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ABSTRACT. In the dual risk model, we study the periodic dividend problem
with a non-exponential discount function which results in a time-inconsistent
control problem. Viewing it within the game theoretic framework, we ex-
tend the Hamilton-Jacobi-Bellman (HJB) system of equations from the fixed
terminal to the time of ruin and derive the verification theorem, and we gen-
eralize the theory of classical optimal periodic dividend. Under two special
non-exponential discount functions, we obtain the closed-form expressions of
equilibrium strategy and the corresponding equilibrium value function in a
compound Poisson dual model. Finally, some numerical examples are pre-
sented to illustrate the impact of some parameters.

1. Introduction. The spectrally positive Lévy model, known as the dual model, is
suitable for modeling companies such as pharmaceuticals and petroleum, and these
companies occasionally benefit. In particular, the dual model is more suitable for
describing an annuity or pension fund. In such companies, the surplus process is
usually assumed to be a Lévy process with positive jumps which are viewed as daily
gains. Many researchers have studied the control problem in the dual model. See,
for example, Pérez and Yamazaki [24], Li et al. [21], Avanzi and Gerber [5], Foucart
et al. [17], Avanzi et al. [4, 6], Zhao et al. [31, 32] and Yin et al. [28] and so on.
In risk theory, the issue of dividend has received widespread attention. The div-
idend problem was first proposed by De Finetti [15]. The idea of problem is that
the company wants to pay a portion of surplus as dividend and determines that
dividend strategy maximizes the expected present value of dividends until the time
of ruin. Most existing continuous time models assume that dividend can be paid at
any time, which lead to very irregular dividend payments. In reality, dividend deci-
sions generally occur at some intervals on a periodic basis. Avanzi et al. [6] studies
the optimal periodic dividend problem in a dual model in which the aggregate in-
comes process follows a compound Poisson process with hyper-exponential jumps.
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Pérez and Yamazaki [24] represents the value function by scale function, and solves
the optimal periodic dividend barrier in cases of bounded variation and unbounded
variation. Zhao et al. [30] considers the optimal periodic dividend strategy and
value function by the fluctuation theory of Lévy processes. Dong et al. [14] as-
sumes that the inter-dividend-decision times follow generalized Erlang distribution,
and uses fluctuation identities and scale functions to solve problems.

The above problems are time consistent since the discount rate is constant. In
reality, people are more patient with long-term investment and note that non-
exponential discount function can well describe this behavior of humans (][22, 26]).
Non-exponential discount function leads to a time inconsistent problem. Under the
time inconsistent problem, the Bellman optimal principle no longer holds, that is,
one strategy is optimal for the initial time, but may not be optimal for the later
time. Within the game theoretic framework, Bjork and Murgoci [10] and Bjork et
al. [9] develop the general theory of time inconsistent stochastic control problems.
Chunxiang et al. [13], Tian [27] and Grenadier and Wang [18] consider the optimal
investment problems with a quasi-hyperbolic discount function. Alia [1] considers
equilibrium solution within the class of open-loop controls. Under the above dis-
count function, Chen et al. [11, 12] discuss the optimal dividend problem in the
dual model and a general diffusion model, respectively. In a compound Poisson
dual model, Li et al. [21] studies the absolutely continuous dividend problem with
the mixture of two exponential discount functions. In a diffusion model, Zhao et
al. [29] solves the same dividend problem with a mixture of exponential discount
functions and a pseudo-exponential discount function.

Although the issue of non-exponential discount functions has recently attracted
a lot of attention, the problem of periodic dividend with non-exponential discount
functions has not been studied. This paper will study this problem for spectrally
positive Lévy processes. For periodic dividend, we assume that the inter-dividend-
decision times are exponential [24, 30]. By the theory of Bjork et al. [9], we
show the extended HJB system of equations and the verification theorem. When
the discount rate is constant, the results of this paper are reduced to those in
Avanzi et al. [6]. In a compound Poisson dual model, we obtain the closed-form
solutions of control problem under a mixture of exponential discount functions and a
pseudo-exponential discount function. Then we give effects of the discount rates, the
parameters of compound Poisson jump, and the rate of expenses on the equilibrium
periodic dividend barrier and the equilibrium value function.

The arrangement of this paper is as follows. In Section 2, we give the dividend
problem and definition of equilibrium strategy. The extended HJB system of equa-
tions and the verification theorem are given in Section 3. Section 4 discusses the
equilibrium strategy and the corresponding equilibrium value function under two
special non-exponential discount functions. Section 5 provides our conclusions and
proposes some extensions of our work.

2. Model and control problem. First, we will give the definition of spectrally
positive Lévy processes and then give the formulation of control problem.

2.1. Spectrally positive Lévy processes. Let (Q, FAF(@)} ,P) be a probability
space hosting a spectrally positive Lévy process X = {X (¢)}+>o0.

For z € R, we denote by P, the law of X when it starts at = and write for
convenience P in place of Py. By the Lévy-Khintchine formula, the process X its
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Laplace exponent is given by, for 6§ > 0,
$(0) i=log (Ele="X 1)

2 00
:%02 +ch —|—/ (e7%% —1+ 021, <1y)v(dz),
0

where ¢ € R, 0 > 0, and v is a measure on (0,00) called the Lévy measure of X
that satisfies

/000(1 A 22)v(dz) < oo. (1)

It is well-known that X has paths of bounded variation if and only if & = 0 and
fol zv(dz) < 00, in this case, X can be written as

X(t) = —ct+S(t), t >0,
where

1
c:i= E—i—/ zv(dz)
0

and {S(t)}+>0 is a driftless subordinator whose Laplace exponent is given by

0(0) = cf+ /Ooo(e—f’z ~1)u(d), 6> 0.

By the Lévy-It6 decomposition (Theorem 2.1 in Kyprianou [20]), the process X can
be represented as

t 1 t 00
X(t) :Et+oB(t)+/ / y/\7(dz,dy)+/ / yN (dz,dy), t >0,
0 JO 0 J1

where {B(t)};>0 is a standard Browinan motion, N (dz, dy) is an independent Pois-
son measure on [0,00) x [0,00) with intensity measure v(dy)dz, and N (dz,dy) =
N(dz,dy) — v(dy)dz denotes the compensated random measure. For more details
on Lévy process the reader can see Applebaum [2], Barndorff-Nielsen et al. [7] and
Schoutens [25].

2.2. Control problem. In a periodic dividend strategy, we assume that dividend
payments can only occur at some (typically random) time points. In this paper,
dividend decision times are assumed to be governed by a Poisson process { N (t) }+>0
with intensity =, which is independent of the Lévy process X, i.e.,

t o]
D(t) = / 0Ny (2) = 3 o Ly <oy,
0

k=1

where v, is the dividend payment at time z. The set of dividend decision times
is denoted by T = {T1,T>,T5 -}, and the quantities Tx11 — Tk, k > 0, are the
inter-dividend-decision times. We restrict ourselves to feedback control strategies,
i.e., if the surplus at time ¢ is x, the control v; is given by

Ut = W(t7 I),

where the control law 7: [0, 00) % [0,00) — [0, ] is a continuous Borel measurable
function with respect to ¢t and z.
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Definition 2.1. A control law 7 is said to be admissible iff

(i) D™ (¢) is a non-decreasing, left-continuous with right limits and {F(¢) }+>0 adapted
process.

