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Resonant Leptogenesis and Quark-Lepton Unification with Low-Scale

Seesaws

by Tomasz P. DUTKA

The seesaw mechanism, where a hierarchy exists between the moduli of different entries
of a mass mixing matrix, is a simple and theoretically attractive explanation for the ob-
served large hierarchy between the neutral- and charged-fermion masses of the Standard
Model. The simplest neutrino mass seesaw predicts that, upon diagonalisation, the phys-
ical mass states will either all be Majorana or all form pseudo-Dirac pairs. Non-minimal
variants of this seesaw often generate a hybrid scenario with the physical mass states be-
ing a combination of both Majorana and pseudo-Dirac pairs. Such models often predict
unique phenomenology and also allow for much lower mass scales of new physics. This
thesis explores the implications such non-minimal variants can have beyond the simple
generation of neutrino mass, particularly the possible role they may have in explaining
the observed matter-antimatter asymmetry as well as implications for particular models

of quark-lepton unification.

Chapter 1 reviews the current experimental evidence for neutrino mass and discusses
some possible tree-level origins. The matter-antimatter asymmetry is introduced and
the conditions necessary for the dynamical generation of this observed asymmetry are
reviewed. The idea of thermal leptogenesis is outlined as a simple mechanism for gener-
ating an asymmetry dynamically at an epoch between the the period of reheating and
the electroweak phase transition of the early universe. Finally, the idea that quarks and
leptons are related by hidden symmetries are discussed with a particular emphasis on

the quark-lepton unifying Pati-Salam gauge group.

In Chapter 2 we consider the leptogenesis implications for the Standard Model extended
by two gauge-singlet fermions for each generation of charged lepton. We focus on the
possibility of resonant scenarios without the need for inter-generational mass degeneracies

and therefore do not require a possible flavour symmetry origin. The possible connection
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between neutrino parameters measureable in low-energy experiments and the generation

of a matter-antimatter asymmetry is explored.

In Chapter 3 we extend the analysis of the previous chapter and highlight how a flavour
symmetry can allow for leptogenesis in a much wider region of parameter space for the
extended seesaw used in Chapter 2. The benefits of this extended seesaw, compared
to the minimal seesaw scenario, when the proposed flavour symmetry is included are

discussed and implications for low-energy flavour-violation experiments are explored.

In Chapter 4 different possible Pati-Salam models are discussed with an emphasis on
the connection between the scale of Pati-Salam breaking and the scale of heavy neutrino
masses. Models allowing for the breaking scale to occur close to the electroweak scale
are introduced. The dominant experimental probe of Pati-Salam is discussed and the
current limits on the scale of breaking are calculated. Simple extensions of this model
are proposed which both break an undesired mass degeneracy in the theory and allow for
a significant reduction in the experimental limits on Pati-Salam breaking. A thorough
analysis of the possible allowed parameter space in which both of these effects occur is

explored and any possible connection to the symmetries of the theory is made.

Chapter 5 briefly concludes.



Preface

This thesis comprises five main chapters and five appendices. Chapter 1 is an original
introduction intended to motivate the work of this thesis and contains a review of the
literature. Chapter 2 and Appendices A and B are based on the work in Dirac-Phase
Thermal Leptogenesis in the extended Type-I Seesaw Model which was done in collabora-
tion with R. Volkas and M. Dolan and predominantly written by the author. Chapter 3
is based on the work in Low-scale Leptogenesis with Minimal Lepton Flavour Violation
in collaboration with R. Volkas and M. Dolan and written predominantly by the author
based on ideas explored in Chapter 2. Chapter 4 and Appendices C to E are based on the
work Lowering the scale of Pati-Salam breaking through seesaws done in collaboration
with R. Volkas and M. Dolan and written predominantly by the author. All calculations,
results and analyses presented within this thesis in Chapters 2 to 4 and Appendices A
to E are the author’s own work unless stated otherwise. Chapter 5 is an original summary

of the ideas explored in each chapter.
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Chapter 1

Introduction

Currently the dynamics within our universe are well described by the combination of
the theory of general relativity [4] together with the interactions of matter through
fundamental forces described by the “Standard Model" (SM) [5-12]. The experimental
successes of the SM (see e.g. [13]) have been firmly established with varying degrees of
precision down to distance scales roughly as low as 1072°m. The SM is a combined
theory of the electroweak and strong interactions' described by Lorentz invariance and
the gauge group

Gem =SU(3),@SU22),@U(1)y (1.1)

which fixes the properties of the gauge bosons. The matter sector of the theory can be
considered more arbitrary as its existence is not predicted by the symmetries of the theory
and therefore must be experimentally observed and measured. Table 1.1 summarises the
experimentally observed field contents of the SM, grouped by their Lorentz structure, in
combination with their transformation properties under Gsy which fixes the interactions
for each particle. Eighteen parameters®? are required in order to accurately model the
dynamics of particle interactions which are summarised in Table 1.2. Thirteen of the
parameters are due to the fermions of the SM, nine for their masses and four to described
the dynamics of quark mixing. With the exception of the lighter quark masses, which

are largely unimportant due to their confinement into hadrons, the remaining parameters

! Gravity, while the most relevant force in the dynamics of macroscopic objects, is by far the weakest
force and as yet has no properly formulated quantum description. Probing distances scales below roughly
10735 m will necessarily require a formulation of quantum gravity.

2The phase 6qcp in the CP-violating term of the QCD Lagrangian can be included which would lead
to nineteen parameters however experimental observations suggest that this parameter is zero in the SM
(or close to) and for simplicity we neglect it.
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Field Content  SU(3). ® SU(2), ® U(1)y

Scalar ¢ = <¢+> (1,2, %)

¢O

Qp = (d ’9> (3,2, %)
b9/ I

(UT,b,g)ﬁR (3,1, %)
Fermion (dnb“q)% 31, _%)

) v
ZL = (62> (17 27 _%)

L

et (1,1, —1)
a4 (8,1,0)
Gauge we (1, 3,0)
B (1,1, 0)

TABLE 1.1: The SM field contents grouped by their Lorentz structure (scalar, fermion
and gauge) with their corresponding transformation properties under Gsy. The bolded
numbers correspond to the dimension of the representation of the given non-Abelian
group and the final unbolded number simply represents the hypercharge of the field
with the normalisation Q = T3 +Y. Here A= 1,...,8 are SU(3). indices, a =1,...,3
are SU(2)y, indices and ¢ = 1,...,3 denotes the generational index for the fermions:
el = (e,p,7)", V' = (Ve, vy, vr)", d' = (d, s,b)" and u’ = (u,c,t)’. The fermion fields are
subcategorised into quarks (which come in three different ‘colours’) and leptons which
are listed above and below the appropriate horizontal line respectively.

have all been measured to a remarkably high degree of experimental accuracy which leads
to highly testable and precise predictions for current and future experiments. In addition
to the gauge symmetries, the SM implies several ‘accidental” global U(1) symmetries
which appear within the Lagrangian but are not imposed. These global symmetries can
be identified with baryon number, B, related to quark interactions and three unbroken
lepton numbers, L. , -, which relate to the leptons. As a consequence of these additional
global symmetries the proton is predicted to be absolutely stable in agreement with

current experimental observations.

Despite its numerous successes, there is overwhelming evidence suggesting that the SM
cannot be a complete description of nature and must be extended. For example: it
predicts that the neutrinos are exactly massless, however neutrino oscillations have been
observed in conflict with this prediction, it does not contain a viable dark matter can-

didate for which there is compelling evidence and our present understanding of particle
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Parameter Experimental Value Comment

Gr 1.1663787(6) x 10~° GeV 2 -

Scalar
m, 125.10(14) GeV -
Me 0.5109989461(31) MeV Scheme-independent
my, 105.6583745(24) MeV "
m; 1776.86(12) MeV "
My 2.160:52 MeV MS scheme at Q = 2 GeV
me 1.271%1 GeV MS scheme running mass
) me 172.76(30) GeV Direct measurement
Fermion 048 —
mq 4.677577 MeV MS scheme at @ =2 GeV
ms 931 MeV "
my, 4187003 GeV MS scheme running mass
A 0.22453(44) -
A 0.836(15) -
_ 0.018
p 0.122750y7 -
] 0.35510011 -
a1 0.0102021(23) at Q% =m?
Gauge Qs 0.03392266(10) "
as 0.1179(10) "

TABLE 1.2: Parameters of the SM at their current experimental precision [14] grouped
by their Lorentz structure (scalar, fermion, gauge). The values for the CKM mixing
parameters are given in the Wolfenstein parametrisation and numbers in parenthesis
after the values are the one-sigma standard deviation uncertainties in the last digit(s).

cosmology overwhelmingly indicates that the SM cannot explain the observed baryon
asymmetry. Additional evidence for modifications of the SM, which are not necessarily
in conflict experimentally but aesthetically appealing, also exist. For example: the small
size of the neutron electric dipole moment may suggest an additional global symmetry,
the flavour structure of the SM leads to a large hierarchy in Yukawa couplings (and also
leads to the most parameters) in the SM which may suggest additional flavour symme-
tries, gauge coupling unification is suggested by renormalisation group equation running
leading to additional gauge and scalar fields which itself may lead to a potential gauge
hierarchy problem requiring additional stabilisation to protect the electroweak scale mass
of the SM Higgs. The purpose of this thesis is to pursue some of the above motivat-

ing factors specifically for models appearing at low energy scales close to experimental
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observation. The particular focus of this thesis is on the impact that mass matrix “see-
saws” at scales not far from the electroweak scale can have on some Beyond Standard
Model (BSM) theories in the context of neutrino mass, baryogenesis via leptogenesis and

quark-lepton unification.

1.1 Neutrino Physics

As a result of the chiral nature of SU(2)r, the SM Lagrangian does not contain any terms
which explicitly give mass to the fermions. As indicated by Table 1.1, all left-handed
fermions transform non-trivially under the gauge group SU(2); whereas every right-
handed state transforms trivially. As a result, bare mass terms for the SM fermions are
forbidden by the combined requirements that the Lagrangian remain gauge and Lorentz
invariant. Instead masses are generated for the SM fermions through the couplings of

each fermion to the SM Higgs scalar ¢:
— LM S (Y0)ii 05 ey + (Ya)ij QL b dy + (Ya)ij QL 6wy + Hec (1.2)

with ¢¢ = e¢*. The gauge-invariant, renormalisable self-interaction terms of the doublet
¢ produces the potential,
2 (510) 4 2 (ote)?
v(e) = =5 (olo) + 5 (¢'0) (1.3)
which develops a non-zero classical minimum known as a vacuum expectation value (vev)

at the field value (¢). The minimum can always be rotated into the form

P (1.4)
V2 o '

where vpy = pu/VA. As aresult, the ground state of the Lagrangian is no longer invariant
under SU(2)r, ® U(1)y transformations and mass terms for the charged leptons, down-

and up-quarks will be given by the singular values of

VEW VEW VEW
Mp=—7Y,, Mp= Y, and Mpy=—7"2Y, 1.5
E 2 [ D o) d U NG u (1.5)
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respectively. Clearly the field content of Table 1.1 predicts the neutrinos, l/j-J, to be
exactly massless as the SM does not formally contain a right-handed Weyl degree of
freedom to pair up with the left-handed field in the same way as for the charged-leptons

and quarks.

1.1.1 Neutrino Oscillations

All fermions come in three generations, or flavours, which couple to the gauge bosons

through their kinetic terms

— iLoge O (C0)ilDlr, + (QL)i QYL + (er)ilDely + (dr)iPdy + (ug)ibuy  (1.6)

where P = D, ~" is the covariant derivative for the given fermion. Of particular interest
are the interactions between the left-handed fermions, corresponding to the first two

terms of Eq. (1.6), which when expanded out generates

Cdhee 2 = 5 GO (e0)' + @D (4] +Hc (1.7)

for the electroweak charged-current interactions. For massless fermions this implies that
there are no inter-generational couplings between the gauge bosons and fermions, however
for massive particles, time-evolution is determined through the Hamiltonian and therefore
all fields must first be rotated such that they have definitive mass. Diagonalisation of
Mg p,u proceeds via

UF Mx (UR)T = My (1.8)

for X = E, D,U where Ul“j/R are unitary matrices and M;i(iag is a diagonal matrix with
real and positive-definite values to be identified with each particle’s mass. The flavour

basis therefore relates to the mass basis for the left-handed fermions through
(@)i = Y _(UL)ij(=1); (1.9)
i
where primed parameters correspond to the mass eigenstate. After rotating into the

mass basis the relevant charge-current quark interactions of Eq. (1.7) are now given by
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g2 — - ;
NS 2o, [(UMU,%} W (dy) + He
~———1ij

Vekm (1.10)

where Ve is known as the Cabibbo-Kobayashi-Maskawa (CKM) matrix [15, 16] and
is necessarily unitary as it is the product of two unitary matrices. A priori there is no
reason to expect that the mass matrices Mg p 7 are diagonal, unless a flavour symmetry
was enforced, which implies that in general Voxy will be non-diagonal. Therefore for
massive particles, inter-generational charged-current interactions will be induced and
the strength of these interactions will be determined by the misalignment between the
flavour and mass basis. Importantly for the charged-current lepton interactions, as the
SM predicts massless neutrinos, there is no misalignment between v/, and vy, and therefore
U7 can always be rotated such that the equivalent of Voxag, known as the Pontecorvo-
Maki—Nakagawa—Sakata (PMNS) matrix [17, 18] which we label as Upnng, is equal to
the identity matrix. Therefore in the SM, massless neutrinos necessarily predict that the

left-handed leptonic charged-current interactions will be flavour diagonal.

Neutrino oscillation experiments proceed by producing neutrinos through charged-current
interactions of known flavour and then measuring the flavour of the neutrino at a fixed
distance away from the point of production. If the given neutrino’s flavour composition
changes between the point of production and measurement, e.g. a v, neutrino is pro-
duced but a v, neutrino is measured at the observation point, an oscillation between the
different neutrino flavours has occurred. Importantly for massless neutrinos, the charged-
current interactions contain no inter-generational mixing and therefore flavour oscilla-
tions are forbidden within the SM. The probability to observe the oscillation v, — v

over a distance L can be calculated (see e.g. [19] for a review):

. . Z'Am%jL
P(va — vg) = Z [(UL)Bi(UL)ai(UL)ﬁj(UL>aj] P\ o (1.11)
i?j
where we have written Uy, = Upyng for brevity, Am?j = m? — m? and m; corresponds to

a neutrino’s would-be mass. In the case of massless neutrinos (Ur,);(Ur)%,; = 0 for a # 3
and Am?j = 0 for all choices of ¢ and j, therefore the predicted probability of oscillation

is zero as expected. Therefore observations of neutrino flavour oscillation unambiguously
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Normal Ordering Inverted Ordering
Am3,  7.427521 %1070 eV? 7.427021 %1070 eV?
Am3, 4251470038 x 1073 V2 —2.497700%8 x 1073 eV?
012 0.584(13) 0.584(13)
0a3 0.855(24) 0.860(21)
013 0.1496(21) 0.1503(21)
Scp 3.4(4) 5.0(6)

TABLE 1.3: Most recent universal fit data [34] on the neutrino mass squared differences
along with the mixing angles of the PMNS matrix (excluding the Majorana phases)
assuming either a normal (k = 2) or inverted (k = 1) hierarchy.

imply that neutrinos in fact have mass as Uy, cannot be diagonal and therefore the SM

must be extended.

Neutrino oscillations have now been firmly established as a phenomenon occurring in
nature, historically observed from atmospheric |20-22| and solar |23-28| sources and
further confirmed by terrestrial sources from various long baseline |29, 30] and reactor [31—
33| experiments. Due to the relationship between Eq. (1.11) and physical parameters,
oscillation measurements allow for measurements of the entries of the PMNS matrix as
well as the neutrino mass squared differences, for a given L and E. The PMNS matrix

is conventionally parametrised by

1 0 0 C13 0 Slge_iécp ci2 s12 0 et 0 0

UPMNS =10 C23 S923 0 1 0 —819 c12 O 0 6ia2 0
0 —S893 (23 —Slgeiécp 0 C13 0 0 1 0 0 1

(1.12)

where ¢[s];; = cos[sin](6;;) and the phases in the final matrix are possible Majorana
phases. The most recent universal fit results [34] from all oscillation experiments for the
mass squared differences and mixing angles are summarised in Table 1.3. The hierarchy
(normal or inverted) refers to the possible hierarchy between the three neutrino mass
states which is as yet undetermined: m,, < my, < my, or m,, < m,, < m,, in the case
of a normal and inverted ordering respectively. Oscillation experiments are not sensitive
to the Majorana phases, if they exist, but they can be probed in other experiments, such

as neutrinoless double beta decay [35].
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The absolute mass scale of the neutrinos is as yet undetermined and oscillation exper-
iments, being only sensitive to the mass squared differences, cannot measure the mass
of the lightest neutrino. Cosmological and kinematic probes of the sum of neutrino
masses exist which can be used to place an obvious upper bound on the absolute mass
scale. Cosmological bounds on the sum of neutrino masses arises from late times (on
a cosmological scale) when neutrinos become non-relativistic and their energy density
changes from contributing to the total radiation density to the total matter density.
This produces measurable effects in CMB data, baryon acoustic oscillations and large
scale structure measurements. Most recently [36, 37| the limits on the sum of the masses
has been set at roughly

> my, <0110 &V (1.13)

i

at a 95% confidence level although this limit varies somewhat depending on different
model-dependent, cosmological assumptions, but is certainly below the eV scale. Kine-
matic experiments offer a less model-dependent limit, for example from measuring the
end point distribution of final-state electrons in beta decay, which similarly offers upper

bounds on an ‘effective electron neutrino mass’ defined as

my, = | U2|m?2 1.14
e Z‘ 11‘ 123 ( )

which has most recently set the bound |38]
my, <1.1eV (1.15)

at a 90% confidence level and is expected to be further reduced down to 0.2 eV [39].
As the current neutrino mass limits arise from a combination of observed mass squared
differences as well as upper bounds on the sum of the masses, it is still phenomenolog-
ically possible for the lightest state to be exactly massless. The existence of neutrino
mass (with a non-diagonal Upyng) also indicates that three of the four accidental global
symmetries of the SM Lagrangian L., L, and L; are broken, which is clearly evident
from an oscillation event such as v, — v,. However it is still possible for certain linear
combinations of the these three global symmetries to remain unbroken, for example the

global lepton number L = L, + L, + L.

In summary, observation of neutrino oscillations necessarily requires a modification of
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the SM such that neutrino masses can be accommodated. As a result, the number of
parameters in the theory must be increased from the eighteen within the SM to more
than twenty-four. Furthermore although the absolute mass scale of neutrino mass is as
yet unknown, current upper bounds suggest that the neutrino mass scale is extremely
small compared to the masses of the other SM fermions listed in Table 1.2. These limits
place the neutrino mass of each generation close to seven order of magnitude below the
lightest charged fermion. This hierarchy is unlike the charged fermion mass hierarchies
where each generation of particle masses are sufficiently grouped such that all particles

within a given generation are lighter or heavier than all particles of a different generation:

Ve, Vyy Vr K Mgy Mgy My < My, Mgy Me < Mepy My, M. (1.16)

1.1.2 Neutrino Mass

There are a large number of ways in which masses for the SM left-handed neutrinos can
be generated, most of which require the introduction of additional fields to those listed in
Table 1.1. Arguably the simplest extension is to introduce at least two right-handed Weyl
fermion states such that neutrino mass is generated through the Higgs vev in complete

analogy with the other SM fermions, as in Eq. (1.2):
— LV — (V) 0L pv, + Hee. (1.17)

which leads to
VEW

m, =
V2

While aesthetically this has the advantage of explaining mass generation of all SM

Y,,. (1.18)

fermions through the same mechanism, the very stringent upper bounds on the neu-
trino mass of each generation requires that the singular values of the matrix Y, are

significantly smaller than for all other Yukawa couplings within the SM.

Additionally, from the principles in which the Lagrangian of the SM was constructed,
all possible renormalisable and gauge-invariant terms should be included. The would-be
right-handed neutrinos, required in order to generate the Dirac mass term of the form

UL VR, have the unique property of being gauge singlets and therefore transform trivially
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under Gen:

vr ~ (1,1,0) (1.19)

and we will therefore refer to them as sterile neutrinos (SN). An additional Majorana

mass term

1 - i
_ [y-mass *(Vﬁ)l(MR)ij Vg{ +H.c (1.20)

\)

is both Lorentz and gauge invariant and therefore should be included within the La-
grangian. It is important however to note that the inclusion of this term will completely
break the accidental global L symmetry present within the SM. The neutrino mass states

are now found by diagonalising the full neutrino mass matrix

1 L O mV VC
_ py-mass _ 5 (ﬁ l/]c%) 3><3T D L + H.c (1.21)
(mp)™ Mgr) \vr

where mY, = Y, vpw / V2 and Mp are 3 x n and n x n dimensional matrices respectively,
with n corresponding to the number of generations of SNs, and the mass matrix is written
in the Majorana basis and is therefore symmetric. Note that the top-left entry of this
mass matrix is a 3 X 3 zero matrix as an explicit Majorana mass term for v, would violate
gauge invariance, though it can be generated spontaneously with the introduction of a

SU(2), triplet scalar with non-zero hypercharge.

Diagonalisation of this (3 + n) x (3 + n) dimensional matrix does not in general have
a simple analytic solution. However, if large hierarchies between the two matrices m?,
and Mp exist, then perturbative expressions can be derived. The entries of Mg are not
generated through any symmetry breaking, as they are in m?%,, and therefore there is no
reason to expect these two matrices to be similar in size to each other perhaps suggesting
that a hierarchy between these two mass blocks is almost expected. For more complicated
extensions of the SM beyond the simple introduction of gauge singlet fermions, the
Majorana mass terms could be dynamically generated through some mechanism, for
example through the breaking of a gauged® U(1)p_. Even without considering possible
experimental constraints for the size of this new scale in the theory, there is no reason

to expect these two scales to be of similar order in general.

3The combination B — L is required from anomaly cancellation.
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Assuming the hierarchy My > mY,, which is known as the type-I seesaw scenario [40-44],
with one generation of fields for simplicity, leads to
(mp)?

my, o~ M and my ~ Mg (1.22)

for the two mass states after diagonalisation at lowest order in the perturbative expansion
where v ~ vy, and N ~ v which we show in Appendix D.0.1. Due to the assumed

hierarchy between Mp and mY,, the two masses themselves are hierarchical with
m, K my (1.23)

and a suppression in the lightest mass state in proportion to the heaviest mass state
occurs. Therefore the structure of the matrix mY, in the multi-generational scenario
could be such that the observed flavour structure of the SM is preserved and, in the limit

where Mpr — 03«3, might predict
Ve, Mey Mg, My < Vi, My, Mgy, Me < Vry Mg, My, My (124)

Although this hierarchy of masses is only speculative and not enforced in this limit,
such a hierarchy might imply additional flavour symmetries within the Yukawa sector
which are unobserved due the ‘seesaw’ induced by the size of Mpk. This results in the
observed smallness of neutrino mass and attractively allows for the Yukawa couplings in
the entires of Y, to be significantly larger. Figure 1.1 plots the required size of Mp for
different choices of the Yukawa coupling matrix Y, in the one-generational scenario for
different choices of the light neutrino mass scale. Requiring order one couplings for Y,
requires the Majorana mass term to satisfy Mg ~ 103714 GeV, significantly larger than

the electroweak scale.

As the Majorana mass term is (in the simplest scenario) a free parameter, two mass scales
are now introduced into the extended SM Lagrangian®: the electroweak scale vgy and
the Majorana mass scale Mp. However the hierarchy Mg > vgw causes the mass mixing
matrix to generate a third scale m, ~ v%;;,/Mp which can explain the required lightness

of the active neutrinos albeit requiring ultra-heavy SNs. In the multi-generational mass

*A third mass scale is generated by the scale of QCD confinement, however this is not relevant for
neutrino mass generated through the seesaw mechanism.
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FIGURE 1.1: Plot of the variation in the required size of My as a function of differ-

ent choices of Yukawa coupling Y, in the one-generational type-I seesaw scenario for

different choices of the light neutrino mass scale. Requiring an O(1) coupling requires
Majorana mass scales close to the traditional GUT scale.

mixing scenario of Eq. (1.21), the light and heavy mass states are now given by
my, =~ —mh Myt (mh)T and my ~ Mp (1.25)

where m, and my are 3 X 3 and n X n dimensional matrices respectively. The derivation
of Eq. (1.25) is outlined in Appendix D.0.2. The condition required for the desired
seesaw effect due to a hierarchy between Mg and m?%, in a multi-generational scenario
is if o;(mY,)) < o1(MRg) for all i is satisfied, where o;(...) corresponds to the singular

values of the given matrix sorted in ascending order.

For the opposite hierarchy in Eq. (1.21) where mY, > Mg the mass states are simply
given by
1

1
my, >~ mfp — §MR and my :m%+§MR (1.26)

and therefore the two neutrino states develop masses at a similar scale with a mass-
splitting determined by Mpg. As in the limit Mr — 0 the neutrino mass simply arises
from the Dirac-mass term (similar to the other SM fermions), in this hierarchy the
physical neutrino states are known as pseudo-Dirac. Importantly this hierarchy implies
that the entries of Y, are required to be orders of magnitude smaller than the other
SM Yukawa couplings and will spoil the potential flavour structure observed in the SM.
One theoretically attractive feature of this hierarchy stems from the fact that Mp is
the only parameter of the Lagrangian which leads to violation of the accidental, global

lepton number L. Therefore setting Mpr — 0 restores this symmetry which is allowed to
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be small by the principle of technical naturalness [45] which guarantees that quantum

corrections will not spoil the small size of Mg assumed at tree-level.

Both hierarchies between m?7, and Mg can therefore be motivated through different
theoretical arguments. A large Mg, known typically as a “high-scale" seesaw, leads to the
required light neutrino masses with Yukawa couplings within the entries of Y, much closer
in size to the other Yukawa couplings in the SM. Additionally Mg can quite naturally be
associated with the breaking of a gauged U(1)p_ symmetry, which often is required to
occur at high scales, motivating the large size assumed. This hierarchy however leads to
SN masses significantly larger than what can be currently experimentally probed. Small
values of Mg can be attractive from technical naturalness arguments albeit requiring the
entries of Y, to be very small. An interesting variation on the two scenarios presented
above exists which allows for significantly larger Yukawa couplings compared to those
required by the simple seesaw of Eq. (1.21) for a given SN mass and can also motivated

by technical naturalness.

If instead two SNs are introduced per generation of ¢y, which for definitiveness will be

labelled v and Sp,, the most general mass mixing matrix which arises will be given by

1 0 mp o omy) (v
_ EuS—mass —_ 5 (ﬁ g ST) (myD)T LN MR VR —|—H.C, (1.27)

(mp)" (Mr)" ps ) \S§

where now py and pg correspond to the allowed Majorana mass terms for vr and Sy,
respectively and the remaining entries arise from Dirac couplings amongst vy, vg and Sy.
A number of different scenarios are now possible depending on the different hierarchies
amongst each block matrix. For brevity we focus on arguably the most interesting and
well studied scenario which assumes that the Dirac-mass terms within Mg are much

larger than all other masses. Under this assumption, diagonalisation leads to

14 — — 14 1 — v v — v T
my = mD(MRl)TMS MRl(mD)T - mD(MRI)T(mL)T - [mD(MRl)T(mL)T]

1
mpy, ~ Mp — B (s + pn)

1
my = Mg+ 5 (ps + o) (1.28)

for the relevant block matrices at lowest order where v ~ v, and Nj 2 is a pseudo-Dirac
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pair of neutrinos composed primarily of v and Sy. Note that the Majorana mass term
uy is absent from m, at lowest order and that ug — 0 leads to m, = 0 at all orders
regardless whether uy is non-zero or not. Therefore, uy is often set to zero due to its
subdominant contribution to the light neutrino masses. Most commonly, limiting cases

of Eq. (1.27) are considered: taking m’ — 0 is known as the Inverse Seesaw (ISS) where
my, =~ mi (M) ps Myt (m))" (1.29)

and pin/s — 0 is known as the Linear Seesaw (LSS) with

my = —mip (M) (mf)" = [mp (M) (mi)"]" (1.30)
The additional parameters which are now present can lead to a significant reduction
in the scale of the SN masses (dictated primarily by the size of Mpg) as the Lepton
Number Violating (LNV) mass terms pn/s and mj are linearly proportional to the light
neutrino mass block. This can be compared to the simpler scenario of Eq. (1.25) where
the light neutrino mass block is inversely proportional to the scale of LNV. Now the
SN mass scale can be reduced for a fixed Dirac mass mY, by decreasing the size of the
LNV parameters. This scenario is therefore a hybrid of the two possible hierarchies of
parameters in the minimal type-I seesaw: the lightest neutrino mass states have masses
inversely proportional to the heavy SN masses similar to Eq. (1.25), but additionally
the LNV parameters are assumed to be small in a similar way to Eq. (1.26), which is
motivated by technical naturalness, albeit at the cost of introducing an additional singlet
state per generation of SM fermions. As this scenario allows for large couplings within
Y, for much lighter overall SN masses (even TeV scale masses are viable with order
one couplings) this is an example of a “low-scale" seesaw with much more optimistic
implications for testability in current and future experiments. An important prediction
in such a scenario is the pseudo-Dirac nature of the SNs introduced which are expected

to have a mass splitting well below the GeV scale.

As gauge singlet fields do not introduce any quantum anomalies, more complicated seesaw
scenarios are also possible with additional mixing effects between an even larger array
of neutral particles, one of which we will explore in Chapter 4. However, the above
two models demonstrate the overall possible relationships between the LNV parameters,

the SN masses and the desired light neutrino mass states. The light neutrinos can be
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inversely proportional to powers of the LNV parameters as in Eq. (1.25) requiring large
LNV effects, the light neutrinos can be (pseudo-)Dirac and insensitive to small LNV
parameters (requiring extremely small Yukawa coupling if the Dirac mass arises from
the SM Higgs) as in Eq. (1.26) or the light neutrinos can be proportional to positive
powers of the LNV parameters requiring the LNV to be small as in Eq. (1.28).

The minimal scenario of Eq. (1.21) is known as the type-I seesaw mechanism which in-
duces neutrino mass at tree level, the more exotic scenario of Eq. (1.27) is an extension of
the minimal type-I scenario. There exist two additional models which generate neutrino
mass at tree level: through the addition of a scalar SU(2)y, triplet field, known as the
type-1I seesaw [46-50], or through the addition of fermion SU(2), triplet fields, known
as the type-III seesaw [51]. In both cases sufficiently light neutrino masses are produced
in a similar way through a seesaw due to a large hierarchy between two parameters
in a mass mixing matrix. Non-minimal extensions to these two neutrino mass models
are of course possible through the introduction of additional triplet scalar or fermions
however these three models constitute the full set of minimal scenarios that generate
a tree-level Majorana neutrino mass. Other neutrino mass mechanisms exist, many of
which generate the light neutrino mass at loop level, however in this work we will focus on
seesaw induced light masses and particularly focus on extended type-1 seesaw scenarios

as described above.

1.2 The Cosmological Baryon Asymmetry

An explanation for the origin of the baryon and lepton asymmetries required in the early
universe is an important area of particle cosmology. While the field content of the SM
listed in Table 1.1 is quite large and diverse, the wvisible matter content of the universe
is primarily made up of the composite proton and neutron, which themselves contain
only up and down quarks as valence particles, and the fundamental electron. The Dirac
equation [52, 53] famously predicts that for each fermion which is introduced into a
theory an accompanying antifermion must be introduced which has identical properties
with the exception of opposite charges. The subsequent discovery of the positron [54]
cemented the existence of antimatter which led to rich history of experimental discovery.
Arguably the most important consequence of the discovery of antimatter is its role in

the early thermal history of the universe.
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As matter and antimatter annihilate into radiation, an imbalance in the early universe
between their respective number densities would lead to a universe primarily composed
of one type after annihilation of the symmetric parts. In contrast a symmetric abundance
of the two would lead to, after thermal freeze out, an admixture of the two where likely
different patches of the universe would be composed of matter or antimatter. Therefore
precise measurements of the matter and antimatter content of the universe leads to
important implications on the evolution dynamics of the early universe. This motivates

the measurement of the total baryon number density of the universe defined as
ng =n, —n; (1.31)

where 5 corresponds to the number densities of baryons(antibaryons) in the universe
at the present epoch. A similar quantity could be defined for the total lepton number
density however currently this quantity is unmeasured. Although electric charge con-
servation implies that the total number density for charged leptons, n; /-, is required
to equal that of the protons, the equivalent neutral lepton number density is currently
unknown and requires accurate measurements of the cosmic neutrino background (CvB)
which corresponds to the remnant population of light neutrinos which decoupled from

the thermal bath®.

1.2.1 Evidence of a baryon asymmetry

The experimentally measured baryon number density is typically expressed by normal-

ising it to the photon number density observed today

ng = 8. (1.32)

Ty

This asymmetry has famously been measured from cosmological observations at two

distinct epochs of the early universe.

SThere are however some constraints on the electron-neutrino asymmetry due to its unique role
in BBN, which is expected to apply to all three flavours due to efficient neutrino flavour oscillations
occurring below T' ~ 10 MeV [55, 56]. This asymmetry affects the overall neutron-to-proton ratio which
changes the predicted “He abundance and the ?H/'H ratio. The current limit [57] on the electron-
neutrino asymmetry fixes —4.5 x 1073 < 5, = % < 2x 1073 at a 68% confidence level and
therefore it is still unknown whether there is an excess of electron-neutrinos or electron-antineutrinos.



Chapter 1. Introduction 17

Firstly, when the universe was at a temperature of T' ~ MeV, roughly corresponding to
a time scale of seconds after the big bang, protons and neutrinos begin to fuse together
to make nuclear elements. Importantly different assumed values of np at this tempera-
ture will lead to different expected yields of various elements. After propagating these
predicted nuclear abundances to the current epoch, the currently observed abundances
can be used to estimate the required value of np at the time of big bang nucleosynthesis
(BBN). This prediction is dominated by the measured abundances of the lightest ele-
ments, e.g. 2H, 3He and “He, which are most abundant in the universe. The resultant

baryon to photon density is conservatively constrained [58] to be between
2.5 x 10710 <5 <6 x 10710, (1.33)

Two key observations stem from this measurement: np is positive implying that the
number density of baryons exceeded that of antibaryons before annihilation and that

this value of nnp must have existed before the epoch of BBN.

A more precise measurement of ng can be obtained from the epoch when electrons and
protons combined to form neutral Hydrogen, known as recombination. At this point the
universe became transparent to the remaining photons which, after redshifting, make
up the cosmic microwave background (CMB) radiation we observe today. A detailed
calculation [59] finds that recombination occurs at a temperature of Trec = 0.308 €V,
corresponding to a time scale of t ~ 10° years after the big bang, significantly after BBN.
A value of np can be measured from the small anisotropies present in the temperature
map of the CMB. Specifically, peaks and troughs within the power spectrum of the
anigotropies are sensitive to the value of np as before recombination, baryons and photons
are coupled due to Thomson scattering. Recent measurements [36] lead to a derived value
of

np = (6.097 £ 0.035) x 1071° (1.34)

which is broadly consistent with previous measurements from different collaborations [60]

as well as the value derived from BBN above.
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1.2.2 Baryogenesis

Experimental measurements have thus firmly established the existence of a non-zero
baryon asymmetry within the universe whose origin is required to be explained. In
particular, dynamic explanations, where the universe started with ng = 0 and through
some early universe dynamics a non-zero value was generated, are preferred from both
aesthetic and theoretical arguments. Importantly, a period of rapid expansion, known as
inflation, was required at very early times [61, 62| in order to provide a solution to the
various theoretical problems with the model of big bang cosmology, namely the flatness
and horizon problems. This period of rapid expansion would effectively dilute any pri-
mordial baryon asymmetry which may be present at earlier times to levels exponentially
smaller than that which we currently observe. Therefore at some post-inflationary pe-
riod, a non-zero baryon asymmetry must have developed dynamically which is referred
to as the period of “Baryogenesis”. Inflationary models therefore restrict baryogenesis
to occur between the periods of reheating (Tien), when the universe re-thermalises after
inflation, and the epoch of BBN, from which we have the earliest experimental evidence

of a non-zero np which appears to remain constant up to the present epoch.

Three conditions are famously required in order to dynamically generate a baryon asym-

metry and are known as the “Sakharov conditions" [63]. These conditions are:

e Baryon number violation.
e (' and CP violation.

e Departure from thermal equilibrium.

The first condition is required in order to produce an overall increase of baryons over
antibaryons, or vice versa. Although B appears to be a conserved global symmetry
of the SM Lagrangian, non-perturbative effects [64, 65] which will be discussed below
occur rapidly at high temperatures allowing for B violation in the early universe even
within the SM, though we note that these effects, while not controversial, are yet to be
experimentally verified. The second condition is required in order for the interaction
rates between baryons and antibaryons to be different, otherwise antibaryons would be
produced at the same rate as baryons and therefore np would remain unchanged. Finally

a departure from thermal equilibrium is required in order to generate a difference in the
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number densities of baryons over antibaryons. In thermal equilibrium the reaction rates
of a process will equal its time-reversed rate. This will lead to an equal number of
particle and antiparticle microstates which necessarily implies their number densities
will be equal through CPT invariance. Often baryogenesis models utilise the expansion
of the universe as the catalyst for the departure of thermal equilibrium. If the relevant
interaction rates are slower then the expansion rate, sufficient cooling of the final-state

products will occur such that the inverse reaction become kinematically suppressed.

In principle the SM itself almost satisfies all three of these requirements. C and C'P
violation exists within the quark sector and, as mentioned, baryon number violation
(although suppressed at zero temperature) can occur rapidly in the early universe. The
interactions of the SM quarks, which violate C' and C'P, remain in thermal equilibrium
far longer than the non-perturbative B violating processes and therefore the departure
from thermal equilibrium can only be achieved if the electroweak phase transition in the
early universe is strongly first order, see e.g. [66] for a detailed review. Detailed numerical
simulations have shown that a strong first order electroweak phase transition requires
a Higgs mass, mg, below 80 GeV [67-72]. As the Higgs mass has been measured to
be significantly heavier, the SM is unable to dynamically generate a baryon asymmetry
alone and additional fields must be introduced. Assuming an unrealistically light Higgs
such that all three Sakharov conditions are satisfied by the SM leads to a prediction [73]
of ng ~ 1072° many order of magnitude smaller than what is measured. This indicates
that extending the SM to allow for a departure from thermal equilibrium is not sufficient

and additional C'PV interactions are therefore also required.

1.2.2.1 B + L within the Standard Model

In the SM B and L are anomalously violated by fermion currents of the form [64, 65, 74,
75]

. . nG
i = Oujy, = WEM re (92 W Wi, + glzBmpro) (1.35)

where j% and j} are the baryonic and leptonic fermion currents respectively, ng corre-
sponds to the number of fermion generations, g and ¢' are the SU(2) and U(1)y gauge
couplings with Wy, and B,,, their respective field strength tensors. Clearly the linear
combination B — L will be anomaly free whereas the orthogonal combination B + L is

anomalously violated. Although naively this may suggest that in the SM global U(1)



Chapter 1. Introduction 20

symmetries for B and L cannot exist, a more subtle treatment shows that within pertur-
bation theory these two currents are conserved (see e.g. [76] for a detailed explanation).
Non-perturbative field configurations for the non-Abelian SU(2) gauge fields however
lead to interactions which violate the potential conservation of the two charges [65].
At zero temperature this occurs through tunneling between degenerate vacua, termed
“instantons”, and the rate of charge nonconservation can be calculated. An exponen-
tial suppression by a factor of exp(—872/¢?) ~ 10~ occurs, with additional factors of
Yukawa couplings leading to an even larger suppression. Therefore, at zero temperature

B and L can be considered effectively conserved.

At finite temperature however, for a sufficiently hot thermal bath, thermal fluctua-
tions can overcome the potential barrier between the degenerate vacua and classically
transition between vacua without the need for tunnelling. These transitions, known as
“sphaleron processes”, are not exponentially suppressed and therefore can happen more
rapidly. B + L violation will therefore occur in the early universe, at sufficiently large
temperatures, where the rate of violation depends on the height of the potential barriers
as well as the temperature of the thermal bath. Sphaleron induced B + L violation is

rapid enough to be in thermal equilibrium in the temperature range [77-81]
100 GeV < Typn S 10" GeV (1.36)

and can therefore play an important role in baryogenesis, provided that the remain-
ing two Sakharov conditions are satisfied within this temperature range. Importantly
sphaleron processes violate the aforementioned B 4+ L but not B — L, therefore if some
asymmetry in B — L is generated by some mechanism, the net B — L cannot be increased
or decreased. The B + L violation causes a reprocessing such that this asymmetry is
shared proportionally between np and ny. An analysis of the chemical potentials of

processes within the early universe [82] indicates that

8ng + 4ng

l4ng + 9Iny
=————np_
22na + 13ng

d =——— " np_
L at nL 22ng + 13ny "B

npg L (1.37)

where ng counts the number of complex Higgs doublets in the theory and only the SM
fermion field content has been assumed to be in thermal equilibrium. Therefore if some

mechanism injects a net np_y, into the thermal bath, the net asymmetry stored in B
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and L individually can be predicted. This can be simplified to

8 4 28

"B T ling +9n, ¢ T 51

where in the second equality we have set ng = 3 and ng = 1 as in the SM. There-
fore if baryogenesis occurs in a temperature regime where sphaleron processes are in
equilibrium, a net asymmetry should be observed in both the net number of baryons in
the universe as well as leptons. Interestingly this allows for baryogenesis to occur from
processes which solely violate L as long as the sphaleron rates are sufficiently rapid. If
possible, measurements of the neutral lepton asymmetry stored in the CvB, such that
the total lepton asymmetry ny, can be determined, could therefore play a pivotal role in
determining whether nonperturbative SM effects are responsible for the measured baryon

asymmetry.

1.2.3 Baryogenesis through Thermal Leptogenesis

One of the most appealing models of baryogenesis, known as leptogenesis, occurs through
the decays of heavy neutrino states which violate L [83]. As previously discussed, pro-
vided that the majority of L asymmetry generation occurs within the temperature regime
of Eq. (1.36), where electroweak sphaleron processes are in equilibrium, more than half
of the generated lepton asymmetry will be reprocessed into a baryon asymmetry. Its
appeal is in large part due to the connection formed between the BAU and the seesaw

mechanism described in Section 1.1.2.

In the high-scale variant of the type-1 seesaw a large Majorana mass term, Mp, is re-
sponsible for the smallness of the active neutrino masses which necessarily implies the
violation of L. Additionally due to the large size of Mg assumed, the heavy neutrino
mass eigenstates, my, in Eq. (1.22) ensure that the region in which the L asymmetry is
produced is before the critical temperature of the electroweak phase transition, T, ~ 100
GeV, after which reprocessing of ny, into np becomes exponentially suppressed. Addi-
tionally, a minimum of two heavy SNs are required to be introduced such that at least
two of the active neutrinos gain a non-zero mass, and quite conveniently at least two
SNs coupling to £ are also required in leptogenesis in order to generate a non-zero nr,.
This therefore satisfies two of the three Sakharov conditions by construction: B violation

occurs due to Mg violating L with Mg > T, and the departure of thermal equilibrium
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FIGURE 1.2: The tree-level and one-loop diagrams contributing to the L-violating decay

chain N — f¢. The interference between the tree and one-loop diagrams is necessary

such that a non-zero asymmetry is generated. The middle and right one-loop diagrams
are known as the vertex and self-energy contributions respectively.

will occur when the decay rate of the SNs

1
D, = Dasts = 3 (YJY,,)M My, (1.39)

8
falls below the Hubble expansion rate of the universe where it is sufficient to calculate
'y, at tree-level in this case. Once the universe cools to temperatures roughly around
the masses of the SNs, the inverse decays f¢p — N; will become Boltzmann suppressed
and therefore the process N; — ¢¢ will fall out of equilibrium, allowing for a possible net
generation of ny. In order for generation of ny, to occur, CPV within the leptonic sector
is required, which is simple to incorporate and may even be measured in low-energy
oscillation experiments suggesting even more CPV phases may exist in the ultra-violet

(UV) theory for the relevant leptons.

Commonly the parameters

a P(Ni — eoz(ls) — F(Ni — (eoz)cdﬁ)
PG DN = Lag) = D(N; = (La)°01)]

(1.40)

are utilised to measure the extent of CPV per SN decay, where a and ¢ represent the CP
asymmetry generated from the decays of a SN NV, to the lepton flavour a.. At tree-level the
decay rate and the CP conjugate process are equal and therefore I'y, must be calculated
including loop-level corrections in this case. Figure 1.2 shows the relevant diagrams at
lowest order which will generate a non-zero €. The middle and rightmost Feynman
diagrams of Fig. 1.2 are known as the vertex and self-energy diagrams respectively and
their relative importance in the calculation of € varies depending on the specifics of the

model.
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A detailed calculation [84, 85] finds

co N, Z(A“ Flaw) + (A2 + By 0= ) )
o _ N e F (2 T+ B
v 647T2FNZ, j#z 1] () 1) m?\/‘j (1 _ :L,”)Q +F?V7

Ev £g (1.41)

where x;; = (my, /my,)? and the loop function f(z;;) is defined in Section 2.4.

.Aio‘j and Bf; are expressions which are fourth order in the Yukawa couplings® within Y,
which we suppress here for brevity but write in full in later chapters. The right hand
side of Eq. (1.41) is the leading order contribution to €. Higher-order diagrams will lead
to additional terms albeit suppressed with additional powers of the Yukawa couplings.
The labels ey and eg in Eq. (1.41) identify the contribution to € arising from the vertex

and self-energy diagrams of Fig. 1.2 respectively.

Importantly, the self-energy contribution within Eq. (1.41) grows significantly in the limit
where

my; (1 — l‘ij) — FNj (1.42)

whereas the vertex contribution does not. This will occur when the mass splittings be-
tween my, and m N; become comparable to their decay widths. In this limit eg dominates
over ey by several orders of magnitude and the amount of CP asymmetry generated per
SN decay grows significantly. Leptogenesis models can therefore be categorised by the

mass spectrum between the heavy SNs, my, which we sort from smallest to largest mass.

Scenarios where my; > my,, for j # 1, are known as “hierarchical” leptogenesis sce-
narios. Here eg and ey have similar contributions’ to €’ and due to the hierarchical
spectrum, the heavier SNs will fall out of equilibrium in the early universe well before
the lightest SN. Therefore any asymmetry generation due to the decays of N; will, in
general®, be effectively washed out from the inverse decays of N; which remain in ther-

mal equilibrium. Therefore the final lepton, and therefore baryon, asymmetry can be

5From the full expressions for A and B written in Eq. (3.43), note that A$ = B& = 0, confirming that
at least two massive SN are required in order to generate a non-zero asymmetry, and that A7; = B; = 0
if all CPV phases are switched off.

TA simple argument to justify this is that in the limit where mn; > mn,, mn; can be integrated
out from the diagrams of Fig. 1.2 leading to an effective four-point interaction and therefore the two
one-loop diagrams will become identical.

8See e.g. [86] for an example where the heavier SNs are important for asymmetry generation in a
hierarchical sceneario.
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predicted purely from tracking the decays of Nj at the temperature in which it falls out

of equilibrium.

Scenarios where my; >~ my,, for some j, are known as “degenerate” or “resonant” sce-
narios of leptogenesis. As discussed, the self-energy contribution to € can be resonantly
enhanced and therefore sufficiently large asymmetry generation can occur for a larger
region of parameter space. This comes at the cost of a highly degenerate mass spectrum
of SNs which ideally should be motivated and also requires tracking the asymmetry gen-
erated in the decays of multiple different SNs which fall out of equilibrium at almost

identical temperatures.

The final lepton asymmetry is determined by solving Boltzmann equations of the form

ani
=z - P (nv. =it
d
% =eD (nNi - n(;\(,l) —Wnyg, (1.43)
Z 1

where z = my;, /T, D is a function of source terms, such as the two-body decay of Nj,
which leads to asymmetry generation and W is a function of the washout processes in the
theory, for example the inverse decay, which removes the net asymmetry. Typically the
densities are normalised such that a co-moving volume contains one heavy neutrino in
ultra-relativistic thermal equilibrium such that n?\% (T > my) = 1. For simplicity only
the dominant 1 <> 2 decay and inverse decays are included plus the resonant part of the
some” 2 <+ 2 processes which cannot be ignored to prevent overcounting [87]. A number
of additional processes will contribute to the evolution of ny, and nz: AL = 1 scattering
terms which involve additional SM fields, the non-resonant parts of the 2 <+ 2 scattering
terms already included and additional 2 <> 2 processes which involve other SM fields.
A more complete set of equations including expressions for D, W and the additional
scattering terms can be found in Chapter 2 and Appendix A. Additionally, depending
on the temperature regime in which the asymmetry generation is occurring, tracking the
total lepton asymmetry, ny, compared to the asymmetry in each lepton flavour, nr,,
can incorrectly predict the final asymmetry [88]. This is particularly important in low
scale models where the lightest SNs fall out of equilibrium below 7' < 10? GeV and will

be further discussed in Section 2.1.

9Specifically the (AL = 0 and AL = 2) 2 <+ 2 diagrams which involve only N;, £, and ¢.
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1.2.3.1 Constraining Thermal Leptogenesis

Leptogenesis is clearly an attractive explanation for the measured BAU with a com-
pelling connection to the experimentally measured light neutrino masses. Unfortunately
the simplest variant of leptogenesis, that is a high-scale type-1 seesaw with CPV cou-
plings, is notoriously difficult to test experimentally. Due to the relationship between
m,, and my in Eq. (1.22), requiring sizeable Yukawa couplings for testability leads to SN
masses significantly larger than what can be probed by current terrestrial experiments.
Additionally, to confirm any connection to leptogenesis, a detection of a SN is not suf-
ficient. Precise measurements between CP conjugate processes are required in order to

confirm, then measure, CPV in its relevant interactions.

However, a number of indirect constraints can be placed on the high-scale type-1 seesaw
if successful generation of the BAU is required. For a hierarchical spectrum of SN masses,
such that the asymmetry is generated from the decay of the lightest SN and any potential
resonance effects are avoided, a lower bound can be placed on the masses of the SNs.
Decreasing the masses of the SNs implies a reduction in the Yukawa couplings, for a
fixed m,,, which leads to a reduction in the relevant decay rates and therefore in the
final baryon asymmetry generated. At some SN mass scale the smallness of the required
Yukawa couplings from neutrino mass imply that the generated asymmetry from SN
decay will fall below what is experimentally measured. This lower bound, known as the

Davidson-Ibarra bound [89], is given by
mpy, 2> 107 GeV (1.44)

which was found from analytic arguments and confirmed numerically [90, 91]. This relied
on a few simplifying assumptions; in particular only the lightest SN decay was considered
and flavour effects ignored, and therefore can vary slightly when these assumptions are
lifted. Nonetheless this suggests that leptogenesis requires experimentally unreachable

masses.

However, a number of theoretical implications can be derived for such large SNs masses
which might be in tension with this lower bound. In particular a possible upper bound,
known as the Visanni bound [92, 93], can be placed on the SN neutrino mass of order 107

GeV by requiring that radiative corrections to the Higgs mass parameter 2, driven by
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the high seesaw scale, does not exceed 1 TeV2. A clear tension exists due to the lack of
overlap, which can be resolved in a number of ways, for example by invoking supersym-
metry to stabilise the Higgs mass. Supergravity however famously predicts the existence
of gravitinos which are long-lived, and their decay products can spoil predictions of BBN.
Requiring successful BBN in supersymmetric models leads to an additional, upper bound
on the reheating temperature of Tiep ~ 107 GeV [94-96] and the tension remains as the
Davidson-Ibarra bound now suggests that asymmetry generation occurs before reheating.
Additionally, a recent study also finds that high scale thermal leptogenesis would have a
catastrophic destabilising effect on the Higgs potential during reheating if it couples to
the inflaton [97].

An exciting prospect for testing high-scale leptogenesis is through the potential gravita-
tional wave signatures, although this requires the SN masses to arise from some high-scale
symmetry breaking. Future space-borne missions can probe the entire parameter space
of [98] and may begin to give a definitive answer whether high-scale leptogenesis is a

viable baryogenesis mechanism.

Although the above does not rule out type-I seesaw high-scale leptogenesis, it strongly
motivates the study of alternative scenarios, particularly those which allow for lepto-
genesis to occur at much lower scales such that possible issues at large cosmological
temperatures are avoided and the Vissani bound is respected. The simplest way of low-
ering the scale of leptogenesis is by utilising the resonant enhancement in asymmetry
generation which occurs for a degenerate spectrum of SNs. Alternatively leptogenesis
could occur with SN masses below the critical temperature of the electroweak phase
transition [99-101] if the SN population never reaches thermal equilibrium or through a
modification of the scalar sector such that the tight connection between the heavy and
light neutrino masses predicted in the type-I scenario is relaxed [102-104]. Particularly
in the case of low-scale models, experimental discovery of any particles involved can be
more optimistic, and identifying the regions of parameter space in these models which

lead to viable asymmetry generation is important.

Leptogenesis as a baryogenesis mechanism relies on the reprocessing of ny into np from
electroweak sphalerons. As such the lepton asymmetry of the universe is strongly pre-
dicted by Eq. (1.38) to be of similar order to np and, importantly, predicts an excess of

antileptons. Charge conservation enforces that the lepton asymmetry stored in charged
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leptons is equal, in size and sign, to that of the protons and therefore leptogenesis models
almost fundamentally predict a large antilepton asymmetry stored in the CvB. A future
measurement '’ of the net neutral lepton asymmetry will therefore serve as the strongest

evidence for or against leptogenesis as a baryogensis mechanism.

