visited and predecessor for all nodes in G3. Line 7 begins the exploration of G3
from node S. Lines 10-12 store the solution ramp in the variable p. Line 13 returns
the solution ramp p.

The function MEGAPvisit (Lines 14-22) consists of a greedy recursive exploration
of G3 from node u taking into account the current list of conflicted nodes cN. Lines
14-15 update the conflicted node list cN. Line 16 marks node v as visited. Lines
17-21 explore the non-visited and non-conflicted nodes v such that (u, v) ∈ A3, follow-
ing a recursive greedy type procedure until the node T is reached.

The computational complexity of MEGAP is bounded by O(2 · |V3|+ ∆(Gtc) · |A3|),
where ∆(Gtc) is the maximum degree of Gtc.

3.3.2 Local search

The local search (LS) procedure consists of a partial exploration of all possible paths from
S to T that prunes the paths that “promise” poor values for the optimisation problem.
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At each stage of the LS algorithm, the best feasible solution (incumbent) is stored and
used to prune the exploration of the paths. More specifically, the LS procedure prunes
all paths that have a value less than an incumbent value plus a given tolerance function
(tol(i)) which decreases proportionally with the number of iterations (i = 0, 1, . . . , I) of
LS.

The LS procedure relies on a sub-routine called allComb2(u) which finds all fea-
sible combinations of length 2 from node u (denoted by C2

u) in the graph G3. For each
combination cu ∈ C2

u a path from S to T is calculated using Algorithm 1, with the con-
dition that the nodes in cu are in the resultant ramp. The LS procedure begins by running
Algorithm 1, the resultant ramp (R0) is stored as the incumbent and the cutoff value is
calculated as cutoff0 = cost(R0) · (1 + tol(0)). Then, a limited branching from node S is
calculated using the procedure allComb2(S), which gives at most |C2

s | feasible ramps
(Rs). All the paths which give a cost greater than cutoff0 are pruned. The procedure
repeats the branching at all nodes in the feasible paths at distance 2 · i updating cutoffi at
each iteration and updating the incumbent if a better value is found, until the maximum
number of iterations I is reached.

3.4 A case study

Data from a copper mine was used to test our mathematical models. The mine is located
in the Antofagasta province, Chile. The mining reserves within the pit are composed of
84.2 million tonnes of ore and 52.6 million tonnes of waste. For planning purposes, the
final pit is subdivided in 4 operational pushbacks, or inner phases. For simplicity, the
first pushback was selected to test the performance of the high stripping model.

Two ramp location problems, ex-pit and in-pit, were studied to test our low and high
stripping models respectively. For the ex-pit road case, we compared the low stripping
to the high stripping model for a given topography. On the other hand, for the in-pit
ramp case, we compared the high stripping model to a ramp designed by an experienced
mining engineer.

Additionally, we compared the roads obtained by imposing a forbidden region to
those with no such region. The model introduced in Section 3.1 was implemented in
Matlab R2016a. The model proposed in Section 3.2.1 was implemented in Python 2.7
and solved using Gurobi 7.5 MILP-solver. All the pre-processing routines, such as the
definition of the sets and variables, as well as the Local search method introduced in
Section 3.3.2 were coded in Python. Execution of the code was done on an Intel Xeon
machine with 32 gigabytes running Windows 10. This machine has eight processors that
run at 2.40 gigahertz.



38 Optimum ramp design in open pit mines

3.4.1 Ex-pit road

Two models, a low stripping and a high stripping formulation, and two scenarios, one
with no obstacles and the second avoiding the grey area showed in Figure 3.5, were
considered to test our approaches on real mine data. The task is to find minimum cost
paths from the pit exit A to four possible locations for a processing plant (L1− L4).

In the first case, a nearly flat surface with an extension of 570 m by 600 m and a
regular grid of 30 m was used to test the low stripping formulation. Eight incoming
and eight outgoing directions were considered for each cell of the grid. The order of
the graph G is 20× 21× 16 = 6, 720. We defined a vertical gradient constraint of 10%
and a horizontal change of direction cost proportional to the degree of the change. The
horizontal change of direction was divided into three categories: slight turns (changes up
to 45◦), right angle turns (changes of 90◦) and pronounced turns (changes from 90− 180◦).
The costs considered for each category were US$14,580, US$21,870 and US$29,160, which
correspond to a factor of 2, 3 and 4 times the mining cost for a ramp segment, respectively.
Additionally, we assumed a ramp construction cost of US$340.2 per linear meter.

For simplicity, the minimum cost path was solved using a Matlab implementation
of the Dijkstra shortest path algorithm. However, other algorithms might be faster than
Dijkstra for the graph G. According to [1] Dial’s implementation of the Dijkstra algorithm
has excellent empirical results (see [1] pages 113-114 for Dial’s implementation details).

The first scenario involved finding four minimum cost paths from point A = (1035,
1215, 298) to locations L1 = (1545, 1305, 280), L2 = (1545, 795, 271), L3 = (1305, 945, 292) and
L4 = (1185, 765, 289) independently, and the second scenario involved finding minimum
cost paths between the same points but avoiding the grey zone in Figure 3.5. Since we
are asked to find the paths from A to L1− L4 independently, the shortest path approach
gives optimal results. However, if the task was to find the shortest network that connects
all terminals A, L1, L2, L3 and L4, then a Steiner tree in graph algorithm should be used,
as mentioned in Section 3.1. An initial North-South incoming direction at point A was
specified to represent the ending of an in-pit ramp.

(a) (b)

Figure 3.5: Illustration of Scenario 1 (a) and Scenario 2 (b). The grey zone in Figure (b) represents
a forbidden area for the roads. Roads in red represent paths obtained with the high stripping
model, while roads in blue show paths obtained with the low stripping model.
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In the second case, a grid of 5,600 regular blocks of 30m×30m×3m and the same
economic parameters as in the first case were used. Also, a mining cost of $1 per ton
was added to account for the stripping cost, and an overall maximum wall slope of 45◦

was stipulated. Figure 3.5 illustrates the graphic results of both cases and scenarios, and
Tables 3.1 and 3.2 summarize the results for the first and the second scenario respectively.
The red path represents the high stripping solution while blue is used to represent the low
stripping path (in most cases both solutions overlap and only one colour is visible).

Small differences in length are explained by the different representation of the topog-
raphy of the formulations, a 3D set of blocks in the case of the high stripping model and
a surface in the case of the low stripping formulation. The cost function is composed of
the construction cost associated with the length of the road plus the changes of direc-
tion cost, where the latter depends on the number of slight (S.T.), right angle (R.T) and
pronounced turns (P.T.). The high stripping formulation also includes the stripping cost
associated with the modification of the topography.

Case/Path Length[m] Cost[US$] S.T. R.T. Solv t[s]

LS/A-L1 573.10 231,421 1 1 0.05
LS/A-L2 685.15 262,250 2 0 0.05
LS/A-L3 399.82 157,890 0 1 0.07
LS/A-L4 512.58 188,960 1 0 0.06
HS/A-L1 572.94 231,365 1 1 200.81
HS/A-L2 685.01 254,910 1 0 175.69
HS/A-L3 382.04 137,263 0 0 89.51
HS/A-L4 512.58 188,960 1 0 147.64

Table 3.1: Minimal paths for scenario 1.

Case/Path Length[m] Cost[US$] S.T. R.T. Solv t[s]

LS/A-L1 573.10 231,421 1 1 0.05
LS/A-L2 878.67 342,663 3 0 0.06
LS/A-L3 770.49 327,732 3 1 0.05
LS/A-L4 964.99 379,321 2 1 0.07
HS/A-L1 572.94 231,365 1 1 102.57
HS/A-L2 878.53 342,618 3 0 126.28
HS/A-L3 770.21 327,637 3 1 132.98
HS/A-L4 964.83 379,267 2 1 146.09

Table 3.2: Minimal paths for scenario 2.

For scenario 1, the high stripping model (HS) shows better results for routes from
point A to Location 2 (A-L2) and from point A to location L3 (A-L3). In both cases, one
block was extracted (7,290 tonnes), reducing the length of the path and saving a change
of direction. The short-cut (in red) shown in route A-L3 in Figure 3.5 is not an option
in the low stripping formulation due to the gradient constraint and the impossibility of
modifying the topography. An improvement of 2.7% and 13% were obtained in path
A-L2 and A-L3 using the HS model (see Table 3.1).
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For paths A-L1 and A-L4 of scenario 1 and all paths of scenario 2, the HS and the LS
formulations gave the same results. The average computation time for the LS model is
0.06 seconds versus 140.19 seconds for the HS model. Finally, the pronounced turns (P.T.)
column is not shown in Tables 3.1 nor 3.2 since none of the paths contained a pronounced
turn.

3.4.2 In-pit ramp

As mentioned in the previous section, the low stripping formulation is not suitable for
finding the minimum cost ramp in steep terrain. Therefore, we compare the performance
of the high stripping formulation to a ramp previously designed by a mining engineer.
We used the same initial geological and topographical data that was used by the engineer
for his design.

The pushback contains a total of 22.2 million tonnes of ore and 42.4 million tonnes of
waste that need to be hauled to the top level of the pit. An average haulage cost of 8.046 ·
10−4 [US$/ton/m] was used for the optimisation model. The binary linear programming
model (BLP) was solved using the commercial software Gurobi. The resulting BLP has
218,826 constraints, 65,568 binary variables and 702,991 non-zero coefficients. The solver
default optimisation parameters remained unchanged except for the time limit, which
was set to 24 hours (86,500 [s]).

The best solution of the BLP found by the solver within the time limit was US$4,628,154
with an optimality gap, measured against linear relaxation, of 31.7%. However, despite
the significant gap this solution is 43% more economical than the engineer’s design which
has a cost of US$8,101,162.

We ran the local search procedure described in Section 3.3.2 to find a good solu-
tion in a more reasonable time (a few hours). The tolerance function tol(i) was de-
fined as tol(i) = 0.2 · e−0.4·i. The resulting ramp found by our procedure has a value
of US$5,430,055, which is 33% better than the engineer’s solution. Our solution method
took only 1,145 [s] (approximately 19 minutes).

Figure 3.6 illustrates the evolution in time of the solutions found using the BLP model
and the one found with our local search method. Note that the Local search procedure
was entirely coded in native Python which is, in general, much slower than lower level
programming languages such as C or C++. Therefore, a considerable speed up in our
results can be expected by implementing our proposed algorithms in lower level pro-
gramming languages.
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Figure 3.6: Comparison of the performance (cost and time) of the binary linear programming
(BLP) model and the proposed local search method (Local Search).
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Figure 3.7: Illustration of the in-pit ramps. Figures (a), (b) and (c) represent the engineer design,
the ramp obtained with the local search method and the ramp obtained solving the BLP model,
respectively. Ramps are represented in blue lines, while the stripping associated with the ramps
is represented with blue dots.

Figure 3.7 shows the engineer’s design (a), the ramp obtained with the local search
method (b) and the ramp found using the high stripping formulation. Ramps are drawn
with blue lines, and the stripping associated with the construction of the ramp is repre-
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sented with blue dots.

The cost of the high stripping ramp is 43% less than the cost of the engineer’s design
ramp (see Table 3.3). Although this result shows a great improvement in cost, it is not
entirely surprising because the traditional ramp design process is done manually, so it
relies on the engineer’s experience. It is worth noting that some of the value gained in
the optimisation might be lost in the smoothing process of generating the engineering
CAD designs. However, the loss in value due to the smoothing process can be controlled
by choosing a suitable block discretisation as well as a proper modelling of the curvature
constraints.

Length [m] Total cost [US$] Stripping [US$] Hauling [US$] Direction [US$] Solv t. [sec]

BLP 2,047.4 4,628,154 3,455,460 1,085,215 87,480 86,500
LS 2,146.5 5,430,055 4,196,870 1,087,385 145,800 1,145
Eng. 2,289.3 8,101,162 6,714,090 1,124,632 262,440 N/A

Table 3.3: In-pit ramp cost comparison between the BLP model, the local search model and the
engineer’s design.

3.5 Conclusion

This chapter has presented a solution for the open pit ramp design problem. Two situ-
ations were studied: the low stripping and the high stripping cases. For the first case,
an adaptation of the shortest path method was undertaken. In the second case, a binary
linear programming approach was developed. In both cases, our methods give an exact
solution to the problem within the model constraints. Additionally, both models allow
gradient and curvature constraints to be handled within the given discretisation. They
can incorporate construction and haulage costs and the formulations are flexible enough
to find an optimal ramp that avoids any given forbidden region.

The low stripping road model can be solved in polynomial time (O(|A|+ |V| · log(|V|))
for a graph G(V, A)). However, this formulation assumes that the road respects the exist-
ing topography, without the need for excavation. On the other hand, the high stripping
ramp formulation can handle complex and steep terrains where extensive excavation
may be required to satisfy the gradient constraint on the road. However, the high strip-
ping model is much less efficient than the low stripping one, and does not scale well for
large problems. To account for this we introduced a new algorithm that produces feasible
solutions to the high stripping model (MEGAP algorithm) in linear time. We then devel-
oped a local search heuristic based on the MEGAP algorithm that rapidly finds good
solutions for the high stripping model (typically within 20 minutes).

Finally, computational experiments were performed for ex-pit roads and in-pit ramps.
When no stripping was required, the low stripping model shows the same results as the
high stripping model, but running, on average, 2000 times faster. For the in-pit ramp
case, the high stripping model gave a ramp with 43% less cost than the cost of the ramp
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previously designed by an experienced mining engineer.

Some limitations are worth noting. Our in-pit model assumes that the optimal ramp
occurs on the boundary of a precomputed pushback, which might be suboptimal com-
pared to the problem of finding a ramp and a pushback simultaneously. Currently, we
are working on a new mathematical model that incorporates the ramp design into the
pushback optimisation problem. Also, a combined in-pit ramp design and scheduling
optimisation problem, that takes into account the ways in which the properties of the
haulage network interact with the mining schedule, would be another worthwhile av-
enue for future work.

3.6 Summary

The problem studied in this chapter is that of designing the optimal open pit haulage
ramp that, for a given ramp width and a maximum ramp gradient, connects two points
of the mine, minimising construction and operational costs. Because in-pit ramps require
the removal of a considerable amount of non-valuable material (stripping), we discuss
two different problems: high stripping (or in-pit) ramp design and low stripping (or ex-
pit) road design. For the first situation, we present a mixed integer linear programming
model; in the second case, a shortest path approach is undertaken. In both cases, the
models can be solved exactly, and include gradient and curvature constraints. The pro-
posed formulations have been tested on real mine data, showing a significant reduction
in cost compared to the previous mine design.





Chapter 4

A mathematical model for the
practical pushback design problem

Pushbacks are the foundation upon which all open-pit mine sequence optimisation and budget
should be built.

— Anita Eccles [29].

TO spread the financial cost of mining waste material and to speed up the cash-flow
associated with ore extraction, the ultimate pit limit (UPL) is subdivided into smaller

volumes (pushbacks) that can be sequenced and mined. In this chapter we introduce the
practical pushback design problem and present a mathematical model that approximates
the practical constraints presented in Section 1.1.

The practical pushback design problem consists of finding a partition of the blocks inside
the UPL that maximises the economic benefit of the mining extraction. Each subset of
the partition (hereafter called practical pushback) must satisfy a number of practical con-
straints imposed by the mining technology in use. In the case of a truck-shovel system,
practical constraints are: 1) there should be a minimum mining width to ensure the safe
operation of the shovels and the supporting equipment required at every bench, 2) every
bench of each pushback must be accessible via a connected haulage ramp that allows the
trucks to reach the surface, and 3) each pushback must be a connected set, in terms of
horizontal and vertical adjacencies between blocks. From now, we use this as a formal
definition for practical pushbacks.

The contributions of this work are first to model the practical constraints in a mixed
integer linear programming formulation to generate optimal practical pushbacks. This
model has been designed to incorporate these constraints in a way that allows realistic
sized problems (with millions of blocks) to be solved after suitable aggregation. Second,
introduce a closeness factor to measure the similarity between a computer generated solu-
tion and a corresponding manual design that includes the practical constraints. Finally,
a computational result using real mine data, comparing the use of our formulation to a
traditional methodology is presented.

This chapter is organised as follows. In Section 4.1, a mathematical formulation to
this problem is presented. In Section 4.2, introduce the closeness factor to measure the

45
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similarity between the output of a theoretical model and an engineer’s design, which
must be practically mineable. In Section 4.3, we present a case study for the pushback
design formulation. Finally Section 4.4 presents the conclusions.

4.1 The mathematical model

In the following we propose a mathematical formulation of the practical pushback de-
sign problem. Our model produces a set of pushbacks which maximises an approximate
discounted cash-flow, to simplify the problem. In our model, each pushback must have a
ramp that connects the bottom of the pushback to the surface. A key idea in this formu-
lation is to use the haulage ramp as a relative coordinate system to control the shape of
the pushback.

The ramp is modelled as a set of adjacent blocks that creates a continuous path from
the bottom to the top of the pushback. At each level, the ramp must have a minimum
number of blocks to satisfy the ramp gradient constraint. We define a ramp segment as a set
of adjacent blocks that connect two consecutive levels and satisfy the gradient constraint.
The bottom-most block from which a ramp segment starts is defined as a ramp entrance.

A problem with this model is that the number of possible ramp segments from a
ramp entrance grows exponentially with respect to the inverse of the ramp gradient.
Therefore, to handle the RAM requirements, we consider a reduced subset of all possible
ramp segments for our model, the so-called ramp segment template. The set of all ramp
segments is built by superimposing the ramp segment template over each potential ramp
entrance. For example, Figure 4.1 illustrates a ramp segment template with a gradient
constraint of 1:4 (assuming each block is a cube).

Figure 4.1: Example of a ramp segments template composed of 16 ramp segments with a 1:4 gradient
constraint, plan view, considering block 122 as a ramp entrance.
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The mining width and the connectivity constraint are modelled by a compactness factor
λ which biases the objective function to encourage the selection of blocks that are closer
to the ramp entrance. For values of λ large enough, wide and connected shapes can be
obtained. Extremely large values of λ will force the algorithm to select all blocks within
a given distance from the ramp entrance which do not violate the model constraints.

The following describe the sets, indices and parameters used in our formulation.
Guidelines presented in [94] were followed to facilitate the readability of our formula-
tion.

