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Abstract

Purpose: This work proposes ‘Spin-3/2 Bloch Equation’ (SBE), a consolidated formal-
ism for spin-3/2 dynamics in biological environments.. The formalism encapsulates excitation,
relaxation and off-resonance with accessible matrix representation for a straightforward imple-
mentation with high computational efficiency.

Theory: The SBE is derived using spherical tensor operators to encapsulate the spin-3/2
dynamics in biological systems in a single system matrix, a formalism akin to the well-known
Bloch Equations (BE).

Methods: Using the proposed SBE, simulations of three classical 23Na pulse sequences were
performed to demonstrate the versatility and applicability of the model, returning the evolution
of the 23Na spin system during these experiments: soft rectangular and adiabatic inversion
recovery (IR) and triple-quantum filtering. IR simulations were compared with two existing
spin-3/2 simulators and the adaptive BE as a first-order approximation.

Results: The proposed SBE is straightforward to implement and facilitates accurate and
fast simulations of the underlying higher order coherence in sodium experiments of biological
tissues. SBE simulations and comparison spin-3/2 simulators outperform the BE simulations as
expected, with the SBE offering superior computational efficiency achieved by the single system
matrix formalism.

Conclusion: The proposed SBE enables comprehensive and accurate simulations for spin-
3/2 systems in biological tissue. With a one-line call to an ODE solver, it offers a computationally
efficient and accessible method for use in 23Na pulse sequence design.

Keywords: sodium (23Na); NMR; MRI; tensor operator; relaxation; simulation
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Introduction

The sodium isotope 23Na, with nearly 100% abundance, is the second largest NMR signal source
in-vivo and offers great potential for non-proton imaging in basic and clinical research studies as a
sensitive biomarker of tissue viability and organ function (1–3). In particular, 23Na MRI techniques
targeting intracellular sodium are demonstrating promising outcomes: adiabatic inversion recovery
(IR) has been used to quantify sodium in knee cartilage, with the potential to diagnose osteoarthri-
tis (4); simultaneous single-quantum- and triple-quantum-filtered imaging has been demonstrated
in the prediction of gene mutation of cerebral gliomas (5).

Simulation is an important tool in 23Na MRI sequence design and analysis, the basis of which is
the chosen spin-3/2 dynamics formalism determining the mathematical expansion of the Liouville-
von Neumann equation. Various formalisms have been derived dependent on the motivation of
the study; for simulations concerning sequences with short and strong RF pulses, a hard-pulse
approximation is typically made to obtain a closed form expression of the spin dynamics. These
approaches model selected experiments such as triple-quantum filtering (TQF) (6–8) and steady-
state free precession (9). For spin-3/2 dynamics under modulated RF pulses, the spin-1/2 Bloch
Equation (BE) can be used as a first-order approximation (10, 11). While accurately describing the
spin-3/2 behaviour in fast-motion environments such as fluid, the BE does not capture multiple-
quantum coherences and the quadrupolar decay in slow-motion environments. In order to obtain a
more accurate description that reduces approximation error of the simulations, a spin-3/2 formalism
incorporating relaxation and excitation was proposed by Hancu et al (12). This formalism has since
been widely used to investigate the relaxation impacts on the signal (12, 13), simulations of long
pulses (14–16) and pulse trains (17, 18).

A key step in the derivation of an explicit formalism is the secularisation process in which the
time dependency of the relaxation function is removed in order to obtain an expression for the
relaxation. For spin-3/2 dynamics in condensed matter, secularisation has been carried out based
on Redfield theory (12, 19, 20). This widely used derivation is confined to specific conditions, for
example on-resonance RF fields applied to anisotropic environments, and off-resonance RF applied
to isotropic environments. It has remained unclear whether the secularised expression is valid under
the arbitrary conditions.