1.3 Quark-Lepton Symmetries

At the level of the SM, quarks and leptons are unrelated to each other. Obvious parallels
exist between these two fermion types, namely: the experimentally discovered left- and
right-handed quark and lepton states transform the same way under SU(2)1, of Ggy and
there are three identical generations of both particle types. There are of course a number
of key difference between them: quarks are coloured and leptons are not, leptons carry
integer charge whereas quarks have fractional charge, quark and lepton masses differ and
the electrically-neutral right-handed lepton state is potentially absent unlike in the quark

sector.

Nonetheless the idea that quarks and leptons can be related by some symmetry is one
which precedes the SM itself. Before the development of the quark model of the strong
interactions a similarity between the electric charges of the three baryons (p, n, A°) and
the three discovered leptons (ve, €=, u~ ), when ordered from lightest to heaviest, was
noticed. From this a baryon-lepton symmetry was proposed [109] and their electric
charges could be predicted by a formula if (p, n) and (v, e~ ) were assigned to transform
as doublets under a new isospin group while A and p~ were iso-singlets. After the
introduction of the quark model this proposed symmetry was modified to a quark-lepton
symmetry with two triplet multiplets (u, d, s) and (ve, €=, p~) which similarly led to a
formula for the electric charges of each fermion with an additional reflection symmetry
proposed between these two quark and lepton multiplets. After the discovery of the muon
neutrino [110], v, the previously formulated quark-lepton symmetry was obviously no
longer viable, but the idea of a reflection symmetry persisted, which motivated the
successful theoretical prediction of the existence of a heavier up quark [111] which we
know today as the charm quark. The subsequent discovery of the third generation of

quarks and leptons only strengthens this apparent similarity between the two.

OCurrently the CvB is completely unmeasured but a number of detection techniques have been
proposed [105-108].
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The aesthetic similarities between the quarks and leptons strongly suggest some exten-
sion to the SM in which a quark-lepton symmetry exists in the fundamental Lagrangian.
Additionally, a significant fraction of the parameters within the SM in Table 1.2 arises
from the large number of Yukawa couplings present. If additional symmetries are present
between the SM fermions, such as a quark-lepton symmetry, this could lead to a the-
oretically attractive decrease in the number of free Yukawa couplings. As this would
generically imply mass equality between certain'' quarks and leptons at some higher
scale, this may ultimately lead to an understanding of the large hierarchies of masses

observed at low scales.

A number of different quark-lepton symmetries or unifications are possible, most often
through a continuous symmetry. The many different grand unified theories (GUTs) are
well motivated and studied candidates. Here the fermion content of the SM is embedded
into larger multiplets of a gauge group which contains the SM gauge groups as a sub-
group. Minimally, the fifteen chiral fermions of a given generation of the SM fit into two

representations, the 5 and 10, of SU(5) [112]:

— 1 1

5— (g,l, g) @ (1,2, —5) = (dr)°®/y,
10 — (3,2, %) ® (3,1, —g) ®(1,1,1) =Qr & (ur)® @ (er)” (1.45)

which contains Ggy as a maximal subgroup. Although unable to explain neutrino mass
without the introduction of a singlet, quarks and leptons are now partially unified which
at the very least explains why quarks and leptons have the same number of generations
at the low scale and their unequal electric charges. With the addition of a singlet to the
SM field content, for the purpose of neutrino mass, additional possibilities of unification
become possible. The now sixteen chiral fermions can be unified into just one multiplet
of SO(10) [113, 114], the spinorial 16 dimensional representation. Although many GUT
theories are possible beyond the two presented, they all commonly require large scales
of symmetry breaking when moving from the scale where quarks and leptons are unified
to the SM. A consequence of many quark-lepton unifying models is the existence of
new exotic bosons, both scalar and vector, which couple quarks and leptons together.
As a consequence quarks can convert into leptons leading to unobserved processes such

as proton decay. Requiring sufficiently slow proton decay rates requires the scales of

"Depending on the specific quark-lepton symmetry assumed different mass equalities may be pre-
dicted.
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quark-lepton unification breaking to be even larger than the seesaw scale described in

Section 1.1.2 in the case of the two aforementioned GUTs.

Although in general quark-lepton symmetries are expected to be broken at extremely
high scales simply due to the need to suppress baryon number violating interactions,
some scenarios can be constructed with low scales of quark-lepton unification breaking.

The Pati-Salam (PS) [115, 116]| gauge group, which embeds the SM into

Gps = SU(4), ® SU(2), @ SU(2)y. (1.46)

is one such variant. The breaking of SU(4). — SU(3). ® U(1)x is required and the SM
fermions, plus a right-handed neutrino, are embedded in the 4 dimensional representation
of SU(4) which breaks as per

4—1_1®3y3. (1.47)

X can be identified with B — L and lepton number can be thought of as a “fourth
colour”, explaining the observed pattern that quarks, with fractional charge, are coloured
whereas leptons, with integer charge, are not. Here, the proton can remain absolutely
stable due to the combination of the gauged B — L and an accidental symmetry of the
Yukawa Lagrangian and therefore gauge-mediated proton decay is forbidden, allowing
for much lower phenomenological scales of PS breaking. Importantly two mass relations

are predicted in the minimal model,

mDraC — m, and mg = Me, (1.48)
which must be broken. It naturally generates a seesaw mechanism through the scalar
content required for PS breaking which leads to high-scale and low-scale breaking variants
depending on the neutrino mass generation mechanism, which will be discussed in detail
in Chapter 4. If the neutrino mass mixing matrix is of the form of the minimal type-I
seesaw, as in Eq. (1.21), PS breaking is constrained to occur at a minimum of vpg > 10'2
GeV, well outside of experimental reach. If instead the matter content is modified such
that a low-scale seesaw is generated, as in Eq. (1.27), the breaking scale is not fixed by
the smallness of the active neutrino masses and can therefore be at a sufficiently low
scale such that it can be constrained experimentally. The PS gauge group also happens

to be a maximal subgroup of SO(10) and therefore quark-lepton unification may be a
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part of a chain of breakings from a large GUT down to SU(3) ® U(1)gMm-.

The gauge and scalar leptoquarks within the theory, while not strongly constrained by
proton decay, still mediate processes which are experimentally testable allowing for the
possibility of discovering a quark-lepton symmetry in current and future experiments.
A recent resurgence in the popularity of low-scale PS has occurred due to a number
of discrepant measurements related to semi-leptonic decays of various hadrons. In par-
ticular a set of anomalies has been measured involving the charged-current transition
b — crv [117-119] and the neutral-current transition b — sup [120, 121] which can be
explained quite naturally in a low-scale PS model, or PS-like models, through its gauge
and various possible scalar leptoquarks. If these anomalies are confirmed in the future,
this may be the first hint of a quark-lepton symmetry which is broken at scales not far
from the electroweak scale, of which the PS gauge symmetry is one of the most promising

candidates.

An alternative way of achieving quark-lepton unification at low scales may be through
a discrete symmetry between quarks and leptons, similar to that which was historically

proposed between baryons and leptons, where Ggy is embedded into

Gy = SU3)y® SU(3), ® SU2), ® U(1)x, (1.49)

where SU(3), corresponds to ordinary colour and SU(3), is a leptonic equivalent [122—
124]. Three copies of leptons per generation are predicted similar to the quarks but
the breaking of SU(3),, and not SU(3),, at some scale above the electroweak scale
results in the extra leptonic states having masses significantly heavier than their quark
counterparts. Here a discrete symmetry relates the quarks and leptons and similar to the
case of the continuous PS symmetry, the SU(3); breaking can be brought low through a

low-scale seesaw.

The aesthetic similarities between quarks and leptons is therefore a promising indication
of a theory beyond the SM which contains additional symmetries broken at larger scales
compared to electroweak symmetry breaking. The large number of ways in which quarks
and leptons can be related to each other, both at high scales and low scales, leads to
unique phenomenology for each model which, particularly for low-scale variants, can lead

to exciting experimentally testable predictions.
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1.4 Thesis Outline

In this chapter we have presented a brief overview of the SM and presented evidence
for two areas in which the SM is unable to explain experimentally observed and mea-
sured phenomena: neutrino oscillations and the measured BAU. Additionally we have
discussed a third area, quark-lepton symmetries, which also motivates an extension of the
SM albeit from theoretical arguments and aesthetics as opposed to unambiguous exper-
imental observation. An obvious connection exists between neutrino mass and the areas
of leptogenesis and quark-lepton symmetries. The simplest explanation of neutrino mass
leads to a super heavy SN state whose decays naturally lead to an L asymmetry which
SM processes can reprocesses into a B asymmetry, connecting the BAU with neutrino
mass. Neutrino mass and quark-lepton symmetries are also obviously quite naturally
related due to the disparate masses between the quarks and leptons, particularly in the
case of the neutrinos, which quark-lepton symmetries often predict to be degenerate. We
will focus our attention on the Pati-Salam quark-lepton unifying gauge group where the
scalars required to break the PS symmetry also generate masses for SNs at the same

scale.

The purpose of this thesis is to explore these two connections, particularly the impli-
cations that low-scale neutrino mass seesaws can have for leptogenesis and some phe-
nomenological implications they have in the case of PS. As a working definition we will
define a low-scale seesaw as one in which the heaviest SN masses are close to the elec-
troweak scale (no heavier than 1000 TeV). This typically requires small LNV parameters

within a seesaw in order to generate a viable active neutrino mass spectrum.

In Chapter 2 we study the leptogenesis implications of assuming an inverse or linear see-
saw for neutrino mass with the lightest SN masses fixed at the TeV scale. In particular we
focus on a resonant scenario where the only mass splittings between the SNs arise from
the small LNV parameters within the mass mixing matrix and therefore avoid degen-
eracies between the SN masses of different generations. Due to the exciting connection
between low-scale leptogenesis and low-energy CP violation, which we discuss shortly,
we analyse the implications for leptogenesis driven solely by the Dirac phase within the
PMNS matrix which, at the time when the analysis was performed, was favoured to be
maximally violating at one standard deviation for the normal neutrino mass ordering we

assumed.
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Chapter 3 builds on the work of Chapter 2 by demonstrating that the parameter space of
viable leptogenesis can be extended if additional resonance effects, beyond that generated
by the small LNV parameters, are included. In order to motivate the additional small
mass splittings between SNs, we adopt a continuous flavour symmetry implied by the SM
which enforces exactly degenerate SN masses at some higher scale. The breaking of this
flavour symmetry generates small deviations from this exact degeneracy and can widen
the parameter space of leptogenesis for the low-scale seesaws assumed. Importantly we
highlight that a flavour-alignment issue, which strongly suppresses asymmetry generation
for the minimal type-1 seesaw extended by the same flavour symmetry, is absent in
ISS and LSS models and therefore are the simplest viable leptogenesis models with the

assumed flavour symmetry.

In Chapter 4 we analyse the seesaw implications of requiring a phenomenologically viable
spectrum of neutral and charged fermion masses for all three generations when a PS gauge
symmetry is assumed. In particular we establish that if mass matrix seesaws occur in
both the neutral and charged fermion sectors, a substantial reduction in the experimental
limits on PS breaking can occur due to a chiral-suppression in the relevant meson decays.
We will quantify which fermion embeddings of exotic fields within PS lead to the desired

mixing effects and analyse the regions of parameter space required in each viable model.

Lastly, in Chapter 5 we conclude with a summary of the results of each chapter.



Chapter 2

Low-scale Resonant Leptogenesis

from Low-energy CP Violation

CP violation is a necessary ingredient for any baryogenesis model, otherwise the B-
violating interactions introduced will produce an equal amount of baryons and an-
tibaryons. In thermal leptogenesis, as described in Section 1.2.3, the CP asymmetry
arises from the complex phases in the Yukawa interactions between the heavy SNs and
the SM leptons. This therefore requires the two processes I'y_ps and I'y_, eyt to occur
at different rates at the time of asymmetry generation. Two distinct sources of CP vio-
lation occur in leptogenesis: from low-energy CP violating phases observable in neutrino
oscillation or double beta decay experiments, or from high-scale CP violating phases
related to the SNs themselves. The low-scale CP violating phases appear within the
PMNS matrix whereas the high-scale phases can be grouped into an “R-matrix” in the
Casas-Ibarra parametrisation of the Yukawa coupling matrix, which we will define below.
In this chapter we simultaneously explore the viability of a low-scale inverse (ISS), linear
(LSS) or a combined (ISS+LSS) seesaw as a leptogenesis candidate as well as determine
whether leptogenesis in these models can viably arise when the CP violation occurs solely
due to low-energy phases. Specifically we analyse the feasibility of leptogenesis arising
from the CPV Dirac phase within the PMNS matrix, which is the only low-scale CPV
phase guaranteed to be measured in the near future. At the time when this analysis was
performed [1], the Dirac-phase had its best fit value close to the maximum violating value
of 37/2 for a normal ordering between the three light neutrino masses [125], which we as-
sumed in our analysis for simplicity. Since then the best fit value has shifted closer to the

33



Chapter 2. Leptogenesis from PMNS phases 34

CP conserving value of 7 [34] although this may continue to fluctuate and a maximally
violating value for dcop is still well within three standard deviations of the best fit value.
Once the experimental limits on dop begin to significantly narrow, it will become clearer
whether the Dirac phase is at least partially responsible for asymmetry generation'. If
the Dirac phase was eventually measured to be CP conserving, low-energy CP violating
leptogenesis would remain a viable possibility through the Majorana phases which are
currently unconstrained. For simplicity however, we set them to zero in this particular

analysis.

This chapter is organised as follows. Section 2.1 briefly discusses the viability of leptoge-
nesis ocurring from PMNS phases at different temperatures. Sections 2.2 and 2.3 explain
how neutrino masses arise in this low-scale model and demonstrates how to guarantee
the correct light, active neutrino physics. Section 2.4 describes the relevant leptogenesis
calculations. Section 2.5 details the constraints used and estimates the possibility of
future experiments in constraining such models. Finally, Section 2.6 presents numerical
results obtained in the analysis and discusses implications of these results. In Appen-
dices A and B we present the decay and scattering formulas used, and discuss the dop

dependence of the asymmetry in more detail.

2.1 Viability of low-energy CP violation in leptogenesis

Depending on the temperature regime in which leptogenesis occurs, different SM pro-
cesses are in or out of thermal equilibrium. This affects the validity of certain approx-
imations used in the calculations of the generated baryon asymmetry. If leptogenesis
occurs at high scales,

Tiepto = 101 GeV, (2.1)

the Yukawa interactions of the charged leptons are far out of equilibrium and it is justifi-
able to simply track the total lepton asymmetry generated in each SN decay, as opposed
to tracking the net lepton asymmetry generated into each specific lepton flavour. The
heavy SN will decay into the three lepton flavours, L, L, and L; in proportion to its
couplings and as no other processes are in equilibrium, the ratio of lepton flavour asym-

metries will remain fixed. A basis could therefore be chosen such that the SN decays

'However we note that the best fit value in the case of an inverted ordering still favours a maximal
CP violating value.
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into only one flavour of leptons, L, = aL.+ 0L, + cL, which is not spoiled by any other
interactions within the thermal bath and the other two orthogonal flavour combinations
have zero net asymmetry generated?. As a consequence of this, the low-energy CP vio-
lating phases of the PMNS matrix can play no role in the production of an asymmetry
in type-I seesaw hierarchical leptogenesis. In regions where tracking of individual lepton
flavour asymmetries is not required, the CP asymmetry parameter depends only on the
matrix Y,,Jr Y,, which does not depend on Upyng. This is clear to see from Eq. (2.24) in

Section 2.3.3.

At lower temperatures, the Yukawa interactions of the charged leptons begin to come
into thermal equilibrium, with the tau lepton Yukawa interaction coming into equilibrium
below 10'2 GeV and the muon Yukawa interaction coming into equilibrium at roughly
10 GeV. As a result of this, the additional thermal interactions will cause a decoherence
effect and tracking of individual lepton flavour asymmetries becomes important. It is in
this regime where low-energy CP violating phases of the PMNS contribute to a non-zero
value of ¢; in type-I leptogenesis. As between 10972 GeV only the tau lepton Yukawa
comes into thermal equilibrium, two lepton flavours must be tracked in this regime: the
asymmetry in ny, and the asymmetry in ny,,, . Below 102 GeV two lepton flavours have
Yukawa interactions in thermal equilibrium and as such all three lepton flavours must

be tracked even though the electron Yukawa is still far from equilibrium.

Therefore high-scale leptogenesis models are, in general, unable to produce an asymmetry
from the low-energy PMNS phases, further removing possible chances of connecting it
to terrestrial experiments. Leptogenesis models with asymmetry generation at much
lower temperatures however can viably generate an asymmetry through these potentially
measurable low-energy phases. This possibility was first noted over a decade ago [88, 126—
128] in the case of type-I seesaw hierarchical leptogenesis. However, due to the Davidson-
Ibarra bound discussed in Section 1.2.3.1, the PMNS phases can only contribute to
asymmetry generation in a very small window of SN masses, as larger masses will cause

the relevant Yukawa interactions to fall out of equilibrium?. This effect is quite interesting

2This statement assumes a hierarchical spectrum of SN masses where the asymmetry generated in the
decays of the heavier SN is sufficiently washed out such that their contribution to the final asymmetry
is negligible. If multiple different physical SN decays need to be tracked at the epoch of leptogenesis
their individual couplings to the lepton flavours may break this potential flavour basis choice and would
likely require tracking of all three flavours. Nonetheless low-energy CPV phases will still not contribute.

3See [129] for a scenario where the Davidson-Tbarra bound can be lowered through a cancellation
between tree- and loop-level neutrino mass contributions widening the potential parameters space for
low-energy CPV leptogenesis in the type-I seesaw.
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to explore in low-scale models, however, as a measurement of CP non-conservation in the
PMNS phases coupled with a discovery of the Majorana nature of the massive neutrinos
could conceivably lead to strong circumstantial evidence for, but not definitively prove,

a thermal leptogenesis mechanism.

2.2 Neutrino masses in the Inverse and Linear Seesaws

For completeness, we briefly derive the resultant light neutrino mass block in the ISS
and LSS models after diagonalisation. A neutrino mass matrix of the form
0 m',

Mtype—l = (2.2)
(mp)" Mg

has its lightest neutrino mass block given by
my, ~ —mh Myt (m)" (2.3)

which we perturbatively show in Appendix D.0.2. The general ISS+LSS mass mixing
matrix

0 my,  mp
) un Mg (2.4)

T T
my, Mg ps

— 14
MigsiLss = | (mY,

can be repartitioned into a type-I-like matrix:

0 Mp

Msst1.ss = (2.5)
Mp)T Mz
where
M
Mp = (m¥%, mz) and Mg =" TF). (2.6)
Mf ps

By assumption, the singular values of Mg are larger than all the singular values of uy/g,

my, and mY, which implies that the singular values of My are all larger than the singular
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values of Mp®*. Therefore the result in Eq. (2.2) applies leading to

my, ~ —Mp(Mzg)TMpT. (2.7)
This can be expanded with the definitions of Mp and Mg to give
B)" = mip(M" (m)” — [mp (M ()] (28)

At lowest order, the two heavy SN mass states are trivially given by diagonalising Mz

itself which leads to

1
MmNy, = Mp £ 5 (uy + ps) - (2.9)

Note that the Majorana mass term pyn does not affect the light neutrino masses at lowest
order® and therefore is of negligible importance to the analysis below and justifies setting
it to zero for simplicity, as is commonly done. In this limit the mixing between the light

and heavy states is given very simply by
(= MpMg~t =~ (mMz', mh(ME)™) (2.10)

and the combinatoin ¢*¢T will measure the degree of unitarity violation within the ob-

served PMNS matrix.

2.3 Model

The full Lagrangian, with the addition of three extra SM gauge singlet fermions alongside

the three right-handed neutrinos, is given by,

—Lpsy = Aplp ¢°Ng + ALl ¢° (SL)° + M(Ng)© (SL)¢ 2.11)
211

1 — 1
+5us S (S1)° + Gun (NR)*Ne + Hee.

“This is certainly true when |y, s|| < ||m%, mz|| however care must be taken if puy or pus contain
entries close in size (but still smaller) to the singular values of Mr. For large enough values within 1y g,
some singular values of Mz could become suppressed compared to m', and m; potentially breaking
the assumed hierarchy between the singular values of Mz and Mp.

% As mentioned previously, higher order terms in m, which contain uy will always contain at least
one factor of ps and therefore in the limit us — 0Osxs, assuming the above hierarchy of block matrix
singular values, the entries of puy do not contribute to m, regardless of their size.
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After the SM Higgs doublet ¢ gains a vacuum expectation value, vgy, and breaks
SU((2)L ®U(1)y — U(1)gm, the neutral lepton mass matrix arising from Eq. (2.11) has

the general form, in the [(v)¢, Ng, (S1)¢]7 basis®,

0 my, mp,
M, =|(mpT 0 Mgl|, (2.12)

mi, My p

where p is in general a complex, symmetric 3x 3 matrix and m?, = Apvgw, mr = ALvEpw
and Mp are in general complex 3 x 3 mass matrices. The full mass matrix of Eq. (2.12)
has a number of limiting cases, according to assumptions on the allowed couplings and

their strengths.

2.3.1 Inverse seesaw (ISS)

The ISS mechanism arises from Eq. (2.12) in the parameter regime where o; (1, m%,) <

o1(Mpg) and my, — 03x3, leading to the neutrino mass matrix

0 my 0
M, =|(mpT 0 Mg]|- (2.13)
0 Mj p

Upon block diagonalisation of Eq. (2.13), one can calculate the light neutrino mass matrix
to first order,

-1 _
my = mp (M,z;;) p Mgt (mh)T. (2.14)

The heavy Majorana neutrinos will be primarily admixtures of the Ng and (Sg)¢ states

with mass matrices of the form (above the critical temperature and again to first order),

1
MN:MRZIZ§M- (215)
By contrast with the type-I seesaw model, there is now a double suppression of the light
neutrino states in Eq. (2.14) due to the smallness of (m”DM§1)2 as well as the smallness

of the parameter p as discussed above. In the limit of u — 03x3 the light neutrinos

5For brevity in the remainder of this chapter we will write us = p and set uy = 0 as justified in
Section 2.2.
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become massless and the heavy sterile states form heavy Dirac singlets in a way that is

independent of any other parameter in the theory restoring lepton number conservation.

The scale required in order to achieve the necessary active neutrino masses can be esti-

mated” [130]
v 2 )
my . mD 7! MR
(0.1 eV) a (100 GeV) (1 keV) <104 Ge\/> ’ (2-16)

where now the mass scale of the heavy SNs has been brought down to a relatively low,

potentially experimentally testable level and with electroweak scale couplings.

2.3.2 Linear Seesaw (LSS)

The limit g — 03x3 of Eq. (2.12) is known as the linear see-saw (LSS), with a mass

matrix of the form

0 my, mp,
M, =|(mp)T 0 Mg]|- (2.17)
mE  ME 0
After block diagonalisation, assuming a similar hierarchy: o;(m%,, mp) < o1(Mpg), the

effective light neutrino mass matrix is now given by,
m, = — [m% (mLMgl)T + (mLM]gl) (mVD)T} . (2.18)
The heavy SNs have mass matrix (above the critical temperature)
My = Mp. (2.19)
Similar to above, the correct active neutrino masses are possible with low-scale heavy

SN, )
my _ m”D mry, MR B
(0.1 eV) N <100 Ge\/) (10 eV) <104 GeV) ' (220)

Massless light neutrinos are recovered in the limit of vanishing mpr, and, in complete

analogy with the ISS parameter p, this is the parameter in the LSS that can be chosen
to explicitly break lepton number and therefore can be set small from the point of view

of technical naturalness.

"In the one generation approximation.
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2.3.3 Casas-Ibarra parametrisation

The Casas-Ibarra parametrisation of the Dirac mass matrix mY, [131] can be generalised
in order to satisfy the light neutrino constraints for this extended type-I scenario. In the

conventional type-I scenario, the effective light neutrino mass matrix is given by [132]
v -1 v\T
my, ~ —mp My~ (mp) (2.21)

in the limit m%, < Mpg, and with the effective mass term being vym, (v1)¢ + H.c. This

3 x 3 block is approximately diagonalised by the unitary PMNS matrix Upmns,
UFT)MNS my Upying = M, = diag(my, ma, ms), (2.22)
m1 2,3 are the light neutrino masses, and

C12€13 812C13 s13e"10CP
UpmMNs = | —s12¢23 — €12823513€°CP 193 — $12823513€"0CF 523C13

idop idcp

512823 — C12€23513€ —C12523 — 512€23513€ C23C13

x diag(e™, €2, 1) (2.23)

where we have specifically assumed a basis for the charged-lepton mass matrix which
is diagonal. For the remainder of this chapter, the low energy Majorana CP-violating
phases a1 and ais will be set to zero as our aim is to see if leptogenesis may be successfully
driven solely by dcop, we also suppress the PMNS subscript on Upyns as there is not

chance of confusion.

Equations (2.21) and (2.22) can be solved for the Dirac mass matrix mY, to obtain the

Casas-Ibarra parametrisation,
my = iUmb? R MY, (2.24)

where the matrix R must be orthogonal: RRT = 1343 but not necessarily real. Thus,
inputting U and two out of the three masses in m,, from experiment, this equation spec-

ifies the required neutrino Dirac mass matrix for given choices of the unknown absolute
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neutrino mass scale for the light neutrino sector, and the matrices My and R.®

2.3.4 Extended Casas-Ibarra parametrisations

We now derive equivalent Casas-Ibarra-type parametrisations in different extended type-1
seesaw models for mY, in order to ensure agreement with neutrino oscillation experimental

results.

2.3.4.1 Inverse Seesaw
In the case of the ISS, combining Eqgs. (2.14) and (2.22) gives
(ma 2 Utmy (ME) ™ pM2) (12 MGt ()T U m ) = Agaa (225)
Since p is symmetric, we define an R matrix and rearrange for mY, to obtain
mYy =UmY? Ru~Y? MY . (2.26)

In general R is a complex orthogonal matrix. However, in order to maintain dcp as the

only source of CP-violation, we restrict R to being real orthogonal, parametrised by

CyCs —SzCzSy — CuSz  SpSz — CySyCs
R=| cys, cps—Sp8ys: —C28p — CoSyss (2.27)
Sy SzCy CaCy

where ¢, = cosx and s, = sinx and so on for x,y,z € R.

2.3.4.2 Linear Seesaw

For completeness the parametrisation required for the linear seesaw is also presented.’

®Note that the generated Dirac mass matrix will only be guaranteed to recover the correct mass
differences among the light neutrinos if it continues to satisfy the approximation used for the block
diagonalisation of the original mass matrix, namely o;(m') < o1(MRg) in the case of the type-I seesaw,
and any other approximation used in extended or different seesaw models.

9The pure linear seesaw will not be considered further (in this chapter) as above the critical tem-
perature, relevant for thermal leptogenesis, the SNs will have degenerate masses and the generated
asymmetry is highly suppressed which we discuss in Chapter 3.
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Combining Egs. (2.18) and (2.22) leads to

—mgl/Q Ut {mlb (mLM}gl)T} U m;1/2 +mgl/2 Ut [(mLMgl) (mE)T] Uu* mfll/Q = l3x3.
(2.28)

Defining
R=-m;Y2yt [mg (mLMgl)T] U* m; 1/ (2.29)

implies that the R matrix must now satisfy R + R = l3x3. Rearranging Eq. (2.29)

gives the parametrisation for m’,,

my = —Umt? RmY 20T (mE) ™ ME. (2.30)

2.3.5 Inverse + Linear Seesaws (ISS + LSS)

In the case where terms from both the linear and inverse seesaws are present, the effective

light neutrino mass matrix at first order is a linear combination of Egs. (2.14) and (2.18),
m, = mY, (ME)_l p Mgt (mh)T — [(mf) (mLMgl)T + (mLMg") (m”D)T] . (2.31)
Combining with Eq. (2.22) leads to

w20t [y ()™ M ) — oty (i M) — (M) ()] 02

= I3xs.
(2.32)
It is convenient to define a new matrix
1 v T\ ~1 -1 v \T v -1\ T
1 —
AT = S mi (MF) LMt (min)T = (mp M) (mi) T (2.33)
Rewriting Eq. (2.32) in terms of this new A matrix gives
my 2 U [A+ AT U m Y2 = 134s. (2.34)

We thus define
R=m2UY AU m;'/?, (2.35)
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where R now satisfies R + RT = 13y3. Combining Eqs. (2.32) to (2.35) leads to the

non-linear matrix equation

v -1 - v 4 -1\ T
UmY2RmY2UT = = m¥ (ME) ™" 1 Mz (m)T — m¥ (mpMz") (2.36)

N

which will satisfy the light neutrino bounds when solved for m7,.

The choice of R above is not a unique parametrisation of mY, for the neutrino mass
matrix. It is, however, convenient. Due to the non-linearity of Eq. (2.36) it is difficult to
find an analytic solution for m/,. We therefore solve this equation numerically to obtain

our results in Section 2.6, using an R-matrix of the form

R=|-r, L ry (2.37)

where r; € R in order to make dop the sole source of CP-violation.

2.4 Leptogenesis

In order to assess the viability of low-scale, Dirac-phase leptogenesis it is necessary to
change basis such that the SN mass sub-matrix is diagonal and real in order to consider
the decays of physical SNs to the standard leptons and Higgs boson. At this time in
the early universe, above the electroweak phase transition critical temperature T, the
SM leptons are massless and the SNs decay either to a charged lepton and a charged
scalar of the opposite sign, or a neutral lepton and a neutral scalar. Taking Eq. (2.12),
performing a block diagonalisation of the lower right 2 x 2 block such that the SNs are
in their mass basis, and rotating the Yukawa couplings to the SM leptons, transforms

the mass matrix to the form [133]

0 Eyp UL
M, — M, ~ vey ()" Mp—1iu 0 : (2.38)
()t 0 Mg+ gp

where 7, and y} correspond to the rotated 3 x 3 Yukawa matrices coupling the heavy,

sterile fermions to the SM leptons. For this 3 4+ 6 generation case, the rotation will be
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performed numerically. In the one generation, it case can be expressed analytically (to

lowest order) as [134]

/ i p v
~ 1+ - ~
YD VEW K - 4MR> o mL]
1 7
AN 1— 2\ my . 2.39
o [( 4MR) m +mL] (2.39)

The rotated couplings are a linear combination of the unrotated couplings. Note that

the coupling mj, does not influence the heavy SN masses at this temperature.

Thermal leptogenesis proceeds because, once the temperature of the universe drops below
the mass regime of the heavy SNs [in our case O(TeV)], the inverse decays producing
SNs will fall out of thermal equilibrium and a net lepton asymmetry will be generated

by forward decays due to the non-zero Dirac phase, dcp, in the PMNS matrix.

Because of the low-temperature regime in which the lepton asymmetry will be generated,
where the individual lepton flavours are distinguishable, it is necessary to adopt flavour-
dependent Boltzmann equations, which is nicely consistent with our requirement that the
low-energy CP-violating phases contribute to leptogenesis. As can be seen in Eq. (2.38),
and given that the parameter p can be small in a technically-natural way, a small mass
splitting exists amongst the SNs and therefore the lepton asymmetry generated may be
enhanced due to a resonance effect [84, 85]. It is therefore necessary to account for this

potential resonant enhancement in the calculation of the generated lepton asymmetry.

The CP asymmetry generated due to the decays of an SN, N;r, to a specific lepton

flavour «v is defined as

['(Nijg = 1,®) =T (N;gp — (1) @f
co = L Win ) =L (Nin = (la)" @) (2.40)

S [T (Nig = 1,®) + T (Nig — (za)‘:qﬂ)} '

For later use we also define the individual branching ratios of each SN into a specific

lepton flavour as

[ (Nig = 1o®) + T (N;r — I5OT)
> [T (Nir = (la)" ®) + T (Nig = (la)° @) |

(67

By =

(2.41)

The CP asymmetry parameter € has been calculated previously for the general case,

incorporating both the hierarchical as well as degenerate scenarios as limiting cases, and
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including potential resonance effects [135]:

a # o .. [e} — o (1 xl]) 6

& T 8w (hth), g( Ay f(ig) + (Aij\/gr”JrBij)(l — i) + iz (W1 h) > T
i

N - (2.42)

where “41;03' — jm{(hTh) h%, ha]} B% = {(hTh) h;zhaj}, Tij = (::1\\];]>2 and

h = (Yp, y;). The loop function of the vertex diagram contribution f(z;;), is given

by [83]

i) = /i [1 — (1+ ;) <1 i xﬂ)] . (2.43)

Tij
Eq. (2.42) includes a resonant enhancement in the CP asymmetry of a SN decay if and
only if
1
1y~ — (hh) 2.44
xU 87 i ( )

2.4.1 Boltzmann equations

The flavour-dependent Boltzmann equations valid for the low-scale regime of interest for

the extended type-I seesaw considered are given by [85]:

dnn;, 2 nN; D (i) S(%B) S (iB)
i — z F ¢ F F
dz | H(z=1) [( an> ﬁzzu< i " Gange

2 Z el <FD @) 4 S0P rGa(ugL”, (2.45)
—6}1/7

6
dne z NN, (iB) S(zﬁ) S (iB)
E N H(Z:l){zglq( cq _1>5Z <F +F +FGauge

= e’u?

i [2e S (i
Z BY (rD(a) + Tyl 4 FGa(ugl + Ty )+FGa1(1ge)>
i=1

AL=2 (aB) AL=0 (af3)
X (ren s nien))
B_€7M7T

6
2 . .
B W (iB) W (iB)
—3 E Uk [ E el <FYukZ + Diange )
=1

/B = 67/‘1/77

AL=2 (Ba AL=0 (Ba
+FYuk (Bo) 1—‘Yuk v )] }7 (246)
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where the functions I'Y represent various decay and scattering cross sections normalised
to photon density. They are explicitly rewritten in Appendix A. An alternative approach
is to use flavour-covariant rate equations relevant for resonant scenarios which incorpo-
rate quantum decoherence effects [136, 137], in Chapter 3 we roughly estimate that the

decoherence effects do not alter the results of our analysis significantly.

The Boltzmann equations in Egs. (2.45) and (2.46) involve the rescaled variable,

mpy,
= 247

and the number density of each particle species has been normalised to the photon density

Na(2)
Na\Z) = 2.48
& = 25 (2.48)
with ,
273 2my, 1
n/y(Z) = 71'2 = 71'2 L ? (249)

The term H(T') corresponds to the Hubble parameter

AT3 49 T? AT3 19 My
HIT) =g’ = — H(G)=4—g/? M 2.50
( ) 45 9 MPlanck ( ) 45 I ZzMPlanck ( )

where Mplanek = 1.2 x 10 GeV and g, = gsar = 106.75 is the number of relativistic

degrees of freedom of the SM at the temperature relevant to leptogenesis at z 2 1.

The Boltzmann equations above utilise all AL = 0, 1,2 scattering terms.!’ As shown
in Ref. [134], the AL = 2 contributions can be of particular importance in this low-
scale realisation, where lepton number is approximately conserved, for reducing the total

effective washout.

2.4.2 Baryon asymmetry

As the SN decays generate the majority of the asymmetry at around the TeV scale, we
adopt the approximation that the critical temperature is a hard cutoff for reprocessing the
lepton asymmetry into a baryon asymmetry. In other words, we will not be considering

the temperature dependence of the sphaleron rate as the temperature passes across the

07T flavoured leptogenesis it is necessary to include AL = 0 lepton-flavour-violating but lepton-
number-conserving interactions.
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electroweak phase transition, with [13§]

(2.51)

302 2 A -1/2
3¢ 9% h\TT
16X\ 16X\ 4\

1
T. = (246 GeV) (2 +
where h; is the top-quark Yukawa coupling, ) is the Higgs quartic coupling, and g and ¢’
are the U(1)y and SU(2) gauge couplings. Therefore the lepton asymmetry will simply

be read off at the critical temperature, which is when z = 2. with

mp,
.= . 2.52

This asymmetry is reprocessed by sphaleron effects into a baryon asymmetry, and in the
case of three families and one Higgs doublet we have
281
=——— . 2.
B 51927 Z Na ( 53)

o=e,l4,T

The factor of 28/51 arises from the fraction of lepton asymmetry reprocessed into a
baryon asymmetry by the electroweak sphalerons [82], while 1/27 is the dilution factor

from photon production until the recombination epoch [139].

As a consistency check, the asymmetries calculated through numerical solution of the
Boltzmann equations were compared with an approximate analytic solution which is

valid in the large washout regime, KT > 5 where
S =KD KB, (2.54)
i

and

h),, (h)%, (hh' I h).. (0%
Re (1) ), (1), ] + D | (@0, 103,)°] (oamom)
- 2% .

r;+T;

wiGey  Re|m), {(mnh), + (nnf)y | T
(2.55)
These low-scale models easily satisfy the K > 5 condition [139, 140]. The approximate

asymmetry is then estimated as

281 3 &
papprox. — 22 - 2 — Si —. (2.56)
51272 " K&Min(zc, 1.251In(25K;)]
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approx. ‘

Example parameters (ISS+LSS) B ‘TIB

mp = 7.42 x 1075 [GeV]
p="T7.27 x 10714 [GeV] 3.03x 10712 5.11x 107'2
r1=0.092, 79 =0.163, 7r3=0.741

myp = 2.69 x 1073 [GeV]
p = 6.59 x 10719 [GeV] 2.39 x 10714 6.70 x 10714
ry =0.013, 7y =0.014, 73 =0.800

my = 9.72 x 107° [GeV]
p=3.44 x 1079 [GeV] 1.29 x 10710 2.94 x 10710
r=0.129, 7o =0.134, 73 =0.202

mp = 7.71 x 1074 [GeV]
p=1.49 x 10717 [GeV] 717 x 10717 1.98 x 10716
r1 =0.084, 1ry=0.359, 7r3=0.026

TaBLE 2.1: Comparison between the numerically computed asymmetry |ng| and the

analytic approximation |np" | from Eq. (2.56) for example points of parameter space

in the ISS+LSS regime.

A relatively close agreement was found between the numerical results and the analytic
approximations in both the pure ISS and the ISS+LSS scenario demonstrated in Ta-
ble 2.1.

2.5 Constraints

In this section we detail the constraints we impose upon our model. Firstly, we place
a perturbativity constraint on the Yukawa couplings generated using the Casas-Ibarra
formalism, ]hijlz < 4rm. An alternative perturbative unitarity constraint often used is
% < % which results in a similar effect on the parameter space. We also require that
the light, active neutrino masses satisfies the oscillation limits taken from Ref. [125] and
listed in Table 2.2. We consider only the normal hierarchy for the light neutrinos as the
inverted hierarchy is disfavoured in the inverse seesaw model [141]. We rejected points
that did not satisfy the current mass difference squared best fit values to within 1o. For
definiteness, the lightest neutrino mass was fixed to 0.1 €V and the Dirac phase d¢op fixed

to 37/2. The values of the three mixing angles were fixed to their best fit points.
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Parameter Value
sin? 619 0.306
sin? 63 0.441
sin® 63 0.02166

Am%l/(10_5 eVz) 7.5f8:%2
Am3, /(1073 eV?) 25247503

my/ eV 0.1
dcp 3m/2

TABLE 2.2: List of experimental results relevant to the PMNS matrix and the light

neutrino mass splittings fixed by active neutrino oscillation experiments at the time

of the analysis. The light neutrino mass differences were allowed to vary within 1o of
their current best fit values [125].

2.5.1 Unitarity

The inclusion of heavy SN states in the theory results in a violation of unitarity of
the PMNS matrix due to the mixing between the active and sterile states. Unlike for
the vanilla type-1 case, the unitarity violation required in the leptonic sector can be
potentially used as a discovery signal. To estimate the level of unitarity violation present

we define the matrix

\% \%
vV = 3x3 3x6 (2.57)
V6><3 V()‘><6

which diagonalises the full 9 x 9 neutrino matrix of Eq. (2.12) through
VIM,V = Mdiae (2.58)
The matrix V has an exact representation derived using [142-144],

(Lsxs + C*CT)_l/z ¢* (Loxe + CTC*)_l/Q v o0

V =
~(T (Tgs + )T (Loe +¢T¢) T2 ) N0 v

(2.59)
where U is the usual PMNS matrix which would exactly diagonalise the light neutrino
block in the absence of the heavy SNs. V' is the unitary matrix diagonalising the heavy
neutrino mass sub-matrix,

0 Mp M~ 0

V)" V= (2.60)
V) ML p 0 Mt
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and M* = Mg + p above the critical temperature. While V/ will be numerically com-
puted, it can be approximated in the case where My and p are diagonal to lowest order
by

V2 [ 13 —il3

V’:7 - +O(uMg"h). (2.61)
3 i3

¢ is a 3 X 6 matrix

¢ = (mLMz", mp(ME) ™) = (F1, By), (2.62)

which satisfies'! ||¢|| < 1 by construction, the matrices F; are often used instead of ¢ in

the literature [145, 146].

Each component of V in Eq. (2.59) can be expressed in terms of ¢, or F' if expanding at

lowest order,
* T _1/2 1 * " *
Vaxz = (lax3 +¢°CT) "TU =~ ( 13x3 — ik | U= (Isxs —n) U (2.63)
where n expresses the “deviation from unitarity”,

n=laxs — (Laxs +¢°¢7) "~ o (FYF + F3Fy ). (2.64)

1
2
The remaining components of V' can be similarly expressed,

—-1/2

Vaxo = ¢ (Toxe +¢7¢7) 7V = (Ff, F5) V/, (2.65)

_ Fr
V2o~ o, (2.66)

Voxs = —C7 (Lsx3 + ¢
F

o —1/2 1 (F{F FF;
Voxe = (Loxe +¢7C*) Py o | Texs — 3 148 (2.67)
FyFy FYF3
The deviation from unitarity allowed by experimental observation from universality tests

of weak interactions, rare leptonic decays, the invisible width of Z-boson and neutrino

oscillation data is expressed through maximum allowed values for the entries in the

"n the inverse and linear approximations.
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matrix 7 [147],
1.3x1072% 1.2x107° 14x10°3

mij] < 11.2x107° 2.2x107% 6.0x107* . (2.68)
1.4x 1073 6.0x107* 28 x 1073

2.5.2 Charged Lepton Flavour Violation (cLFV)
2.5.2.1 pu—ey

The current 90% C.L. upper bound on the branching ratio of 4 — ey from the MEG
collaboration is [148]
BR(p — ey) < 4.2 x 10713, (2.69)

The branching ratio for this process in the presence of additional sterile neutrinos is given

by [141, 149]

ads2 m N
BR(i — e7) = 5224 M4 Zv Vi G(yi)| (2.70)
where the loop function is given by
943 2 _ 3
Gla) = 2 HD —x S 4, (2.71)

41 — x)3 21 —x)4

and y; = m2 /M2, a, = g2 /4m, s2, =1 — (Mw/Mz)?, m; refers to both the active and

sterile neutrinos and the matrix V' is defined above in Eq. (2.57).

The design sensitivity of the proposed MEGII detector [150] is expected to increase the
90% C.L. bound of Eq. (2.69) to

BR(u — ey) <5 x 1071, (2.72)

2.5.2.2 u — e conversion

The current strongest limit on the branching ratio for 4 — e coherent conversion on

nuclei is from experiments involving gold [151],

BR(zAu — eAu) < 7.0 x 10713, (2.73)
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The expected sensitivity of the future experiments COMET and Mu2e is estimated
at BR(u~N — e™N) < 1077 [152], providing a potentially competitive cLFV limit to
BR(p — e7y).

It was shown in Ref. [153] that in ISS models the long range, photonic contribution dom-
inates in coherent conversion'? and so there is a tight relationship between the expected
branching ratios of u — e conversion and g — ey. When the photonic contribution
dominates, u — e conversion can expressed in terms of the BR(u — e) as [155]

B(A,Z)

BR(u™ N = e N) ~ = ¢

BR(pu — ev), (2.74)

where B(A,Z) corresponds to a rate dependence on the mass number A and atomic
number Z for nucleus N. In this limit it is thus possible to use p — e conversion to
constrain g — ey (or vice versa). Both Mu2E and COMET will initially make use of an

aluminium target for which B(A, Z) ~ 1.1, implying
BR(z~ N — e N)~ 2.6 x 1072 BR(u — e7). (2.75)
The first run of COMET in 2018 has an expected sensitivity of
BR(u"N—=e N)~3x 1075, (2.76)

Comparing this to Eq. (2.75) constrains BR(p — ey) < 1.15 x 10712, a less competitive
limit to the current limit directly measured [Eq. (2.69)]. However, the lifetime sensitivity
of the COMET experiment is expected to be O(107'7), implying a constraint of BR(y —
ey) < 3.84 x 10715, This would be an order of magnitude more sensitive in constraining

models of heavy sterile neutrinos compared to the expectation in Eq. (2.72).

2.5.3 Neutrinoless Double Beta Decay

A Majorana mass contribution for neutrinos implies the possibility of neutrinoless double
beta decay. In our model, all the SN states are much heavier than the momentum

transfer involved in double beta decay my, > 100 MeV. Accordingly the light neutrino

2For singlet fermion masses in these ISS models much lower than 1 TeV the photonic contribution
can become sub-dominant to other diagrams making this approximation invalid [154].
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propagator can be approximated by [156]

1 1 2
——=——+0[( L) (2.77)
pm —my;, My, my;

(3

The dominant contribution will come from the active, light neutrinos, and the allowed
region of the lightest neutrino masses will remain the same as in the SM.'3. Refer-
ence [159] also demonstrates that, in our mass-range of interest, contributions to the

electron electric dipole moment are not significant enough to have measurable effects.

2.6 Numerical Results

We consider the 343 scenario in which three right-handed neutrinos vr and three singlets
S, are added to the SM. The minimal scenario allowed by experiment is actually a 2+ 2
theory, since one of the active neutrinos is allowed to be massless. However as we are
considering SNs with similar TeV-scale masses, a degenerate spectrum of active neutrino

masses is assumed due to the degenerate spectrum of sterile neutrinos considered.

Following [160] we fix both the lepton number violating parameters,'*

my, and p to be
diagonal such that mY, is the only source of flavour violation in the theory for simplicity, in
Chapter 3 we discuss how this might be motivated through additional flavour symmetries
suggested by the SM. For simplicity all plots below in the three-generational scenarios
have p and mp, proportional to the identity matrix such that each matrix block depends
on only one parameter: p = pplzxg and my = (mr),lsxs, the conclusions drawn also
apply when these matrices are diagonal, but not proportional to the identity, provided
that at least one of the values along the diagonal is of similar size. In our scans over p,
and (mr,), below we will drop the subscript, it should be clear in the multi-generational
scenario when we are referring to the 3 x 3 matrix (proportional to the identity matrix)

and the coefficient of this matrix (which is what is scanned over). These parameters are

randomly scanned with the ranges,

pp ~ 01078 — 1) GeV (2.78)

13 A possible caveat to this is when one-loop corrections and higher order terms become non-negligible.
SNs as heavy as 5 GeV can dominate in certain limits [157] or if very large complex entries in the R-matrix
are considered [158].

14The Majorana mass term g can be taken to be diagonal without loss of generality, as can p and mp,,
but not u, mr, Mg simultaneously.
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FIGURE 2.1: Log-Log scale plots of the light neutrino mass splittings (orange curves) as
a function of the Majorana parameter p in the ISS, for normal ordering and parameter
choices as described in the text. The coloured bands correspond to the current lo
experimental limits on the allowed mass splittings between the light neutrino mass
eigenstates. For regions below p < 107® GeV, the generated Dirac matrix mY, grows
too large and the block diagonalisation assumptions in Eq. (2.14) break down.

for the pure ISS and,

pp ~ O107'7 —1)GeV

(m), ~ 0107 —1)GeV (2.79)

in the ISS+LSS scenario. The reasons for these choices are shown in Figs. 2.1 and 2.2.
Figure 2.1 shows the light neutrino mass splittings as a function of p in the inverse seesaw
model. Once p < 1078 GeV the Dirac mass matrix mY, generated using the Casas-Ibarra
method becomes too large and the block-diagonalisation assumptions used in Eq. (2.14)
break down. Figure 2.2 shows the light neutrino mass splittings in the ISS+LSS scenario.
The top panels demonstrate that mj should be greater than 10~? GeV. The bottom
panels show the neutrino mass splitting dependence on p, where we only select points
that satisfy mz > 1072 GeV. Clearly in this case we can achieve much lower values of

than in the ISS model.

Similarly, the matrix Mg which will fix the overall mass scale of the SNs is taken to be

diagonal with values given by

" 10 0
M

0 01
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FIGURE 2.2: Top panels: Log-Log scale plots of the light neutrino mass splittings
as a function of the linear parameter my in the ISS+LSS, for normal ordering and
parameter choices as described in the text. The coloured bands correspond to the
current 1o experimental limits on the allowed mass splittings. For regions mz < 1079
GeV, the generated Dirac matrix mY, grows too large and the block diagonalisation
assumptions in Eq. (2.14) break down. Bottom panels: Log-Log scale plots of the
light neutrino mass splittings as a function of x4 when my > 1072 GeV. Note that much
smaller values of p are allowed if my, is turned on compared to the pure ISS scenario.

y 10 0
MRIGI‘
p— 2.
(1TeV> 05 0 (2.80)
005

in the degenerate and hierarchical cases, respectively, as justified below.

As stated earlier, the Casas-Ibarra R matrix is kept real in order to explore leptogenesis

purely driven by the Dirac phase. It was varied according to
x,y, 2~ [0,27] (2.81)

in the case of the pure ISS, where x,y and z are the elements of the R matrix as defined

in Eq. (2.27). In the case of the ISS+LSS, it was varied according to

r123~ O(107% —1) (2.82)
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FIGURE 2.3: Solutions of the Boltzmann equations for the same set of parameters
solved with ny,(zin) = 0 (Left Panel) and 7y, (2in) = 7y (Right Panel). The
brown, dotted lines correspond to the population of the six SNs 1y, and the coloured,
full lines to |n,|. The orange, dot-dashed line is the critical temperature, z, ~ 8.02 at
which the lepton asymmetry is read off n,(z.). In both cases the same asymmetry is
generated, np = — 152> > o = 7.229 x 107! which is expected for strong washout
thermal leptogenesis. Any asymmetry generated while thermally populating the sterile
neutrinos is quickly washed out once a thermal population is reached. The parameters
chosen in this example are: my = 1.84 x 1074[GeV], u = 6.148 x 1078 [GeV], 1} =
3.869 x 1072, ry = 4.676 x 1072, r3 = 6.989 x 1072.

with the R matrix satisfying Eq. (2.37).

In solving the Boltzmann equations we considered the initial conditions 7, (zi,) = 0 for
the lepton asymmetry and nn,(zin) = 77?\% for the SN population. Due to the strong
washout nature of this low-scale theory there is an insensitivity to any primordial lepton
asymmetry (which gets washed out immediately). Likewise the theory is insensitive to
the initial abundance of SNs in the thermal bath. Due to the relatively low-scale masses
of the SN, it should however be expected that a thermal abundance of them should be
produced at temperatures well before an asymmetry is generated, thus motivating the
initial conditions used. The insensitivity to the initial abundance and initial asymmetry
is illustrated in Fig. 2.3. These show the solutions of the Boltzmann equations for the
same set of parameters as a function of z, using different initial conditions. In the left
panel we take Ny, (2in) = 0 and in the right we take ny;, (zin) = 77?\2. The upper, dotted
lines show the population abundances of the sterile neutrinos, and the lower, solid lines
the active neutrino asymmetries. The vertical dot-dashed line shows the value, z. from
Eq. (2.52), at which we read off the lepton asymmetry. The plots show that this is
independent of the initial conditions used. The parameters used are detailed in the

figure caption.
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2.6.1 Hierarchical Limit

The hierarchical limit is taken to be the point at which the heavier sterile neutrinos’
contribution to the final asymmetry is frozen out; the decays of these heavier SNs occur
in a region in which the lighter SNs remain in thermal equilibrium and whose interactions
wash out the generated asymmetry. In order to quantify the point at which the heavy
SN contributions freeze out, a scan was performed over the masses of the heavier SNs
whilst leaving all other parameters fixed.!> The hierarchical limit is chosen by hand at a
point in which the final baryon asymmetry is largely insensitive to the heavier SN masses.
Based on the scan of a few hundred sample parameters it was found that this decoupling
was generally comfortably achieved by mpeavy /mhght ~ 5. Sample plots are shown in
Fig. 2.4 in order to illustrate this behaviour and justify the choice made in this section.
These figures all show that the value of np has stabilised once myeavy /Miight ~ 3, so that

5 is a conservative choice.

2.6.2 Inverse Seesaw Case

Before considering the full 343 generation case, firstly we estimate the washout associated
within the pure ISS scenario by considering the one generation 14 1 limit.'® In this case

the associated mass matrix becomes,

0 mf, 0
Minv,lg = m”D 0 MR . (283)
0 Mgrp wu

Employing Eq. (2.38) to rotate into the mass basis for the heavy sterile neutrinos (to

first order)

0 im (1+ 445) m (1- o)
oty = [imh (14 gf)  Me—4 0 (2.84)
mb, (1- o) 0 Mg+ 4

5The active neutrinos are still taken to have a quasi-degenerate mass spectrum since, due to the
strong washout nature of the theory, the hierarchical limit as defined above is achieved before a very
large mass hierarchy is formed amongst the heavy SNs.

