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Gaussian Processes with Monotonicity Constraints for Preference
Learning from Pairwise Comparisons

Robert Chin1, Chris Manzie2, Alex Ira2, Iman Shames2

Abstract— In preference learning, it is beneficial to incor-
porate monotonicity constraints for learning utility functions
when there is prior knowledge of monotonicity. We present a
novel method for learning utility functions with monotonicity
constraints using Gaussian process regression. Data is provided
in the form of pairwise comparisons between items. Using
conditions on monotonicity for the predictive function, an
algorithm is proposed which uses the weighted average between
prior linear and maximum a posteriori (MAP) utility estimates.
This algorithm is formally shown to guarantee monotonicity
of the learned utility function in the dimensions desired. The
algorithm is tested in a Monte Carlo simulation case study, in
which the results suggest that the learned utility by the proposed
algorithm performs better in prediction than the standalone
linear estimate, and enforces monotonicity unlike the MAP
estimate.

I. INTRODUCTION

We consider the problem of learning a function which
captures the tradeoff between competing objectives. We refer
to such functions as utility functions and moreover, we focus
on learning functions which are monotonic, for the following
motivating reasons.

A. Motivation

1) Sensible Utility Functions: Having monotonicity con-
straints in the case where preferences are monotonic will
ensure sensible use and interpretation of learned utility
functions (ie. for utility maximisation). To illustrate, consider
an example pertinent to control engineering in which the task
is to tune controller parameters to optimise a utility function
over time-domain characteristics (see [1]). For simplicity, we
shall consider the tradeoff between only two characteristics
(or ‘features’): the negated overshoot and settling time of a
single output step response trajectory (the negation is so that
the utility function will be monotonically increasing rather
than decreasing). It is reasonable to believe that an engineer
would prefer less overshoot holding all else constant, and
likewise for settling time. The slope of the contours of the
utility function indicate the relative quantity of additional
overshoot in which the agent is willing to accept in order
to reduce settling time, as doing so keeps utility constant
(by ‘moving along the contour’, so-to-speak). As negated
overshoot and settling time are both deemed desirable, then
contours should naturally be negatively-sloped. A violation
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in monotonicity of the learned utility will produce positively-
sloped contours, giving the interpretation that the engineer
is willing to accept additional overshoot to increase settling
time, which is clearly not sensible behaviour.

2) Regularisation: Incorporating prior information is a
commonly used technique for regularisation in learning. We
can leverage prior knowledge of monotonicity to regularise
the estimates and reduce the data requirements that lead to
a desired quality of estimate, compared to methods which
do not explicitly consider monotonicity. For the latter class
of algorithms, monotonicity may not even be guaranteed
except in the asymptotic case when there is an arbitrarily
large amount of data.

B. Literature Overview

The study of preferences has attracted interest from a
number of disciplines. Economists first introduced a rigorous
treatment on the theory of preferences in the mid-20th

century [2], [3]. Psychologists have also studied the impact
of preferences on decision making [4]. Recently, the task of
learning preferences from data has gathered attention in the
field of machine learning. An overview to preference learning
is given in [5].

The current literature highlights that not all established
preference learning methods handle monotonicity constraints
or guarantee monotonicity. Monotonicity has previously been
considered in Gaussian processes regression [6], where ‘vir-
tual’ derivative observations were injected into the data,
however a guarantee of monotonicity for the posterior mean
was not provided. Monotonicity has also previously been
considered for active learning [7], however in ordinal classi-
fication rather than learning a utility function.

The literature on prefrence learning/estimation from pair-
wise comparison data is rich. A common justification for
data in this form is that it may be more useful or reliable
in contrast to data consisting of numeric rating labels [8].
Models for processing pairwise comparison data have been
formulated since the 1920s for analysing results of surveys
with binary responses [9], [10]. Discrete choice theory (
[11], [12]) specifically deals with models of decision making
when there are a finite number of decisions, for which
paired comparisons is a special case. In preference learn-
ing literature, ‘learning-to-rank’ from pairwise comparisons
(ie. providing a preference ranking rather than an explicit
utility) is considered in [13], while learning utility functions
from Gaussian processes is exhibited in [14], [15]. In [16],
monotonic utility functions are estimated from pairwise
comparisons, however the estimated function is necessarily



restricted to be monotonic in all features. Preference learning
from pairwise comparisons has also been applied in finding
optimal policies for reinforcement learning [17].