The purpose of the current paper is to propose a generalised algebraic formalism representative of
spin-3/2 systems in biological tissue, including relaxation during RF in isotropic and anisotropic
media as well as a complete consideration of off-resonance effects in the secularisation process. We
consolidate the treatment based on the irreducible spherical tensor operator (ISTO) and compile
previously specific and isolated forms into a generalised system matrix equation, which we herein
refer to (albeit somewhat facetiously) as the ‘Spin-3/2 Bloch Equation’ (SBE), with obvious analogy
to the BE algebraic model of bulk magnetisation in biological tissue for spin-1/2 nuclei. The SBE
system matrix enables full simulation of spin-3/2 dynamics in any numerical environment with
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a single call to a numerical integration function, obviating the need for piecewise treatment of
excitation, relaxation and off-resonance embedded in previous ISTO-based simulators (1, 18). While
the demonstrations and discussion of SBE are focused on 23Na imaging, the formalism can also apply
to other MR-observable spin-3/2 nuclei, such as 35Cl and 39K.

The properties of the SBE are expounded by the generation of three types of 23Na MRI sequences:
soft rectangular pulse inversion, adiabatic inversion and triple-quantum filtering. This demonstrates
the broad applicability of the proposed SBE framework across a wide range of sodium pulse se-
quences and provides insight into the deviation of the spin-3/2 system dynamics from their spin-1/2
system counterpart. Accuracy, computational efficiency and generalisability of SBE simulations are
illustrated through MATLAB-based comparison with the Madelin et al (1) and Kratzer et al (18)
ISTO-based simulators.

Theory

In this work, all physical quantities are described in the RF rotating frame. The dynamics of the
density operator, ρ̂, can be described by the master equation incorporating the Redfield relaxation
function, ˆ̂Γ (21),

d
dt
ρ̂(t) = −i[ĤD , ρ̂(t)] − ˆ̂Γ ( ρ̂(t) − ρ̂0) , [1]

where ρ̂0 denotes the density operator at thermal equilibrium and ĤD denotes the Hamiltonian of
deterministic propagation, consisting of three terms,

ĤD = Ĥ∆ + Ĥ1 + ĤQS . [2]

Here, Ĥ∆ , Ĥ1 and ĤQS derive from the effective static magnetic field, the RF field and the time-
averaged quadrupolar electric field gradient (EFG), respectively.

The relaxation function describes the interaction with the fluctuating quadrupolar Hamiltonian,
ĤQF (19),

ˆ̂Γ ( ρ̂(t) − ρ̂0) =
∫ ∞

0

[
ĤQF(t),

[
exp

{
−iĤDτ

}
ĤQF(t − τ) exp

{
iĤDτ

}
, ρ̂(t) − ρ̂0

]]
dτ. [3]

The SBE is a matrix representation of the master equation, Eq. 1,

d
dt

P = LP + C. [4]

where L is the system matrix and C the offset vector arising from ρ̂0 for system state P (i.e. the
vector representation of ρ̂). ISTO has been chosen as the basis for Eq. 4. The orthonormal unit
tensor operator, denoted as T̂lm , represents the component of rank l and coherence m. A set of 16
ISTOs, with l = 0, 1, 2, 3, m = 1, . . . , l, form a complete space for spin-3/2. Furthermore, we can
transform the ISTOs into the symmetric (s) and antisymmetric (a) combinations, by

T̂lm(s) =
1
√
2

(
T̂l−m + T̂lm

)
[5a]
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T̂lm(a) =
1
√
2

(
T̂l−m − T̂lm

)
, [5b]

so that T̂11(a), T̂11(s) and T̂10 are proportional to the x-, y- and z-magnetisation, respectively.
Moreover, as far as most NMR and MRI applications are concerned, we can omit the T̂00 because it
has no contribution to the contrast in an isolated spin ensemble. Here, we define the basis for Eq. 4
as{

T̂10 , T̂11(a), T̂11(s), T̂20 , T̂21(a), T̂21(s), T̂22(a), T̂22(s), T̂30 , T̂31(a), T̂31(s), T̂32(a), T̂32(s), T̂33(a), T̂33(s)
}
.