16 As mentioned previously, we need at least two vg states in order to satisfy neutrino oscillation data,
but it is convenient to examine this unrealistic but simple case in order to illustrate how p influences
the washout.
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FIGURE 2.4: Log-Log plots of final baryon asymmetry generated as a function of

ratio of heavy SN masses to light SN masses (which remains fixed at 1 TeV) for some

sample points. For computational convenience, only the ISS scenario is plotted and

therefore none of the points generate the correct asymmetry (as discussed in the text).

However, the plots serve to illustrate the freeze out of the asymmetry as some of the

sterile neutrino masses get heavier. By mueayy/ MLight ~ 9, the asymmetry is almost
completely insensitive to the heavy masses.
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and substituting the Dirac mass term, which in the one generation case is exactly

1/2
M
myy = 1 R (2.85)
NG
leads to an estimate of the naive washout parameter as
Ty, V45 M, M 2
(KN, = i = 1 ok (2:6)
H(T = MNz) 1671‘5/21}}2@1/1/9* U 4Mp

While K aive is the usual parameter within hierarchical, type-I seesaw leptogenesis which
determines the efficacy of asymmetry generation, with Kpaive < 1 known as the weak
washout regime and Kp,yve > 1 the strong, in seesaw models with small LNV effects this
washout estimate leads to unphysical behaviour. For small values of p in Eq. (2.86) the
washout grows without bounds. However, in the limit g — 0 there is no LNV within
the theory, so no asymmetry generation can occur in this limit and neither can any
washout of the asymmetry. Therefore the true washout should tend to zero in the same
limit. An ‘effective’ washout can be defined, however, by including the on-shell part of

1

the dominant AL = 2 scattering terms'’ on top of the usual inverse decay terms when

calculating the washout [134]. This leads to an effective washout estimate given by

52
1+ Lo g4 42
my,

N—_— —
K (2.87)

(KN, =~ (K90,

naive

with 0 ~ u/T'n. Due to the additional scaling factor, x, the correct behaviour is now
observed in each limit. For small values of 1, § < 1, and (K" y, ~ (K9 )n,6°
which now correctly goes to zero whereas for § > 1, (Kelge") N; ~ (Kigfvne) N;, and the
effective and naive washouts coincide. Interestingly while in the limit g — 0 no lepton
asymmetry can be created or destroyed, the thermal population of N; is controlled by
the Yukawa coupling h which is non-zero in this limit. Therefore leptogenesis via small
LNV effects, such as the ISS scenario we are considering, has the thermal population

of N; controlled by the naive washout whereas the washout of the lepton asymmetry is

controlled by (Kelge") ~;- This is in contrast with the vanilla, type-I seesaw where the

"The 2 «» 2 process, ¢l <> ¢7£°, is the most important process to include which has a contribution
from a minimum of two of N; due to the pseudo-Dirac nature of the heavy SNs. A majority of their
contributions cancel but the interference between the two does not [134].
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FIGURE 2.5: Left panel: Log-Log plot of the naive and effective washout as a function
of p. As p is decreased, the Yukawa coupling must increase in order to account for the
correct active neutrino masses thereby increasing the total washout, however when all
relevant AL = 2 LNV washout processes are included, which decrease for smaller p,
the effective washout tends to zero as u — 0. Right panel: Log-Log plot of the mass

splitting, (1 — 2;;) in blue (solid) against g- (hTh)jj in orange (dashed) as a function
of u. For the one generation case, y ~ 1073 GeV satisfies the resonance condition.

production of the heavy SNs and the washout of the asymmetry are both controlled by
(Klgen )N- )

naive

In the left panel of Fig. 2.5, the washout parameters are plotted against u, with Mg
fixed to 1 TeV and m, = 0.1 eV. For the region applicable to the inverse seesaw,
w < Mp, where the SNs are pseudo-Dirac, the theory is squarely in the strong-washout
regime as (Kigffe) ~; > 1. However, there are both regions of strong and weak effective
washout with (Kelgen) N, o< 2. Therefore this suggests that the asymmetry should be
independent of the initial conditions assumed for the population of N; due to the strong
washout nature of the thermal production of N; controlled by (Kégf$> ~; and that large
values of i lead to a washout of the asymmetry close to the naive value. The right panel

of Fig. 2.5 shows the mass splitting between the two sterile neutrinos

2 1,\2

My, Mp+ 3

1—3Uz‘j:1—< NJ) :1_(R72'u)22i2L
mNi

(2.88)

as a function of % (hTh)jj, the two parameters relevant for the resonance condition of
Eq. (2.44). Resonance can be achieved in the theory, allowing for the potential generation
of a net asymmetry, even in this regime of strong washout. It is important to note
that in the pure ISS, the parameter which determines the strength of the washout also
determines the mass splitting between the heavy sterile neutrinos; in other words, it also
affects the potential resonance contributions. The resonance condition is satisfied where

the two lines in the right-hand panel cross, at g ~ 1073® GeV which is in agreement
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with equating Eq. (2.88) to the decay width using Eq. (2.85). We observe that the region
of resonance corresponds to a high value of the washout parameter: (K elgen) N; ~ 1067,
The results presented in Fig. 2.5 are estimates of the strength of the washout in the theory
as well as the size of a possible resonant enhancement. Moving to a three-generational
scenario will lead to similar behaviour with regions of strong and weak effective washout
as well as a region of resonance. In Section 3.4.1 of Chapter 3 we will compare the above
rough estimates on (K_2")y, to a numerical computation of the effective washout with
all AL = 2 scattering terms included for the full three-generational scenario and find

similar conclusions to the shape of the left figure of Fig. 2.5.

For TeV scale sterile neutrinos, Eq. (2.86) can be used to estimate the required Majorana

mass p in order to move to the weak washout regime, Ky, < 1:
p~4TeV, (2.89)

which is completely outside the region of applicability of the I1SS.'8

Moving on to the full 3+ 3 scenario, Fig. 2.6 plots the generated baryon asymmetry from
numerically solving the Boltzmann equations as a function of p/GeV for the degenerate
case. All points generate the correct active neutrino mass differences; points in purple at
low 1 are excluded by unitarity violation. As we are specifically considering the scenario
of Dirac-phase leptogenesis, all points generate a baryon asymmetry of the correct sign for
dop ~ 3mw/2, though obviously the magnitude is too small by many orders of magnitude.
The thickness of the green band in Fig. 2.6 and for most figures that follow is due to a

scan over the Casas-Ibarra matrix R.

The reason for such a small amounts of asymmetry generated is that, in scenarios of TeV-
scale ISS, the generated asymmetry is heavily washed out. Figure 2.7 demonstrates that
a resonant enhancement occurs in the theory,' in line with expectations from the one
generation scenario. The resonant enhancement can clearly be seen in the left-hand plot

at u ~ 1073 — 107* GeV as expected from the one-generational toy scenario presented

18We note that Ref. [161] proposed a weak-washout scenario by setting the SN mass scale to 1 GeV
and relying on zero initial abundance of neutrinos close to the sphaleron decoupling point in order to
successfully satisfy the out-of-equilibrium condition for asymmetry generation.

19As the asymmetry is purely generated by the Dirac phase dcp, for this scenario > € =0 and
as such only one of the 18 CP-asymmetry parameters is plotted, in this case ¢]. Each CP-asymmetry
parameter €;* has similar behaviour due to the degenerate limit considered.
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FIGURE 2.6: The generated baryon asymmetry as a function of the lepton number
violating parameter p for the degenerate case. The points in purple, which correspond
to larger values in at least one of the entries of m?%,, are excluded by unitarity violation
limits for the PMNS matrix. In red is the required BAU, g ~ 6.21 x 1071°. For the
pure ISS scenario, the washout is extremely strong, even in regions of resonance and
therefore a sizeable asymmetry cannot be generated in the case of CPV via the Dirac
phase. The thickness of the green band is due to a scan over the Casas-Ibarra matrix
R.

above. The right-hand plot demonstrates where the resonance condition is satisfied where

An/Ty =(1—ay)/5 (hTh)jj and 1 — z;; is defined in Eq. (2.88).

However, while the net CP asymmetry generated per sterile neutrino decay may in-
crease, this is accompanied by an increased rate of washout, ultimately preventing the
generation of a sufficiently large final baryon asymmetry. This behaviour is obviously
unaffected by the hierarchy among the SN masses and therefore will be the same for the
hierarchical case. Regions of weak effective washout, where ||u|| < 107° GeV, generate
much smaller values of €' and therefore do not generate sufficient levels of asymmetry.
We find therefore find that both regions of strong and weak effective washout are unable
to generate sufficient asymmetry in the ISS scenario and confirm numerically that the
final asymmetry is insensitive to the assumed initial population of the heavy SNs in both
regions as (K;Zf\l) N; > 1. The strength of the washout could potentially be lowered in
some pure ISS scenarios by resorting to special textures of mY,, p or Mp. As an example
if a mass splitting is introduced by hand in the matrix Mg (in the degenerate scenario)
an additional resonant contribution will exist independent of u without generating an
increased washout along with it. Such textures would require additional symmetries in

the theory such as a flavour symmetry in order to justify their existence and we will
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FIGURE 2.7: Estimating the resonance contribution in 3+3 low-scale ISS models. Left
panel: Plot of the CP-asymmetry parameter € (in this case « = 1 and i = 1) as a
function of 4 (in GeV). A clear resonance peak appears in the regime: p ~ 1073 —107%.
The thickness of the green band is due to a scan over the Casas-Ibarra matrix R.
Right panel: Plot of Ay, /Ty, against the same parameter where Ax/T'y = (1 —
i)/ o= (h,ﬁhl,)jj where 1—z;; is defined in Eq. (2.88). The horizontal lines corresponds
to where the resonance condition is satisfied. Unlike in traditional resonant models, the
mass splitting between the heavy sterile states cannot be adjusted independently of the
required Yukawa couplings, because both depend on p. Nevertheless, a region satisfying
the resonance condition of Eq. (2.44) is possible.
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FiGuRE 2.8: A plot of the branching ratio of ¢ — ey in the low-scale ISS model as a
function of p (blue line). The green line is the current upper limit, while the orange line
is the combined future limit expected from MEGII and the p — e conversion experi-
ments, in particular COMET. While currently unconstrained, future cLFV experiments
will begin to probe the parameter space of these low-scale models. Due to the minimal
flavour-violating assumption taken, the size of the LFV is tied to the size of mY,.

BR(u —»

explore this possibility further in Chapter 3.

Finally, though unable to account for baryogenesis, the discovery potential of the ISS
through cLFV is estimated in Fig. 2.8, which plots BR( — e7).2’ The current limits

20 As discussed above, in regimes where the photon diagram dominates, u — ey and p — e conversion
are complementary.
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placed on cLFV processes involving electrons does not constrain the ISS model. The
parameter space which MEGII, COMET and Mu2E is predicted to probe is already
constrained from unitarity violation experiments. Due to the minimal flavour-violating
scenario considered, the cLFV effects are generated through the Casas-Ibarra parametri-
sation of mY, (rather than imposing large cLFV effects through non-diagonal entries in
Mg or p) which will therefore have the largest contributions in regions of small entries

in p for fixed choices in Mpg.

2.6.3 Inverse + Linear Seesaw Case

As in Section 2.6.2, we first consider a one-generation example to estimate how inclusion
of the LSS term influences the strength of the washout relevant for thermal leptogenesis.
As the LSS contribution to the light neutrino mass in Eq. (2.18) depends on an inverse
power of My compared to two inverse powers in the case of the ISS term of Eq. (2.14), its
contribution typically dominates in the light neutrino mass generation through m%,. The
washout efficiency of the ISS+LSS scenario can therefore be estimated by considering

the pure 1 + 1 LSS case,

0 mpH mg
Mlin,lg = mf) 0 MR . (290)
m;, Mg O

In this limiting case, the (non-unique) matrix rotation into the mass basis of the heavy
sterile neutrinos above the critical temperature can be performed exactly and takes the

form

0 (3= 3) (mp +ime) (3+3) (mp —imy)
Mg = Ufy MyinUsin = | (3 = 1) (m¥ + imy) Mg 0
(3 +3%) (mp —imp) 0 Mg
(2.91)
with
1 0 0

U= [0 (3-4) (3+3%) | (2.92)

0 (3+3) (-3
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FIGURE 2.9: Log-Log plot of the washout parameters as a function of my, in the one
generation LSS. The naive washout is minimised in this case for mz ~ 4.5 x 1074 [GeV]
with K, ~ 100, which is much lower than in the pure ISS case.

The neutrino oscillation data is recovered with a Dirac mass matrix of the form

mnMR

mp = —

2.93
2 (2.93)

which can be used to estimate the strength of the naive washout through the parameter,

1 2m, Mpr .
~Fo )| ———F+img
2 2 mry,

where an effective washout can be defined, with § ~ mp/m?, [162], similarly to the ISS

2

K]l\;]en _ PNl A 45Mp

/ = 2.94
! H(T = MN«;) 167T5/2U]2,3ng/2MR ( )

section above with identical behaviour such that for large values of mj, the effective and

nalve washouts coincide and for small values of my, the effective washout tends to zero.

Figure 2.9 plots the naive and effective washout parameters in the pure one-generation
LSS as a function of my. Similarly to the case of the pure ISS, for O(TeV) scale sterile
neutrinos, the washout remains strong. However, as a result of the mixing between vg
and S, lower values of the washout exist. More importantly, the parameter determining
the strength of the washout, mr, does not impact the mass of the heavy sterile neutrinos
(above the critical temperature), by contrast with the case of the ISS. Therefore when
both p and my, are turned on, my, will largely be responsible in determining the neutrino
masses and couplings (and therefore largely responsible in determining the washout of
asymmetry as p will generally be sub-dominant), whereas only p introduces a mass
splitting between the heavy sterile neutrinos above the critical temperature. Therefore

when both parameters are switched on, resonant Dirac-phase leptogenesis is possible at
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FIGURE 2.10: The generated baryon asymmetry for the degenerate case as a function
of the Majorana mass u (Left Panel) and the lepton number violating parameter mp,
(Right Panel). The points in purple, which correspond to large values of mp, are
excluded from unitarity violation limits on the PMNS matrix. In red is the required
BAU, g ~ 6.21 x 10719, Generation of the correct asymmetry is possible in regions
close to where the naive washout is minimised (but still in the strong regime) and
requires 107> < myz/GeV < 1073 along with 10716 < 11/GeV < 1076 where resonance
occurs due to the small mass splitting.

relatively low values of strong washout.

2.6.3.1 Degenerate Limit

Figure 2.10 plots the baryon asymmetry generated as functions of u and my for the
degenerate case where all Mp masses equal 1 TeV, as per Section 2.6. Similarly to the
pure ISS case, all points generate an asymmetry of the correct sign for 6cp = 37/2. The
points in purple are ruled out by non-unitarity of the PMNS matrix and are characterised
by low values of my,, as can be seen in the right-hand plot. In order to generate the correct
asymmetry for these TeV scale sterile neutrinos via the Dirac phase, two ingredients are
necessary: the LSS term, mp, needs to be close to the region in which the naive washout
is minimised, 107° < my/GeV < 1073, and the ISS term, pu, is required to be in the
broad range 10716 < 11/GeV < 1079 in order for the mass splittings amongst the heavy

sterile neutrinos to provide a resonant contribution to the asymmetry generation.

Figure 2.11 plots the CP-asymmetry parameter €* as a function of p for fixed bands
of myp. While a clear resonance exists as p is lowered for all snapshots, it is only for
regions close to where the naive washout is minimised that the resonance enhancement

is able to generate a sufficient asymmetry?!. This serves to illustrate that for O(TeV)

Z'For the hierarchy p > myz the neutrino mass matrix will be approximately given by the ISS mass
term and therefore the leptogenesis implications are unchanged from the section above. For small values
of my, (with p smaller) the effective washout may be small enough to be weak however there will be
less LNV within the theory and we therefore find that this leads to insufficient asymmetry generation.
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FIGURE 2.11: Log-Log plots of CP asymmetry parameter € as a function of p for
fixed values of m, described above. In each case a resonant enhancement can occur for
a given range of p which controls the mass splittings amongst the SNs.

scale extended type-1 seesaw models, both the LSS and ISS contributions are required in
order for thermal leptogenesis to be possible, potentially providing a unique experimental

signature of pseudo-Dirac sterile fermions with leptonic decay channels.

Figure 2.12 plots the average washout parameter in the three generation case, which
closely resembles the pure LSS one-generation plot of Fig. 2.9. From Fig. 2.12, it is
evident that contributions to the washout (and therefore the couplings h) from p are sub-
dominant compared to mp, justifying the assumption that my, is almost solely responsible

for determining the strength of the washout, even at low values.

In the case of Dirac-phase leptogenesis, a region of parameter space exists for both my,
and p for the well-motivated choice dcp = 3m/2. Figure 2.13 plots BR(u — e7v) as a
function of my. Similarly to the pure ISS case, current and near-future cLFV experiments

will not probe regions where Dirac-phase leptogenesis occurs.
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FIGURE 2.12: Log-log plot of the average naive washout parameter Ky'® = 52 Kn,
in the three-generation case as a function of my/GeV. Comparison of this with the
one-generation case of the pure LSS as in Fig. 2.9 justifies the claim that the ISS term

is sub-dominant to the LSS in the generation of m?,.
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F1GURE 2.13: A plot of contribution to g — ey in the low-scale ISS+LSS model
for the degenerate case. The horizontal green line is the current experimental upper
limit and the orange line is the combined future limit expected from MEGII and the
1 — e conversion experiments, in particular COMET, assuming the penguin diagram
contribution dominates. Regions of small my in the ISS+LSS model are currently
constrained. The points in red generate a baryon asymmetry in the required region,
4x 10710 < np < 8 x 10710, This region is currently unconstrained and will remain so
in the future. The points in blue give rise to asymmetry values that are too small.

2.6.3.2 Hierarchical Limit

In the hierarchical case, in which the heavier SNs are set to 5 TeV as justified in Fig. 2.4,
Dirac-phase leptogenesis is also possible, as illustrated in Fig. 2.14. The asymmetry
is produced via the same mechanism as in the degenerate case: the relevant area of
parameter space is where mjy minimises the strength of the naive washout, and the
resonant enhancement is due to mass splittings driven by a small g. Unsurprisingly, this
occurs in a smaller region of ;4 and my, than before, 5 x 1072 < my,/GeV < 5x 1072 and

10712 < p/GeV < 1076, compared to the degenerate case, making the hierarchical case
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FIGURE 2.14: The generated baryon asymmetry as a function of the Majorana mass

1 (Left Panel) and the lepton number violating parameter my, (Right Panel) in the

hierarchical case. The hierarchical case behaves similarly to the degenerate case with

slightly more constrained allowed couplings, 5 x 1072 < my/GeV < 5 x 1072 along

with 10712 < u/GeV < 107% compared to the degenerate case. The points in purple
are excluded by unitarity violation limits on the PMNS matrix.
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FIGURE 2.15: A plot of contribution to p — ey in the low-scale hierarchical ISS+LSS
model. In green is the current limit from MEG and in orange is the combined fu-
ture limit from MEGII and the y — e conversion experiments, in particular COMET,
assuming the penguin diagram contribution dominates. Regions of small m in the
ISS+LSS model are currently probed and constrained by MEG and future experiments
will serve to slightly improve the sensitivity on my. The points in red generate a baryon
asymmetry in the region 4 x 10710 < np < 8 x 10710, This parameter region is un-
constrained by current experiments and beyond the reach of future cLFV experiments.
The points in blue give rise to asymmetry values that are too small.

more constrained. This result is similar to that found for the type-I Dirac-phase case in

Ref. [128].

The constraints from current and future cLFV are of similar strength as in the degenerate
situation: low scale, viable Dirac-phase leptogenesis cannot be constrained by unitarity
violation or cLFV processes as demonstrated in Fig. 2.15. Singlet neutrinos may be
produced at particle colliders however the classic signal of same-sign dileptons [163] is

suppressed due to the pseudo-Dirac nature of the SNs. Trilepton production has been
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studied in [144] where constraints have been derived on the mixing between the active
and sterile states ]BINIQ. However, in our model the region of successful Dirac-phase

leptogenesis has |BlN|2 ~ 107'2, far too small to be constrained at the LHC.

2.7 Summary

In this chapter we have studied the thermal leptogenesis implications of the low-scale
3+3 inverse-seesaw (ISS) and extended inverse-seesaw (ISS+LSS) models when the mass
splittings between the SNs are only given by LNV parameters. Both scenarios provide a
framework for TeV-scale sterile neutrinos, with much larger Yukawa couplings required
in order to account for current active neutrino oscillation data, in contrast to the vanilla
type-1 seesaw mechanism. The implications of purely Dirac-phase leptogenesis were
considered, as values of dcp € (0,27) \ {7} will necessarily contribute to the asymmetry
generation in any low-scale seesaw model, and dop remains the only phase that can be

measured by neutrino oscillation experiments.

In the pure ISS scenario, the washout is too strong for asymmetry generation even when
incorporating resonance effects where no special textures are assumed in the theory
beyond diagonal couplings. In the ISS+LSS scenario, successful leptogenesis can be
achieved due to the mass splitting between the sterile neutrinos providing a resonant
enhancement of the asymmetry, a regime which is naturally motivated in the model
if the LNV parameters are taken to be small from technical-naturalness arguments.
Degenerate and hierarchical cases were considered, and in both situations predictions for
the entries of the matrices my, and p are made in order to achieve successful Dirac-phase
leptogenesis. Unsurprisingly, the hierarchical case appears slightly more constrained than
the degenerate case. However the hierarchical case demonstrates that in the ISS+LSS
scenario resonant thermal leptogenesis is possible without the need for inter-generational

mass degeneracies between the six SNs.

The discovery potential of these models from precision tests was considered, particularly
through probes of unitarity violation in the PMNS matrix and charged-lepton flavour-
violating processes such as BR(u — ev) and u — e conversion. It was found that regions
of successful Dirac-phase leptogenesis do not coincide with the current or future reach

of such cLFV experiments or unitarity tests. Collider tests were also briefly considered,
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but the active-sterile mixing in regions of successful Dirac-phase leptogenesis is too low
for near-future discovery. It is worth noting, however, that an extension to a left-right
symmetric model or similar, well-motivated by the neutrino mass basis choice we have

employed, would increase the experimental signatures of such a scenario.

Crucially the above analysis insisted that the mass splittings between the masses of the
heavy SNs was purely from the LNV parameters within g. In the next section we will
explore the possibility of sufficient lepton asymmetry generation in the ISS or LSS models
with additional resonance effects included within the matrix Mg. In order to motivate
these small mass degeneracies we will assume the SM is extended by a flavour symmetry
and show how the ISS and LSS models are also the minimal choices as leptogenesis

candidates in type-I-like seesaw models.



Chapter 3

Low-scale Resonant Leptogenesis
with a Minimal Lepton Flavour

Violating Hypothesis

3.1 Introduction

The previous chapter argued that in the specific case of the LSS, above the electroweak
phase transition, the heavy SNs are degenerate in mass and therefore self-energy diagrams
vanish, leaving only the highly-suppressed vertex contributions to produce the CP asym-
metry [164]. In the case of the ISS, a mass splitting is generated at high temperatures
allowing for a resonant enhancement in the self-energy contribution for a specific choice
of us. However, decreasing the mass splitting also increases the efficiency of washout
(as there is less L violation and therefore less B violation) and we find that asymmetry
generation cannot occur, assuming the mass splittings are generated by small LNV pa-
rameters |1, 165-167] for the ISS at the TeV scale. BSM theories often generate either
an ISS or LSS, but not both terms simultaneously if the scalar sector of the theory does

not allow the required couplings.

In this chapter we explore the idea that in addition to the intra-family SN degeneracies
naturally present in such theories, there is also the possibility of a quasi-degeneracy
between SNs from different families, a flavour degeneracy in other words. To that end

we explore a scenario in which an SU(3)2®S50(3)? flavour symmetry, to be defined below,

72
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is utilised in the lepton sector. Due to the SO(3) symmetry, mass terms for the heavy
SNs are proportional to the identity matrix and lead to a flavour degeneracy amongst the
SN states in both the ISS and LSS scenarios similar to the degenerate spectrum scenario
considered in Chapter 2. However, radiative effects induce SO(3)-breaking terms which
in turn break these degeneracies, enabling a resonant enhancement in the asymmetry

generation for both the LSS and ISS scenarios.

We work in the framework of an extended version of the Minimal Lepton Flavour Vi-
olation (MLFV) [168, 169] scenario, which is itself an extension of the well-established
idea of Minimal Flavour Violation (MFV) within the quark sector [170-172|. The MFV
scheme is an ansatz designed to address the very stringent bounds placed on new physics
from various rare hadronic decays and neutral meson oscillations. It is motivated by the
idea that taking the Yukawa sector couplings to zero recovers five separate!’ flavour space
rotations which leave the Lagrangian invariant. Therefore an MFV (or MLFV) ansatz
is based on the core principle that these are “good” flavour symmetries which are broken

solely by the SM Yukawa fields.

Under this ansatz, Yukawa couplings are said to arise from dynamical fields typically
known as ‘spurions’ which transform under the flavour symmetries such that the La-
grangian is flavour invariant. These spurion fields are taken to have non-zero vevs which
spontaneously break the flavour symmetries and thereby induce the masses and flavour
mixing we observe. As a result, in its most minimal realisation, any flavour changing
process can be predicted from the well-measured Cabibbo-Kobayashi-Maskawa (CKM)

mixing matrix and the fermion masses.

Due to the multiple distinct ways in which neutrino masses can be incorporated into the
SM there is no unique way of defining an MLFV ansatz, in contrast with MFV in the
quark sector. The potential connection between an MLFV ansatz and resonant leptoge-
nesis? has been identified previously [174-176] in the type-1 seesaw context. Since then
it has been discovered that, due to developments within flavoured leptogenesis, there is
a significant reduction in the allowed parameter space® [136, 177, 178] specific to MLFV

leptogenesis which we explain in Section 3.3. Additionally, in order to produce large

!In the absence of neutrino mass. If neutrino mass is included more rotations are present.

2See [173] for an example of an MLFV ansatz which incorporates leptogensis without resonance
effects.

3Recently it was found that flavour effects can still be relevant at much higher temperatures than
thought previously, potentially reducing the allowed parameters space even further [129)].
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leptonic flavour violation whilst suppressing neutrino masses in such models, a separa-
tion between the scale of lepton-number violation (LNV) and lepton-flavour violation
(LFV) should exist which is not present in the type-I seesaw alone [175, 179]. Neither
of these issues are present for MLFV in the ISS and LSS, allowing the possibility of
MLFV-induced resonant leptogenesis in these scenarios. We assume an ansatz such that
the heavy sterile Majorana neutrinos introduced have exactly degenerate masses in the
Lagrangian, motivated by the flavour symmetry of the theory. Radiative effects will
break this down to a quasi-degeneracy between the SNs, leading to small mass splittings,
from which a resonant enhancement in the asymmetry generated per decay of SN will
occur. For some choices of parameters which we will identify, this enhancement is able
generate the necessary baryon asymmetry observed in the universe. We will explore the
viability of leptogenesis both from PMNS phases (specifically only the Dirac phase for
the same reasons as in Chapter 2) alone [1, 2, 126-128] as well as from CPV parameters

related to the heavy SNs.

This chapter is organised as follows. Section 3.2 reviews the basic idea behind the
MFV and MLFV ansdtze including justification from hadronic observables for the MFV
hypothesis. Section 3.3 describes our technique for calculation of the baryon asymmetry
in the ISS and LSS models with MLFV, while Sec. 3.4 provides a description of our choice
of scans and a discussion of the results. Here we also briefly assess the discovery potential

of these models at current and future cLF'V experiments. We conclude in Sec. 3.5.

3.2 Model

3.2.1 MFYV in the quark sector

The Minimal Flavour Violation ansatz [170-172| recognises that, in the massless limit of
absent Yukawa couplings, the quark sector of the three-family SM is invariant under a
product of U(3) flavour groups, where an individual U (3) acts in flavour space on a given
type of SM multiplet: gz, ur and dg. Utilising U(3) = SU(3) ® U(1), the quark-sector

flavour group may be expressed as

G9 = UMp@UW)u@Ul)u ® SUB)y @SUB)uy @ SUB) 4. (3.1)

Qf glc\?A
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Ul)p UM gu UM)ya  SUB)g, SUB),, SUB),
a, 1/3 1 3 1 1
up 1/3 ~1 0 1 1
dp 1/3 0 ~1 1 1 3

TABLE 3.1: Representations of the SM quark fields under the Abelian and non-Abelian
parts of G which leave the kinetic terms of the SM Lagrangian invariant.

The Abelian transformations are flavour-blind and we have the freedom to rotate and
identify them with baryon number and two axial rotations [180]. The non-Abelian trans-
formations do act in flavour space; they govern interactions between the different flavours
and hence are responsible for the flavour violation in the theory. Table 3.1 defines the
representations of the SM quark fields under the flavour symmetries and specifies a basis

for the Abelian generators.

The Yukawa terms in the SM are not invariant under these flavour transformations, but
can be made invariant if the Yukawa matrices are ‘promoted’ to be spurionic fields.?
Unique transformations under the flavour symmetries are assigned to the spurions in
order to make the would-be flavour-breaking terms invariant. This is a hypothesis mo-
tivated by the lack of experimental evidence for new flavour-violating physics; it should
be treated as the low-energy limit of an unspecified higher-scale, renormalisable the-
ory. The necessary transformations under the non-Abelian symmetries are summarised

in Table 3.2.

Quark masses are generated in this framework when the spurionic fields acquire nonzero
vevs alongside the SM Higgs doublet. These background values relate to the physically

measurable quark masses and mixings where we have the freedom to choose a basis such

that
V2 A V2
(Vu) = 7V(1:KMmu and (Va) = mq (3.2)
VEW VEW
where
My, = diag(my, me, my) and mq = diag(mg, ms, mp), (3.3)

“In this chapter, promoting a Yukawa coupling to be a dynamical field will be represented by Y; — ;.



Chapter 3. ISS and LSS Leptogenesis with MLFV 76

SU@B)q, SUB)y, SUB),,
Vu 3 3 1
Y, 3 1 3

TABLE 3.2: Representation assignments for Yukawa spurions such that the Yukawa
terms in the MFV effective theory respect the flavour symmetry which exists in their
absence.

Vokwm is the quark mixing matrix measured by experiment and here, by the usual con-
vention, we have chosen the vevs of the spurion fields such that the down-type matrix is

diagonal and the up-type is not.

The MFV ansatz is based on two assumptions about the high-scale, renormalisable the-

ory:

e The flavour symmetry present in the SM quark kinetic terms is a ‘good’ symmetry
which the high-scale sector respects. The only sources of flavour syminetry breaking
within the theory at the high scale are from the vevs of the Yukawa coupling
spurions.® The dynamics by which these vevs are generated lie in the unspecified

high-scale theory.

e The SM is an effective theory for which all renormalisable and non-renormalisable
operators must respect both the gauge and flavour symmetries of the theory. All
operators which are not formally invariant under the flavour symmetry are made

so by insertions of the appropriate combinations of Yukawa fields.

A number of consequences follow from this ansatz.

SM effective field theory operators which describe flavour changing processes require
insertions of spurion combinations in order to become flavour invariant. For example,
the four-fermion operator (Qv,Qr)(QLy" QL) is forced to be flavour preserving by the
flavour symmetry. In order to get a related AF = 1 operator, a spurion insertion must be
made: Oy = (@yuyiwcg £)(Qry*Qr) is flavour invariant due to the insertion of yuyl,
but gives rise to flavour-changing processes when the spurions acquire vevs. Due to the

hierarchy of the couplings within ), there is an in-built suppression of flavour-changing

5Therefore under this ansatz flavour violation is completely dictated by the flavour structure of the
Yukawa terms in the Lagrangian; any new physics introduced into the theory should not contribute to
flavour-changing processes.



Chapter 3. ISS and LSS Leptogenesis with MLFV 77

Hadronic Process Bound on Anp

K9 — KO 9 x 103 TeV
By — Bq 4 x 102 TeV
B, — B, 7 x 10 TeV

TABLE 3.3: Approximate lower bounds on the scale Axp of new physics from precision
measurements of neutral meson oscillations assuming dimension six and O(1) Wilson
coefficients [181]. The bounds are stronger when first-generation quarks are involved.

processes for the first two generations of quarks. A list of relevant spurion insertions for

operators involving fermions at dimension six can be found in [172].

Of particular importance when adapted to resonant leptogenesis, which will be discussed
in more detail later, all terms in the lowest-order MF'V Lagrangian will receive corrections
to their couplings from spurion terms which transform in the same way as the basic

spurion under the flavour symmetry. For example, in
Qr (Vut+ eV Yy, + . ) duH, (3.4)

the higher-order term ydygyd transforms in the same way as ), and therefore under
the ansatz has to be included. As Yukawa spurion vevs are small in magnitude these

corrections are generally not significant.

3.2.2 MFYV vs Experiment

The motivation behind adopting the MFV ansatz is due to the strong limits placed on
the mass scale of new physics from flavour-violating hadronic processes involving the first
generation, as illustrated in Table 3.3. If new physics appears at scales lower than these
bounds it would indicate that either flavour violation arises solely, or dominantly, due to
the SM CKM matrix indicating an MFV-like theory, or that it could couple dominantly

to the heavier generations which have less stringent bounds.

A key advantage of the former assumption is that strict relations between different flavour
changing processes arise due to precise measurements of the CKM parameters. Therefore
MFV-like theories have a degree of predictivity which can aid experimental searches. In

the case of an exact MFV ansatz, relations amongst different flavour transitions, e.g.
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Hadronic Process Measured value or upper limit MFV prediction

Acp( B — Xgv) 0.014415:0139 <0.02

B( K — ) < 2.6 x 10710 <2.9x10710
B(B = Xst7717) - [0.2,3.7] x 1077
B(B — Xgv ) (1.4175:37) x 1075 [1.0,4.0] x 107°
BBy — ptp™)  (0.397518 x 107) cas Lucs <0.38 x 1077

< (0.21 x 107 opas

TABLE 3.4: Predictions for some rare hadronic observables under the MFV ansatz [182—
184], based on other precisely measured processes, compared with their current exper-
imental limits [185-189].

b — s,b - dand s — d, can be used to make predictions of unmeasured (or poorly
measured) observables [182-184], some of which are summarised in Table 3.4. They
can be compared to their corresponding experimental measurement or limit [185-189]

showing strong correlation.

Most channels have measurements (or upper limits) in agreement with MFV predictions,
however a discrepancy exists for By — putpu~ between the CMS/LHCD [186] and AT-
LAS [189] collaborations. CMS/LHCb measure the rate for this process at the limit of
the MFV prediction, whereas ATLAS place an upper-bound consistent with MFV. More
precise measurements are required and could potentially suggest a deviation from an
exact MFV theory. Certainly, however, we have strong evidence that flavour violation is

dominantly generated by the Yukawa couplings.

3.2.3 MLFV

While the MFV ansatz for the quark sector can be uniquely implemented (with strong
agreement with measurement) there is an issue when extending this concept to leptons.
Currently we do not know the origin of LFV observed experimentally and most im-
portantly whether the light neutrinos are predominantly Dirac or Majorana. One may
expand the MFV ansatz to the lepton sector, which is termed MLFV, but a dependence
exists on the specific SM extension adopted for neutrino mass generation as well as an
additional freedom in choosing which couplings are flavour violating [190] which we will
explain below. The simplest approach is to extend the SM by three right-handed neutri-

nos Npg in the usual way where lepton number violation occurs through gauge-invariant
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Majorana neutrino mass terms,
Loposaw = Lgs = Lssy (3.5)
where L, is the usual kinetic term and
LY = el YeerH + GDZLYD”NRET + %MN]\T%YNNR + h.c. (3.6)

The numbers e, p and py are to be distinguished from the matrices (in flavour space)
Y. v and Y} which will ultimately act as sources for the breaking of the Abelian and
non-Abelian flavour symmetries respectively (once promoted to spurions having non-zero

vevs).

Similar to the quarks and MFV, the gauge sector of the leptons obey a flavour-transformation

invariance which can be defined analogously to Eq. (3.1):

G'= U(), @U(), @U(1),y © SU@B), ®SU@B) ©SUB), . (3.7

L €r R

L L
gA gNA

In the absence of LM

M, the Lagrangian is invariant under the following SU(3) rotations

b, — U Ly er = Uepep Np = Uy, Np (3.8)
implying the following representations for the fields:
0, ~ (3,1,1) ep~ (1,3,1) Np ~ (1,1,3). (3.9)

Once again, flavour invariance can be recovered (once LY is reintroduced) by promoting
the relevant couplings to spurions with fixed transformation properties under the flavour

symmetries,
Ve = Uy, Y UL, Vb = U, YHUl, Yy = Uiy Yy Uk, (3.10)
implying the following representations for the fields

Y, ~(3,3,1) VY~ (3,1,3) Yy~ (1,1,6).  (3.11)
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Lepton masses and mixings appear once these spurionic fields acquire non-zero vevs along

with the SM Higgs. We are free to choose a basis such that

\/§ A v — v 2:“'1\7 A
(Ve) = U my, <yD><yN1><(yD)T> = TUPMNS my UgMNS
EW VEw
(3.12)
where
1y = diag(me, my, mr), my, = diag(muy, , Muyy, Myg). (3.13)

It is clear from Eq. (3.12) that it is not possible to assign unique background values
to the spurions V7 and Yy in terms of physically measurable parameters. Rather, it
is the combination in the seesaw formula that is fixed by the physical observables. As
a consequence each individual spurion cannot be uniquely written in terms of physical
masses and mixings. In the quark sector, under the MFV ansatz, higher-dimensional
operators which control rare processes are made flavour invariant from the necessary
combination of spurion fields. As their background values are only dependent on quark
sector masses and mixings, this prevents any sources of new physics from contributing
in a way not aligned with the SM flavour violation. For the lepton sector, however, rare
flavour-violating processes will not in general be made invariant by the exact combination
yg,nglyg, but through different combinations of these two spurions (see [169] for a list
of examples). Therefore specific flavour-changing processes cannot be uniquely written

in terms of physically measurable parameters in the same way they can be for MFV.

Predictivity can be recovered if only one of the spurion fields is assumed to have non-
trivial flavour transformations, and therefore the other will not act as a source of flavour-
symmetry breaking. Usually, it is assumed that the Majorana mass term does not act
as a source of lepton-flavour breaking and, and as in the quark sector, only the Yukawa
couplings are responsible. If it is assumed that the Majorana mass term is lepton-flavour
blind, then Y must necessarily be equal to the identity matrix (in flavour space). Under

this assumption the non-Abelian flavour symmetry of the theory® reduces to

Gy = SU(3), ® SU(3)er, ® SO(3)ny, @ CP. (3.14)

6A alternative approach is to assume G, = SU(3)v— (¢, +np) ®SU(3)ey, and then via Schur’s Lemma
one of the flavour space matrices must be unitary which can be rotated to the identity matrix with a
field redefinition. Under this assumption no degeneracy is implied amongst the right-handed neutrinos
and CP invariance is not necessary. [191]
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The lepton-flavour symmetry is broken by V7, and Y. which can now be written uniquely

in terms of lepton masses and mixings

2 2
V) = V2 e VO™ = N Uppins 11t Ubins: (VN) = Taxs.
VEW VEw

(3.15)
The measured masses and mixings in the lepton sector fix the combination Y% (V%)
in this setup and not the spurion V¥ itself. However, often the combination Y% (V%)
(which transforms as a (8,1,1) under GF) is required to be inserted for many operators.
Without the imposition of CP invariance, additional and yet unmeasured phases will
appear in the predictions for flavour-changing processes. However, in general we expect

CP violation (CPV) to be present in the lepton sector.

Allowing for leptonic CPV, as necessary for leptogenesis, a slightly less minimal ansatz
is required, namely

Gy = SU(3)s, ® SU(3)ey, @ SO(3) N (3.16)

Lifting the assumption of CP invariance introduces new non-SM phases, as well as allow-
ing non-trivial phases in the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix.
While they spoil the absolute predictivity of the theory, they generally lead to only small
deviations in cLFV observables [174-176]. This is not in conflict with experiment (as it
might be in the quark sector) as currently no cLFV processes have been measured. Ad-
ditionally, although not definitive, there is an interesting possibility for CPV in neutrino
oscillations [192] motivating the less-minimal definition of the MLFV principle, where

phases are allowed and their effect on measurable processes are taken into account.

As already emphasised, MFV and MLFV should be understood as hypotheses motivated
by experiment and do not provide a complete UV description of the flavour sector.
Attempts have been made in moving from this ansatz to a renormalisable model. In
particular in the case of the simplest type-1 MLFV ansatz, the spurion scalar potentials
have been studied [193-195| with suggestive conclusions. For hierarchical masses amongst
the charged leptons, large mixing angles appear when Majorana neutrinos are considered,
whereas in the quark sector small mixing angles are predicted. It has been suggested
that the disparity in the mixing between the lepton and quark sector is therefore due to

the Majorana properties of the right-handed neutrinos. These results suggest that UV
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completions of the MFV and MLFV ansdtze could ultimately explain the origin of the

flavour structure of the SM.

3.2.4 MLFV and the inverse and linear seesaw models

It was noted in [168, 175, 179] that in order to generate measurable LFV effects whilst ex-
plaining the smallness of the active neutrino masses, a decoupling between the LFV scale
and LNV scale is required such that Ajpy < Apn. This observation, coupled with any
future measurement of cLFV, motivates the incorporation of such a scale separation into
the MLFV hypothesis. Note that LNV arises from the breaking of Abelian symmetries

in Eq. (3.7), whereas LF'V arises from the breaking of the non-Abelian symmetries.

Scale separation, however, does not occur in the minimal version of the type-I and type-
ITT seesaw mechanisms where only one new scale is introduced such that Appy = Apny =
py- Under an MLEF'V ansatz the flavour spurions decouple when the LNV scale is taken
to infinity [179], preventing significant LFV. In contrast it was argued that the type-11
seesaw does exhibit such a behaviour as ANy ~ Mi/,uA while Aypy ~ Ma, where Ma
is the mass of the triplet and pa is the dimensionful cubic coupling constant between
the triplet and the SM Iiggs doublet. This therefore defines the only minimal seesaw
model for which an MLFV ansatz may lead to significant LFV.

The simplest’ fermionic completions which achieves a natural scale separation are the
ISS and LSS mechanisms (and a combination of the two) where small LNV parame-
ters are introduced in order to ensure an approximate U(1)y symmetry. As discussed
in Chapters 1 and 2, additional sterile neutrino degrees of freedom Sy, are introduced

alongside the right-handed neutrinos Vg,

‘cESS = Egss - Ei\zﬂss, (3-17)

ﬁglss = feayeHeR + eDEyly)(bCNR =+ GLEyL(bC (SL)C + mR<NR)C yR (SL)C (3 18)

1 = c 1
+ i,U/S SL J/MS (SL) + §MN (NR)C‘)}MNNR + h.C,

where it is conventional to choose L({1) = L(Ng) =1 and L(S1) = —1.

"In [175] it was suggested the two scales could be made distinct by embedding the minimal type-
I seesaw mechanism into an extended theory such as the MSSM, where Arpy = m; ~ O(TeV) is
proportional to the soft-SUSY breaking terms.



Chapter 3. ISS and LSS Leptogenesis with MLFV 83

As in the case of type-1 MLFV, ); correspond to dimensionless 3 x 3 matrices in flavour
space associated with the breaking of G&,. We impose an SO(3) rather than SU(3)
flavour invariance for the heavy singlets to ensure that only the Yukawa interactions
with the Higgs doublet act as sources of flavour-symmetry breaking. Therefore all bare
mass terms related to the heavy singlets are proportional to the identity matrix. The

flavour symmetry of the theory is defined analogously to Eq. (3.7),

€ =U1),@U1)a@U)an @U(l)gs @ SUB)y, @ SU3)ep, @ SO3)ny, @ SO(3)s,, -

G N (3.19)

The mass matrix has the form

0 %GDyEUEW %ELyLUEW
M, = %GD(:))B)TUEW MNy#N mRyR (320)
%ELJ)EUEW mRrYp PsVug
where for the ISS (¢, = 0)
m2
ALNV ~ TR and ALFV ~ Mg (321)
and for the LSS (p, pg = 0)
Mg
ALNV ~ — and ALFV ~ Mpg. (3.22)

NG

The imposition of small lepton number violation means that ug, py and €, are small.

This provides the desired separation of scales.

As with the quark sector and the example of the minimal type-I seesaw model, the kinetic

terms in Eq. (3.17) are invariant under the following flavour rotations

KL—>U5L€L (&5 — Z/{eReR NR%ONRNR SL%OSLSL (323)

where U; are 3 X 3 special unitary matrices, O; are 3 x 3 real-orthogonal matrices and

for example ¢; = (e;, p;,7;). The leptons therefore transform as fundamentals under
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their respective non-Abelian rotations
r ~(3,1,1,1) er~ (1,3,1,1) Nrp ~(1,1,3,1) Sr~(1,1,1,3). (3.24)

It follows that Eq. (3.18) can be made invariant by promoting the relevant couplings to

dynamical spurions with the flavour transformation properties,

Ve o Uy, VUl YV — U YHOR, Vi — UYL 0f, (3.25)
implying that

Ve~ (3,3,1,1) Yy, ~ (3,1,3,1) Yr~(3,1,1,3). (3.26)

Lepton masses and mixings result as usual from non-zero vevs for the spurion fields

where, similarly to Eq. (3.12), a basis can be chosen such that

\/5 N y .y 2m?2 R
(Ye) = my HNIR)T) = 3 B Upmns iy Upyns— (3:27)
VEW VEwHs
in the case of the inverse seesaw and
V2 y y 2m .
(Ve) = ——1iy YV + (YLU(VD)T) = 5 Upnans 1w Upins - (3.28)
vEW VEweL

in the case of the linear seesaw.

3.3 Leptogenesis

The leading-order flavour degeneracy amongst the heavy SNs is built into the ansatz,
with higher order spurion effects breaking the degeneracy. This allows for a resonant

enhancement in asymmetry generation.

The case of the simplest MLFV scenario has been explored in detail [174-176, 196].
Recent developments related to flavoured leptogenesis [136, 177, 178] have, however,

highlighted the importance of a term not previously included, such that the flavoured
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CP-asymmetry is proportional to

~ 6
e 23 am{ (V) (0),.; | Re { (V0)1VB),; } + O(p)%). (3:29)
i
Equation (3.29) requires the existence of real, off-diagonal entries in ()%))%, in order for
non-zero asymmetry generation to appear at lowest order in the couplings. It turns out
that this presents a problem, as we now review, and provides an independent motivation

for the ISS and LSS extended seesaw schemes in the MLFV and leptogenesis context.

In the case of the MLFV ansatz implemented in the type-1 seesaw scenario, the radiative

corrections to the SN Majorana masses are incorporated through

AN = punlsxs + Opy, (3.30)

where p, is defined in Eq. (3.6) and the SO(3) breaking source du, arises from all
spurion insertions that transform such that the combination Nif_zé,u N Np is flavour in-
variant. For the remainder of this chapter, Majorana masses with tildes will denote that
corrections have been included whereas without will denote the SO(3) conserving bare

mass. At lowest order they are

oy = n [ (V)5 + V)T ()]
= 2uym Re{(Vp)'Vp} (331)

where n; is a Wilson coefficient which at the effective level is a free parameter. The two
terms appearing in Eq. (3.31) can be checked to transform in the appropriate way by
applying the rotations defined in Egs. (3.24) and (3.25) to the terms of Eq. (3.31). For
the MLFV ansatz these terms must be included, but we remain agnostic as to how they

are generated.

In order to calculate the CP-asymmetry one must first rotate the SN into their mass

basis (above the critical temperature). The unitary matrix responsible for diagonalising
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the heavy SNs in this case is real (and therefore orthogonal):

0 mY,
—
(mp)T pylaxs +0uy
0 mpO 0 m,0
= . (3.32)
(’)T(mVD)T (’)T(MN]lg—i-(SuN)(’) (’)T(m’l’))T [N

where fiy = diag(py + 901, pyy + 02, e +93). Due to the degeneracy required in )V, and
the allowed flavour invariant terms of Eq. (3.31) the rotation matrix O is exactly the
matrix which diagonalizes Re {(Y%)TV%}. Therefore the CP asymmetry for flavoured

leptogenesis shifts to
Re {(V5) 1V} = Re {OT(V5)Vp0} = OT e { (V5)'Vp O = diag(...)  (3.33)

which has no off-diagonal terms and thus the CP asymmetry vanishes exactly. A non-zero
asymmetry could potentially be recovered by including higher-order terms of O((Y%)°)
of appropriate form. However, due to the suppression from the additional powers of
couplings in the assumed perturbative regime, a substantial asymmetry will be difficult

to generate even if resonance effects are present.

Alternatively, the consideration of higher-order corrections to the Majorana mass which
are not all aligned in flavour space will cause non-zero real entries in the relevant term
of Eq. (3.29). Higher-order terms which transform in the same way as in Eq. (3.31) can

be constructed from the charged-lepton spurion, as per

oy =ty o1 (VBB + ()T (V5)) +
+a (VDY + DR VI OB )+ (339

where, for clarity, only the terms not flavour aligned have been written explicitly (the
additional terms in Eq. (3.34) will be fully written out later on). Due to the inclusion
of Ve, 6p,y cannot be diagonalised by the same orthogonal matrix O, since yeyl ok
Re {(y;g)fyg}. Changing to the mass basis now allows off-diagonal real terms and
therefore the generation of a non-zero asymmetry. The necessary off-diagonal entries,

however, are generated by the misalignment between the two spurions, and thus they
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will be suppressed compared to if they had been generated at leading order.

Due to the extra fields introduced, the above flavour alignment problem does not occur
in general for the extended seesaw models. Consider the full ISS + LSS scenario where

the equivalent radiative corrections to the relevant Majorana masses are included,

0 mp, my, 0 m*,0 m;V
(mll/))T pnl3xs + Oy mprlsxs - OT(mVD)T ,liN mrVOT
mt mplaxs pglzxs + Opg VimI  mpy?O fis
(3.35)

Here [ = diag(...) and the rotation matrices O and V diagonalise oy, and dpg re-
spectively. The spoiling of the flavour alignment should be clear: in the process of
diagonalising the Majorana mass terms p,, the Dirac mass between the two heavy SNs
mpglsxs has been rotated as well. Diagonalising the lower right 2 x 2 block will now
no longer rotate the Dirac mass matrices m7, and m; by the same orthogonal rotation
that diagonalises (y,g)fy,g. The same alignment effect can occur only for very specific
choices between the entries of Eq. (3.35) and is not a general feature. We will provide

an illustrative example below.

3.3.1 Baryon Asymmetry

Based off the calculations of the preceding chapter, in this section we briefly review the
procedure and formalism we employ for estimating the efficiency of asymmetry genera-
tion. Due to the introduction of additional sources of mass splittings between the SNs
compared to Chapter 2 as well as the MLFV ansatz assumed, there are some slight

differences between the leptogenesis analyses of Chapter 2 and Chapter 3.

As is conventional, we work in the heavy sterile neutrino mass basis above the critical
temperature, i.e. the bottom-right sub-matrix of Eq. (3.20) is real, positive and diagonal.

The block diagonalisation of the lower right 2 x 2 block defines the required rotation

matrix:
m1oop mhy  m)
M, = U My Upy = My = | (/)T N1, 0 | (3.36)
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where primed parameters indicate rotated matrices and M; = diag(...). We have in-
cluded the one-loop contribution to the active neutrino masses which may significantly
contribute in some regions of parameter space, for the analysis of Chapter 2 this one-loop
contribution is negligible and therefore was not included. In the most general case, a
simple analytic expression for the rotated matrices m) is not possible. However, in our
setup, where an SO(3)? flavour symmetry is employed (and before radiative effects are
included) the entries of the bottom-right 2 x 2 sub-block are all commuting. Under this

simplification the rotation can be generalised from the simple one-generation case, giving

13 0 0
U = 0 cos {% + %arctan(ug;’; )} 1343 —isin {% + %arctan(ug;ll;]v)} 133
0 sin [% + %arctan(%)} 13x3 1COS [% + %arctan(%)] 13y3
(3.37)
leading to

1 2 ! :
m,D  cos [ (ﬂ + 2 arccot [mR]H m’ + sin [ (77 + 2 arccot [W})] mr,
4 He — Ky 4 Hs ~ BN
1 1 MS_NN>> v (1 1 <NS_HN>>
~ (2 mp+ | —=+ m
<¢§ m( g )) 7P TAVE T avE 2me )]
1 2
m/;, = —isin [ (TF + 2 arccot <mR>>] mp
4 Hs — Ky
1 2
+ i cos [ <7T + 2 arccot (nm))] mL
4 Hg — Ky
! 1 Ms‘ﬂzv)) v .(1 1 <:“S_'“N>>
1| —=+ mptr\ 5T "
(7 2 () ) o+ (75~ 2 (M) ) o

. _ 2
Ny = (g1 BN Bs i) g
4m? 2 2

12

=~ <mR+uS+MN) I3x3

2 2
v (,u,s - MN)Q Hg  Hpn
M_ = 1428 ENJ_BES_EN g
<mR\/ + 4m%% 9 9 3x3
Hs KN
~ — s BN .
(e 58 = 15 2 (3.33)

where in every second line we have expanded up to O(%). Once the spurionic
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radiative corrections are included in the Majorana self-energies, the (O(3)? invariance is
lifted and the matrices no longer commute. In the regime where these corrections are
small these expressions will remain approximately valid. However, once the corrections

are included, we perform the rotations numerically during our scan.