Indices and sets

p ∈ P : pushbacks; 1, . . . , P

b ∈ B : blocks; 1, . . . , B.

l ∈ L : levels in the block model; 1, . . . , L.

b̈ ∈ B̈l : blocks that belong to a level l.

b̆ ∈ B̆b : blocks that share the same level with block b.

b̂ ∈ B̂b : blocks constituting vertical precedences (upwards) for block b (see example
in Figure 4.2).

b+s ∈ B+
s : set of blocks immediately above blocks in ramp segment s.

b−s ∈ B−s : set of blocks immediately below blocks in ramp segment s.

s′ ∈ S ′b : ramp segments that start at block b. The block b act as a ramp entrance of
the segments s′ ∈ S ′b
s′′ ∈ S ′′b : ramp segments that end at block b.

s ∈ S : all ramp segments (S =
⋃

b∈B
S′b).

Dbb̆ : Euclidean distance from block b to block b̆ (metres).

D∗p : maximum distance from the ramp entrance to every block at the same level as
the ramp entrance that belongs to pushback p (metres).

Vb : net profit of block b, this will be negative for any block that is waste (dollars).

Wb : tonnage of block b (tons).

Wp : minimum tonnage of pushback p (tons).

Wp : maximum tonnage of pushback p (tons).

λb : compactness factor of pushback p.
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δp : value discount factor for pushback p. The value of δp implicitly assumes the
timing of each pushback is known beforehand. δp can be estimated as 1

(1+r)t where
t is the average period when the pushback p is mined and r represents the financial
discount rate.

The blocks that belong to the set B̂b are those which need to be removed before the ex-
traction of block b in order to keep the maximum wall slope constraint. This idea of using
vertical precedences to guarantee geotechnically feasible wall slopes was established by
[60]. For example, Figure 4.2 illustrates a five block 45◦ wall slope constraint, assuming
cubic blocks. Here, blocks 1 to 5 need to be removed before the extraction of block 6, thus,
B̂6 = {1, 2, 3, 4, 5}.

Figure 4.2: Example of a 45◦ geotechnical slope upward precedence.

To build the set S it is necessary to define a template of ramp segments that connect
two consecutive levels satisfying the maximum gradient constraint. In the example in
Figure 4.1, we consider a template of 16 possible connections with origin in the block
122. Note that there may be more than one path between the same start-and end-pair of
blocks. Therefore, to define the set S it is necessary to compute the template for all blocks
for levels l > 1, where the top level is l = 1. For each s ∈ S , the set Bs is simply generated
by adding the blocks that belong to each template. In the example of Figure 4.1, if the top-
left ramp segment is ramp segment 1 then the set B1 is B1 = {122, 113, 104, 95, 5}.

Decision variables

Three types of variables are used in the model, all of them binary. The first variable type
is associated with the extraction of the block:

xbp =

{
1, if the block b belongs to pushback p
0, otherwise

The second variable type represents the ramp segment which determines the ramp,
and acts as a relative coordinate system to control the shape of the pushback:

zsp =

{
1, if the ramp segment s is used in pushback p
0, otherwise



4.1 The mathematical model 49

Finally, the third type of variable accounts for the simultaneous extraction of a ramp
entrance and the blocks on the same level. The variable ub,b̆,p is set to be zero if Db,b̆ > D∗p

ubb̆p =

{
1, if ∑s′∈S ′b zs′p = 1 and xb̆p = 1

0, otherwise

Objective function

The objective function is defined as follows subject to a number of constraints:

Max ∑
p∈P

δp(∑
b∈B

Vb · xbp + λp ∑
b∈B

∑
b̆∈B̆b

ubb̆p

Dbb̆
·)

The objective function maximises the discounted profit of the mining extraction asso-
ciated with the pushbacks biased by the spatial proximity horizontally from the blocks to
the ramp entrance of each pushback (controlled by the parameter λp).

∑
p∈P

xbp ≤ 1, b ∈ B (4.1)

∑
p∈P

zsp ≤ 1, s ∈ S (4.2)

Wp ≤ ∑
b∈B

Wb · xbp ≤Wp, p ∈ P (4.3)

Constraint (4.1) forces each block to be assigned to at most one pushback. Similarly,
Constraint (4.2) ensures that each ramp segment can be assigned to at most one push-
back. Constraint (4.3) states the minimum and maximum tonnage for each pushback.
This type of constraint can be extended to any content requirement. However, when
Constraint (4.3) accounts for the total tonnage (as in this case), the maximum tonnage is
also bounded by the chosen maximum distance D∗p.

Geotechnical constraints

∑
ρ≤p

xbρ − ∑
ρ≤p

xb̂ρ ≤ 0, b ∈ B b̂ ∈ B̂b p ∈ P (4.4)

∑
ρ≤p

zsρ + ∑
ρ≤p

xb−s ρ ≤ 1, s ∈ S b−s ∈ B−s p ∈ P (4.5)

Constraint (4.4) ensures the vertical precedences are honoured in the extraction of
any block. Note that Constraint (4.4) is equivalent to xbp ≤ ∑ρ≤p xb̂ρ, but Constraint (4.4)
gives a tighter bound in the linear relaxation of the IP model (see [13]). Constraint (4.5)
avoid the extraction of blocks below the ramp.
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Ramp continuity constraints

∑
s′′∈S ′′b

zs′′p − ∑
s′∈S ′b

zs′p = 0, b ∈ B p ∈ P (4.6)

xb̈p − ∑
b̆∈B̆b̈

∑
s′∈S ′

b̆

zs′p ≤ 0, l ∈ L− {1} b̈ ∈ B̈l p ∈ P (4.7)

∑
b̈∈B̈l

∑
s′∈S ′

b̈

zs′p ≤ 1, l ∈ L p ∈ P (4.8)

Constraint (4.6) ensures the continuity of the ramp segments. Constraint (4.7) ensures
that there exists a ramp segment of pushback p at each level of any block of pushback
p. Constraint (4.8) imposes a maximum of one ramp segment per level per pushback.
Note that Constraints (4.1),(4.2), (4.5) and (4.8) could give rise to clique cuts that can be
generated a priori or internally in some solvers.

Ramp accessibility constraints

∑
ρ≤p

zsρ − ∑
ρ≤p

xb+s ρ ≤ 0, s ∈ S b+s ∈ B+
s p ∈ P (4.9)

Constraint (4.9) forces the extraction of blocks above ramp segments. The previous
discussion of Constraint (4.4) also applies here.

Ramp and blocks extraction constraints

ubb̆p − xb̆p ≤ 0, b ∈ B b̆ ∈ B̆b p ∈ P (4.10)

ubb̆p − ∑
s′∈S ′b

zs′p ≤ 0, b ∈ B b̆ ∈ B̆b p ∈ P (4.11)

Constraints (4.10)-(4.11) implies that if ubb̆p = 1 then both, a ramp segment starting at

block b and a block b̆ belong to pushback p.

4.2 Closeness factor

One of the major issues of models used as a guidance in the pushback design process
is the great amount of manual intervention needed to make the solution practical. A
significant disparity between the guidance design produced by the mathematical model
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and the subsequent manual design of the engineer may imply a substantial loss of value.
Therefore, we define a closeness factor (c f ) to measure the similarity between the mathe-
matical solution and the engineer’s design (see Figure 4.3).

gb = index of the pushback assigned to block b that is used as a guidance. gb is set
to 0 for unassigned blocks.

db = index of the pushback that is assigned to block b after the engineering design.
db is set to 0 for unassigned blocks.

Ng = total number of blocks b ∈ B such that gb > 0.

Nd = total number of blocks b ∈ B such that db > 0.

N = maximum of Ng and Nd (max(Ng, Nd)).

mb =


1, if gb = db and gb > 0, db > 0.

1/2, if |gb − db| = 1 and gb > 0, db > 0.
0, otherwise.

The matching factor mb takes a value of 1/2 when the difference between gb and
db differs in at most one unit to take into account that consecutive pushbacks may be
extracted at the same period. Because of this, c f is only meaningful for mines with more
that three pushbacks.

c f =
∑b∈B mb

N
% (4.12)

We use Figure 4.3 to illustrate a simple example of the closeness factor. In this 2D
example the number of blocks is N = 109 (Ng = Nd = 109), and the total matching factor
is ∑b∈B mb = 67.5. Therefore, inserting the values in Equation 4.12 we get a c f = 61.93%.



52 A mathematical model for the practical pushback design problem

(a) (b) (c)

Figure 4.3: Illustration of the matching factor (plan view). (a) Guidance shells. (b) Manual design.
(c) Matching blocks, gb = db and |gb− db| = 1 are represented in dark and light grey, respectively.

4.3 Case study

The model introduced in Section 4.1 was implemented in Python 2.7 and solved using
Gurobi 7.5 MILP-solver for a real mineral deposit. All the pre-processing routines, such
as the definition of the sets and variables was done in Python. Execution of the code was
done on an Intel Xeon machine with 32 gigabytes running Windows 10. This machine
has eight processors that run at 2.40 gigahertz.

An early test of our formulation showed that only instances with fewer than 10,000
blocks could be solved in reasonable computational time (typically considered as a day
in mine planning literature, for example see [13], [63] and [21]), for a single pushback.
Consequently, two techniques were considered to solve realistic problem instances. First,
the original block model was reblocked to reduce the size of the problem. Second, we
created the set of pushbacks sequentially, from first to last. When generating the next
pushback the previous pushbacks are fixed, so only unassigned blocks are considered for
future pushbacks.

Since the results from our approach still need refinement to be implemented, the guid-
ance pushbacks obtained were manually smoothed and scheduled to compute a detailed
NPV for the life of the mine. Additionally, for comparison purposes, a senior planning
engineer manually designed and scheduled the same mineral deposit following the tra-
ditional methodology (nested pits) by using commercial mine planning software. The
similarity between both outputs (our model and the traditional methodology) and the
respective manual design was measured using the closeness factor.

In practice, the number of the pushbacks is obtained only after incorporating the
haulage ramps, ensuring the connectivity and the mining width of the guidance pits.
Therefore, no predefined number of pushbacks was considered either by our methodol-
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ogy or by the traditional methodology. However, our model requires that a maximum
number of possible pushbacks is given beforehand, as well as an estimation of the δp val-
ues for each pushback. A simple way of calculating the maximum number of pushbacks
is to divide the minimum tonnage desired inside the pushbacks by the total tonnage in-
side the UPL. Similarly, the values of δp can be estimated by simply assuming that the
time taken to extract a pushback is proportional to its tonnage (bounded by the maxi-
mum tonnage constraint), and by assuming that the pushbacks are mined sequentially
one after the other.

The test instance consists of a copper deposit located in the Copiapó region, Chile.
The original block model consists of 7,776,000 blocks of 5x5x5 metres each, which were
aggregated in 6 by 6 by 6 blocks to obtain a block model of 36,000 blocks of dimensions
of 30x30x30 metres each. The mine already has a unique processing plant for copper
sulphides, also known as a concentrator plant. A set of realistic technical and economic
parameters was chosen to compute the profit of the blocks, to generate the pushbacks
design and to produce the mine schedule. Table 4.1 summarises the economic, design
and scheduling parameters. Since we are now using cubic blocks of 30x30x30 metres
each, the ramp width is treated as 30 metres in our model. Note that the aggregation
of the original block model into 20x20x20 metres blocks results in 121,500 blocks, which
cannot be solved in a reasonable time according to our early test experiments. However,
the ramp width of 20 metres was considered in the practical design after the optimisation
(manual smoothing).

Parameter Unit Value

Mining cost $/ton 2.2
Processing cost $/ton 5.3
Processing recovery % 88
Copper price $/pound 2.0
Treatment and refining cost $/pound 0.5

Minimum mining width metres 60
Ramp gradient % 20
Ramp width metres 20

Mining rate kton/year 22,000
Processing plan capacity kton/year 12,000
Discount rate % /year 12.5

Table 4.1: Economic, design and scheduling parameters.

4.3.1 Optimal practical pushbacks

In this section, we show how to generate a set of pushbacks using the mathematical
model introduced in Section 4.1, which can be implemented and solved directly in any
MILP-solver. The commercial solver Gurobi 7.5 was used with default parameters except
for the selection of the aggressive generation of clique cuts.



54 A mathematical model for the practical pushback design problem

Model simplifications

We noticed three major computational bottlenecks in our model. First, the linear relax-
ation of Constraint (4.2) is likely to produce loose upper bounds due to the highly frac-
tional values of variables x in the branch and bound process. Second, our model requires
a considerable number of binary variables u (proportional to the value of D∗ to the power
of two) when large values of D∗ are chosen. Third, the number of binary variables z
grows exponentially with the inverse of the ramp’s gradient. Therefore, we developed
some model simplifications and inspection techniques to overcome these issues.

Constraint (4.2), that accounts for the minimum and maximum tonnage inside each
pushback, can be removed by instead searching for a proper set of values of the pa-
rameter D∗p. By imposing a maximum distance of blocks from the ramp entrance as a
constraint, the volume bound for a pushback can be well controlled.

According to our previous experiments, our model is generally able to produce con-
nected and wide pushbacks even when the value of λp is set to zero. Geological de-
posits where the amount of waste is comparable to the amount of ore (a ratio between
the tonnes of waste over the ore inside the UPL not larger than 4) and where the ore is
not highly disseminated (scattered) seem to be most favourable for setting the value of
λp to zero. Hence, in those cases, as in the geological model used in our case study, the
set of variables ub,b̆,p is no longer needed. Thus, the objective function can be simplified
to: Max ∑p∈P δp ∑b∈B Vb · xb,p, and Constraints (4.10)-(4.11) can be replaced by Constraint
(4.13):

Db,b̆ · ( ∑
s′∈S ′b

zs′p + xb̆,p − 1) ≤ D∗p, b ∈ B, b̆ ∈ B̆b, p ∈ P (4.13)

Ideally, the set S should incorporate all possible ramp segments. However, the num-
ber of possible ramp segments from a block to the level above grows exponentially with
the inverse of the gradient of the ramp segment. For example, if the gradient constraint
is 1:1, only eight possible ramp segments per block exist to connect that block to the level
above. However, that number rapidly grows to more than 6.5 million when a gradient of
1:8 is considered. Our model assumes that the ramp width is equivalent to the width of
the block. If that is not the case, the resultant ramp after optimisation may not be optimal.

Therefore, we tested two options: 1) choosing a subset of possible connections for
a ramp gradient of 1:8 (around 50 ramp segments per block), and 2) relaxing the ramp
gradient constraint to 1:2 and considering the 56 possible ramp connections per block.
Computational experiments showed that smoother pushbacks (similar to an engineer’s
design) were obtained as a consequence of the relaxation of the ramp gradient constraint.
Thus, the second option was taken for the case study. Note that relaxing the ramp gradi-
ent constraint precludes the use of the resultant ramp as guidance for the manual ramp
design, but it can be used to control the shape of the pushback. However, a practical
ramp can be included in the semi-practical pushbacks with limited effect if the slope con-
straint is modified to take into account the impact of a haulage ramp system (see Figure
4.4). In our case, we assumed that a 20 metres wide ramp intersected a wall of 450 metres
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height four times, on average, modifying the slope constraint from 45 to 40 degrees.

Figure 4.4: Modified slope y◦ after a ramp of width D has been included ([100]).

Results

To begin, an ultimate pit was computed to discard non-profitable blocks that would not
need to be extracted. Since there is no guarantee that the optimal solution of our formu-
lation is contained within the ultimate pit limit, an increment of 20% of the original profit
was considered to generate a larger ultimate pit. At the end of this stage, the problem
instance was reduced from 36,000 blocks to a total of 3,916 blocks. For simplicity, the dis-
count factor δp was estimated by assuming that pushbacks are sequentially mined and it
takes one year to mine each pushback ( 1

(1+r)p , where r is the discount rate).

By varying the value of D∗ (the maximum permitted distance of a block from the
ramp entrance) the number and volume of the pushbacks can be controlled. In our case,
we evaluated distances between 350 and 550 metres to generate useful semi-practical
pushbacks that can be used in practice. The value of D∗ was modified in increments of
50 metres for each pushback until a total of 12 pushbacks were obtained (which we will
refer to as guidance pushbacks). The total running time for the 12 guidance pushbacks
was 13.27 hours. Table 4.2 summarises the set of distances D∗ for each pushback. Table
4.3 summarises the material content and value of the guidance pushbacks.

Pushback 1 2 3 4 5 6 7 8 9 10 11 12

D∗ (metres) 350 350 350 350 350 350 350 350 450 450 550 550

Table 4.2: Maximum distance parameter D∗ for each pushback used in the optimisation. Values
showed here are the result of a trial and error process.

Subsequently, a total of 10 optimised practical pushbacks were manually designed
based on the 12 guidance pushbacks obtained from our optimisation model. Only guid-
ance pushbacks 10 to 12 required significant modification. The main reasons for the
changes in guidance pushbacks 10-12 were: the disconnection of some of their blocks
and the lack of space to satisfy the minimum width due to the greedy type procedure
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used to solve the problem. The time spent to design the optimised practical pushback
from the guidance pushback was about 3 hours.

After including a ramp of gradient 1:8 per pushback (relaxed to 1:2 in the optimi-
sation model), ensuring the pushback connectivity and the minimum mining width, a
large closeness factor was obtained. The value of the closeness factor between the guid-
ance pushbacks and the optimised practical pushback was 93.07%. Figure 4.5 shows the
guidance pushbacks and the optimised pushbacks, where each pushback is represented
as a different colour. The small differences between the guidance pushbacks and the op-
timised practical pushbacks can be appreciated by considering the images in Figure 4.5,
and comparing Tables 4.3 and 4.4 (note that profits are un-discounted).

(a) (b)

Figure 4.5: Isometric view of the guidance and optimised practical pushbacks, colours represent
different pushbacks (a) Guidance pushbacks. (b) Optimised practical pushbacks.