[6]

The SBE system matrix L is parameterised by RF amplitude (nutation frequency), ω1(t), the initial
RF phase, φ0 with reference to the x′-axis, off-resonance frequency, ω∆(t), time-average residual
quadrupolar frequency, ωQ, and spectral densities, J0, J1 and J2. Entries of L are colour-coded in
Fig. 1 in order to provide intuitive understanding of the origins of the terms.

In order to present a derivation of this formulation of L, consider the decomposition of the system
matrix,

L = D + R, [7]

into the commutation component, D, and the relaxation component, R.

The Commutation Component, D

The commutation matrix, D, contains the deterministic spin dynamics, i.e. nutation, free precession
and the time-average quadrupolar coupling. By definition,

D ∆
= −i[ĤD ,E]

= −i
[√

5ω∆T̂10 +
√
5ω1eiφ0T̂11(a) + ωQT̂20 ,E

]
= −i

[√
5ω∆T̂10 ,E

]
− i

[√
5ω1eiφ0T̂11(a),E

]
− i

[
ωQT̂20 ,E

]
,

[8]

where E is the identity matrix and is equivalent to the sum of the ISTO units. The matrix form of
D is obtained by expansion of the commutators using commutation laws (19, 22, 23).

The non-zero elements of D are identified in Fig. 1 by shading: off-resonance precession (yellow),
nutation (red), and static quadrupolar coupling (green).

The Relaxation Component, R

The relaxation function takes the following form with ĤQF expressed in the tensor operator ba-
sis (12):

ˆ̂Γ ( ρ̂) = −
∫ ∞

0

2∑
m=−2

[
T̂2m ,

[
e−i ĤDτT̂†2mei ĤDτ , ρ̂

]]
χ2〈

[
F∗2m(t) −

〈
F∗2m

〉]
[F2m(t − τ) − 〈F2m〉]〉eimωrτdτ, [9]
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where T̂†2m = (−1)mT̂2−m , χ is the quadrupolar coupling constant, F2m is the EFG tensor component,
ωr is the frequency of the rotating frame with respect to the laboratory frame, and 〈·〉 and ∗ denote
motion average and complex conjugation, respectively.

The integral in Eq. 9 is intractable except in certain cases. To the best of our knowledge, there is
no matrix representation in the literature for the generalised case when Ĥ∆ , Ĥ1 and ĤQS co-exist.
Here, we demonstrate that, given any practical ĤD for 23Na NMR in biological tissue environments,
R has the same form as the case when ĤD is absent, resulting in the relaxation matrix given by the
blue shaded entries in Fig. 1.

To demonstrate that relaxation rates are decoupled from the RF field, off resonance and anisotropy
of the environment for 23Na spin systems in biological tissue, consider the spectral density (19),

J(ω) =
(2π)2

20
χ2τc

1 + (ωτc)2
, [10]

where τc is the correlation time. J(ω) has been shown to be a good approximation to the integral (19)

J(ω) ≈
∫ ∞

0
χ2〈

[
F∗2m(t) −

〈
F∗2m

〉]
[F2m(t − τ) − 〈F2m〉]〉eiωτdτ. [11]

This approximation will be used in the simplification of the relaxation function, Eq. 9. Considering
now the argument of the double commutator of the relaxation function, the term e−i ĤDτT̂†2mei ĤDτ

represents the evolution of T†2m under the influence of ĤD. The corresponding dynamic equation is

d
dt

T = DT, [12]

where T is an arbitrary quantity in ISTO space. The term e−i ĤDτT̂†2mei ĤDτ is equivalent to the
integral of Eq. 12 over [0, τ] with the initial condition T(0) = T̂†2m . Note that D is skew-Hermitian
and is therefore diagonalisable with purely imaginary eigenvalues. Eq. 12 can be rewritten as

d
dt

T = Q−1


iλ1

. . .

iλ15

 QT, [13]

where λk ’s are the eigenvalues and Q is the eigenvector matrix. By defining [q1,s , . . . , q15,s ]> as the
s-th column of Q corresponding to the initial condition such that Ts = T̂2m , we obtain the expression
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of the term e−i ĤDτT̂†2mei ĤDτ in the
{
T̂lm

}
basis,

e−i ĤDτT̂†2mei ĤDτ = Q−1


(−1)mq1,seiλ1τ

...

