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On the Choice of Dither in Extremum Seeking Systems: a Case Study

Y. Tan, D. N&i¢c and |.M.Y.Mareels
The Department of Electrical and Electronics,
The University of Melbourne, Parkville, VIC 3010.

Abstract—We discuss the effects that the dither (excitation
signal) shape has on the performance of extremum seeking
using a benchmark situation: a static scalar map; and a scalar
extremum seeking scheme introduced in [6] that is the simplest
variant of schemes considered in [1]. Our comparisons are
based on the performance of the system with different dithers
in terms of three performance indicators: the speed of con-
vergence, domain of attraction and accuracy (i.e. the ultimate
bound on trajectories). Our analysis explicitly shows how the
dither shape affects each of these performance indicators. Our
study strongly suggests that the practitioners using extremum
seeking control should consider the shape of the dither as an
important design parameter. Computer simulations strongly
support our theoretical findings.

I. INTRODUCTION

on the convergence speed of the gradient system, as well
as a scaling factor that is a product of four numbers: the
amplitude of dither, the frequency of dither, a controller
parameter and the power of the normalized dither (dither
of the same shape with unit amplitude and per2ag. This
bound is tight and it explicitly states how the dither shape
affects the convergence speed. For instance, we can show that
a square wave provides twice faster convergence than a sine
wave of the same amplitude and frequency, if appropriate
parameters are sufficiently small. The simulation results also
show that the square-wave dither works better than sinusoidal
dither which is used typically in literature [1]. Hence, our
results demonstrate that the dither shape is an important
degree of freedom in the design and tuning of extremum

Extremum seeking (ES) control is a paradigm whose gogkeking controllers and its choice should be given a careful
is to find an extremum value of an unknown nonlineaggnsideration.
mapping. Although this method dates back to the early oyr results benefit from the scalar extremum seeking
1950’s and 1960s, the first rigorous local stability analysigcheme that was introduced for the first time in [6]. However,
for an ES scheme was recently proved in [3] and latesyr main result improves upon results in [6] that were
extended to semi-global stability analysis in [5], [6]. This hagresented only for sinusoidal dither and that did not present
spurred a renewed interest in this research area [1] that hg$ sharp stability estimates as the ones derived in this paper.
lead to numerous practical implementations of the schemgndeed, we use a completely different proof technique from

In our case study we focus on the following nonlineaghe one used in [6] in order to provide tighter stability

static map
h(z), @

whereh(-) is not known, but it is known thak(-) has, for

y =

estimates and to explicitly show how performance of the
extremum seeking controller is affected by the choice of
dither.

This paper is organized as follows. In Section 2 we present

simplicity, a uniqgue maximunk(z*). With ES mechanism, the benchmark plant and controller that we consider, as well
the outputy(t) will converge to a small neighborhood of as the standing assumptions. Main results with examples and
h(z*). In this paper, for simplicity, we focus on the scalarsimulations are given in Section 3. Conclusions are presented
case, i.e., botly andx are scalar, that is the simplest versionin Section 4.
of the extremum seeking considered in [6].

In comparing the performance of the system with various Il. A BENCHMARK EXAMPLE
dithers (excitation signals), we concentrate on three perfor-\we denote the set of real numbers As Given a suf-
mance indicators: speed of convergence, domain of CONVEfsiently smooth functions : R — R, we denote its

gence and accuracy (i.e. the ultimate bound on trajectories): Jerivative asDh(z). When i 1 we write simply
Some of our analysis is done using an appropriate averagsg, z) := D'(x)

_systeml that approximates well the regl plosed loop behaviour\ye consider a static mappinky(-) with the first order
if certain parameters are chosen sufficiently small. extremum seeking controller (see Figure 1). This control

