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OPTIMIZATION METHODS ON RIEMANNIAN MANIFOLDS VIA
EXTREMUM SEEKING ALGORITHMS *

FARZIN TARINGOO!, PETER M. DOWER', DRAGAN NESIC! AND YING TAN f

Abstract. This paper formulates the problem of Extremum Seeking for optimization of cost
functions defined on Riemannian manifolds. We extend the conventional extremum seeking algo-
rithms for optimization problems in Euclidean spaces to optimization of cost functions defined on
smooth Riemannian manifolds. This problem falls within the category of online optimization meth-
ods. We introduce the notion of geodesic dithers which is a perturbation of the optimizing trajectory
in the tangent bundle of the ambient state manifolds and obtain the extremum seeking closed loop as
a perturbation of the averaged gradient system. The main results are obtained by applying closeness
of solutions and averaging theory on Riemannian manifolds. The main results are further extended
for optimization on Lie groups. Numerical examples on the Stiefel manifold V32 and the Lie group
SE(3) are presented at the end of the paper.
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1. Introduction. Optimization on manifolds is an important research area in
optimization theory, see [2,38,44]. In this class of problems, the underlying opti-
mization space is a manifold and consequently the analysis differs from the standard
optimization algorithms in Euclidean spaces. Numerical techniques and methods for
optimization on manifolds should guarantee that in each step an optimizer is an el-
ement of the search space which is a manifold. Hence, optimization methods on
manifolds are closely related to geometry of manifolds, see [2,13,26,44].

As known, smooth manifolds can be embedded in high dimensional Euclidean
spaces (Whitney Theorem) [3]. This means that optimization on manifolds can be
carried out as constrained optimization problems in Euclidean spaces with sufficiently
large dimensions. However, the corresponding embeddings for each particular mani-
fold may not be available and algorithms developed on manifolds may be more effi-
cient in terms of convergence speed and computational burden [34]. The algorithms
investigated in this field range from simple line search methods to more sophisticated
algorithms such as trust region methods, see for example [5,46].

Optimization on manifolds can arise in a wide range of applications where the
search space is constrained. Its applications may appear in signal processing [27],
robotics [16], and statistics [11]. The main underlying assumption in most of the nu-
merical algorithms presented for optimization on manifolds is that the cost function
is available. This simplifies the implementation of numerical algorithms since various
numerical methods can be applied to calculate the sensitivity of cost functions to ob-
tain numerical optimization trajectories. However, in many problems, cost functions
may not be given in a well defined closed form. This necessitates generating a class of
numerical methods which do not explicitly depend on the closed form of cost functions
derivatives [37,39]. This is the main motivation of this paper and one of the major
contributions of this paper is presenting algorithms to address this class of problems
on Riemannian manifolds.

*This work was supported by the Australian Research Council Discovery Project DP120101144.
TDepartment of Electrical and Electronic Engineering, The University of Melbourne, {ftaringoo,
pdower, dnesic, yingt}@unimelb.edu.au.



2 Farzin Taringoo, Peter M. Dower, Dragan Nesi¢ and Ying Tan

Extremum seeking is a class of on-line or real-time optimization methods for op-
timization of the steady-state behavior of dynamical systems [22]. This method is
applied for optimization of both static functions and dynamical systems where the
optimizer does not have a model of the cost/utility function or dynamical equations.
In other words, either cost functions or dynamical systems are unknown for the op-
timization procedure and the optimization algorithm should be able to converge to a
vicinity of a local optimizer, see [8,14,15,19,22,29-31,40,43]. In this paper we only
consider the extremum seeking algorithms for optimization of static cost functions
and consequently we assume that cost functions are not available for the optimization
procedure.

Extremum seeking finds application in a vast area of dynamical systems including
robotics and mechanical systems. As is known, mechanical systems are mathemati-
cally modeled on manifolds which do not necessarily possess vector space properties,
see [1,6,7]. Traditionally, extremum seeking systems have been analyzed in the class
of unconstrained optimization methods on R™ where the vector space properties of
Euclidean spaces simplify the analysis.

In a more general framework, the underlying Euclidean spaces can be replaced by
Riemannian manifolds. To this end, we define a class of online optimization methods
where the optimization trajectories lie on manifolds. As an example, the standard
gradient descent and Newton methods are extended to their geometric versions by
employing the notion of geodesics on Riemannian manifolds, see [26,38]. In this pa-
per this step is done for extremum seeking algorithms by introducing the so-called
geodesic dithers which are the geometric versions of dither signals in standard ex-
tremum seeking framework, see [22,40]. This enables us to relax the metric constraint
of extremum seeking algorithms in Fuclidean spaces and generalize the extremum
seeking algorithms for a large class of optimization problems on generic Riemannian
manifolds. By employing the geodesic dithers, we guarantee that during the opti-
mization phase optimizing trajectories always lie on state manifolds. To analyze the
behavior of the closed loop system, we employ averaging techniques developed for
dynamical systems on Riemannian manifolds, [7,28], and apply results of closeness of
solutions to obtain closeness of optimizing trajectories to local optimizers.