(−1)mq15,seiλ15τ


=

1
det (Q)


Q1,1 . . . Q15,1
...

. . .
...

Q1,15 . . . Q15,15




(−1)mq1,seiλ1τ

...

(−1)mq15,seiλ15τ


=

1
det (Q)


(−1)m

∑
k Qk ,1qk ,seiλkτ

...

(−1)m
∑

k Qk ,15qk ,seiλkτ


=

3∑
l=1

l∑
n=−l

15∑
k=1

αklmneiλkτT̂ln ,

[14]

where αklmn is introduced to denote the coefficient. By the properties of Laplacian expansion (24),

∑
k

αklmn =

(−1)
m when l = 2 and n = m;

0 otherwise.
[15]

Substituting Eq. 14 into Eq. 9, we have

ˆ̂Γ ( ρ̂) = −
2∑

m=−2

T̂2m ,
∑
l ,n

∑
k

αklmn J(mωr + λk )T̂ln , ρ̂


 . [16]

The spectral density function can be approximated by observation that the eigenvalues are upper-
bounded such that (25)

λk ≤ 15max
(
|di j |

)
, [17]

where di j are the elements of D dependent on ω1, ω∆ or ωQ (red, yellow and green shaded entries in
Fig.1). In biological MR experiments, λk ranges between 0 ∼ 104 Hz, much smaller than τ−1c (26, 27),
resulting in λkτc � 1. In addition, ωr ≈ ω0. We have J(mωr + λk ) ≈ J(mω0) (also denoted as Jm).
Hence,

ˆ̂Γ ( ρ̂) ≈ −
2∑

m=−2

T̂2m ,
∑
l ,n

∑
k

αklmn JmT̂ln , ρ̂




= −

2∑
m=−2

T̂2m ,
∑
l ,n

∑
k

αklmnT̂ln , ρ̂


 Jm

= −

2∑
m=−2

[
T̂2m ,

[
T̂†2m , ρ̂

]]
Jm .

[18]
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The double commutator in Eq. 18 now can be expanded using the commutation law (19). The
resultant form of Eq. 18 implies that the relaxation rates are decoupled from the RF field, the off
resonance and the anisotropy of the environment when the correlation time is sufficiently short.

The Offset Vector, C

At thermal equilibrium, ρ̂0 = P(0) = T̂10, resulting in the offset vector of C = −RP(0),

C =
[2
5

J1 +
8
5

J2 , 0, 0, 0, 0, 0, 0, 0,
4
5

J1 −
4
5

J2 , 0, 0, 0, 0, 0, 0
]>

. [19]

The ‘Adapted’ BE

The well-known BE describes the simultaneous effects of excitation, precession and relaxation as
the dynamics of a magnetisation vector, written as

d
dt


Mx

My

Mz

 =

−T−12 −ω∆ ω1 sin φ0
ω∆ −T−12 −ω1 cos φ0

−ω1 sin φ0 ω1 cos φ0 −T−11




Mx

My

Mz

 +


0
0

T−11

 . [20]

The adapted BE for the spin-3/2 dynamics is the weighted linear combination of the short and long
components,

M(t) = 0.6Ms(t) + 0.4Ml(t), [21]

where Ms and Ml is each a solution to BE with short and long T2, respectively. The short and long
transverse relaxation times, T2s and T2l , have the following relationship with the spectral densities:

T2s ≈
1

J0 + J1
, T2l =

1
J1 + J2

when ωQ < J2 , [22a]

T2s =
1

J0 + J1 + J2
, T2l =

1
J1 + J2

when ωQ ≥ J2. [22b]

Methods

Numerical integration was used to solve the SBE and BE in MATLAB (Mathworks, Natick, MA)
using the Runge-Kutta method (ode45). The complete script is available at https://github.com
/MBCIU/Sodium_spin_dynamics_simulation. SBE simulations were compared with the MATLAB-
based spin-3/2 simulators of Kratzer et al (18) and Madelin et al (1), as well as the adapted BE.