First, it is shown that an auxiliary gradient system plays g, is a simplified version of the schemes considered in [3]
crucial role in quantifying the performance of the extremuny, ¢ \as introduced in [6]. In particular, this is the simplest
seeker with different dithers. Indeed, it is shown that with,ysjple variant of schemes considered in [3] that can still
arbitrary dither shape it is possible to tune the parametejifsirate that the choice of dither affects the extremum

in the controller and the dither amplitude to recover (Withyeeking in several different aspects. The model of the closed

arbitrarily small error) the domain of attraction and thqOop system in Figure 1 is given by:
accuracy of the auxiliary gradient system. On the other
hand, the closed loop system convergence speed depends

& =68-w-h(z+d)-d), @)



Fig. 1. A peak seeking feedback scheme

whereh : R — R is sufficiently smooth. The signal(-)

is referred to as "dither” and > 0 is a parameter that the

designer can choose.
We use the following assumptions:

Assumption 1:: There exists a maximuna* of h(-):

Dh(z*) =0; D*h(z*) <0 . 3)

o

Assumption 2:Dither signalsd(-) are periodic functions
of periodT > 0 (and frequencyw = 2%) that satisfy:

/d ds—O—/ d*(s

wherea > 0.
In the sequel,

)ds > 0; max |d(s)| = a;
56[0 T)

period 2w. We emphasize that our results apply to arbitrary
dithers satisfying Assumption 2.

Remark 1:Assumption 2 is needed in our analysis that
is based on averaging of (2). We note that most extremum
seeking literature (see [1]) uses dither of the fadifn) =
asin(wt) that obviously satisfies our Assumption 2. In spe-
cial cases of dither, such a@&t) = asin(wt), it is possible
to further strengthen Assumption 2, since we have also that
fOT d3(s)ds = 0. o

Introducing the coordinate change= x — =*, we can
rewrite (2) as follows:

T o= 0-w-h(Z+a*+dt)-dt) = dwf(t,F). (5)

It was shown in [6, Theorem 1] that under a stronger version
of Assumption 1 and with the sinusoidal dithéft) = a -
sin(¢) (that satisfies Assumption 2) we have that for any
compact sefD and anyr > 0 we can chose the amplitude
of the dithera > 0 andd > 0 and find a clas«CL function

0, which depends or andd(-), such that the solutions of
the closed loop system (5) satisfy:

[Z(to)| € D = [2(t)] < B(|Z(to)|,t —to) + v, (6)

forall t > ¢tg > 0.

Note thatD, v and 8 are performance indicatorsince
they quantify different aspects of the performance of the
extremum seeking algorithm. We will show later that each
of these indicators is affected by our choice of ditligr)

three special kinds of dither are use?jnd the parametey > 0. In particular, we have that:

repeatedly in our examples: sine wave, square wave ands Speed of convergencef the algorithm is captured by

triangle wave. The sine wave is defined in the usual manner.
The square wave and triangle wave of unit amplitude and

period 27 are defined as follows:
sq(t) = { 1, te2nk,7n(2k+1))

-1, te[r(2k+1),2n(k+1))
2(t — 2mk), t € [2mk, w(2k + 1))
tri(t) =4 E(—t—n(2k—1)), te] (2 + 3))
[

m(2k + 1),
2(t—r(2k+ 1)), (2k +
Note that by definition, the signaldn(t), sq(t) and tri(t)

are of unit amplitude and peridtdr. We can generate similar

signals of arbitrary amplitude and frequency as follows
- sq(wt). We will often use the "power”

amplitude and perio@r):

1 2m )
Py, = o /. sq°(s)ds = 1
Pan = [ sint(s)is = 1 @
sin = o5 sin®(s)ds =
1 [ 1
P, = 7 tm‘z(s)ds =3

In general, we us&; to denote the power of dithed§-) with
amplitude equal ta and periodx. The power for dithed(-)
with amplitudea # 1 is equal toa? P;, whereP,; denotes the
power of the normalized dithei‘% of unit amplitude and

5),2m(k+1))

(average of
the square of the signal) of the normalized dithers (uni

the functiong. Obviously, we would like convergence
to be as fast as possible.

o Domain of convergenceis quantified by the seD.