Pushback Ore (ton) Waste (ton) Total (ton) Profit (usd)

1 7,513,800 775,246 8,289,046 71,298,992
2 9,628,022 6,506,128 16,134,150 72,759,124
3 5,529,310 5,236,801 10,766,111 32,333,601
4 6,760,774 3,157,441 9,918,215 36,693,063
5 8,249,160 8,786,724 17,035,885 27,138,592
6 2,508,376 3,542,088 6,050,463 11,122,914
7 5,418,826 5,417,041 10,835,867 15,166,455
8 4,527,967 9,745,389 14,273,356 9,738,948
9 5,170,225 9,516,064 14,686,289 14,332,008
10 5,440,093 7,740,873 13,180,966 23,008,130
11 1,638,058 2,442,228 4,080,286 6,852,064
12 2,472,548 4,518,875 6,991,424 5,802,386

Total 64,857,158 67,384,899 132,242,057 326,246,276

Table 4.3: Output for the guidance pushbacks for the case study illustrated in Figure 4.5(a).
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Pushback Ore (ton) Waste (ton) Total (ton) Profit (usd)

1 7,513,800 775,246 8,289,046 71,297,820
2 9,703,558 7,077,838 16,781,396 71,023,539
3 5,846,181 5,236,801 11,082,982 35,444,713
4 6,682,204 3,157,441 9,839,645 36,490,832
5 7,612,939 9,122,411 16,735,349 20,888,005
6 3,079,056 4,163,800 7,242,856 13,952,326
7 6,212,199 6,288,881 12,501,080 21,412,152
8 5,074,258 12,551,850 17,626,108 6,570,015
9 5,644,414 9,673,204 15,317,618 17,579,501
10 7,063,028 9,269,711 16,332,739 30,424,800

Total 64,431,637 67,317,184 131,748,820 325,083,702

Table 4.4: Material content of optimised practical pushbacks illustrated in Figure 4.5(b).

Finally, we manually generated a simple bench/pushback schedule for the optimised
practical pushbacks described in Table 4.4, using the scheduling parameters shown in Ta-
ble 4.1. This schedule assumes that no stockpiles or cut-off grade optimisation have been
used; the mining production of each period is limited by either the maximum mining
rate or the maximum processing plant capacity. An NPV of $232,921,532 was obtained.
Details are presented in Tables 4.5 and 4.6.

Year\Pushback P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 Total (kton)

1 8,289 11,065 2,270 - - - - - - - 21,623
2 - 5,717 7,392 4,835 3,846 - - - - - 21,790
3 - - 1,421 5,005 11,191 3,938 - - - - 21,554
4 - - - - 1,698 3,305 12,501 4,538 - - 22,043
5 - - - - - - - 13,088 8,876 - 21,964
6 - - - - - - - - 6,442 9,079 15,520
7 - - - - - - - - - 7,254 7,254

Total (kton) 8,289 16,781 11,083 9,840 16,735 7,243 12,501 17,626 15,318 16,333 131,749

Table 4.5: Material mined each year from each optimised practical pushback.

Year Ore to process (ton) Waste (ton) Total (ton) Profit (usd)

1 11,972,781 9,650,644 21,623,425 86,410,099
2 12,053,538 9,736,887 21,790,425 76,535,404
3 12,007,384 9,546,947 21,554,330 55,061,119
4 10,843,978 11,198,596 22,042,574 44,078,908
5 6,237,434 15,726,238 21,963,673 6,626,572
6 6,212,382 9,307,822 15,520,204 19,278,384
7 5,104,139 2,150,051 7,254,190 37,093,217

Total 64,431,637 67,317,184 131,748,820 325,083,702

NPV(12.5%) 232,921,532

Table 4.6: Output of the schedule for optimised practical pushbacks in terms of ore, waste and
profit (based on a 12.5% discount rate).
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4.3.2 Traditional methodology

For comparison, we invited an independent mining consultant to design pushbacks for
the same case study, using traditional methods. The traditional methodology starts by
running a set of nested pits for a set of different metal selling prices.
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Pit shell Selling price Ore (ton) Waste (ton) Total (ton) Profit (usd)

32 0.64 78,412 20,004 98,417 1,345,085
35 0.70 76,050 14 76,064 1,086,687
37 0.74 71,206 - 71,206 939,941
38 0.76 77,403 2,383 79,786 983,735
40 0.80 312,266 118,129 430,395 3,948,475
41 0.82 2,190,476 198,169 2,388,644 24,519,262
42 0.84 1,004,343 80,354 1,084,698 10,811,601
43 0.86 78,570 - 78,570 785,977
44 0.88 1,924,977 425,208 2,350,185 19,723,585
45 0.90 774,125 22,271 796,396 7,271,383
46 0.92 1,896,462 277,503 2,173,964 17,085,204
47 0.94 454,646 - 454,646 3,815,853
48 0.96 2,533,743 282,333 2,816,076 21,262,467
50 1.00 1,938,238 488,126 2,426,364 15,765,493
51 1.02 1,939,043 710,799 2,649,842 15,701,100
53 1.06 231,758 156,710 388,468 1,876,101
54 1.08 3,561,371 1,437,294 4,998,665 25,946,243
55 1.10 851,355 412,408 1,263,763 6,071,526
56 1.12 1,020,919 673,484 1,694,403 7,685,569
58 1.16 393,183 219,554 612,737 2,588,534
60 1.20 3,043,138 2,876,414 5,919,551 20,768,110
61 1.22 467,604 132,265 599,870 2,469,330
62 1.24 937,262 457,473 1,394,736 5,090,805
65 1.30 2,586,013 2,500,782 5,086,795 14,414,231
67 1.34 623,075 444,641 1,067,716 2,963,692
68 1.36 734,965 409,051 1,144,017 3,082,468
69 1.38 1,333,797 1,141,635 2,475,432 6,015,612
70 1.40 1,178,457 948,902 2,127,359 5,147,882
71 1.42 235,074 146,988 382,062 948,448
72 1.44 312,800 154,113 466,913 1,062,024
73 1.46 2,906,788 3,379,802 6,286,590 11,562,159
74 1.48 2,553,606 3,780,072 6,333,677 10,825,643
75 1.50 384,262 160,491 544,753 1,241,766
76 1.52 695,455 356,601 1,052,056 1,975,634
77 1.54 369,615 484,289 853,904 1,304,777
78 1.56 390,679 288,801 679,481 1,070,590
79 1.58 153,360 109,520 262,880 453,311
80 1.60 313,314 394,503 707,817 833,224
81 1.62 11,280,947 18,170,459 29,451,406 35,013,260
82 1.64 534,315 1,088,310 1,622,625 1,617,611
83 1.66 3,531,205 4,825,700 8,356,905 8,383,472
84 1.68 77,760 - 77,760 111,191
85 1.70 78,570 156,247 234,817 254,157
86 1.72 543,064 1,094,565 1,637,628 1,271,545
87 1.74 705,982 518,885 1,224,866 1,060,902
88 1.76 158,437 149,640 308,077 269,078
89 1.78 623,365 549,142 1,172,508 834,369
90 1.80 1,930,912 4,274,510 6,205,422 3,176,980
91 1.82 545,417 1,029,542 1,574,959 791,831
92 1.84 1,698,569 3,263,645 4,962,214 2,517,491
94 1.88 3,295,293 8,762,110 12,057,402 3,368,765
95 1.90 459,304 604,616 1,063,920 301,671
96 1.92 391,445 673,665 1,065,111 321,029
98 1.96 235,711 197,683 433,395 68,106
100 2.00 315,628 753,394 1,069,022 13,364

Total - 67,033,735 69,803,200 136,836,935 339,818,352

Table 4.7: Material content inside each pit shell.

In this case, a total of 100 copper prices from 0.0 to 2.0 ($/pound) was selected. Table
4.7 summarises the set of nested pits obtained. It is important to notice that an increment
in price does not necessarily result in a new shell because of the economic trade-off be-
tween the ore and the waste blocks. For example, pit shell 32 is the first profitable pit. Pit



60 A mathematical model for the practical pushback design problem

shells 80 and 81 in Table 4.7 serves as an example of the big difference in volume between
two adjacent pit shells, this problem is known in the literature as the gap problem and is
one of the major shortcomings of the traditional methodology.

Only four guidance shells were created by the aggregation of the 55 pit shells, as is
shown in Figure 4.6. The aggregation criteria were based on the material content and the
distance between shells. Pits 32-54, 55- 80, 81-83 and 84-100 were selected as guidance
shells 1, 2, 3 and 4 respectively. Table 4.8 summarises the material content and the profit
of each guidance shell. Note that the aggregation process relies on the given criteria and
the experience of the engineer who designs the pushbacks. In this case, no constraints
were imposed regarding the number of pushbacks, leaving the engineer free to decide on
the optimum number.

Guidance Selling price interval Ore (ton) Waste (ton) Total (ton) Profit (usd)

1 [0.00, 1.08] 19,143,089 4,219,298 23,362,387 172,868,195
2 (1.08, 1.60] 21,484,722 19,471,789 40,956,512 107,575,335
3 (1.60, 1.66] 15,346,467 24,084,468 39,430,936 45,014,343
4 (1.66, 2.00] 11,059,456 22,027,645 33,087,101 14,360,479

Grand total [0.00, 2.00] 67,033,735 69,803,200 136,836,935 339,818,352

Table 4.8: Material and profit of each pushback used as pit guidance for the traditional method-
ology.

Next, a set of practical pushbacks were manually designed by the engineer (hereafter
called manual practical pushbacks) based on the guidance shells. The time taken to de-
sign the set of four manual practical pushbacks was approximately 2 days. Table 4.9
summarises the material content and the un-discounted profit from each manual practi-
cal pushback. A closeness factor of 73.12% was obtained between the pit guidance and
the manual practical pushbacks.

Pushback Ore (ton) Waste (ton) Total (ton) Profit (usd)

1 16,444,690 6,083,000 22,527,690 141,987,215
2 21,081,099 27,441,657 48,522,757 95,546,168
3 15,347,445 22,462,835 37,810,280 36,395,239
4 14,160,500 13,815,708 27,976,208 65,889,730

Total 67,033,735 69,803,200 136,836,935 339,818,352

Table 4.9: Material inside each manual practical pushback.
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(a) (b)

Figure 4.6: Isometric view of the guidance and optimiser practical pushbacks, colours represent
different pushbacks (a) Guidance shells. (b) Manual practical pushbacks.

Finally, the mining engineer used the software Datamine NPV Scheduler to generate
a bench/pushback schedule with the manual practical pushbacks described in Table 4.9
and scheduling parameters shown in Table 4.1. An NPV of $221,034,886 was obtained
for this case, $11.89 million (5.4%) less than the NPV obtained using our optimised prac-
tical pushbacks. Details of the schedule are presented in Tables 4.10 and 4.11. However,
the optimised practical pushbacks were able to produce ten pushbacks which give more
flexibility to the scheduler to obtain a higher NPV. Therefore, to estimate which portion
of the increment in the NPV came from increasing the number of pushbacks and which
portion came from the better designs we produced a quick optimised practical pushback
design by aggregating the ten pushbacks into four pushbacks, which gave an NPV of
$228,380,580 (see Table 4.13). In this case, we can say that $4.54 million of the total incre-
ment in the NPV was produced by increasing the number of pushbacks and $7.34 million
came from the designs itself. Details of the aggregation and the four-pushbacks schedule
are presented in Section 4.3.3.

Year\Pushback P1 P2 P3 P4 Total (kton)

1 10,165 11,780 - - 21,945
2 11,112 10,805 - - 21,917
3 855 17,816 3,426 - 22,097
4 396 8,122 13,562 - 22,080
5 - - 20,822 686 21,508
6 - - - 22,057 22,057
7 - - - 5,233 5,233

Total (kton) 22,528 48,523 37,810 27,976 136,837

Table 4.10: Material mined each year from each pushback for the manual practical pushbacks.
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Year Ore to process (ton) Waste (ton) Total (ton) Profit (usd)

1 5,818,277 16,126,567 21,944,845 7,097,264
2 12,048,017 9,868,831 21,916,848 93,971,315
3 12,020,096 10,076,862 22,096,958 67,873,335
4 11,977,461 10,102,717 22,080,178 59,247,228
5 11,472,630 10,035,706 21,508,336 48,431,877
6 9,719,730 12,337,539 22,057,269 22,514,983
7 3,977,523 1,254,978 5,232,501 40,682,351

Total 67,033,735 69,803,200 136,836,935 339,818,352

NPV(12.5%) 221,034,886

Table 4.11: Output of the manual practical pushback schedule in terms of ore, waste and profit
(based on a 12.5% discount rate).

4.3.3 Schedule of aggregated optimised pushbacks

Old pushbacks (from Table 4.4) 1-3, 4-5, 6-8, 9-10 were selected as aggregated pushbacks
1, 2, 3, 4, respectively.

Year\Pushback P1 P2 P3 P4 Total (kton)

1 22,025 - - - 22,025
2 11,365 9,673 - 871 21,908
3 2,764 13,404 4,938 981 22,086
4 - 3,499 18,536 - 22,035
5 - - 13,897 7,971 21,867
6 - - - 21,828 21,828

Total (kton) 36,153 26,575 37,370 31,650 131,749

Table 4.12: Material mined each year from each optimised practical pushback.

Year Ore to process (ton) Waste (ton) Total (ton) Profit (usd)

1 10,398,033 11,627,091 22,025,124 60,167,534
2 11,944,607 9,963,329 21,907,936 82,810,723
3 11,797,739 10,288,058 22,085,797 56,885,646
4 10,643,988 11,390,589 22,034,577 31,941,503
5 11,070,932 10,796,155 21,867,088 57,780,910
6 8,576,338 13,251,962 21,828,300 35,497,386

Total 64,431,637 67,317,184 131,748,820 325,083,702

NPV (12.5%) 228,380,580

Table 4.13: Output of the schedule for optimised practical pushbacks in terms of ore, waste and
profit (based on a 12.5% annual discount rate).
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4.4 Conclusions

Although the pushback design problem has previously been considered in the literature,
these studies have either used an oversimplified model or not included practical con-
straints in the problem formulation. In this study we introduced a mixed integer linear
programming model for the practical pushback design problem, which allows the gener-
ation of practical or semi-practical pushbacks. Also, we established the closeness factor
that quantifies the practicality of the program outputs. The closeness factor, as a metric,
is independent of the optimisation model used.

Compared to the traditional methodology, computational results showed an improve-
ment of $11.89 million (5.4%) for the NPV of the project and a reduction in time from
2 days to 16.27 hours. Note that different scheduler has been used to create our mine
schedule (a manual simple bench/pushback schedule), but one would expect that by us-
ing Datamine NPV scheduler in our designs a better NPV can be achieved. It is also worth
noting that the time spent to design pushbacks using the traditional methodology is pro-
portional to the number of pushbacks, so it can be expected that the engineer would
take considerably more time to design the same number of pushbacks as our method
produced (10). Furthermore, our model was shown to be capable of capturing the prac-
tical constraints and generating appropriate guidelines for practical pushbacks. These
guidelines produced exceptional results for the closeness factor (93.07%) in contrast to
the 73.12% obtained from the traditional methodology.

Our model provides practical constraints that can extend previous mixed integer lin-
ear programming formulations for the pushback design problem such as [7], [64] or [85].
The model proposed can automate the pushback design process capturing the engineer’s
experience. Most notably, the idea of using the ramp as a moving coordinate system to
control the number and shape of the pushbacks can be extended to different types of
formulations.

However, some limitations are worth noting. For general deposits, our formulation
enforces the connectivity and mining width constraints by biasing the objective func-
tion, requiring an extra parameter λ (compactness factor) to be calibrated. Also, greedy
designs may result in sub-optimality. A different approach, that never requires a com-
pactness factor might be worth looking for. Also, other heuristics, like the Sliding Time
Window Heuristic (see [24]), might improve the results obtained from the greedy ap-
proach. Finally, a direct implementation of our model only allows solving instances with
a relatively small number of blocks (necessitating aggressive reblocking on large prob-
lem). Future work should therefore study methods to directly impose pushback width
and connectivity constraints and scale the presented formulation, enabling the solution
of large problem instances.
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4.5 Summary

In open pit mines, the region within the excavation that maximises the mine’s value is
subdivided into manageable mining units called pushbacks which are mined to feed the
processing plants. Practical pushbacks are considered to be workable volumes that: are
connected; satisfy a minimum width to allow safe operation of the mining equipment;
and have a haulage ramp to access the pushback from top to bottom. Existing models to
design pushbacks tend to avoid the complexity of modelling these practical conditions.
Consequently, most of the output from those models requires significant intervention by
mining engineers. This work presents a new formulation to generate maximum value
practical pushbacks. A closeness factor is introduced as a metric to quantify the practi-
cality of the program output. Finally, a case study based on a real mine shows that our
model produces more practical and better value pushbacks in less time than the tradi-
tional approach.



Chapter 5

Two mathematical models for the
semi-practical pushback problem

Pushbacks with width less than the operating width, no matter how optimal, would not be accept-
able.

— Mike Robb [86].

OPEN-PIT mining is a high-risk economic activity due to substantial upfront capital
costs and fluctuations in input costs and commodity prices. Early production of

high-grade ore is crucial to maximise NPV and minimise risk. Much value can be gained
or lost based on the planning and design of mines and mining companies incorporate
substantial discount factors into mine planning to focus investment on designs producing
higher returns.

Open-pit mines are sequentially excavated to reach the ultimate pit limit. The se-
quencing is done by excavating smaller pits or pushbacks. Each pushback is comprised
of an area with sufficient size and infrastructure to support open-pit mining operations
(drilling, blasting, loading and hauling). An open-pit mine typically has between four
and twenty pushbacks. In order to keep a balance between operational resources, capital
expenditure, and speed of progress, the number of pushbacks that are active in mining
operation at any point in time is generally between two and six.

For efficient mining production, each pushback should be a connected region, i.e. not
have separated parts, and the bench width is set by the requirements of mining equip-
ment for ore production and waste stripping. Additionally, each bench of the pushback
should be accessible by a haulage ramp, which connects the working faces with the pro-
cessing facilities and dumps outside the mine. Most mining engineers consider these to
be the three most important practical conditions in their designs. However, the ramp
access condition is often relaxed for the purpose of a quick economic evaluation of the
pushback design. Thus a pushback that has a minimum mining width and that is con-
nected is called a semi-practical pushback as has been defined in Chapter 1.

As shown in Section 2.2, the majority of the models used to consider the pushback de-
sign problem lack consideration of practical constraints. Consequently, the output from
these models generally requires significant intervention by mining engineers in order to

65
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find a set of pushbacks that are feasible, let alone close to optimal.

This chapter describes the semi-practical pushback design problem and presents and
compares two mathematical formulations that produce optimal designs aimed at au-
tomating the process and reducing the need for engineering intervention. Additionally,
we present computational results using a real mine instance and some modified instances
from the publicly available library Minelib [34] (http://mansci-web.uai.cl/minelib/).