(i) 0 < D™(Ti+) — D™(T}) = =(T;, X™(T3)) < X™(T}), for i > 1.

We denote the set of all admissible control laws by II .

Applying the control law 7, we denote the controlled risk process by {X™ (¢)}i>0,
which is defined by

X™(t) := X () = D™(t) = X(t) = »_ w(T;, X" (T:)) Lz, <ty, t > 0.
i=1
Let
TT :=inf{t >0: X™(t) <0}
be the time of ruin under the control law 7.

The target of the company is to choose a strategy m € II to maximize the
expected present value of dividends until ruin

-
J(t,2im) = By / oz — ym(z X™(2))dN, (2) | | (2)

where E; .[-|=E[|X™(t) = z] and ¢(-) is the discount function.
Let ¢ : [0,00) — R be the discount function, which is continuously differentiable
and

p(0) =1, ¢(t)>0, ¢'() <0, lim o) =0.

The optimization problem is time-inconsistent when ¢(z — ¢) is non-exponential
discount function. By Bjork and Murgoci [10], we view the entire problem as a
non-cooperative game and look for Nash equilibria for the game. In particular,
we consider a game that has one player for each time ¢, player ¢ can be seen as
the future incarnation of the decision maker at time ¢t. Given state (¢, x), player ¢
will choose a control 7 (¢, ), and she/he wants to maximize the function J(t, z; ).
Now, we present a formal definition of equilibrium strategy in the following.

Definition 2.2. Choose a control law # € II and a fixed real number A > 0. For
any fixed initial point (¢,z) € [0,00) X [0,00) and any w(s,y) € II, we define the
control law 7, € II by

7T(S )_ W(S,y), fOT t§8<t+h7 yE[,OO),
S Y) = 7t(s,y), for s>t+h, yel0,00).

We say that 7 is an equilibrium strategy if

h10 h

The equilibrium value function V is defined by V (¢, z) := J(¢t, z; &).

Remark 1. In the above definition, we only care about the value of w(T;, X™(T})),
i=1,2,---, and w(t, X™(t)), t # T;, don’t affect dividend. Therefore, when = (¢, x)
is continuous, 7(T;, X™(T;)) = #(T;, X*(T})), i = 1,2,---, are the equilibrium
strategy.
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3. Extended HJB system of equations and verification theorem. To derive
the extended HJB system of equations, we introduce the infinitesimal generator.
Any real valued function f(¢,z) is called sufficiently smooth meaning that f(¢,x) €
C11([0,00) x [0,00)) if X is of bounded variation, otherwise f(t,z) € C12([0,0) x
[0,00)). We define the infinitesimal generator A by

of Of a2 0% f

Af(t,x) :a(t,x) - c%(tx) + Eﬁ(t’x)

o0 0
+ [ Uftat ) = peo) - Gt 0 ot
For a constant 7 € [0, z] and a control law 7 € II, we have
Aﬂ—f(tvx) = Af(t,l') +’Y(f(t,$ _7T) - f(t,l‘))7

Aﬂf(tax) :Af(t,x)+’y(f(t,x—7r)—f(t,x)).

By Avanzi et al. [6] and Bjork and Murgoci [10], we give the following extended
HJB system of equations.

Definition 3.1. The extended HJB system of equations for V and u is defined by

sup {ATV(t,2) + v+ AT, ) — ATult,t,2)} = O, 3)
0<n<z
A% (t, x) + yo(t — s)7(t,z) =0,
V(t,0) =0, (4)

where

u’(t,z) = u(s, t,x), 0<s<t
is viewed as a function for two variables ¢ and x. Here 7 is the control law which
realizes the supremum in the first equation.

A heuristic argument of equation (3) is given in Appendix A. Similar to Bjork
et al. [9], we give the following definition.

Definition 3.2. For 0 < s < t, x > 0, the extended HJB system of equations for
u(s,t,z) is defined by

Oiggw{fl”ut(t ) +m} =0, (5)
AU (t, ) + vo(t — )& (t,z) = 0, (6)
u(s,t,0) =0, (7)

where 7 is the control law which realizes the supremum in (5).

Remark 2. (i) In a certain sense, the extended HJB system of equations in Def-
inition 3.2 is consistent with Definition 3.1 in Li et al. [21] and Definition 3.1 in
Zhao et al. [29]. (ii) If terminal time is fixed, the Definition 3.1 is equivalent to
the Definition 3.2, however, in the case of considering bankruptcy, it is not a simple
equivalent. Next, we will give the verification theorem according to the Definition
3.2.

Theorem 3.3. (Verification Theorem) Assume that X (t) is a square integrable
process, if there exists a function u®(t,z), s < t, solving the extended HJB system
of equations in Definition 3.2 and satisfying

lim By, [u*(T", X™(T™))] =0, (8)

n—oo
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uS

0< t,x) < e “'k(s), 9

< S (1) < e () )

where T™ = nAT™, the constant ¢ > 0 and k(s) > 0 is a function with s. We assume

o(z) < e, a>0. Then & is an equilibrium strategy and u'(t,z) = V (t,x) is the
corresponding equilibrium value function.

Proof. We give the proof in two steps: 1. We show that u®(¢, z) is the value function
corresponding to 7, i.e., u'(t,x) = J(t,x;@); 2. We proof that # is indeed the
equilibrium dividend strategy.

Stepl. Applying It6’s formula to the process u®(T™, X*(T™)), we have

-
u* (T, X™(T™)) :us(t7$)+/t AT (2, X7 (2)) + (2 — 8)# (2, X7 (2))dz

TTI
b Mb 4 M2, 4 M — / oz — )7 (2, X7 (2))dN, (2),
t
(10)

/ / (2 X7 (2m) +y) — u'(z, X* (22)) (W (dz, dy) — v(dy)dz)
[

Since

sup B o [(Ml7 Ml)(n)] = o2 sup E; .

n>t n>t

/tn {a(;; <Z’X’”’<z>>]2d<B,B><z>

— 0% sup /tn {‘?g (z,X*(z))rdz

n>t

< o? sup/ (e*Czn(s))2 dz < o0,
¢

n>t

by Theorems 8.27, 8.32 and Corollary 7.8 in Klebaner [19], we have that {M!} is a
square integrable martingale. Therefore, {M}L Ar# )} 18 @ zero-mean martingale.
Using the Mean Value Theorem, we have

sup Et & [(M?, M?)(n)]

2
Ssup// (s)y)" v(dy
n>t Jt
:sup/( /yl/ , 0<e<y.
n>t Jt 0

*Supﬂhr
n>t

() +§>y} (N (dz dy), N (dz dy))
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Noting X (t) is a square integrable process and (1), we have
sup By [(M?, M?)(n)] < cc.
n>t