Three types of motion regimes mimicking biological environments were chosen with measured spec-
tral density values taken from Wilferth et al (28):
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1. 50 mM saline (isotropic, fast-motion regime): J0 = J1 = J2 = 8.9 Hz, ωQ = 0 Hz,
T1 = T2s = T2l = 56.1 ms;

2. 8% agar (isotropic, slow-motion regime): J0 = 250 Hz, J1 = 45.4 Hz, J2 = 19.3 Hz,
ωQ = 0 Hz, T1 = 21.7 ms, T2s = 3.4 ms, T2l = 15.4 ms;

3. 3% xanthan (anisotropic, slow-motion regime): J0 = 319 Hz, J1 = 28.2 Hz, J2 = 28.1
Hz, ωQ = 61.8 Hz, T1 = 17.3 ms, T2s = 2.7 ms, T2l = 17.8 ms.

Pulse Duration Effect on Magnetisation Inversion

The quadrupolar relaxation effect is known to be significant in soft rectangular inversion pulses (14).
To compare the simulators in characterising the simultaneous effects of the spin-3/2 dynamics,
rectangular inversion pulses with various durations were simulated, ranging from 0.5 ms to 20 ms.

Adiabatic Inversion Pulse

To examine the response of the 23Na spin system to modulated pulses, the adiabatic Wide-band
Uniform Rate and Smooth Truncation (WURST) inversion pulse sequence (11) was simulated.

The amplitude of the pulse is modulated by

ω1(t) = 2πv1

1 − ∣∣∣∣∣∣sin(π(2t − Tp)
2Tp

)
∣∣∣∣∣∣20

 , [23]

where v1 is the amplitude in Hz and the pulse duration Tp was chosen to be 10 ms. The frequency
of the pulse is given by

φ(t) =
π∆ f
Tp

t2 , [24]

where the frequency sweep range, ∆ f , was chosen to be 2 kHz.

While SBE’s implementation uses ode45 for an efficient computation of the simulation, other 3/2-
spin simulators employ user-defined, linear time-steps during their calculations. To compare accu-
racy and performance of the simulators, WURST simulations were run across a range of step sizes
for the Madelin and Kratzer simulators, in order to compare accuracy and computational efficiency
with the SBE approach.

Triple-Quantum Filtering

To examine multiple-quantum coherences, a six-step TQF experiment was simulated, following the
three-pulse experiment setup in Hancu et al (29), employing hard pulses of 500 µs. The first pulse
was phase cycled through 30◦, 90◦, 150◦, −150◦, −90◦, −30◦. After the preparation time of 3 ms,
the second pulse was applied with a phase offset of 90◦ with reference to the first pulse. The third
pulse followed after a 400µs delay with phase of 0◦.
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Results

Pulse Duration Effect on Magnetisation Inversion

The resultant longitudinal magnetisation evolutions during the 10-ms rectangular pulse are identical
in saline, while the results from adapted BE deviate from the others in agar and, more manifestly,
xanthan (Fig. 2a). The differences between the spin-3/2 simulators and BE in the inverted longi-
tudinal magnetisation amplitude are negligible when the pulse is short, but become more notable
with increasing pulse length, except for saline in which there is no difference (Fig. 2b). The results
obtained by the spin-3/2 simulators are in agreement. Their output of time evolution trajectories
under the 10-ms rectangular pulse (Fig. 2a) agree well with the literature (14).

Adiabatic Inversion Pulse

Simulations of magnetisation evolution during WURST inversion were compared. Again, the results
are identical in saline. However, the differences between the spin-3/2 simulators and BE are less
obvious in agar and xanthan (Fig. 3a), compared to the results for the 10-ms soft pulse inversion in
the previous simulation.