This chapter is organised as follows. In Section 5.1, a formal description of the semi-
practical pushback problem is introduced. In Section 5.2 two mathematical formulations
for this problem are presented. In Section 5.3, we compare the performance of both mod-
els using a small test instance. Section 5.4 introduces a couple of heuristic methods to
solve medium size instance problems to near optimality. Finally, Section 5.5 presents two
case studies based on real mines datasets.

5.1 The problem

The semi-practical pushback design problem consists of finding a partition of the blocks from
the geological block model that maximises the economic benefit of the mining extrac-
tion. Each subset of the partition (hereafter called semi-practical pushbacks) must satisfy
two practical constraints imposed by the mining technology being used. In the case of
a truck-shovel system (the most common loading and hauling system in use), practical
constraints are: 1) there should be a minimum mining width to ensure the safe operation
of the shovels and the supporting equipment required at every bench, and 2) each push-
back must be a connected set, in terms of horizontal and vertical adjacencies between
blocks; and as such the slope conditions must be honoured. From now on, we use this as
a formal definition for semi-practical pushbacks.

5.2 The mathematical models

In this section, two mathematical models that solve the semi-practical pushback design
problem are introduced. The models aim to maximise an approximated NPV associ-
ated with the extraction of the pusbacks. Since the models do not account for a detailed
production schedule, every pushback should yield a quantity of each mineral resource
within a specified range. Unlike the approach taken in Section 4.1, these new mathemat-
ical formulations explicitly account for the mining width and connectivity constraints.
The main difference between the models is the way the connectivity constraint is ac-
counted for. In the first model we use an auxiliary reference point, that takes the role of
a vertical ramp, for purposes of connectivity and shape, to which all blocks in the same
pushback must be connected. Alternatively, the second model uses a set of horizontal
networks for a given set of directions at each level of the block model to ensure the con-
nectivity of the blocks within the same pushback.
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5.2.1 The mathematical model 1: Connectivity to a ramp

The first mathematical formulation consists of a binary linear programming model (BLP)
that finds a set of semi-practical pushbacks that maximises an approximate net present
value (NPV) of the mining extraction. The inputs for the model are geological, which will
include the geological block model and the dependencies between blocks based on the
required wall slope conditions; operational inputs, which include the minimum opera-
tional width and bounds over the material content within the pushbacks; and economic
such as, time-discount factors and profits associated with the blocks.

The minimum mining width constraint is modelled by considering a set of horizon-
tal rectangular templates of given dimension that satisfies the mining width condition.
The idea of using a rectangular template is then to impose that if a block is selected as
part of a pushback, then all blocks from a rectangular template that contains that block
must belong to that pushback. The set of rectangular templates W is the collection of
templates resulting from placing the horizontal template over each block considered for
the model. For example, in Figure 5.1 if the block in red is selected for pushback p then
either all blocks marked in black or all blocks marked in grey (or both) must be selected
for pushback p as well.

Figure 5.1: Example of horizontal rectangular templates, each template is represented as a black
rectangle. If the block filled in red is chosen to belong to a pushback then either all blocks marked
in black or all blocks marked in grey (or both) must belong to the same pushback.

The connectivity is modelled by forcing all blocks that belong to a pushback to be
connected to a reference point (variable) which is determined during the optimisation.
The wall slope condition is modelled as a precedence relationship between the blocks,
which is standard practice in mine planning, as discussed in Chapters 3 and 4. Figure 5.2
shows a simple precedence relationship between cubic blocks to model a 45◦ slope angle.
In order to mine block 6 it is required to have mined blocks 1 to 5. This model will be
referred to as the Semi-Practical Pushback Model 1 (SPPM1BLP).
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Figure 5.2: Illustration of a block precedence relationship to model a wall slope of 45◦, assuming
cubic blocks. Blocks 1-5 must be mined in order to mine block 6.

Indices, sets and parameters

b ∈ B : blocks in the block model 1, . . . , B. A LG-UPL pit boundary (as described in
Chapter 2) could be used to reduce the size of the problem. However, there is no
guarantee that the set of optimal pushbacks will be contained within the LG-UPL.

p ∈ P : pushbacks 1, . . . , P, where P is the maximum number of pushbacks. In case
the user does not want to impose a particular value of P, this can be calculated as
follows P = d ∑b∈BWb

minp∈P{Wp}e, parameters Wb and Wp are explained below.

d ∈ D : set of distances from the reference point associated to pushback p. 0, . . . , D.
The distance is measured as the length of the path (measured in blocks) formed
by a series of adjacent blocks that start at a reference point c which is determined
for each pushback during the optimisation. The value of D also help to control the
maximum spread of the pushback from the reference point.

b̂ ∈ B̂b : vertical precedences of block b.

b̄ ∈ B̄b : set of horizontal adjacent blocks of block b (this includes diagonally adja-
cent blocks).

w ∈ W : set of mining width rectangular templates (as shown in Figure 5.1).

w′ ∈ W ′b : set of mining width rectangular templates that contain block b.

b′ ∈ B′w : set of blocks contained in the mining width rectangular template w.

c ∈ C : set of XY-coordinates that act as a reference point to ensure the connectivity
of the blocks within a pushback. A priori the set C is formed by the XY-projection
of the (x, y, z) coordinates associated with all blocks b ∈ B.

Vb : economic value of of block b [US$/ton] .

Wb : amount of material contained in block b [tonnes].

Wp : minimum material content for pushback p [tonnes].

Wp : maximum material content for pushback p [tonnes].
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δp : value discount factor for pushback p. The value of δp implicitly assumes the
timing of each pushback is known beforehand. δp can be estimated as 1

(1+r)t where
t is an estimate of the average period (in years) during which the pushback p is
mined and r represents the financial discount rate.

F : a mapping function F : B → C such that F (b) = c is the 2D projection over
the XY plane of the spatial location of block b.

A simple way of defining the values δp is to construct a quick & dirty pushback schedule
based on the mining capacity and the number of simultaneous pushbacks that can be
under operation at each period. For example, consider a mine with 140 million tonnes of
material within the pit boundary, a mining capacity of 20 million tonnes per year and a
discount rate of 8% per year. Assume that we want pushbacks that account for 2-3 years
of production and no more than 2 pushbacks should be under operation at each period.
In this case Wp and Wp will be 40 and 60 million tonnes, respectively. The maximum
number of pushbacks will be 4 (P = d 140

40 e) and the maximum number of periods for the
schedule will be 7 (d 140

20 e). Figure 5.3 shows a simple pushback schedule that satisfies the
maximum number of pushbacks (2) under operation at each period. Then, the average
mining period for pushbacks 1-4 is years 2, 3, 5, and 6, respectively. Therefore, the values
of δp are: δ1 = 1

(1+0.08)2 , δ2 = 1
(1+0.08)3 , δ3 = 1

(1+0.08)5 and δ4 = 1
(1+0.08)6 .

Figure 5.3: Example of a quick & dirty pushback schedule to estimate the value of parameters δp.

Decision variables

The first type of variable, x, is associated with the extraction of a block. The second type
of variable, z, represents a selected reference point to control the shape of the pushback.
The third type of variable, v, is an auxiliary variable that keeps record of the distance
between a block and the reference point for the pushback containing that block. Finally,
the fourth type of variable, u is used to track the rectangular templates that are used to
satisfy the mining width constraints.

xbp =

{
1, if the block b belongs to pushback p
0, otherwise

zcp =

{
1, if the coordinate c is selected as a reference point for pushback p
0, otherwise
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vbdp =

{
1, if the block b is at distance d from a coordinate c (d = f (c)), both of pushback p.
0, otherwise

uwp =

{
1, if mining width template w is assigned to pushback p
0, otherwise

Figure 5.4 illustrates the relationship between the variables x and u; and x, v and z.

(a) (b)

Figure 5.4: (a) Example of the relationship between variables x and u. If the block b (in red)
belongs to pushback p, then at least one of the rectangular templates w which contains b must
belong to the same pushback; forcing all the blocks within that (those) template(s) (blocks marked
in grey and black) to belong to p as well. (b) Illustration of the relationship between variables v, x
and z. The variable vbdp is one if there is a path of blocks (marked in grey) that belong to pushback
p of length less than or equal to d from the selected coordinate c (marked as black) and the block
b (marked as red).

Formulation of the SPPM1BLP

The objective function is defined as follows:

Max ∑
p∈P

∑
b∈B

δp ·Vb ·Wb · xbp

The objective function maximises the time-weighted total profit of the mining extrac-
tion. This gives an approximation of the net present value (NPV) of the mine extraction
for an appropriate choice of δp. Blocks are weighted by a factor that is a decreasing func-
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tion of the index of the pushback to which they belong. Thus, we are taking into account
the time expended by the pushback extraction.

∑
p∈P

xbp ≤ 1 b ∈ B (5.1)

Wp ≤ ∑
b∈B

Wb · xbp ≤Wp p ∈ P (5.2)

Constraint (5.1) implies that mined blocks can only belong to one pushback. Constraint
(5.2) gives bounds on the amount of material contained in each pushback.

Geotechnical constraints

∑
ρ≤p

xbρ ≤ ∑
ρ≤p

xb̂ρ b ∈ B, b̂ ∈ B̂b, p ∈ P (5.3)

Constraint (5.3) ensures the vertical precedences are honoured in the extraction of any
block. Note that Constraint (5.3) is equivalent to xbp ≤ ∑ρ≤p xb̂ρ , but Constraint (5.3)
gives a tighter bound in the linear relaxation of the BLP model (see [13]).

Connectivity constraints

xbp ≤ ∑
d={0,...,D}

vbdp b ∈ B, p ∈ P (5.4)

vb(d+1)p ≤ ∑
b̄∈B̄b

vb̄dp b ∈ B, d = {0, . . . , D− 1}, p ∈ P (5.5)

vb0p ≤ zcp b ∈ B, c = F (b), p ∈ P (5.6)

vbdp ≤ xbp b ∈ B, d ∈ D, p ∈ P (5.7)

∑
c∈C

zcp ≤ 1 p ∈ P (5.8)

Constraint (5.4) implies that block b of pushback p must be within distance D from the
reference point c. Constraint (5.5) means that a block b can only be classified as having
distance d + 1 from a reference point if one of its neighbouring blocks has distance d
from the reference point. Constraint (5.6) sets as zero the distance d between block b to
a reference point c. Constraint (5.7), together with the previous two constraints, ensures
the connectivity between the blocks within a pushback from the chosen reference point.
Constraint (5.8) forces only one reference point to be chosen per pushback.
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Mining width constraints

xbp ≤ ∑
w′∈W ′b

uw′p ∀b such that |W ′b| > 0, p ∈ P (5.9)

uwp ≤ xb′p p ∈ P , w ∈ W , b′ ∈ B′w (5.10)

∑
p∈P

uwp ≤ 1 w ∈ W (5.11)

Constraint (5.9) states that if a block is assigned to a pushback then at least one mining
width template that contains that block must be assigned to that pushback. Constraint
(5.10) forces all blocks within a mining width template w that belongs to a pushback p to
belong to the same pushback. Finally, Constraint (5.11) ensures that any mining width
template is assigned to at most one pushback.

The main limitation of the SPPM1BLP is that the number of variables vbdp is propor-
tional to the maximum distance D imposed. The distance D is not a requirement for the
semi practical pushback problem and for each increment of the value of d the number of
binary variables vbdp increases by B× P. In practice the maximum distance D represents
the maximum distance of any pushback at the upper level of the block model, since the
horizontal connectivity is ensured level by level.

5.2.2 The mathematical model 2: Horizontal network connectivity

Like the model introduced in Section 5.2.1, the second mathematical formulation consists
of a binary linear programming model (BLP) that finds a set of semi-practical pushbacks
that maximises an approximate net present value (NPV) of the mining extraction. How-
ever, in this case, the connectivity is modelled by using a set of graphs Gl , such that each
graph represents a horizontal line l at each level of the block model. The lines l follow a
set of given directions ~d. For example, Figure 5.5 illustrates a set directions ~d following
coordinates ~X and ~Y.

The idea of using a networks to model connectivity constraints has been previously
introduced in Chapter 3, Sections 3.1 and 3.2. A natural approach would be to use a sin-
gle network that connects all horizontal neighbours of a block at each level. However,
the single network per level approach might produce disconnected pushbacks if no sub-
tour elimination is also imposed. To overcome the sub-tour elimination problem, a new
approach subdividing the single horizontal network into a number of unidirectional net-
works is taken. Because of the unidirectionality of the networks no cycles are possible,
and therefore, no sub-tour elimination is required.

The construction of a graph Gl is as follows. First, add two virtual vertices Sl and Tl
to Vl ; second, for each block in the line l add a corresponding vertex i to Vl . Then, for
each vertex i in Vl such that i 6= Sl and i 6= Tl add the arcs (Sl , i) and (i, Tl) to Al . Finally,
for each pair of vertices i, j ( 6= Sl and 6= Tl) such that i, j ∈ Vl and j is the immediate
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neighbour of i for a given direction ~d, add the arc (i, j) to Al . Figure 5.5 illustrates a
simple case of graph Gl .

(a) (b)

Figure 5.5: (a) Example of a set of lines l following directions ~X and ~Y for a level. (b) Example of
a simple graph Gl . Arcs from Sl to the blocks and from the blocks to Tl are represented as bowed
arrows, while arcs that connect blocks with their immediate neighbours are drawn as straight
arrows.

The connectivity is ensured only over the directions ~d chosen, so unless many direc-
tions are used this approach does not guarantee connectivity (but makes it extremely
likely). In practice, we have seen that four directions (~X, ~Y, ~XY and ~YX) are usually
enough to get connected shapes in massive (not scattered) ore deposit. However, con-
sidering a large number of directions poses some limitations such as the increase of the
number of binary variables and limiting the shape of the pushbacks. A more detailed
explanation of these limitations is given at the end of this section.

As in Section 5.2.1, the minimum mining width constraint is modelled by consid-
ering horizontal rectangular templates for which the dimensions are given beforehand.
This model will be referred as the Semi-Practical Pushback Model 2 (SPPM2BLP). The
description for the indices, sets and parameters given in Section 5.2.1 applies to almost
all the items described except for the set L.

Indices, sets and parameters

In addition to the graphs Gl(Vl ,Al), the following sets and parameters are required to
formulate the SPPM2BLP.

b ∈ B : blocks 1, . . . , B.

p ∈ P : pushbacks 1, . . . , P.
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l ∈ L : lines 1, . . . , L, in a given set of horizontal directions for which the connectiv-
ity will be imposed.

b̂ ∈ B̂b : vertical precedences of block b.

b̄ ∈ B̄b : set of horizontal adjacent blocks of block b.

w ∈ W : set of mining width rectangular templates.

w′ ∈ W ′b : set of mining width rectangular templates that contains block b.

b′ ∈ B′w : set of blocks contained in the mining width rectangular template w.

Vb : economic value [US$/ton] of block b.

Wb : material contained in block b [tonnes].

Wp : minimum material content for pushback p [tonnes].

Wp : maximum material content for pushback p [tonnes].

δp : discount factor for pushback p, which is a function of when pushback p is
extracted.

Decision variables

The first variable, x, is associated with the extraction of the block. The second variable,
a, keeps track of the arcs in Gl that have been assigned to a pushback. Finally, the third
variable, u, is associated to the mining width templates. Note that the variable x is in-
troduced as an auxiliary variable for illustration purposes, and it can be replaced by an
appropriate set of variables a as is shown in Constraint (5.18).

xbp =

{
1, if the block b belongs to pushback p
0, otherwise

aijp =

{
1, if the arc (i, j) is selected for pushback p
0, otherwise

uwp =

{
1, if mining width template w is assigned to pushback p
0, otherwise



5.2 The mathematical models 75

Formulation of the SPPM2BLP

The objective function is defined as follows:

Max ∑
p∈P

∑
b∈B

δp ·Vb ·Wb · xbp

As in the SPPM1BLP, the objective function maximises the time-weighted total profit
of the mining extraction, or the net present value (NPV) of the mine extraction for an
appropriate choice of δp. Blocks are weighted by a factor that is a decreasing function of
the index of the pushback to which they belong. Thus, we are taking into account the
time expended by the pushback extraction.

∑
p∈P

xbp ≤ 1 b ∈ B (5.12)

Wp ≤ ∑
b∈B

Wb · xbp ≤Wp p ∈ P (5.13)

Constraint (5.12) implies that mined blocks can belong to only one pushback. Constraint
(5.13) gives bounds to the material within each pushback.

Geotechnical constraints

∑
ρ≤p

xbρ ≤ ∑
ρ≤p

xb̂ρ b ∈ B, b̂ ∈ B̂b, p ∈ P (5.14)

Constraint (5.14) ensures the vertical precedences are honoured in the extraction of any
block. Note that Constraint (5.14) is equivalent to xbp ≤ ∑ρ≤p xb̂ρ , but Constraint (5.14)
gives a tighter bound in the linear relaxation of the BLP model.

Connectivity constraints

∑
(i,j)∈Al |i 6=Sl ,j 6=Tl

aijp − ∑
(j,k)∈Al |j 6=Sl ,k 6=Tl

ajkp = 0, l ∈ L, p ∈ P , j ∈ B (5.15)

∑
(i,j)∈Al

aijp − ∑
(j,k)∈Al

ajkp ≤
{
−1, if j = Sl

1, if j = Tl
l ∈ L, p ∈ P , j ∈ B ∪ {Sl , Tl} (5.16)

∑
p∈P

aijp ≤ 1 (i, j) ∈ Al , l ∈ L (5.17)

∑
(i,j)∈Al ,j 6=Tl

aijp = xjp ∀j 6= Tl |(i, j) ∈ Al , l ∈ L, p ∈ P (5.18)
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Constraints (5.15) and (5.16) ensure the flow conservation between the arcs in the graph
Gl for all the lines that have at least one block belonging to a pushback p. Constraint
(5.17) ensures that each arc (i, j) is assigned to at most one pushback. Constraint (5.18)
establishes the equivalence between the set of arcs that end in a block and the extraction
of the same block.