Then we obtain that {MTQL Ap#) is a zero-mean martingale. Next, we consider
(M e}
sup By o [(M?, M?)(n)]

n>t

—sup Ey Utn [0 (2, X7 (2) — #(2, X7(2)) — u' (2, X ()

n>t

rw | [ ol - 9 X)) ali B0

n>t

where N, (2) = N,(z) — ~vz. In fact,

sup B , [/tn [o(z — s)fl'(z,Xﬁ'(,z)ﬂ2 d(ﬁv,]vw)(z)]

n>t

<sup Ey [/ eQa(zs)X2(z)'ydz]

n>t t

n
:sup/ e_2a(z_s)Et,z (X2(z)) vdz,
n>t Jt

the last equality follows from Fubini’s theorem (see Biagini et al. [8]). According
to Laplace exponent, we have E [X?(z)] = 2¢”(0) + 2z%(¢/(0))?, then

n
sup/ e 2E=OE, (X?(2)) vd=

n>t Jt

—sup [ e [207(0) + 200 2z
n>t Jt

<o0. (11)
Similarly, by the Mean Value Theorem, we obtain

sup B, Mn [u® (2, X7 (2) — 7 (2, X7 (2))) —u’ (2, X

n>t

3
—
Ny
Nt
~

[\V]
Q
=
fz
QZ
N
~
Ny

<sup B, [ e nome X @) ai, Nwﬂ

n>t

<vK2(s)sup [ /t ! e 2By, (XP(2)) dz}

n>t
<o0. (12)

From (11) and (12), we have {M?3 .} is a zero-mean martingale. Taking expecta-
tions in both sides of (10) and recalling (6), we get

By, [us (T, X™(T™))] =u’(t,2) — By /t o(z — )7 (z, X’A"(z))dNA,(z)} .
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Letting n go to infinity, monotone convergence theorem and (8) give

u(t,x) = By p /t o(z — 8)7 (2, X7 (2))dN,(2) | . (13)

Step2. We only prove that # is the equilibrium control law which is defined by
Definition 2.2. For any h > 0, by (59) and (60), we have

J(t @i 7%) — J (¢ 7m)

hr}rllilonf W
o u(t,t, @) — By g [u(t,t + h, X™(t + h))]
=liminf :
h10 h

Bra [J1" 6z = tym(z, X7 ()N, (2)] }
h

=— {A™u!(t,z) + ym} > 0.

Remark 3. If u*(t, ) is given by (13), we know

A"t (t,x) — A"u(t, t,z) = Bt »

T% .
/t oz~ ﬂﬂz,xqz))dwz)] .

Furthermore, if p(z —t) = e %% we have
A™ul (t, x) — ATu(t,t,x) = —du(t,t, ).
Due to V(t,x) = u(t, t,z), (3) and (5) become
sup {A"V(t,z) — 6V (t,x) +ym} =0.

0<n<zx
By u®(t,x) = e %=yt (t, x), equation (6) can be written as
ATV (t,z) — 6V (t,z) + v& = 0,
since V(t,z) = V(0,z) := V(x), we obtain that (5)-(7) coincide with (3.5) in Avanzi
et al. [6].
Remark 4. (i) Assume u®(t, ) is a concave function for x, due to X*(T%) = 0 for
T7 < o0 and u®(t,0) = 0, we have
Ep o [u*(T", X™(T"))]
o (W (T, X™(T™) i<y

s

=u®(n,z + (n — t)E[X(1)]),
where the last inequality holds by concavity and Jensen’s inequality. Letting n go

to infinity, we obtain
lim By, [u(T", X™(T™))] < lim u®(n,z+ (n —t)E[X(1)]) =0.

n—oo n—oo
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(ii) If (2 — s) = e~ <(*=%) | we have

u’(t,x) = By

/t oz — 5)i(z, X*(z»dwz)]
_ B [ / " e_C(Z_S)ﬁ'(z,X*(z))d]\ﬂ,(z)]

_ E*C(t*S)Ex

T .
/0 egzﬁ'(z,X”(z))dN.y(z)] .

From Pérez and Yamazaki [24] and Zhao et al. [30], we have

Tir
/ e % (z, XT(2))dN, (z)
0
is linear bounded, then %—f(t,x) < e Stk(s).
We rewrite the equation (5) as

sup {y[r +u'(t,z —7) —u'(t, )] + Au'(t,2)} = 0. (14)
0<n<zx
If exists a constant b > 0 such that %(ﬂ x) > 1when 0 <z < b, while %(ﬂ x) <1
when x > b, we obtain
0, 0<xz<h,

w(tz) = {x —b, x>0. (15)

Then the equation (6) becomes

Au®(t,z) =0, 0 <z <b, 16

Au’(t, z) + v [(x — b)p(t — ) +u’(t,b) —u’(t,z)] =0, z > b. (16)

Remark 5. From Definition 2.1, we know 7 (¢, x) in (15) belongs to II. Combined

with Pérez and Yamazaki [24] and Avanzi et al. [6], the dividend strategy (¢, z)
in (15) is a periodic barrier dividend strategy.

It is a complicated problem to seek the equilibrium strategy and the correspond-
ing equilibrium value function. We will deal with two special non-exponential dis-
count functions in the following section.

4. Two cases of non-exponential discount functions. Similar to Zhao et al.
[29], we try our best to find the solution of the extended HJB system of equations
for a mixture of exponential discount functions and a pseudo-exponential discount
function.

We assume

pi(t) =) wie P >0, (17)
i=1

where p; > 0, p; # p;, for i # j, and w; > 0 satisfies > 1w, = 1. w;, i =

1,2,--- ,n, are the proportion at which the dividends are paid to the shareholders,

pi, i =1,2,-+-  n, are the constant discount rates of the shareholders, respectively.
Let

@Q(t) = (1 + nt)e_éta t >0, (18)
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where 7 > 0 and § > 0. To ensure the decrease of p(t), we assume that n < . Note
that, in contrast to the more studied case of hyperbolic discount, decision-makers
discount the distant future less heavily than the immediate future. More details on
a pseudo-exponential discount function, readers can refer to Luttmer and Mariotti
[23] and Ekeland and Pirvu [16].

Remark 6. For a mixture of exponential discount functions in (17), we have
n
pr(t) =Y wie Pt < e >0,
i=1
where p = 1I<Il_i£1 {p:}. For a pseudo-exponential discount function in (18), we have
Stsn

@o(t) = (1 +nt)e % < e~ ¢ >,

Then, for two types of discount functions in (17) and (18), there exists a constant
o > 0 such that

oi(t) <e ™ t>0,i=1,2. (19)

From Pérez and Yamazaki [24] and Zhao et al. [30], we know J(¢,x;7) in (2) is
linear bounded, furthermore, equilibrium value function is linear bounded.

In this section, we consider a special spectrally positive Lévy process, its Laplace
exponent is

P(0) = ch + /000(6_92 —1v(dz), 6 >0,

where v(dz) = ABe P?dz. In other words, X(t) is a dual process in which the
aggregate incomes process follows a compound Poisson process with intensity A and
exponential jumps. We assume that ¢ > 0 and the drift of X is positive, i.e.,

M:E[X(t—l—l)—X(t)]:%—c>O.