C. Contributions

In this paper, we consider preference learning by the
learning of a utility function, as opposed to learning-to-
rank. We further specialise to the case where the data is
provided in the form of pairwise comparisons. Our main
contributions relate to learning utility functions with the
property of monotonicity. We primarily build on the work
of [14] in using Gaussian process regression to learn a
utility function from pairwise comparisons, by providing an
algorithm which can guarantee monotonicity in as many
features as desired. The performance of this algorithm is
also analysed and tested in a case study.

II. PRELIMINARIES

A. Notation

The symbol R denotes the set of real numbers and R≥0
denotes the set of non-negative real numbers. The Cartesian
product between sets S1, . . . ,Sd is denoted S1 × · · · × Sd.
Vectors are denoted by lower case symbols and may be in
either bold or italic font and, unless stated otherwise, are to
be interpreted as column vectors. Matrices are denoted by
upper case symbols and may be in either bold or italic font.
I denotes the identity matrix and 1 denotes a vector of ones,
with dimension clear from context. The matrix transpose op-
erator is denoted by the > symbol. A multivariate Gaussian
distribution with mean vector µ and covariance matrix Σ is
denoted by N (µ,Σ).

B. Utility Theory

Let X = X1 × · · · × Xd denote a topological space. The
binary preference relation � denotes a partial ordering on
X , where for a pair of items xA, xB ∈ X , the expression
xA � xB denotes that item xB is preferred at least as much
as xA. The weak preference relation is denoted by ≺.

Definition 1 (Ordinal utility functions): An ordinal utility
function h : X → R for � is a function representing the
underlying preferences of an agent such that xA � xB ⇔
h (xA) ≤ h (xB).

Remark 1: There exists infinitely many ordinal utility
functions to represent �, since for an ordinal utility function
h (x) and any strict monotonic transformation ψ (·), then
ψ (h (x)) is also an ordinal utility function for �.

Definition 2 (Monotonic preferences): A differentiable
ordinal utility function h : X → R for preferences ≺ is
strictly monotonic at x in direction j if and only if

∂h (x)

∂xj
> 0 (1)

while weak monotonicity is defined if (1) holds with ≥.
We focus on the case when X is a compact subset of Rd≥0.

C. Problem Statement

Assumption 1: (Debreu preferences) The users’ prefer-
ences satisfy the conditions of Debreu’s theorem [3], so that
there exists a continuous ordinal utility function that can be
used to represent them.

Remark 2: Assumption 1 is not overly restrictive, but
does serve the purpose of excluding cases where there does
not exist a continuous utility function to represent users’
preferences. A well-known example of preferences which
do not satisfy Assumption 1 are Lexicographic preferences
[18].

Assumption 2: (Monotonicity) The users’ preferences are
strictly monotonic along dimensions given by the index set
J ⊆ {1, . . . , d}.

Remark 3: Assumption 2 is not restrictive because it
arises from preconditioned knowledge (ie. common sense or
otherwise) of features exhibiting monotonicity, which is a
motivating factor for the need to learn a monotonic utility
function in the first place. For example, it is natural to
treat the amount of negated overshoot and settling time as
being desirable, hence they should be monotonic in their
preferences.

The learning problem is posed as follows:
Problem 1: Given pairwise comparison data D, learn a

continuous ordinal utility function that exhibits strict mono-
tonicity in the respective dimensions given by J .1

D. Preference Learning from Gaussian Processes

We summarise an approach for learning a utility function
from pairwise comparisons using Gaussian processes. The
method is adapted from [14], except a generally non-zero
prior mean is employed here. Suppose there is a set X :=
{x1, . . . ,xn} of n distinct items where each xi ∈ X for
i = 1, . . . , n, from which items to compare are sampled
from. Assume the data generating process follows the rating
model in Assumption 3.

Assumption 3: (Rating model) The user generates com-
parisons using the data generating process

v (xA) := g (xA) + εA (2)
v (xB) := g (xB) + εB (3)

such that when shown items xA,xB ∈ X for comparison,
v (xB) > v (xA) means the user rates xB preferred over xA,
where εA, εB ∼ N

(
0, σ2

noise

)
are i.i.d. rating noise terms and

g (·) is the underlying utility function of the user. The reverse
analogously holds if v (xB) < v (xA).