Mining width constraints

xbp ≤ ∑
w′∈W ′b

uw′p ∀b such that |W ′b| > 0, p ∈ P (5.19)

uwp ≤ xb′p p ∈ P , w ∈ W , b′ ∈ B′w (5.20)

∑
p∈P

uwp ≤ 1 w ∈ W (5.21)

Constraint (5.19) states that if a block is assigned to a pushback then at least one mining
width template that contains that block must be assigned to that pushback. Constraint
(5.20) forces all blocks within a mining width template w that belong to a pushback p to
belong to the same pushback. Finally, Constraint (5.21) ensures that any mining width
template is assigned to at most one pushback.

There are three main limitations of the SPPM2BLP formulation. First, the use of pre-
defined directions to model the connectivity limits the possible shapes for the pushbacks.
For example, shapes that are connected but have a separation along a direction ~d cannot
be produced by using this approach, since the method imposes connectivity in all the
directions simultaneously. In other words, the SPPM2BLP prevents the formation of non-
convex shapes if only rectilinear directions are chosen, a small example is illustrated in
Figure 5.6a. Second, the connectivity is ensured only over the directions ~d chosen; for
instance, if only directions ~X and ~Y are considered for the problem, shapes that are dis-
connected in direction ~XY may occur as show in Figure 5.6b. Third, the number of the
variables aijp will proportionally increase with the number of directions considered. In
practice, we noticed that 2 to 4 directions (~X, ~Y, ~XY, ~YX) were enough to ensure con-
nectivity over the instances studied, but the number and directions sufficient to ensure
connectivity will depend on each case.
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(a) (b)

Figure 5.6: (a) Example of a non-convex shape (black) that cannot be obtained by imposing di-
rections ~X and ~Y simultaneously. The resultant shape when using directions ~X and ~Y adds the
section marked in red. (b) Example of disconnected shapes in direction ~XY when only directions
~X and ~Y are considered.

5.3 A computational comparison between models SPPM1BLP and
SPPM2BLP

In this section a small test instance (I1), based on the Newman instance available in Minelib
[34], is used to compare the computational performance of models SPPM1BLP and SPP-
M2BLP. The instance I1 consists of a block model with 273 blocks, with a total tonnage of
1,546,272 tons within the ultimate pit limit and a total value of $14,292,360. The optimi-
sation parameters chosen to test the model are: mining width templates of 2 by 2 blocks,
a discount factor of 20% and a maximum of four pushbacks. The minimum tonnage for
each pushback is set to 100,000 tonnes, while the maximum tonnage is constrained to
500,000 tonnes. Four horizontal neighbours were considered to create the set B̄, and a
distance D = 10 was selected for the formulation of the SPPM1BLP. In the case of the
SPPM2BLP formulation, directions ~X and ~Y were considered to create the set of lines L.

Both models SPPM1BLP and SPPM2BLP were implemented in Python 2.7 and solved
using Gurobi 7.5 MILP-solver. All the pre-processing routines, such as the definition of
the sets and variables and the early and late start algorithm were done in Python. Execu-
tion of the code was done on an Intel Xeon machine with 32 gigabytes running Windows
10. This machine has eight processors that run at 2.40 gigahertz. The results summarised
in Table 5.1 show that the formulation SPPM2BLP uses around half the number of binary
variables and constraints used by SPPM1BLP and it takes around a quarter of the time to
solve the instance I1.
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No of binary variables No of constraints Obj. Function [US$] Time [sec]

SPPM1BLP 13,952 30,825 7,180,116 31.9
SPPM2BLP 7,748 15,270 7,180,569 8.4

Table 5.1: Computational comparison of models SPPM1BLP and SPPM2BLP for instance I1.

5.4 Solution method

Although the models introduced in Sections 5.2.1 and 5.2.2 can be directly implemented
and solved using commercial MILP-solvers, it can take several hours to solve small to
medium sized instances to optimality. For that reason a set of preprocessing routines
(early and late start) and a sliding window heuristic are proposed here.

5.4.1 Early and late start

The early and late start algorithms are preprocessing routines that allow the reduction of
variables required for the problem by imposing bounds on the pushbacks to which the
blocks can belong. This algorithms work by combining the upper and lower bounds of
the tonnage constraints for each pushback with the precedence constraints to calculate
these bounds. In particular, these algorithms compute the earlier and latest pushbacks to
which any given block can belong.

The early start of a block b is defined as the division between the tonnage supported by
block b (the sum of the total tonnage of the blocks above block b according to the prece-
dence relationship), and the upper bound of the tonnage constraint (Wp). Similarly, the
late start of a block b is computed by calculating the rate between the difference of the to-
tal material inside the pit minus the total material below the block b and the lower bound
of the tonnage constraint. A detailed explanation of the early and late start algorithms
can be found in [39] pages 43-52. The computational complexity of these algorithms are
bounded by O(nm), where n correspond to the number of blocks and m is the number of
precedence relationships between blocks (wall slope condition).

5.4.2 Sliding window heuristic

The sliding window heuristic (SWH) introduced here is based on the sliding time win-
dow heuristic described in [24]. The main idea of the SWH is to repeatedly solve a partly
relaxed sub-problem of a mixed integer linear programming model. At each iteration of
the algorithm a sub-problem is set-up and solved, then a fraction of the variables of that
sub-problem is fixed, and this is repeated until all variables of the mixed integer linear
programming model have been fixed.
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The first step of the SWH is to define three sequential subsets of P : P1, P2, P3, such
that |P1|+ |P2|+ |P3| ≤ |P|. The variables in the subset P1 correspond to the variables
that will be fixed with the solution values obtained at a previous iteration of the algorithm
(variables marked with the star symbol, *). The variables in the subset P2 correspond to
the integer window, which means that the variables in P2 remain as integer. Finally, the
integrality constraint for the variables in the subset P3 is relaxed. Figure 5.7 illustrates
the SWH for n iterations, the columns represent the sequential subsets of P (black, blue
and red colours are used to represent P1, P2, P3, respectively).

Figure 5.7: Illustration of the SWH with Iwin = 3 (the number of consecutive pushbacks in
each integer window) and Cwin = 2 (the number of pushbacks in each continuous window,
with the integrality of the variables relaxed), black, green and red colours represent P1, P2, P3,
respectively.

The following is a description of the SWH applied to the SPPM2BLP formulation,
since the SPPM2BLP performed better than the SPPM1BLP in the experiment shown
in Section 5.3. However, the framework of the SWH for the SPPM1BLP is the same.
Lines 1-2 initialise the set P1 as empty. Then, the loop from iteration 1 to P begins
at Line 3. In Lines 4-7 the solutions of the variables x, a and u are initialised as
empty. In Lines 8-11, the sets P2 and P3 are defined with respect to the iteration i.
Line 12 formulates the SPPM1sub (described by the Equations 5.22 to 5.41) for the sets
P1,P2,P3, x∗bp, a∗ijp, u∗wp. Then, Line 13 solves the SPPM2sub and finds the value of the
variables xbp, aijp and uwp for p ∈ P1 and stores them in the sets x∗bp, a∗ijp, u∗wp. Finally,
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Lines 15-16 update the set P1 and the value of P1.

Algorithm 1: Sliding window heuristic algorithm
Data: integer window: Iwin, continuous window: Cwin

1 begin
2 P1 ← ∅
3 P1 ← 0
4 foreach i ∈ {1, . . . , P} do
5 x∗bp ← ∅
6 a∗ijp ← ∅
7 u∗wp ← ∅
8 P2 ← min(P, i + Iwin− 1)
9 P3 ← min(P, i + Iwin + Cwin)

10 P2 ← {P1 + 1, . . . , P2}
11 P3 ← {P2 + 1, . . . , P3}
12 formulate SPPM2sub(P1,P2,P3, x∗bp, a∗ijp, u∗wp)

13 solve SPPM2sub
14 x∗bp, a∗ijp, u∗wp ← get solution from SPPM2sub such that p ∈ P1

15 P1 ← P1 ∪ {i}
16 P1 ← P1 + 1

The parameter Iwin can take any value in the set {1, . . . , P} and the parameter Cwin
can take any value in the set {0, . . . , P− 1} such that Iwin + Cwin ≤ P. Two extreme sit-
uations are worth noting, 1) when Iwin = P the sliding window is equivalent to solving
the BLP formulation, and 2) when Iwin = 1 and Cwin = 0 the sliding window is equiva-
lent to a greedy approach. It is worth noting that large size instances might not be solved
for values of Iwin close to P. Also, values of Iwin and Cwin such that Iwin + Cwin << P
are unlikely to lead to a feasible solution for the BLP model.

Formulation for the SPPM2sub(P1,P2,P3, x∗bp, z∗cp, u∗bdp)

Max ∑
p∈P1∪P2∪P3

∑
b∈B

δp ·Vb ·Wb · xbp (5.22)

∑
p∈P1∪P2∪P3

xbp ≤ 1 b ∈ B (5.23)

Wp ≤ ∑
b∈B

Wb · xbp ≤Wp p ∈ P1 ∪ P2 ∪ P3 (5.24)

∑
ρ≤p

xbρ ≤ ∑
ρ≤p

xb̂ρ b ∈ B, b̂ ∈ B̂b, p ∈ P1 ∪ P2 ∪ P3 (5.25)

∑
(i,j)∈Al |i 6=Sl ,j 6=Tl

aijp − ∑
(j,k)∈Al |j 6=Sl ,k 6=Tl

ajkp = 0, l ∈ L, p ∈ P1 ∪ P2 ∪ P3, j ∈ B (5.26)
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∑
(i,j)∈Al

aijp − ∑
(j,k)∈Al

ajkp ≤
{
−1, if j = Sl

1, if j = Tl
l ∈ L, p ∈ P1 ∪ P2 ∪ P3, j ∈ B ∪ {Sl , Tl}

(5.27)

∑
p∈P1∪P2∪P3

aijp ≤ 1 (i, j) ∈ Al , l ∈ L (5.28)

∑
(i,j)∈Al ,j 6=Tl

aijp = xjp l ∈ L, p ∈ P1 ∪ P2 ∪ P3 (5.29)

xbp ≤ ∑
w′∈W ′b

uw′p ∀b such that |W ′b| > 0, p ∈ P1 ∪ P2 ∪ P3

(5.30)

uwp ≤ xb′p p ∈ P1 ∪ P2 ∪ P3, w ∈ W , b′ ∈ B′w
(5.31)

∑
p∈P1∪P2∪P3

uwp ≤ 1 w ∈ W (5.32)

xbp ≡ x∗bp p ∈ P1, b ∈ B, (5.33)

aijp ≡ a∗ijp p ∈ P1, (i, j) ∈ Al , l ∈ L (5.34)

uwp ≡ u∗wp p ∈ P1, w ∈ W (5.35)

xbp ∈ {0, 1} p ∈ P2, b ∈ B, (5.36)

aijp ∈ {0, 1} p ∈ P2, (i, j) ∈ Al ,∈ L (5.37)

uwp ∈ {0, 1} p ∈ P2, w ∈ W (5.38)
0 ≤ xbp ≤ 1 p ∈ P3, b ∈ B, (5.39)

0 ≤ aijp ≤ 1 p ∈ P3, (i, j) ∈ Al , l ∈ L (5.40)

0 ≤ uwp ≤ 1 p ∈ P3, w ∈ W (5.41)

5.5 Computational experiments

In this section the sliding window heuristic is used to solve larger sized instances (from
a few hundred to a couple of thousands blocks). Parameters Iwin and Cwin control the
performance of the quality and time of the sliding window heuristic. Motivated by the
results obtained in Section 5.3, we are only considering the SPPM2BLP formulation for
the experiments.

Section 5.5.1 presents a sensitivity analysis for parameters Iwin and Cwin that give a
better understanding of the influence of these parameters over the quality of the solution.
A small instance is considered because the optimal solution can be computed. In Section
5.5.2 two larger instances (up to 4600 blocks) are considered to evaluate the performance
in time of the sliding window heuristic. Additionally, the result of our method is com-
pared with the set of pushbacks obtained without considering connectivity and mining
width constraints.
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5.5.1 Sensitivity analysis of parameters Iwin and Cwin for instance I1

The mining instance I1 (based on the Newman instance from Minelib [34]) is considered in
order to study the impact of the parameters Iwin and Cwin on the quality of the solution.
A combination of eight pairs of values (Iwin, Cwin) such that Iwin + Cwin ≤ P (P=4)
is selected for the experiments. The set of experiments are notated as I1(1, 0), I1(1, 1),
I1(1, 2), I1(1, 3), I1(2, 1), I1(2, 2), I1(3, 1), where the label I1(Iwin, Cwin) stands for in-
stance I1 with parameters Iwin and Cwin. Also, I1 Opt represents the optimal solution
of SPPM2BLP for the instance I1. Similarly, I1 LP represents the solution of the linear
relaxation of SPPM2BLP for the instance I1.

Table 5.2 summarises the value of the objective function, running time and linear
relaxation gap of the experiments. The configurations I1(1, 0), I1(1, 1), I1(2, 1) did not
provide a feasible solution for the SPPM2BLP.

Experiment Obj. Function Value [US$] Running Time [sec] linear relax. gap [%]

I1(1, 2) 7,128,174 6.02 4.70
I1(1, 3) 7,126,804 6.95 4.72
I1(2, 2) 7,049,871 9.25 5.75
I1(3, 1) 7,144,819 13.10 4.48
I1 Opt 7,180,568 8.94 4.00
I1 LP 7,479,954 0.70 -

Table 5.2: Experiment over parameters Iwin and Cwin for instance I1.

One thing worth noting is that increasing the size of the integer window (Iwin) does
not always lead to a better quality solution. For example, computational experiments
I1(1, 2) and I1(1, 3) in Table 5.2 show a better result in time and value than I1(2, 2). One
would expect that by increasing the value of Iwin the SWH should increase the accuracy
in the prediction of the value of the SPPM2BLP (as in experiment I1(3, 1)), but that is not
always the case.

5.5.2 Larger computational instances

Two mining instances (I2 and I3) have been considered to measure the performance of
the SWH when larger datasets are used. The instance I2 consists of a block model of
675 blocks whereas the instance I3 is composed of 4,682 blocks. Figure 5.8 illustrates the
mining input data for instances I2 and I3, where colour scale represents the economic
value of the blocks.

Instance I2 originated from a real dataset from a Chilean mine. To reduce the num-
ber of variables, the original block model was aggregated from 5x5x5 metres blocks to
macro blocks of 60x60x30. After the aggregation, blocks outside the UPL are discarded
from the block model, ending with 675 macro-blocks. The total tonnage within the UPL
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is 171,249,775 tons. The optimisation parameters chosen to test this model are: mining
width template of 2 by 2 blocks, a discount factor of 20% and a maximum of seven push-
backs. The minimum tonnage for each pushback is set at 10,000,000 tonnes, while the
maximum tonnage is constrained to 30,000,000 tonnes.

Instance I3 is a modification of the KD block model publicly available in the Minelib
library [34]. The size of each of the blocks is 20x20x15 metres, and the total tonnage within
the modified UPL is 74,631,720 tonnes. The optimisation parameters chosen to test the
instance I3 are: mining width template of 3 by 2 blocks, a discount factor of 20% and a
maximum number of pushbacks of five. The minimum tonnage for the pushbacks is set
to 10,000,000 tonnes, while the maximum tonnage is constrained to 15,000,000 tonnes.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.8: Mining input data for instances I2 and I3, where colour scale represents the economic
value of the blocks. Plots (a), (c) and (e) are isometric, YZ and XY views of the input data for
instance I2, respectively. Similarly, plots (b), (d) and (f) are isometric, YZ and XY views of the
input data for instance I3, respectively.

The combination of parameters Iwin and Cwin for instances I2 and I3 summarised in
Table 5.3 are the ones that result in a feasible solution for the SPPM2BLP using the SWH
in less than two hours (7,200 [s]). Also, a maximum running time of 24 hours (86,400 [s])
was imposed for I2 Opt and I3 Opt. Table 5.3 summarises the result of the computational
experiments for instances I2 and I3. Note that it was not possible to find a solution for
the instances I2 Opt and I3 Opt in less than 24 hours, so the values reported in Table 5.3
correspond to the best solution found by the solver within the time limit.
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Experiment Obj. Function Value [US$] Running Time [sec] linear relax. gap [%]

I2(1, 3) 192,111,800 139 20.8
I2(2, 3) 215,880,863 1092 11.0
I2(2, 4) 203,215,852 2,828 16.2
I2 Opt* 215,597,421 86,400 11.1
I2 LP 242,476,937 74 -

I3(1, 1) 215,452,113 2,414 6.6
I3(1, 2) 218,204,764 4,971 5.4
I3 Opt* 214,356,412 86,400 7.1
I3 LP 230,735,261 11,900 -

Table 5.3: Computational experiments for problem instances I2 and I3. The values presented in I2
Opt* and I3 Opt* are the best solutions found by the solver within the time limit of 24 hours.

One interesting result is that experiments I2(2, 3), I3(1, 1) and I3(1, 2) outperformed
their respective Opt* (restricted to running for 24 hours). Also, it can be seen that the
size of the window for the SWH does not always lead to a better quality solution. For
example computational experiment I2(2, 4) in Table 5.3 shows a worse result in time and
value than I2(2, 3). The increment of the size of the window in the SWH should increase
the accuracy in the prediction of the value of the SPPM2BLP, but that is not always the
case.

In the majority of cases tested, the infeasibility of a solution is due to the violation of
the minimum tonnage constraint. This phenomenon tends to happen more frequently
when the size of the window (Iwin + Cwin) is small compared to the number of push-
backs (P). In practice the combination of values Iwin and Cwin that gave better results
were the ones such that P/2 ≤ Iwin + Cwin ≤ P. Also, we observed that increasing
the value of Iwin helped to find feasible solutions for complex problem instances. How-
ever, for large instances (block models larger than 15,000 blocks) values of Iwin > 1 were
computationally too expensive.

The largest instance tested consisted of 11,076 blocks, 5 pushbacks, a mining width
templates of 3× 2, a sliding window of Iwin = 1 and Cwin = 1, two directions ~d: ~X
and ~Y. The instance took 6,269 [sec] to solve. However, we noticed that the solution time
increased significantly when more than 20,000 blocks were considered.