4.1. A mixture of exponential functions. This subsection assumes a mixture
of exponential discount functions ¢1(t) in (17). We consider the following ansatz:

u’(t,z) = Zwiefpi(tfs)vi(z), 0<s<t, xz>0. (20)
i=1
Substituting (20) into (16), we have the following integro-differential equations
b—x
—cVi(x) = A\Vi(x) + A Vi(z + y)Be PYdy

0

o0
—I—)\/ Vi(x +y)Be Pdy — piVi(z) =0, 0<z<b,
b (21)

—cV/(z) + A /OO Vi(x + y)Be PYdy — \V;(x)
0

+9[Vi(b) = Vi(2)] +v(z = b) — piVi(x) =0, x>

We denote the roots of the equations —c&2 + (—uB — v — pi)é + B(y + pi) = 0 and
—c&% + (—puB — pi)€ + Bpi = 0 by &1i, Eaiy €30 and &y, respectively, i.e.,

(UB+ 7+ pi) + /(B + 7+ pi)2 + 4cB(v + pi)
—2c

<0,

§1i =
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B+~ +pi) — /(B + 7+ pi)2 + 4cB(y + pi)

€2i = - -
; 2 -

gy = WBHP)+ \/(_MQ/S; pl? +icBp

€ = (1B + pi) — \/(ftfc-l- pi)? + 4cBp; ~o

Applying the operator % — B to (21) and after some calculations, we obtain

Cgiefgﬂ + 6141'(:’5“%7 0<x<b,

Vi(z) = . : gl Y
C1:€5® 4 Cgeef2® + — L[z — b+ Vi(b)] + ——, = > b,
1 21 ¥ i [ z( )] (’Y + p1)2 et
where C1;, Cy;, Cs; and Cy; are constants. By (7) we know V;(0) = 0, furthermore
Cs = —Cy = Ci, i = 1,2,---,n. By (9) and Remark 6, we have Cy; = 0,
i=1,2,- ,n.
According to the smooth-fit condition at b
ut(t,b—) = u'(t,b+),
out out (22)
—(t,b—) = —(t,b
ox (t,6-) ox (&, 6+),
we have
Pi Laib _ _Laiby _ &b Hy
C;(e="” —e =(Cpest? 4+ ————
T ) (v + pi)?
Ci(€gi€™i® — Eue®h®) = Cribrie®® + .
Y+ pi
Then the functions V;(x), i = 1,2, -+ ,n, are given by
C; (653“’3 — 654”3) , 0<x <,
\% — 23
z(x) Cliegliw + lchegub + Y (1’ o b) + T x> b7 ( )
Pi v+ pi pi(y + pi)
where
o A~ (24)
1 T )
Zi  Zi(v+ pi)
5. )e8sib L ) pbaib
Cy; = Y (/~L£32 pz)e + (Pz /~L£4z)e : (25)
v+ pi Z;ebrib
Z; = [pi€ri — (v + pi)€3i)e® + (v + pi)€ai — pi€asles®. (26)

From the last arguments in Section 3, in order to find an equilibrium strategy, we
t
assume 2% (¢,b) = 1, we have

Zwici(EBiQESib — Eyie®4ib) =1, (27)
i=1

ie.,

- ) p63ib ¢ &aib 0 m) =1 28
2l i) (-3 + Zr ) =1 .
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In order to discuss the root of equation (28), we define

i
Pi=—y+ ——, 29
Y+ pi (29)

and give the following Lemma, which is proved in Appendix B.

Lemma 4.1. Equation (28) has a unique root if and only if

>

+1<0

where P; is given in (29).

Lemma 4.2. For the discount function ¢1(t) in (17), there exists a solution u®(t, )
of the extended HJB system of equations in Definition 3.2 as following:

(Uﬁiﬁﬂwﬁ%+&ZOJmn

we —pi(t— s)( 1 — e81iT) 4 il 1‘)’3;‘20. 30
§: (v+m)( ) vt pi .

(ii) If > 1w17+p +1<0 and elssi—8si)b < = ﬁgil, then

Zwiefpi(tfs)Ci (653”” — eE‘“I) , 0<ax<b,

us(t,x) = Zw e~ Pit=s) (C S + C ;e81b +L(m—b) (31)
i=1

+w) , & 2 b7

pi(y + pi)

where C; and Cy;, i =1,2,--- ,n, are giwven in (24) and (25), respectively.

Proof. See Appendix C. O

Theorem 4.3. For the discount function ¢1(t) in (17),
(z)dff > 1WZW +1 >0, then #(t,x) = x is an equilibrium dividend strategy,
an

Zwl ( S (1= o) + 7:5) , >0 (32)
=\ + )2 v+

is the corresponding equilibrium value function.
o Pi i i b 7 31
(1) If 35 wizps +1 <0 and elbai—Esi)b < ’;Fiﬁgl, then
0, 0 <z <,
St ) —
w(t,x) z—b, x>0

is an equilibrium strategy, and

Zwl f 53’ €£4i$), 0<xz<b,
Vit,z) =

Zwi (Cueg”gJ + lCueg“b + T (x — b) + e ) , x>b
- pi v+ pi pi(y + pi)

is the corresponding equilibrium value function. b is determined by (28), C; and Ch;
are given in (24) and (25) fori=1,2,---  n, respectively.
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Proof. From Lemma 4.2 we know that the functions u®(¢,x) in (30) and (31) solve
the equations (5), (6) and (7), and that there exist ¢ > 0 and x(s) > 0 such that
0 < 92 (t,2) < e “'x(s). By Remark 4, we have (8) established. O

4.2. A pseudo-exponential discount function. We now discuss a pseudo-exponential
discount function, for the given ¢2(t) in (18), we consider the following ansatz:

w(t ) = e 2N n(t — 5)Va(x) + Va()}. (33)
Substituting (33) into (16) yields

b—x
—cVi(x) = (A + 6)Va(x) + A Vs(z + y)Be Pdy
0
+A [ Va@+y)Be Pdy=0, 0<x<b,
b—x (34)

- i)+ [ T V(e + y)Be Py — (A + 8)Va(a)
0

V3(0) =0

and

V() + A / Vi(z +y)BePvdy

— (A +0)Valx) + Va(z) = 0, 0< @ < b,

W)+l = 8) = Vi) + A " Vala + y)Be Py

0

Vi(0) = 0.

We denote the roots of the equations c6? + (8 + 6)8 — 35 = 0 and 6 + (ufB + v +
5)0 — B(y+ 9) =0 by 61, 02, 05 and 0,4, respectively, i.e.,

(35)

_ —(uB+0) = V(B +0)? +4cB0 _

0, = 0,
2c
(B +0) + \/(uB + 6) + 4cBd
0o = 2 >0,
gy = —B 1 H0) =BTy +0? +dB+8) _
2c ’
g = B+ + VW +7+8) +4eB(r+0) _
4 2 .
Similar arguments in Subsection 4.1, we have
Ceh® — b2y 0 <2 < b,
Va() = V5 050 . V050 , 7 T (36)
Be?3* 1 L RBef% _ >
e —|—5 e —l—’y_’_&(x b)+5('y+6)’x_b’
where
o= -1, b (37)
Z  Z(y+9)
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01b

— ittt — g,etb 1wyls ~y
B="—""_—"" |- —
Z03e9sb i v+ 0 (7 + 8)B5efsb” (38)
Z = [603 — (7 + 6)01]e?® 4 [(7 + 6)02 — 563])e?2. (39)
Substituting (36) into (35) and solving it, we obtain
(D1 + B1x)e?™ + (D2 + Box)e™", 0 <z < b,
Va(z) = 0 0 e E ye(Bu+v+9)
Ds+ B 3% + Dye™*” >0
(D3 + Bsz)e™®* 4+ Dye +(’y+5)2x+,8(’y+5)+ 57+ 0)° , z>b,
(40)
where Dy, Do, D3 and D, are constants,
nC (61 — B) nC(B — 6a) B -6
= < O7 B - - B < 0,
YT 20 + B+ 0 2T 2l +puB+s B0,
nB(6s — B)

= <0, e=7vy+0d+n,
2005 + B+~ + 0 <=7 K
1875 056 U (1B

E = pyVy(b) + —Be”™” —y8b ([ 1+ —— —— | ==1)—7. 41

i) + DB g (14 )4 (M) )

From (7), we have V4(0) = 0, then D; = —Dy := C. By (9) and Remark 6, we have
Dy =0.