The rating noise may be interpreted as inaccuracy of the
user’s judgement (ie. due to imperceptible differences in
alternatives or other psychological factors such as fatigue).
If there are multiple inhomogeneous users providing ratings
(as considered in [10]), then any differences between users’
opinions can also be modelled using rating noise. The data

1Observe that the monotonicity-constrained preference learning problem
is trivial if x is of dimension 1, as then the ordinal utility function can
be chosen to be any strictly monotonic continuous function. Thus we are
primarily interested in the case where the feature vector is of dimension
greater than 1.



consists of M comparisons, denoted by D = {XA,XB}
where XA := {xA1, . . . ,xAM}, XB := {xB1, . . . ,xBM}
(with indices Ai,Bi ∈ {1, . . . , n}) are sets such that the
agent has rated xBi preferred over xAi for each i =
1, . . . ,M . We seek an estimate of the latent utilities f :=[
f (x1) . . . f (xn)

]>
from our estimated utility function

f (·). Denote the (normalised) difference in utility for the ith

comparison by

Zi :=
f (xBi)− f (xAi)√

2σnoise
(4)

The estimate of f is obtained by maximum a posteriori
(MAP) estimation. This estimator is a function of the data,
denoted by fMAP (D). In what follows, this dependency will
be suppressed for brevity of notation. Given a kernel function
k (x, x′) and prior mean function m (x), the MAP estimate
via Gaussian process regression is

fMAP = argminf

{
−

M∑
i=1

log Φ (Zi)

+
1

2
(f −m (X))

>
K−1 (f −m (X))

}
(5)

where X :=
[
x1 . . . xn

]>
, m (X) :=[

m (x1) . . . m (xn)
]>

, K is the n × n Gram matrix
of X using the kernel k (·, ·) and Φ (·) is the cumulative
distribution function of the standard Gaussian. Note that
the optimisation problem in (5) is strictly convex and twice
differentiable (as shown in [14]) and therefore can be solved
in a straightforward manner using Newton-like methods.
Once fMAP has been obtained, an approximate predictive
posterior mean (via a Laplace approximation [19]) at a test
location x∗ is given by

f̄∗ (x∗) = m (x∗) + k>∗K−1 (fMAP −m (X)) (6)

where k (X,x) :=
[
k (x1, x) . . . k (xn, x)

]>
and k∗ :=

k (X,x∗). As illustrated in Figure 3 from Section IV, this
approach generally does not guarantee monotonicity of the
learned function.

III. PREFERENCE LEARNING WITH
MONOTONICITY CONSTRAINTS

In this section we present the main contributions of the
paper.

A. Maximum Likelihood of a Linear Utility Function

By following an empirical Bayes approach (in which a
Bayesian prior is obtained from data), a maximum likelihood
estimator (MLE) is proposed to obtain a prior mean function
m (x). Let ψi : Xi → R, i = 1, . . . , d be strictly monotonic
functions, and define the operator ψ : X → Rd,ψ (x) :=
(ψ1 (x1) , . . . , ψd (xd)). We can then construct a model of
the utility function linear in the basis ψ (x):

g (x) = β>ψ (x) (7)

where β is the vector of parameters to be estimated. By
applying the rating model from Assumption 3, the maximum
likelihood estimate of β under the monotonicity hypothesis
2 involves solving the constrained problem

β̂ = argmin
β

{
−

M∑
i=1

log Φ

(
β>ψ (xBi)− β>ψ (xAi)√

2σnoise

)}
s.t. βj > 0,∀j ∈ J (8)

Using a linear-in-basis form for the utility function is the
usual approach taken in discrete choice theory [12], however
as we later demonstrate, by using this form only as a prior,
the overall estimate can be improved upon.

Remark 4: The convexity of (8) is readily shown using
the log-concavity of the Gaussian distribution [20]. Twice
differentiability also holds and Newton-like methods can be
used to solve (8).