In particular, we would like to make the domain of
convergence (attraction) as large as possible.

« Accuracy of the algorithm is quantified by the number
v > 0 since all trajectories starting in the s&
eventually end up in the balB,, where we have that
|#(t) — «*| < v. Indeed, the smaller the number
the closer we eventually converge to the maximuin
(hence, the accuracy of the algorithm is better).

It turns out that a direct analysis of the system (5) to
estimateD, v, 5 is hard but the system can be analyzed via
an auxiliary averaged system of the form:

/fsw L

where f(-,-) comes from (5). We will carry out such an
analysis in the next section.

i‘a'u = 5wfav($av)a fa'u

In this section, we present the main result (Theorem
1) that describes in detail how different dithers affect the
domain of attraction and speed of convergence, as well as
the accuracy of extremum seeking control. It is shown that
the square wave produces the fastest convergence among all
signals with the same amplitude, if the amplitudand the

M AIN RESULTS



parameteb in the controller are sufficiently small. Moreover, Since P; > 0 is fixed for a given dither, we can see that
it is shown that in the limit as the amplitude is reduced t§ll) can be regarded as the system (8) that is perturbed
zero, all dithers yield almost the same domain of attractioby a regular perturbation. Moreover, the perturbation can be
and accuracy. However, examples illustrate that for a fixeduced arbitrarily on compact sets by reducingind we
non-zero amplitude different dithers do produce differentan conclude that the solutions of the two systems can be
domains of convergence and accuracy. We use examplesntade arbitrarily close on compact time intervals by reducing
illustrate various behaviours and simulations to confirm out [2, Chapter 3]. Using trajectory based stability proofs in
theoretical findings. Our results should motivate the usef8] for perturbed systems, we can conclude that (11) is semi-
of extremum seeking control to experiment with differenglobally practically stable im (semi-global with respect to
dithers in order to achieve better convergence, domain tie setD). Using a transformation of coordinates given in
attraction or accuracy. [6], we can show that the actual system (2) can be regarded
Consider the following auxiliary gradient system: as the average system (11) that is additively perturbed with
: . a regular perturbation that can be reduced arbitrarily by
¢=Dh(¢+a7) . ®) reducingd. Hence, we can show appropriate closeness of
Because of Assymption 1, the system (8) has the propergplutions on compact time intervals between the actual and
thatz* is its asymptotically stable equilibriinLet D denote ~ average systems. We can use the trajectory based proofs for
the domain of attraction af* for the system (8) and note that Stability via averaging [9] to complete the proof. o
sinceh(-) is assumed smooth, the sBtis a neighbourhood ~ Remark 2:We emphasize that the auxiliary gradient sys-
of z*. In other words, a consequence of Assumption 1 is th&&m (8) plays a crucial role in terms of achievable perfor-
there existss € KL and a setD such that for alt > 0 the mance of the extremum seeking controller. IndeBdand

solutions of (8) satisfy: (6 are independenbf the choice of dither and Theorem 1
specifies how they affect the achievable domain of attraction
GeD = (O] =<B(cl1) ) D of the closed loop (2), as well as its speed of convergence

Using this auxiliary system, we can state our main result; Via the functions. °

Theorem 1:Suppose that Assumption 1 holds and con- Remark 3:We now discuss Theorem 1 in more detail to
sider the closed loop system (2) with an arbitrary dittiey ~ €xplain how dither shape affects the domain of attraction,
for which Assumption 2 holds, where > 0 is the dither @accuracy and convergence speed of the closed loop system.
amplitude. LetD and 3 come from (9). Then, for any strict Ve note that the controller parametes needs to be tuned
compact subseD of D and anyv > 0, there exists* > 0  appropriately in order for Theorem 1 to hold.

andé* > 0 such that for any: € (0,a*], 6 € (0,6*] and any Domain of attractionlt is shown that any dither satisfying
w > 0 we have that solutions of (2) satisfy: Assumption 2 can yield a domain of attractidn that is

. an arbitrary strict subset of the domain of attraction of the
ZoeD = |2(t)| < B (|Zol,0wa’Pa(t —to)) +410)  gradient system (8) itz and & are sufficiently small. We
for all t > t, > 0 and#(to) = Zo. o, emphasize _thab > 0 can be arbitrary and andé do not
depend on it.