The combination

A ~ 2 [mpfmp  mpimy (3.39)
~ — .
Vw \ m/ Tm/, m’ tm/
where h = v‘E/EV (m/,m}), is now the relevant combination for flavoured leptogenesis.

The entries in the diagonal blocks of hth control the CP asymmetry generated by the

interference between two different generations of heavy SNs with same sign mass splitting:
AmS5 = (Ms)ii — (My) ;. (3.40)

The off-diagonal blocks control the CP asymmetry generated by the interference between

two different heavy SNs of opposite mass splitting (same generation or otherwise):
0Ss v Y
Amg? = (My)ii — (Mz) ;- (3.41)

Clearly, in the absence of radiative effects where we have iy, g oc 1343 only Am%s #0,
with Amis; = 0. Once the corrections are included, however, the SO(3)? invariance is
broken allowing for both Amgjs # 0 and Amf? # 0. From Egs. (3.38) and (3.39) it can
be seen that for example if m%, = m;® along with py = pug then m/, # 0 but m’; = 0.
No real, off-diagonal entries would exist and the same alignment problem of the type-1
seesaw would occur. This is not a general feature in the extended MLFV seesaw (as it
is in the minimal type-I MLFV seesaw) and would require an additional symmetry to

justify the necessary relations between the couplings and masses such that this flavour

alignment would occur.

Similar to Chapter 2 we consider a low-scale scenario in which the sterile masses are set to
O(TeV). This implies a low-temperature regime of lepton asymmetry generation where
individual lepton flavours are in equilibrium with the thermal bath and distinguishable.
We employ the same flavour-dependent Boltzmann equations [85, 88| from Chapter 2.

For completeness we redefine the CP asymmetry generated from the decays of an SN,

8This would imply that uy = dpug and therefore O = V.
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N;, to a specific lepton: flavour £,

L(N; = 1,®@) — T (N; = (la)° @)

el = . (3.42)
5 [T (Vi = 1a®) + T (N; = (la)” @)
This parameter is once again given by
1 < (1 — i) 6
= e (A ) + (A5 B )+ o
Ev €g (343)

where A% = Jm { (1), bt b, b Bey = Im { (WTR) Bty by iy = (:—ZJ)Q and the

i7 ot Yoy jilod o J

loop function for the vertex-diagram contribution f(z;;), is given by [83]

flaiy) = Ty [1 — (1+2i;)In <1 i mf)] . (3.44)

:Eij

As before we have indicated the contribution from the vertex ey and self-energy eg graphs

of Fig. 1.2. A resonant enhancement in the CP asymmetry will occur when

1
e () 4
which leads to the simplified condition
Lij
my, — Mn; — (3.46)

2

where T'; o~ 4 > 7, hj;hy; is the decay width of N; and we assume my, — my; < my; ; in

order to move from Eq. (3.45) to Eq. (3.46).

We choose the regulator of €%, to be of the form m;T';, which as discussed in [136] has
consistent behaviour for models with approximate lepton-number conservation. For other
choices of regulators typically assumed in leptogenesis analyses, pathological behaviour
occurs for approximate lepton-number conserving scenarios. For example choosing a
regulator of the form (m;I’; — m;I';) diverges in the scenario m; — m; combined with

I'; = I'; which occurs in the ISS and LSS when the LNV parameters are taken to zero.

Specifically for the LSS scenario, it is important to note that the second term in Eq. (3.43),

due to the one-loop self-energy correction eg, identically goes to zero when my, — my;.
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By contrast, the first term arises from the one-loop vertex correction €y,. In the limit

mpy, — mpy; the asymmetry it generates is non-zero. However, A% = —AJO/Z» and therefore
P (mh)ii % (3.47)
‘ (hTh) Y
33

for my, = my;. Therefore the asymmetry produced by the decay of N; to flavour
« is almost equal and opposite to that of N; and in the limit (hTh)ii — (hTh)jj the

asymmetry will vanish identically once the decays of all SNs are included. If the two SNs

have different decay widths a non-zero asymmetry is possible, albeit highly suppressed.

We again work under the condition that, due to the strong washout nature of the tem-
perature regime we favour [1]|, asymmetry generation occurs predominately well before
the electroweak phase transition crossover and so we need not consider the changing
sphaleron rate as the temperature approaches and crosses its critical value. The baryon

asymmetry is then expressed as a fraction of the lepton asymmetry generated through
28 1
=———= 3.48
B 5127 Z N ( )

a=e,1,T

where the factor of 28/51 arises from the fraction of lepton asymmetry reprocessed into
a baryon asymmetry by electroweak sphalerons [82], while the dilution factor 1/27 arises

from photon production until the recombination epoch [139].

3.4 Numerical Results

In full analogy to the type-I scenario, all appropriate flavour invariant operators must
be included. This leads to corrections to the Majorana mass terms from spurion com-
binations transforming the appropriate way such that when coupled with the heavy SN
fields, the term is flavour invariant at the high scale. Now in the case of the extended

seesaw both Majorana masses receive corrections, as per

AN = Py (%N +my ((yg)*yg + ((yg)fyg,)T)
nél) ((yg)fyl’g(ygﬁylu) + ((yE)TyB(yB)TyB)T) L )
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fs = fig (ylts + 8 (3’23& + (yzyL)T>

As can be checked explicitly by applying the transformations defined in Eq. (3.25), the
combinations of spurions above are flavour invariant when coupled to Nif%N r and SLSS.
All terms at next-to-leading order in the flavout-invariant spurion insertions will be

explicitly written below.

The coefficients n; and s; are dimensionless Wilson coeflicients which are treated as free
parameters in the absence of an explicit high-scale, renormalisable theory. They are
conventionally either taken to be O(1) numbers [168, 169, 174, 197|, or arising from

radiative effects [175, 176] so that n; ~ s; ~ 161#2 and sgi) ~ (s1)? etc. Note that in

the ISS regime where )V, = 0, only the Majorana mass p,; receives radiative corrections
from flavour effects in our setup, whereas in the LSS regime where V,,, = V.s = 0 both

Majorana masses receive corrections.

We consider the general scenario similar to Chapter 2 where one copy of N and Sp, is
added for each generation of active neutrino. The tree-level light neutrino mass matrix
can be expressed in powers of the LNV parameters [143] which in complete generality

(without assuming MLFV) can be expanded out

mie = mip (M)~ g Mg (mp)" +mip (M)~ pusMp'uy (ME) ™ nsMg" (mip)”
—mp My (mi) T —my My (ME) ™ My (mih)"
—mipy (ME) " mE —mipy (ME) ™ usMpy y (ME) ™" m]
+mL Myt (ME) " m] + mp Myt uy (ME)  pg Mgt un (ME) " m]

. (3.50)

where for completeness we have written all leading and next-to-leading terms valid for
gl [leenlls [lmp || < ||MR||. The above equation is valid for the general case of non-

commuting sub-matrices, but for our MLFV setup M, = mplsx3, mr is diagonal and

Hg X py X Lgxs.

In the limiting case of the ISS, only the first line of Eq. (3.50) contributes at leading

tree

1¢¢ vanishes in the limit

order to the active neutrino masses. As discussed previously, m

ps — 0 even if uy # 0. For ug # 0 the contribution from terms involving p,, are highly
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suppressed compared to terms without factors of py even for relatively large values in

the entries of uy.

At one-loop order however, additional terms are generated for the active neutrino masses
which can be important [143],
mi—loop ~ f(mR>

p— (mVD py (M) +mp ugmi +mpmy (M) +mpmb mz) (3.51)
w

where
2 2 2 2
oW miy x 3m?, x
=W g | ) 22 gy | 3.52
f(@) 167 (xQ—m%[ n[m%[} +x2—m2Z n[m%]) ( )
is a one-loop function and Eq. (3.51) is only valid for Mr = mpglsx3. Different terms

in Eq. (3.51) can contribute significantly for different hierarchies amongst p, pg and

my, which are free parameters in our scan.

Combining the tree-level and one-loop contributions at leading order leads to a general

light-neutrino mass matrix in our MLFV ansatz of the form

1 1
m, = —5 (mg pin (mH)T +mp pg mf) — — (mp (m)T +m¥mi) } tree
mpg mp

1 m2 y »
oy (f(mR)2R> <mD py (Mp)" +mi g mf)
my myy

. 5 one-loop
- mpg v\T v T
o (S ) (on )T+ )

(3.54)

where for both the ISS and LSS we fix mr = 1 TeV. For the ISS specifically, the LNV

parameters are randomly (and independently) scanned over the ranges

fg ~ O(107' —10%) 1343 GeV

Ly o~ 0107 —10M 15,3 GeV 3.55
N

where we allow for larger values of y1, over ug as its contribution to the active neutrino

mass is suppressed by a loop factor. For the LSS we vary

(mp)s ~ 01079 —101) GeV (3.56)
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where, in order to reduce the number of degrees of freedom, we take it to be diagonal
but not proportional to the identity matrix in order for its inclusion to break the flavour
symmetry. We fix the diagonal entries of my, to satisfy min(my) > tmax(mg) such that
significant hierarchies between entries of my, do not occur. In this way the entries of m/,
will act as the most significant sources of flavour symmetry breaking in analogy with

MFV and minimal MLFV.

We fit active-neutrino data by fixing the Dirac mass matrix m/, with an approximate’

Casas-Ibarra parameterisation [131] which for the ISS is
m¥%y = mp Upnins Y% Rpg!?, (3.57)
where we define an effective mass
mp 2
feft = f(mR) () By + Hg- (3.58)
my

which is slightly different to the Casas-Ibarra parameterisation of Chapter 2 given in

Eq. (2.26) due to the inclusion of non-zero entries in uy. For the LSS,
mlpy = —mp Un}/* Crin/? Uy s (m§H) T (3.59)

with an equivalently defined effective mass

m = (f(mR) (;:;)2 - 1) mr. (3.60)

The matrix R is a complex-orthogonal matrix R RT = 13,3 which can be parameterised

with three complex mixing angles 0; = 0] + 07 where

R(01, 02, 03) = Ri2(61) Ri3(62) Ra3(63),

9The parameterisation is only approximate as we ignore the corrections to the mass terms e.g. ji; =
1; + 0p,; generated through spurion insertions when solving for mp. This approximation is valid in
the regime where du,; < p;. We additionally check that once these corrections are included the active-
neutrino mass differences are not spoiled.
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cg, —sp O cg, 0 —sp, 1 0 0
Ri2(01) = |sg, co O], Ruz(2)=|0 1 0 |, Ras(03)=|0 cp, —so,
0 0 1 50, 0 Chqy 0 594 Co,

(3.61)

In order to reduce the number of free parameters we fix the real components of the
mixing angles to

where there is no signficance to the values chosen. From the results of Chapter 2, the
asymmetry is not sensitive to the values of the real angles [1] and therefore should apply

for any choice of their values. We fix 0] = 05 = 0 for simplicity and scan over
05 ~ 01073 —10h). (3.63)

By contrast to the complex-orthogonal R, the matrix C instead satisfies C + CT =
1343 and therefore must be a combination of a skew-symmetric matrix and a matrix

proportional to the identity of the specific form,

% al as
C=|—-q % a3 (3.64)

1
—az —az 3

with a; = aj + iaj where we choose to fix

1 2 1
aﬁzﬁa ag:ﬁv ag:?ai:agzo (3.65)
and scan over
a$ ~ 01073 —10%). (3.66)

The active-neutrino masses

*

iy = diag (M, My, Mug) = Ubyyns (M + mi1°P) Up g (3.67)
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are inputs for Egs. (3.57) and (3.59) where for simplicity we assume normal ordering

which is currently favoured over inverted ordering [192], implying

My, = \/ m12/1 + Am%l

Mys = \/m,%l + AmZ, + AmZ, (3.68)

and unless stated otherwise we fix the lightest neutrino mass m,, to 0.01 eV. Other active
neutrino parameters are fixed to their current best fit values [192] and listed in Table 1.3

but the Dirac phase has been fixed to be maximally CP-violating.

We work in the perturbative regime of the Yukawa couplings generated by the Casas-

Ibarra parameterisations such that |yij\2 < 4m, which prevents very large choices for

the complex parameters. We fix the unknown Wilson coefficients s; and n; to for

162

definiteness unless stated otherwise.

To check our numerical solutions to the Boltzmann equations, we compare the results to
a known approximate analytic expression of the baryon asymmetry that is valid in the

strong washout regime (K > 5) [139, 140], where

a o . R«
eff — ZiKZBi7

2
ol e | () (e
(hht)_ + h°h°*)w][(h*h)ii+(h”hC)iﬁ(h*h)jﬁ(h“*h“)“] Fetty ’

B — L(N;—la®)+T (N;—15,®T)

)

; [F(Ni—>(la)"<I>)+F(N7;—>(la)(’<1>’f)] 7

(3.69)

with my, = (Mi)” and K; = I'y,/H(my) being the naive washout solely from inverse
decays. The inclusion of the scale factor £ accounts for the numerically significant
2 <> 2 scattering processes relevant for models with small lepton number violation. The
Yukawa couplings h and h® appearing in bold are resummed Yukawa couplings first
defined in [84]. They are required to properly account for unstable particle mixing
effects amongst the heavy sterile neutrinos. As a consequence of the resummed Yukawa

couplings, the scaling parameter k% is real-valued.
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Example parameters InB| P |

my ~ diag(1.5, 2.6, 1.2) x 1073 GeV
pg =iy =0 1.37 x 10710 7.23 x 10719
ap =15, ay~ 5 +0.00028, az= 3
my, ~ diag(0.70, 1.33, 1.26) x 1075 GeV
pg =iy =0 1.98 x 10711 2.31 x 1011
a =1, ay~ 2 +2.06i, ay=-

myp, =0
fg =9 x 1071 GeV, py ~225GeV 2,57 x 1071 1.21 x 10711
0,=%, 0,~5T+0.094i, 0;=72C

my = 0
pg = 1GeV, uy ~414GeV 1.71 x 10719 575 x 1071
0, =2, 0,~5T+0.16i, 0;=7%

TABLE 3.5: Comparison between the numerically computed asymmetry |ng| and the

analytic approximation |np" | from Eq. (3.70) for example points of the LSS (top two)

and ISS (bottom two). All points include all relevant radiative corrections as defined

in Eq. (3.49) where for these example parameters we have set all Wilson coefficients at
lowest order to 1/1672.

The asymmetry is then well approximated by

napprox‘ ~ 7§i§ 6’La (3.70)
B 51272 £~ Kgmin[z, 1.25In(25K )]

where z. = my /T, is related to the critical temperature of the electroweak phase tran-
sition. The numerical versus analytic approximation comparison illustrated in Table 3.5

provides strong evidence that our numerical routines are accurate.

Finally, the small mass differences between the heavy sterile states generating the res-
onant enhancement could also lead to coherent oscillations between the SNs. The dy-
namics of the coherent oscillations will alter the evolution of the lepton asymmetry and
could potentially significantly impact the net asymmetry generated for some region of
parameter space. To properly account for their effects would require a flavour-covariant
set of transport equations, as opposed to the semi-classical Boltzmann equations we em-
ploy. We will therefore estimate the impact of coherent sterile neutrino oscillations on

the final baryon asymmetry by employing an analytic estimate derived specifically for
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resonant scenarios of leptogenesis [136],

2813 11 2(m? —m?)myTy
osc o, 20 2 2 S (A 4 B g J
"5 51272(1,7£»ch(a(“4”“c”4r i)
SUZE]

3.71)
4m3, 1'% det[Re{hTh}]’ (
(mf —m3)? + =G,

where Ky = (my(hh)y)/(87H(z = 1)) and T'y is the average of the sterile neutrino
decay widths. Equation 3.71 has a similar behaviour to the asymmetry due to standard
mixing effects given in Eqs. (3.43) and (3.48). In particular, the appearance of (Af;,/Zi;+
B%) in both expressions implies that the sign of the asymmetries generated by both of
these processes are the same. Therefore for the resonant scenario the effect of including
oscillations will only increase the overall asymmetry. The masses of the heavy SNs being
larger than the electroweak-phase transition temperature, in combination with the strong
washout nature of the parameter space we consider, prevents a ‘freeze-in’ scenario due to
oscillations, as in traditional ARS leptogenesis [99]. Therefore the asymmetry generated
from coherent oscillations should be independent of the initial conditions of the heavy

SNs.

3.4.1 Inverse seesaw (ISS)

For the ISS (Y, = 0,) the only LNV parameters present are the two small Majorana

masses
1-1
my, 0P my 0

M, = | (mp)T puy Mg|- (3.72)
0 Mf s

From Eq. (3.49) only p, receives radiative corrections from SO(3)y, breaking terms

proportional to the Yukawa spurion V}.

We separately consider three scenarios for the ISS: first where no corrections are intro-
duced, second where corrections are introduced at the next lowest order, labelled N

and, third, corrections up to next-to-leading order, labelled N:

AN = [y <13x3 +M +N2> (3.73)
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where

M= (OB + ()Y
1 v v (W v v v (W v 2 v v v v
Ny = ) (BB + (VB VHH)VH)T) + s (B)VH(V)Vh)T)
3 v v v v 4 v v v v

+n8 (VB VB)T (V)Y ) + 8 (U5 VY1V + (V5 VY1) ) (3.74)
and we fix néi) = (n,)? for computational convenience. Due to the perturbative regime
in which we operate, it will always be the case that ||[V;|| < 1. All terms are formally
flavour invariant and serve to break the flavour degeneracy amongst the heavy SNs when

these spurions acquire non-zero vevs.

For the ISS as my, = 0343 the combination in Eq. (3.39) simplifies to
1 1 (pg—w 2 1 (11 (nsay )2 1
) (ﬁ W, (;TRN)) (mp)'mp  —i (2 3 (gTRN) > (mip)'mip,

(- n () oy (G ek (52))
(3.75)

hih ~

where we are now dealing with unprimed matrices. Due to the fact that Mg oc pg oc 13x3,
in the case where only V] is included the corrected Majorana mass p, can be diagonalised

without affecting the other entries in the 2 x 2 sub-block, with

0 mY 0 0 mpO 0
(mllj))T :U'N]l3><3 +6MN mR]l3><3 — OT(mIlj))T /iN mR]l3><3 (376)
0 mplsxs NSIL3><3 0 mprlsxs Iy

under the rotation Ng — ONpg and S;, — OSf. Similarly to the minimal type-I sce-
nario, if only N is included then Re {(mY,)'m%} o< N} = duy and the combinations
of (mY%)'mY, appearing in Eq. (3.75) will have no real off-diagonal components. We em-
phasize that this only occurs for the ISS because my = 03x3. Differently to the type-I
scenario however the off-diagonal blocks of Eq. (3.75) have an additional complex phase
such that the imaginary components'? of O (mY)'m% O become real off-diagonal en-
tries in Afh. This therefore allows for non-zero generation of lepton asymmetry unlike

the type-1 scenario.

OThis is because OT Re {(y,g)*y;,} O = diag(...) due to the form of the corrections but
O" Jm {(V5)'Vh} O # diag(...) and therefore off-diagonal imaginary components are generated which
become real due to the additional phase in Eq. (3.75).
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As only the off-diagonal blocks of Atk contain the necessary terms, only diagrams between

0s

two SNs of different mass splittings, i.e. from Am; >,

will contribute to asymmetry. The
real components of the (1,1) and (2,2) blocks are diagonal, on the other hand, meaning
that SNs with the same sign mass splitting Ami? will not contribute to £%,. Once N is
included however, the flavour mis-alignment between du, and (m”D)TmE will generate

real off-diagonal components in (m4,)"mY, and therefore all four blocks of Eq. (3.75) will

contribute to &%,

In Fig. 3.1 we plot the baryon asymmetry numerically calculated as a function of both p,
and pg. All three scenarios are simultaneously plotted. Both in the case where radiative
effects are ignored as well as when only N is included, similar behaviour occurs. The
inclusion of N; breaks the mass degeneracy between all six SNs, as opposed to without
its inclusion where two groups of identical mass SNs form. However, as discussed above,
due to flavour alignment only diagrams involving opposite mass split SNs contribute to

the asymmetry. Therefore the mass difference is generated exclusively from

Amgjs = (mNi)i - (mNI)j >~ uN + pg (3.77)
with
1 1
MNy ~ MR+ ShN + Shs- (3.78)

While the spurion corrections are present we have p, > Nj and therefore they are not
the dominant source for the mass splittings in this situation. In this regime resonant
leptogenesis is not feasible [1, 162, 167]. The inclusion of N, generates non-zero, off-
diagonal entries in the (1,1) and (2, 2) entries of Eq. (3.75) such that new contributions

turn on arising from the mass splitting

Ami? = (mNi)i - (mNi)j = UN ((yE)TyB> (3.79)

1

We emphasis that even when only N is included, the mass degeneracy between the same
sign mass split SNs is still broken Amf? # 0. No resonant enhancement occurs between
two such SNs in this case not because of a mass degeneracy between them (as is the case
when no corrections are included) but because of the flavour alignment issue described

above.

Figure 3.2 plots the asymmetry when N is included and a clear resonant enhancement
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FI1GURE 3.1: Plot of the asymmetry generated in the ISS for the individual cases where

no radiative corrections are considered (orange), where only N is considered (blue) and

when both A and N, are included (cyan). This was varied with uy (left figure) and

pg (right figure). A resonant enhancement in the asymmetry occurs only if the

next-to-leading order contributions are included. The red horizontal line indicates the
asymmetry required to fit observations.

occurs for large values of p,. While the mass splitting is proportional to the decay
width, it is also scaled by the Majorana mass j ;. For small LNV the mass splitting will

be much less than the decay width but for large values

mp;

uv (V5)19h) (0p)vp) = (3.80)

i 8 it

forcing a resonant enhancement to occur. In Fig. 3.2 we distinguish between two different
hierarchical cases for the Majorana masses: py > pg in purple and pg > pp in green.
The asymmetry in the resonant regime is independent of pg as in our setup this mass
does not receive any radiative corrections. If a stricter setup was considered such that it
did receive corrections (if, for example, we took an SO(3)y, ® SO(3)s, = SO(3)Ny+s,
flavour symmetry) pug would require equivalently large masses in order to be placed in
the required resonant regime. However, such large values of pg are outside the regime
of validity required for the ISS and would spoil the guarantee of the parametrisation
in Eq. (3.57) to generate the required active neutrino masses. This follows as unlike p,,
g does not have a loop suppressed contribution to the active neutrino masses. Therefore

we find that pg cannot contribute to the resonance required for MLFV-ISS.

Additionally, the effects of coherent oscillations are estimated (in orange) in the bottom
plot of Fig. 3.2, where N, is included specifically for the regime py > pg required for
successful resonant leptogenesis. Here we find, for the resonant region of parameter
space, that the effects of coherent oscillations are roughly three orders of magnitude

smaller than that of standard thermal decay. For similar reasons as presented above for
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FIGURE 3.2: Plot of the asymmetry generated in the ISS when both N, and A, are
included, as a function of pp (top-left figure) and pg (top-right figure). Points in
purple correspond to the regime where py > pg, while points in green to pg > py. A
resonant enhancement of sufficient size is generated for large values of 1, as long as
the hierarchy py > pg is satisfied. In order to match active neutrino data, ug which
generates a tree-level contribution must be less than ~ 100 GeV, whereas f,;, which
generates it at loop level, is allowed to be larger. The bottom figure compares the
asymmetry generated from standard decay to oscillations (in orange) in the relevant
regime py > prg. While for some region of parameter space the two processes are of
similar order, in the resonant regime the asymmetry due to oscillations is roughly three
orders of magnitude smaller and is therefore a sub-dominant effect.

resonant leptogenesis, without the inclusion of the second order spurion corrections N5,
the asymmetry generated by coherent oscillations is highly suppressed due to the same
flavour related cancellation effects. This is evident as the Yukawa structure of Eq. (3.71)

is the same as Eq. (3.43) and therefore the same arguments apply.

Summarising, we find two criteria for successful MLFV-ISS resonant leptogenesis: (1)
large values of the Majorana mass j, such that the mass splittings between SNs of
different generations moves on resonance in a region of relatively low strong washout,
and (2) the inclusion of spurion effects up to lext-to-leading order in order to break
flavour alignment and prevent only opposite mass splitting SNs, that is pairs of SNs
with mass differences generated by the LNV parameters uy and pg, from contributing
to the asymmetry. This is illustrated in Fig. 3.3 where the decay width and the mass

splittings are plotted with the spurion corrections included. For large values of p, the
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FIGURE 3.3: Plot of the decay width I'; ~ Z% %", hj;hy; (blue) along with the mass

splitting Am, ; (red) as a function of p, for pug = 107 GeV and all radiative ef-
fects included. Here the mass splitting among opposite splitting SNs Am% (left) is
compared to those with same sign splitting Amisﬁ (right) as defined in Eqgs. (3.40)
and (3.41). While in both plots a region of resonance occurs, in the case on the left it
occurs in a region of extremely strong washout c.f. Fig. 3.5. The inclusion of radiative
effects allows for a resonance to occur between SNs with same-sign mass splittings in a
region of minimised washout such that asymmetry generation can occur. In this region
heavy SNs of opposite sign mass splitting grow in mass difference and their contribution
becomes irrelevant.

opposite mass splitting SNs move further away from resonance whilst the same sign
mass splitting SNs move onto resonance. This effect occurs both with A and N, but, as
discussed above, if only N is included then same sign mass splitting SNs combinations

do not generate any flavoured asymmetry.

These conclusions were drawn for fixed values of certain parameters. Most importantly
the Wilson coefficients were fixed such that ¢; = 1/167%, which we chose under the
assumption that the high-scale dynamics arise from radiative effects. Increasing the size
of the Wilson coefficients will increase the overall size of N, from Eq. (3.74), allowing for
smaller values of 11, by one or two orders of magnitude. Similarly, we fixed the lightest
neutrino mass m,, in our scans. Smaller values of the lightest neutrino mass will increase
the hierarchy within (m%)'mY, which impacts the level of resonance through Eq. (3.57).
To illustrate this behaviour, in Fig. 3.4 the asymmetry is plotted as a function of these
two parameters where we have fixed all other parameters to a benchmark point within
the resonant region. From this figure we conclude that there is a preference for smaller
values of neutrino mass m,, < 0.1 eV and if larger values of the Wilson coefficients were

allowed, a larger region of parameter space would go on resonance.

Asymmetry generation is sufficient for large Majorana masses not simply because of the
enhancement in the mass splitting. Due to the relationship between the Yukawa couplings
required to satisfy active neutrino mixing data and the input parameters from Eq. (3.57),

larger values of the Majorana masses (for fixed sterile Dirac mass mp) results in a overall
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FIGURE 3.4: Variation in the baryon asymmetry as a function of the lightest active
neutrino mass m,, (left) and varying the Wilson coefficient n; (right) for the case
where all radiative spurion effects are included. In this scan we fixed 65 = 0.7, pg ~
107! GeV and puy =~ 900 GeV and in the left plot set n; = 1/167% and m,, = 0.01
eV in the right plot. As the lightest neutrino mass is reduced (becomes hierarchical)
the asymmetry freezes out. There is a slight preference for light neutrino masses of
O(1072 — 1072) eV. Larger values for m,, lead to a degeneracy amongst the light
neutrino masses and decreases the mass splitting generated by the inclusion of N
decreasing the resonant enhancement. Increasing the size of the Wilson coefficient
allows the mass splitting to be closer to resonance allowing for one or two orders of
magnitude increased asymmetry.

decrease in the size of the Yukawa couplings required to generate the same light neutrino
masses. This leads to less efficient washout of any generated asymmetry. Figure 3.5 plots
the washout as a function of the effective Majorana mass peg which for the hierarchy
py > pg simplifies to per >~ p15. Both the naive washout K, o< I'ym;/H(m;) and the
effective washout K¢ defined in Eq. (3.69) (and relevant for scenarios with small LN
violating parameters [134, 139, 140] due to the sensitivity to 2 <> 2 scatterings) are

plotted together.

While the naive washout overestimates the efficiency of washout, it is clear that for
large values of the LNV parameters palatable values of washout (albeit still very much
in the strong washout regime) of O(103) or below are possible and therefore resonant
leptogenesis is roughly feasible in this specific region albeit only in a narrow window.
Small values of 15 may allow the effective washout to become weak however, as discussed
in Chapter 2, asymmetry generation is suppressed in this region compared to the region
with strong effective washout. The numerically computed effective washout in Fig. 3.5
has consistent behaviour with the one-generational analytic estimate from Chapter 2 in

Eq. (2.87) and Fig. 2.5.

Figures. 3.6 and 3.7 plot the CP-asymmetry parameter to a specific lepton flavour'' «

"Due to the anarchic nature of our scenario there is no preference for a specific lepton flavour.
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FIGURE 3.5: Plot of the washout as a function of p.g. In blue the naive washout
is plotted while in red the effective washout which is defined in Eq. (3.69) relevant
for situations with approximate lepton number conservation. As can be seen, naively
the washout is overestimated. For the hierarchy p, > pg, relevant for leptogenesis,
ter = 1y and therefore the washout in the theory is dictated by the size of p,. In
regions of large p, the effective washout is low enough (but still within the strong
regime) for resonant leptogenesis to be feasible. For small values of 1, the effective
washout may be weak, however asymmetry generation is suppressed in this region as
discussed in Chapter 2.
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FIGURE 3.6: Plot of the CP asymmetry into a specific flavour €, = >, €, generated
in the ISS when both N; and N, are included, as a function of p, (left figure) and
tg (right figure). Points in purple correspond to the regime where py > f1g, while
points in green to pg > py. At around 107% GeV a natural resonance occurs generated
by Amgjs in agreement with [1]. Once radiative effects are included an additional

resonance occurs for large values of 11,y and in the regime py > pg.

as a function of the Majorana masses. A ‘natural’ resonance occurs in the region of
Wi ~ 107* GeV induced by Amgjs independent of the radiative spurion contributions,
in agreement with [1] and the results of the preceding chapter. However, this region
is accompanied by a much larger effective washout and cannot accommodate sufficient
asymmetry generation. In contrast only when both A, and N, are included does a clear
second resonance peak form for large values of u,. Larger values of p, would cause
tet > Mp and the approximations involved in deriving Eq. (3.50) and (3.57) would

break down.

Finally in Fig. 3.8 the asymmetry is varied against the complex angle 65 for all three
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FIGURE 3.7: Plot of the CP asymmetry into a specific flavour ¢, = ieﬁx generated

in the ISS with no radiative effects included (green) and with A; and A, included

(purple). This is varied with uy (left figure) and ug (right figure). A resonant

enhancement in the asymmetry occurs only if the next-to-leading order contributions
are included.

scenarios for a fixed benchmark point on resonance. In the case where no radiative
effects are included, there is a slight dependence on the size of 5 which can vary the
asymmetry generated by one or two orders of magnitude. For small values of 65 the
asymmetry is generated by the CP-violating phase dcp within the low-energy mixing
matrix. Similar behaviour occurs when N, is included, with an overall preference for
the range 0.1 < 65 < 1. In the case where only N is included, we confirm its strong
dependence on the angle 6§ similarly to the type-I scenario [174]. However, we note that
in our case the asymmetry is not zero exactly unless 65 = 0. Asymmetry generation can
only occur for non-zero values of 65 independent of any low-energy CP violating phases
as phases from Upyng cancel in the term (m%)TmVD in combination with the flavour
alignment described above. Leptogenesis is viable both through the Dirac phase as well
as high scale CPV but we note that within MLFV-ISS the region in which it is possible

iS Very narrow.

3.4.2 & — g]/y and MLFV-ISS

Here we briefly discuss the consequences of MLFV-ISS on low-energy cLFV processes,
specifically the impact that the introduction of CPV has on predictions for ¢; — £;v. We
also assess whether a future measurement of the region important for resonant leptogene-
sis will be possible. Similar to the MFV hypothesis of the quark sector, models of MLFV

predict relationships between the rates for different charged lepton flavour decays.
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FIGURE 3.8: Plot of the baryon asymmetry as a function of the complex angle 65 for
dop = 37/2 (left) and §-p = 0 (right). Here we have fixed uy ~ 950 GeV and
itg = 10 GeV to be on resonance. In blue no radiative effects are included, in red only
to leading order and in green next-to-leading order effects are included. The behaviour
of the asymmetry as a function of the complex angle is clear. At small values it freezes
out to that provided by the Dirac phase dp however if only the leading radiative effects
are included (red), the asymmetry tends to zero with decreasing 65 even for non-zero
d¢p- This effect is similar to what occurs in the type-I MLFV scenario [174, 176, 198].
Asymmetry generation is possible both with low-energy phases as well as complex
entries of the R matrix where we loosely find the criterion 0.1 < 65 < 1 for sufficient
asymmetry generation when 6-p = 0.

In the SM effective field theory framework the process ¢; — ¢, arises from dimension
six effective operators that contain (ZI‘@R) [168, 169, 197] where family indices have
been suppressed. These operators are not invariant under the flavour symmetry defined
for MLFV in Eq. (3.19). Insertion of spurion combinations transforming as (3, 3, 1, 1)
make these terms formally invariant. At lowest order this is simply the spurion Y..
However, as we work in a basis where this matrix is diagonal, it does not contribute
to flavour-violating processes. The lowest order spurion combination that makes the

relevant operators flavour invariant and contains non-diagonal entries is A),, where
A= VhH)'. (3.81)

The combination transforms as (Aye) — UZL (Aye) Z/{;rR as required.

A simple expression for the branching ratio is obtained [168] in the limit my; K my;,

4
v
B&'*)Zj’y = 3847'(2624/\# ‘Aij|2 |C‘2 (3.82)
LFV
where C accounts for a combination of Wilson coefficients of the relevant operators. As
is conventional when considering cLFV in MLFV, we set |C|? = 1. Note that in a specific

UV-complete model based on MLFV, these parameters will be fixed by the high-scale
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dynamics and may have a different magnitude.

In Eq. (3.81) the only parameter which carries family indices is the spurion combination
A;;. Therefore useful predictive parameters for MLE'V are ratios of branching ratios for

different lepton flavour decays,

B0, _ |Aij|2
B@kﬁfw ‘Akl‘z

R gy = (3.83)

In these ratios, the unknown scale of LFV (Appy) cancels out. While it can be identified
with Mp in the ISS model, it is also possible that it could arise as the result of some

unknown dynamics not directly related to the seesaw mechanism.

Many detailed explorations of cLFV in MLFV have been made for the minimal type-I
seesaw scenario [168, 169, 175, 197, 199], the results of which should also hold in the ISS.
Here we briefly consider the impact of the complex angle 65 and the Dirac phase dcp on
the predictions for specific ratios of cLFV observables. In particular we compare the CP-
conserving scenario (assumed in the simplest version of MLFV) with the CP-violating
scenario and the size of deviation their inclusion introduces. As we have demonstrated
that leptogenesis is viable with both the low-energy phase 6. p and with the inclusion
of the CP-violating angle 65, we analyse the two limiting cases where CPV arises solely

from one of these angles.

Figure 3.9 plots three ratios of cLF'V observables as a function of the lightest neutrino
mass m,, for 85 = 0 while varying d,p. The red and orange lines correspond to the
CP-conserving scenarios dcp = {0, 27} or 7, which allows for full reconstruction of Y},
from low energy observables. The blue shaded region corresponds to all other values of
dop where the green line specifically corresponds to the maximally CP-violating cases
dcp = ©/2 or 3w/2. The inclusion of CP-violating phases does not spoil the generic
MLFV prediction that R, ey, < 1 and R )y, < 1 in both the hierarchical and
degenerate scenarios for the light neutrinos. A more potentially measurable effect occurs

for the ratio R , specifically for a hierarchical spectrum of light neutrinos. The

me)[r.e]
CP-conserving case predicts either R, c)re) > 1 or Ry e)re < 1 depending on the

choice of 6, p, while the maximally CP-violating scenario predicts R, ¢)[r,e > 1.

Similar plots are presented in Fig. 3.10 where we plot the ratios as a function of the

lightest neutrino mass m,, for d,p = 0 and varying 65. Once again a hierarchical
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FIGURE 3.9: Plot of the ratios Ry; jyx,;) for various combinations of flavour initial and

final states as a function of the lightest neutrino mass m,,. Here the complex angle 65

has been switched off but the low-energy phase d¢p is varied. Lines in red and orange

correspond to the CP-conserving cases dcp = {0, 27} and d¢p = 7 respectively. In

green is the maximally violating case of dcp = 7/2 or dcp = 37w/2. The shaded blue

region corresponds to dcp = (0,2m)\{n/2, m, 37/2}. All results are in full agreement
with [169] for the CP-conserving cases.

spectrum of light neutrinos is required in order for CP-violating phases to have their
most significant effect. The inclusion of 65 does not spoil the generic predictions from
the CP-conserving cases presented in Fig. 3.9, however it is clear in the case of R, ¢)(r.¢
and R, ¢(r,,] that the inclusion of CP-violation (CP-conservation) moves the ratios closer

(further) from one. Therefore future measurement of this ratio could constrain scenarios

of MLFYV that include CP violation.

Finally in Fig. 3.11 the branching ratio BR(u — e7y) is plotted as a function of the LNV
parameter (. Here the cases where no CPV is present is distinguished from the cases
where CPV arises from the low-energy observable 6,p and from the complex angle 65.
The LFV scale has been fixed to A;py = Mp = 1 TeV and the LNV parameter pg has
been fixed to the values described in the figure caption. The horizontal dotted (solid)
red line corresponds to the current (future) sensitivity of MEG (MEG-II) [148, 150] for
this decay process. Currently, MLE'V-ISS has been excluded for very low values of py

and pg for which the scales of LNV Apny = m%% /e and LFV Appy = mp are most
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FIGURE 3.10: Plot of the ratios R; j)x,;) for various combinations of flavour initial and
final states as a function of the lightest neutrino mass m,,. Here the low-energy phase
0o p has been switched off but the complex angle 05 is varied. We find the same generic
predictions as in the CP-conserving case of R, cyire] > 1 (top-left) R, oyir < 1
(top-right) and R o)rpu <1 (bottom). For the ratios Ri.0)[r,e] and R7.e)ru] the
introduction of CP-violation brings the ratios closer to one and this difference is most
apparent with a hierarchical spectrum of light neutrinos. In orange 65 < 0.1, in red

disparate.
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0.1 < 65 < 0.3 and in burgundy 65 > 0.3.

Successful MLFV-ISS resonant leptogenesis, however, requires very large values of fi

in order for sufficiently reduced washout to occur in combination with a resonant en-

hancement of the asymmetry. This corresponds to a reduction in the hierarchy between

the LNV and LFV scale, suppressing the overall size of this cLFV decay. Therefore,

while some overall predictions can be made within MLFV-ISS on the relative strength of

various combinations of cLF'V observables, a measurement of cLFV in near future exper-

iments will be in conflict with the viable parameter space for MLFV-ISS leptogenesis in

the absence of some additional mechanism to reduce the overall washout in this region.
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FIGURE 3.11: Plot of the branching ratio BR(x — ev) for 65 = 0 (left) and 0.1 < 65 <
1 (right) as a function of y,. Points in blue correspond to the choice §p = 0 whereas
points in green correspond to d.p = 37/2. In these plots the other LNV parameter pig
has been fixed to the values 10~%, 107°, 10~2 and 10 GeV. The ratio plateaus whenever
ty < ptg. The red dotted (solid) line corresponds to the current (future) sensitivity of
MEG and MEG-II [148, 150], respectively, for this decay mode. Clearly, small values
of the LNV parameters are experimentally accessible, while large values (necessary for
MLFV-ISS resonant leptogenesis) correspond to a suppressed signal. The inclusion of
low-scale CPV through the Dirac phase has no effect on the prediction, while CPV
from 65 can alter the prediction by approximately an order of magnitude.

3.4.3 Linear Seesaw (LSS)

For the LSS (Y, =V, = 0) the LNV parameter arises from the (1,3) and (3,1) entry

of the full neutrino mass matrix,

1-1
m,, C%P my, mp

M, = (mpyT 0 Mg|- (3.84)

mE ML 0
From Eq. (3.49) as long as YV, L33 there is a radiative contribution to both the (2,2)
and (3,3) entry which will break the SO(3)? invariance, leading to
AN = Hy <N1 +N2>

ps = ns(Si+8,), (3.85)

Noo= n () VB ()Y
Ny = ) (BB + (VB) VHH)VH)T) + i (B) VH((V)VE)T)
+n8” ((VH)VB)T VR ) + 08 (V) VYV + (VB VVIVh)T)
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s = s (Vi + 0T,

S, = s (Vv + @Y YIo)T) + s (Vv )T
) (I Vi) + 57 (VY1 + YT (3.86)

As before, we consider separately the cases where no corrections are included, corrections

are included at leading order and corrections are included at next-to-leading order.

For the ISS scenario the corrections to the Majorana mass iy were proportional to the
non-zero bare mass pp; itself and scaled as ;. For the LSS, by contrast, we operate in a
regime where an explicit Majorana mass term in the Lagrangian is forbidden. However,
flavour-invariant combinations such as (yg,)*y,g and y}yL transform in the necessary

way to induce mass terms for each SN.

Here the dimensionful parameters u, and pg cannot be identified with bare Majorana
mass terms. Rather, they arise from the unknown UV complete dynamics. As we remain
agnostic about these dynamics, yet under the MLFV ansatz we must include such terms,
we choose to fix the values of p1); and pg in some plausible way. For example, it seems
reasonable to take u, ~ v?/Myx, which would be true if y, arose from some effective
coupling with the SM Higgs doublet mediated by a heavy new particle X, generating an

operator similar to the Weinberg operator.

We fix these parameters to py = pg = 1 GeV which, in the example given above, would
arise if mx ~ O(10 — 1000) TeV depending on the strength of the relevant couplings.
We also make the reasonable assumption that this mass scale is independent of any

parameters appearing in the matrix m;.

Figure 3.12 plots the asymmetry generated as a function of mj, which we define to be
the average of the non-zero entries of m; in the three scenarios considered. Points in
blue correspond to the asymmetry without including N, and S,. As discussed previously
near Eq. (3.47), in this regime (where all the SNs have identical masses) the self-energy
contribution to the CP-asymmetry is switched off but a non-zero asymmetry is generated
from the vertex contribution and differences in the decay widths of each SN. The most
asymmetry (albeit much too small) is generated in the region where the washout is

minimised, as shown Fig. 3.13, in agreement with [1] and Chapter 2.
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FIGURE 3.12: Plot of the asymmetry generated in the LSS for the three scenarios
(left) and comparing the asymmetry generated from mixing to oscillations (right) as
a function of m, the average of the non-zero entries of the LNV matrix m; in GeV.
Points in blue correspond to no radiative corrections, points in orange are when N, and
S; are included and points in cyan include all terms. Contrary to the case of MLFV-ISS,
corrections at leading order are sufficient to generate the necessary asymmetry. The case
without any radiative corrections is highly suppressed as the self-energy contributions
to € are identically zero. However a non-zero asymmetry is generated due to the
differences in the decay widths generating slight deviations in the vertex contribution
for each SN, c.f. Eq. (3.47). Points in purple correspond to the estimated asymmetry
generated due to oscillation effects between the heavy sterile neutrinos. The asymmetry
due to oscillations is predicted to be of the same order as the asymmetry from standard
thermal leptogenesis and modifies the predictions for the allowed range of couplings
only slightly.

Points in orange correspond to spurion insertions at lowest order and points in cyan
include all relevant terms. Now, due to the inclusion of the radiative Majorana masses,
mass splittings occur between the six heavy SNs. The self-energy component of Eq. (3.43)
turns on and increases the overall CP-asymmetry (due to a resonance between the SN
masses) by several orders of magnitude. Here, including the next-to-leading order con-
tributions does not change the size of the asymmetry generated. By contrast with with
MLFV-ISS, the flavour mis-alignment between the matrix structure of mY, and m; gen-
erates non-diagonal real entries in Eq. (3.39) at lowest order which also allows for larger

values of 5.

The right side of Fig. 3.12 estimates the contribution to the asymmetry arising from
coherent oscillations with the spurion contributions included. For the entire region of
parameter space we considered, the asymmetry generated from coherent oscillations is
of similar size to that generated from conventional thermal leptogenesis. The inclusion
of oscillation effects will therefore increase the total asymmetry, but we find no region
where the effects of coherent oscillations dominate to a point where the region of viable

parameter space significantly expands.
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FIGURE 3.13: Plot of the effective washout to a specific lepton flavour K, generated
in the LSS as defined in Eq. (3.69). We find the washout is minimised for m; ~
O(107°—1073) GeV in agreement with [1]. The washout which is related to the Yukawa
couplings in the mass basis of the heavy SNs from Eq. (3.39), is dominantly controlled
by the parameters of m, (m%) when ||m|| > [|m5]|( ||m5] > ||m.]|). For large values
of m, the washout is not dependent on the size of the complex parameter a5 whereas for
small values where the parameters of m’, dominate, different values of a§ can produce
different values of washout for the same choices in m .

Figure 3.14 plots the CP-asymmetry into a specific lepton flavour « in the three scenar-
ios, where once again due to the anarchic nature each flavour has the same behaviour
and overall size. It is clear that, for all values of m , the CP-asymmetry is orders of
magnitude larger when the radiative Majorana masses are included. In other words,
for the entire region of the parameter space, roughly the same resonant enhancement is
occurring. This forced-resonance is occurring as the mass splitting between the heavy

SNs is related to the small Majorana parameters,

my, =~ mR—%N—g (3.87)

leading to
Athis — M. — — QN+ fig = vyTyv ! Ti;, (3.88
Mij = MN; — MN; = N + s = [y T o)D) +ugst (YY) oIy, (3.88)

where we take the parameters iy and jis to be independent of the parameters of m;.
Therefore the same level of resonant enhancement occurs for the entire parameter space.

Unlike with MLFV-ISS, both Am%s # 0 and Am?? # 0 occurs at lowest order in the
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FIGURE 3.14: Plot of the CP-asymmetry to a specific lepton flavour « as a function
of my. Points in green correspond to when N, and S; are not included and points
in purple correspond to when they are included (at lowest order and next-to-leading
order the points are identical). Clearly a resonance due to their inclusion increases the
overall CP-asymmetry by many orders of magnitude. The mass splittings induced in
this scenario are directly proportional to the decay widths and therefore for any choice
of the parameters within m; the mass splittings will always be in a resonant regime.

corrections and they both contribute to the asymmetry generated.

To illustrate this, Fig. 3.15 plots the mass splitting Am;; and the decay width I'; as a
function of my,. The parameter which most significantly impacts the level of resonance
(where the mass splitting overlaps with the decay width) is the combination of p, n;
and g s;. The resonant enhancement is maximised when

T
Amy; ~T; = (};:)mm ~ 40 (hTh> GeV. (3.89)

This places constraints on the overall size of the combination py n; and pg s; required
in order for enough asymmetry to be generated. While this forced resonance occurs, in
order for it to significantly impact the asymmetry, it relies on the radiative Majorana

masses generated arising from a scale around O(1 — 1000) GeV.

In Fig. 3.16 we vary the lightest neutrino mass m,, and the Wilson coefficients for
fixed choices of the other parameters as described in the figure caption. We find similar
conclusions to MLFV-ISS where large values of the light neutrino mass m,, correspond to
smaller asymmetry generation. Masses less than O(1073) eV maximise the asymmetry
generated. Larger values for the Wilson coefficient leads to a larger asymmetry and
allows for a wider range of values within the parameters of m; to produce the necessary

asymmetry along with smaller values for the CPV parameters.
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FIGURE 3.15: Plot of the mass splitting Am;; as a function of m, in GeV when N, and
S, are included. Inred py n; = pg s; = 1/(4m)? GeV, in green pyn; = pgs; = 0.1 GeV
and in blue pyn; = pgs; = 1 GeV. This is plotted against the decay width I'; ; in
brown. As the combination N} 4S8, o I'; ; the mass splitting induced will always be on

resonance independent of the value of m ;. Here there is no distinction between AmZS?

and Amgjs and they both behave in a similar way.
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FIGURE 3.16: Variation in the baryon asymmetry as a function of the lightest active

neutrino mass m,, (left) and varying the Wilson coeflicients n; and s; (right) for the

case where all radiative spurion effects are included. In this scan we fixed a§ = 0.7 and

in the left plot set n;, s; = 1/16m2 whereas we fixed m,, = 0.01 eV in the right plot.
In both plots similar behaviour compared to MLFV-ISS is found.

Based on these two scenarios, we conclude that successful MLFV resonant leptogenesis
will also occur if the ISS and LSS were operative together. Appropriate choices for the
now three LNV parameters based on the two scenarios here will allow for minimised
washout with mass splittings related to the heavy SN decay widths for the necessary
resonance to occur. However as the preceding chapter showed that resonant leptogenesis
is already feasible [1] in this scenario without the need for radiative resonant leptogenesis,

we do not consider this scenario further.
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FI1GURE 3.17: Plot of the baryon asymmetry as a function of the complex parameter
a$ for 6op = 3m/2 (let) and §.p = 0 (right). Here we have fixed m; ~ 107* x
diag(1,2,5) GeV to be in a region with sufficient washout suppression for necessary
asymmetry generation. In blue no radiative effects are included and in green is the
scenario where spurion effects are included. The behaviour of the asymmetry as a
function of the complex angle has consistent behaviour as it is taken to zero. As before
asymmetry generation is possible both with low-energy phases as well as complex entries
of the C' matrix where smaller values of a are allowed compared to the ISS scenario.

Finally, in Fig. 3.17 we plot the behaviour of the asymmetry as a function of the com-
plex component of the C' matrix when low-energy CPV is included and when it is not.
Similarly to the ISS case, asymmetry generation can be predominately due to either the
Dirac phase, dcp, or the complex component a§ of the C' matrix. We find consistent
behaviour for the baryon asymmetry as these CPV parameters are taken to zero. It is
clear from both Figs. 3.12 and 3.17 that a larger portion of the parameter space provides
the necessary asymmetry generation allowing for smaller sizes of the CPV parameters,

decreasing their contribution to flavour-violating processes.

3.4.4 gl — g]/y and MLFV-LSS

Once again we briefly consider the prospects of detection of MLFV-LSS through cLFV
processes. Unlike in the MLFV-ISS scenario a much less tuned region of parameter
space is required in order to generate the necessary baryon asymmetry which may lead

to improved detection prospects.

As before we require insertions of spurions transforming as a (3,3, 1,1) in order to make
the necessary dimension six effective operators invariant. Off-diagonal terms are required
in order for LF'V processes to occur. The lowest order combination which satisfies this
is once again

AY, = VH(VH) V. + VL Vi (3.90)
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FIGURE 3.18: Plot of the ratios R(; jy,) for various combinations of flavour initial

and final states as a function of the lightest neutrino mass m,,. Here the complex

parameter a§ has been switched off but the low-energy phase dcp is varied. Lines in

red and orange correspond to the CP-conserving cases dcp = {0, 27} and d¢p = 7

respectively. In green is the maximally violating case of dcp = 7/2 or dcp = 37/2.
The shaded blue region corresponds to dcp = (0,27)\{7/2, w, 37/2}.

While the combination yLyj; may transform in the correct way, it does not contain the

necessary off-diagonal terms in our scan and therefore cLFV will once again be controlled

by (VH)1.

Figure 3.18 plots the three ratios of cLF'V observables as in the ISS case for the scenario

where a3 = 0 while d¢p is varying. Similar predictions on the ratio R are made

€)[Topl
compared to the ISS scenario and therefore the branching ratio BR(7 — uy) should
be larger by one or two orders of magnitude compared to BR(u — ey). Here there
is a cancellation in 7 — ey for specific values of the lightest neutrino m,, and the
phase dcp. In these regions a strong suppression of this channel is predicted. Outside
the regions of strong cancellation the LSS similarly predicts R(; 7, < 1 but always
predicts R, o)jr¢ > 1 unlike the type-I and ISS case where this varied depending on

the value of dcp. As before the introduction of CPV appears to bring the ratios closer

together.

Figure 3.19 plots the ratios of cLF'V observables in the scenario where dcp = 0 and a$§ is

varied. We find that overall the presence of the CPV parameter becomes more impactful
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FIGURE 3.19: Plot of the ratios R; j), for various combinations of flavour initial
and final states as a function of the lightest neutrino mass m,,. Here the low-energy
phase 0. p has been switched off but the complex parameter af is varied. We find
the same generic predictions as in the CP-conserving case of R, ¢)[r,e] > 1 (top-left)
Riye)r) S 1 (top-right) and R, ¢)r,,) S 1 (bottom). Similar to the scenario above
a cancellation occurs for the process 7 — e~y for specific values of the lightest neutrino
mass m,, . In orange a§ < 0.1, in red 0.1 < a§ < 0.3 and in burgundy a§ > 0.3.

for larger values of the lightest neutrino mass, while for a hierarchical spectrum its
impact is less significant. Overall similar predictions to the case where dop was varied
are obtained and a significant portion of the parameter space is not strongly sensitive to
the presence of CPV. This implies the inclusion of CPV necessary for leptogenesis does

not significantly modify the predictions given by the CP-conserving case.