Applying the principle of smooth fit at b

{V4(b) = Va(b+),

42
Vi(h-) = Vi(b), ()
we get
. . ) B
Bib)eftb 4 (— Bibyef2b — + Dt B ol 03b
(C'+ Bqb)e™” + (—C + kBqb)e 5 3+ 3b+75(’}/+5) e
v+o=
—F
+ 5 ,

(B1 + Co, + B1601b)e’? + (—C’Hg + kB163b + kBy)e??
= (D305 + Bsbsb + Ba)e® + —

(v +8)*
then the function Vy(x) is given by

(C+ Byz)e”™ + (—C + kByz)e®®, 0 <z < b,
Vi(x) =
4( ) (D3 + B3.’L’)€03x + YE

E ve(Bu+ v+ 9)
GRS T R

(43)
where
Ds = 76 el01=0)b _ 0
Y+4 y+o
—FEe %% — Bsb — B

5(y+9)’

(44)
C’ _ E1691b + E2€92b + E3€93b — Eeg + 7(7166)2
(91 — %93)66& + (%93 — 92)692b

e(02=03)b 1 & 4 75 Bybe 93t (eelb + keezb)
y+0

(45)
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Ei=B | ——b—6,b—1), Es =kB b—6b—1),

! 1(7+5 ! > ? 1<v+5 ? )
ynB B — 0,

Ey=Bs— —"1—" 03 k= ,

R IO R )

y oA Uil

(+o) a(y+o)

In the following parts, we will consider equilibrium strategy. Assuming that
9 (t,b—) = 2o (t,b+) = 1, Le.,

(C+ By + By "+ (= C o+ kBib)6z + kB | ™ — 1 =0, (46)

03b e
(D393 + Bs303b + Bg)e 3%+ (/7 n 5)2 —1=0. (47)

Substituting C' in (45) into (46), we have

)
= | E10; 4 By (b6 + 1 - 2615
G(b) [ 191 1(b91 ) (91 6 793>:| e

)
— Eoby + kB (b + 1 3 — 0 2625
+[ 202 + kB ( 2+)><<5+73 2)}6

1
+ | E20; — E102 + B (b0 + 1 0s — 0
[21 102 1(b61 )(’y—&—ds 2)

1)
B 1 - (01+02)b
k 1 (b92 ) (01 ~ 693>:| &

= € J 01b
—EB030; + ———=0; — 0; + ——0 1
+( 31+(7+5)21 1+7+53)€

) e g 02b
EO300 — ————60y+ 05 — ——0 2
+( 302 (v +0)? 2+ 02 74_53)6

+ E391€(91+03)b + (—E392)6(92+93)b =0. (48)
Lemma 4.4. If

ny0s3
e +o

<n (49)
poy | ___ Bl 205 | 4
y+6 | 2¢0s+pB+vy+s 49 v

and

n<— [9293<(~y +6)05 — 593) (W TCS)Q - i - (% - é))} N (50)

where

~ { (8 — 0)05 (Maeg 5) (63 — B)0- (40 — 6)

T 1o \ B0+ 20 \y 15 2005 + 1B+ + 0

0203 (20 + )1 2
2y — ———0: 1) 0) ) —05;.
+7+6< 2 5 sttt (v +9) 2

Then (48) has a positive solution.

The proof is shown in Appendix D. In order to study the concavity of V (¢, z),
we introduce the following lemma.
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Lemma 4.5. If

nlk(0 300 00 (1 + 228) > A= s s 6
and
0 [K(203 — 301605) — 0165)] (—w + ‘”93) Ol 5Bl + 6)0s — 05),  (52)
y+46 8 — 01

then
— COy 4+ 3kB1 + kB165b > 0. (53)

The proof is given in Appendix E. Next, we will give the main results of this
subsection.

Lemma 4.6. For the discount function p2(t) in (18), there exists a solution u®(t, )
of the extended HJB system of equations in Definition 3.2 as following:

, X s 03— (748)” —yet 258
(i) If% <n *% - 2693+H5i7+5} < LTS we have
u'(t, @) = e 2 n(t — 5)Vs() + Va(x)}, (54)
where
YU O3z i
= 1-— 3 >
Vala) = 2 (1= ) 4 e w20, (55)
wy(n +€) 1y n(0s — B) } 0 ve
Vi(r) = |- - X s+
@) = [0 (6 o))
gl pmn n 1Y\ | ve(Bp+v+9)
+ - o) p XEEETI RO >, 56
(o s 3) e (56)
(i) If the conditions of (49)-(52) are satisfied, we have
u'(t, @) = e 2 n(t — 5)Vs(x) + Va(x)}, (57)
where
{C(eel’” —e7) 0 <z <D,
V3() = 5 050 , Y000, 7 oty
Bef»w + IBefsb ¢ (5 —p > b
A B S s w2 b,
(C’ + Byz)e?1® + (—é + k:le)eeﬁ, 0<xz<hb,
Vi(z) =
(@) (D3 + Bsx)e%® + 7+ £ ye(Brt+y +9) x>0,

(v+0)2"  B(y+9) Bly+0)3 7

parameters C, B, C, By, Bs, D3 and E are given in (37), (38), (41), (44) and
(45), respectively.

Proof. See Appendix F. O

Remark 7. For x > b, we have
ye
(v +9)?
> (D305 + Babsb + By)e’® + e 165)2
ve
(v +96)?

‘/Z(l’) = (D393 + Bsfsx + Bg)@‘ggJc +

= [03(D3 + Bsb) + Ble’” +



PERIODIC DIVIDEND STRATEGIES WITH NON-EXPONENTIAL DISCOUNTING 2655

_ 6% +~(6 - U)e(m—b)&; I
(v +6)? (v +0)?
> 0.

From Lemma 4.6, we know V/(x) > 0 for 0 < z < b, then V4(x) is an increasing
function. From Theorem 4.3, we have V{(z) > 0 for x > 0. Then there exists > 0
and £(s) > 0 such that

0.< O (1,0) = e e — 5)Vi(0) + Vi) < e SR(s).
Theorem 4.7. For the discount function po(t) in (18),

b3
. 0: 0 0:—8 (v48)? —ye+ 2258 . .
() 1 % <n =% — a it ) < ORI A(t) = @ s an cquili-

rium dividend strategy, and
wy(n + €) By n(0s — B) } . e
Vit,x) =|— _ sz, V€
) [ (y+9)° <(7+5)2 X2c03+uﬁ+7+5)x R
i ( i n 1) veButa+d) g
RN By +6)° =

y+08)2 B(y+d) B

is the corresponding equilibrium value function.
(i) If the conditions of (49)-(52) are satisfied, then

) 0, 0 <x<b,
ﬂ(t,x)z{xb > b (58)

is an equilibrium strategy, and
(C + Biz)e”™ + (—C + kByx)e®®, 0 <z < b,
E )
762x+ %Wu+7§),x2b
(v+9) By +9) By +9)
is the corresponding equilibrium value function. b is determined by (48), where the
parameters C', By, Ba, Bs, D3 and E are given in (41), (44) and (]5), respectively.