Accuracy: The ultimate bound that is quantified by the
number v can be made arbitrarily small by any dither
satisfying Assumption 2 itz and § are sufficiently small.
Hence, in the limit, all dithers perform equally well in terms
3 of domain of attraction and accuracy.

s (i Lt 4 d (Z)) d (Z) : Convergence speede emphasize tha# in (10) is the
dr w w same agj in (9) for any ditherd(-). The main difference in
where d(=) has period2w in time scaler. We apply the speed of convergence comes from the scaling factor within

w

Sketch of proof of Theorem 1:Consider the system (2).
First, letw > 0 be arbitrary frequency of the dither and
introduce the change of time scate:= wt. Then, we can
rewrite (2) as follows:

Taylor series expansion fdr (Z 4+ 2* +d (Z)) aroundz +  the functiong:

x2* and average the obtained time varying function over the )

interval [0, 2] to obtain the average system in the form: 6-w-a” Py, (12)
dz = a®P,Dh(7 + z*) + a*Ra(a, & + ) | where§ i_s a controller parametet:z andw are respectively
dr the amplitude and frequency of dither afidis the power of

where R is the reminder that is bounded on compact set¢he normalized dither (with unit amplitude and peri2d).
uniformly in smalla. Introducing the change of time scaleNote also thatd is the integrator constant in Figure 1. Also,
s := a?P,T we can rewrite the above equation as follows: note that Theorem 1 holds for sufficiently smalandé that

di 2 are independent ab which is an arbitrary positive number.
— = Dh(Z + %)+ —Ry(a, T+ ") . (11) Ohbviously, if the product (12) is larger thdrthen the closed
ds P loop system (2) converges faster than the auxiliary gradient

IMoreover, all local maxima oh(-) are asymptotically stable equilibria system (8) Sim"arly' if the prOdUCt (12) is smaller than
of (8) and all local minima of(-) are unstable equilibria of (8). the system (2) converges slower than the gradient system (8).



The first observation is that for sufficiently smalland ¢ o
the bound in Theorem 1 holdsr any w. Hence, for fixed The following example illustrates that increasing the fre-
a, 6 and P; we have that the larger the, the faster the quency of dither while keeping, § and P; the same yields
convergence. In other words, Theorem 1 shows that in ofaister convergence.
case study we can achieve arbitrarily fast convergence of Example 1:Consider the quadratic mapping
the extremum seeking closed loop by makingufficientl
large. We emphasize gtjhat this reSLFI)|t iZ in gengal not poyssible h(w) = —( +4)° (13)
to prove it for general dynamic plants. For instance, th@hereDh (i +2*) = —2i. Itis trivial to see that in this case
results in [6] that are stated for general dynamical systenTs = R and 3(s,t) = se~%* (see Theorem 1). The dither is
provide a similar bound as in (10) under the strongethosen to bel(t) = asin(wt), wherew is the frequency.
assumption thav is sufficiently small. Hence, from (4) we havé®,;, = 1/2. The initial condition
Suppose now that, § andw are fixed and we are only is chosen as:y = —2. When we fixa = 0.5 andé = 0.1,
interested in how the shape of dither affects the convergengge output response with different frequencies is shown in
As we change dither, its (normalized) powey changes and Figure 2.
as we can see from (4) that the square wave will yield twice
larger normalized power than the sine wave and three times ° ‘ —
larger power than the triangle wave. Consequently, we caan |
expect twice faster convergence with the square wave than.,
with the sine wave and three times faster convergence than -
with the triangle wave. Our simulations and examples that we =
present in the sequel are consistent with the above analysis_
o o
Remark 4:A weaker version of Theorem 1 was proved r —
in [6] for the sine wave dither only. Indeed, the results —
in [6] do not consider arbitrary dither and the domain of = 20 w0 wo s e e o w0 oo
attraction and convergence estimates are not as sharp as in
Theorem 1. For instance, the relationship of convergence
rate and the domain of attraction to the auxiliary system |t js clear that the larger the is, the faster the convergence
(8) was not shown in [6] as this was impossible to do using;_
the Lyapunov based proofs used in this reference. On thewe note that for sufficiently smooth (or analytic) maps
other hand, using the trajectory based proofs adopted in thig.) we can use the Taylor series expansion in a similar way