Additionally, a relaxation of the mining width and connectivity constraints was com-
puted for the mining instances I2 and I3 (named I2RC and I3RC, respectively), similar
to the resource-constrained pushback models introduced in [90] and [66]. The running
times to find the global optimum solution for I2RC and I3RC (without using any heuristic
method) were 1 and 492 seconds, respectively. However, despite the significant reduction
in running time, the solutions obtained for I2RC and I3RC were highly scattered and dis-
connected, requiring a significant intervention to impose mining width and connectivity
conditions afterwards. Figures 5.9 and 5.10 show a visual comparison between instances
I2 and I3 without and with mining width and connectivity constraints, respectively. Also,
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we observed that relaxing the mining width and connectivity conditions may result in a
significant overestimation of the approximated NPV. For example, the value obtained in
I2RC and I3RC, were 461,364,742 and 232,633,595, respectively; which in the case of I2RC
results in being 90% higher than the upper bound (see I2LP from Table 5.3).

(a) (b)

(c) (d)

(e) (f)

Figure 5.9: Visualisation of the I2(2, 3) plots ((b),(d),(f)) compared to the instance I2 without con-
sidering the mining width and connectivity constraints (plots (a),(c),(e)). Plots (a), (c) and (e) are
isometric, YZ and XY views of the relaxation of the practical constraints for instance I2, respec-
tively. Similarly, plots (b), (d) and (f) are isometric, YZ and XY views of the output of instance
I2(2, 3), respectively.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.10: Visualisation of the I3(1, 2) (plots (b),(d),(f)) compared to the instance I3 with a relax-
ation of the mining width and connectivity constraints (plots (a),(c),(e)). Plots (a), (c) and (e) are
isometric, YZ and XY views of the relaxation of the practical constraints for instance I3, respec-
tively. Similarly, plots (b), (d) and (f) are isometric, YZ and XY views of the output of instance
I3(1, 2), respectively.

5.6 Conclusion

This chapter has presented two mathematical models for the semi-practical pushback
problem. Both formulations address connectivity and ensure a minimum operational
width for the pushbacks. The first formulation (SPPM1BLP) uses a reference point to
model the connectivity, ensuring that all blocks selected in a pushback are connected
to that point. The second formulation (SPPM2BLP) uses a set of horizontal unidirec-
tional graphs Gl to enforce the connectivity. A small instance was considered to solve the
two formulations to optimality, showing that the model SPPM2BLP required only half as
many variables and constraints and took a quarter of the time to solve.

An early and late start variable reduction preprocess [39] and an adaptation of the
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Sliding Time Window Heuristic [24] named Sliding Window Heuristic (SWH) were con-
sidered to solve larger size instances of the SPPM2BLP. A sensitivity analysis of the SWH
parameters IWin (integer window) and CWin (continuous window) was conducted con-
sidering three mining instances (I1, I2 and I3). As a result, we found that in some cases,
smaller windows (window=IWin+CWin) led to better solutions than larger size windows,
for the same problem instance. Also, the use of small windows (window < P/2) ended
in non-feasible solutions for the majority of the cases studied. Additionally, we noted
that considering large values for parameter IWin helped to find feasible solutions, but
we also noted that values of IWin > 1 were computationally too expensive for instances
with more than 15,000 blocks.

In addition, a couple of experiments that relaxed pushback workability conditions
(minimum mining width and connectivity) while keeping the material content conditions
(similar to pushback models introduced in [90] and [66], see Chapter 2) showed that
highly scattered and disconnected pushbacks (and so impractical) were obtained. Also,
significant overestimation in value may be obtained through the use of those relaxed
models. This result greatly contrasts with the pushbacks obtained with our new method,
highlighting the importance of adding workability constraints in order to produce more
accurate and realistic designs.

The use of the SWH allowed us to find good quality solutions in considerably less
time than the direct implementation and solution of the SPPM2BLP formulation into
MILP solvers. In the case of the problem instance I2, the best solution found had a gap
of 11% and took 18.2 minutes to compute, while the direct implementation of SPPM2BLP
found a solution with 11.1% gap in 24 hours. For the problem instance I3, the solution
method allowed us to find a solution with a gap of 6.6 % in 40.2 minutes (I3(1, 1)) and
a solution with a gap of 5.4% in 82.8 minutes (I3(1, 2)). Whereas the solution from the
direct implementation of the SPPM2BLP into the solver (without heuristics) found a so-
lution with 7.1% gap in 24 hours.

Some limitations are worth mentioning. First, the SWH proposed here is limited by
the size and computational complexity of the sub-problems solved in the iterations of the
heuristic. We noted that the SWH is capable of finding solutions in less than 24 hours
when problem instances are limited to a few tens of thousands of blocks. For larger
size instances other heuristic methods might be worth exploring. Second, although the
SPPM2BLP formulation required fewer variables and constraints than the SPPM1BLP for
the instances studied, the connectivity is only guaranteed along lines in the directions
considered, which in some problem instances may lead to disconnected regions where
not enough directions are included. Also, the shapes obtained are constrained by 1) the
direction considered for the graphs Gl as shown in Figure 5.6 (convex shapes when more
than two non-parallel directions are considered), and 2) the shape of the rectangular tem-
plates considered. Third, the models introduced do not account for a detailed production
schedule, so pushbacks obtained are optimal for an approximated NPV based on the es-
timated values for parameter δp.
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5.7 Summary

Open-pit mines are surface excavations created to extract valuable material which, in
most of the cases, is located near the surface. Pushbacks are connected regions of a mine
with enough area to support the mining operation over a defined period. Pushbacks
designed without taking into account haulage ramps are defined here as semi-practical
pushbacks. Two new optimisation models for semi-practical pushbacks are introduced,
that account for workability conditions: minimum operational area and connectivity
within the blocks that compose the pushbacks. Additionally, the adaptation of the Sliding
Time Window Heuristic [24] and other preprocessing routines allowed us to significantly
reduce the solution time and obtain close to optimal solutions for the instances studied.





Chapter 6

A mathematical formulation for the
open-pit long-range mine planning

problem

Determining the ultimate pit limit is a complex process bound by many constraints covering both
economic and physical aspects of the full life of the mine . . . physical aspects -such as access road,
safety batters, etc.- are not considered in current methods and must be added later by hand. . . meaning
that the final solution will now lose any claims to optimality in real terms.

—Tim Gill, Mike Robey and Terry Caelli [43].

ONE of the key problems in open-pit long-range mine planning consists of finding
the set of pushbacks, their production schedule and the allocation of the material to

an appropriate destination that maximises the discounted cash-flows (NPV) and satisfies
the operational conditions of the pushback design, as discussed in Chapter 1 this problem
is called the open-pit long-range mine planning problem (OPLRMPP).

The OPLRMPP implies that two different problems -the pushback design and the pro-
duction scheduling problems- must be addressed simultaneously. The pushback design
problem aims to find a mining sequence that maximises the economic value given by the
sequential (one after the other) extraction of the pushbacks. The key constraints imposed
on the practical pushbacks are: minimum mining width, block connectivity within the
same pushback, ramp access at each level of any pushback (this condition is relaxed in
the case of semi-practical pushbacks), geotechnical constraint (also known as the prece-
dence constraint), and resources content constraints or tonnage constraints.

On the other hand, the production scheduling problem -as discussed in Chapter 2-
consists of finding the period of time when the blocks should be mined and processed
in order to maximise the NPV, subject to satisfying the mining and processing capac-
ity constraints, as well as the geotechnical constraints. Some versions of the production
scheduling problem also aim to find the best destination for the blocks according to the
trade-off between the profit generated at each destination and the available processing
capacity at each period.

91
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Therefore, the OPLRMPP must consider the practical constraints related to the push-
back design, as well as account for the scheduling of the blocks within those pushbacks in
a way that the processing and mining capacities are honoured at any period. In addition,
the OPLRMPP must also find the best destination for the mined blocks at each period.
Since the OPLRMPP considers the pushback and the production scheduling problems
simultaneously, the necessity of imposing tonnage constraints on the pushbacks is no
longer required. These are taken into account in the processing constraints.

The approaches taken to produce practical and semi-practical pushback designs in
Chapter 4 and Chapter 5 indirectly account for the extraction time of the blocks by using
the tonnage constraint to pre-compute an estimate of when each pushback takes place
and then applying a suitable weighting factor. Also, the destination of the blocks is pre-
defined before the optimisation, by simply choosing the highest profit destination for
each block.

To sum up, the OPLRMPP can be defined as the problem of finding the sequence
and the schedule of the blocks that maximises the NPV of the extraction. The mining
sequence is given by a set of practical pushbacks that must satisfy the following three
conditions: 1) there should be a minimum mining width at every bench, 2) every bench
of each pushback must be accessible via a connected haulage ramp, and 3) each pushback
must be a connected set, in terms of horizontal and vertical adjacencies between blocks.
The mining scheduling involves defining the period when the blocks within the push-
backs are mined and, at the same time, determining how much of the mined material is
sent to the processing plant and how much is treated as waste. The mine schedule must
satisfy the minimum and maximum mining and processing capacity constraints at any
period. Additionally, the blocks that belong to the set of the precedences of any block b
are those which need to be removed before the extraction of block b in order to keep the
maximum wall slope constraint. Also, because the cost of the infrastructure related to a
pushback can be considered expensive and there is limited mobility of some large min-
ing equipment (like electric shovels), the number of pushbacks that are active in a mining
operation at any point in time is constrained by the maximum number of pushbacks that
can be mined simultaneously.

This chapter is organised as follows. In Section 6.1, a mathematical formulation for
this problem is presented. In Section 6.2, we introduce the sample and refine algorithm to
solve medium size problem instances. Finally, in Section 6.3, we present a case study for
the open pit planning and design formulation.

6.1 The mathematical model

In the following we propose a mathematical formulation of the OPLRMPP (OPLRMPP−
Mod). Our model produces a set of pushbacks which maximises the time discounted
cash-flows (NPV). The cut-off grade (classifying each block as either waste or ore) is de-
termined dynamically in the model, so there is no need for a pre-determined cut-off grade
like the approaches taken in Chapters 4 and Chapter 5. In our model, each pushback must
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have a ramp that connects the bottom of the pushback to the surface. For simplicity, this
model assumes that all material either gets sent directly to the mill or treated as waste (as
previously stated in Chapter 1).

The ramp is modelled as a set of adjacent blocks that creates a continuous path from
the bottom to the top of the pushback. To achieve vertical distance between adjacent
levels and the gradient constraint, the ramp must have a minimum number of blocks at
each level. The ramp is modelled using the concepts of ramp segments, ramp entrance and
ramp segment template introduced in Chapter 4.

The mining width is modelled using the rectangular templates introduced in Chap-
ter 5, and the connectivity constraint is modelled by a combination of the approaches
introduced in Chapter 4 and Chapter 5. The idea is to use the connectivity path idea in-
troduced in the model SPPM1BLP of Chapter 5, but using the ramp entrance (as in Chapter
4) as the reference point.

The geotechnical slope wall constraint is modelled using a set of vertical precedences,
as explained in Chapter 5. The mine scheduling and the definition of the best process-
ing destination for the mined material is modelled using a combination of integer and
fractional variables, following the approach introduced in [14], [31] and [70]. A time win-
dow (initial and final period) for the extraction of the pushbacks is imposed to model
the pushback extraction and to keep the problem linear. The maximum number of active
pushbacks per period can be imposed through a proper definition of the time window
for the pushbacks.

The following notation describes the sets, indices and parameters used in our for-
mulation. Guidelines presented in [94] were followed to facilitate the readability of our
formulation.

Indices, sets and parameters

b ∈ B : blocks in the block model 1, . . . , B. A LG-UPL pit boundary (as described in
Chapter 2) could be used to reduce the size of the problem. However, there is no
guarantee that the set of optimal pushbacks will be contained within the LG-UPL.

t ∈ T : periods 1, . . . , T, where T is the maximum period considered for the sched-
ule. T can be estimated as T = d ∑b∈BWb

mint∈T {Wt
ML}e, parameters Wb and Wt

ML are ex-

plained below.

p ∈ P : pushbacks 1, . . . , P. P corresponds to the maximum number of pushbacks
to be considered, as no minimum resource condition is imposed on the pushbacks,
some of the pushbacks can be empty. However, in case a resultant pushback has
a material content that is unsuitable for the mining operation, it might be worth
adding a minimum material content constraint for that pushback.

d ∈ Dp : set of distances, 0, . . . , D, from the reference point associated with push-
back p. The distance is measured as the length (in blocks) of the path formed by
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a series of adjacent blocks that start at a reference point c which is determined for
each pushback during the optimisation.

b̂ ∈ B̂b : vertical precedences of block b.

l ∈ L : levels in the block model; 1, . . . , L.

b̈ ∈ B̈l : blocks that belong to a level l.

b̆ ∈ B̆b : blocks that share the same level with block b.

b+s ∈ B+
s : set of blocks immediately above blocks in ramp segment s (as in Chapter

4).

b−s ∈ B−s : set of blocks immediately below blocks in ramp segment s (as in Chapter
4).

s′ ∈ S ′b : ramp segments that start at block b. The block b acts as a ramp entrance of
the segments s′ ∈ S ′b (as in Chapter 4).

s′′ ∈ S ′′b : ramp segments that end at block b (as in Chapter 4).

s ∈ S : all ramp segments (S =
⋃

b∈B
S′b), as in Chapter 4.

b̄ ∈ B̄b : set of horizontal adjacent blocks of block b (this includes diagonally adja-
cent blocks).

w ∈ W : set of mining width rectangular templates (as in Chapter 5).

w′ ∈ W ′b : set of mining width rectangular templates that contain block b (as in
Chapter 5).

b′ ∈ B′w : set of blocks contained in the mining width rectangular template w (as in
Chapter 5).

V ′b : economic value per ton [US$/ton] of block b sent to process (it can be nega-
tive).

V ′′b : economic value per ton [US$/ton] of block b sent to waste dump. Associated
with the extraction cost per tonne (drilling, blasting, loading, hauling and waste
dump maintenance cost).

Wb : tonnage of block b [tonnes].

Wt
ML

: maximum mining limit [tonnes] for period t.

Wt
PL

: maximum processing limit [tonnes] for period t.

Wt
ML : minimum mining limit [tonnes] for period t.

Wt
PL : minimum processing limit [tonnes] for period t.
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Tini
p : minimum extracting period for pushback p.

T f in
p : maximum mining period for pushback p.

δt : discount factor for period t. δt = (1 + ζ)−t, where ζ is the discount rate.

Four types of binary variables are used in the model. The first variable type indicates
to which pushback a block belongs and when that block, and subsequently, that push-
back is mined. Variables xbpt that are outside the bounds (Tini

p ≤ t ≤ T f in
p ) are set to zero

in a preprocessing step:

xbpt =

{
1, if the block b belongs to pushback p and is mined in period t, where Tini

p ≤ t ≤ T f in
p .

0, otherwise.

The second variable type represents the ramp segment which determines the ramp of
the pushback:

zsp =

{
1, if the ramp segment s is selected for pushback p
0, otherwise

The third type of variable accounts for the horizontal distance (in number of blocks)
between the blocks and the ramp entrance on the same level.

vbdp =

{
1, if the block b is exactly at distance d from a ramp segment of pushback p
0, otherwise

Finally, the fourth type of variable represents the rectangular templates that are used
to force the minimum mining width for the pushbacks.

uwp =

{
1, if mining width template w is assigned to pushback p
0, otherwise

Finally, there are two types of continuous variables, both restricted to lying between
0 and 1

y′bt = fraction of block b that is sent to the processing plant at period t.

y′′bt = fraction of block b that is sent to the waste dump at period t.
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6.1.1 Objective function

The objective function is defined as follows:

Max ∑
t∈T

δt ∑
b∈B

Wb(V ′b · y′bt + V ′′b · y′′bt)

The objective function maximises the time-weighted total profit of the mining extrac-
tion, or the net present value (NPV) of the mine extraction.

∑
p∈P

xbpt = y′bt + y′′bt b ∈ B, t ∈ T (6.1)

WML
t ≤ ∑

b∈B
Wb(y′bt + y′′bt) ≤WML

t t ∈ T (6.2)

WPL
t ≤ ∑

b∈B
Wb · y′bt ≤WPL

t t ∈ T (6.3)

∑
p∈P

∑
t∈T

xbpt ≤ 1 b ∈ B (6.4)

Constraint (6.1) states that the material sent to the waste dump or processing plant is
equal to the material mined. Constraint (6.2) ensures that the total material mined per
period is within the minimum and maximum limits. Similarly, Constraint (6.3) ensures
that the total material sent to the processing plant at each period is within the processing
capacity limits. Constraint (6.4) forces each block to be assigned to at most one pushback
and that it will be mined in one period only.

6.1.2 Geotechnical constraints

∑
ρ≤p

∑
τ≤t

xbρτ ≤ ∑
ρ≤p

∑
τ≤t

xb̂ρτ b̂ ∈ B̂b, b ∈ B, p ∈ P , t ∈ T (6.5)

As in Chapter 5, Constraint (6.5) ensures the vertical precedences are honoured in the
extraction of any block.

6.1.3 Mining width constraints

∑
t∈T

xbpt ≤ ∑
w′∈W ′b

uw′p ∀b such that |W ′b| > 0, p ∈ P (6.6)

uwp ≤ ∑
t∈T

xb′pt p ∈ P , w ∈ W , b′ ∈ B′w (6.7)

∑
p∈P

uwp ≤ 1 w ∈ W (6.8)
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As in Chapter 5, Constraint (6.6) states that if a block is assigned to a pushback then at
least one mining width template that contains that block must be assigned to that push-
back. Constraint (6.7) guarantees that if a mining width template belongs to a pushback
p then all blocks within that mining width template must belong to the same pushback.
Constraint (6.8) ensures that each mining width template is assigned to at most one push-
back.

6.1.4 Connectivity constraints

∑
t∈T

xbpt ≤ ∑
d∈D

vbdp b ∈ B, p ∈ P (6.9)

vb(d+1)p ≤ ∑
b̄∈B̄b

vb̄dp b ∈ B, d ∈ D − {D}, p ∈ P (6.10)

vb0p ≤ ∑
s′∈S ′b

zs′p b ∈ B, p ∈ P (6.11)

vbdp ≤ ∑
t∈T

xbpt b ∈ B, d ∈ D, p ∈ P (6.12)

∑
b̈∈B̈l

∑
s′∈S ′

b̈

zs′p ≤ 1 l ∈ L, p ∈ P (6.13)

Constraint (6.9) implies that block b of pushback p must be within distance D from a
ramp segment. Constraint (6.10) means that a block b can only be classified as having
distance d+ 1 from a reference point if one of its neighbouring blocks has distance d from
the reference point. Constraint (6.11) sets as zero the distance d between block b and the
ramp segment that starts at the same block. Constraint (6.12) ensures the connectivity
between the blocks within a pushback from the chosen ramp segment. Constraint (6.13)
means that at most one ramp segment can be chosen at each level per pushback.