Finally, Fig. 3.20 plots the predictions for the branching ratio BR(u — ev) as a function
of the LNV parameter m; for Appy = 1 TeV. As before, we plot cases with no CPV
violation and cases in which CPV is present. The dotted(solid) red line corresponds
to the current(future) limit placed by MEG(MEG-II). Due to the LSS parameterisation
in Eq. (3.59), the Dirac-mass matrix mY, is now inversely related to m; and is more
senesitive to parameters within m; changing compared to the Majorana masses in the
ISS scenario. While small values of m; are currently constrained, the region 107> <
my/GeV < 1073 required in order to account for baryogenesis will not be probed in
near-future experiments. This roughly corresponds with the LNV scale Apny ~ (106 —
10%) GeV. This is in agreement with the estimates found in [169] for the necessary

LNV scale for a given LFV scale to be probed. A future measurement of the process
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FIGURE 3.20: Plot of the branching ratio of yn — ey for 85 = 0 (left) and 0.1 < a§ < 1
(right) as a function of m;. Points in blue correspond to the choice 6-p = 0
whereas points in green correspond to d.p = 37/2. The red dotted(solid) line cor-
responds to the current(future) sensitivity of MEG and MEG-II [148, 150] respectively
for this decay mode. Currently very small values of the LNV parameter are probed
for MLFV-LSS which correspond to a very large seperation of the LNV and LFV
scales. In order to allow for necessary asymmetry generation we require approximately
1075 < m; /GeV < 1073 which will not be probed by MEG-II in the near future. The
inclusion of CPV of any type does not significantly impact the predictions.

1 — ey may rule out LSS as a leptogenesis candidate in the absence of additional physics

introduced to lower the overall strength of the washout present for smaller values of m; .

3.5 Summary

We have studied a well-motivated way in which small mass splittings between heavy SNs
from different families may arise, within both the ISS and LSS frameworks, such that
leptogenesis is possible despite the strong washout present in the theory. In the preceed-
ing chapter we found that while a mass splitting naturally exists for the ISS, it is unable
generate sufficient asymmetry. For the LSS, the mass degeneracy amongst the SN masses
at the high scale prevents significant asymmetry generation. While Chapter 2 demon-
strates that leptogenesis is feasible when all LNV terms are switched on (the ISS+LSS
case) we explore the potential for ISS or LSS leptogenesis to occur independently, where

additional symmetries may prevent both mass terms from simultaneously existing.

In the context of broken flavour symmetries and the MLFV hypothesis, a degeneracy
amongst the heavy SNs is naturally produced, for the purposes of having a predictive
theory. The degeneracy is then broken by higher-order spurion vev contributions, leading
to a parameter region consistent with resonant asymmetry generation. In order for the

desired splitting to occur in the intended way during cosmological evolution, the critical
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temperature at which the spurions acquire their non-zero vevs must be assumed to be

above the scale of thermal leptogenesis.

We found that for MLFV-ISS only a small region of very large Majorana masses is
able to generate the required asymmetry. Here asymmetry generation requires next-to-
leading order corrections to be included, therefore suppressing the overall size of the
CP-asymmetry generated per decay of SN. We briefly discussed the impact of CPV on
potential low-energy observables, in particular how various ratios of cLFV decays are
impacted compared to the CP conserving MLFV scenario. The region compatible with

leptogenesis will not, however, be probed by current and near future cLFV experiments.

For MLFV-LSS a large region of parameter space is capable of satisfying the resonance
condition simultaneously with the minimised washout required for successful asymmetry
generation. Here corrections at lowest order are not flavour aligned and therefore much
larger values of the CP-asymmetry are possible compared to the ISS. Similarly, we studied
the impact of CPV on cLFV observables and find that small deviations occur due to their
inclusion. In this case, relatively small values of the CPV parameters allow for sufficient

asymmetry generation allowing for even smaller deviations as compared to the ISS case.

The viable regions of parameter space for ISS and LSS resonant leptogenesis found in
this chapter should apply to other possible models in which small inter-family mass
splittings are produced, provided that the mass splittings generated are of a sufficient
size. The region of viable parameter space in both cases occurs when the naive washout
is minimised. This corresponds to large Majorana masses for uy or pg in the case of
the ISS and much smaller relative values of the linear mass term, my,, in the case of the

LSS.

In both cases we estimated the impact of the lightest neutrino mass m,, on the asym-
metry generated. We find a clear preference for small values where the light neutrinos
are hierarchical and estimate that m,, < 1072 eV is required to maximise asymmetry

generation. Unsurprisingly we find that MLFV leptogenesis favours larger values for the

Wilson coefficients related to the Majorana mass corrections in both scenarios.
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Lowering the scale of Pati-Salam

breaking through low-scale seesaws

4.1 Introduction

The quark-lepton unifying Pati-Salam (PS) gauge symmetry [115, 116] is an interesting
modification of the Standard Model (SM) for a number of reasons. For example, it
requires the introduction of a right-handed neutrino state and therefore naturally can
incorporate neutrino mass (in a number of ways). It unifies the now six seemingly
disparate multiplets in each generation of the SM into two which, in the minimal variant
of PS, only leads to two Yukawa couplings. It also appears as a subgroup of a number
of possible grand unified theories (GUTs). An important property of the model is that

it unifies quarks and leptons of the same SU(2) isospin.

Although the PS symmetry is usually considered to be broken at high scales, the theory
naturally can accommodate a conserved global baryon number. Therefore, and unlike
many models of gauge coupling unification in which quark-lepton unification occurs, the
PS breaking can occur at scales only a few orders of magnitude above the electroweak
scale. Low-scale and high-scale variants of PS differ in very few ways, traditionally
through a modification of the scalar sector and the inclusion of fermion singlets. However

as with all models which unify the SM multiplets, the PS symmetry in its minimal form
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necessarily predicts two important mass equalities not observed experimentally:

Dirac — | and Mg = Me. (4.1)
The scalar content required in high-scale PS models to break the PS symmetry naturally
leads to a seesaw within the neutrino sector (and not the up-quark sector), breaking
the first mass relation; see e.g. [200]. Low-scale variants can be modified very simply
in order to achieve a similar effect, although this requires extending the matter sector
with, at a minimum, fermionic singlets. The second mass equality my = m. between the

down-isospin partners also needs to be modified to produce a realistic theory

Any explanation of the broken mass degeneracy in the down-isospin sector requires a
modification of the particle content of the theory. By far the most commonly considered
modification is to introduce an additional scalar whose couplings to the down-quarks
and charged-leptons differs by group theoretic factors; see e.g. [116]. This introduces
enough free parameters such that all the masses of SM can arise without issue. An
alternative idea, which we pursue further in this chapter, was first proposed in [201, 202]
where additional fermionic states are introduced which mix with the charged-leptons
inducing additional seesaw mixing. This similarly allows for a viable mass spectrum
for all particles but additionally can attractively lead to phenomenologically viable PS

models at much lower breaking scales than usually considered.

The limits on the PS breaking scale arise from rare meson decay processes mediated by
leptoquarks. In particular the theory requires the existence of a gauge-boson leptoquark,
X,,, which mediates these rare meson decays at tree level and with coupling strength
similar to the strong coupling constant g.. As X, couples quarks and fermions of the
same isospin, the dominant decay modes that constrain PS breaking arise from the
interactions of X, to the down-quarks and charged-leptons. Signals from up-isospin
interactions result in neutrino (or missing energy) final states which are more difficult to

constrain.

Interestingly, the introduction of new physics to break the down-isospin mass degeneracy
can further modify the meson decay rates and hence also the limits on the PS breaking
scale. Ordinarily the PS breaking limits vary between O(100—1000) TeV. However these

mixing effects can reduce these limits down to O(10 — 100) TeV. Lower PS limits are of
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obvious interest as they allow for potential experimental probes of these models at scales

lower than previously anticipated.

Additionally there has been a recent resurgence in interest in low-scale PS models as
the leptoquarks predicted by the theory are promising candidates as explanations of
anomalies in low-energy flavour-physics experiments [203-206]. The vector leptoquark
X, itself is an attractive candidate to explain a portion of these anomalies. However, this
requires a mass around A ~ 30 TeV [207| which is naively ruled out from rare meson-decay
experiments. Modifications to the PS gauge group itself have been proposed [208-210] in
order to allow for lighter masses of X, by modifying the gauge coupling to the different
generations or by embedding the theory in a Randall-Sundrum background allowing for
PS breaking in the TeV range [211]. Alternatively the scalar leptoquark content of the
theory has been considered as a candidate to explain the anomalies [207] in the standard
PS scenario, by assuming some scalars develop significantly smaller masses than the PS

breaking scale. This potentially leads to a hierarchy problem.

The use of charged-lepton mixing in order to both break the down-isospin mass degen-
eracy and reduce the allowed scale of PS breaking has already been considered in the
context of the B anomalies for a specific model {212, 213] . The aim of this chapter is to
thoroughly analyse which PS multiplets are viable candidates in breaking the aforemen-
tioned mass degeneracy, and to evaluate the requirements on the couplings introduced
in each case such that this also leads to lower experimentally allowed PS breaking scales.
Therefore while we are motivated by different appealing reasons for low-scale PS, we will

only focus on the requirements such that a reduction in the limits occurs.

This chapter is organised as follows. Section 4.2 is an overview of the minimal PS scenario
including an examination of the gauge boson and fermion masses. Section 4.3 evaluates
the experimental limits on PS breaking as a function of the free parameters in the theory
and determines the impact that fermionic mixing can have on the limits. Section 4.4
identifies all possible PS multiplets of low dimensionality that contain states such that
mixing is induced. Finally, Section 4.5 evaluates the requirements on the couplings
involving viable multiplets which achieve both the desired suppression in the PS limits

and a viable values for all relevant SM masses.
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4.2 Pati-Salam models

4.2.1 Basic Setup

The Pati-Salam gauge group Gpg extends the SM by identifying the SU(3) colour group
as a subgroup of an SU(4) gauge group and extending the electroweak sector to be

left-right symmetric:

Gps = SU(4), ® SU(2), ® SU(2)y. (4.2)

Often a discrete symmetry between the SU(2)y, and SU(2)g sectors is imposed but is not
necessary. Under this gauge symmetry the five SM fermion multiplets of each generation

can be unified into two simple multiplets' under Gpg
fr~(4,2,1) and fr~ (4,1,2), (4.3)

where L/R indicates both which SU(2) the fields are charged under as well as the chi-
rality. The breaking of SU(4) to the maximal subgroup SU(3) ® U(1)x is phenomeno-
logically required and under this breaking the fundamental of SU(4) decomposes as

4116 31/3 (4:4:)

indicating that the SM quarks and leptons can be unified by identifying U(1)x with a
gauged B — L. The SM fermions are embedded into the multiplets given in Eq. (4.3) as?

Up  dy Up  dy
uy  dp uy dp
fo= and fr= ; (4.5)
ug dg ug dg
Ve € Ve €
L R

with similar embeddings for the other generations. Therefore the gauge transformation

rules for the fields, written as matrix multiplication, are

frir = Us (fLyr) Ul g (4.6)

'With the necessary addition of a right-handed neutrino.
2For simplicity we choose to identify the first generation of leptons with the first generation of quarks
and so forth, however alternative assignments are possible [214].
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where Uy 1, g are special unitary matrices for the groups SU(4)c, SU(2)1, and SU(2)R re-
spectively. There are multiple choices of scalars which give the correct breaking patterns.
A common and near-minimal choice for electroweak symmetry breaking is a complex

bidoublet
) b3 vi 0
¢ ~ (1’ 2, 2) = _ e <¢> = (47)
¢1 ¢2 0 v
where the superscripts indicate the electric charge Q of each field and ¢ is written such

that it transforms as

¢ — U o U, (4.8)

Two different combinations of scalar multiplets are usually considered for the breaking
of Gpg down to Ggy. Firstly, and most commonly, two scalars Ay ~ (10,3,1) and

AR ~ (10,1, 3) are employed, where

a+1/3 a+1/3 a+1/3 a—1/3
\/iAll / A12 / A13 / A14 /

a+1/3 a+1/3 a+1/3 a—1/3
« _ 1 A12 / ﬁA22 / A23 / A24 / (4 9)
L/IR™ /5 « « « a— ’
\@ A13+1/3 A2;—1/3 \/§A3;1/3 A34 1/3

a—1/3 a—1/3 a—1/3 a—
A14 / A24 / A34 / \/§A44 ! L/R

are symmetric matrices in SU(4) space (written in the defining representation), o =
(—1,0,1) corresponds to the non-trivial SU(2) charge of the scalar (in the adjoint rep-
resentation) and the superscripts on each component again corresponds to its electric
charge®. The breaking Gpg — Gsy occurs with a non-zero vev in the following compo-

nents
((2374),,) = vem (4.10)

Alternatively, the scalars X7, ~ (4,2,1) and Xi ~ (4,1, 2) can be used:

%/3 X;1/3 0 0
Y23 x1/3 0 0
b b
XL R~ ) <XL R> = (4.11)
/ X;/g X;1/3 / 0 0
0 —
X X LR VL/R 0

where the gauge transformation rules for these scalars are the same as f7 /.

3Unless stated otherwise superscripts on fields making up a PS multiplet will correspond to its electric
charge @ under U(1)gm.
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In both cases, Ay and X would be sufficient without their SU(2); counterparts as
long as the bidoublet ¢ is included. Their inclusion however allows for the possibility of
imposing a discrete symmetry between the left and right gauge sectors which would lead
to partial unification of the gauge couplings, gr, = gg, at the relevant breaking scale. An
analysis of the renormalisation group running of the gauge coupling constants has shown
that the inclusion of a parity symmetry requires a PS breaking scale of O(10'2) GeV
in order for consistency with low-energy measurements of electroweak observables [200],
unless the parity breaking scale is decoupled from the scale of PS breaking [215]. In order
to allow for the scale of PS breaking to be as low as possible we assume that if such a
discrete symmetry exists, then its breaking occurs independently at a higher scale to the
breaking of Gpg which allows for the scale of PS breaking to be significantly lowered.
However for generality we will include the SU(2); scalars which may be predicted by

specific GUTs or lead to unique phenomenology.

In addition to the scalars in Eq. (4.11) often ® ~ (15,1,1) is included where

S V29, vaey,  vae
2/3
oLt V2 (24,)" —®7 + \1[‘1’2 \/g(I)?E) V20, V23
* 2/3
2 V2 (@) V2 (055) ~ 200+ Ll 2o
—2/3 -2/3 -2/3 3 §0
V29 V29, V20 — 5%
1 1 3
P) = vy dia, ) ; Al S 4.12
such that ® transforms as
- UDU. (4.13)

As this scalar transforms in the adjoint representation of SU(4)., a non-zero vev for ® will
break this symmetry down to one of its maximal subgroups such as SU(3). @ U(1)p_1.
The inclusion of ® therefore allows for all possible scales of symmetry breaking® starting
from Gpg down to the broken SM but is only necessary in scenarios where the SU(2)r

gauge boson masses are desired to be smaller than the PS breaking scale.

“The vevs of the scalars Xr and Apg directly break SU(4). ® SU(2)L ® SU(2)r down to
SUB)e @ SUR2)L @ U(1)y.
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The scalar content described above leads to the following symmetry breaking chain

SU4), ® SU(2), ® SU(2)p,

(@)
SU®3),® SU(2), ® SU(2), @ U(1)p_y

(Xp/BR)

SU®3),® SU(2), @ U(1)y

(¢.x,/AL)
SU3). @ U(1)py (4.14)

where Y = T3 + %, @ = 131, + Y and the order of breaking is determined by the

relative size of each vev.

We now describe in more detail how the first mass relation of Eq. (4.1) can be avoided.
The equality between down-isospin partners will be addressed further below, however
the equality between up-isospin partners allows us to restrict the scalar content of the
theory. If Az, g are present, a Majorana mass term for the neutrinos will be generated
via yL/Rm (fr/r)°Ar/r and will lead to a see-saw mechanism between the neutral
fermions as the hierarchy (Ar) < (¢) < (AR) is required due to electroweak precision
tests and the Yukawa couplings are fixed by the masses of the up-type quarks. This leads

to light, predominantly left-handed neutrinos, with masses given by

u__ (4.15)

my ~ yr(Ap) + —n
yL< L> yR<AR>

Considering the third generation of fermions alone, m, = m; ~ 175 GeV, requires PS
breaking at large scales in order to achieve a viable low-energy neutrino mass spectrum.
Setting (Az) = 0 gives a rough lower-bound (Ag) > 10'2 GeV and therefore the scalars

Ar g are not viable as models of low-scale PS.?

If X/ g are present, a viable neutrino mass spectrum is only possible with the inclusion
of additional particles, for example a left-handed gauge-singlet fermion Sp ~ (1,1,1)
for each fermion generation, as otherwise vy g are predicted to be Dirac particles with

masses similar to those of the up-type quarks. Light neutrinos can arise due to the

5 A viable neutrino mass spectrum with (Ag) < 10'? GeV may be possible with a fine-tuned cancel-
lation between the two terms appearing in Eq. (4.15) if y.,r have opposite sign, although we will not
consider this possibility further.
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d ¢ X, Xg

SUM4). 15 1
SU2)L 1 2 2
SU2r 1 2 1 2

TABLE 4.1: The scalar content which we utilise and their respective dimensions under
each PS gauge group.

ISS and LSS mechanisms if small but non-zero lepton number violating mass terms are
included as in Chapters 2 and 3. This scenario can allow for the PS breaking scale to be
much lower, as we describe below, while allowing for light neutrino masses and therefore

we restrict ourselves to the scalar content described in Table 4.1.

4.2.2 Yukawa sector

The full Yukawa Lagrangian for the fermions fr, fr and Sz and the scalars ¢, Xy, and Xg

18

_ _ — — 1
Loy =Tr [y1fL¢ (o) + uofr °(fr)" + yrS Xt + yr FL XL (L) +§MSSL(5L)C+H-C
(4.16)
where generational indices are suppressed, ¢¢ = 75 ¢*m5 and 7 = € is the two-dimensional

Levi-Civita symbol.
After spontaneous symmetry breaking, charged-fermion masses arise from (¢)
my, = Y101 + Yav3

*
Mg = Y109 T Yoy

m, = mg, (4.17)
whereas, within the neutrino sector, mixing between the neutral fermions leads to

0 m,  YLvL vy
1 -
B (ﬁ v% SL> my, 0  ypvy vip |- (4.18)

YLVL YRVE  [hg St
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Adopting the hierarchy |ps, yrvr| < |my| < |yrvr| and setting all parameters to be

real for simplicity leads to

2
m v
mylzlug< u) +2yL Lmu
YRVUR YRVR

Myy 5 ~ YRUR T pUs (4.19)

if only one generation is considered, where the light state is predominantly made up of vy,
and the two heavy states predominantly made up of vg and Sy. A viable neutrino mass
spectrum is possible for sufficiently small values of the lepton number violating mass
terms pg and yrvr. These choices are technically natural and allow for the breaking

scale vp (which breaks PS) to be lowered to O(1000) TeV or lower.

4.2.3 Gauge Sector
The kinetic term for each scalar is given by

Lo = (Do) (DF0) + (DuXg) ' (DPXR) + (Dux)' (DPX,) + %Tr (D,®) (D ®),

(4.20)
the covariant derivatives are given by
Dup = 0ud +igtWiud —igrd Wry
DXy, = 0,Xp, +igaG Xy +igrXp(Wr,)T
Dy Xp = 0,Xp + 194G X g +igrX g (Wrp)T
Dy® = 9,8 +igs |Gy, @] (4.21)

and WL[R]M/G’N are the SU(2)g/SU(4) gauge fields respectively, written as matrices
transforming in their defining representation and are explicitly written down in Ap-

pendix C.

After spontaneous symmetry breaking the spectrum of masses and mixings for the dif-

ferent gauge fields can be calculated. We find

1 1 1
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where X, corresponds to a colour-triplet vector leptoquark with electric charge 2/3,

o
2 (.2 2 _
1 g (U +v ) —291LgRV1V2 W
ﬁiINDf(W+ W+) AN L
2 L R/, ) 2 (2 4 g2 78
gLgRV1V2 Ir \Vy T VR R
M. (4.23)
which corresponds to the mixing matrix between the two colour-neutral, electrically-
charged gauge bosons with v(% = v} + 03 and
3,2 ()2 2 _./3 2 _./3 2
291 (v + vR) \ﬂngvL \@gwRUR Gis
1 :
‘CIS(IN D) 5 (G15 Wi, W3R>M - %Q4QLU% 9% (7)3) + U%) _ngRvi Wiy,
—\/ 2 949RV% —9L9RV, g% (vi + ’U%) Wsr
M (4.24)

which corresponds to the mixing matrix between the three colour- and electrically-neutral

gauge bosons.

While the above equations can be solved numerically, simple analytic expressions can

be derived in certain limits. Assuming a hierarchy in the scales of symmetry breaking,

VEW = 4 /v?5 + v? < vp, leads to the following spectrum of gauge boson masses:

39%93 + 39797 + 29597 5

1
2 2
m, =0, my,~—
) 397 + 29%

1 3
2 2 2
VEw, My =g (91«2 + 294) VR

1
2 Lt 2.2 2 1t a2/29 2
My = 59LVEw, My = 59k (Vi + viw)

2

1/2
m = (++) 2.

2\3

where the hypercharge gauge coupling is given by

9y =

39%93
393+ 29%

(4.25)

(4.26)

Note that (®) only contributes to the mass of the vector leptoquark X, and otherwise

is completely decoupled from the remaining gauge bosons and fermions.
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FIGURE 4.1: Plot of the masses of the SM-like gauge bosons mz and my (left) and
the heavy gauge bosons myz and my (right) as a function of the SU(2)g breaking
scale vgp. Here the masses were found by numerically solving Eqs. (4.23) and (4.24)
with gauge couplings given by Eq. (4.27) assuming the normal running of the SM
gauge couplings at these energy scales described in Appendix E. We roughly find that
vr > 1.2 TeV is required for Eq. (4.25) to be valid and to ensure the light gauge fields
remain SM-like as indicated by the dashed vertical line, the dashed horizontal lines
correspond to the measured masses of the electroweak gauge fields. We find that the Z’
gauge field will be significantly heavier than the W’ field and a ratio of mz /my ~ 3.5.
This is due to the additional mixing effects occurring between the neutral gauge bosons
compared to the charged ones.

The gauge couplings of Gps (g4, g1, and gg) are related to those of the SM (g., g, and
gy) at the scale of PS breaking:

393 (1) g2 (1) (4.27)

93(1) = g2(1),  gi(n) = gi(p) and gh(p) = 39200 — 27 ()

As the SU(4) coupling constant is given by the usual colour gauge coupling, at low
scales g.(u) > gy (u) and therefore gr(u) ~ gy (n). Figure 4.1 plots the masses of the
electroweak gauge bosons of the theory as a function of the SU(2) g breaking scale vg. In
order to decouple vy from significantly impacting the masses of the light, SM-like gauge
bosons we roughly find that vy > 1200 GeV is required in order for Eq. (4.25) to be a
valid approximation. The heavy neutral gauge boson Z’ is significantly heavier compared
to the heavy charged gauge boson W’ and we roughly find a ratio of mz /my» ~ 3.5 at
TeV scales. Adoption of the hierarchy vy > vr would imply that the leptoquark X is
heavier than both the Z’ and W’ fields such that my» < mz < mx. However, were
® to be absent or have vg < vp, the spectrum of heavy gauge bosons masses would be

myr < mx < myg with the ratio myz /mx ~ 1.3 at TeV scales.
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4.2.4 Baryon number violation

In order to assess the implications for baryon number violation arising from the unifica-
tion of quarks and leptons within PS we consider the Yukawa and kinetic portion of the
Lagrangian, and the scalar potential separately. Consider first the electroweak sector of

the Yukawa Lagrangian:

Lyvi,ew = Tr [y Lo (fr)" + y2f7¢c(fR)T] +H.c. (4.28)
This Lagrangian is invariant under a single global U(1) ; transformation
fo—=e% . fr—e®fr and ¢ — ¢ (4.29)
and therefore the J charge of each field can be chosen such that

J(fr) = J(fr) =1 and J(¢) = 0. (4.30)

As ¢ is uncharged under the SU(4) of Pati-Salam and the global symmetry J, the vev
(¢) also does not break either symmetry e.g. J((¢)) = T'({¢)) = 0, where T corresponds
to the fifteenth generator of SU(4) identified with B — L. Baryon and lepton number

can be identified as different linear combinations of J and T

B %(HT) and I — %(J—?,T) (4.31)
such that
1/3 1/3 0 0
1/3 1/3 0 0
B(frL) = B(fr) = and L(fr) = L(fr) = (4.32)
1/3 1/3 00
0 0 1 1

as required for the embeddings of SM fermion in f;, and fg defined in Eq. (4.5). As the
electroweak Yukawa Lagrangian is invariant under both J and T independently in both
the broken and unbroken phase, it is clearly also invariant under a linear combination of

the two and therefore all interactions conserve both B and L.



Chapter 4. Low scale Pati-Salam 134

Turning to the remaining terms in the Yukawa Lagrangian,

_ _ 1
‘CYUK7PS =Tr yRSLXIerR + nyLXL(SL)C + ENSSLSE + H.c (433)

the global symmetry U(1); is unbroken with the additional charge assignments
J(XL):J(XR):l and J(SL):O (4.34)

where the B and L numbers of each component of X are identical to those of fr/g.

L/R
The scalars X, and Xp are charged under both J and T, such that (J + T)((Xz/g)) =
B({Xr/r)) = 0, whereas 1(J - 3T)((Xr/r)) = L((XL/Rr)) # 0. Therefore B is conserved
by the Yukawa Lagrangian at all scales whereas lepton number is spontaneously broken
at the scale of SU(2)g breaking. Baryon number being an accidental symmetry of the
PS Yukawa Lagrangian is a feature which appears to be insensitive to the choice of
scalars used to break the PS symmetry. If the scalars A} /R defined in Eq. (4.9) were
present instead of X /g (often considered in high-scale PS models) identical conclusions

are reached with baryon number remaining an accidental symmetry of the Yukawa sector

while lepton number is spontaneously broken.

The kinetic portion of the Lagrangian
Ly =1y FPF+> (D,S)(D"S), (4.35)
F S

where F' = (fr, fr, Sp) and S = (Xp, Xg, ¢, ), does not violate B — L = T as
it is a gauge symmetry. However it is easy to show that it also conserves a global

B+ L= 3(J—T) symmetry where

0 0 0 -2/3
0 0 0 -2/3

L) = (4.36)
0 0 0 -2/3

2/3 2/3 2/3 0,

o

(B+ L)(

as every gauge field is uncharged under U(1); and @” corresponds to the SU(4). gauge
fields. The gauge fields of SU(2), and SU(2)g are uncharged under J and 7" and therefore
uncharged under B and L. As the gauge interactions conserve both B — L and B + L

6 Adopting the scalar and fermion particle content detailed in Section 4.2.1.
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simultaneously they necessarily conserve B and L separately and therefore there is no
gauge-mediated baryon- or lepton-number violation predicted by PS, though these may
appear if PS is embedded into some GUT at a higher scale, with the effects suppressed

by the relevant unification scale (see e.g. [216]).

A comprehensive analysis of the scalar potential including minimisation of the potential is
beyond the scope of this work. Of all the possible gauge invariant terms within the scalar
potential, we find only one term’ which will violate U(1); for the charge assignments

imposed by the Yukawa Lagrangian:
V(6,®,XL,Xg) D Arr (X0)**(XL) PP (Xr)“*(Xp)PPeapcDeastas, (4.37)

where (4, B, ...)/(a,b,...)/(a, ,...) correspond to SU(4)/SU(2)r,/SU(2) g indices re-
spectively. As J(Xp/g) = 1 is required by the Yukawa sector, the existence of this term

in the scalar potential violates J by four units and therefore violates B by one unit.

Therefore proton and neutron decay diagrams can exist within low-scale PS and will
involve a combination of the couplings yr, yr and XLR. This requires the existence
of both X and Xgr. Models with only Xpg included (required for PS breaking) have
exact proton stability assuming no additional particle content. Additionally, baryon
number can be easily imposed when both scalars are present by setting XL r — 0 which
is not constrained by any other phenomenology and is technically natural and therefore
insensitive to quantum corrections. Constraining the allowed size of by LR from the current
experimental constraints on rare proton and neutron decays is beyond the scope of this
work. However, this was briefly looked at in [202] for a similar model where they found
XLR < 107° as a constraint arising from N — eev. PS models therefore are relatively
unconstrained by baryon number violating decays compared to GUT scenarios and other
experimental measurements (or lack thereof) are required in order to constrain the scale

of PS breaking.

We note that the scalar potential must satisfy additional phenomenological bounds be-
yond the suppression of baryon number violation. In particular, due to the multiple

SU(2)1, doublets which appear in the theory, the masses of the physical scalars which

" Additionally there are two extra possible terms XL(XL)4 =L (xXp)A(x) B (x1)°¢(X1)PleaBcpEaseca
and )\R(XR)4 = AR (XR)A"‘(XR)BB(XR)CV(XR)DéeABCDeaﬁEWS which would also break U(1); however
we find them to be identically zero once contracted.
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arise after minimisation of the scalar potential must be sufficiently heavy as they medi-
ate various flavour-changing processes at tree-level, for example neutral-meson mixing.
These constraints are identical for all left-right symmetric extensions of the SM which
contain, at a minimum, a scalar bi-doublet and have been extensively studied [217-221].
Recent studies on the masses of the additional physical scalar fields [222] with flavour
changing couplings puts a lower bound on its mass scale of O(20) TeV. Although this
limit requires masses to be somewhat larger than the electroweak scale, it has been
pointed out [221] that quartic couplings in the scalar potential can generate mass contri-
butions proportional to the SU(2)g breaking scale for these scalars and therefore large
masses can naturally be generated. Regardless, while such constraints are important for
low-scale left-right symmetric models, of which PS is an example, they have no impact
on the experimental limits on the scale of PS breaking and therefore we do not consider

them further.

4.3 Probing Pati-Salam models through rare meson decays

A promising probe of the scale of Pati-Salam breaking is through the contributions of
the gauge and scalar leptoquarks predicted by different realisations of the model to
low-energy hadronic processes. Of particular significance is the gauge boson leptoquark
X,, which must couple universally to all three generations of fermions. This is unlike
the various possible scalar leptoquarks for which the Yukawa couplings to the lighter
generations could be suppressed, perhaps through a flavour symmetry. Additionally
as SU(3). is a subgroup of the SU(4) appearing in Gpg, the coupling strength of the
leptoquark X, to the SM quarks is related to that of g. and cannot be treated as a
free parameter. Therefore precision flavour experiments involving the lighter generations
provide stringent limits® on the mass of the gauge leptoquark X n which directly limits

the scale of PS breaking (either vg or vg) through Eq. (4.25).
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4q P> P> lj

FIGURE 4.2: Tree-level Feynman diagram of the leptonic decay of a scalar meson My,
where ¢, and g, correspond to the valence quarks of the meson, to the lepton pair
lij (4,5 = e, p, 7) mediated by the PS gauge leptoquark X,. PS unifies quarks and
leptons of similar isospin, therefore the processes mediated by X, at tree-level are easily
predicted, e.g. if g, corresponds to an up-type quark then /; must be a neutrino. The
strongest limits on the mass of X,, arise in the case where p and ¢ are both down-
type quarks, where M,, = (K¢, BY, BY,...), and therefore the final state comprises of
charged leptons with opposite sign.

4.3.1 Neutral Pseudoscalar meson decays induced by X,

The most stringent constraint on the mass of X, arises from limits on rare leptonic
decays of pseudoscalar mesons, mediated at tree level by X, as shown in Fig. 4.2. As
Pati-Salam unifies quarks and leptons with the same SU(2)r g isospin into the same
SU(4) multiplet, as shown by Eq. (4.5), it couples up-type quarks to neutrinos and
down-type quarks to the charged leptons. Therefore the leptonic decay channels induced
by X, at tree-level can be predicted based on the valence quark content of the relevant
meson. For example, X, will mediate the leptonic decay DY — D as both valence quarks
are up-type but not D® — ¢+¢~. Unsurprisingly the meson decay channels which lead
to the most stringent limits on the mass of X, arise from opposite-sign charged-lepton
final states where there is no missing energy, which only occurs in PS for neutral mesons
with down-type valence quarks. As a result, the mass of X, is most constrained by
measurements of the decays of Kg, BS and B? mesons whose leptonic decay channels

are well measured.

The leptoquark X, couples to the fermions through their kinetic terms in the Lagrangian

‘CfﬂN = 1f7lbfL + ZEmfR (438)

81f a scalar leptoquark is present which also mediates the same decay, destructive interference between
the gauge and scalar contribution to the hadronic process can somewhat lower the limits on the mass of
X by up to a factor of 2 [223] depending on the mass(es) and couplings of the relevant scalar(s). In our
analysis we will focus solely on the contribution from the gauge leptoquark and neglect possible regions
of destructive interference with scalar contributions by assuming the masses of the scalars to be heavier
than the gauge leptoquark.
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where the covariant derivatives for f7,/p are defined similarly to X, /g given in Eq. (4.21).
Expanding out Eq. (4.38) explicitly with the fermion multiplets given in Eq. (4.5) and

leaving only the interactions of interest gives

Lr. D % (dX Ppe + dX Pre) + He, (4.39)

where colour and generational indices have been suppressed. Here the fields d and e

represent the gauge eigenstates. Rotating to the mass eigenstates leads to

Lxae = % (4 ()i X Pre + & (Kf)iy X Pre;) + Hee. (4.40)
where now the generational indices are explicitly shown and primed fields represent mass
eigenstates?. The matrices ng/ r are CKM-like mixing matrices between the down-type
quarks and charged leptons. The existence of both left- and right-handed couplings to
X,, leads to two different mixing matrices which, without a parity symmetry, are not
necessarily equal. The matrices can be expressed in terms of the unitary matrices used
to diagonalise the mass matrices e.g. (U)TM,UL = M{ = diag(...). For the case of
Gps in total there are eight different physical mixing matrices (compared to the two of

the SM) given by

Ve = UDTUE, VES = (U UR. K= (UDTUL K = UR)'UR
U = (UD'UE, UR™ = (UR)'UR,  Ki"=(UD'WE, Ky’ =(Up)'Ug

(4.41)

where UE/R is a 3 x (3 + n) matrix due to the possible seesaw nature of the neutrino
sector and the upper-left 3 x 3 block of U;™" is given by the (now non-unitary) PMNS

matrix.

For a pseudo-scalar meson M,y,, where g, and g, correspond to the valence quarks of the
meson e.g. BY = M, ,, the partial width for the two-body decay M,, — K?Ej_ is given
by [223, 224|

mp, 2
P rtpgmserey = Tgp AMMpqr Mei; Mt;) zh: [ Mopgij] (4.42)

9For the remainder of this chapter, where there is no chance of confusion between gauge and mass
eigenstates, fields will remain unprimed for both basis.
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where

A(magy,, M, ;) = \/[1 — (b, + uejﬂ [1 — (b, — Mejﬂ (4.43)

and py = mx/muz,,. For the decay of a scalar to two fermions the sum over helicity

states is given by

Z ‘Mpq,ij‘z = <1 - Mi - M%J) [‘Mﬁq,ij‘Q + \qu,ij\Q]
h

= 2 pgy ey | Ml (M) + ME (M) |

Pg,ij Pg,ij PY,Lj Pq,ij

(4.44)

where

Mypgij = le;q,ij H(pfj)PL U(Péi) + Mg]?q,ij ﬂ(péj)PR v(pe;)- (4.45)

The matrix elements of the axial and pseudoscalar currents for the relevant mesons are

given by [214, 223]

(OldpH°dg| Mpq) = ifary (pZ +10,)

<O’d7p75dq‘Mpq> = —1f M, Mpq (4.46)

. JE— 2 . .
where fag,, is the meson’s decay constant and mpq = my, /(mg, + mg,). Combining

these matrix elements with Fig. 4.2 and Eq. (4.40) leads to

Mﬁ;ﬁ - fMpq [qu Mpq (MIZ;/R)pq,ij a {mfj (Mj/R)pq,ij - My (Mf/L)pq,in (4-47)

where

2
L/R) 9% ( de ) ( de )*
M =F— (K K
( A ) pasij 4m2, LIR) pi N LIR) 4
L/R 9 d de \*
M ) ::F—(Ke ) (K ) 4.48
( P ) pasij 2m?, LIR) i N RIL) o (4.48)

and R,, is a factor introduced to account for the running of the strong coupling from
the high scale, 4 ~ mx, down to the relevant hadron mass scale, p ~ myy,,. This leads
to an enhancement in the pseudoscalar-current matrix element in Eq. (4.46) [223, 225]
but no enhancement for the axial current which does not run due to the Ward identity

of QCD [226].
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To demonstrate, for the leptonic decays of Kg the correction factor is given by
Rpeo (ng, mx) = R(ng, me; 3)R(me, mp; 4) R(my, my; 5)R(my, mx; 6)  (4.49)

where

R(p1, pas np) = [ge(p)/ge(pa)]¥/P09), (4.50)

b(ng) = 11 — (2/3)ns and nys corresponding to the number of active quark flavours in

each energy regime.

As X, couples to both left- and right-handed quarks and leptons, two different types of
contributions can be seen in Eq. (4.47). The first term does not depend on the masses of
the final state leptons and corresponds to the helicity-unsuppressed contribution and only
exists if both Kg?  exist, which is only possible if X, couples to both fermion chiralities.
The last two terms are proportional to the final state charged lepton masses. This
corresponds to the helicity-suppressed contribution which arises from a mass insertion
and only requires one of Kj.fe/ p to exist. It is forbidden in the limit of massless final-
state leptons, in complete analogy to weak meson decays in the SM. If the final state

particle masses are ignored, the decay width is given purely by the helicity-unsuppressed

contribution, and can be simplified to [223, 227, 228

49 2
HU _ m]\/[pq [94(mx)} fMpqmpq 2 de 2 de 2 de 2 de 2
i = . R (|| || +|rge| |&e]” ).
pa—t; &5 64 mm5 pi qj pi qaj

(4.51)

10 gimilar to the weak

In the limit where X,, couples to only one chirality of fermions
force, M]];/ B — 0 but one of Mj/ R remains nonzero. This results in the total decay
width depending only on the helicity-suppressed terms appearing in Eq. (4.47). The

usual result for helicity-suppressed meson decays is recovered

4
LS My, [94(mx)] f]%@q ] 2[4 9
Mpg— 05 256 7 m, [ — (ke + 1e;) } { = (e = ;) }

X [(1 - ,uz_ - Hz%]-) (m%Z + mZ_) - 4Mgiugjmgimgj} (4.52)

'9This is a special case of the general case which occurs for example by setting K& = 0353 but K¢
remains unitary.
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which, in the limit mg, > my,, valid for the SM charged leptons, is well approximated by

4 9 2 2
m gs(m b5y my 2 2
rhs e M 94(mx 1] Morg (1 ) g K] @)
pa b £ 256 mm’y 7 M, pi aj

where K% corresponds to either ng or Kj‘ff depending on which chirality of fermions
X, couples to. Comparing Eqs. (4.51) and (4.53) unsuprisingly suggests that generically

the helicity-unsuppressed contribution is expected to dominate:

R _ Y ARy, [ [ Ly e KL
HU/HS = THS mgj ‘ng‘; ‘ngij + }K%e‘; !K?f”\;
K (4.54)

For example, for K% — pe we roughly find Rpy/mg ~ 10* k where &k corresponds to
the combination of mixing matrices involving K ge/ r above. However the helicity unsup-
pressed contribution can be sub-dominant if the couplings are strongly suppressed for

one chirality over the other e.g. |ng|pz-/qj ~ 1 and |K{ ; =~ 0. In such scenarios

Ipi/a
the limits for the vector leptoquark mass (and therefore the PS breaking scale) will be
significantly decreased due to a reduction in the decay rate with Ryy s < 1. However

this would require the hierarchy

4m2 RZ 1
— < — (4.55)
mgj K

implying a difference in the couplings of X, to f7, and fr of several order of magnitude

at least.

The contribution to the decay widths from the PS gauge leptoquark in Eq. (4.42) depends
on both the mass of the leptoquark mx as well as to the different elements of ng/ R
These physical mixing matrices are currently unconstrained and different textures within
each matrix can significantly change the relative strength of specific lepton flavour decay
channels over others for a given meson. As limits and measurements of different processes

differ in sensitivity, the limits on the leptoquark mass (and therefore the scale of PS

breaking) can vary significantly for different choices of the mixing matrices ng/ R
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To demonstrate this, we define general unitary matrices for K}fc} R

. L/R L/R L/R
Kijp = Kas(034 ", 01/ 7) K13(014 ™) Ko (013 ™)

L/R
c12 €13 €13 512 513
I s s is
c23 512 — €'°c12 513 523 c12 €23 — €'9512 513 523 ec13 523
—i5 —is
—c12C23 513 + € S12823  —C23512 513 — € Oc12 523 €13 €23
(4.56)

In principle the matrix ng should contain all six possible phases as by convention
rephasing of quark and lepton fields fixes the phases appearing in V;*" and U;®" and
therefore no rephasing!'! can occur for ng or K}'¥. However only one complex phase
is important for the discussion below and therefore we ignore all other possible complex

phases which can appear in K ge/ R

Table 4.2 lists the meson decay channels of interest'? alongside either their measured
branching fractions or the current experimental upper limit. Additionally we indicate
which two matrix elements of K ge/  are required to be non-zero in order for X, to mediate
this process through Fig. 4.2. Note that for lepton-flavour violating decays there are two
possible combinations of non-zero matrix elements which mediate a decay which is taken
into account in our calculations. It is clear from Table 4.2 that the decays of K% are

currently the most experimentally probed channels, with the lepton-flavour violating

decay Kg — pe having the most sensitive upper limit of any process.

In contrast the current experimental precision for the decays of Bg /s is, for most channels,
significantly weaker and will lead to weaker limits. Therefore the lower mass bound on
X, will vary most depending on whether the structure of Kzle/ r leads to decays of Kg
or not. A thorough analysis for general unitary matrices similar to Eq. (4.56) for the PS
gauge leptoquark has been performed [228] to find what conditions are required on K ge/ R
in order to suppress the decays of Kg, either preventing them completely or significantly

reducing the predicted decay width by removing the helicity-unsuppressed contribution.

UTn contrast K& could be chosen to contain one complex phase if the other right-handed physical
mixing matrices are left as general unitary matrices. However a more natural choice of basis would be
to rephase the fields appearing in V5" and Ug™" in analogy with the left-handed mixing matrices.

12 A1l neutral-pesudoscalar mesons will receive a similar contribution however in the cases of other
mesons not listed (such as the 7°, 5, 7/, T etc) we find the limits on mx are subdominant compared to
the mesons listed in Table 4.2 when comparing the predicted branching fraction induced by X,, compared
to the experimental sensitivity.
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Hadronic Process Measured value or upper limit (p,i)(q,7)
B(KY — ee) 9.076:9 % 10712 (L1)(2,1)
B(KY = py) 6.841011 x 10712 (1,2)(2,2)
B(KY — pe) <4.7x 10712 (1,2)(2,1)/(1,1)(2,2)
B(BY - ee) <83x107 (L,1)(3,1)
B(Bg — i) <3.6x10710 (1,2)(3,2)
B(BY — 17) <21x1073 (1,3)(3,3)
B(Bg — Me) <1.0x 107 72)(371)/(171 (372
B(BY — Te) <2.8x1075 3)(3,1)/(1,1)(3,3
B(Bg - Tu) < 2.2 X% 1075 173)(372)/(172 (373
B(B? — ee) <28x 1077 (2,1)(3,1)
B(BY = pup) 3.0104 x 1079 (2,2)(3,2)
B(B? — 7) <6.8x1073 (2,3)(3,3)
B(Bg — Me) <54 %1077 272)(371)/(271)(372
B(Bg — 7’6) — 73) 371)/(271)(373
B(Bg — 7-/1,) - 272) 373)/(372)(273

TABLE 4.2: Experimental measurements and upper limits on rare leptonic decays of
various pseudo-scalar mesons which form the dominant constraint on the scale of Pati-
Salam breaking. The third column represents which entries of the matrices (Kg‘; R)pi

and (ngR

)q; need to be non-zero for the given decay channel to occur via X, where p, ¢

correspond to the valence down-type quarks, (d, s, b) = (1, 2, 3) and 4, j to the final
state charged leptons (e, u, 7) = (1, 2, 3) for the diagram in Fig. 4.2. Lepton-flavour
violating decay modes can occur via two different possible diagrams. For example the
process BY — pe can arise from the (3,1) and (1,2) entries which corresponds to the
couplings bXe and dX u leading to B} — p~e™, but can also have a contribution from
(3,2) and (1,1) which corresponds to bX u and dXe and leads to B — e~ u™t.

Two possible scenarios were found. Firstly if

L _ pR _
023_923_

is satisfied by Eq. (4.56), this leads to

L
d .
KLE = _6250%2 S

-0 oL

L R L R
5, 613 = 913 = 0, (5 = (5 and 6 =T — 5 (457)
R R
. d i _ i
Weo | and K5 = | e 150{{2 Sy € MSS% spg —e ¢y
0 —esh eck, 0
(4.58)

These matrix structures will not completely prevent the decays of Kg. However, they

will prevent the helicity-unsuppressed terms from contributing and therefore will be
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suppressed by the final-state lepton masses similar to weak decays in the SM. Note that
all the entries of the upper-left 2 x 2 block of K}f? g are non-zero, but an important
cancellation in the amplitude arises as 6%/ are exactly out of phase. Additionally the
(3,3) entry of both matrices is zero and therefore for this scenario the decays BY —
77 and BY — 77 cannot occur. Interestingly, if § is maximally CP violating then
the helicity unsuppressed contribution completely disappears and therefore there is no
contribution to the decay of KE, whereas the helicity-suppressed contribution to this

decay is maximised for CP conserving choices for §.

Alternatively the desired decays can be completely prevented with the simple condition

01 = 015 = % (4.59)
which leads to
L/R
0 0 1
Kg?R = | —c¢23812 — 6"6012 523 C12 C23 — €i6812 523 0 (4.60)
—c12003 +€Ps19805  —cazs12 — € Pciaso3 0

Here the decays of K9 trivially do not occur as both the (1,1) and (1,2) entries of
K ge/  are exactly zero and, as can be seen in Table 4.2, X, will not mediate the relevant
decays. Similar to the previous scenario the decays Bg — 77 and BY — 77 do not occur.
Additionally, the processes BY — (ee, uu, Te) and BY — (7e, Tu) will not occur as
the (2,3) entry is also zero. Therefore, for low-scale PS, the suppressed decay channels
for Bg /s — TT are directly correlated with suppressed decays of Kg. Increasing the
experimental sengitivity of these channels could therefore provide a powerful test of PS,

especially if a non-SM signal was detected in these channels as no such signal has been

seen in the decays of K%.

In both scenarios above which lead to the lowest possible limits on the PS gauge lepto-
quark, the matrices ng and K j‘%e are required to have a similar structure to each other.
The first scenario allows for only four free parameters between the two matrices whereas
in the second scenario six free parameters exist. In order for both these matrices (which
are naively unrelated) to have the same structure suggests that a parity symmetry must
be enforced at some scale. The two matrices do not have to be exactly equal to each

other, although this is also possible. However in both scenarios at least one angle has
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to be identical for both matrices. As discussed previously it has been found that en-
forcing a parity symmetry alongside the PS gauge groups requires parity to be broken
at O(10'%) GeV or higher [200, 215]. As we are interested in minimising the scale of
PS breaking it would seem quite coincidental for both K}f"‘ and Kj‘%e to be so similar
at low scales (and rather unlikely for them to be exactly equal) with such a high scale
of parity breaking. However, this requires a full analysis of the running of the relevant
mixing angles which we will not explore further. It may be possible that at some high
scale K}if; r are equal to each other and after parity breaking some angles are insensitive
to running effects whereas others run significantly, leading to the desired form for the

mixing matrices.

In addition to the two scenarios above which completely prevent X, from inducing decays
of K 2 we identify two additional scenarios which would prevent the LFV decay Kg — e

but not necessarily the decays Kg — ee or Kg — pp. For example if the conditions

0k, =08 =0 and 0k =08 = g (4.61)
are satisfied, this leads to
L/R
€13 0 513
ng/R = | —e®s3 0 ecyg , (4.62)
0 - 0

and the decays K? — pe and K? — pu do not occur via X,. However the decay

K9 — ee does occur as suggested by Table 4.2. Similarly if

oL, = 0f = g and 0L = 08 = g (4.63)
is satisfied, this leads to
L/R
0 13 513
Kgc}R = 0 —ePsi3 ePey : (4.64)
e 0 0

The decays K% — pe and Kg — ee will not occur, but K% — pp will, forming a strong

constraint on the mass of X,.
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Finally as the decay channel Kg — pe is currently the most precisely constrained of
all relevant meson decay channels the largest lower bound on the mass of X,, will occur
for K ge/ r Which have a form that maximises this particular decay channel. Table 4.2,
which indicates which entries of K¢ de L/R mediate this decay, suggests that if for example

the mixing matrices were given by

100
Kf%z =10 1 0 (4.65)
00 1

then the contribution to this decay channel would be maximised. Therefore the current
mass limits on the PS gauge leptoquark (and the breaking scale) can fluctuate between
the mass limits obtained if the mixing matrices are given by Egs. (4.58) and (4.60) u
to the limits obtained if the matrices are given by Eq. (4.65).

In order to numerically find the lower-bound mass range for X, we fix the values of the

total decay width of each relevant meson to the experimentally observed central values

r}{O =1.29 x 10717 GeV, FTOT =433 x 107" GeV and I’ = 4.36 x 10713 Gev,

(4.66)
which we take from the PDG [229]. The parameter R,, which appears in the helicity-
unsuppressed contribution to a given decay and is defined in Eq. (4.49) requires running
from the scale u = mx down to u = myy,, and the gauge coupling constant g4 is related

to the strong coupling constant at the scale of PS breaking:

g4<mX) - gc(mX) = 2\/>< ! + Qllog [n;g}>_1/2

77 mx1\ 7
RK0_051< +1og[90D
7T 7 mx1\ "
Rpo ~ Ry 037< + 5 log [QOD (4.67)

where mx is in units of GeV and for simplicity we assume the one-loop SM running of
the gauge coupling constant g. which can be found in Appendix E. We calculate lower
bound limits on the leptoquark mass by numerically solving Eqs. (4.42) and (4.67) as
a function of the leptoquark mass and comparing to the experimental limits listed in

Table 4.2.
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Table 4.3 shows the calculated lower bound on the gauge leptoquark masses for the
relevant decay channel with different choices of Kg?  corresponding to the five scenarios
above. Maximising the leptoquark’s contribution to K% — pe as in Eq. (4.65) leads to
limits on the gauge leptoquark mass of roughly 2500 TeV, similar to previous studies [214,
225, 227]. The other non-zero decays in this case indicate which other channels will occur
in this scenario: Bg — e and BY — 7. More realistically we would expect the matrices
Kijr
which are listed would also be mediated by X,,, but the three listed would have the

to be approximately diagonal rather than exactly, and therefore other processes

strongest signals.

If ng/  is of the form described in Eq. (4.58), decays of K? still occur but are helicity
suppressed. This reduces the limits obtained from 2500 TeV down to O(100) TeV (with
some sensitivity to the free mixing angles) where notably the channel K9 — ee leads to
limits on the gauge leptoquark mass of O(10) TeV. This significant reduction compared
to other channels of Kg is due to the helicity-suppression of electron final states being
significantly larger than for muon final states. For this scenario neglecting the electron
and muon mass, as was done in [228], would suggest that X, does not mediate K9
decays. However, we find when included they lead to comparable limits for mx to the
helicity-unsuppressed BS and BY decays. This is due to the larger experimental precision
obtained for K? decays and therefore we find that the muon mass cannot be ignored.
As mentioned previously, if ¢ is maximally violating the helicity-unsuppressed decays of

K9 are forbidden and in this limit the results of [228] remain valid.

If the mixing matrices are given by Eq. (4.60), decays of K? do not occur via X, ei-
ther helicity-suppressed or -unsuppressed. Only five decay channels are non-zero in this
scenario and the dominant mass limit will arise from decays of BY and are of similar
order to the previous scenario: mx ~ O(100) TeV. The final two scenarios described by
Eqs. (4.62) and (4.64) completely suppress the channel K9 — pe but does not suppress
the lepton-flavour conserving channels of K9. Here the resulting mass limits are O(1900)
TeV unless the mixing angles in x were significantly tuned (e.g. 65, ~ —6%) in order to
suppress these channels. In all cases the last two channels BY — 7e and BY — 7 are
currently unconstrained by measurement and therefore do not lead to limits on mx. In
cases were a scenario predicts a contribution to these channels, future measurement will

be a relevant constraint which we indicate in Table 4.3 by ‘—’.