paper, we can prove tight estimates as outlined in Theoregg in the proof of Theorem 1 to obtain for general dither
1. Moreover, in [6] it was not clear how the dither powy  that:

affects the convergence rate of the average system. Note that N
the functjonﬁ in (10) is the same for any dither satisfying d (3,q) = chd D% (7 + o) + R (a, & + 2*)
Assumption 2 and the only difference comes from the fact
that P, is different for different dithers. However, the values ; th o ]
of «* and* are typically different for different dithers.o where D*h denotes. thei™ derivative of i and fori =

Remark 5:We note that one can state and prove a mork 2 ---» N We have:
general version of Theorem 1 that applies to general dynami- 1 T _

. . . . d .__ d21 d

cal plants and in this cage) is an appropriate reference—tq— G = T(2i— 1) J, (s)ds .
output map. With extra assumptions on the plant dynamics, _ _
one can use singular perturbation theory to prove this mof@ Particular, for polynomials maps(;) we have that there
general result (see for instance [6] for a Lyapunov basediiSts sufficiently largeV such thatD*h = 0 for all i > N

proof in the case of sine wave dither). However, in this cas@"d henceRy = 0. Similarly, for more general analytic
we will need to require tha is sufficiently small . mapsh(-) we can write the average system as an infinite sum

The following proposition is obvious and it states thafvolving derivatives ofh. Different dither yields different
the power of the normalized square wave is larger than Gverage system which is a weighted sum of the derivatives of

equal to the power of any other normalized dither satisfyin§(*)- In particular, for a square wave, sine wave and triangle
Assumption 2. In other words, for fixedland a for which ~ Wave with amplitudea and period27 direct calculations

(10) holds, the square wave is guaranteed to produce thigld:

() 100 200 300 200 500 600 700 800 900 1000

Fig. 2. The output of the ES with different frequencies

i=1

fastest convergence over all dithers with the same amplitude sq 2. sq a*
and frequency. G = an 6 =
Proposition 1: Consider arbitraryl(-) satisfying Assump- win a al
tion 2. Then, we have that the power of the normalized dither R T (14)
satisfies: 4 a2 4 a

0<Pd§Psq:1- Ci = ?, Co :%



We discuss in more deta#l™ and 4'" order polynomials, Example 2: The simulation is done for the following
where we assume = 1. Consider the simplest possible casesystem wherev = 1:

of quadratic maps: @ = 0h(x + d(t))d(t)

hz)=—-2*+a1x+a . 5
() tawtao, In the new time scalg = x — z*, we have

&= 0h(& +a* 4 d(t)d(t) = —0(& + d(t))%d(t).