Vit,z) =
( ) (D3+B3$)€93m+

Proof. From Lemma 4.6, we know that the functions u®(¢, x) in (54) and (57) solve
the equations (5), (6) and (7), and u®(t,z) satisfies equation (9) by Remark 7.
Note that %(t,x) = e 0=t — s)VY'(x) + V{'(x)}, by Lemma 4.2, we have
Vi'(xz) < 0, then %(t,x) < 0. Similar to the arguments of Theorem 4.3, we get
(8) holds. O

4.3. Numerical examples. Let § = 1.2, A =2, ¢c =1, v =1, w; = 0.7 and
we = 1 — wy, Figure 1 (a) depicts the equilibrium value functions for different
p1 and ps. This picture shows that the larger discount rate results in the smaller
function V (¢, z). We also derive that the equilibrium periodic dividend barrier b are
2.0813, 1.4574, 0.6576, 0.4224, respectively, for corresponding (p1, p2) = (0.1,0.2),
(p1, p2) = (0.1,0.5), (p1,p2) = (0.3,0.5) and (p1, p2) = (0.4,0.8). These imply that
the larger discount rates p; and ps result in the less equilibrium periodic dividend
barrier b. More details on this conclusion, readers can refer to Figure 1 (b). From
the Figure 1 (b), we find that equilibrium periodic dividend barrier b is getting
smaller as po increases. When po = 0, that is, the second shareholder does not need
to be discounted, the equilibrium periodic dividend barrier b takes the maximum
value.
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(a) Equilibrium value functions V (¢, ). (b) Equilibrium dividend barrier b.

FIGURE 1. Influence of parameters p; and ps to equilibrium value
function and equilibrium dividend barrier.

0.9
08
0.7

0.6

(a) y=0.8.

FIGURE 2. Contour plot of ¢ as a function of 5 and .

In Figure 2, we assume that w; = 0.3, p1 = 0.07, po = 0.2 and wy = 1 —
wy. It contains two contour plots that show the combined effects of A and § in
compound Poisson process on the expense rate ¢ such that the equilibrium periodic
dividend barrier is strictly positive. We first examine each graph individually and
observe that when fixing A, increasing (8 results in a lower value of ¢. The company
will require a lower expense rate ¢ to compensate for lower the increment of the
company’s earnings per time. Similarly, we find that fixing 8 and increasing A has a
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TABLE 1. Influences of 5 and A on b.

c=0.7 y=1 w1 =0.7 p1 =0.1 p2 =0.3
B=15 A=15
At 1.3 1.8 2.1920 3 B8t 0.8 1 1.3 1.7
b~ 0.5606 1.5520 1.6794 1.5256 ¢ 2.2197 1.9983 1.5353  0.6472

increasing impact on ¢. Next, we illustrate the effect of the expected inter-dividend-
decision times 7. Note that the effect of the expected inter-dividend-decision times
~ increases from 0.8 in Figure 2 (a) to 2 in Figure 2 (b). As a result, the expense
rate ¢ is globally higher in Figure 2 (b), which is evident from the left-up shifting
of all the contour lines. This makes sense as more frequent dividends compensate
for higher expense rate.

We now consider the influences of A and 8 on the equilibrium periodic dividend
barriers. Let ¢ = 0.7, v =1, w; = 0.7, p1 = 0.1, po = 0.3 and wy = 1 — wy. From
Table 1(1 and | mean increase and decrease, respectively. ~ means increase first
and then decrease), we find that the equilibrium periodic dividend barrier b will
rise first and then fall as the X\ increases. In this example, when A = 2.1920, b
takes the maximum value 1.6794. Next, we consider the effect of 5 on barrier b.
We note that with the increase of 3, the increment of the company’s earnings per
time decreases. In order to get more dividends, the equilibrium periodic dividend
barrier b decreases. Let 8 = 0.7, vy =1, § = 0.2, A = 3 and ¢ = 1.7, the Figure 3
(a) shows the the effect of n changing from 0 to 0.2 on equilibrium value function
and equilibrium strategy. The equilibrium value functions for pseudo-exponential
discount functions with n = 0, n = 0.02, n = 0.04, n = 0.08, n = 0.09, n = 0.14,
17 = 0.16 and n = 0.2 (from top to bottom), the equilibrium dividend barriers are
2.8609, 3.0419, 3.2180, 3.5644, 3.6518, 4.1157, 4.3262 and 4.8486, respectively. We
find that the larger n results in the larger equilibrium dividend barrier b. The case
of n = 0 is time consistent and the equilibrium strategy is optimal in the classical
situation. A larger 1 means a larger discount function, so the value function goes
up.

The Figure 3 (b) depicts the effects of expense rate ¢ on the equilibrium value
function V' (¢, x) and the equilibrium dividend barrier b when 8 = 0.7,y =1, 6 = 0.5,
A =2, 7 =0.4 and ¢ gradually increases from the top 0.4 to the bottom 2.5. From
this figure, we find that the equilibrium dividend barrier b increases at the beginning
and then decreases with the increase of parameter ¢, which is identified with the
classical optimal dividend problem. In addition, the equilibrium value function
V(t,x) will decrease as ¢ increases. More precisely, as the expense rate increases,
the dividends received by shareholders will decrease.

5. Conclusion. In this paper, the equilibrium period dividend problem is stud-
ied for the first time. Under a mixture of exponential discount functions and a
pseudo-exponential discount function, we derived the closed-form solutions of time
inconsistent control problem, and the general theory of equilibrium period dividend
problem is given in a dual model. The equilibrium strategy and the equilibrium
value function degenerate into optimal problems under the exponential discount
function. Due to difficulties in solving, we only studied the closed-form solutions in
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(a) Equilibrium value function V(¢,z) for (b) Equilibrium value function V (¢,z) for
different 7. different c.

FI1GURE 3. Influence of parameters 7 and ¢ to equilibrium value function.

a dual process, in which the aggregate incomes process follows a compound Pois-
son process with exponential jumps. In future research, it would be interesting to
consider the equilibrium period dividend problem by the theory of Lévy processes
and consider periodic dividend problem with a ruin penalty. Moreover, we can also
consider solving by some numerical methods and mathematical tools.
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Appendix

Appendix A. Heuristic argument of equation (3).

Proof. First of all, we define u(s,t,z) = Ey, [ftT" o(z — s)fr(z,X*(z))de(z)}.
From the definition of J we have

t+h
J(t,z;7p) =FE 4 l/t oz — t)ﬂ(z,X”(z))dN,y(z)]

+ Et,w

T™h
/t oz - t)ﬁ(z,X"wz))de(z)] .

+h
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Due to

Tﬁ'
T(t+ by X™ (t 4+ h): 1) =Eron /t oz — t — h)i(z, X7 (2))dN, (=)

+h
—u(t + h,t +h, X™(t + h))
=J(t+ h, X™(t+ h); &)
=V(t+h, X" (t+h)),
where Eyp[ - |=E[-|X™(t + h)]. Taking expectations on the both sides of the
above equation yields to
Eyy[J(t+h,XT(t+h); 7)) =Fy g [u(t + h,t+h, X7 (t + h))]
=B . [V(t+h,X™(t +h))].