Kde = Kj‘ée = 3«3 SCENARIO 1 SCENARIO 2 SCENARIO 3 SCENARIO 4

B(KY9 — ee) 0 13 K Tev 0 1817 k5™ Tev 0
B(KY? — upu) 0 177 k5" TeV 0 0 1900 k™ Tev
B(KY — pe) 2467 TeV 230 k5" Tev 0 0 0

B(BY — ee) 0 39.7 kP Tev 0 0 0

B(BY — up) 0 151 k2™ TeV 0 0 0

B(BY — 77) 0 0 0 0 0

B(BY — pe) 0 140 P Tev 0 140 k5" TeV 140 65" Tev
B(BY — Te) 12.1 TeV 10.6 k5™ TeV  10.6 ¥ Tev 0 10.6 k2™ TeV
B(BY — ) 0 11.3k7™ TeV 11.3x8™ TeV  11.3x5™" Tev 0

B(BY = ee) 0 205k TeV  29.5kb° TeV 0 0

B(BY = up) 0 90.0 %" Tev  90.0 k" Tev 0

B(B? — 77) 0 0 0 0 0

B(BY = pe) 0 923575 Tev 023kl Tev 92348 Tev  92.3kP%" Tev
B(B? — e) 0 — 0 0 -

B(B? — Tp) — — 0 — 0

TABLE 4.3: Limits on the gauge leptoquark mass mx compared to current measurements (or upper limits) for the mesons K?, BY and BY. Each
column represents different choices for the matrices ng/ r Where scenarios 1-4 are given by Eqs. (4.58), (4.60), (4.62) and (4.64) respectively. Each
scenario corresponds to possible structures of the mixing matrices which would in some way suppress the decays of K?. In scenario 1 the decays
to K are non-zero albeit helicity-suppressed, leading to mass limits similar to what is obtained from decays of B} and B?. Scenario 2 completely
suppresses the decays of K? and the most significant mass limits now come from the decays of BY. Scenario 3 and 4 correspond to examples of
mixing matrices which would suppress the decay channel K9 — pe but not K9 — ee or K — pu which would form the dominant limit. The first
column represents a scenario which maximises the rate of K9 — e decays leading to the largest mass limit on X,,. In all the scenarios above the
parameter xx corresponds to the combination of mixing angles relevant to that decay chain. We find the lower bound on the PS breaking scale to be
no smaller than O(100) TeV. For the final two channels B — 7e/7u there are currently no measured upper bounds, however non-zero contributions
to these channels are indicated by ‘—’ and their future measurement will form a constraint for a given choice of Kg‘; R
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For simplicity, the interference between the SM and PS contributions to the decay chan-
nels with lepton-flavour conserving final states has not been calculated. As the PS
contribution to the decay rate is inversely proportional to the fourth power of mx, the
decay rate will decrease by orders of magnitude for small increases in mx. The derived
lower bound on my from such channels should be understood as a conservative lower
bound and will slightly change by order one factors once the SM contribution is incor-
porated. Obviously when the dominant limit arises from a LF'V decay channel no such

interference occurs and the derived limit can be considered even more robust.

In all cases, non-zero decay channels listed in Table 4.3 come with factors of k corre-
sponding to the combination of mixing angles arising from ng/ r- These expressions,
particularly in the cases of scenario 1 and 2, are quite complicated due to the large
number of free parameters allowed. Therefore minimising the decay widths as a function
of the free mixing angles is difficult. Instead, we perform a numerical scan of the free
parameters in order to estimate the maximum and minimum lower bound on the mass

of X,, for a given scenario.

Tables 4.4 and 4.5 explicitly calculate the leptoquark mass limits for different choices of
the mixing angles appearing in scenario 1 and 2 ordered from largest to smallest limits.
The limit on the leptoquark mass varies for different choices but not significantly. The
decay channel which forms the dominant constraint also varies for different choices of
angles, which we indicate. A numerical scan over the parameter space shows that for
scenario 1 the mass limits on X, vary from 81 — 177 TeV for different values of the
mixing angles. The fourth entry of Table 4.4 is a benchmark taken from [228] who found
in their case a lower bound mass limit of 86 TeV compared to the 117 TeV we find.
In their analysis they neglected the final-state muon mass and therefore assumed no
induced decays of Kg from X, whereas we find, when included, it forms the dominant
constraint. When neglected we find a limit of 84 TeV from the process Bg s M in
full agreement with [228]. For Table 4.4 we find that, though helicity-suppressed, decays
of K are important to consider for PS breaking limits. For the case of scenario 2 we
conducted a similar scan of parameters and found the mass limits on X, varies roughly

from 84 — 102 TeV as indicated by Table 4.5.
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SCENARIO 1 Limit on mx Dominant channel
0, =32, 0% =21, 0= 5=n 177 TeV K9 — pu
6L —2,0{%2 H0=750=0 164 TeV K2—>,ue
0 =2,00,=2,0=0,6=3 145 TeV BY — up
0%, =0, 0%, =0.81,0=1.183,0 =0 117 TeV KY — pe
0 =%, 00 =%2,0=%5,0=13 107 TeV BY = up
0k, =2.06, 0%, = 2.4, 0 = 5.11, § = 4.58 81 TeV BY — e

TABLE 4.4: Limits obtained for the gauge leptoquark mass X, for different choices of
the mixing angles appearing in Eq. (4.58) ordered from largest to smallest. The decay
process from which the dominant limit arises is also listed. In some cases, even though
it is helicity-supressed, the dominant limit will still arise from K9 decays. The angles
in the fourth row were first used in [228] from which they obtained a limit of 86 TeV
from Bd0 s — pp when the muon and electron mass were neglected. We find similar
limits however we highlight the importance of including the muon mass as the channel
K? — pe still forms the dominant limit for this scenario. A numerical scan finds the
limits in this scenario can vary from 81 — 177 TeV.

Limit on Dominant

SCENARIO 2 M channel

0f, =24, 08, =23, 005 =7, 60, =0, 00 =2r, 6% =277 102 TeV B — pe
0L, =2, 0% =2 05, =1,00% =0, 6L/ =0 100 TeV B2 — pe

0y =Z, 08 =2 0b, =2 0 =1, 6/E =0 92 TeV  BY — pu

0L, =2, 08 =2 0b, =T 0l =1, 6/ =12 86 TeV  BY — puu

0l =7, 08 =2 0k =0, 08 =0, 6L/ =0 85 TeV  BY — pe

2
0, = 0.72, 01, = 3.05, 045 = 4.02, 6% =27, ¥ =0, 6% =38 84 TeV  BY — pe

TABLE 4.5: Limits obtained for the gauge leptoquark mass X, for some different

choices of mixing angles appearing in Eq. (4.60) ordered from largest to smallest. The

decay process from which the dominant limit arises is also listed. Here the decays of K?

are completely forbidden and the dominant limit will always arise either from B? — ju

or BY — pe. Through a numerical scan we find the mass of the PS leptoquark varies

between roughly 84 — 102 TeV depending on different choices of mixing angles, a much
closer range compared to the results of Scenario 2.

4.3.2 Fermion mass degeneracy

Although the dominant constraint on the PS breaking scale arises from pseudoscalar
meson decays, a secondary requirement for a viable Pati-Salam model is to address the

lack of mass degeneracy between fermion pairs with the same SU(2)r,p isospin. As
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p=myz pu=1TeV p=10TeV p=100TeV p = 1000 TeV

Me/Mg 0.177 0.205 0.230 0.251 0.271
my,/msg 1.891 2.195 2.454 2.688 2.902
mer/my 0.612 0.724 0.823 0.913 0.997

TABLE 4.6: Measured mass ratios m./mg for each generation at fixed energy scales
1 at one-loop and assuming SM running of the Yukawas. Additional details of the
running calculations performed can be found in Appendix E.

indicated by Eq. (4.17) the simplest PS models lead to the fermion mass relations

mg = Me and My = m?irac (4.68)

for all three generations of SM fermions.

Comparing this prediction to the measured masses of the down-isospin fermions shown
in Table 4.6 for the different generations at different energy scales demonstrates that this
tree-level relation must be broken. As discussed previously, the mass relation between the
up-isospin components can be easily broken due to seesaw mixing in the neutral fermion
sector as demonstrated in Section 4.2.2. In the case of the down-isospin components,
with no additional particle content, the mass relation is unbroken at tree level and holds
at the scale of PS breaking. In scenarios where PS is broken at high scales, this relation
could potentially be viable as threshold effects as well as renormalisation group running
can potentially be sufficient to explain the observed mass differences of the different
generations. PS breaking scales as low as O(1000) TeV can explain the bottom and tau
lepton mass differences [230] as the two Yukawa couplings unify at around this scale.
It therefore could be possible for high-scale PS models to explain the mass differences
between all three generations in the same way. Table 4.6 shows that for PS breaking scales
below 1000 TeV the different generations of down-quark and charged-lepton Yukawa
couplings cannot be equal at the PS breaking scale and therefore there should be some

tree-level explanation for their difference.

The mass relations can be broken at tree level by the existence of additional particle
content, either scalar or fermion, necessarily transforming as complete PS multiplets
above the scale of PS breaking. For example, the inclusion of a scalar (15,2,2) Higgs

particle, sometimes referred to as the Minimal Quark-Lepton Symmetric Model (MQLS),
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which has a non-zero vev will induce a Georgi-Jarlskog like texture [231] lifting the
degeneracy between the down quark and charged lepton masses [115, 116]. The additional
Yukawa couplings results in enough freedom such that the mass ratios measured and

shown in Table 4.6 can arise.

We explore an alternative possibility first noted in [201, 202] where additional anomaly-
free fermion multiplets transforming under the PS gauge group are introduced. If the
additional multiplets contain components with the same quantum numbers as the down
quarks or charged leptons, mixing effects could induce a see-saw which can decouple the
down-quark and charged-lepton Yukawas, breaking the tree-level mass relations obtained
without their inclusion. In this scenario, both the up- and down-isospin components have
their PS mass relations broken due to see-saw effects, so the breaking of the mass relations

between all SM fermions is explained by a similar mechanism.

An additional consequence of introducing extra fermionic states is that they can cause the
gauge boson leptoquark X, to couple in a chiral-like way to the light SM-like fermions.
As an example, consider the introduction of the fermion multiplets F7 /g that contain

components £, /R that have the same quantum numbers as the SM charged leptons:

Up  dy
Up db .
frr = ® Frr= - ~ (4.69)
ug dg Elr
Ve €
L/R

Here both E} and Ej are required phenomenologically such that no massless charged
fermion states appear and the exotic multiplets F;, and Fr need not transform in the

same way. However, the combination must be anomaly free.

If Yukawa interactions connecting the multiplets F, g and fr g exist, mass mixing will

be induced as per

m m e
Lop = (@ ET) ce el " 4 He. (4.70)
MEe MEE Er

Diagonalising into the mass basis for the charged fermions leads to

(elL/R)ﬁ’ = Cor/r€L/R T SaL/REL/R ( /L/R)h = —S0r,r€L/R T CHL/REL/R (4.71)
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where the subscripts € and % indicate the light and heavy eigenstates respectively. The
pseudoscalar meson decays discussed above are induced by the gauge leptoquark inter-

actions between the colour triplet d and charged lepton e from the multiplet fr/g.

Expanding Eq. (4.39) with Eq. (4.71) leads to
Lxde = % (nge XPL(CQLEI — SQLE/>) —I—EK%E XPR(CQRGI — SgRE/)> + He (4.72)

for the gauge interactions in the mass basis where generational indices have been sup-
pressed for simplicity. Because of phenomenological constraints, any exotic fermions
with SM quantum numbers must be significantly heavier than the pseudoscalar mesons
whose decays supply the dominant constraint on PS breaking; therefore, processes such
as Kg — EFE or Kg — eFE are kinematically forbidden. The decay Kg — ee will exist
as before, but now suppressed by the relevant mass mixing angles. Therefore the only

relevant interactions in Eq. (4.72) for meson decay are

Lxde D % <y (C@Lng) XPLe' +E(C@RK%8) XPR€/> + H.c (4.73)

which will lead to a decay rate given by Egs. (4.51) and (4.53) with the replacement
ng/R — IC%S/R = CGL/RKg7R' As the mixing angles 67, and 0 can significantly differ,
this can effectively lead to a chiral coupling between X, and the fermions d and e causing
a suppression in the helicity-unsupressed contribution of the total meson decay rates in
Eq. (4.42). This therefore allows for an overall weaker lower bound on the leptoquark
mass compared to those in Table 4.3 and therefore the scale of PS breaking. As noted
previously, however, in order to significantly helicity-suppress the decays mediated by

X, one of the angles 0,/ is required to be very small e.g. Og < 10~* in the case of

Kg — pe decays.

Table 4.7 demonstrates the impact this can have on the mass limits in the extreme case

of an exactly chiral theory (mg — oo) where for example ¢y, = 1 and ¢, = 0 for all

3

three generations'?, assuming the same matrix textures for Kg? r as in Table 4.3. The

leptoquark mass limits are significantly lowered compared to Table 4.3 as the helicity

13These limits are also valid for scenarios where quark-lepton unification occurs for only one chirality of
fermions, e.g. a gauge group given by SU(4)®SU(3)r®SU(2)L®SU(2)r — SU(3).®SU(2)L@SU(2)r
where the vector leptoquark X couples to only one chirality of fermions.



ng = 3«3 SCENARIO 1 SCENARIO 2 SCENARIO 3 SCENARIO 4

B(KY — ee) 0 13 K Tev 0 13 K Tev 0
B(KY — pu) 0 177 k5" TeV 0 177 kK™ TeV
B(KY — pe) 194 TeV 230 k5" Tev 0 0 0

B(BY — ee 0 0.2 k5% Tev 0 0 0

B(BY — up) 0 10.8 kB Tev 0 0 0

B(BY — 77) 0 0 0 0 0

B(BY — pe) 0 10.0 KP™° TeV 0 10.0 k2™ TeV  10.0 k2™ TeV
B(BY — Te) 2.7 TeV 32kP TeV  3.2k5™ Tev 0 3.2Kk8™ Tev
B(BY — ) 0 32kP™ Tev  32k5™ Tev  3.2x5™ Tev 0

B(B? — ee 0 02575 TV 0.2k TeV 0 0

B(BY — up) 0 6.5 ngu TeV 6.5 /€2Bém TeV 0

B(B? — 771) 0 0 0 0 0

B(B = pe) 0 6.760 Tev  6.7k5 TV 6.7k Tev 67555 Tev
B(B? — re) 0 — 0 0 -
B(B? — 1) - — 0 - 0

TABLE 4.7: Limits on the gauge leptoquark mass mx compared to current measurements (or upper limits) for the mesons K?, B% and B? in the
chiral limit (e.g. cg, = 0) where all decays are now helicity suppressed. Each scenario is given by Eqs. (4.58), (4.60), (4.62) and (4.64) respectively.
As all decays are now helicity-suppressed, the dominant decay channel in scenario 1 will now arise from K9 — pe (unless forbidden by a specific
choice of k). As Scenario 2 completely suppresses the decays of K9 and now the decays of Bg /s are helicity-suppressed, the limits on the leptoquark
mass quite substantially decrease. Similarly the limits from scenarios 3 are significantly reduced. In particular scenario 3 allows for incredibly low
mass scales due to the large helicity-suppression present for electron final-states. The first column represents a scenario which maximises the rate
of KY — e decays leading to the largest mass limit on X, which in this case is roughly 200 TeV. In all the scenarios above the parameter k2
corresponds to the combination of mixing angles relevant to that decay chain. We find the lower bound on the PS breaking scale to be no smaller
than O(10) TeV. For the final two channels B — 7e/7u there are currently no measured upper bounds, however non-zero contributions to these

channels are indicated by ‘—’ and their future measurement will form a constraint for a given choice of K ge/ R
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unsuppressed contribution from Eq. (4.51) no longer contributes and therefore the de-
cay rate is suppressed by the charged lepton masses. Scenario 1, which already had
helicity-suppressed Kg decays, will have its limits largely unchanged except for when
the dominant channel arises from Bg /s If there are no contributions to the decays of
K%, as in scenario 2, then the helicity suppression on the other decay channels allows
for PS breaking scales as low as O(10) TeV. Interestingly, in these scenarios with a
chiral-like coupled X, if there is a significant contribution to KE — ee, then the limits
are significantly reduced compared to the reduction for the processes Kg — ppfpe] due
to the much larger helicity-suppression present for the electron compared to the muon.
Therefore with the presence of exotic fermion multiplets, a signficant contribution to
Kg decays can be possible with small leptoquark masses provided it only couples Kg to
electrons. This is unlike the case without mass mixing where any induced decay for K9
by X,, causes mass limits larger than 1000 TeV irrespective of the final decay product.
In such a chiral scenario only one of ng and K]%f is required to have a matrix structure
given by each indicated scenario as the other is significantly suppressed through seesaw
effects. Therefore for scenarios involving charged-lepton or down-quark seesaws, ng/ R
do not need to be related and therefore no parity symmetry needs to be imposed at a

high scale.

In Tables 4.8 and 4.9 the limits on m x are re-evaluated for the same benchmark scenarios
in Tables 4.4 and 4.5 now assuming an exact helicity suppression. In both scenarios a
significant reduction in the mass limits can occur. This reduction occurs for any choice
of mixing angles in scenario 2, whereas in scenario 1, a significant reduction occurs only
when the dominant decay channel comes from either BY or BY. In general a reduction
in the limits on mx by a factor of 0.05 — 0.07 naturally occurs compared to the scenario
without additional mass mixing. We find that the limits on mx can be as low as 5 TeV
potentially allowing for discovery signals of different PS particles comfortably within

reach of current and possible future hadron colliders.

Exotic fermion multiplets are therefore an attractive feature for low scale Pati Salam
models. It is curious that they allow for significantly lighter PS breaking scales whilst
also potentially breaking the mass degeneracy amongst the down-isospin fermions. This
effect is possible not only for mixing between the charged leptons as discussed above,

but also if heavy versions of the down quarks, D, were to be included which mix with



Chapter 4. Low scale Pati-Salam 156

SCENARIO 1 Limit on mx Reduction Dominant

channel
0L =3 0="6=n 177 TeV 1 K9 — pp
0, =2,0=2,6=0 139 TeV 0.85 KY — pe
0%, = 2.06, 0 = 5.11, § = 4.58 51 TeV 0.63 KY — up
6, =0,0=1.183, =0 11 TeV 0.09 K9 — ee
0, =%2,0=0,0=73 8.5 TeV 0.06 BY — pe

0, =2,0=2,6=1 7.8 TeV 0.07 BY — pp

TABLE 4.8: Limits obtained for the gauge leptoquark mass X, for different choices of
the mixing angles appearing in Eq. (4.58) with an exact helicity suppression where we
have chosen Kj‘ff = 03x3- The decay process from which the dominant limit arises is
also listed as well as the percentage reduction from the non-helicity suppressed scenario
given in Table 4.4. In some cases only a small reduction in the mass limits occurs,
this is a result of the Kaon decay channels being helicitiy suppressed as a result of the
structure of the mixing matrices instead of due to a chiral coupling of X,,. Only the
benchmark scenarios which initially had dominant decay channels arising from By or
B, experience a significant reduction in their limits as they were initially not helicity

suppressed.

. . Dominant

SCENARIO 2 Limit on mx Reduction chanmel

0f, =24, 65, =7, 6" =2r 6.2 TeV 0.06 BY — pe
0 =75, 045=1,6"=0 6.0 TeV 0.06 BY — e
0f = 2,05 =0,60=0 6.0 TeV 0.07 BY — pe
0k, =0.72, 0L, = 4.02, §L =0 5.9 TeV 0.07 BY — e
0f, =%, 05 =%,65=0 5.6 TeV 0.06 BY — pu
0 =%, 0 =%,6"=1% 5.6 TeV 0.065 BY — pu

TABLE 4.9: Limits obtained for the gauge leptoquark mass X, for some different

choices of mixing angles appearing in Eq. (4.60) with an exact helicity suppression

where we have chosen Kj'l;f = 03x3. The decay process from which the dominant limit

arises is also listed as well as the percentage reduction from the non helicity-suppressed

scenarios in Table 4.5. Each benchmark experiences a significant reduction in their

mass limits of over an order of magnitude allowing for extremely light masses of X,
and significantly lower scales of PS breaking.

the light d quarks. This would lead to a similar reduction in the mass limits on X, as

above for the same reasons.
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4.4 Exotic PS fermion multiplets

As discussed above, exotic PS fermion multiplets which contain states with the correct
quantum numbers to mix with the charged leptons or down quarks can simultaneously
explain the experimentally observed mass non-degeneracy between these two types of
fermions as well as lower the phenomenologically-allowed scale of PS breaking. A num-
ber of different viable PS multiplets are possible; for consistency we require that the
multiplets added do not introduce anomalies and that they allow for a phenomenologi-
cally valid mass spectrum. For simplicity we focus on small multiplets which transform
with no more than two indices total under all three gauge groups when written in their
defining representations. All possible combinations satisfying this requirement are listed
in Table 4.10. We take the scalar content of the theory to remain unchanged but will
note where additional exotic scalars may be required for a viable model in some cases.
Although the PS gauge group is an attractive subgroup of some GUTs e.g. SO(10) or Fg,
we will not require successful gauge-coupling unification or partial unification. We will
not consider the location of Landau poles'* or require that the extra exotic fermions fit
into complete GUT multiplets. We simply focus on the specific particle content required
at low scales sufficient to lift the mass degeneracy between ¢ and d and simultaneously

lower the scale of PS breaking.

4.4.1 Fermion extensions

Considering the relevant exotic multiplets indicated in Table 4.10, below we study basic
phenomenological implications of introducing each given multiplet. We indicate heavy,
exotic versions of down quarks, charged leptons and neutrinos by D, E and N respec-
tively. We will also briefly comment on the implications for baryon number violation
in each case. As we are only introducing exotic fermions, the Yukawa sector of the

Lagrangian is the only possible area where additional violation could arise.

" These would further motivate considering multiplets of small dimensionality as large multiplets will
have a much more significant impact on RGE evolution relevant for viable GUT theories.
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PS multiplet A(R) SU(3) ® U(1)gm decomposition — Candidate

I (1,2,1) 0 1 1@l x
I (1,1,2) 0 1 1@l ®
/4 (4,1,1) +1 1 1, 0®3416 x
fe (1,3,1) 0 1 ®1y® 1y, v
1o (1,1,3) 0 1.1910® 1, v
f48 (6,1,1) 0 3_13®311)3 v
fAB (10,1,1) +8 1_1®3 13563 v
s (15,1,1) 0 3 530 10®80 D393 x
foe (1,2,2) 0 1,61 l® 1y, v
fAa (4,2,1) +2 1183 13®10®3,93 v
fAe (4,1,2) +2 11®3_13010® 3,93 v

TABLE 4.10: Different dimensional representations of fermions f (with indices in their

defining representation) under PS where a, o and A correspond to SU(2)r, SU(2)r

and SU(4). indices respectively. Multiplets are considered good candidates if they

contain states with the same quantum numbers as either the down quarks or charged

leptons, which will mix with its SM counterpart, when broken to SU(3). ® U(1)gm -

Additionally the SU(4) anomaly coefficient A(R) for each fermion is indicated where
the sign depends on whether the fermion is left- or right-handed.

4.4.1.1 SU(2)r g Triplets

If a triplet fermion is added, for example W ~ (1,1, 3), the extra terms appearing in

the Yukawa Lagrangian are
1
EYUK OIr ﬁy@g(WSR)CX];{fR + 5:“’\1/3 (\Ij?)c (\I]?I?)T + H.c. (474)

As \IJ:]; is uncharged under the colour group SU(4)., it contains no quark states. However,

it contains components which can mix with both the charged and neutral SM leptons

fL/r= o ; \113—\@ VEE:  _Np (4.75)

vV e
L/R

where the dotted components of fr,p do not mix with \II3R but the undotted do and
\I/3R —Up 11131? U]TDL. Here we have assigned \I/3R to be a right-handed fermion without loss

of generality. Expanding out Eqs. (4.16) and (4.74) with the parameterisation given in
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Eq. (4.75) leads to a mixing matrix given by

- mMe 0 eR
Lep = (q EL) . (4.76)
\@y\p?ﬂﬁg N\Ifg Er

for the charged lepton states and

0 my, 0 vy
1 .
EVNZQ(W vy N]C::’.) My, 0 yg'sv}% VR (4.77)
0 y\ggv}‘% Iy R Ngr

for the neutral states. If fr, fr and ¥ are the only fermions introduced, the PS symmetry
enforces that the singular values of mg and m, are given by the down and up quark
masses respectively. Equation (4.77) assumes that the fermion singlets Sz, discussed in
Section 4.2, appearing in the usual low-scale PS scenario, are not included. As can be
seen from the neutrino mass mixing matrix, Sy may no longer be necessary for light
neutrino masses as an inverse seesaw arises naturally with the triplet. We therefore
neglect Sz, and if it were to be included Eq. (4.77) would be trivially extended by the

last row and column of Eq. (4.18).

The terms introduced in Eq. (4.74) do not violate the global U(1); symmetry which
Eq. (4.16) obeys and is the only global accidental symmetry of this Yukawa Lagrangian.

These terms unsurprisingly enforce the assignment
J(WE =0 (4.78)

as WE transforms as a real representation. Therefore baryon number remains an un-
broken global symmetry of the Yukawa sector similar to the vanilla scenario described
in Section 4.2.4. Interestingly if the singlet Sz is not included, the scalar X7 no longer
Yukawa couples to any of the fermions and the relevant term of the scalar potential
given in Eq. (4.37) no longer violates the U (1) global symmetry as we are free to choose
J(Xp) = —1. The proton would therefore remain absolutely stable (assuming no addi-
tional particle content) after breaking of the PS symmetry, whereas lepton number would

be broken.

If instead an SU(2), triplet fermion W% was introduced, similar conclusions are reached
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related to the leptonic mass mixing matrices and baryon number violation'®. The Yukawa
Lagrangian in this case is similar to the one appearing in Eq. (4.74) with the replacements

UE 5 (U1 Xg — (X1)* and fr — (f1)¢ leading to the mixing matrix

me V2ygon\ [ er

Lep = (@ E) (4.79)
0 Hyl Er
for the charged lepton states and
0 My, yéng vy
1 .
Lon =35 (ﬁ Vs, NL) m, 0 0 VR (4.80)
yi,or 0 pgr ) \DNE

for the neutral states.

If both UL and £ are included simultaneously the mass mixing matrices for the charged
and neutral sectors are simply a combination of Eqgs. (4.76), (4.77), (4.79) and (4.80).

Explicitly writing out the mass mixing matrices gives

Me 0 \/Ey\%?’vL eR
Leps = (ﬁ FL E) \/iy\};?”UR /’L\I/!;' 0 Er (481)
0 0 LL\I,3L gR

for the charged leptons, where E7 r and £r/p correspond to the charged lepton states

appearing in \Ilf? and \IJ§ respectively, and

0 My y\%3vL 0 vy
1 _ m 0 0 L v
tov=50r ™ M), e (4.82)
y\IISUL 0 /Ju\pé 0 NE
0 y\ggv}‘% 0 M\I/gf NR

for the neutral states.

5 However if both ¥ and ¥F are included simultaneously, the Yukawa Lagrangian enforces J(Xr) =
J(Xr) = 1 and the relevant quartic term of the scalar potential would once again violate U(1); and
therefore B regardless of the existence of Sr.
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4.4.1.2 SU(2)./SU(2)r Bi-doublet

If a fermion transforming as a bi-doublet under the two SU(2) gauge groups of PS,

Wag ~ (1,2,2), is introduced the Yukawa Lagrangian is extended by

Lo O Trlys FrXp(U5)e(ims) + y, Uoa (i2) X\ fr + fry,, Uaa(i72) (Wa2)°(im2) | + H.c.
(4.83)

As before, Wos is uncharged under the SU(4). colour group and therefore only contains

uncoloured states which can mix with the SM leptons:
fr/r = ;o Uy = , (4.84)

where Woy is written with two raised indices and therefore transforms as

Wyo — U Uy,UL. Expanding out Egs. (4.16) and (4.83) with Eq. (4.84) leads to

R
— m Y, VR €R
tw=(ez E)| , (4.85)
y‘IszUz /’6\1122 ER
for the charged lepton mass mixing matrix and
0 My 0 y\IEQQvR vy
1 _ - m 0 0 yé V¥ VR
LN = B (ﬁ Uf% Ny, N}c%) h 2k (486)
0 0 0 ooy N[C,
y§22vR y‘%’mvz Han 0 Npg

for the neutral mass mixing.

Similar to the case of the triplet, Eq. (4.83) does not violate the global U(1); symmetry

(which, recall, is the only accidental symmetry in this Yukawa Lagrangian) and implies

J(Wag) = 0. (4.87)
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Therefore U (1) is not violated in the Yukawa Lagrangian and baryon number violation
proceeds through the scalar sector as before. Unlike the scenarios involving only one
triplet, in the absence of the fermion Sy, Eq. (4.83) still enforces the choice J(X1) =
J(Xgr) = 1 and therefore baryon number will remain violated if both scalars are included

and will proceed via similar diagrams to those presented in Section 4.2.4.

4.4.1.3 SU(4)./SU(2)1/r Bi-fundamentals

In the case where additional copies of the usual PS fermions exist, there are a number
of different possible scenarios depending on the chirality of the fermions introduced.
An even number of fermion bi-fundamentals needs to be introduced, as can be seen in
Table 4.10, for anomaly cancellation and therefore we focus on the minimal scenario
where a pair of bi-fundamentals are added. If two exact copies of fr, and fr are added,
that is a left-handed fermion transforming as (Fp)a ~ (4,2,1) under PS and a right-
handed fermion transforming as (Fr)s ~ (4,1,2) where we explicitly show the dotted
and undotted Lorentz indices for clarity, then the Yukawa Lagrangian is extended by the

terms

Ly =Tr HnyfRﬁﬁb (fR)"+ gfoRE ¢(fp)" + yfR?L XJIr% fr+ nyEXL(SL)C

(e = Fe) + (Fr = Fi) | + 5msS285 + He

(4.88)
with the additional fermion multiplets
Up  dp U. D,
up dp Uy Dy
Jrr = ; Frr= (4.89)
ug dy Ug Dy
v e N° E-
L/R L/R

where U; and D; (i = r,b,g) have electric charge +2/3 and —1/3 respectively. Note
that no bare mass terms are present in Eq. (4.88) and therefore the expansion will be
similar to that of Eq. (4.16) in the vanilla PS scenario. In particular all mass terms
between the SM and exotic charged fermions will be related to the electroweak vevs vq
and vy implying that the heavy exotic charged fermions F, D and U would be expected

to appear near the electroweak scale which is ruled out phenomenologically.
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Alternatively two fermions with the same PS representations but opposite chirality to the
bi-fundamentals already included in PS could be added, that is a right-handed fermion
transforming as (Fr)s ~ (4,2,1) under PS and a left-handed fermion transforming
as (Fr)a ~ (4,1,2). In this case the Yukawa Lagrangian will be similar, albeit with

additional bare mass and Yukawa terms:

Lo =Tr HnyfRJTLQb (fR)T + gfoRJTLch(fR)T + yfR?LXE fr+ nyJTLXL(SL)C
+ (fr/r = Fryr & Xg — XL)} + pur fr. FL + pr Fr fr+ y§ fL®FL + y§ FrPfr

1
+ 5Hs5L S + He, (4.90)

Now the exotic charged fermions can have their masses decoupled from the electroweak
scale for large bare mass terms. However as the exotic fermion multiplets transform in
the exact same way as the multiplets containing the SM fields, large values for the bare
mass terms py and pupr will not decouple the masses of the down-quarks and charged-
leptons. However, if the SU(4) adjoint scalar, ®, is included in the scalar spectrum,
its allowed Yukawa couplings between f;,p and Fp g will lead to a breaking of the
mass degeneracy since (®) o< (1,1,1,—3). Therefore, in order for such a scenario to be
even remotely feasible, additional scalars beyond that of ¢, X;, and Xg are required so
that the down-isospin mass degeneracy can be broken: a seesaw mechanism as well as
the addition of scalars which induce a Georgi-Jarlskog-like texture are simultaneously

required.

The charged-lepton mixing matrix will then be given by

3L
- mg nr — \/quﬂhb €R
tew= (e Er) = . ’ (4.91)
KR — \/;yqﬂ/@ Mp ERr

where my = yr, rov1 + Yy, 105 and Mp = Yppp,v1 + Yrgr,v5. The down quark mixing
matrix is given similarly and only differs by group theoretic factors introduced by the

allowed Yukawa couplings of the fermions to ®:

my pr + \/gyévq» dRr (4.92)
Mp

Lao = (. D) o
KR+ \/quu (2 Dpr
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Similar matrices can be written down for the mass mixing between the neutral fermions:
L,n =7ar M,ns (nf)" (4.93)

0 My 0 pr — \/gyév@ Y1, L

My 0 UR — \/gyqu, 0 YirVR

M,ns = 0 UR — \/gyg”v@ 0 Mx YFRUL

pr — \/gyévcb 0 Mx 0 Yr, VR

Yf, UL YrrVR YFrVR YF, VR s
(4.94)
The mass mixing between up, /g and Uy, /g is instead given by
Loy — (ﬁ ﬁ) My pL + \/%yé’l)cp UR ) (4.95)
MR+ \/gyé?vcp Mx Ur

The only difference between the up-quark and down-quark mass mixing matrices being
Mz = Yf, frV1 +Yf prvs and Mx = yp,p, 01+ Yrgr, v compared to my and My defined

above.

Two other possible combinations can occur when pairs of bi-fundamentals are introduced,
e.g. two fermions of opposite chirality transforming under SU(2)g: (F}(;))a ~ (4,1,2)
and (Fg))d ~ (4,1,2) which will lead to a mass mixing matrix similar to above with a
zero entry appearing on one of the off diagonal terms. Note that in all possible cases, the
diagonal entries of M.p and Myp will contain mass terms tied to the electroweak scale
whereas the off-diagonal entries (if they exist) will contain bare mass terms and terms

tied to the scale of PS breaking generated by (®).

Let us briefly comment on the implications for such models where mass mixing matrices
occur for all SM fermion types as in Eqgs. (4.91) to (4.93) and (4.95). Due to the additional
mixing within the up-isospin sector, which have very similar mixing matrices to the
down-isospin sector, we find it very difficult to achieve a viable mass spectrum for all
SM fermions in this scenario. It appears highly unlikely that the inclusion of a pair
of bi-fundamental fermions is able to achieve a chiral-suppression on the experimental

limits on mx as well as a phenomenologically-viable mass spectrum for the SM fermions.
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Due to the number of coupled mass mixing matrices as well as the large number of mass
parameters, we do not try to prove this statement. Note, however, that if one of the
off-diagonal entries of Myp is made large (required such that the D’ states do not gain
electroweak masses), this also implies the same thing for M, ;7. Assuming that this occurs

for the bottoem-left entry, we have that

1

1 1 -
Mysq = (UL + \/;yévfb) — My¢ <MR + \/;yqu,> Mx/p (4.96)

which would imply that the up-quarks and down-quarks have similar masses if the first
term is dominant compared to the second. If instead the second term was dominant
compared to the first, at a minimum, it would be difficult to generate the correct top

mass considering that m,, x are tied to the electroweak scale.

A chiral suppression along with a viable mass spectrum of SM fermions is possible with
the addition of two pairs of SU(4) ® SU(2)r/r PS bi-fundamental fermions on top of
the usual fermions fr and fgr as has already been shown in [209]. As two pairs of bi-
fundamentals are introduced, more freedom in the mixing matrices allows for a viable
mass spectrum as well as allowing for chiral couplings of X, to the light SM-like fermions.
As a variant of this model has already been studied within the literature we do not
consider this possibility any further and simply conclude that this model, in its minimal

form, does not appear viable.

It is easy and unsurprising to see that for both Eqgs. (4.88) and (4.90) the accidental
global symmetry U(1); is unbroken and therefore for these scenarios all baryon number

violating interactions will proceed similarly to Section 4.2.4.

4.4.1.4 SU(4). Sextet

Adding a fermion which transforms as an SU(4) sextet Wg ~ (6,1,1), extends the

Yukawa Lagrangian by'®

-, . 1 —
Lo D Tr |yl £, (im2)XE U6 + v (T6)° X (i) (fr)T + 5#%(\1’6)0 Ug| +He  (4.97)

6Note that for one generation of sextet fermions, no Yukawa coupling exists between Us and the
adjoint scalar ¢ due to the antisymmetric nature of the sextet.
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where (V¢)mn = (\Pﬁ)ijﬁijmn. As this multiplet is uncharged under SU(2) g, the electric
charge of each component is given by the diagonal generator of SU(4) identified with
B — L. The branching rule for this multiplet is therefore

(6,1,1) = 3,133 13 (4.98)

when broken to SU(3). ® U(1)gm of the SM. This irreducible representation therefore

contains the correct states to mix with the down quarks of the standard model:

0 (Drg)¢ —(Drp)¢ Dgy
d;
cdy —(Drg)°¢ 0 (Dr,)¢ Dryp
JLr = ; ; Vg = (4.99)
- (Drp)® —(Dry)* 0 Drg
L/R —Drg,y —Drgp —Drpry 0
where the components D py; (i = r,9,b) have electric charge —1/3 and

Ve — U, Wg UL

The resulting mixing matrix for the down quark and its partners can be found by ex-
panding Eqgs. (4.16) and (4.97) with Eq. (4.99), giving
L |
. mq Yy dr
tw=(a Di)| o L : (4.100)
YO VR Mg Dgr
and, in the absence of additional fermionic states which mix with ¢, the singular values

of mg are given by the charged-lepton masses.

The additional Yukawa interactions involving Wg lead to explicit violation of the global
symmetry U(1): the bare mass term requires J(Wg) = 0, while the two Yukawa terms
of Eq. (4.97) imply J(Vs) = 2 and J(¥s) = —2 respectively, assuming the singlet Sy, is
included for neutrino mass and therefore J(Xr/r) = J(fr/r) = 1 is enforced. Therefore
any two of the three terms in Eq. (4.97) in combination with the Yukawa couplings of
fr/r to Sp in Eq. (4.16) leads to baryon number violating interactions. Interestingly

for a more minimal PS model where the only scalars'” present are Xp and ¢, a global

" Therefore the Yukawa terms yé,fLXE\Ifa and yr. fz X1 (Sr)¢ will not be present.
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+2/3yi
(ur)’ ) R
Ms M
Pi (ug)’ ('X ';'2;3'); (dr)" 0
(dp)* —» —— (dp)"

FI1GURE 4.3: An example box diagram of proton decay implied by a PS model extended

by a fermionic SU(4) sextet fermion. The p — 7n'e™ diagram above is similar to the

coloured Higgsino mediated proton decay, p — K7, predicted by the minimal SUSY

SU(5) GUT model which typically requires GUT scale masses for the Higgsinos, see
e.g. [232].

baryon number is restored in the limit p,, — 0 which therefore could be argued to be

small from technical naturalness.

Evaluating the full implications of baryon number violation with a realistic mass spec-
trum for the SM particles is quite complicated for the sextet and beyond the scope of
this work. However, an example diagram for p — 7% is shown in Fig. 4.3 in the case

where Xy, is removed. The diagram involves the couplings

£ yr SO wr) + vl (D)ker + cijp(DR) (dr)) (X5 + nus (D1)i(Dr)!
+H.c
(4.101)

where SU(3) indices are explicitly shown and the above couplings are found by expand-
ing out Eqs. (4.16) and (4.97). This decay diagram leads to an effective four-fermion
interaction very similar to the coloured Higgsino mediated p — K7 in minimal SUSY
SU(5), see e.g. [232]. As this usually requires very large Higgsino masses (at or larger
than the GUT scale) and the SM quantum numbers of Dy, and Dp are the same as the
coloured Higgsino, we expect that in scenarios where baryon number is not imposed (by
setting pg to be small), this diagram alone would likely lead to significant limits on the
masses of the particles running in the loop which would translate into large limits on
the PS breaking scale. An additional suppression factor of ug appears in Fig. 4.3, and is
required to be small for neutrino mass generation, which may interestingly connect the

large proton lifetime to the smallness of neutrino mass in this potential minimal model.
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4.4.1.5 SU(4). Decuplets

Finally we consider the possibility that two fermions of opposite handedness'® transform-
ing as \IIILO/ g~ (10,1,1) are added. The relevant, non-zero terms added to the Yukawa

Lagrangian are

[’YUK OTr [\/iygloqjio XR(iTQ)(fR)T - \/iy\%/w (fiL)T(ZTQ)XTL\I]}%?
+ ,u\plo‘l’iio \If}%o + \/éy@@@ \I/}p?] + H.c.

(4.102)

Similar to the case of the sextet above, these multiplets are uncharged under SU(2);, /R
and therefore the branching rule for their breaking to SU(3). ® U(1)gm is simply given
by

(10,1,1) - 6,/3D3_1/3D 11. (4.103)

These multiplets therefore contain the necessary states to mix with both the down quarks

and the charged leptons:

D,

d,
- dy 1 Dy

Jo/r= ; \II},O/R:E (4.104)

. dy D,

e

L/R

D, Dy D, V2E~

L/R

where the components D(r,/g); (i = 7,b,g) have electric charge —1/3. Contained in
\II}JO/ r is an exotic colour sextet Dirac fermion, which is embedded in the upper-left 3 x 3
block of the second multiplet in Eq. (4.104). If such a sextet was discovered alongside
heavy copies of the charged leptons and down quarks it would suggest the existence of

these exotic fermion multiplets within a PS symmetry.

In this scenario, the mixing matrices for the charged leptons and down quarks are related

to each other as they exist in the same multiplet. The charged lepton mixing matrix is

8Both are required for anomaly cancellation.
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given by
mpg ﬂy\lﬁmvz eR
ﬂyx};lovR My — \/quwcp Er

and the down quark mixing matrix is of a similar form and only differs by some group

Lep = (q E) (4.105)

theoretic factors

L
mg y%vz dr

Lip = (@ DT) (4.106)

ygva vy — \/gyiﬂf@ Dpg
where mp is enforced by the PS symmetry to appear in both mass matrices and its sin-
gular values are no longer necessarily given by the charged-lepton or down-quark masses
individually. Note that, similar to the case of the bi-fundamental, a Georgi-Jarlskog like
texture will occur with the inclusion of the scalar ®. Unlike the bi-fundamental scenario
however, extra group theoretic factors between the two mass matrices exist even without
the inclusion of ® and therefore it is not required for a breaking of the down-isospin mass
degeneracy (though it may be needed to achieve a phenomenologically viable spectrum
of masses). Additionally as F and D are contained in the same multiplet, there will be

gauge interactions between the two mediated by X, similar to e and d.

The colour sextet fermion v develops a mass given by my, = pw,, —i—\/%y@vq) and therefore
the mass spectrum of the exotic states depends on the relative sizes of the dimensionful

parameters yngR, pwy, and yove?.

For example assuming py,, > yovep > y\*ﬁva
leads to a mass spectrum where the colour sextet would be the heaviest of the three

exotics and the heavy, charged leptons would be the lightest.

The global symmetry U(1); remains unbroken in the Yukawa sector and enforces the
charge assignment

JU) = J(uld) =2 (4.107)

regardless of whether Sy, is included or not and therefore baryon number remains an
accidental symmetry of the Yukawa sector. The additional multiplets \IIEO/R do not
contain any neutral states under U(1)gy and there are no lepton number violating terms

present in Eq. (4.102). This is easy to see as in the absence of Sz, the Yukawa Lagrangian

. L . . .
9For phenomenological reasons the parameters m. and Yw,,vi are required to be smaller in size than
these parameters.
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obeys a secondary global symmetry
J (¢, ®) =0, J'(fr, fr) =1, J'(Xg, Xg) = =3 and J(U°, ¥}) = —2.  (4.108)

Lepton number can be identified as L = $(J’ — 3T') such that

00 -1 -1 -1 0
00 0 1 -1 -1 0
L(fr/r) = and L(Vp)p) = (4.109)
00 -1 -1 -1 0
11 0 0 0 1

which is unbroken by (X, Xg) and therefore vy, and vi develop a Dirac mass of order
my,. Therefore, for a realistic model, Sy, or some other lepton number violating physics
needs to be included in order to break L = 1(J' — 3T) and allow for small neutrino
masses. If Sz is included the neutrino mass matrix is given by Eq. (4.19) as before.
Baryon number violation will therefore proceed similarly to Section 4.2.4 and therefore
will lead to the same order of magnitude limits on the relevant quartic coupling of the

scalar potential.

4.5 Fermion mixing

From the results of Section 4.4.1 only a few PS multiplets lead to mass mixing in the
charged-lepton and/or down-quark sectors in the desired way. Table 4.11 summarises
viable multiplets from the ones considered and indicates in which sector mixing will occur.
Charged-lepton mixing exclusively will occur with the addition of SU(2).,g triplets
or bidoublets and in the down-sector exclusively with the addition of SU(4) sextets?’.
Mixing will occur in both sectors either through a combination of the aforementioned

multiplets or with?! the addition of a pair of SU(4) decuplets, with opposite chiralities.

We analyse, where possible, the conditions necessary on the parameters of the Lagrangian
which lead to the desired effects of decreasing the experimentally allowed PS breaking

scale through helicity suppression and generating a viable fermion mass spectrum through

20With the caveat that the additional baryon number violating Yukawa interactions do not lead to
proton and neutron decay rates larger than the experimental bounds.

“INote that in this case the mass mixing between d — D and e — E will be ‘coupled’ and the mass
mixing matrices only differ by group theoretic factors.
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PS multiplet e — E mixing d— D mixing

1,1,3
1,31
1,2,2
6,1,1
(10,1,1)

( )
( )
( )
( )

SR xS\~
SN % % %

TABLE 4.11: Summary of the results of Section 4.4.1 which indicates which viable

fermion extensions lead to a seesaw with the charged leptons by adding heavy states

E or with the down quarks by adding heavy states D, required to explain the lack

of mass-degeneracy predicted by PS. Including an SU(2)y, /g triplet or bi-doublet will

induce e — FE mixing and including an SU(4) sextet will lead to d — D mixing. Including

two SU(4) decouplet fermions of opposite chirality or will lead to ‘coupled’ ¢ — E and
d — D mixing.

mixing for all SM-like particles. We will separately consider the validity of charged-lepton
mixing and down-quark mixing and finally comment on the more general scenarios where

mixing occurs for both fermion types.

4.5.1 e — F mixing

Mixing with heavy exotics within the charged-lepton sector will arise if at least one
SU(2)p/r triplet or SU(2)r/g bi-doublet is included. As the minimal low-scale PS
model already requires an additional singlet S7 for viable neutrino mass, it would be
attractive if these more complicated multiplets could allow for a viable mass spectrum
for the neutral and charged leptons without the need for the singlet Sr. In this situation

we parametrise the general mass mixing matrix for the charged leptons as

I Mee MeE €R
Leg = (q EL) + H.c,
MpEe MEE ER

Mg (4.110)

where the different elements of M.g in terms of Lagrangian parameters are given in
Sections 4.4.1.1 and 4.4.1.2 for each possible case we have considered. Additionally we

parametrise the diagonalisation matrices for M.p

Ul MUy, = diag(...) = M43, (4.111)
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by
v w
Upr = (4.112)
X Y
L/R
where the unitarity condition on U implies VVT + WIWT = XX 4+ YYT = 1 and
VIV + XtX = WIW + Y'Y = 1. Therefore the relationship between the interaction

and mass eigenstates for the charged leptons is given by

er/r =Vi/rerr +* Wir Ep (4.113)

with e’L/R (E’L/R) corresponding to the light (heavy) mass eigenstate. The fields ey, /g
correspond to the uncoloured components of f1,/r charged under SU(4) which couple to

dL/R via XN‘

Therefore the relevant physical mixing matrices between the light, SM-like states and

down quarks relevant for meson decays is given similarly to the vanilla PS scenario by
K= (U Vi, Kf = (U Vg (4.114)

where now the matrices V7, g are no longer unitary. The condition required for a chiral
suppression to occur in the relevant pseudoscalar meson decays is for one of Kg‘j R to
satisfy

| Kol <1 (4.115)

such that the helicity-unsuppressed contribution to each decay is sufficiently reduced as

discussed in Section 4.3.2.

The limits on heavy charged-leptons are model-dependent but in all cases far exceed the
masses of the SM charged leptons. For example for an SU(2)y triplet the limits are
roughly 800 GeV [233| and reduce down to 300 GeV in the case of vector-like lepton
doublets [234]. We will conservatively assume that the masses of the heavy charged-
lepton states all exceed 1 TeV, this obviously requires at least one block appearing in

Mg to have all its singular values larger than 1 TeV.

Comparing the general form of M.p in Eq. (4.110) to those derived for the cases of either
SU(2) /g triplet or the bi-doublet given in Eqgs. (4.76), (4.79) and (4.85) respectively, we
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see that two possible mass terms can be significantly larger than the electroweak scale: ei-
ther the Yukawa couplings ygsz or y§22 v proportional to the scale of SU(2)g breaking
(which is absent in the case of the SU(2)r, triplet), or the bare mass terms py, and py,,
which are completely unconstrained. Therefore the correct phenomenological masses for
the heavy charged leptons are possible in the scenarios where Hyg3 UR, y§22 vg|| > 1 TeV
Or ||fbwy, iy, || > 1 TeV. In all cases the mass term generated by vg appears on the off-
diagonal of M.g, either in the top-right entry in the case of the bi-doublet extension and
in the bottom-left entry for the case of an SU(2)p triplet. Although this term is absent
in the case of the SU(2)y triplet, it may be generated in the bottom-left entry of M.p
by assuming a modified scalar sector, which we discuss further below, and therefore the
discussion below remains relevant for this exotic fermion choice. The bare mass terms
1w, and py,, appear in the bottom-right entry in all three cases. We suppress the labels

VU3 and Voo below and write y\];v r and py for simplicity.

Consider first the scenario where pg is taken to be larger than all other mass terms, e.g.
Wy = MEE > MeE, MEe, Mee. Following the results from Appendix D.0.1 the resultant

masses for the seesaw states are approximated by

Meb MEe and mp >~ Mep. (4.116)

me =~ ‘mee —
MEE

Using Eq. (D.4) the mass eigenstates relate to the interaction eigenstates by

1 ( meg 2 / MeE /

e, ~|1——= e+ — | F

L ( Z(WEE) L meg) -
—_——

Vi Wy, (4.117)

1 Whg (4.118)

for the right-handed states. One generation of fermions with real parameters has been
assumed for simplicity in order to establish viability. Similar conclusions are reached for
multi-generational scenarios where each entry of M,.g is promoted to a block matrix of

appropriate dimension. The one-dimensional equivalents of Vy,/ and W /g are indicated
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and, as can be seen in this scenario where the bare mass is the dominant term in the
charged-lepton seesaw, both the left- and right-handed light charged lepton mass states
are predominantly made up of the fields ey p embedded in fr,p. Therefore, while
this would lead to a very mild suppression in the PS mass limits as Vi g are slightly
suppressed compared to the scenario without charged-lepton mass mixing (where V7, /R =
1), the mass limits obtained for X,, will be of similar size to those appearing in Table 4.4
and therefore the limits will remain at around O(100 — 1000) TeV depending on the

d
structure of KLG/R.

Alternatively, yf;vR can be the dominant mass term within M.r which corresponds to

one of the off-diagonal terms in our parametrisation. Following a similar procedure we

find
me =~ 'mEe _ MeeMEE (4.119)
MmeE
and
MEE\ 1 (mgg /
er, ~ — e; +|1—= < > E
< MeE ) ( 2 Mmep L
VL 147
ep ~ 1_1<mee>2 €/+<mee>El
- 2 \meE R MmeE R
———
Vi Wg (4.120)
for the scenario where m.g is dominant and
me ~ ’m _ MeeMiE (4.121)
MEe
and
er ~ 1_1<mee>2 €,+<mee>E/
- 2 MEe L MEe L
——’
Vi 1473
MEE\ 1 (mgg /
eR ~ — ep+(1—= < > E
< MEe > r ( 2 Mmge R
Vr Wr (4.122)

if mpe 1s dominant. In both cases, one of e g is predominantly made up of the light
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mass state e/, /R while the opposite chirality is predominantly made up from the heavy
mass state Ef, L Vi or Vi are now significantly different in size from each other,
where one will be suppressed compared to the other. If m.g is the largest term then
Vi, < Vg and the leptoquark X, will strongly couple e, and df, but not €} and d),
and vice versa for mg. dominance. Therefore the desired helicity suppression in meson
decays induced by X, will occur for the hierarchy y\ng > py leading to decreased PS
breaking limits, potentially as low as those appearing in Table 4.7. Both an SU(2)r
triplet or the SU(2)p/r bidoublet are therefore viable candidates as one off-diagonal
term is proportional to vg and therefore can be large in size. In the case of an SU(2)p,
triplet, assuming no modification to the scalar fields, the only mass term not tied to the
electroweak scale is puy and therefore helicity suppression in the relevant meson decays

will not occur as puy must be dominant phenomenologically.

For a multi-generational scenario all terms in M.g are promoted to block matrices and

using the results in Appendix D.0.2 we find for ||mge|| > ||mee, Mmer, meEg||
M ~ MeE — Mee (mgi) MEE (4.123)
and

1 _ _ _
e ~ (]l -5 (meemEi) (meemEi)T> Oy ef, + meemEi(’)L E;
——
VL, 1473

_ 1, _ _
6;% ~ —mEi'mEE Ogr er + <]l — 5 (mEimEE) (mEimEE)T> Or ER

N——
Vr Wgr (4.124)

where O /r and Op g are the unitary matrices which diagonalise the light and heavy
mass blocks which appear after block diagonalisation, e.g. OTLmLOR = diag(...). For
obvious reasons these expressions are only valid when mpg, is nonsingular. Similar ex-
pressions for mer dominance can be derived quite simply and the results only differ by

the same permutations of parameters as between Eqs. (4.119) and (4.120).

One last potential scenario which will lead to the heavy lepton masses exceeding 1 TeV

occurs for the tuned case ygyvp ~ py. Consider for example when mg. ~ mpgr and are
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both dominant in M.gr. We find for one generation

Mee — MeE
me ~ (4.125)
V2
and
2
6L2_<1_1<m6E+mee> )elL+1<meE+mee>E/L
4 MEe MEe
Vi W
Lol ;, r
ER >~ — € —
R \/5 R \/5 R
N
Vr Wg (4.126)

with similar results if m.gp >~ mgp except for the reassignments L <+ R on the fields
above. Here the mass eigenstate e/, is made up of a roughly equal amount of the fields
er and Eg and therefore while the mixing parameter Vg is decreased, it remains an
order one number. The overall strength of Kﬁf will be lowered, however the helicity-
unsuppressed contribution for each meson decay will remain dominant as it is several
orders of magnitude larger than the helicity-unsuppressed contribution, as discussed
in Section 4.3.2. Therefore we find that in order for helicity suppression to allow for
decreased experimental limits on the PS breaking scale, the hierarchy y@vR > py is

required.