The averaged system in time= §t is

we have that
Dh(z) = -2z + ay

and sincex* = %4, we can write withz := z — z*:

dz
Dh(i +a*) = —2i . < =a’cDh(x) , (16)
Hence, the auxiliary gradient system (8) takes the followinghere ¢{ is given by (14) for the square wave, sine wave
form: and triangle wave. The simulation result is shown in Figure
(=-2C. 3, wherea = 0.1 andé = 0.5.
It is not hard to show that in this case for arbitrary dithé sauare wave iner

satisfying Assumption 2 we have that the average system is
of the form:
i=—2a>Py7 .

Hence, in this special case we have that the average syster---
for any dither satisfying Assumption 2 is globally expo- -
nentially stable. Indeed, for square wave, sine wave and-.-
triangular wave we have from (4) that the following holds -..}

for all o € R, t > 0, respectively: ol S ]
sq: [2(t)] < exp (*2‘12575) |Zo Fig. 3.  The performance of the extremum seeking schemes of different
sin |i(t)\ < exp (—a25t) |£0‘ excitation signal
2 . . .
tri: |Z(t)] < exp <3a25t> |Zo] - Simulations show that the extremum seeking controller

with the square wave dither converges fastest.
The square wave produces the fastest speed of convergencExample 3:In this example, we show that the square
for the average system among all dithers with the samgave may yield inferior accuracy compared to the sine wave
amplitude. The same can be concluded for the actual sysrd the triangle wave dithers with the same amplitugde
tem using the proof of Theorem 1. This suggests that thespecially for large values of. We use signalsi; (t) =
square-wave dither should be the prime candidate to usednq(t), d2(t) = asin(t) andds(t) = atri(t) of period 2.
schemes considered in [1], [6], although this dither is rarelgonsider the followingt!” order polynomial:
considered in the literature. Indeed, all references that we are

4 3 2
aware of use a sinusoidal dither signal. h(z) = —2” —16/32° + 222" + 120z +1,
Consider now4!” order polynomials. We can write in that has a global maximum at = 3, a local maximum at
general that: z = —5 and a local minimum at = —2. The plot of this
- - - function is given in Figure 4.
d _ d * d 3 *
fau(E,0) = IDW(E + 2%) + D (T + 27) (15) Using (14) and (15), we obtain the following average
where systems with different dithers:
I 1 T d1 — 20 4.3 _ 2
o = 7/ &2 (s)ds; = - d*(s)ds . Sz, a) a”(—4x” — 162 + 44z + 120)
T Jo 3! Jo +1/6a*(—24x — 32)
Moreover, for the square wave, sine wave and triangle wave  f%(z q) = a2?/2(—423 — 1622 + 44z + 120)
these (?c_)effluents are given in (14). _ +1/160* (—24x — 32)
Stability properties of the closed loop system (2) crucially ds 5 3 5
depend on the properties of the average system. Moreover, Jav (z,a0) = a /3(_%137 — 1627 + 44z +120)
the above formulas specify how the average system depends +1/30a™(—24x — 32) .

on different dither and they illustrate the flexibility th
may be gained through the choice of the dither signal.
emphasize that for any dither, the average system can — 1% (%, a)
written in the form (11) which indicates that for sufficiently AT

small a, the extremum seeking controller operates in almostith ¢ = 1,2, 3, it is possible to precisely determine the
the same way as classical "gradient descent” methods. domain of convergence and the accuracy of the average

"’\‘}\/Since for each fixed > 0 we are dealing with scalar systems
§fe the form:

ISI0
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Fig. 4. The plot of a4t order polynomial. Fig. 5.  The bifurcation diagram for different dithers with the same
amplitude.

systems with different dithers. Indeed, consider the following
equation a?) and we want to analyze the differences in accuracy and
di(z,a0) =0, domain of attraction as we vary the powErof the signals

. . . . . ) . (see Figure 6). In this case, average systems for different
for different dithers. This equation defines a b'furcat'orbithers are given by:

diagram that explains how the equilibria of the average

system change as is varied. Moreover, the bifurcation fiv(z,p) = p(—423 — 1622 + 44z + 120)

dzagram partitions the state space into regions on which +p2/6(—24z — 32)