The results of the SBE, Madelin and Kratzer spin-3/2 simulators are in strong alignment with one
another (Fig. 3), when the number of time steps is large for the latter two simulators. Comparing
the simulation results of simulators with linearly discretised time steps shows variations in the
calculated magnetisation evolution, with more time steps, i.e. small step sizes, resulting in curves
that approach SBE’s output. Comparison of computational times of the spin-3/2 simulators (Table
1) highlights the computational efficiency of SBE with its simulations being more than 10 times
faster for simulations with high accuracy.

To demonstrate the capability of SBE, the inversion preparation stage of the WURST sequence
was simulated with off-resonance frequencies ranging from -50 to 50 Hz (Fig. 3c). The longitudinal
magnetisation amplitude at the end of the inversion preparation stage is shown in Fig. 3d. These
results can be used to assess robustness against B0 inhomogeneity and are in agreement with the
literature (11).

Triple-quantum Filtering

TQF experiments constitute a significant aspect of spin-3/2 simulation and are the basis of TQF
experiment design and signal analysis. As has been previously shown by Hancu et al (12) and Tsang
et al (13) for an ISTO framework, we demonstrate the ability of SBE to provide the time evolution of
all ranks and coherences of the spin-3/2 dynamics (Fig. 4a-h and Supporting Information Fig. S1).
The filtered outcome, which is the sum of the phase cycling steps with proper polarity toggling,
clearly exhibits the rise of the observable signal (the rank-1 order-1 component) transferred from
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the rank-3 order-3 component as shown in Fig. 4i.

Discussion

Based on the ISTO formalism for convenient description of spin-3/2 dynamics, we have shown that
the Redfield equation can be simplified under the condition that the correlation time is sufficiently
short, which is satisfied for 23Na in biological tissue. This theoretical result implies that the RF field,
the off resonance and the anisotropy of the biological tissue have vanishing effect on the relaxation
rates. This leads to a generalised description of the 23Na spin system; the SBE captures the combined
effect of the residual Zeeman field, the RF field, and the static and fluctuating components of EFG.
Noticeably, incorporating relaxation under an off-resonance RF, facilitates simulation of experiments
such as spin locking, adiabatic RF irradiation and slice selective excitation. Although we restrict
the discussion to 23Na nuclei in this paper, the formalism is extendable to other spin-3/2 nuclei as
long as the correlation time condition is satisfied.

The SBE system matrix, L, is a structured, intuitive and accessible representation of sodium dy-
namics for the MRI research community that will enable advances in 23Na pulse and pulse sequence
design. It obviates the need for a piecewise treatment to analyse 23Na sequences, with simulation
rendered trivial; SBE simulation requires only the specification of the environment parameters, the
pulse and gradient functions. The ability to simulate the spin-3/2 dynamics with a single call to
a numerical integration routine results in considerably higher computation efficiency for SBE com-
pared to the Madelin and Kratzer simulators; numerical integration routines of packages such as
MATLAB has been developed over decades to dynamically adjust simulation step-sizes according to
time-varying inputs. Thus the simulation of spin-3/2 dynamics with time-varying RF or gradients
is best approached using the SBE formalism.

The behaviour of the SBE has been demonstrated through simulations, including the expected neg-
ligible difference between SBE and BE for fluid regions. However, for biological tissue environments,
the deviations between spin-3/2 and spin-1/2 dynamics are more pronounced, and depend on the
specifics of the pulse sequence, necessitating a functional form for the spin system that elucidates
meaning. For applications requiring accurate predictions, such as 23Na-MRF, the SBE will be a
crucial tool. Indeed, the recent results of Kratzer et al (18) confirm the performance gain from using
the ISTO-based simulation of (12), compared with their previous proof-of-concept study (10) using
BE-based simulation. With the full description of the 23Na spin dynamics, the SBE can be used for
the biological environments in which the residual quadrupolar frequency is large, such as cartilage.