Remark 5: We can fix σnoise > 0 without loss of general-
ity as this only affects the scale of the learned utility function
(as in [10]). To illustrate, notice that scaling both g (·) and
σnoise from Assumption 3 by the same positive constant
will not change the distribution of D. The learning problem
is unaffected as we are only concerned with learning an
ordinal utility function. So for convenience, we may choose
σnoise = 1/

√
2.

Remark 6: In numerical implementation of (8), it may be
required to enforce monotonicity with the constraint βj ≥ %
with some small % > 0.

After β̂ has been obtained, we can express the estimate
of the vector of latent utilities as Ψ (X) β̂, where Ψ (X) :=[
ψ (x1) . . . ψ (xn)

]>
. We also choose the prior mean

function m (x) = β̂>ψ (x) and our proposed utility function
estimate takes the form

f̂∗ (x∗) = β̂>ψ (x∗) + k>∗ Ωz (9)

with Ω := K−1, z := y −Xβ̂, and y is a choice of vector
for the latent utilities. Note that this closely resembles the
form of the approximate predictive posterior mean in (6).

B. Monotonicity Conditions on Gaussian Process Regression

In this section we state conditions for strict monotonicity
of the utility function estimate. As it produces differentiable
sample functions of both the prior and posterior, the kernel
function being considered is the squared exponential ker-
nel k (x, x′) = σ2 exp

[
− 1

2 (x− x′)> Λ−1 (x− x′)
]
, where

Λ−1 = diag {`1, . . . , `d} and σ > 0, `1, . . . , `d > 0 are
hyperparameters. We focus on conditions pertaining to the
predictive function (9). Let

[
∂k>∗
∂x∗

]
j

denote the jth row of

the d× n matrix ∂k>∗
∂x∗

. The predictive function (9) is strictly
monotonic at x in direction j if

β̂j
∂ψj (xj)

∂xj

∣∣∣∣
xj=x∗j

+

[
∂k>∗
∂x∗

]
j

Ωz > 0 (10)

For the squared exponential kernel and a choice of prior
mean function affine in x (ie. m (x) = β̂>x), the condition



(10) becomes

0 < β̂ − Λ−1
[

(x∗ − x1) k (x∗,x1) . . .

(x∗ − xn) k (x∗,xn)
]

Ωz (11)

C. Monotonicity Constrained Estimates

We propose an approach to conduct preference learn-
ing from pairwise comparisons with a guarantee of strict
monotonicity along any amount of directions as desired. For
simplicity, the form of the prior mean function is chosen
to be affine in x. For the condition in (11), observe that
when β̂j > 0, the inequality will eventually be satisfied as
z → 0 (or equivalently as y → Xβ̂). We state the strict
monotonicity guarantee formally in Theorem 1.

Theorem 1: With choice of prior mean function affine in
x, let flin = Xβ̂ as obtained from (8) and fMAP as from (5).
There exists an interval (α∗, 1] with

α∗ = max
j∈J

{
β̂j

−β̂j + γj

}
+ 1 (12)

γj :=

min

0, inf
x∈X


[
∂k (X,x)

>

∂x

]
j

Ω
(
fMAP −Xβ̂

)+ β̂j


(13)

such that for all α ∈ (α∗, 1], using the convex combination
y = αflin + (1− α) fMAP in (9) satisfies (10) for all j ∈ J
over all x ∈ X .

Proof: We have strict monotonicity in direction j for
all x ∈ X if

β̂j + inf
x∈X


[
∂k (X,x)

>

∂x

]
j

Ω
(
y −Xβ̂

) > 0 (14)

For ease of notation, define ηj (x) :=[
∂k(X,x)>

∂x

]
j

Ω
(
fMAP −Xβ̂

)
. Starting from the mono-

tonicity condition (14) and using y = αXβ̂j +(1− α) fMAP,
rearranging for α in the case when β̂j+infx∈X {ηj (x)} ≤ 0
yields

α >
β̂j

infx∈X {ηj (x)}
+ 1 (15)

while noting that β̂j > 0 so infx∈X {ηj (x)} < 0. Let α∗j =

β̂j/ infx∈X {ηj (x)}+1 ≥ 0, which satisfies (15) for all x ∈
X if α ∈

(
α∗j , 1

]
. For the case when β̂j+infx∈X {ηj (x)} >

0, it is enough to let α∗j = 0. To combine both cases we write

α∗j =
β̂j

−β̂j + γj
+ 1 (16)

where γj is given in (13). Then α∗ = maxj∈J α
∗
j finds the

value such that for all α ∈ (α∗, 1], strict monotonicity is
satisfied in all directions j ∈ J over all x ∈ X , yielding
(12).