% (z,a) is either positive or negative. In Figure 5, we .

plot(ted )bifurcation dpiagrams for th?ee differentgdithers with ai(.p) = p/2(—4a® = 162° + 44z + 120)

varying amplitude. For instance, the dotted lines in Figure +p*/8(—24x — 32)

5 represent the bifurcation diagram ff: (=, a). Moreover, f&(z,p) = p/3(—4a® —162% 4 442 + 120)

the "+” sign in Figure 5 indicates that in the area between +p?/10(—242 — 32) .

the two curves we have that?:(z,a) > 0 and the two

signs "-" indicate the areas wheré% (z,a) < 0. Hence, Using analysis similar to the one presented in Example 3,

with the aid of the bifurcation diagram we can analyzet can be seen from Figure 6 that the accuracy of extremum
the dynamics of the average system for each fiketbr seeking to the global maximum = 3 is better with the
any of the three dithers. It is obvious that for smallwe square wave dither than with the sine wave or the triangle
have that the system has attractive equilibria located in tiveave that have the same power. This is opposite from the
neighbourhood ot = 3 andx = —5 (respectively the global observations made in Example 3 for signals with the same
and local maxima of.(-)) and an unstable equilibrium in amplitude.

the neighbourhood of = —2 (the local maximum of.(-)).

However, the bifurcation diagram indicates that for 3.5 s -i —
we have that all solutions of the average system with the ! = g
square wave will converge to a neighbourhoodrof —1 :

whereas all solutions of the average system with the triangle
wave will converge to a neighbourhood of= 2. Hence, for w0
this amplitude, the extremum seeking controller with triangle
dither provides much better accuracy than the same controller . o+ T -.
with the square wave dither. ’

o .
Example 4:We revisit the system in Example 3 but in Ry

this case we consider dithers that have the same powers,
that is we use signald; (t) = asq(t), d2(t) = av/2sin(¢) ,
and ds(t) = av/3tri(t) with period 27. It is easy to see N
that the power of all three dithers js = «? for any a.
The reason for this comparison is that in this case we hawy. 6. The bifurcation diagram for different dithers with the same power.
that all three dithers yield the same convergence speed for
sufficiently smalla (since in (15) we have(* = ¢{2 = ¢fs =




[e]

Remark 6:If the mappingh(-) was known to the designer,
it would be easy to verify which dither performs best in
terms of accuracy or domain of attraction by plotting the
bifurcation diagrams such as the ones given in Examples 3
and 4. Hence, it may seem that we have all the tools needed
to make appropriate dither selection in general. However, the
underlying assumption in extremum seeking control is that
h(-) is unknown and, hence, the only way to verify which
dither performs better is through experimenting. o

Remark 7:The bifurcation diagrams presented in Figure
5 can be used to develop another extremum seeking scheme
that achieves global extremum seeking in the presence of
local extrema. It was shown in [7] under very general
conditions that this strategy yields global convergence under
certain assumptions on the bifurcation diagram. In particular,
it is required that there exists a solutiéfu) to the equation
fav(z,a) = 0, which is continuous, it is unique for large
a and such that(0) = z*. Note that all three bifurcation
diagrams in Figure 5 satisfy these conditions and, hence,
global extremum seeking is possible with the scheme from
[7]. The idea is to initially choose a sufficiently large
amplitude of the excitation signal and then reduce it to zero
sufficiently slowly. )

IV. CONCLUSION

We have presented results that illustrate how the choice
of dither affects the performance of an extremum seeking
scheme. Our results demonstrate that the dither is an im-
portant design parameter to be considered when tuning the
extremum seeking controller. For instance, it is shown that
for small amplitudes the square wave provides the best con-
vergence rate among all dithers of the same amplitude. Our
examples illustrate further the flexibility that may be gained
through dither design and simulations strongly support our
theoretical findings.
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