Since
Ei. /Hh so(z—t)ﬁ(z,X"(z))de(z)]
T* .
—EyuFiin / oz — )7 (2, X7 (2))dN, (2) | = Evo[ult,t + b X7 (¢ + h))].
t+h

Therefore, we have

J(t, z;7h)

:Et,r

t+h
/t oz — (2, X™(2))dN, ()| + Booult,t + b X™(t + 1)) (59)

t+h
B, /t oz — )z, X™(2))dN ()| + B [ultst +hy X™(t + 1)]

+ B [VE+h,X™(t+h))] — Epg|u(t+ h,t +h, X™(t + h))].

Since

B [ [ (2 = )m(z, X™(2))dN, (2)|

;
s h
Buo [ J " oz = ym(z, X (2)d2]
= lim
h—0 h
. (60)

Then we obtain
i LG TR) = It 25 F)
h—0 h

= A"V (t,x) +yr + A"u'(t,z) — A"u(t,t,z) < 0.
O

Appendix B. Proof of Lemma 4.1.
Proof. Define

n ) pb3ib _ ¢ &b
F(b) — ZwlR (5316 ~ 541,6 ) _, (61)
i=1 v
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where P =—7+5 ’”5“ . Inequality (P;+~+ p;)€4i > pi€1; is equivalent to
L ar . Firstly, note that

[P
(=B —pi) + (B + pi)? + AcBpi
£ai = 0 .

In addition, according to Cauchy inequality, we have

\/a2+c—a<i,a>0andc>0. (62)

(v+p ) <

Then

Bpi
541’ < )
uB + pi
i.e.
L _wBApi  WBte) k) o mBy

E4i Bpi  Bpily+pi) Boi(v+pi)  pi(v+pi)
So, we have

1 1 Y
S 0 63
E4i 511 pi(y + pi) (63)

From (61), we get

e Pi(&si — &ua) I b
FO) =3 w pi€ri — (v + pi)€si + (7 + pi)ai — pikui : [Z pE

i=1

According to (63), we obtain

lim F(b)
b—oo
o&3ib ¢ &€4ib
— lim sz ] £sie . §aie _
b—o00 [pi&1i — (v + pi)€ailessi® + [(v + pi)€ai — pikiilesai

- —&4i B
; (v + pi)ai — pikui !
Y

n
Py >
W +1
— ' <(7 + pi)€ai — pi&u

Zn: (P + v + pi)éai — piui
(v + pi)éai — pikui

<0.
Furthermore,
F'(b)

—Zn) P (635" — €ie™®) Z; — (&aie®® — &yie®i®) Z]
z;

_ Z"Jz . (€31 — Eag)eS3iT8ab [ &5 [(y + pi)fg; pi&i| + &ailpiii — (v + pi)&ail

n & )26(5314-541')17

Z nglz fdz Zz2

— K2

<0,
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where Z] = [pi{1i — (v + pz)fBZ]EBleggi + [(v + pi)éai — Pzglz]§4zeg4i . Therefore,
Equation (28) has a unique root if and only if "1 | wizT5-+ 1 <0. O

Appendix C. Proof of Lemma 4.2.

Proof. We only need to verify that the equation (5) holds, i.e., %—f(t, x) > 1 when
0 <@ < b, while 2 (t,2) < 1 when & > b.
(1) Letting b =0 in (23), we obtain (30). Since

wie Pilt= S)( — &+ " >§1,x20,
Z (7+p) ' :

0%u
(9362 Zw e ritms) (_(,yz/;ygiegum> <0, z>0.

We have ‘9“ *(t,r) < 1for x > 0and 0 < s <, then the equation (5) holds and the
result is proved

(ii) Firstly, we give the symbols of C; and Cy;, for i = 1,2, --- , n. Recalling (26),
If pi1i — (v + pi)€3i > 0, then Z; > 05 if p;&1; — (v + pi)€3i < 0, then

Zi > pi€ri — (v + pi)&ai + (v + pi)ai — pi§ri = (v + pi)€ai — (v + pi)€ai > 0.
If e(6si—Ei)b < Zf%ﬁgi’:, we have C; <0 and C1; <0,i=1,2,---,n

Next, we discuss the property of %—i(t, x). Since

n
Z%‘@*pi(t*s)cz‘ (€3z’€£3im - §4i€§4i$) , 0<z <,
ou’® i=1

Zwie_pi(t_s) (Cliflieéux +—) > ,r>b
Y+ pi

i=1

and
S G (G - ) 05 <,

W(t’x) =4 .
Zwie_pi(t_S)Clig%ieguwa X Z b7
i=1

we have 24 (t x)

83 s n
P (10 = 3w PG (6,5 — €87 30, 0 < 0 <,

i=1

%25 (t,z) < 0 for z > b. Due to

we obtain %2;; (t,z) < %(t, b+) < 0 for 0 <z < b. The proof is completed. O

Appendix D. Proof of Lemma 4.4.
Proof. Note that

_ Y B 03
¢(0) = —92){77 {(’y+6)2 (2003+uﬂ+’y+5 T

1 03 Y 0 103
- - —1y.
(2093+u6+7+5+7+5))+7+5]+7+5 (v +9)? }
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0 1 1 0 :
By 5% — 255750, > 0 ipmsroga0; s > 0 (see Lemma A.l. in Zhao et al.
[29]) and (49), we have G(0) < 0. Now by the definition of By, By and Bj in (41),
we can rewrite G(b) as

cy [ _n6-p —+ 8%
v+ 1) 2cl1 + ,Uﬂ +4 [593 — (’Y + 5)91]661b + [(’}/ + 5)92 — 593]692b

X (7e2916 + ke2%28 4 (k(01b — 62b — 1) + (1 — bl + bal))e<91+92>b)

1 (017" — G9e%2%) (— + %) 7
O3e%0 | [003 — (v + 0)01]e? + [(v + 0)02 — d05)e?2b v +4

G2 — 03b 0930
{ 77( 3 5)6 (0169117 _ 92692b) + nuse (0269217 _ 01691b)}

2¢03 + B+~ + 6 6(y +9)

= YE 6 05b
+ ( E0505 — - + 2
( 9293 (’y 5)2 92 ~ 593 (92) €

= Ye 1 01b
+ ( E0,05 + 7(7 T 5)2 — 01 + P 56‘3) e

1
1605 — (o + 5101 + (07 + 6)05 — adgjern ! ") (64)

where

90 77(91 - /3) 1403 03— 703
b ;:291”{_7 3 ~1 -
9(b) :=e 7+52091+,uﬁ+5x(7+6 )+(2693+u6+7+5 7+5)

fyn@l(;wl —9) — ~vebr 6053 }
2 4+ 603 — 5)6 - FE0105 + ———> — 0
B + [665 (’Y+)1]><< 13-1—(7+5)2 1+’Y+5)

k~460 (61— B) 03 02 (1102 — 9)
202b yovs  nbi1 i _ b2 (pb2 — 4)
te {'y—|—62091—|—,u,8+6x('y+6 1)+ v4+4d

% (7 793 + 93 — ﬁ )
S(y+6) 203 +puB+vy+6
o — _ '7602 - (593
+ [(y + 8)02 — 663] ><<E0293 CETEREEY +92)}
(614020 [ Y003 (01 — B) wos
te { +52c61+p[3+5x(7+5 1)
X [k(61b — 62b — 1) + (1 — O2b + 61b)]