This result shows that we can find values of α (and hence
y) which will satisfy the monotonicity constraint. A value

of α = 1 is the most conservative, resulting in the predictive
function being identical to the prior mean, but is a value
that always ensures the monotonicity constraints are satisfied.
However, there is merit in choosing an α as low as possible
(whilst satisfying monotonicity constraints), as indicated by
Corollary 1.

Theorem 2: Use J (f) to denote the cost function in (5).
Denote yα := αflin + (1− α) fMAP, and define Zi,MAP,
Zi,α, Zi,lin as in (4) using the vectors fMAP, yα and flin
respectively. Suppose fMAP 6= flin. Then the negative log
likelihoods (or equivalently, the Kullback Leibler divergences
from the empirical distribution of comparisons) satisfy

−
M∑
i=1

log Φ (Zi,MAP) < −
M∑
i=1

log Φ (Zi,α)

< −
M∑
i=1

log Φ (Zi,lin) (17)

for any α ∈ (0, 1). If fMAP = flin then (17) holds but with
equality.

Proof: The case with fMAP = flin is trivial. For
the case fMAP 6= flin, use by definition minf J (f) =
J (fMAP) < J (flin) along with the strict convexity property
of J (f) to establish J (fMAP) < J (yα) < J (flin) for
α ∈ (0, 1). Then apply the fact that the weighted norm∥∥∥yα −Xβ̂∥∥∥

K
= (1− α) ‖(fMAP − flin)‖K ≥ 0 is strictly

monotonically decreasing in α for α ∈ (0, 1).
Remark 7: It is not trivial to find a class of problems such

that there is a reasonable probability that fMAP = flin. To
do so requires investigating the intersection of the supports
for the sampling distributions of fMAP and flin, which may
or may not be the empty set. The supports of the sampling
distributions themselves have cardinality in the order of 2M ,
so even if the intersection is not the empty set, the probability
should still be very small for reasonably large M . Hence we
argue that for most problems of interest (ie. where M is not
small), the probability that fMAP = flin will either be zero
or can be considered negligibly small.

Corollary 1: If fMAP 6= flin, then for all α′ < α

−
M∑
i=1

log Φ (Zi,α′) < −
M∑
i=1

log Φ (Zi,α) (18)

The importance of results (17) and (18) is the revelation
that we should choose α as low as possible (whilst satisfying
monotonicity constraints, ie. α > α∗) and that the resulting
empirical fit as measured by the likelihood will be an
improvement over using flin. A procedure based on this
principle which finds a weighting between the linear and
MAP estimates to guarantee strict monotonicity is described
in Algorithm 1. As for how choice of α affects generalisation
performance of the utility estimate on unseen examples, the
theoretical investigation of this is out of scope for the paper
since it is the focus of ongoing work. However, this is tested
on a simulation case study in Section IV.



Algorithm 1 Preference Learning with Strict Monotonicity
Constraints
Require: Data set D, minimal distinct items matrix X ,

monotonicity constraint index set J
1: Choose hyperparameters σ > 0, σnoise = 1/

√
2,

`1, . . . , `d > 0
2: Choose ε ∈ (0, 1]
3: Obtain estimate β̂ via (8) for the model β>x
4: Choose a1 > 0
5: β̂ ← a1β̂, σnoise ← a1σnoise . Normalise to a

nominated scale
6: flin ← Xβ̂
7: Obtain fMAP via (5) using the prior mean β̂>x
8: α← α∗ from (12)
9: α← min {α+ ε, 1} . For strict monotonicity

10: y← αflin + (1− α) fMAP

11: Compute the estimated utility function with (9)

IV. SIMULATION CASE STUDIES
In this section we demonstrate and validate findings from

Section III using simulations on the following case study.
Suppose the agent’s true utility function can be specified by

q : [0, 1]× [0, 1]→ R, q (x) = Φ

(
x;