Conclusions

The ‘Spin-3/2 Bloch Equation’ has been formulated as a generalised representation of spin-3/2
dynamics in biological tissue environments, encapsulating excitation, relaxation and off resonance
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effects for an intuitive, structured system representation that facilitates accurate and computation-
ally efficient simulation for pulse sequence design.
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Figures and Tables

Figure 1: The SBE system matrix, L, colour-coded to indicate source of terms: Red-shaded entries
are associated with RF excitation; Yellow-shaded entries are off-resonance terms; Green-shaded
terms are associated with residual quadrupolar oscillation; Blue-shaded terms are associated with
the fluctuating quadrupolar interaction.

Figure 2: (a) The simulated time evolution of on-resonance 23Na longitudinal magnetisation during
a 10-ms rectangular pulse. (b) The dependence of longitudinal magnetisation on the rectangular
pulse length. Kratzer and Madelin simulators were each run with 3000 time-steps.

Figure 3: Simulated time evolution of on-resonance 23Na (a) longitudinal magnetisation during
the WURST IR pulse in saline, agar and xanthan, and (b) transverse magnetisation in xanthan.
SBE simulation depicting (c) the amplitude of the longitudinal magnetisation during the inversion
preparation stage of the WURST IR pulse with the influence of B0 inhomogeneity, and (d) amplitude
values at the end of the stage.

Figure 4: (a-h) Evolution of the rank-1 and rank-3 coherences of xanthan during the three-pulse
TQF experiment. (i) The summed coherences of the phase cycling steps. The red bars indicate
periods of RF excitation.
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Table 1: Simulation run times of 23Na in xanthan during WURST IR pulse.

Simulator Solver
Number of

steps
Run time

(ms)a

SBE ode45 300b 50±11

Kratzer et al (2021)
Eigen-decomposition method with
linearly discretised time steps

3000 678±28
1000 237±30
300 71±10

Madelin et al (2014)
Consecutive operations (ω1, ωQ, ω∆,
relaxation) with linearly discretised
time steps

3000 1277±62
1000 421±26
300 133±25

a The measurements were repeated 100 times
b Note that the user-defined number of steps in the call to ode45 does not determine the step size chosen internally
within the integration routine. The algorithm returns output that is interpolated to the user-defined number of steps.

Supporting Information Figure S1: Evolution of the rank-2 coherences of xanthan during the three-
pulse TQF experiment.

15 / 15

Page 15 of 20

Magnetic Resonance in Medicine

Magnetic Resonance in Medicine

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

 15222594, 2022, 3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

rm
.29276 by T

he U
niversity O

f M
elbourne, W

iley O
nline L

ibrary on [19/07/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



For Peer Review

 

Fig. 1. The SBE system matrix, L, colour-coded to indicate source of terms: Red-shaded entries are 
associated with RF excitation; Yellow-shaded entries are off-resonance terms; Green-shaded terms are 
associated with residual quadrupolar oscillation; Blue-shaded terms are associated with the fluctuating 

quadrupolar interaction. 
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Fig. 2. (a) The simulated time evolution of on-resonance 23Na longitudinal magnetisation during a 10-ms 
rectangular pulse. (b) The dependence of longitudinal magnetisation on the rectangular pulse length. 

Kratzer and Madelin simulators were each run with 3000 time-steps. 
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Fig. 3. Simulated time evolution of on-resonance 23Na (a) longitudinal magnetisation during the WURST IR 
pulse in saline, agar and xanthan, and (b) transverse magnetisation in xanthan. SBE simulation depicting (c) 

the amplitude of the longitudinal magnetisation during the inversion preparation stage of the WURST IR 
pulse with the influence of B0 inhomogeneity, and (d) amplitude values at the end of the stage. 
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Fig. 4. (a-h) Evolution of the rank-1 and rank-3 coherences of xanthan during the three-pulse TQF 
experiment. (i) The summed coherences of the phase cycling steps. The red bars indicate periods of RF 

excitation. 
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Supporting Information 
 

 
Supporting Information Figure S1: Evolution of the rank-2 coherences of xanthan during the 
three-pulse TQF experiment. 
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