V05 s — B pynbib: Sy
2 - 01+ 0
+(6’y+6 2093+u6+’y+6)x( v+ 4 ’y+6(1+ 2))
b
[ E9203 +5) 0 7Jr693+<92)(503—(7+5)491)]

+ {( —F0:05 + ﬁel — 01+ %03) ((v+ )02 - 603)} } :

Then the coefficient of €202t ig

wn{ 03 ( Bé g 02 B 592)
Y6 v +0\2e0;+puB+6 2+ puB+8 y+6
(93 —5 93 93
92
+ 2X(fy+§+ 2093+u5+’y+5+’y+5+2093+u[3+7+5)}

+

Yy {9( " ( -3 02 6(7—1—5—1)02)
2¢0y + ub+96 2¢05 + uB + 90 v+46

—_ 1%
o + 02 +
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2~ 2
2603+,U/8+'Y+6
Y o 1 o 1
026 0)03 — 60 — — — | r.
+{23[(7+ )0 3}X[(7+6)2+7+693 'y+692}
From lemma 2.1 in Asmussen and Taksar [3], we have
m 6o 16 1
0 0 -
By % — #BJF;HCOZ > 0, #B+5+1'y+2ct93 — 5045 > 0and (50), we get the coefficient of

e%92% is positive, then we have lim,_,, G(b) > 0. Therefore, the equation G(b) = 0
admits a positive solution. O

< 0.

Appendix E. Proof of Lemma 4.5.

Proof. Assume that b is a positive solution to G(z) = 0. Note that
— by + 3kBy + kB16b
o 792 —+ (1 + b91)B102691b + (1 + b@z)kBlﬁgeezb + kB1(3 + b92)(91691b - 02692b)
B 01e91b — fye02b
_ q(b)
e—alb(ﬁleglb — 92692b) [((593 — (’)/ + 5)91)6911) + ((’)/ + 5)92 — (503)6021)] ’

where

(65)

[ 00 =B)
q(b) = | 00203 + (’7+6)9192 + 2¢0, +,uﬂ+5
w03
X[(1-+b01)02 + 3k01 + k01028] x (= + m)}
[ 2 n(0, — B) . s _ (02—01)b
+| (w+5)92+59203+2091+uﬂ+5x( 7—|—7+6)><( 2k92)]e .
Then
2kn (61 — B) 193 _
"(B) =605(05 — 601) | — N0y + 604 — — 171 P — 275 ) | p(02—61)b
q'(b) =02(62 1)[ (v+0)02 + 605 2001+uﬁ+6x( 7+7+5) €
n(01 — B) uy0s
1+ k)0,60 _ —
+ (14 k)0 2X2c91+uﬁ+5x( 7JWJHS)
and

. Y49 | 02 2k0> — 3k61 — 02 n(6r — B) w03
4(0) =(r = 02) 755 {% a ey e A G 7+6)] '

If n[k(202 — 361) — 09] (—'y + ‘ﬁfg”) > eé:gf X dB(y + 9), then it follows from
02

1
E — 7;LB+5+2602 > 0 that

fy+5 0 1
9(0) < (61— 02) 55 [aﬁ‘wﬁuﬁw]d’

and we have
02 2k62 — 3k6,05 — 6,0,
'(0) =8B(61 — 02)[(v + 8)02 — 66 {— :
¢/(0) =08(0r = 02)[(v + 0002 = 30] \ 55 = 5500, — Gyi(y + 076, — o7
=8 o b
2091+M5+5X< 7+7+6> '
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If 1 [k(203 — 301602) — 0262 (—y + 225 ) > B=p2 x 6Bl(y + )65 — 36a], by & —

Y+6 B—01
m>0,then
02 1
'(0) < 6B(6, — 0 0)f2 —063] § — — =————= ¢ <0.
q()_ B(61 2)[(7"’ )02 3]{55 2092+u5+5}

Thus, it follows from ¢'(0) < 0 that

0, — 0
60(60 = 00) {0+ 0080 4 800+ (-20) IO (= L2203

6, — 6
<—(1+1<;)9102XMx(—7+:‘73)<0.

2¢00 + puB+96 +0
Therefore,
01 — B) w03
" — _ 2 ) -9 77( 1 —
q"(b) =6(62 — 61) { (v 4+ 6)b2 + 065 k2001+uﬁ+5x( 7+7+5>

x e02=00b <,
Then we have ¢'(b) < ¢’(0) < 0 and ¢(b) < 0. Finally, by (65), we obtain
—C0y + 3kBy + kB162b > 0.

Appendix F. Proof of Lemma 4.6.

Proof. Similar to the discussion of Lemma 4.2, we only need to verify that the
equation (5) holds, i.e., V/(x) > 1 when 0 < 2 < b, while V(2) < 1 when = > b.
(i) Letting b = 0 in (36) and (43), we obtain (55) and (56). By

6
B(Tiﬂ > 0, we know

1 _
uB+o+~v+2ch3

+e€ 03 — . €
Vit = [ - e < g s 4| 4
- [_ py(n + ) P B (63 — B) } e ye
(v+9)3 (v+8)2 " 2e03+puB+v+96 (y+9)2
o my {_ nds ez 103 N np ] Jpaz
(v+8)2 | v+d5 y+6 2e03+pB+y+d5  2e03+uB+v+6
e
(v +0)2
Furthermore, we get
693 7793
T NH6 205+ uB+y+0
— g, nos n0s
vy+6 205+ pB+v+6
=—035— 7703 1 + L > 0.

Y+ —\/(uB+~+0)2+4cB(v +9)
Then we have VJ(z) > 0.

" _ /V}’(n + 6) 2 Osx 05 2 sz Wy 77(93 — ﬂ)
‘/;l (.’I;) - (’y—|—5)3 936 (2936 +93x€ ) (ﬂ)/+6)2 X 2093 +/¢LB_|_,Y+6
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_ (_/w(n +€) by — 2 n(0s — 3) ) 0yc05°
(v+0)3 (v+8)2 203+ uB+v+4
Y (03 — B) 2 O
0 3
(v+0)2 " 205+ pB+yt+o 0"

<0.
Therefore %—i(t, x)=V(x) <1 for z >0.
(ii) We only need to verify that V}'(z) < 0, for = > b, recalling (47),
V' (x) =03(D303 + Bsfzz + 2B3)e’”
<05[05(D3 + B3b) + 285"

52 6 —
o, [ + 7y 7776_93174_33} (Osz

(v +0)?
<05 5% + v — ”)/7767931, T n(03 — B)

(v+6)? 2c03 + uB+vy+46

-+ "ﬁfg 0,01 — 9,2t (fs7
93693b Z
0
<0 62 +~6 — n(0s — ) % T /;153 03 (@—b)
I (v +0)? 203 + pB +v+49 03

<bs3

T R CE T R

The second last inequality follows from
with the case of 0 < z < b,

_ K03
62 4+~y0—~n | n(bs — ) TR ] Hs@=b) (.

1 0
iAo a8 — Botey > 0. Now we deal

VI () = 62 (091 + Bibiz + 331) 1oy g2 (—092 + kB16az + 3k31) 02
> 62 (éel n 331) ey g2 (7092 4 3kB; + k3192b) eb22.

From Lemma 4.5, then V" (x) > 0 for 0 < x < b. Then V,'(z) is an increasing
function and we have V;'(z) < VJ'(b—) = V'(b+) < 0. Therefore, V4(x) is a concave
function on [0, co). O
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