[
0.2
0.4

]
,

[
0.07 0

0 0.05

])
(19)

where we designate x1 as negated and normalised over-
shoot, x2 as negated and normalised settling time, and
Φ (x;µ,Σ) denotes the (monotonic) multivariate cumulative
density function of N (µ,Σ) in x. A contour plot of the
function is shown in Figure 1. An evenly spaced grid of 25
(5 × 5) points as are selected as the set of distinct items
to construct X . To generate D, 90 unique random pairs of
points from this grid are sampled (out of a possible 300)
and compared according to (3) with σnoise = 0.1. Algorithm
1 is then applied with J = {1, 2}, the scaling factor a1 was
also chosen such that β̂>1 = 1, while ε was set as 0.01.
The kernel hyperparameters were heuristically selected as
σ = σnoise, `1 = 0.2, `2 = 0.2. With dimension d = 2,
finding each γj in (12) is straightforward via an exhaustive
search.
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Fig. 1. A countour plot of the utility function used in the data generating
process. The grid of points designates the locations used to generate pairwise
comparison data.

A. Single Example

The results of a single experiment are depicted graphically
in Figures 2, 3, 4. We observe in Figure 3 that the utility
function estimate using fMAP violates the monotonicity
constraints, as indicated from the positively sloped contours
in the shaded region (hence at some points the engineer is
willing to increase both overshoot and settling time). By
using yα∗+ε as the latent utility vector, Figure 4 shows an
estimated utility function which exhibits strict monotonicity.

0.1

0.2

0.3

0.4

0.5

0.6 0.7 0.8 0.9

0 0.2 0.4 0.6 0.8 1
0

0.5

1

Fig. 2. A countour plot of the estimated utility function with flin (thick
lines) along with the original utility function q (x) (dashed lines).
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Fig. 3. A countour plot of the estimated utility function with fMAP

(thick lines) along with the original utility function q (x) (dashed lines). The
posterior utility function is not strictly monotonic, as indicated by positively
sloped contours (shaded).
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Fig. 4. A countour plot of the estimated utility function with yα∗+ε

(thick lines) along with the original utility function q (x) (dashed lines).
The learned utility function now exhibits strict monotonicity.



B. Monte Carlo Simulations
A method is devised to evaluate the performance of the

learned utility functions on unseen examples as follows:
for an evenly spaced grid of 81 (9 × 9) points, we find
the percentage of correctly predicted preference comparisons
by the learned utility function across all possible pairwise
comparisons in the grid (3240 in total). We also split these
pairs into a subset of monotonic comparisons (1944 pairs),
for which the predicted rating is obvious under Assumption
2, and a subset of non-monotonic comparisons (1944 pairs).
Table I displays the results from 1000 simulations.

TABLE I
AVERAGE PREDICTION ACCURACY ACROSS 1000 SIMULATIONS

Latent utility vector fMAP yα∗+ε flin

Monotonic subset 98.43% 100% 100%

Non-monotonic subset 89.32% 85.93% 76.76%

Overall 94.79% 94.37% 90.70%

It is of no surprise that the utility estimates from using
yα∗+ε and flin achieve perfect prediction accuracy on mono-
tonic comparisons. Table I and Figure 5 also suggest that for
this case study, the hierarchy from (17) and (18) extends to
performance on unseen examples, although the accuracy of
fMAP is very close to the accuracy of yα∗+ε. It is noteworthy
that in 212 out of the 1000 simulations, yα∗+ε achieved a
higher overall prediction accuracy than fMAP. Also in 45 of
the simulations, α∗ = 0 (refer to Figure 6).
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Fig. 5. A boxplot of prediction accuracy in α from 1000 simulations.

V. CONCLUSION
We address the need to learn a utility function from

pairwise comparisons with a guarantee of monotonicity,
which conventional Gaussian process regression lacks. By
specifying a prior function using linear utility functions, it is
shown that the proposed algorithm can obtain a higher like-
lihood compared to the prior whilst satisfying monotonicity
constraints. This hierarchy is demonstrated in a numerical
case study to translate to higher prediction accuracy on test
examples.

MATLAB code for Algorithm 1 and scripts used to
produce the results in Section IV are available at https:
//github.com/rzch/gp_monotonicity.

Fig. 6. A histogram for α∗ + ε from 1000 simulations.
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