We will therefore adopt the hierarchy |yZvg| > |lywvr, me, po| below in order to
helicity suppress the mass limits of X, further requiring the correct down-quark and
charged-lepton masses with appropriate SM-like weak couplings as a secondary condition

will further restrict the parameters in each mass mixing matrix.

Specifically for the case of an SU(2)g triplet, adopting the above hierarchy in M.g leads
to the light-mass block approximately given by

1 -
my ~ ——my (Y\de) 1/1,\113 (4127)
UR

where we have introduced three generations of the triplet W and Yy, corresponds to a
3 x 3 matrix further assumed to be nonsingular. Unless stated otherwise, and for the
remainder of the chapter, yg and Yy will distinguish between when one or three genera-

tions of exotic fermions are introduced respectively. Within Eq. (4.127) we have used the
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relation m, = mgy which is enforced by the PS symmetry and therefore the singular values
of mg are given by the down-quark masses run up to the PS breaking scale. Similarly the
singular values of the light block m, must be given by the masses of the charged-leptons
at the same scale. An unavoidable consequence of Eq. (4.127) is that it necessarily
predicts that all generations of charged leptons have masses strictly lighter than their
corresponding generation of down-quark. We prove this result in Appendix D.0.3. While
this is accurate for the first and third generations, this mass hierarchy is flipped in the
second generation as shown in Table 4.6 where the muon is heavier than the strange

quark at least for energy scales below 1000 TeV which we are considering.

Therefore we find that Eq. (4.127) is unable to reproduce the correct charged-lepton
masses if m, = my is enforced by the PS symmetry to give the down-quark masses.
The alternative seesaw scenario where ||y, || > ||[Yw,vr||, although unable to lead to the
desired chiral suppression in the PS breaking scale, is also unable to reproduce the correct
muon and strange masses as it requires my ~ my. Therefore a potential hybrid scenario
where the hierarchy in the singular values between Y\Iﬁ vgr and pg, flips for the second
generation compared to the first and third would also not be viable. Similar arguments
apply to the SU(2)r triplet, which was already unable to give sufficiently heavy masses
to the charged-lepton partners. Therefore both triplet scenarios are unable to reproduce
the correct charged-lepton masses in their minimal form. This is a direct consequence
of the zero entry appearing in the mass matrix M,.g but applies to any similar scenario
with quark-lepton mass unification and exotic mass mixing. Similar arguments apply
to the scenario where both an SU(2)r and SU(2)g triplet are added as in Eqs. (4.81)
and (4.82) and therefore we find that SU(2);,p triplets require a more exotic scalar

sector such that all mass terms in the Yukawa Lagrangian can be generated.

4.5.1.1 Top-right dominance: Bi-doublet fermions

Turning to the case of the SU(2)r,r bi-doublet, now each entry of the charged-lepton
mass matrix Mg is non-zero. The choice ||Yy,,vr| > ||y, ||, such that the desired sup-
pression in the PS limits occurs, implies that the top-right entry of M.g is the dominant

block, as can be seen in Eq. (4.85). Therefore the light mass block is given by

1 _
my =~ Y‘IZQUL - %u\yQQ(Yﬂz) Ymg (4.128)
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where again the PS symmetry enforces m, = my. Now with the addition of the mass
term Y\ﬁva the correct charged-lepton masses can be generated. For example in the

limit pg,, — O3x3 the charged lepton masses are simply given by
me ~ Y, vr, (4.129)

and therefore the effect of the seesaw in M. is to completely disassociate the mass origin
of the SM-like charged leptons from the down quarks as now they arise from different

Yukawa couplings and vevs and implies that v, = m, for perturbative couplings.

Using Appendix D.0.2, the mass states of the light leptons relate to the interaction states
by

1
e o~ —(0%) Xep, + (05)T <]l - 2XXT> Ey

1
ep ~ (0%)f (11 - QZTZ) er — (0%) Z2TER (4.130)

where Of /R diagonalise the light mass block and

1 -1 VL _ _
X iy, (Vi) g Yi,myl (V)1 (V) 7
R VR
1 _ vy, _ _
Z = (L) a0 ) T e, Vi (4.131)
R

and we have expanded up to second order in X and Z. In this seesaw regime, the
light left-handed lepton states measured in experiments are predominately made up of
FE1, appearing in the bi-doublet whereas the right-handed light states are predominately

made up of eg appearing in fr which interacts with X,.

For clarity, the relevant physical mixing matrices are given by

K~ (UHTXT0S, K& ~ (UL <11 — ;ZTZ> 0% and Upyns =~ N (11 — ;XXT) 05,
(4.132)
where N, corresponds to the relevant non-unitary submatrix of the neutral fermion
diagonalising matrix for the active neutrinos. Therefore in this scenario the deviation
from unitarity of the PMNS matrix arising from mixing in the charged lepton sector and
the suppression of the matrix ng is determined by the smallness of the matrix X'. In

Eq. (4.131) we have included the second order terms in the expansion as for sufficiently



Chapter 4. Low scale Pati-Salam 179

small values in the matrix py,, this deviation will be dominated by the second-order
term. As Y\I[,/WUL and mg are fixed to give the correct SM charged-lepton and down-
quark masses respectively, the second order term is therefore fixed for a given choice of
Y\ﬁzvR and therefore can place a lower bound on the scale v required to satisfy both
PMNS unitarity constraints and lead to the desired chiral suppression in the rare meson

decays which constrain PS.

The neutrino mass matrix with the addition of the fermion bi-doublets is given by the
block matrix equivalent of Eq. (4.86) which specifically for the hierarchy ||Y\£QUR|| >
|y, YEvL|| > || tws,, || leads to the following four mass blocks (after block diagonalisa-

tion):

1/i
vy 9 ~ —=(v; £ N§

YL (L (vR \— T oL oR A—11T
ms = g (Y‘I/QQ(Y‘IIQQ) 1mu + m,, [Y‘I/QQ(Y\IIQQ) 1] ) vs ~ VIC%

R
mLQ ~ UR Y\Ifgg

1 _ _ -1
= T}R'u‘l’22 [(Y‘lém)TmulY\I]f%zQ + (Y‘I]’D;2)T(m5) 1Y‘I%22] Mgm vy = NL' (4'133)

vL

Here there is a heavy pseudo-Dirac pair with degenerate masses to the heavy charged
leptons, a light neutrino block with mass arising from a linear seesaw mechanism whose
mass eigenstate is predominantly made up of vgr. and an even-lighter neutrino mass

block which is predominantly made up of Ny, appearing in the bi-doublet. Therefore
My, K Myy K Myy, My, (4.134)

where m,, corresponds to the three light neutrinos observed through oscillation experi-
ments. A more complete expression for the relationship between the neutrino mass and
interaction eigenstates can be found at the end of Appendix D.0.4. In Appendix D.0.4
we argue that the above scenario where py,, is significantly smaller than all other mass
parameters, which will lower the experimental limits on PS breaking, is the only scenario
which allows for an experimentally valid spectrum of active neutrino masses unless a
PS breaking scale larger than 10'! GeV is adopted. It is quite striking that the only
hierarchy of parameters which allows for both low scale PS breaking and appropriately
light active neutrino masses, when bi-doublet fermions are introduced, is the same hi-
erarchy that will lead to a suppression in the experimental limits on the PS breaking

scale. Additionally, in the limit py,, — 03x3 where the lightest neutrinos are massless at
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tree-level, there is an additional global symmetry conserved in the Yukawa Lagrangian

and therefore taking this mass matrix to be small is technically natural.

The correct charged-lepton masses for each generation and the active neutrino mass
limits and differences can both be achieved with the addition of the bi-doublet without
needing to introduce any additional states, such as the singlet S;. Equations (4.128)
and (4.133) can be solved simultaneously for the three unknown blocks Y\fm, Y\Ifm and
Hw,, With the assumed hierarchy between each block. In the one generational scenario,
the masses of the two lightest neutrino states and the light charged lepton state are given

by

L
UL 25,

My, = (4.135)
T y§22
1 2
My, ~ LA (4.136)
VLUR 2y‘1’22y‘1’22
vy
me =~ vpyh, — 220 (4.137)
VRY\y,,

where we have fixed the masses of the quarks to the top- and bottom-quark respectively.
Setting my ~ 1 GeV in order to reproduce the correct tau mass and my ~ 4 GeV and
my ~ 173 GeV leads to Fig. 4.4 where we find the required size of uw,, as a function
of y§22v3 for different choices of the light neutrino mass. We find for sub-eV neutrino
masses, setting vg to be between 1 — 100 TeV requires pg,, to be below the MeV scale.
Due to the small size of piy,, required from neutrino mass limits, the term pg,,mq/ y§22 UR
entering the charged lepton masses is negligible compared to yéva and therefore the
correct charged-lepton masses are easily possible. As discussed, such small values of py,,
required for neutrino mass quite conveniently also lead to a chiral suppression in the PS
breaking scale. The mass of the intermediately heavy neutrino, v, will vary only with
the size of yf;”m vg as all other parameters are related to SM masses. The predicted mass
of m,, lies roughly between the MeV and GeV scales depending on the vy breaking scale,
with larger scales of SU(2)g breaking corresponding to lighter masses as demonstrated
in the second plot of Fig. 4.4. We note that for this proposed scenario, the quark masses
arise from the vevs vy and v from ¢ whereas the charged-lepton masses predominately

arise from the vev vy, appearing in fr.

The lightest neutrino mass eigenstate arises predominantly from the state Ny, appearing

in the bi-doublet fermion Wos and therefore, as phenomenologically required, will have
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FIGURE 4.4: Plot of the required size of py,, in GeV as a function of vg in TeV in the
one generational scenario where y§22 = 1 has been assumed (left) and the masses of the
intermediately heavy neutrino as a function of the same scale (right). Different lines
correspond to different choices for the value of the neutrino masses and we have fixed
my >~ 1 GeV, my ~ 4 GeV and m; ~ 173 GeV in order to reproduce the correct tau,
bottom- and top-quark masses. Requiring sufficiently light neutrinos is only possible
when puy,, is sufficiently small which also happens to be the requirement in order to
helicity-suppress the experimental limits on PS breaking.

SM-like weak interactions. The left-handed charged-lepton mass eigenstates arise pre-
dominantly from the state F; which appears in the same bi-doublet as Ny, as shown
in Eq. (4.84), additionally they form an SU(2);, doublet with each other after SU(2)r
breaking. The (pseudo-unitary) PMNS matrix is identified from the coupling of Wf to

N, and Ej, as
U= (1—) Uk (L-1)Of (4.138)
where
o ~ %XXT (4.139)

measures the deviation from unitarity arising from mixing. We find the deviation to be
the same in both sectors, at least at the lowest order, as explained in Appendices D.0.2
and D.0.4. As usual Uy and Of are the unitary matrices which diagonalise the light

mass blocks in each sector of the block-diagonal mass matrices.

Writing

v =[(1-n) UL (1 -n) 05] [0p)uNulo;
= |- Uk (- o) un| L0
(1 — — Ul UN) ulos

= (ﬂ — T]) UPMNS (4140)
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allows us to estimate the deviation from unitarity by (1 — 7), as is usually done, where
n~n +Uln Uy (4.141)

and we identify the combination U]TV ¢ with the unitary PMNS matrix as usual.

The left plot of Fig. 4.5 shows the deviation from unitarity as a function of X ~
w5, (Yt )~ where we have fixed Uy = 1 for simplicity. We further assumed that
Y‘Iig was diagonal with entries close to unity such that the vev of vp can be as small as
possible??. We then performed two scans over different values of vp ranging from 1 TeV
to 10* TeV. In the first scan (in blue) we randomly scanned over the entries of jiy,, and
therefore do not generate the correct neutrino mass spectrum but establishes the rela-
tionship between 1 and py,,. The second scan (in red) had py,, fixed for a given 111,31/\11]222
through a Casas-Ibarra parametrisation in order to generate the correct charged lepton
and neutrino masses. The resultant PMNS matrix was compared to the experimental
limits on the deviation from unitarity, n°*P which we take from [147], and we find that
the region which leads to a viable mass spectrum for the SM leptons predicts a deviation
of unitary many orders of magnitude below the current limit. This is due to the deviation
being proportional to the small matrix py,,. For alternative models where, for example,
the size of py,, and therefore | X'||r is not fixed to be small by requiring small neutrino
masses (through the introduction of additional neutral lepton mass mixing), deviation
from unitarity limits constrain

1X]|F < 1077 (4.142)

Fig. 4.6 plots the experimental limits on the mass of X, as a function of X where
again points in blue have the entries of py,, randomly scanned over and points in red
correspond to where jy,, has been fixed by through a Casas-Ibarra parameterisation.
We find that the only region of parameter space which allows for a low-scale seesaw in
the charged lepton and neutrino masses also happens to be the region where the limits
on the mass of X,, have been completely helicity suppressed to their lowest values. The
plot on the left and right represent two different choices of ng/R where we find the
same behaviour regardless of the form of ng/ p- For some more complicated scenario

where the entries of X are not related to the smallness of neutrino mass, deviation from

*?For a non-degenerate spectrum of singular values in Yg.,,, requiring all the masses of the heavy
charged leptons to be larger than 1 TeV requires larger vr breaking scales, e.g. if 01(Yw,,) = 1/100 then
this requires vr > 100 TeV.
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FIGURE 4.5: Plot of the deviation of unitarity (left) as a function of X where points
in blue correspond to a random scan on the entries of py,, and Y\ffz , Whereas points
in red correspond to the region which gives the correct charged-lepton and neutrino
masses through a Casas-Ibarra parameterisation. We find that there are no limits on
the scale vg from unitarity violation and furthermore the region with a viable neutrino
mass spectrum predicts a deviation of unitarity many orders of magnitude less than the
experimental precision. The (right) plot shows the generated X through the Casas-
Ibarra parameterisation as a function of vg which leads to a viable charged-lepton and
neutrino mass spectrum. As the deviation of unitary is given by  ~ X2, the deviation at
all scales is significantly smaller than the current experimental limits. ||-|| p corresponds
to the Frobenius norm of the given matrix which we use to present the data and the
limits on the deviation indicated by the dashed green line is taken from [147].

unitarity limits require ||X|z < 107! and therefore would at a minimum lead to the
limits decreasing by about a factor of a half compared to the limits obtained without
any charged-lepton mixing. For values where || X|z < 1072 the limits on the mass of

X, are decreased by about an order of magnitude and for || X||F < 1073 the limits are

completely helicity suppressed to their lowest values.

Therefore we find that with the addition of fermionic SU(2)r,r bi-doublets to the usual
PS fermions the singlet Sy, is no longer necessary for the generation of neutrino masses.
The down-quark, charged-lepton and neutrino masses can all be successfully generated
for low scales of PS breaking only in the region where ||{y,,|| is smaller than all other
mass parameters, and this region also leads to an order of magnitude reduction in the
limits on mx through helicity suppression. The smallness of the entries of pg,, can be
justified through technical naturalness, since a new global symmetry is recovered (which
can be identified with a type of lepton number) when they are taken to zero. In this
limit the active neutrino become massless, however other massive Majorana neutrinos

are present.

A number of predictions for the exotic fermions can be made in the scenario where
only fr/r and Wao are present. Firstly heavy charged-lepton partners and pseudo-Dirac

pairs of heavy neutrinos are predicted to have the same masses as each other at the
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FIGURE 4.6: Plot of the experimental limits on mx as a function of X where we have
assumed ng/R =1 (left) and mixing angles given by the fifth row of Tables 4.5 and 4.9

(right). Points in blue correspond to a random scan over pg,, in order to establish
its variation whereas points in red correspond to where the entries of uy,, are fixed
through a Casas-Ibarra parameterisation to give a valid neutrino mass spectrum. We
find that all regions which lead to a viable neutrino mass spectrum also imply that
the limits on the mass of X, are completely helicity suppressed. This remains true for
any choices of the physical mixing matrices ng - The horizontal dashed green lines
corresponds to the limits obtained without helicity suppression, as in Tables 4.3 to 4.5,
and the horizontal dashed purple lines corresponds to the limits calculated with exact
helicity suppression as in Tables 4.7 to 4.9. For large values of || X|r the limits on
the mass of X,, approach their usual values whereas for values where | X | p < 1073 the
limits on mx are almost identical to the limits obtained with exact helicity suppression.

scale of SU(2)g breaking and additional, intermediately heavy neutrinos are predicted
to exist with masses between MeV to GeV which are sufficiently heavy to not violate any
cosmological bounds. For more complicated scenarios with additional fermions (but the
same charged-lepton mass mixing matrix), where the size of X is not tied to the smallness
of neutrino mass, we find that unitarity deviation constraints begin to constrain the
overall size of X and imply that the limits on mx must be reduced by at least a factor

of a half.

4.5.1.2 Bottom-left dominance: SU(2);/r Triplet fermions

The analysis of the alternative scenario where the mass matrix vaR appears in the
bottom-left entry of M g (such as when an SU(2) g triplet is added) follows very similarly
to the above, with only a few key differences. As mentioned previously, the scalar content
we have chosen is unable to generate a viable charged lepton mass spectrum in the case
of the triplets due to the lack of an e; Fr or EFrer mass term in the Yukawa sector, as
per Eqgs. (4.76) and (4.79). However, these missing mass terms can be generated through
a modified scalar sector. For example, if X; ~ (4,2,1) is replaced with X’ ~ (4,2,3)

then, as was first noted in [213], the missing mass term in the top-right entry of M.g in
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Eq. (4.76), proportional to vy, is generated for the case of an SU(2) g triplet. Similarly, if
Xgr ~ (4,1,2) is replaced with X" ~ (4,3,2) then the missing mass term in the bottom-
left entry of Mg, proportional to vg, is generated for the case of an SU(2)y, triplet. We
therefore assume that all mass terms are generated in what follows, with a Y\I],{3 VR 1ass
matrix appearing in the bottom-left entry of M.p in Eq. (4.79), but remain agnostic

about the scalar sector which generates it.

We shall also not undertake a detailed study of the requirements for neutrino masses in
these modified scenarios, but make the following brief observations: A crucial difference
between the triplet and bi-doublet scenarios is that the neutral lepton mass mixing
matrix in the case of triplets is given by an inverse/linear seesaw similar to Eq. (4.18),
with the exception that the terms are also related to the charged-lepton mass mixing
matrix. In Appendix D.0.5 we argue that, unlike the bi-doublet case, the mass mixing
matrices in this scenario are such that low-scale seesaws for the neutrinos and charged
leptons are unable to correctly reproduce the SM lepton masses. A viable setup therefore
requires additional physics to further decouple the charged- and neutral-lepton mass
mixing matrices, for example with the addition of singlet fermions Sy, [213] which also
appear in the usual low-scale PS particle spectrum. Introducing SU(2); or SU(2)r
triplets therefore requires both a modification of the scalar content of the theory (to
generate a viable charged-lepton mass spectrum), as well as additional fermionic states

to generate sufficiently light neutrinos for low scales of PS breaking.

We therefore assume some additional physics is included in the neutrino sector to allow
for a viable mass spectrum and simply comment on the implications of a charged-lepton
mass matrix of the form
L
N mq Y\IJ v, EeR
Lop = (a EL) . 3 , (4.143)
V2 Yq,sv}“% JIaA Egr
where the dominant seesaw term is in the bottom-left entry has on the limits on PS

breaking through mx.

Adopting the hierarchy HY\I];'%3 | > |lma, sy, YlﬁvaH, necessary for a chiral suppression to
occur, leads to

1 _
me ~ v Y, — %md(y\ﬁ) Ly (4.144)
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for the light states after diagonalisation. The relationship between the interaction and

mass eigenstates is now given by

1
e ~ (0%)1 <11 - 220&) er, — (0% X EL

1
e~ —(0%) 21 er + (0%)T (11 - 22*3) Eg (4.145)

where Of /R diagonalises the light mass block,

1 -1 UL _ _
X —mg (Vi) + Yl ()T (V)™
VR VR
1 _ vy, _ _
2 (V) e (V) T O] m Y (4.146)
R

and we have expanded up to second order. The physical mixing matrices are now given

by

Kl ~ —(UhHT <IL - ;XXT> 0%, K¢ ~ —(U)T20% and Upyng =~ N (11 - ;XXT> 05.

(4.147)
The notable differences to the results in the previous section where the top-right en-
try of M.g is dominant are: (i) the leptoquark X, now effectively only couples to the
left-handed states (compared with right-handed previously), and (ii) the parameter con-
trolling the deviation from unitarity for the PMNS and the parameter determining the
degree of helicity suppression in meson decays are different. Unitarity deviation is de-
termined by X, which is given at lowest order by X’ ~ md(Y\Iﬁ vg) "', while the degree
of helicity suppression in the X, couplings is given by Z ~ (Y\I}f3 vr) tpy,. In the pre-
vious scenario of top-right entry dominance, both are controlled by X which in that
case was given by X ~ (Y\Ig vR) 'pw,. Unlike before where py, could be lowered, the
only way to decrease the deviation from unitarity is by increasing the scale vg as mg is
fixed by the SM down-quark masses. This leads to larger masses for the leptoquark X,
and thus experimental limits on the deviation will more strongly constrain the allowed
scales of SU(2)g breaking. As before, the degree of helicity suppression is controlled by

Z~ (Y\I],%3 vr) !uy, but now there are no constraints on Z from unitarity deviation.

The two plots of Fig. 4.7 show the size of X as a function of vr where as before we

consider the singular values in Y\I,R3 to vary between 0.1 and 1. Points in blue correspond
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to X at first order where

xM ~ md(YqivR)_l (4.148)

and points in light purple correspond to where X has been calculated up to second order
where

UL _ _
x® ~ x4 U—QY@MII,S[(Y\I@’)T] Lydyn (4.149)
R

As puy, is a free parameter — it is not fixed from the requirement of a viable neutrino mass
spectrum — for regions where ||pw,|| > [|mq|| the second order term in Z can dominate
leading to larger levels of unitarity deviation. Of course for larger values of py, the
degree of helicity suppression in the limits on mx also decreases leading to larger limits
on the PS breaking scale. The right plot of Fig. 4.7 shows the level of unitarity deviation
in the most experimentally constrained entry of 7 and it shows that for all values of
vp the deviation is below the current experimental limit. Unlike the previous scenario,
as py, enters X at second order, large values of pg, are not constrained by requiring
Iniil < ]nffp]. For vg ~ 1 TeV and large values in the entries of py,, the deviation
from unitarity in the most constrained entry of 7 is roughly one order of magnitude
below the current experimental limits. For small values of puy, (which correspond to the
region which helicity suppresses the limits on mx) the predicted deviation in unitarity is
roughly an order of magnitude smaller. Unlike the previous scenario, however, Fig. 4.7
demonstrates that as the constraints on n*® get stronger, they will lead to constraints
on the allowed magnitude of vp. This will require limits several orders of magnitude

stronger than the current ones.

Similarly to the scenario with top-right dominance, the level of chiral suppression in the
couplings of X, is controlled by Z =~ g, (Y{)~!. The left plot of Fig. 4.8 demonstrates
that the variation in the limits on mx vary in the exact same way as Fig. 4.6 and
requiring complete helicity suppression in the limits on mx requires ||Z]z < 1073 as

before.

Whereas in the bi-doublet scenario the smallness of py,, could be directly con-
nected to the light neutrino masses, here we find additional physics is required for a
phenomenologically-viable neutrino mass spectrum. Therefore the relationship between
the bare mass term pg, and the light neutrino masses cannot be established without
properly considering the possible hierarchies of parameters in the full neutrino mass ma-

trix, which is itself model dependent. While we do not thoroughly analyse the neutrino
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FIGURE 4.7: Plots of the variation of X (left) and the variation of the most experi-

mentally constrained entry of n (right) as a function of vg. Points in blue correspond

to where ||puy, || < ||maq|l and therefore X ~ X and points in purple correspond to the

opposite regime where X ~ X where we have scanned over the entries of tw, only

requiring ||y, || < [[Ygivr| such that the seesaw assumption is satisfied. Here there

are no current experimental constraints on X from unitarity deviation however future
constraints on 7 will begin to constrain vg.

mass matrix of a more complete model, we note that [213] found that if an SU(2)r
triplet, U3, was extended with additional fermionic singlets (such that the full Yukawa
Lagrangian was given by a combination of Eqs. (4.16) and (4.74)) a viable neutrino mass
spectrum was recovered for ||uy,| < 1 GeV which would suggest that Z < 1073 and
therefore the limits on mx will be helicity suppressed to their lowest values. However
we note that the limit 1y, — 0 does not recover a global symmetry of the Lagrangian as
it does in the bi-doublet case and therefore it is unlikely that the smallness of py, can
be related to the smallness of neutrino mass. It may be possible that there are multiple
regions in which viably light neutrino masses are recovered, some of which require the
entries of py, to be large, which would not lead to a reduction in the limits on mx.
While the smallness of pg, cannot be guaranteed by the smallness of the active neutrino
masses, as in the bi-doublet scenario, the work in [213] at least indicates that there is a
region of parameter space which recovers all SM fermion masses with gy, small enough

to reduce fully the limits on mx.

Therefore exotic PS fermion multiplets which introduce additional states which mix with
the SM charged and neutral leptons are an attractive method for reducing the limits on
PS breaking. As both multiplets considered contain both charged and neutral states, the
mixings within both sectors are now coupled. Requiring a valid neutrino-mass spectrum
leads to a chiral suppression in the limits on mx. In the case of additional SU(2)r,r
bi-doublets, a chiral suppression can be motivated through technical naturalness argu-

ments. In the case of additional SU(2)rg triplets, the usual PS scalar content is ruled
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FIGURE 4.8: Plot of the limits on my as a function of || Z||r assuming that K% = 1.

As the extent of chiral suppression in the couplings of X, to e’; and d}, is controlled

by Z, requiring full helicity suppression in the limits on mx requires | Z||r < 1073 as

in the previous section. Unlike the previous section Z is not constrained by limits on
unitarity deviation.

out phenomenologically. However, if the scalar and fermion sectors are modified ap-
propriately the desired masses and chiral suppression can be achieved. Although not
linked to any technical naturalness arguments, previous studies with the triplets and
more exotic scalar content suggest that a viable neutrino mass spectrum will still lead
to a complete chiral suppression in the limits on my. Due to the fact that the mass
hierarchy between the down quarks and charged leptons differs between the different
generations, the correct masses are most naturally generated for the two fermion types
by having their masses arise from different Yukawa couplings and vevs. In the two sce-
narios considered above, viable charged-lepton and down-quark masses implied that the
masses of all quarks arise from couplings of f; g to ¢ with vevs v; and vg, whereas
the lepton masses are related to couplings of the relevant fermions to Xj with vev vy,

suggesting the hierarchy v1 2 > v 2 1 GeV.

4.5.2 d— D mixing: Sextet fermions

Mixing between the down quarks and heavy exotic partners is similar to the scenarios
above involving lepton mixing. A number of possible fermion extensions lead to d — D
mixing. Here we will focus on the feasibility of d — D mixing alone in generating both
a viable SM mass spectrum and a suppression of the mass limits on mx which occurs
through the addition of the SU(4) sextet fermions, but may also occur with higher
dimensional PS multiplets. The results for down-quark mixing will follow very similarly
to Section 4.5.1.2. As can be seen in Eq. (4.100), ygﬁvR appears in the bottom-left entry
of Myp.
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Writing the down-quark mass mixing matrix similarly to the case of the charged leptons

— N [ maa map dr
Lap = (dL DL> +H.c
Mpd MDD Dpg

Mgp (4.150)

and noting that the entries of Eq. (4.100) appear similarly to the case of M.g above
allows us to draw the same conclusions which we will summarise. Limits on exotic quark
states exceed 1 TeV [235] and therefore for phenomenological reasons a seesaw in Mgp
is required. As before the only two entries of Myp not tied to the electroweak scale are
ywsVr and py, and, as discussed, a significant chiral suppression in limits on the PS

breaking scale will only occur for the scenario where ||y§6vR|| > ||mg, y\%GUL, g |-

This hierarchy implies the down-quark masses are given upon diagonalisation by

Mg ~ Y V7, — Me (Y§,0R) " g (4.151)

where the PS symmetry enforces that the singular values of m. give the correct charged-
lepton masses at the appropriate scale in the case where there are no additional multiplets
that induce e— E mixing. For the same reasons as with the SU(2) g triplets, the correct

down-quark masses cannot be recovered in the limit y\If,G vy, — 0 as this would imply
~ R -1
Mg = —me (YyVR) [, (4.152)

suggesting all three generations of down-quarks are lighter than the corresponding gener-
ation of charged-lepton, as discussed in Appendix D.0.3. In Section 4.4.1.4 the constraint
from baryon number violation suggested that imposing baryon number conservation re-
quired suppressing the Yukawa interactions of X to the fermions (for example by re-
moving the scalar). However as phenomenologically the mass term y\%ﬁvL is required in
order to generate a viable charged-lepton and down-quark mass spectrum, this suggests
that models involving just d — D mixing through the introduction of SU(4) sextets are
likely ruled out by proton lifetime measurements. An analysis of all possible proton and
neutrino decay diagrams in the region where the correct down-quark and charged-lepton
masses arise is beyond the scope of this work. If the dominant decay channels are two-

body decays which proceed via d = 6 effective four-fermi interactions similar to Fig. 4.3,
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estimates from [236] suggest that for TeV scale new physics the product of Yukawa cou-
plings within the relevant loop diagram must satisfy ¥ < 1076, As yéevL is related to
the down-quark masses in this case and for low scales of vpg, yéfﬁ is required to be close
to unity such that the heavy D states are sufficiently heavy naively suggests difficulty in

suppressing the decays.

If a viable model involving the SU(4) sextets exists which can suppress the dangerous
proton decay diagrams whilst generating the appropriate charged-lepton and down-quark
masses in the regime where the mass term ]yf;ﬁ\ is dominant, the requirements for a chiral
suppression in the limits on mx would follow almost identically to the e — F mixing case
above. For small values of py, the couplings of X, to d}; and e/, will be suppressed and

decreasing the experimental limits to their lowest value would roughly require
2]l = (Ygh) ™ pws S 1072 (4.153)

The only difference between d — D and e — E mixing will be in the deviation of unitarity,
where e — E mixing is constrained by deviation of unitarity in the PMNS whereas d — D

mixing is constrained by deviation within the measured CKM matrix,

1
Very ~ (U <11 — 22(2(*) 04 (4.154)
where
1
L= (0" (1- jx7 )y - O} Dy
1
dp ~ —(0%) 2T dg + (0%)T <11 - 22T2> Dr (4.155)
and
1 -1 vy _ _
X~ —mx (V) + 5 Yl () (v
VR VR
1 _ VL, _ _
Z~ ﬁ(yﬁ) Lig + F(Yﬁ) Ny tmive. (4.156)
R

In Section 4.5.3 which involves coupled e — E and d — D mixing we find that limits from
CKM unitarity deviation lead to very similar constraints on the level of mixing within
the theory and therefore we find that d — D mixing would be equally viable to the e — F

mixing above in the absence of proton decay issues.
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4.5.3 Coupled ¢ — F and d — D mixing: Decuplet fermions

Coupled mass mixing, which we define as scenarios which involve the introduction of
exotic PS multiplets which contain both D and F states within the same multiplet,
occurs with the addition of a pair of opposite-chirality SU(4) decuplets. There is an
additional subtlety for such coupled scenarios compared to the previous analyses. Due
to the coupled nature of the exotic states D and E there exist additional relevant gauge

interactions with the leptoquark X,.

Consider the full fermion kinetic Lagrangian with the addition of SU(4) decuplet fermions
10 .
w1

Ef{IN = Z‘fL/waL/R'i‘Z‘\IIEO/RJD\I]g}R (4.157)

with covariant derivative given by
DY) g =0,V g + 192GV g +iga¥i) p(G)T (4.158)

for the decuplets, which transform as ‘IflLO/R — U4\IIEO/RUZ. Expanding out Eq. (4.158)

and leaving only the interactions of interest gives

L5 D % (aXPL/Re + \/EEXPL/RE) +He (4.159)

and therefore the exotic states D and E within \IllLO/  have similar gauge interactions to
X, as the states d and e within fL/R. Due to the mass mixing present in Myp and M.g
in Eqgs. (4.105) and (4.106) between the states Jr/r and \I/}:(}R, the physical mass states

e, E', d and D’ are admixtures as before. Writing

€ _ VLC/RelL/R + WE/RE/L/R and d _ VE/Rd,L/R + WE/RD/L/R
E) Lk X7 R R Y REL R D)k X7 rr+YE DL R
(4.160)

for the unitary diagonalisation matrices as usual leads to

% (@ ((VLd)va + ﬁ(Xg)Txg) Xep + (L R)> (4.161)

for the gauge interactions between the physical SM-like states d’ and ¢/. We have once

again neglected to write the similar gauge interactions which contain the heavy states D’
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or E' as by assumption the relevant mesons are kinematically forbidden from decaying

into them.

Therefore the relevant mixing matrices are now given by
Kf5p = (Vi) Vi p +V2(X] p) X g (4.162)

Due to the second term which now appears in Eq. (4.162) (which arises from the com-
ponents of d’ and e’ contained within the states D and F), the resultant mixing matrix
can only be made helicity-suppressed if and only if a hierarchy in both V and X occurs,
e.g. VA < |[VE| and || X4|| < || X&||. This is unlike the previous scenarios where the
additional multiplets included did not induce any new interactions between X, and ex-
otic states with down-quark and charged-lepton quantum numbers. For scenarios where
the D and E states are introduced through two different PS multiplets, no such gauge
interactions will occur and the requirements for a helicity suppression in the relevant
meson decays will be given by a combination of the results in Sections 4.5.1 and 4.5.2.
Therefore what follows will be specific to ‘coupled’ scenarios where the new states D and

FE transform within the same multiplet.

Consider the mass mixing matrices between the down-quark and charged-lepton states,
in the three-generational scenario, which arises from the inclusion of a pair of SU(4)

decuplets:

L L
mg ﬂY\I,wvz mg Y\I,wvz

and Myp =
ﬂY\IﬁOUR Moy — \/%Yqﬂ@ quﬁva Moy — \/%Yqﬂkb
(4.163)

MeE =

Previously it was found that a hierarchy where ||Yy® vg|| is larger than all other entries of
Myp or Mg is required for a helicity suppression to occur, and therefore for a reduction
in the experimental mass limits of X,. If such a hierarchy is assumed for the entries of
Myp and M.g above, the unitary block diagonalisation matrices are given by

1 1
e o lgyg — s XXT X and U5~ -Z l3yg — 3221

—xt I3z — 3XTX l3xs — 3212 Z1
(4.164)

where the explicit forms for X and Z in the case of U} /R and Ug /g can be easily

derived from Appendix D.0.2. As always, due to the assumption that there is a seesaw
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where HY\I]EOURH is dominant in both Myp and M,.g, the parameters X’ and Z are small:

|X, Z|| < 1. Comparing Eq. (4.164) with Eq. (4.160) implies
IVEN = [VE =1, [VEl = VAl ~ 0 (4.165)

and

XL

12

IXZ =0, | X[l ~ X§ ~ 1. (4.166)

Therefore under the assumption that the mass term proportional to the SU(2)r breaking
is dominant for both Myp and Mg (which previously led to a helicity-suppression with
| K| < 1 for cases of uncoupled e — E or d — D mixing), we find no suppression in the

relevant mixing matrices:

1K ~ | K5l ~1 (4.167)

which is due to the second contribution to Kg")R appearing in Eq. (4.162). Physically
it is very simple to see why this occurs. Assuming that the bottom-left entries of Myp
and Mg are both dominant in a seesaw implies that the light mass states d7, d, €
and €’ are predominately composed of dr,, Dg, er, and Ep respectively. However dy, and
er, are contained in the same PS multiplet and Dg and Eg are also contained within a
PS multiplet together. As such, the gauge leptoquark X,, couples to both chiralities of
fermion mass states with little suppression. If instead the bottom-right entries of Myp
and M,g are assumed dominant, for the same reasons as presented in Section 4.5.1, the

desired helicity suppression in the relevant meson decays will not occur.

From the above arguments it is clear that, for scenarios with coupled mixing in the down-
quark and charged-lepton sectors, a chiral-suppression in the relevant meson decays is
not possible if both mixing matrices Myp and M.p in Eq. (4.163) are assumed to have
the same seesaw structure. However, note that the entries of the two mixing matrices
differ by combinations of group theoretic factors from the Yukawa couplings of the adjoint
scalar ®. Therefore it is in principle possible for there to be sufficient tuning of the mass
parameters, particularly the parameters in the second row of M.g and Myp, such that

the seesaw structure in the two mass matrices differs.
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To demonstrate this for for one-generation of fermions, assume that the hierarchy of

parameters in iy, ygva and yeve is such that

1 1 3
oo = | = 1048, 0m > 100 (ﬁw - \/;qu@) (4.168)

is satisfied (taking each combination to be real and positive). This corresponds to the
hierarchy mpp > mpg, mge > mgg. Under this assumption, the bottom-left entry of
M. is at least an order of magnitude larger than the other entries of the charged-lepton
mass mixing matrix. In addition, the bottom-right entry of Myp is dominant in the
down-quark mass mixing matrix. This certainly requires a degree of tuning between the
mass parameters py,, and yp ve and also implies that the adjoint scalar ® is required
in such a theory in order to introduce the required Georgi-Jarlskog-like factors. Now the

unitary block diagonalisation matrices differ from Eq. (4.164):

e Igyg — sXXT X e -Z l3yxs — 3221
L= y Up ™ ,
—xT Iyg — 3XTX l3xs — 3212 Zt
Ui ~ Tgxz — 3 X X7 X Ut ~ laxz — 3212 zf
—XT ]]-3><3 - %XTX -z ﬂgxg — %ZZT
(4.169)
Consequently
IVEN = IV = 1, [IVEl =~ 0, [[V&] ~ 1 (4.170)
and
IXEI = [ XEI =0, [ XF] =~ 1, [|XR] ~0 (4.171)

and therefore ||[K9¢|| ~ 1 and ||[K%|| ~ 0 as required. Again this is simple to see given
that in this case the light mass states are predominately composed of ey, Er, d; and
dR, due to the seesaw assumption. Therefore the leptoquark X, will strongly couple to
left-handed states?® (as e and dj, are in the same PS multiplet) whereas there will be
a suppression in its right-handed couplings (as Er and dg are not within the same PS
multiplet). Therefore, scenarios with coupled mass mixing matrices between the down-
quark and charged-lepton sectors are able to generate the desired chiral couplings of X,

for a tuned selection of certain mass parameters within the theory. To reiterate, this

23The light left-handed mass states will therefore also behave correctly in weak interactions.
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kind of tuning is required only when the extra states, D and F, reside in the same PS
multiplet. A similar tuning was required in [209], such that the mass mixing matrices
in the down-quark and charged-lepton sectors had different seesaw structures, in order
to achieve a chiral suppression the limits on myx for the case where multiple pairs of
bi-fundamental PS fermions were introduced. We therefore find this to be a general
requirement for models with coupled e — E and d — D mixing, when a chiral suppression

in the couplings of X, is desired.

Importantly, the addition of \IflLO/ r implies the existence of a Dirac colour-sextet fermion

with electric charge 1/3. Its mass is given by

1
My = Uy, + \/;ycb?)@ (4.172)

and therefore requiring that the sextet is sufficiently heavy leads to constraints on the
singular values of py,,. The mass limits for a colour sextet fermion vary from roughly
100 GeV if stable on collider length scales [229] up to a TeV [237] for large couplings and

possibly in the multi-TeV range [238|. However if a hierarchy similar to

1 1 3
KU — \/;yclﬂhb > y\III%m/UR > \/;M\Illo - \/;yqﬂ)@ (4173)

is required, my, is already required to be at least at the multi-TeV scale considering the
limits on the SU(2)g breaking scale. Therefore regions of parameter space which lead
to the desired chiral suppression of X, will naturally require the colour-sextet masses to

be sufficiently large.

Let us estimate whether this hierarchy of mass parameters, though somewhat tuned,
is able to successfully reproduce the correct SM fermion mass hierarchies as well as
generate a chiral suppression in the couplings of X, in the multi-generational scenario.
For simplicity, put the bottom-right entry of M.r to be exactly zero (the maximally

tuned case), that is:
3
Wy — \/;chvq) = 03x3. (4.174)

This implies that the bottom-right entry of Myp is given by

1 2
H¥q — \/;Yqﬂ)@ = §“‘I’10 (4.175)
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and consequently

4
My = gu‘lflo' (4.176)

The two mass mixing matrices, M.p and Myp, now simplify to

mg V2YE vr mg YL
M,y = V0L ) nd My = YOTE  (477)

R R 2
ﬁY\I/wUR 03x3 Y\I/wUR FHT4

We require that ||\/ng, Y\IiovLH < HY\I?IOURH < 2||pw,,| in order for the dominant

entries of each mass matrix to be different. This hierarchy leads to
me ~ V2Y§ v (4.178)
for the charged-lepton mass matrix and
My >~ Mmp — ngvRY\Ij}m (ogyy) Y\f,%w (4.179)

for the down-quark mass mixing matrix.

As the dominant block is in the bottom-left entry, the relationship between the in-
teraction and mass eigenstates for the SM-like charged leptons is given identically to

Section 4.5.1.2:

1
= (0 (1 3 ) o - (D)

e~ —(0%)(Z29) T er + (0%) (11 - ;(26)%6) Eg (4.180)

with X¢ ~ mp(Yy,,og)~ ! and Z¢ ~ Z—%(Y\Iﬁo)_l((Yﬁo)T)_lmFYfm at leading order.
R

The light down-quark mass eigenstates are instead given by

1
L~ (0D (n - 2Xd(xd)T) d, — (0%H)ixd Dy

v (OB (1= 529727 da + (O%)'(2%) D (1181)
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with X? ~ %”LY\I{JN (ptw,,) ! and 294 ~ %UR(M%O)_IY\II/EO- The physical mixing matrices

are therefore given by

Kt ~ (04 (11 - ;;cd(zcd)f> (1 _ ixe(m*) 4 Xd(xe)q 05,

~ (01)'0f

Kie ~ (0%)T | (241 (11 _ ;(Ze)TZ€> _ (n _ ;(zd)Tzd> ze] 0%

~ (Of)! (21 - 2°) 0%

1 1
Verm ~ (U7 (11 — 2Xd(Xd)T> 0% and Upyng ~ N (11 — 22(6(2(6)*) 0% (4.182)

where the two terms appearing in K ge/  are generated from the gauge interactions DXE
and dXe as explained above. This features the X . coupling being predominately to d}

and €/ as expected, with a strong suppression of its coupling to d, and e’s.

Additionally, the unitarity deviation in the PMNS mixing matrix is given almost iden-
tically to Section 4.5.1.2, where it was quantified by X ~ %Rmd(Y\Ig)_l, compared to
the current scenario where X¢ ~ émF(Y\ﬁo)*l. Note also that combining Eqs. (4.178)
and (4.179) leads to

My >~ mp — ivR me ()" Y\Iﬁo) (4.183)

2v2
which, combined with HY\I?IOURH < ||pw,,ll, implies that mp ~ myg, since the singular
values of my are of similar order to mgy. Therefore the constraints on the SU(2)r break-
ing scale, vg, from the deviation of the PMNS matrix follows essentially identically to
Section 4.5.1.2 and therefore Fig. 4.7 is also valid for this scenario. Therefore for all
values of vr which are at the TeV scale or higher, there are no constraints arising from

the deviation of unitarity from the PMNS matrix.

Due to the additional down-quark mixing, there are also constraints from the deviation
from unitarity of the CKM matrix. In this case, the deviation is determined by the
matrix X% o ”LY\L%M (u\yw)_l where again vLYlﬁlo is proportional to the charged-lepton
mass matrix, my. Now, py,, is related to the colour-sextet fermion mass scale from

Eq. (4.176). In Fig. 4.9 we measure the level of deviation through the parameters

m=1-) (Vo) and i =1-=>"|(Vorm)al* (4.184)

7 7
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FIGURE 4.9: Plot of the deviation of unitarity in the CKM matrix as a function of
| X4||r where the dashed green line roughly indicates the current experimental limit.
The CKM matrix deviation is measured as the difference in the sum of the squares of
each row and column. Even though it is currently the least constrained, the sum of the
squares of the third row and column provide the strongest bounds on the deviation due
to the large masses of the third generation of quarks compared to the first and second
generation. This plot indicates that || X?||r < 107! is required. The limits for CKM
matrix elements are taken from [14].

The strongest experimental limits on 7”/¢ come from the sum of the squares of the first
row or column of the CKM matrix. However, due to the much larger masses of the third
generation of quarks, we find that deviations in the sum of the third row and column
of the CKM matrix lead to stronger constraints on X¢. We find that n5 and 7§ place
almost identical limits on the magnitude of || X¢||r and therefore only plot one for brevity.
Using [14] places the limit

—0.01 < 75/¢ < 0.09 (4.185)

and therefore we conservatively set the limit \ng/ ‘| < 1072 at the PS breaking scale.
Figure 4.9 therefore sets a rough limit of ||X%||r < 107! in order to prevent significant
deviation occurring for the CKM matrix. This can be compared to the limits from PMNS

deviation which currently lead to no derived limits on vg.

The implications for the experimental limits on mx can also be very easily determined
from the results derived in Section 4.5.1 and the explicit derivations of Kgc} p derived in
Eq. (4.182). From the results in Fig. 4.8 it is clear that in order for a substantial chiral
suppression to occur in the limits on myx, where K}%@ ~ (O%)TZOE, we roughly require
|Z]] <1072, The expression for K% given in Eq. (4.182) in this case is of a identical

form with

Kde ~ (0% ((zd)T - ze) 0% = (0%)1 21005, (4.186)
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Therefore we clearly require that || Z10]| < 1072 in order for the desired chiral suppression
to occur. This will clearly be satisfied if both Z¢ and Z¢ individually satisfy this re-
quirement, and we do not consider a scenario with a tuned cancellation between the two
matrices. By inspection, from the definitions of Z¢ and Z¢ in Eqs. (4.180) and (4.181)
this will be trivially satisfied by Z¢, as it contains terms which are at most at the GeV
scaled which are suppressed by terms which are at a minimum at the TeV scale, but in

the case of Z? roughly implies the hierarchy

lvrYg:, |

<1072 (4.187)
||M‘1’10 H

and therefore we require the colour-sextet masses to be at least two order of magnitude
larger than the mass term proportional to the SU(2)g breaking term, if a full suppression

in the experimental limits on mx is desired.

However note that here we are assuming that pg,, = \/ng)vq) where vg is a vev which
breaks SU(4) and therefore contributes to the mass of X,,. Therefore the gauge lepto-
quark mx will roughly develop a mass at the same order as the colour-sextet fermion
m.,, which will typically be a stronger limit on mx than the experimental constraints, for
many choices of K jl;f. For example, if vgp ~ 5 TeV, a large chiral suppression requires py,,
to be roughly two order of magnitude larger than this, implying that my, ~ mx 2 500
TeV. Therefore a mild suppression in the limits on mx is expected due to the required
hierarchy between Yy,,vg and py,, (and therefore Yovg). Only for situations where the
mixing angles in Kjd%e are such that the experimental constraint on mx are initially close
to their largest value, e.g. Kj‘%e = T3x3, will this lead to a suppression in the limits on
myx. We therefore find that it is possible for the leptoquark X, to develop a chiral cou-
pling to the SM-like fermions and requires a tuning between the mass matrices py,, and
Ysve. However, while this may lead to a suppression in the decay rates of the relevant
mesons, the large hierarchy required between vg and vy requires mx = 100 TeV at a

minimum. As the experimental limits on vg increase, this will subsequently decrease the

already small parameter space for this scenario.

It is easy to estimate the minimum level of tuning between the parameters within g,

and Ygve in order to achieve the desired change in seesaw structure between Myp and
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M.g. Requiring

3 1
Koy — \[QYM@ gy — \[63@%

in combination with the limits from unitarity violation within the CKM matrix from

—1
1 _
Y‘I]’%lovR <M\P10 - \/;Yqﬂlq)) <10 ! (4'189)

at a minimum. This suggests that for anarchic values for the entries of each matrix:

< Vg, vrl < (4.188)

Fig. 4.9 requires that

w10, Yove|| 2 10 |V vr| (4.190)

and therefore the left inequality of Eq. (4.188) requires that a cancellation between
o, and \/ng)vq) of at least two orders is required for the couplings of X, to become
effectively chiral, and at least three orders for a full suppression in the couplings of X,

to the right-handed SM-like fermions, such that || Z| < 1073,

4.5.4 Connection to SO(10)

While we are motivated by the experimentally attractive prospect of lowering the scale
of PS breaking to be as low as possible, here we briefly consider how the exotic fermionic
multiplets proposed could fit into an SO(10) GUT and mention any obvious problems.
We note the smallest dimensional multiplets of SO(10) which contain each exotic multi-
plet as well as additional states this would predict. It is well known that two standard

PS fermion multiplets fit into the spinorial
16 — (4,1,2) ¢ (4,2,1) = fr. & fr (4.191)
of SO(10). The fundamental representation of SO(10),
10— (1,2,2) @ (6,1,1) = Uy & Vs, (4.192)

contains both the bi-doublet and sextet fermion states. While we find that the bi-doublet

fermion is the most attractive candidate in lowering the PS breaking scale, the sextet
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fermion leads to undesirable proton decay diagrams. Some mechanism would therefore
be desirable in order to significantly increase the masses of the D states from the sextet,
and not the E and N states from the bi-doublet, in order to prevent large proton decay
widths. This cannot be through different bare mass terms, e.g. py,, < fw, =~ 1016 GeV,

as the SO(10) symmetry now enforces the two terms to be equal.

The adjoint representation

45 — (1,3,1) @ (1,1,3) & (15,1,1) & (6,2,2) D U3, & Vs, (4.193)

contains both the SU(2); and SU(2)g triplet fermions. Interestingly, the additional
(15,1,1) fermion contains a neutral state and therefore will contribute to the full neu-
trino mass matrix. As we found that the triplets alone are unable to generate a viable
neutrino mass spectrum, due to the various mass equalities predicted, it is convenient
that the minimal SO(10) multiplet which contains these states also contains additional
neutrino states which could possibly generate a viable spectrum of masses. The (6,2, 2)
fermion will likely require a similar mechanism to the (6,1, 1) fermion in order to signif-
icantly increase its mass compared to the triplets within the theory. Finally the SU(4)
decuplets first appear in the 120 representation of SO(10). This representation also
contains the bi-doublet fermion which will itself allow for the generation of chiral-like
couplings of X, as well as generate neutrino masses, which the decuplet fermions do not.
An interesting possible direction of future work is to analyse the feasibility of embed-
ding such low-scale variants of PS into an SO(10) GUT in such a way that the required
fermion states do not develop GUT scale masses whereas any fermion in a given em-
bedding which may mediate proton decay, or similar undesirable processes, have masses

developed at the SO(10) breaking scale.

4.6 Conclusion

We have studied the implications of introducing additional fermionic states to the usual
Pati-Salam fermion multiplets. In particular we have focused on multiplets of relatively
low dimensionality which contain partner states to the charged-leptons and/or down-
quarks. The implications of mixing effects induced by these states were extensively

studied, particularly with a focus on the feasibility of lowering the scale of PS breaking.
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We identified four multiplets that allow for the possibility of a suppression in the PS
limits. Of the four, the inclusion of an SU(2)r,r bi-doublet alone can lead to a valid
mass spectrum for all SM particles and a significant reduction in the PS limits. The
decuplet, requires the addition of extra singlet states (at a minimum) for neutrino mass,
the inclusion of a scalar that induces a Georgi-Jarlskog like texture (such as ®) and is only
able to reduce the limits on mx for some choices of ng/  and for a tuning between mass
parameters. The remaining two multiplets, the SU(2); and SU(2)g triplets, require
both a modification of the scalar sector for a viable charged-lepton mass spectrum as
well as additional fermionic states for a viable neutrino mass spectrum. A common
feature of all scenarios was the existence of scalars Xy and Xpg in order to generate a
viable down-quark and charged-lepton mass spectrum. Therefore three SU(2); Higgs

doublets are predicted.

The most attractive models, the SU(2), /r bidoublet or triplets, contain only additional
leptonic states, inducing both e — F mixing as well as mixing within the neutrino sector.
While both these models have already appeared in the literature, we have extended these
analyses by rigorously studying the requirements for viable mass spectra of the down-
quarks, charged-leptons and neutrinos as well as the implications for the PS breaking
scale limits. We identify an attractive connection between the smallness of neutrino mass
and the helicity suppression of the limits on mx which, particularly in the case of the

bi-doublet, necessarily has a chiral-like coupling of X, to the SM fermions.

The sextet option leads to mixing in the down-quark sector alone but we find that this
likely leads to large proton decay widths in the only region which can generate a viable
mass spectrum. Finally the scenario with fermion decouplets, which leads to both d — D
and e — F mixing, was considered. It also includes additional exotic states potentially
discoverable at current and future colliders. The regime of interest, where the limits on
PS breaking can be lowered, is very sensitive to future experimental limits on SU(2)g

breaking scale vp and relies on a tuning of mass parameters.