6.1.5 Haulage ramp constraints

∑
s′′∈S ′′b

zs′′p − ∑
s′∈S ′b

zs′p = 0, b such that |S ′b|+ |S ′′b | > 0, p ∈ P (6.14)

∑
t∈T

xb̈pt ≤ ∑
b̈∈B̈l

∑
s′∈S ′

b̈

zs′p b̈ ∈ B̈l , l ∈ L, p ∈ P (6.15)

zsp + ∑
t∈T

∑
ρ≤p

xb−s ρt ≤ 1 s ∈ S , b−s ∈ B−s , p ∈ P (6.16)

zsp − ∑
t∈T

xb+s pt ≤ 0 s ∈ S , b+s ∈ B+
s , p ∈ P (6.17)

zsp − ∑
t∈T

xbs pt ≤ 0 s ∈ S , bs ∈ Bs, p ∈ P (6.18)
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Constraint (6.14) ensures the continuity of the ramp segments. Constraint (6.15) en-
sures that there exists a ramp segment for pushback p at each level of any block of push-
back p. Constraint (6.16) forces the blocks directly below a ramp segment to be either not
mined or to belong to a pushback with a larger index p. Finally, Constraints (6.17) and
(6.18) ensure that blocks within and immediately above a ramp segment must belong to
the same pushback as the ramp segment in order to ensure the ramp is located at the
boundary of the pushback.

6.2 Solution method

Although the OPLRMPP−Mod introduced in Section 6.1 can be implemented directly
and solved using commercial MILP-solvers, it can take several hours to solve small to
medium size instances to optimality. For that reason, a set of preprocessing routines
(early and late start), a sliding time window heuristic, a relaxation of the haulage ramp
constraint, and a sampling and refining heuristic are proposed here. The haulage ramp
is replaced by a single point (as in Chapter 5) to reduce the number of variables in the
OPLRMPP − Mod. Then, the sampling and refining algorithm is designed to help find
such reference points c ∈ C (C: set of xy-coordinates of all blocks in B) for each pushback.

As in Chapter 5 Section 5.4.1, the early and late start algorithms work by combining
the upper and lower bounds of the tonnage constraints at each period with the prece-
dence constraints. As was mentioned, a detailed explanation of the early and late start
algorithms can be found in [39] pages 43-52. The difference between the sliding win-
dow heuristic presented in this section and the one in Chapter 5, is that the current ap-
proach divides the set T instead of P , since most of the key border conditions of the
OPLRMPP−Mod are time-dependent (like processing and mining capacity constraints).

6.2.1 Sliding time window heuristic

The sliding time window heuristic (STWH) described here is an adaptation of the heuris-
tic described in [24]. The main idea of the STWH is to repeatedly solve a partly relaxed
sub-problem of the OPLRMPP-Mod. At each iteration of the algorithm a sub-problem
(OPLRMPP−Modsub) is set-up and solved, then a fraction of the variables of that sub-
problem is fixed, and this is repeated until all the variables of the mixed integer linear
programming model have been fixed. The first step of the STWH is to define three se-
quential subsets of T : T1, T2, T3, such that |T1|+ |T2|+ |T3| ≤ |T |. The variables in the
subset T1 correspond to the variables that will be fixed with the solution values obtained
at a previous iteration of the algorithm (variables marked with the star symbol, *). The
variables in the subset T2 correspond to the integer window (IWin), which means that
the variables in T2 remain as integer. Finally, the integrality constraint for the variables in
the subset T3 is relaxed (continuous window or CWin).
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6.2.2 Sampling and refining algorithm

The key idea of the sampling and refining algorithm is to iteratively solve a series of sim-
plified problems that have a reduced number of coordinates Ĉ ⊆ C. At each iteration
of the algorithm the elements in the set Ĉ change according to the solution obtained in
the previous iteration. Initially, the elements in Ĉ are a sample of the set C, while in the
following iterations the elements in Ĉ correspond to the neighbours of the coordinates
obtained in the solution of the previous iteration. The algorithm stops when there has
been no improvement in NPV after a certain number of iterations. Figure 6.1 illustrates
an example of how the sampling and refining algorithm works for a simple case.

Figure 6.1: Example of the sampling and refining algorithm. (a) blocks marked in grey represent
the reduced number of coordinates Ĉ at the first iteration of the algorithm. (b) the blocks in
red represent the coordinates selected as reference points for the pushbacks. (c) the blocks in
grey represent the new set of reduced coordinates which correspond to the neighbours of the
coordinates selected as a solution in the previous iteration.
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Algorithm 2: Sampling and refining
Data: Iwin, Cwin, C, maxSteps, dx, dy.
Result: A solution for the OPLRMPP−Mod.

1 begin
2 steps← 0; solVal ← 0; valOpt← 0; solZ ← ∅; solSet← ∅; solOpt← ∅;
3 Ĉ ← a sample of elements in set C
4 (solZ, solSet, solVal)←STWH(Iwin, Cwin, Ĉ)
5 valOpt← solVal; solOpt← solSet;
6 while steps ≤ maxSteps do
7 Ĉ ← set of neighbours within distances dx and dy from coordinates in solZ
8 (solZ, solSet, solVal)←STWH(Iwin, Cwin, Ĉ)
9 if solVal > valOpt then

10 valOpt← solVal ; steps← 0 ; solOpt← solSet
11 else
12 steps← steps + 1
13 return solOpt
14 Function STWH(Iwin, Cwin, C):
15 T1 ← ∅; T1 ← 0; solSet← ∅; solVal ← 0; solZ ← ∅
16 foreach i ∈ {1, . . . , T} do
17 x∗bpt ← ∅; y′∗bt ← ∅; y′′∗bt ← ∅
18 T2 ← min(T, i + Iwin− 1)
19 T3 ← min(T, i + Iwin + Cwin)
20 T2 ← {T1 + 1, . . . , T2}
21 T3 ← {T2 + 1, . . . , T3}
22 formulate OPLRMPP−Modsub(T1, T2, T3, C, x∗bpt, y′∗bt, y′′∗bt )

23 solve OPLRMPP−Modsub
24 x∗bpt, y′∗bt, y′′∗bt ← get solution from OPLRMPP−Modsub such that t ∈ T1

25 T1 ← T1 ∪ {i}
26 T1 ← T1 + 1
27 solZ ← z∗cp

28 solSet← x∗bpt, y′∗bt, y′′∗bt

29 solVal ← value of the objective function of OPLRMPPMsub
30 return (solZ, solSet, solVal)

The following is the description of Algorithm 2: sampling and refining. Line 2 ini-
tialises the problem variables. Line 3 defines a subset of coordinates from a regularly
spaced sample of C which is stored in Ĉ. Lines 4-5 call the STWH function using
parameters Iwin, Cwin and Ĉ, and store the solution. Then, the refining process starts
with the while loop at Line 6. The loop runs until the no-improvement counter (steps)
reaches the limit (maxSteps). In Line 7 the neighbours of the coordinates in solZ with
respect to the distances dx and dy are stored as the new set of coordinates Ĉ. Lines
8-12 compute the STWH for the set of coordinates Ĉ. If the new solution is better than
the current one, it is then stored as the new optimum, otherwise the no-improvement
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counter is increased by 1 unit. Finally, Line 13 returns the best solution found solOpt.

Lines 14-30 of Algorithm 2 correspond to the STWH function, which works as
follows. Line 15 initialises the instance variables. Then, the loop from iteration 1 to T
begins at Line 16. In Line 17 the solution of the variables x, y′ and y′′ is initialised as
empty. In Lines 18-21, the sets T2 and T3 are defined with respect to the iteration i. For
the sets in Lines 20-21, if the first term is larger than the last then we have an empty
set. Line 22 formulates the OPLRMPP − Modsub (described by the Equations 6.19 to
6.42 below) for the sets T1, T2, T3, x∗bpt, y′∗bt, y′′∗bt . Then, Line 23 solves the OPLRMPP−
Modsub and gets the value of the variables xbpt, y′bt and y′′bt for t ∈ T1 saving them in the
sets x∗bpt, y′∗bt, y′′∗bt . Lines 25-26 update the set T1 and the value of T1. Finally, Lines
27-30 store and return the solution of the coordinates z∗cp in solZ, the solution of the
variables x∗bpt, y′∗bt, y′′∗bt in solSet and the value of the solution in the objective function in
solVal.

Formulation for the sub-problem OPLRMPP−Modsub(T1, T2, T3, C, x∗bp, z∗cp, u∗bdp)

To simplify the formulation introduced in Section 6.1, the haulage ramp condition has
been relaxed and replaced with a single point. This is the same approach taken in Section
5.2.1: the variable z represents a moving reference point to control the shape of the push-
back. Similarly, the set of coordinates C and a mapping function F are also introduced.

c ∈ C : set of coordinates that act as a reference point to ensure the connectivity of
the blocks within a pushback.

F : a mapping function F : B → C such that F (b) = c is the 2D projection over
the XY plane of the spatial location of block b.

zcp =

{
1, if the coordinate c is selected as a reference point for pushback p
0, otherwise

Max ∑
t∈T1∪T2∪T3

δt ∑
b∈B

Wb(V ′b · y′bt + V ′′b · y′′bt) (6.19)

∑
p∈P

xbpt = y′bt + y′′bt b ∈ B, t ∈ T1 ∪ T2 ∪ T3 (6.20)

WML
t ≤ ∑

b∈B
Wb(y′bt + y′′bt) ≤WML

t t ∈ T1 ∪ T2 ∪ T3 (6.21)

WPL
t ≤ ∑

b∈B
Wb · y′bt ≤WPL

t t ∈ T1 ∪ T2 ∪ T3 (6.22)
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∑
p∈P

∑
t∈T1∪T2∪T3

xbpt ≤ 1 b ∈ B (6.23)

∑
ρ≤p

∑
τ≤t

xbρτ ≤ ∑
ρ≤p

∑
τ≤t

xb̂ρτ b̂ ∈ B̂b, b ∈ B, p ∈ P , t ∈ T1 ∪ T2 ∪ T3

(6.24)

∑
t∈T1∪T2∪T3

xbpt ≤ ∑
w′∈W ′b

uw′p ∀b such that |W ′b| > 0, p ∈ P (6.25)

uwp ≤ ∑
t∈T1∪T2∪T3

xb′pt p ∈ P , w ∈ W , b′ ∈ B′w (6.26)

∑
p∈P

uwp ≤ 1 w ∈ W (6.27)

∑
t∈T1∪T2∪T3

xbpt ≤ ∑
d∈D

vbdp b ∈ B, p ∈ P (6.28)

vb(d+1)p ≤ ∑
b̄∈B̄b

vb̄dp b ∈ B, d ∈ D − {D}, p ∈ P (6.29)

vb0p ≤ zcp b ∈ B, c = F (b), p ∈ P (6.30)

vbdp ≤ ∑
t∈T1∪T2∪T3

xbpt b ∈ B, d ∈ D, p ∈ P (6.31)

∑
p∈P

zcp ≤ 1 c ∈ C (6.32)

xbpt ≡ x∗bpt t ∈ T1, p ∈ P , b ∈ B, (6.33)

y′bt ≡ y′∗bt t ∈ T1, b ∈ B (6.34)
y′′bt ≡ y′′∗bt t ∈ T1, b ∈ B (6.35)

xbpt ∈ {0, 1} t ∈ T2, b ∈ B (6.36)

zcp ∈ {0, 1} p ∈ P , c ∈ C (6.37)
uwp ∈ {0, 1} p ∈ P , w ∈ W (6.38)
vbdp ∈ {0, 1} b ∈ B, d ∈ D, p ∈ P (6.39)

0 ≤ xbpt ≤ 1 t ∈ T3, p ∈ P , b ∈ B, (6.40)

0 ≤ y′bt ≤ 1 t ∈ T2 ∪ T3, b ∈ B (6.41)
0 ≤ y′′wp ≤ 1 t ∈ T2 ∪ T3, b ∈ B (6.42)

6.3 Computational experiments

Algorithm 2 was implemented in Python 2.7 and the instances of the mixed integer linear
programming model OPLRMPP−Modsub were solved using Gurobi 8.0 MILP-solver for
a real mineral deposit. All the pre-processing routines, such as the definition of the sets
and variables were done in Python. The execution of the code was done on an Intel Xeon
machine with 32 gigabytes running Windows 10. This machine has eight processors that
run at 2.40 gigahertz.
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The mining instance used in this section corresponds to the same copper deposit con-
sidered in Chapter 4. However, the economic parameters have been modified to take into
account the two different profits V ′b and V ′′b . Nonetheless, the same aggregation process
that is described in Chapter 4 is used here. At the end of the aggregation process, the
problem instance was reduced to 3,445 blocks containing a total of 247,623,221 tonnes.
Figure 6.2 shows different views of the resultant block model.

(a) (b) (c)

Figure 6.2: Blocks within the larger ultimate pit. The colour scale represents the value of the
blocks in dollars. Plots (a), (b) and (c) represent isometric, XY and YZ views, respectively.

6.3.1 Optimisation parameters

The parameters chosen for the problem instance were as follows: there were six periods,
each one representing a year; the maximum number of pushbacks was four, each with
a maximum permitted distance D = 13; a discount rate of ζ = 12.5% was chosen. The
selected earliest and latest extraction periods for the pushbacks were (1,3), (2,4), (3,5) and
(4,6) for pushbacks 1 to 4, respectively. The mining width template considered for this
instance was 2 by 2 blocks in X and Y directions. Finally, the minimum processing plant
capacity as well as the minimum mining capacity were set to zero.

The parameters Iwin and Cwin were set as 1 (Iwin = 1 and Cwin = 1) for the sliding
time window heuristic (STWH) since this combination allowed finding a solution in less
than a day. The parameters for the solver remained unchanged, except for the gap pa-
rameter which was set to 10%. The maximum number of steps for the no-improvement
counter was set at two.

The initial set Ĉ consisted of a sample of the elements in C where each pair was sep-
arated by a distance of 5 units in the X and Y directions. At the refining stages, the set Ĉ
contained all the coordinates within a distance of 2 units in the X and Y directions from
each coordinate c∗ that formed the solution of the previous iteration of the algorithm.
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6.3.2 Results

The sampling and refining algorithm was implemented in Python and the mixed integer
linear programming models were solved using the commercial MILP solver Gurobi. The
algorithm took slightly less than 8 hours to solve the problem instance described above.
At the first iteration a feasible solution for the OPLRMPP−Mod with a value of $341 mil-
lion was found in 6.46 hours. Then, at the first refining stage, a second solution was found
in about 21 minutes, but no improvement in NPV was made. Finally, a third solution was
found in 53 minutes, but again no improvement was made, forcing the algorithm to stop
due to the maximum number of no-improvement steps being reached. Table 6.1 sum-
marises the stages of the algorithm, the value of the solutions and the running time.

Iteration Algorithm stage NPV (USD) Runtime [sec] / [hours]

1 sampling 341,892,274 23,279 /6.46
2 refining 1 335,169,155 24,541 /6.82
3 refining 2 336,410,984 27,742/ 7.71

Table 6.1: Sampling and refining algorithm results.

Figure 6.3 illustrates different views of the solution found by the sampling and refining
algorithm at each stage. Each colour represent a different pushback. Sub-figures (a),
(b) and (c) show the solutions for the first, second and third iteration of the algorithm,
respectively.

Table 6.2 and Table 6.3 show the mine schedule and the pushback schedule for the
best solution found (first iteration of the algorithm). Table 6.2 summarises the material
sent to the processing plant (processed) and the material sent to the waste dump (wasted)
per period. Since the program defines the cut-off grade dynamically as part of the op-
timisation, the total amount of profitable material (ore) is about 57.2 million tonnes and
the total waste material is about 45.6 million tonnes.

Period Material processed [tonnes] Material wasted [tonnes] Total [tonnes]

1 12,500,000 7,599,159 20,099,159
2 12,500,000 9,999,912 22,499,912
3 12,500,000 9,981,076 22,481,076
4 12,500,000 9,990,298 22,490,298
5 5,963,538 4,349,001 10,312,539
6 1,313,130 3,704,737 5,017,867

Total 57,276,668 45,624,183 102,900,851

Table 6.2: Material sent to process and to waste dump per period.

It can be seen from Table 6.3 that the mining and the processing plant reached their
maximum capacity during the first four periods of the mine schedule. However, a steep
drop in production occurs in periods 5 and 6. The production of period 6 could be moved
forward to period 5 to produce a better solution (which does not violate any of the prob-
lem constraints). A possible explanation for this behaviour is due to the small window
selected, compared to the total number of periods. A larger time window might produce
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(a) (b) (c)

Figure 6.3: Pushbacks found using the sampling and refining algorithm. Colours represent different
pushbacks. Figures (a), (b) and (c) show the solutions at different view points for the first, second
and third iteration of the algorithm, respectively.
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a better schedule, but the computational complexity of the MILP problems increases con-
siderably when larger windows are considered (the sampling and refining algorithm could
not produce a feasible solution in more than 72 hours when a sliding time window of
parameters Iwin = 1 and Cwin = 2 was considered).

Periods
Pushback 1 2 3 4 5 6 Total [tonnes]

1 20,099,159 19,962,070 16,315,872 56,377,102
2 2,537,841 6,165,204 393,271 9,096,317
3 21,128,746 8,675,120 29,803,866
4 968,281 1,637,419 5,017,867 7,623,567

Total [tonnes] 20,099,159 22,499,912 22,481,076 22,490,298 10,312,539 5,017,867 102,900,851

Table 6.3: Pushback schedule.

Finally, it is important to highlight that even though the problem instance studied
in this chapter is almost identical to the one presented in Chapter 4, both results are
not comparable for a few reasons. The first reason is that each pushback showed in
Chapter 4 includes a ramp, while the pushbacks presented in this section do not have
a ramp since we relaxed the ramp condition to keep the problem tractable. Second, the
pushbacks in Chapter 4 are mined bench by bench (all the blocks that belong to the same
pushback and bench are mined in the same period) a constraint that is not modelled in
the OPLRMPP−Mod to keep the model linear. Third, the model introduced in Chapter
4 considers a fixed cut-off grade (which means that the best destination for the blocks is
defined beforehand), whereas the OPLRMPP−Mod is able to find the best destination
for the blocks during the optimisation. However, the NPV of the solution found was
approximately 50% greater than the NPV of the solution shown in Chapter 4. Although
the two instances are not 100% comparable, this number serves as an estimation of the
value that can be gained by solving the OPLRMPP as an integrated problem.