We find that a chiral suppression in the PS breaking limits can reduce the usual limits
of 81 — 2467 TeV, depending on the structure of ng/R’ down to as low as 5.6 — 194
TeV. An attractive property of models which lead to a chiral suppression is that only

one of Kg‘; r 18 required to have a specific structure. Without a chiral suppression, the
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lowest PS limits obtained required both of K 27  to have a specific structure which might

suggest a parity symmetry in conflict with the assumed low-scale setup.

The addition of SU(2) triplets has already been explored in the context of the current
B-anomalies [212, 213]|. A more in-depth examination of baryon number violation impli-
cations in the case with SU(4) sextets is required before it can be ruled out as a low-scale
candidate. Additionally, due to the mass mixing induced, collider constraints for other
particles predicted (such as the W’ and Z’) could lead to significantly smaller mass limits
than what is usually expected. Exploring the reach of the LHC and future colliders for

these extended PS scenarios with chiral-like gauge couplings may be required.



Chapter 5

Conclusion

The work within this thesis has extended the Standard Model in a number of well moti-
vated ways in order to explore the possibility of new physics occurring at scales close to
the electroweak scale. Two of the three areas explored, neutrino mass and the measured
BAU, incontrovertibly require an extension to the SM from long established experimen-
tal evidence, whereas the last area explored, quark-lepton unification, is an example
where extending the SM is motivated from the theoretical attractiveness of increasing
the symmetries of the theory. The seesaw mechanism is a simple and attractive mech-
anism for generating neutrino mass with an important connection to both leptogenesis
and the Pati-Salam gauge symmetry. Low-scale seesaw models of neutrino mass, and
their implications for the BAU and quark-lepton unification, are highly motivated mod-
els that should be studied in detail due to to much more promising prospects of it’s
testability, either through direct on-shell production at colliders or from an observation
of charged-lepton flavour violation, compared to the traditional high-scale variants. A
generic prediction of most low-scale seesaw models is the pseudo-Dirac nature of the
heavy sterile neutrino states predicted, and their detection can have significant implica-

tions for BSM theories beyond the simple possibility of explaining neutrino mass.

In Chapter 1 we described how the experimental observation of neutrino flavour os-
cillations is itself evidence for massive neutrinos and how a number of other indirect
measurements fix all three generations of neutrino to have masses significantly smaller
than the other SM fermions. The simplest method of incorporating neutrino mass into

the SM was discussed, the seesaw mechanism, with examples of the different possible
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types of seesaws which may exist. The relationship between the light and heavy neu-
trino mass states and the LNV parameters of the theory were discussed in detail. The
evidence for a baryon asymmetry as well as the motivations for considering a dynamic
generation of this asymmetry were presented. In particular the idea of leptogenesis was
introduced as a baryogenesis mechanism and the incredibly interesting connection be-
tween the seesaw mechanism of neutrino mass and baryogenesis was established. Finally,
the Pati-Salam gauge symmetry was motivated and the connection between the scale of
sterile neutrino masses and the scale of Pati-Salam breaking was discussed implying that

low-scale models of PS are only possible if a low-scale seesaw is implemented.

In Chapter 2 we considered the leptogenesis implications for the SM which has been
extended by two additional sterile fermions per generation of SM lepton. The focus within
this chapter was on the feasibility of the inverse, linear or combined seesaw scenarios as
the source of leptogenesis where small mass splittings occur between SNs within the same
family. The possible resonant enhancement under this assumption is purely driven by
LNV parameters, motivated to be small due to the observed small neutrino masses. In
this scenario we find that both the ISS and LSS models alone are unable to generate
a sufficient level of asymmetry by many order of magnitude. The combined scenario,
where both the ISS and LSS terms are present simultaneously, contains parameter space
for a viable generation of the baryon asymmetry. This study was the first to point out
that asymmetry generation in the simplest low-scale model requires both LNV terms
to present. This chapter also served as a proof of principle that, in this model, the
asymmetry generation can occur purely from the CPV Dirac phase of the PMNS matrix,
motivating the precise measurement of dcp in future oscillation experiments. Possible

discovery signals in each model were also discussed briefly.

In Chapter 3 we point out that the inclusion of additional mass splitting terms within
the neutrino mass matrix can modify the results of Chapter 2. In particular leptogenesis
can be viable in both the ISS or LSS alone when the assumption that the mass split-
ting is driven only by LNV parameters is lifted. Here we assumed a MLFV hypothesis
which had been extensively studied in the case of a minimal type-I seesaw, and find that
both the ISS and LSS seesaws can lead to asymmetry generation albeit in a very narrow
window in the case of the ISS. Importantly we find that the extended type-1 seesaws
do not suffer from the same flavour alignment issue which the minimal type-I seesaw

experiences and therefore asymmetry generation can occur much more naturally with a
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MLFYV hypothesis in the ISS and LSS compared to the vanilla scenario. Chapter 2 and
Chapter 3 therefore demonstrate that the linear seesaw term can very naturally generate
the required baryon asymmetry provided that a mass splitting above the critical tem-
perature can be generated, either from the accompanying inverse mass term or through

additional effects if this term is forbidden in a given theory.

Chapter 4 explores the connection between low-scale seesaws and the Pati-Salam gauge
group. In particular we extensively study the connection between a seesaw occurring
within the down-quark or charged-lepton sectors and the experimental limits on PS
breaking. We show that the traditional quoted experimental limit of vpg ~ O(1000)
TeV, can be significantly lowered to even as low as 5 TeV in some scenarios where
additional exotic fermionic states are included. We additionally analyse the different
possible matrix textures required for the mixing matrix between d and e in charged-
current interactions and how the experimental limits on the PS breaking scale vary
for different choices. We find that only four possible exotic multiplets can lead to the
desired suppression, two of which, the SU(2);, or SU(2)g triplet, require a modified
scalar sector and additional singlet fermions at a minimum and one of which, the SU(4)
decuplets, that predict additional exotic coloured particles with direct implications for
collider searches. The final viable multiplet, the SU(2), g bi-doublet, is able to generate
all SM fermion masses without additional modifications to the scalar or fermion sectors.
In the cases where exotic fermion multiplets introduced contain singlet states, the two
triplets or the bi-doublet, we identify a well motivated connection between the reduced

PS breaking scale and the smallness of neutrino mass.

Overall we have considered non minimal extension to the type-I seesaw and the inter-
play they have with aspects of early universe cosmology and BSM unification models.
Such models can explain unresolved puzzles of the Standard Model at scales potentially
accessible in future experiments with exciting potential discovery signals and therefore
their importance extends well beyond the simple generation of non-zero neutrino mass

for the neutral components of £,,.



Appendix A

Decay and Scattering Rates entering

the Boltzmann Equations.

The decay and scattering rates entering the Boltzmann equations used in the analyses
of Chapters 2 and 3 are listed below. Following the literature, the following rescaled

variables are used:

2 2 T 2
le S mNZ‘ MmIirR -5 N;
z , T= 5, 4= , Qp = ~107°, ¢ = .
T miy, mp, MmN, MmN,

(A.1)

where s is the Mandelstam variable, and mig = me /My, is an infrared mass regulator

for the t-channel whose value is set to 1077 as discussed in Refs. [239, 240].

The total decay width I'y, of the SNs is given by

3

3

mn; *

Iy, = E Iy, = o E hy;hy;. (A.2)
=1 =1

The collision terms for 1 — 2 and 2 — 2 processes which appear in Egs. (2.45) and (2.46)
are calculated in [84] for the unflavoured case and additional flavour-specific processes are
calculated in [85|. These scattering rates will be summarised below without suppressed
flavour indices. The rate for a generic process X — Y and its conjugate counterpart

X — Y is defined as +55. For the 1 — 2 process, N; — L® or N; — LE®T, 75r is given

208



Appendix A. Decay and Scattering Rates 209

by

mp, m?\,ilw

i N;
Tew = Ki(av/a), (A.3)

in terms of the rescaled variables of Eq. (A.1) where K,(z) is an nth-order modified
Bessel function. The 2 — 2 processes can be divided into AL = 0,1,2 cases, each
contributing to the washout of lepton flavour at different rates. For a generic 2 — 2

process the collision term is calculated through

4 oo
My
W = ot [ dovs Ki(evE) o @) (A4)
64z
Tthr
where z,, corresponds to Max(m?2, mg) with m,(,) corresponding to the sum of masses

of particles in the initial(final) state such that the process is kinematically allowed. Each
process is therefore calculated by substituting each reduced cross section 0{5 , numerically
interpolating Eq. (A.4) over a range of z values and then including them in the numerical

Boltzmann Equations.

The relevant AL = 1 processes and cross-sections are,

NiLa 37 . r—a;\’
9uc = An (hgihai) z )
Nu® N;:Q
O-La’lz?c - O-Lau

2 . . .
=3 ) (1 _a e (W» ,
41 T T Qy

2 2 —
= o e (S0 (TR

8rx T — a; + 2a, a,
) 3q° T—a; +a
NiLo _ g * ) ) ) 2 ) 2 i r
991V, T 167 a2 (heihai) (590 —a;) (a; — x) + 2(z” + za; — a;) In (aT>> )
;o1 3 2 * r—a; +a
oMY = 2 (i) (e — ) ( ~ 34, +4a; In ()) | (A5)

For the scatterings involving gauge bosons, only the SU(2)y processes were considered

as the U(1)y processes are expected to be subdominant.
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The relevant AL = 2 processes and cross-sections are,

6
ang;:2ZRe[(hajhﬁj B A+ (haghpghid) Al

L
ij=1
+ (Bhihgihihag + hailihashs;) AS]
L L k %
Ogtol = ZRe hajhgihihs:) Bij | (A.6)
i,j=1
where
0 (i=173),

M%[(m+aj)]n<x';‘;j) — ($+ai)ln<fn?:fi>:|’ (’L#j),
A0 \/CTCLJ'[l T +ay ln<$+aj>} |

K 21 P, x a;
5. — * |+ 2 ()], (i=4).
U [ () o e ()] i),
(A7)
and
Pl(a) = ! . (A8)

T — a; + 1,/

Finally as flavoured leptogenesis is being considered there are also processes which do not

violate lepton number but do violate lepton flavour [85]. The relevant AL = 0 processes

are,
6
Lo® _ * * * 7k
TLse Z (hb’ihaihﬁjhaj + hﬁihaih,b’jhaj) Cij
ij=1
. 6
Lo®t X .
O-Lﬁ':DT - Z Re (h’;/a Zoa hZB Zﬁ) DZ] )
ij=1
LaL§ 6
Opte = Z Re (hﬁ T ZZ) Eij s (A.9)

,5=1
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with
; 0 (=)
ij = T\/a;a; .
{ 47rP-*PJj (i # J)
| w0 (”) (i=17)
'Dij =
xiv((i—aiz]) ( +aj)In (x;aj> —(z+a;)ln (T) ] (i #£7)
(ziai) (Z = ])
Eij = — tas , (A.10)
ﬂ(aif(j]') 1 Exiaﬁ) (Z # ])

The scattering rates used in Eqgs. (2.45) and (2.46) are then calculated as functions of

the collision terms above,

: 1
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Appendix B

0cp dependence of 7pg

Due to the flavoured nature of the Boltzmann equations, an inherent dcp dependence
exists on the strength of certain flavoured scattering terms within them. It is interest-
ing to note that, as a consequence, a maximally-violating phase, such as dcop, actually
does not necessarily result in a maximally generated net baryon asymmetry. Although
maximal values of dcp will lead to maximised generation of asymmetry per decay, if the
efficiency of the washout is greater here compared to some other values of dop the net
surviving asymmetry may end up being smaller. It is even possible for the net asymme-
try to be minimised when the CP violating phase is maximised. This phenomenon was
not explored further and the CP-violating phase dop was simply fixed to the suggestive
value of dcp = 37/2 in Chapter 2. Below are example plots of the absolute value of the
net baryon asymmetry' |ng| as a function of §cp in the pure ISS scenario, chosen once
again for computation convenience even though the asymmetry values are unrealistic.
Alongside each plot is a contour plot of the sum of each AL = 0,1,2 scattering term
(X xia X)) as a function of cp and z for a specific lepton flavour. As illustrated in
Figs. B.1 to B.4, in scenarios where scattering terms without a dop dependence domi-
nate, the generated asymmetry behaves as naively expected. However, for some regions
of parameter space the final asymmetry generated is maximised for values of dop differ-
ent to the maximal CPV case as in these cases, where the scattering terms which depend

on dcp are dominant, the washout is stronger here comparative to other values of §op.

!The absolute value is plotted due to the sign change between 0 < dcp < 7 and 7 < dcp < 2.
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FIGURE B.1: In scenarios where the asymmetry is dominated by terms in the scat-
terings which do not have a net dependence on dop the net asymmetry is maximised
when the CP violation is maximised and as naively expected.
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FicUure B.2: If the total scattering rate is maximised for dcp = 7, more asymmetry
is washed out in this region and the baryon asymmetry will be maximised for values of
ocp closer to 0 and 27.
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FIGURE B.3: If the total scattering is maximised around dcp € {0, 27}, more asym-
metry is washed out in this region and the baryon asymmetry will be maximised for
values of dcp closer to .
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F1cURE B.4: In the unique scenario that the scattering rates have competing efficien-

cies, e.g. the efficiency to e is maximal for dop € {0, 27} and the efficiency to u and

7 is maximal for dcp = m as shown above, the net baryon asymmetry generated can
actually be minimised for maximal CP violation.



Appendix C

SU(4) Generators

We use a basis for the SU(4) generators (in their defining representation) given by

01 0 O 0 — 0 O 1 0 0 0 0 0 —1
1 0 0 O t: 0 0 O 0 -1 0 O 0 0 O
00 00 0O 0 O 0O 0 0 O 1 0 0
0 0 0 O 0O 0 00 0O 0 0 0 0 0
0 0 0O 0 0 O 0 0 01 0 0 O
0 1 0 00 — 0 0 0 0 O 0 0 O
¢ = A7 = Ag = Ao =
01 0 O 02 0 O 0 0 0 O 0 0
00 00 0O 0 0 O 1 0 0 O 1 0 0
0 0 O 00 0 O 0 0 0 O 0 0
0 0 01 00 0 —2 0 0 O 00
A1 = A2 = A3 = A4 =
0 0 0 O 00 0 O 0 0 01 0 0 O
01 0 O 0 2 0 O 0 0 1 0 0 0 ¢
1 1
1 0 0 O 7 0 0 0 7 0 0 0
0 -1 0 0 o L 0 o0 0o + o 0
Ag = A = V3 ) A5 = Ve )
0O 0 00 0 0 — 7 0 0 0 7 0
0O 0 00 0 0 0 0 0 0 0 —\/g
(C.1)
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and similarly for the SU(2) generators

o = - . (C.2)
10 v 0 0 -1

Note that all generators are normalised such that Tr(7'77) = Tr(\'A) = 26% where i
and j should be understood as summing over the appropriate indices in the SU(4) and

SU(2) cases.

Therefore the SU(4) gauge bosons, G, can be written as

- 1
GM = §AGGZ

Y PG VX
_1 V26 19, ~Cau + 3G + 5 G1su V2C ), V2Xy,
2 ﬂG@@u \/§G(_67)u _%Gs“ t %Gm“ V2XG,

V2X7, V2X,, V2X,, —J5G1sp

(C.3)

where G?;j)u = % (Gip FiGj,), Gay, and Gy, correspond to the SM gluons, Xﬁz =

% (Ggu F iGlOy); Xli = % (GUM F iGlzﬂ) and X;?L = % (Gl?;,u F Z'G14u) form a colour-

triplet electric-charge 2/3 vector leptoquark and Gis,, is the gauge field of the U(1)p_r
subgroup.

Similarly the SU(2)z,/r gauge fields, W, g, are written in this basis as

) 1 1 Ws V2W)
Wiy =raWg, == ™ g

2 2 ﬂ Wu_ _ W3M

. W VoWt
Wiy = ~rawe — = [ 3 g (C.4)

1 2 R,LL 2
\/EWM_ —Wgu

with W(jE/R)M = % (Wi, F iWQ#)(L/R) as usual.



Appendix D

Various Seesaw Properties

D.0.1 Singular Values in One Generation

Consider the matrix M € M5(C) given by

<
I
B

This matrix can be diagonalised via its singular value decomposition:

t me 0
U MUp=Mg= . (D.2)
0 me,
There exists exact analytic expressions for Uy, Ur, m¢ and my, for this 2 x 2 matrix,
however in the seesaw limit where the absolute value of one entry of Eq. (D.1) is signifi-
cantly larger than the others, these expressions can be significantly simplified by writing

it as a perturbation series. For example, in the limit where |d| > |al,|b]|, |c| we find for

the unitary-diagonalisation matrices

1— 1 | ac*+bd* 2 ac*+bd* |m€\ 0
2 d|? dJ? me
UL — |d] | |d] + 0(63)
[ ac*+bd* 1— 1 |ac*+bd* 0 mp
|d[* 2| [dP [ |
QL KL
1 1 |adb* +§:d* 2 (ab* +§d* ) * my 0
2 d d
UR — |d| |d| [mel . + 0(63) (D 3)
__ab*+4cd* 11 ab*+cd* 0 My,
|d]? 2| [dP? [ |
Qr Kgr
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where Q7 g removes the off-diagonal entries of M, Ky, g is required to ensure the re-

maining diagonal entries are real and positive and € ~ |1

- The singular values of M

written up to sub-subleading order are

2 |2
mfz'a_bc_a<’b’+’0|>‘ +O(S)

d 2 |d|?
1 /[b]2 + |c|? a*bc 3
=|d+ - . D.4
M4, ) +2< 7 + P +0(¢e) (D.4)

Note that in the type-I seesaw scenario (a =0, b = ¢ =mp, d = Mp), Eq. (D.3) implies
UIJE = U} and therefore the (now symmetric) matrix M can be diagonalised either by

UEMUp or UZMU; with the singular values of Eq. (D.4) simplifying to

2
mp

_ "D 2
me = MR +O(€ )
2
Mg, = ’MR 4 Amoll | o (D.5)
Mpg

as expected.

The results above can applied to find similar expressions for Ur, Ur, m¢ and my in
scenarios where different entries of M are the largest in the seesaw through appropriate
permutations. For example consider when |c| > |al, |b], |d|, as before there exist Uy, and

Ugr which diagonalise M however we note that Eq. (D.2) can be rewritten,
i [a b t b a i b a , )
UL J UR = UL J T1 UR = (UL) J UR == dlag(mg, mﬁ) (D6)

where 7 corresponds to the first Pauli matrix.

The results in Egs. (D.3) and (D.4) can now be applied to Eq. (D.6) as c is assumed to be
the largest entry of M. Therefore m¢ and my, are given by the expressions in Eq. (D.4)
with the permutations a <> b and ¢ <+ d, and the unitary diagonalisation matrices are
given by U; = U, and Up, = 7 Uy taken from Eq. (D.3) with similar permutations.
Applying a similar procedure for [b| > |al, |c|, |d| we find that U; =7 U}, and U, = Uy,
and the results from Egs. (D.3) and (D.4) are valid with permutations a <+ ¢ and b « d.
Finally when |a| > |b], |c|,|d| we find U; = 71 U, and U, = 71 Uy, with the permutations
a <> d and b <> ¢ applied to Eqgs. (D.3) and (D.4).
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D.0.2 Singular Values for Multiple Generations

Counsider now a general matrix Mp € C™*™ which can be partitioned into a 2 x 2 block

matrix of the form

Am1Xn1 Bm1><l1

Mg = (D.7)
Clanl Dlle1

where the subscripts on the matrix blocks correspond to their dimensions, mj + 11 = m,
n1+1; = n and D is restricted to be nonsingular. This matrix can be block diagonalised
by

QL My Qpy = My = diag(myp, m) = | " Vb (D.8)

Otyxn,  MH

where my, and my now correspond to m; X ny and [ x I3 block matrices respectively and
On, x1, corresponds to a matrix of zeroes with dimension n; x [1. Unlike in the 2 X 2 case,
exact analytical expressions for the block matrices my and mpyg or the diagonalisation
matrices Q, and Qg do not exist. However in the seesaw limit, where the lightest singular
value of the square block D is assumed to be significantly larger than the largest singular
value of all other blocks, a similar perturbative expansion can be derived. This is done
by assuming, as an ansatz, that the block matrices Uy, and Ug have a similar form to the
matrices appearing in Eq. (D.3)! in combination with the conditions U}E(MBME,)) U, =
diag(mLerL, mHmL) and U;(MEMB) Up = diag(mTLmL, mLmH) which allows Ur /g

to be solved separately from each other.

In this limit, ||D|| > ||A, B, C||, we find Mp can be fully diagonalised at sub-subleading

order by
- Lyxn — s X XT X Vi 0
L =
—xt Lysn — 3 XTX 0 Wg
QL Ky,
Loxn — 322 Al Ve 0
Ur ~ (D.9)
—7Z ﬂan - %ZZT 0 WR
Qr 1};«2

Tn other words that Uy, and Ug can be written perturbatively in terms of an expansion parameter
€ related to the seesaw in M.
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where

X = (ACT + BD"Y(DD") ! ~ BD™!

Z = (D'D)"Y(B'A+ D'C)~ D~ 'C. (D.10)

Similar to the 2 x 2 case, Q1,/r remove the off-diagonal entries of Mp, Ky g diagonalise
the blocks m /p via (V/W)E mpg (V/W)g = mdL/H = diag(...) and the expression for

Vi r and Wr /g depends on the structure of the submatrices my, and mpy.

Applying Egs. (D.9) and (D.10) to Eq. (D.8) gives the light and heavy submatrices at
sub-subleading order as per
1
my, ~ <A - BD'C - 3 (BD—l(DT)—lBTA + A CT(DT)—1D—10)>
1
mu =D+ (CCT(DT)—1 + (DT)—lBTB)

1

T3

((DT)—lp—chTB + CATBD—l(DT)—l) . (D.11)

Note that Eq. (D.11) agrees with Eq. (D.4) in the special case where Mg € C?*2 i.e. all

the blocks of My are just complex numbers, A - a...D — d.

In the special case of Eq. (D.7) where B = CT = mp (implying ny = m1), A = Op,xn,
and D = Mp is a symmetric matrix, which occurs in the n-dimensional type-1 seesaw

model of neutrino mass, U}E = U}g and my and mpy simplify to at sub-subleading order

mp, ~ —mDMélmr‘,g
~ 1 T  x *\—1 *\—1 7

where Mp = Mg has been used. Therefore the usual results are recovered in this case
and we find them to be in full agreement? with [241] which derived an algorithm to find

the light and heavy mass matrices in neutrino seesaw models at arbitrary order.

In a similar way to the case with M € C?*2, the results above can be extended to find
mpr, mpg, Ur and Ug in situations where the norm of different blocks in Eq. (D.7) are

dominant®. Once again consider a scenario where ||C|| > ||A, B, D|| (and C is square)

*We also find agreement in the case where A = AT # 0,,x,, which for example is relevant in hybrid
type-I+II models.

3This is with the caveat that Mg can be partitioned such that the dominant block has a well defined
inverse.
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Dominant Block Permutations (U, Ug)
A Ao D& B+ C (L(ly,m) U, I(n1,1) Ug)
B A C& B« D (ﬂ(ll,ml)UL, UR)
C A< B&C« D (UL, }{(’I’Ll,ll)UR)
D - (ULa UR)

TABLE D.1: Required rotations on Uy, and Ui and permutations of block elements for
the formulas in Eqgs. (D.9) to (D.11) to be valid for different block elements assumed
to be the nonsingular-square dominant block of Mp in seesaw scenarios. I(ll,ml) is
defined in Eq. (D.13) and here [; is taken to be the dimension of the dominant square
matrix block and (mq,n1) corresond to the dimensions of the matrix block diagonally

opposite.
and note that
MB _ Am1 ><l1 Bm1 X1 _ Bm1 Xni Am1 ><l1 OTL1 ><11 ]]-n1 Xni1 . (D13)
Cll ><ll Dll Xni Dl1 XNy Cl1 ><l1 ]1[1 ><l1 0l1 XNy

L(ni,h)

Therefore Egs. (D.9) to (D.11) are valid if U} = Uy, Uy = I(n1,l1) Ug and the permu-
tations A <+ B and C «» D are performed, where (U} )" Mp U}, = diag(my, my). This
can be performed for any of the four blocks of Mp being dominant and the results for

this are summarised in Table D.1.

D.0.3 Gap properties between the charged leptons and down quarks

Below we briefly prove the claim that, in the triplet scenario, the charged-lepton mass
matrices defined in Egs. (4.76) and (4.79) imply that the SM-like charged lepton masses
must be lighter than the down-quark masses for all generations. This arises due to the
zero block appearing in their mass matrices diagonally opposite the dominant block in the
seesaw. Unlike the previous section which relied on an approximate block diagonalisation
technique with neglected higher-order terms, the results below are exact statements that
do not rely on any perturbative arguments. We closely follow the work presented in [242]
which proved a similar gap property specifically for the type-I seesaw symmetric mass
matrix, which we will generalise to an arbitrary complex matrix relevant to our charged-

lepton seesaw.
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We state without proof three matrix properties related to the Courant-Fischer-Weyl

min-max theorem:
e For two hermitian n x n matrices A and B, if C = A + B then
ap+b1 < ¢ <ay+b, (D.14)

where x; corresponds to the i-th largest eigenvalue of the matrix X and k < n. For

k = 1 this reduces to the special case
min(A4) + min(B) < min(A + B) (D.15)

where min(X) = z;.

e TFor all A >0 and B € M,(C), if C = BIAB then

armin(BB) < ¢, (D.16)

e If @ is an n x n submatrix of the N x N matrix M then
mi < @k < MN-—n+k (D.17)
for every k < n, this is known as the Cauchy interlacing theorem.

Additional details including proofs for some of these properties can be found in [242].
We take the mass mixing matrix M.g to have the same structure as the case of an
SU(2)g triplet defined in Eq. (4.76):

m 0
MeE _ ee 3x3 7 (D18)

MEe MEE
where we are assuming three generations of the exotic triplet fermion and therefore each
block is 3 x 3 and we further assume m g, is nonsingular. As discussed in Section 4.5.1, in
order to achieve the desired helicity-suppression in the PS limits we require the hierarchy

lmEell > ||mee, meEg|| to be satisfied which implies

Un(mee)7 Un(mEE) < Ul(mEe) (D.19)
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where ¢;(X) corresponds to the i-th largest singular value of the matrix X and n = 3.

This defines a seesaw in M,g with mpg,. as the dominant block.

The bottom-right sub-matrix of

1 . .
(Mephly) = (D.20)
mippmpeme! (mle) mi, (mlsp) ™ + mipp(mipy)

which we will label as X satisfies the property defined in Eq. (D.17), where the dots
correspond to sub-matrices which are not relevant. As the sub-matrix X has dimensions

n X n and the full matrix has dimensions 2n x 2n the interlacing theorem implies
Tk < Mop_k (D21)

where we have chosen k = n — k in Eq. (D.17). As MEE(MJE)_1 is Hermitian, its
eigenvalues correspond to the squared singular values of M.g. Furthermore, from simple
properties of eigenvalues, the i-th largest eigenvalue of an n x n matrix M ! corresponds

to the (n-i)-th smallest eigenvalue of M. Therefore Eq. (D.21) implies

1

< — D.22
Tk S (D.22)

Applying Eq. (D.15) to z,_j leads to the inequality
(mpmuemy (ml) " m (mp) Y 4min(mph(mpy) ™) <z (D29)

and now with repeated applications of Eq. (D.16) to the first term of Eq. (D.23) leads to

([mednto) ], min (gl + 1) min(ighne) ) <00 (D21

which implies

1 (01 (mEe)2> < 1 (D.25)

on(meg)? \ ok(mee)? (ox(Meg))?

and therefore

on(MmeE)

\/Ul(mEe)2 + o) (Mee)? (D-26)

(2
Uk(MeE) < Uk(mee) < Uk(mee)

where we have used the seesaw assumption that o, (Mmee, mpp) < o1(Mmpge).
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The exact same procedure can be applied to the matrix (M eT E)_lMe g which instead leads

to the inequality

On (mee)

Un(mee)
\/01(mEe)2 +or(meg)? '

o1(mge)

0k<MeE) < ak(mEE) < ak(mEE) (D.Q?)

Combining Egs. (D.26) and (D.27) leads to an upper-bound on the k-th largest light

singular value of M.g

min [Uk (mee)an (mE’E) , Ok (mEE)Un (mee)} On (mee)an (mEE) .

ok(Meg) < o1(mpe) = o1(mge)

(D.28)

Comparing Eq. (D.28) to the charged-lepton mass matrix in the case of the SU(2)r
triplet in Eq. (4.76) leads to the strict inequality

on(me) < op(ma) (%) (D.29)

and as the singular values of each matrix correspond to the physical masses, each light
lepton mass of a given generation must be strictly lighter than the corresponding down-
quark mass of the same generation. This is due to the seesaw assumption which en-
forces the fraction in brackets to be strictly smaller than one. As shown in Table 4.6
the charged-lepton and down-quark mass hierarchies change between generations at low
scales, therefore due the PS symmetry, a matrix of the form in Eq. (D.18) is phenomeno-

logically ruled out.

Although not relevant in our analysis, a similar procedure can be applied to the Hermitian
matrices (METE)MGE and MPE(MJE) to derive inequalities on the masses of the n heavy

states of M.g and for example leads to

Ont1(Meg) > max (\/01 (mpe)? + 1(Mee)?, Vo1 (mpe)? + o1 (mEE)2> > o1(mEe)

(D.30)
Therefore the strict hierarchy implied by these inequalities leads to the ‘gap property’

On (mee)an (mEE)

Ul(Me ) <..< Jn(Me ) <
o1(mge)

< Jl(mEe) < 0n+1(Me ) <. < UQn(MeE)
(D.31)
which does not rely on any perturbative arguments and we emphasise that these results

are only valid for ‘type-I like’ scenarios where the entry diagonally opposite the dominant



Appendix D. Various Seesaw Properties 226

block is zero. Our results agree with the gap properties derived in [242] in the type-I
limit which assumes mee = (mEE>T = mp and mg. = Mg and recovers the usual type-I

hierarchy.

D.0.4 Lepton masses with additional bi-doublets

The neutrino mass matrix which arises with the addition of an SU(2)z,r bi-doublet to

the usual PS fermions fr /g is given by

0 My, 0 y\ngR vy

1 L o m 0 0 yL vy VR
Lon =35 (ﬁ Ve N Nf%) b et (D.32)

0 0 0 pw, ||

y§22 UR y‘%gg ,Uz /’L\IJQQ 0 NR

where we have labelled the fields as in Eq. (4.84). A phenomenologically viable mass
spectrum for the heavy charged lepton states requires either y@va or [y,, to have
masses at a TeV or above, as discussed in Section 4.5.1, due to the charged lepton mass
mixing matrix

R
mq Yu, VR €R

Leg = (@ ET) (D.33)

L
y\Ifgzvz g ER
The parameter m,, is fixed by the up-quark masses due to the PS symmetry, my is fixed
by the down-quark masses, y\%va is tied to the electroweak scale, ngZUR can at most

be the size of SU(2)r/PS breaking and pg,, is unconstrained.

Different hierarchies between the parameters appearing in Eq. (D.32) lead to different
neutrino mass phenomenology and here we show that only one possibility allows for a
viable mass spectrum for the charged leptons as well as sufficiently light neutrino masses
assuming a low scale PS breaking. We will use a one-generational example for illustrative
purposes as the same statements hold true for the more complicated multi-generational
scenario. As discussed in Section 4.5.1 at least one of y§22 VR O U,, Mmust have masses
at least an order of magnitude larger than the electroweak scale such that the charged

lepton partners are sufficiently heavy phenomenologically.
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Firstly in the scenario where [py,,| > |yf vr, y§,,vr, mu| the light, charged-lepton

masses are given by

mf = md - ULUR y\%/gg (M‘I’22)_1y§22 (D34)

and diagonalising Eq. (D.32) leads to two different pairs of pseudo-Dirac neutrinos with

masses given at first order by

’I’)’ll,Q ~ Mgy V172 ~ 72NL + ﬁ 1%
1 1 .
m3.4 2 My V34~ —=vp £ —Uh. (D.35)

Therefore the lightest neutrino masses would be predicted to have masses and splittings
similar to the up-quark sector. The above equation is true irrespective of the hierarchy
between the non-dominant parameters y§22v3, yéva and m,. Therefore we find that
this hierarchy of couplings does not lead to the desired seesaw required to explain the

lightness of the active neutrino masses for any scale of PS breaking.

Turning to the alternate possibility where ]y\];“mvpb\ > | vy, yé,QQUL, my| the charged

lepton masses are now given by

~ L Mgy,
me = Yu,, VL — —p

. (D.36)
Yy, VR

Here we find two different neutrino mass regimes depending on the hierarchy between

the non-dominant parameters |uy,,| and ]y\%QQvLI.

For the hierarchy [yf vr| > |pw,,| > 2|y§_ vL| the physical neutrino states have masses

given at first order by

1 1
myo =~ ygva Vg —ﬁy,; + 75]\7]%
e L 1 1 c
mg4 WGy T YG. VL vgy~ —=Np+ —v (D.37)
o (st Vi) NCRVCR

where the above results are insensitive to the relative size of [my| to [y§_ vr| and |pp,,]-

Sufficiently light neutrinos now implies the ratio

L o - N T (D.38)

R
m y\Ilgng
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where we have estimated m, < 1072 GeV from known neutrino upper mass limits and

~

my =~ 170 GeV in the case of the top quark. This consequently implies that
L
my >~ y‘llgng (D39)

for the charged-lepton masses as the second term in Eq. (D.36) will be highly suppressed.
Therefore in order to recover the correct charged-lepton masses we require yéva ~ 1

GeV for the tau lepton and as we have assumed |py,,| > |y€,22vL| this necessarily implies
|pw,,| > 1 GeV (D.40)

and therefore

Ydh,,vr| > 10" GeV (D.41)

using Eq. (D.38). Therefore for |py,,| > |y§, vzl sufficiently light neutrino masses are

only possible for very large SU(2)r/PS breaking scales.
Alternatively the hierarchy |y, vr| > y§,,vr| > 11w, | leads to

R 1 L L 1
m1,2 = VR Yy, V2= TVL \[

L
L 2y\1/22mu o
mg o~ — 22— vz~ VR
YR Yy,

2
my =~ 1 N\I;22mu | 2/ at NL (D42)

L R
ULUR 2 Y0290,

where again the results are insensitive to the overall size of m, as long as it is smaller

than y\IIfQQvR. This scenario therefore leads to the neutrino mass hierarchy
Myy K Myy K My (D.43)

Sufficiently light neutrinos implies

my 1 'u\Ifzz

(D.44)
2 yq/22 VR

y\I,va ~ 107! GeV ~

for the same estimates. Once again this implies that the second term in Eq. (D.36) will
be subdominant and therefore the charged lepton masses are given by my ~ yé,m vr,. Now

light neutrinos are possible for low PS breaking scales for similar reasons to the usual
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inverse seesaw mechanism, for example for y§22v r ~ 10 TeV we can estimate
oy, =~ 4.4 x 1073 GeV. (D.45)

Therefore we find for a mass matrix of the form in Eq. (D.32), only one hierarchy of
parameters leads to a viable neutrino mass spectrum for low scales of PS breaking. As
this requires the term py,, to be very small, this also conveniently leads to a helicity-
suppression in the PS mediated rare meson decays, and therefore allows the limits for

PS breaking to be significantly lowered as discussed in Section 4.5.1.

In the multi-generational scenario we find the block diagonalisation of Eq. (D.32), as-

suming the hierarchy [|yg  vrl > lyg,,vrll > [lpw,, ||*, is given at first order by

R
mi2 = VR Y\Il22

vy, _ T
m3 = % (Y\I%QQ (Y\IIR;2> 1mu + mg [Y\I§22 (Y\I},%Q2) 1] )
1 - — —1
ma T [(VENT (D) Vg + (V) Tm ' YE ] ud (D.46)

L/R . . : .
for each mass block where Y\I,z/2 , My, and py,, are now matrices of appropriate dimension.

We estimate the relationship between the mass and interaction eigenstates for the rele-

vant light neutrinos states to be

f

_ 1 _ _ T
vi = Ul [ (08,,) 7' v = SUL [V, 8, 7 (8,1 0, | v

1
1 _ - c
+ U (1= Do) (D | N

1t e

1 _ _ T —1qf
— 508 [vb, 0V, M) ) Ve + O [T (v, )Y g

+ O;E; []1 - 1 (Y‘f/QQ (Yﬂz)_l([Y\IiQ]T)_l(Y‘fQQ)T + mi(Yqu)T_l([Yqu]*)_lm*)

i
2 “]”R

(D.AT7)

using a perturbative seesaw expansion where U]TV and Os diagonalise the lightest and
next-to-lightest mass blocks of the neutrino mass matrix after block diagonalisation.

Therefore for the lightest neutrino states, v4, the deviation from unitarity between its

“More accurately, the hierarchy between each matrix required for a low scale spectrum is given
by [|pwas (Y5, vR) " mull < llozvr (Yas, (48,,vr) " 'mu + [V, (Y45, vR) "'mu]”) || for non-commuting
matrices. This should in general imply the hierarchy ||pw,, || < ||Yi,,ve| however.
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couplings to the SM charged leptons, which are predominately made up of Ey which

weakly couples to Ny, is given at lowest order by the matrix

1 t

n= 7”‘1/22(}/‘1}/{22)71 (N\IIQ2 (Y\Iﬁﬂ)il) '

5 (D.48)

This determines the degree of non-unitarity in the physical PMNS matrix which stems
from mixing effects within the neutral sector. As the fermion bi-doublet also introduced
additional exotic charged-lepton states, there will additionally be mixing effects within
the charged sector which leads to additional non-unitarity effects for the PMNS. Inter-
estingly, as shown in Section 4.5.1.1 we find the deviation of non-unitarity within the

charged lepton sector to be the same as in the neutral sector above implying

Upmns >~ (1 —1) U]TV (1 —n)Of%. (D.49)

Figure D.1 plots the norm of the required matrix py,, for a given choice of v and Y\I],%22
which leads to a viable mass spectrum for the active neutrinos where we have fixed the
lightest neutrino mass to

my, = 10710 GeV (D.50)

and assumed a normal ordering for the remaining masses. The matrix Y\II,E , was randomly
scanned over where we assumed a degenerate spectrum such that the singular values of
the matrix were within an order of magnitude to each other. The SU(2) g breaking scale

vgr was scanned between 1 — 10* TeV and py,, was fixed by

fyy = UZmY2A [Yomg 'YE + (VE )T (mT) 1y, ] (D.51)
through a Casas-Ibarra parametrisation [131]. Here U, corresponds to the unitary matrix
which diagonalises the lightest neutrino mass block, m,, is a diagonal matrix composed
of the assumed neutrino masses and A is a random orthogonal matrix. The left plot of
Fig. D.1 shows that as vg increases, the singular values of py,, must increase for a fixed
neutrino mass scale. As a result at around 10® TeV, the singular values of jiy,, become

larger than Y\I’,:22 spoiling the required hierarchy of scales for light neutrinos at low scales.
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FiGUurRE D.1: The Frobenius norm of the matrix py,, generated through a Casas-
Ibarra parametrisation as a function of vp (left) and R, as a function of the same
scale (right), where R, is defined in Eq. (D.52). Here we have randomly scanned
over a degenerate spectrum for Y\Ii , such that the heavy charged lepton partners have
masses at around the scale vg. For larger values of vp the generated pg,, develops
singular values larger than the required hierarchy ||Y{ || > |pw,,|| where Y vy is
fixed to give the correct SM charged-lepton masses and the resultant neutrino masses
begin to disagree with experimental values.

The right plot of Fig. D.1 plots the same scale as a function of R, where

my;
R, =]] ot (D.52)

imz

where m; corresponds to the mass of the i-th generation of the three active neutrinos

numerically calculated after diagonalising the mass matrix and minput to the masses
inputed via the Casas-Ibarra parameterisation. Clearly larger scales for vy are unable
to reproduce the correct neutrino masses. For all points considered the light states from
the charged-lepton mass matrix reproduce the charged-lepton masses with m, ~ Y‘fm
to a high degree of accuracy. Therefore the neutral- and charged-lepton mass matrices
generated in the scenario with additional fermionic bi-doublets are viable candidates for

a low-scale PS setup provided that

ygva < 10% TeV. (D.53)
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D.0.5 Lepton masses with additional triplets

The neutrino mass matrix which arises with the addition of SU(2)r /g triplets is given

by the usual linear /inverse seesaw:

0 M Y§,UL vy
1 -
—_ JE— — R N
Lyn = 5 <VL vy Nf%) My, 0 Yi, U VR (D.54)
y‘lf’d VL y‘gg v}i‘i 124\ Nrg

where we have labelled the fields as in Eq. (4.75) and the PS symmetry enforces that the
singular values of m,, are given by the up-quark masses. As discussed in Sections 4.4.1.1
and 4.5.1, both y\%ng and yész are required in order to generate a phenomenologically
valid charged lepton mass spectrum. Both terms will not be present if the usual scalars
Xr/r are assumed and therefore require a more exotic choice of scalars. For example if
X1, ~ (4,2,1) is replaced with X" ~ (4,2, 3) in the case of the SU(2) g triplet as was done
in [213], the missing mass term in the Yukawa Lagrangian will now be generated. We
will therefore assume in what follows that the scalar spectrum is such that all the terms
appearing in Eq. (D.54) are present. Consequently the charged lepton mass matrix will
be given by

mq V2 yéBUL €R

(D.55)
V2yd vk pw, Eg

L= (er )

where now the top-right entry is non-zero and therefore a valid spectrum of charged-

lepton masses is possible, unlike before.

Unlike the usual low-scale PS setup, as described in Section 4.2.2, the neutral lepton
mass mixing matrix is related to a charged lepton mass mixing matrix and a viable
neutrino mass spectrum may not be possible whilst simultaneously generating a viable
charged-lepton mass spectrum. As in Appendix D.0.4 we analyse all possible hierarchies
of parameters in the two mass matrices in order to establish whether a viable charged-
lepton and neutrino mass spectrum can be simultaneously generated for the SM-like

states for low scales of PS breaking.

In the scenario where pg, is the dominant block in each mass matrix, there are multiple
different possible neutrino mass regimes depending on the hierarchy between the non-

dominant parameters.
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L 2 R 2
Yy vr) , Wyyom) | is satisfied the mass states are given at first

Firstly if |pw,| > |mqy| > |(

Hwg Py
order by
mi1 = Uy V1,2 ~ NIC%
1 1 .
ma,3 > My, Vg4 EVL + \/§VR (D.56)

and therefore this hierarchy is ruled out as the light neutrinos would be pseudo-Dirac

with masses comparable to the up-quark sector.

. (v§,vR)? . . . :
If instead |pw,| > \‘I;;‘TRH > |my,| is satisfied the mass spectrum is now given by
3
m)p = U, Vg = N}C%
R 2,2
(%1;3) VR c
mo ~ —3=2 vy >~ UG
W
1 i 2up, Y
m vr, Yy, My
m3 >~ | — TU fowy — ———p V3~ UL (D.57)
YR \ Y, YR Yy,

which is rather interesting as the lightest mass state contains a term linearly (rather than
inversely) proportional to the dominant term in the seesaw but is still small due to the
hierarchy in the non-dominant parameters. The SM charged lepton has a mass given by
L , R
Yo, Y0,

my >~ mg — VLUR ——" (D.58)
Hg

by diagonalising Eq. (D.55). These equations can be solved for yéva and yg/ng as a
function of py, for the required lepton masses. In the case of the third generation where

mp =~ 4.2 GeV, my ~ 173 GeV, m, ~ 1.7 GeV and setting m, ~ 107'% GeV leads to

W5 | ey ana )

~ 10™ GeV (D.59)
Wy Hwg

which implies that g, > 10'* GeV by the initial seesaw assumption, therefore requiring
both a viable charged-lepton and neutrino mass spectrum with py, dominant is only
possible for high scale PS breaking scenarios. The final possible hierarchy where |py,| >

|(y€,30L)2/,u\p3| > |m,,| is also unviable for similar arguments.
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The alternative scenario where \y§3v3| is the dominant term in the mass matrix recovers

the usual inverse/linear seesaw

1

1
mi2 = y§3vR Vig ™ ENIC% + \/iylc%
1 ? 2 yL m
m vL Yy
ms =~ 5 Tu oy — —— 3R “ Vs X UVf,. (DGO)
VR \Yu, VR Yy,
and the lightest charged-lepton mass is given by
L mapy.
my =~ vLyé3 - R 2. (D.Gl)
VR y\Ps

The lightest neutrino state is now suppressed by the scale y\}IfSUR as usual, it is quite
interesting that the lightest neutrinos in Eqgs. (D.57) and (D.60) have identical masses

for completely different hierarchies of parameters.

For three generations of each fermion multiplet the light mass blocks are given by

1 _ _ (% _ vr, _
my = UTmU[(Y\Iﬁ)T] 1#\113 (Y\Iﬁ) 1m5 - %mu[(Y\ﬁ)T] 1(Y\1%3)T - %Yqi, (Y\Iﬁ) 1m5
R
(D.62)
for the neutrinos and
1 _
my ~ Y\I%SUL - %md(y\lﬁ) Yy, (D.63)

for the charged leptons.

For a given choice of URY\IJ,Q3 , the unknown matrices vLY\I’%3 and py, are fixed by solving
the above equations. Due to the complexity of solving the above matrix equations we
solve Egs. (D.62) and (D.63) numerically where we assume a normal ordering for the

light neutrino masses and fix the lightest neutrino mass to
my, = 10710 GeV. (D.64)

The left plot in Fig. D.2 plots the Frobenius norm of the required matrix pg, (in blue)
required in order to solve the two above equations for different choices of URY\IZ . The
orange line corresponds to ||y, || r = HURY\f3 | and for any choice of vRY\I];'%3 the required

size of py, in order to solve the above equations is larger, destroying the hierarchy
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FicUurRE D.2: Plot of the Frobenius norm of uy, generated by solving Eqgs. (D.54)
and (D.55) (left) as a function of the scale vz with a random scan over Y% with de-
generate singular values and a plot of R, /. (right), defined in Eq. (D.65), as a function
of the same scale. The orange line in the left plot corresponds to ||pw, ||r = |V | For
and therefore at all scales considered the required size of pg, spoils the assumed hier-
archy of parameters in order to achieve an inverse/linear seesaw. Though R, ~ 1, the
resultant charged-lepton masses after diagonalisation are signficantly differnet to their
input values and therefore we find that additional triplets to the usual PS fermions
alone are not sufficient to lead to a viable mass spectrum for all SM fermions (due to
the quark-lepton symmetry assumed).

assumed in deriving Egs. (D.62) and (D.63). The right plot of Fig. D.2 plots

my;
131’/e = H i‘nput (D65)

7 7

where m; corresponds to the numerically computed mass for the i-th generation of lepton

and minput corresponds to the experimental values for the masses inputted (run up to the
appropriate scale). The charged lepton masses which result are significantly departed
from their SM values whilst the neutrino values are well predicted, this is a coincidence
due to the light neutrino mass block having the same formula regardless of the hierarchy®

between ||pw,|| and ||Y£)’URH as can be seen in Egs. (D.57) and (D.60).

The light, charged-lepton mass block however is different depending on the hierarchy
and we therefore find that due to the SM parameters m,, and m, entering Egs. (D.54)
and (D.55) as well as requiring viable correct charged-lepton and neutrino masses upon
diagonalisation is not possible for low seesaw scales (for the entries of Y\Iﬁ vr which we
scanned over). Though unlikely, it may be possible that special textures within Y\ﬁ VR
could lead to valid charged-lepton and neutrino masses for the appropriate hierarchy
of block matrices. Therefore the addition of triplets to the usual PS multiplets will in
general require additional physics, in [213] for example an additional fermionic singlet S,

was introduced and a viable mass spectrum for the leptons was recovered. The addition

SV vrll > |Imul| is always satisfied in our scan.
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of both an SU(2)r, and SU(2)g triplet was found to lead to an unviable mass spectrum
for the scalars X, and X g, if more exotic scalars were introduced such that all mass terms
in the Yukawa sector were generated, a viable mass spectrum would likely be generated
for a specific hierarchy of parameters which may or may not lead to a chiral suppression
of the X, mass limits as with the bi-doublet. In this case however the neutrino mass
matrix would not be given by an inverse/linear seesaw and would be similar to Eq. (4.82)

with additional entries.



Appendix E

Running of the Gauge and Yukawa

couplings

In order to estimate the running of the relevant SM parameters up to the potential scale

of PS breaking we solve the simultaneous differential equation

Han = i)y Dy (E.1)

where for simplicity we restrict ourselves to the one-loop renormalisation group equations.
We make two reasonable assumptions on the running of each parameter: the exotic PS
particle content does not significantly affect the running of the SM parameters below
the scale of PS breaking we are interested in (due to their masses) and secondly as a
simplifying assumption, we only include the contribution from the top-quark Yukawa
coupling and gauge couplings in the evaluation of all relevant parameters due to its

dominant role.

The beta functions Bg(f) have been extensively studied for the SM [245-248], at one-loop
the beta functions which are non-zero when only the gauge and top-quark couplings are

included! are

B =b; [gi(ﬂ)}g
1

50 = ) (@l )” = { Gn )+ an)] + (000"} )

! Additionally as in [246], terms smaller than O(107?) in 8, /2 were approximated to zero for simplicity.

237



Appendix E. Running of the Gauge and Yukawa couplings 238

H=mz pW=m
=myz
Yu 74155 x 107 9 7Q+0.000015 . 16
b 36 x 10 S 19
c -0O_p. . 1 _
v 0.9861F008 e O pomeiy X 107
p=mz — Yr 1.00F50009) x 1072
Ya 1.587038 x 107° . +0.0136
g1 0.46142570000013 +01T o, 10—4 01 0-59 290133
O 65184—"_0.00018 Ys 3'12*0.16 X 10 0@ 0 84+0.0192
P - —0.00017 +0.015 —2 23 -02_0.0332
++0.000044 Y 16397055 x 10 ¢ +0.0023
g3 1.21437 500043 . 000072 013 0-157 0023
012 0.22735" ¢ 50071 OPMNS 3.8710: 59587
0%,  4.2087090% x 1072
o O, Amj, /eV?  7.397030 x 107
0 3.647573 x 10 ‘
13 —0.13 Am? /6V2 2 523+0.032 % 10—3

TABLE E.1: Values used for the SM parameters at 4 = my in the MS scheme taken

from Table 1 of [243] for the gauge couplings, quark and charged-lepton parameters with

their respective 1o uncertainty. The neutrino parameters with their 1o uncertainty are

taken from [192], which are not measured at y = my, however as the PMNS parameters

do not significantly run at low energies [244] (in the SM) we take these values to be
valid at this scale.

00, = 0,00 (3 [0 = 5 { v )" + [0200]°} )
B = y,.(w) ((3(1@- —2¢)) [y 5(W)]° — {20 [91(1)]% + g[ga(u)]Q + 8[gg(u)]2})
85 = bi(n) (Ci [yu,s(u)]2> : (E.2)

Here yq; = (yd, ys, yp) and similarly for the charged-lepton and up-type Yukawa cou-
plings, 6; = (013, 023, 012) are the CKM mixing angles and

41
TO =1
3 1=1,2 19 3 1=1,2
a;i = g 3 , by={_2"2 ;=9 and ¢ = (E.3)
5 i=3 6 0 i=3
-7 +1=3

where the gauge coupling g; is given as it usually is in SU(5) normalisation: g = 5/3¢%.
The beta functions (at one-loop) for the CP-violating CKM parameter dcgps and all
the parameters related to the neutrino sector are zero for our stated assumptions and
therefore will not run. The parameters in Eq. (E.2) are run up from g = myz with
initial values taken from [243] which utilised the Mathematica package RunDec to evolve

the QCD parameters up to myz ~ 91.19 GeV in the MS scheme and are summarised in
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Table E.1.

The results of Egs. (E.1) and (E.2) are shown in Fig. E.1 for the Yukawa couplings,
gauge couplings and relevant CKM parameters run from u = myz up to u = 1000 TeV.
The points on the left plots correspond to the results obtained using RunDec at two-
loops [243] at 1, 3 and 10 TeV in the SM. The plots on the right correspond to the ratio
of the running parameter to its initial value at u = mz. The quark Yukawa couplings all
significantly decrease as the energy scale increases whereas the charged-lepton Yukawa
modestly increase. Due to the approximations we assume in Eq. (E.2), the ratios Bél)/a:
are equal for the first and second generations of quark Yukawas, all three generations of

charged-lepton Yukawas as well as between 613 and 6a3.

As is often chosen, we work in a basis where the Yukawa coupling matrix for the up-type
quarks and charged leptons is diagonal. Therefore the running of each relevant Yukawa

coupling matrix, for the SM fermions, at a given energy scale is given by

Yo(p) = diag [y (1), ye(p), ye(1)]
Ya(p) = Vi [0%(1), 03(10), 035 (1), dcrent ()] diag[ya(), ys (1), vs(p)]

Yi(p) = diag[ye(p), yu(p), y-(1)] (E.4)

where we use the numerical results from solving Egs. (E.1) and (E.2) using Table E.1 as

the initial values.
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T T T — T T T
1 e i 1.05
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FiGURE E.1: Plot of the numerical running of various SM parameters (left) (run up

from 1 = mz) at one-loop as a function of the energy scale . The points correspond to

values taken from [243] at 1, 3 and 10 TeV with their respective 1o uncertainties, where

the running was performed to two-loops to demonstrate the accuracy of our one-loop

approximations. Also shown are the ratios (right) of the run parameter against its
initial value at p = my.
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