6.4 Conclusions

One of the key problems in open-pit long-range mine planning consists of defining the
sequence of pushbacks, the production schedule and the cut-off strategy that maximises
the net present value (NPV), defined here as the open-pit long-range mine planning prob-
lem (OPLRMPP).

In this chapter, a mixed integer linear programming model (MILP) for the OPLRMPP
is introduced. The model allows us to find the set of pushbacks and the cut-off strategy
that maximises the NPV of the production schedule of the mine. Additionally, a heuristic
method (sampling and refining) is introduced. The sampling and refining heuristic is used
in combination with other techniques such as the early and late start algorithms [39] and
the Sliding Time Window Heuristic [24] to improve the tractability of the problem.
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A mining instance almost identical to the one considered in Chapter 4 was considered.
The solution time for the problem instance that consisted of 3,445 aggregated blocks, six
periods and four pushbacks was slightly less than 8 hours. The NPV obtained was 53%
greater than the value obtained in Chapter 4. Even though the solutions cannot be di-
rectly compared (because the value obtained in Chapter 4 includes the ramp design and
considers a pushback-bench schedule instead of a direct block schedule), the significant
difference in value obtained serves as a strong indication of the value that could be cap-
tured when an integrated approach is considered.

However, the shape of the pushbacks (obtained by using this approach) is limited by
the shape of the rectangular templates used in the formulation of the problem. Also, the
significant number of binary variables associated with each block, and the mathemati-
cal structure of the MILP formulation, precludes the solution of problem instances with
more than 5,000 blocks (within the pit boundary) in less than 24 hours with the methods
introduced here.

6.5 Summary

One of the key tasks in open-pit long-range mine planning is to define the mining se-
quence (pushbacks), the production schedule and the cut-off strategy that maximise the
NPV associated with the extraction of the mine. This problem is referred to as the open-
pit long-range mine planning problem (OPLRMPP). Traditionally, the solution to the
OPLRMPP has been addressed by solving a series of sequential sub-problems or by
solving production schedules that not consider pushbacks and workability conditions
(such as connectivity between the blocks, minimum operational width, and access roads),
which usually ends in sub-optimal or impractical solutions. To the best of our knowledge,
no models for the OPLRMPP have appeared in the literature before.

In this chapter, a mixed integer linear programming model for the OPLRMPP which
can be solved exactly is introduced. The model allows us to find the set of pushbacks
and the cut-off strategy that maximises the NPV of the production schedule of the mine.
A computational experiment showed that significant value could be captured when the
integrated problem is considered.





Chapter 7

Conclusions

There are, however, virtually unlimited numbers of ways of reaching a final contour.
— Helmut Lerchs & Ingo Grossmann [60].

THE work presented in this thesis has made some contributions towards models,
methods and approaches for optimising mine planning and design of open-pit mines.

Chapters 1 and 2 described some of the challenges associated with long-range open-pit
mine planning, such as pushback design optimisation, haulage road designs and produc-
tion scheduling. Early models and approaches from the literature and standard industry
practices were discussed. Additionally, a formal definition of both the open-pit long-
range mine planning problem (OPLRMPP) and of mining pushbacks was introduced,
and the relevance of including workability conditions into optimisation models for push-
back designs was established.

In Chapter 3, a solution for the open pit ramp design problem was introduced. A
shortest path method was developed for the ex-pit road design, and a binary linear pro-
gramming approach was developed for the in-pit ramp design. Both models allow gra-
dient and curvature constraints to be handled within the given discretisation. They can
incorporate construction and haulage costs, and the formulations are flexible enough to
find an optimal ramp that avoids any given forbidden region.

Some limitations are worth noting. The in-pit model assumes that the optimal ramp
occurs on the boundary of a precomputed pushback, which might be suboptimal com-
pared to the problem of finding a ramp and a pushback simultaneously (this problem is
studied in Chapter 4). Also, a combined in-pit ramp design and scheduling optimisation
problem, that takes into account the way properties of the haulage network interact with
the mining schedule, would be another worthwhile avenue for future work.

Chapter 4 introduced a mixed integer linear programming model for the pushback
design problem. The central idea of the new formulation was to use the in-pit ramp to
control the shape of the pushback to give more practical designs. The proposed formula-
tion extends previous mixed integer linear programming formulations for the pushback
design problem such as [7] or [66]. Compared to the traditional methodology, an im-
provement of 5.4% for the NPV was obtained.

109
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However, the formulation presented enforces the connectivity and mining width con-
straints by biasing the objective function, requiring an extra parameter λ to be calibrated.
A different approach that does not require a parameter λ might be worth seeking. Also,
other heuristic methods might improve the results obtained from the greedy approach.
Solutions for these issues are proposed in Chapter 5.

In Chapter 5, two formulations for semi-practical pushbacks that maximise an ap-
proximate NPV were studied. Both binary linear programming models enforced mining
width conditions and block connectivity within the same pushback without requiring
extra parameter calibration (like the solution proposed in Chapter 4). The formulations
differ in the way in which the connectivity condition was modelled. Computational ex-
periments showed that the use of techniques based on the Sliding Time Window Heuris-
tic (STWH) [24] and the early- and late-start algorithms [39], significantly reduced the
CPU time for the solution of the problem. The largest size instance tested consisted of
11,076 blocks with five pushbacks and took approximately 1.7 hours to find a solution
within a 10% gap from the linear relaxation.

However, the efficiency of the solution method based on the STWH is limited to the
size of the sub-problems. According to preliminary tests, the method reached its limit
when instances with more than 20,000 blocks were considered. Additionally, since the
production schedule is not embodied in the formulation (it maximises an approximate
NPV), there is no guarantee that the pushbacks obtained with this method will drive the
optimal NPV when a detailed schedule is considered. To tackle the latter issue, a new
formulation that considers the mine production schedule is introduced in Chapter 6.

Finally, in Chapter 6, a mathematical formulation for the OPLRMPP is introduced.
The mathematical model -which is a combination of the approaches taken in Chapters 4
and 5- answers the three main questions described in Chapter 1 regarding the OPLRMPP.
The model finds the set of pushbacks (according to the definition introduced in Chapter
1) and the cut-off grade strategy that maximises the NPV of the production schedule.
The solution method proposed combines the relaxation of the haulage ramp’s gradient,
the use of the STWH, and the use of a Sampling and Refining heuristic. Computational
experiments, conducted on an instance almost identical to the one considered in Chapter
4, took slightly less than 8 hours to solve. The NPV of the solution found was approxi-
mately 50% greater than the NPV of the solution shown in Chapter 4. Although the two
instances are not 100% comparable, this number serves as an estimation of the value that
can be gained by solving the OPLRMPP as an integrated problem.

Nevertheless, the shapes obtained by the new model are restricted to the shape of the
templates, and only instances with less than 5000 blocks (4 pushbacks and six periods)
were able to be solved in less than 24 hours using the solution method described.

This thesis has focused on the identification, conceptualisation, and modelling of
some of the critical operating conditions of open-pit mines thus developing new math-
ematical approaches for the OPLRMPP that produce operationally feasible solutions.
The question of whether there are other solution techniques or alternative mathematical
formulations that will allow solving problem instances with millions of blocks remains
open.
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[72] Gonzalo Muñoz et al. A study of the Bienstock–Zuckerberg algorithm: applications
in mining and resource constrained project scheduling. Vol. 69. 2. Springer US, 2018,
pp. 501–534. ISBN: 1058901799461. DOI: 10.1007/s10589-017-9946-1. arXiv:
1607.01104 (cit. on p. 24).

[73] Akbar Najafi and Evelyn W. Richards. “Designing a forest road network using
mixed integer programming”. In: Croatian Journal of Forest Engineering. 34.1 (2013),
pp. 17–30 (cit. on p. 22).

[74] Alexandra M. Newman et al. “A review of operations research in mine planning”.
In: Interfaces 40.3 (2010), pp. 222–245. ISSN: 00922102. DOI: 10 . 1287 / inte .
1090.0492 (cit. on pp. 22, 32).

[75] Noel O’Brien and F.J. Nowak. “An Application of a Computer to Open-Pit Mine
Design”. In: Pit and Quarry 58.2 (1966), pp. 128–135. ISSN: 0010-4620. DOI: 10.
1093/comjnl/1.2.64. URL: http://comjnl.oupjournals.org/cgi/
doi/10.1093/comjnl/1.2.64 (cit. on p. 12).

[76] Jean-Claude Picard. “Maximal Closure of a Graph and Applications to Combina-
torial Problems”. In: Management Science 22.11 (1976), pp. 1268–1272. ISSN: 00251909.
DOI: 10.1287/mnsc.22.11.1268. URL: http://www.jstor.org/stable/
2630227 (cit. on p. 14).

[77] Cristian J Poblete et al. “Impact of the starting point and of the direction of open
pit exploitation on the mining plan”. In: Sixth International Conference on Innovation
in Mine Operations. May. Santiago, Chile., 2016 (cit. on p. 16).

[78] Julian Poniewierski. Pseudoflow Explained. Tech. rep. Deswik, 2017, pp. 1–10. URL:
https://www.deswik.com/wp-content/uploads/2017/05/Pseudoflow-
Explained.pdf (cit. on p. 15).

[79] Yasha Pushak, Warren Hare, and Yves Lucet. “Multiple-path selection for new
highway alignments using discrete algorithms”. In: European Journal of Operational
Research 248.2 (2016), pp. 415–427. ISSN: 03772217. DOI: 10.1016/j.ejor.
2015.07.039 (cit. on p. 22).

[80] S. Ramazan. “A new push back design algorithm in open pit mining”. PhD thesis.
Colorado School of Mines, 1996, p. 150 (cit. on pp. 4, 15).

[81] S. Ramazan, K. Dagdelen, and Thys B. Johnson. “Fundamental tree algorithm in
optimising production scheduling for open pit mine design”. In: Mining Technol-
ogy 114.1 (2005), pp. 45–54. ISSN: 03717844. DOI: 10.1179/037178405X44511
(cit. on p. 25).

[82] S Ramazan and K Dagdelen. “A new push back design algorithm in open pit
mining”. In: Proceedings of 7th MPES conference, Calgary, Canada. 1998, pp. 119–124
(cit. on p. 16).

[83] H. Ren and Erkan Topal. “Using Clustering Methods for Open Pit Mine Produc-
tion Planning”. In: Journal of research project review 3.1 (2014), pp. 45–49 (cit. on
p. 25).

https://doi.org/10.1007/s10589-017-9946-1
https://arxiv.org/abs/1607.01104
https://doi.org/10.1287/inte.1090.0492
https://doi.org/10.1287/inte.1090.0492
https://doi.org/10.1093/comjnl/1.2.64
https://doi.org/10.1093/comjnl/1.2.64
http://comjnl.oupjournals.org/cgi/doi/10.1093/comjnl/1.2.64
http://comjnl.oupjournals.org/cgi/doi/10.1093/comjnl/1.2.64
https://doi.org/10.1287/mnsc.22.11.1268
http://www.jstor.org/stable/2630227
http://www.jstor.org/stable/2630227
https://www.deswik.com/wp-content/uploads/2017/05/Pseudoflow-Explained.pdf
https://www.deswik.com/wp-content/uploads/2017/05/Pseudoflow-Explained.pdf
https://doi.org/10.1016/j.ejor.2015.07.039
https://doi.org/10.1016/j.ejor.2015.07.039
https://doi.org/10.1179/037178405X44511


118 BIBLIOGRAPHY

[84] M. Rezaee, M. Osanloo, and R.Q. Honaker. “Optimizing the number of open pit
mine push backs”. In: 2012 SME Annual Meeting and Exhibit 2012, SME 2012, Meet-
ing Preprints (2012), pp. 1–8 (cit. on p. 15).

[85] Orlando Rivera Letelier et al. “(to appear) Production scheduling for strategic
open pit mine planning: A mixed integer programming approach”. In: Operational
Research () (cit. on p. 63).

[86] Mike Robb. “Automated methods of final pit delimitation”. In: SME Mining En-
gineering Handbook. Ed. by J. Crawford and W A Hustrulid. New York: Society of
Mining Engineers of American Institute of Mining, Metallurgical, and Petroleum
Engineers, 1979. Chap. 14, pp. 197–202 (cit. on pp. 11, 12, 15, 16, 65).

[87] Chotipong Somrit and Kadri Dagdelen. “Max flow – Lagragian based phase de-
sign algorithm for open pit production scheduling optimization”. In: 36th Applica-
tions of Computers and Operations Research in the Mineral Industry. 2013, pp. 401–414
(cit. on p. 17).

[88] Jürg Andreas Stückelberger. “A Weighted-Graph Optimization Approach for Au-
tomatic Location of Forest Road Networks”. PhD thesis. ETH Zurich, 2008, p. 127.
ISBN: 9783728132178 (cit. on p. 22).

[89] M Tabesh and H Askari-Nasab. “Two-stage clustering algorithm for block aggre-
gation in open pit mines”. In: Mining Technology 120.3 (2011), pp. 158–169. ISSN:
1474-9009. DOI: 10.1179/1743286311Y.0000000009 (cit. on pp. 18, 25).

[90] Mohammad Tabesh and Hooman Askari-Nasab. Open pit production planning using
controled pushbacks and aggregates. Montreal, 2013 (cit. on pp. 17, 18, 85, 88).

[91] Beyime Tachefine and François Soumis. “Maximal closure on a graph with re-
source constraints”. In: Computers & Operations Research 24.10 (1997), pp. 981–990.
DOI: 10.1016/S0305-0548(97)00008-7. URL: http://www.sciencedirect.
com/science/article/pii/S0305054897000087 (cit. on p. 17).

[92] Dwayne Tannant and Bruce Regensburg. Guidelines for Mine Haul Road Design.
University. Edmonton: University of Alberta Press, 2001, pp. 1–111 (cit. on p. 22).

[93] Robert Tarjan. “Depth-First Search and Linear Graph Algorithms”. In: SIAM Jour-
nal on Computing 1.2 (1972), pp. 146–160. ISSN: 0097-5397. DOI: 10.1137/0201010
(cit. on p. 35).

[94] Michael D. Teter, Alexandra M. Newman, and Martin Weiss. “Consistent notation
for presenting complex optimization models in technical writing”. In: Surveys in
Operations Research and Management Science 21.1 (2016), pp. 1–17. ISSN: 18767354.
DOI: 10.1016/j.sorms.2016.05.001 (cit. on pp. 47, 93).

[95] Roger J Thompson. “Design , Construction , and Maintenance of Haul Roads”. In:
SME Mining Engineering Handbook. Ed. by P. Darling. Society for Mining, Metal-
lurgy, and Exploration, 2011. Chap. 10.6, pp. 957–976 (cit. on p. 5).

[96] Robert Underwood and Boleslaw Tolwinski. “A mathematical programming view-
point for solving the ultimate pit problem”. In: European Journal of Operational Re-
search 107.1 (1998), pp. 96–107. ISSN: 03772217. DOI: 10.1016/S0377-2217(97)
00141-0 (cit. on p. 14).

https://doi.org/10.1179/1743286311Y.0000000009
https://doi.org/10.1016/S0305-0548(97)00008-7
http://www.sciencedirect.com/science/article/pii/S0305054897000087
http://www.sciencedirect.com/science/article/pii/S0305054897000087
https://doi.org/10.1137/0201010
https://doi.org/10.1016/j.sorms.2016.05.001
https://doi.org/10.1016/S0377-2217(97)00141-0
https://doi.org/10.1016/S0377-2217(97)00141-0


BIBLIOGRAPHY 119

[97] Q Wang and H Sevim. “Alternative to parameterization in finding a series of
maximum-metal pits for production planning”. In: Mining engineering 47.2 (1995),
pp. 178–182 (cit. on p. 17).

[98] Andrew Wetherelt and Klaas Peter Van Der Wielen. “Introduction to open-pit
mining”. In: SME - Mining Engineering Handbook. Ed. by P. Darling. 3rd. Society
for Mining, Metallurgy, and Exploration, 2011. Chap. 10.1, pp. 857–876 (cit. on
pp. 2, 3, 11).

[99] Christopher Wharton and Jeff Whittle. “The effect of minimum mining width on
NPV”. In: Optimizing with Whittle. Ed. by Jeff Whittle. Perth, Western Australia:
Whittle Programming Pty. Ltd., 1997, pp. 173–178 (cit. on pp. 18, 20, 21).

[100] David Whittle. “Open-pit planning and design”. In: SME Mining Engineering Hand-
book. Ed. by Peter Darling. 3rd. Society for Mining, Metallurgy, and Exploration,
2011. Chap. 10.2, pp. 877–901 (cit. on pp. 4, 16, 55).

[101] J Whittle and L I Rozman. “Open Pit Design in the 90s”. In: June (1991), pp. 13–20
(cit. on pp. 15, 16).

[102] Juan Yarmuch et al. “Evaluating crusher system location in an open pit mine us-
ing Markov chains”. In: International Journal of Mining, Reclamation and Environ-
ment 31.1 (2017), pp. 24–37. ISSN: 1748-0930. DOI: 10.1080/17480930.2015.
1105649 (cit. on p. 6).

[103] Meimei Zhang. “Applying simulated annealing to practical mining phase de-
sign”. In: 34th Application of Computers and Operations Research in the Mineral In-
dustry. Vancouver: CIM, 2009, pp. 266–273 (cit. on pp. 15, 20).

[104] Yixian Zhao and Young C Kim. “A new graph theory algorithm for optimal ulti-
mate pit design”. In: Society for Mining, Metallurgy, and Exploration. Salt Lake City,
Utah: SME, 1990, Paper number 90–9 (cit. on p. 14).

https://doi.org/10.1080/17480930.2015.1105649
https://doi.org/10.1080/17480930.2015.1105649




Appendix A

PCT patent: Mine Planning Method
and System

We include here a PCT patent which was written during the PhD candidature. This
patent introduces a novel method to model the workability constraints -mining width
and connectivity- by using the physical behaviour of soap bubbles.
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