A recent version of extremum seeking algorithms for optimization of cost functions
on submanifolds of Euclidean spaces appeared in [9]. In [9], the authors analyzed an
extremum seeking algorithm based on a Lie bracket approach. The method presented
in [9] is based upon embeddings of manifolds in Euclidean spaces and employs the
Riemannian metric induced by the ambient Fuclidean space. In this paper we present
an algorithm which can be applied to cost functions defined on manifolds with generic
Riemannian metrics (not necessarily Euclidean). This distinction is clarified via the
first example by optimization of a cost function on a Stiefel manifold with a non-
Euclidean metric. The algorithm presented in this paper does not require specific
embeddings of manifolds in Euclidean spaces and, hence can be used for a large class
of optimization problems on Riemannian manifolds.

In terms of exposition, Section 2 presents some mathematical preliminaries needed
for the analysis of the paper. Section 3 presents the extremum seeking problems on
Riemannian manifolds and in Section 4 we extend the extremum seeking algorithm
for optimization on Lie groups. In Sections 5 and 6 we present simple optimization
examples on V3o and SE(3) by applying the extremum seeking methods developed
in Section 3.
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2. Preliminaries. In this section we provide the differential geometric material
which is necessary for the analysis presented in the rest of the paper. We define
some of the frequently used symbols in Table 2. For the complete definitions see [25]
and [42].

TABLE 2.1
Symbols and Their Descriptions

Symbol Description
(M, g™) Riemannian manifold with metric g™
G Lie Group
* Lie group operation
X(M) space of smooth time invariant
vector fields on M
X(M x R) space of smooth time varying
vector fields on M
X(R x M) space of smooth parameter varying
vector fields on M
v Levi-Civita connection
exp,, restricted exponential map
T,M tangent space at x € M
TM tangent bundle of M
TFM cotangent space at x € M
T*M cotangent bundle of M
2

basis tangent vectors at x € M

a(; representation of basis tangent vectors in the Lie algebra £
dx; basis cotangent vectors at x € M
f(z,t) time varying vector fields on M
[ - []gae Riemannian norm
gM(.,- Riemannian metric on M
a(,-) Riemannian distance on M
C*(M) Space of smooth functions on M
o flow associated with f
TF pushforward of F'
T.F pushforward of F' at x
R-o (Oa OO)
R>o [07 OO)

2.1. Geodesic Curves. Geodesics are defined [17] as length minimizing curves
on Riemannian manifolds which satisfy

Viwi(t) =0,
where 7(-) is a geodesic curve on (M, g™) and V : X(M) x X(M) — X(M) is the
Lewi-Civita connection on M, see [23].

DEFINITION 2.1 ([23], P. 72). The restricted exponential map is defined by

exp, : TuM — M, exp,(v) =,(1),ve T, M,
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where v, (1) is the unique mazximal geodesic [23, P. 59] initiating from x with the
velocity v up to one.

Throughout, restricted exponential maps are referred to as exponential maps. An
open ball of radius § > 0 and centered at 0 € T, M in the tangent space at x is
denoted by Bs(0) = {v e T, M | ||v|[gm < 0}. Similarly, the corresponding closed ball
is denoted by Bs(0). Using the local diffeomorphic property of exponential maps, the
corresponding geodesic ball centred at x is defined as follows.

DEFINITION 2.2 ([23], p. 76). A normal neighborhood around x € M is any
open neighborhood of x which is a diffeomorphic image of a star shaped neighborhood,
see [25], of 0 € T, M under the exponential map exp,.

LEMMA 2.3 ([23], Lemma 5.10). For any x € M, there exists a neighborhood
B;s(0) in T, M on which exp, is a diffeomorphism onto exp, (B;s(0)) € M.

DEFINITION 2.4 ([23], p. 76). In a neighborhood of x € M, where exp, is a
local diffeomorphism (this neighborhood always exists by Lemma 2.3), a geodesic ball
of radius § > 0 is denoted by exp,(Bs(0)) € M. The corresponding closed geodesic
ball is exp,(Bs(0)).

DEFINITION 2.5. The injectivity radius of M 1is

(M) = inf 1(a),
where (x) = sup{r € Rxo| exp, is diffeomorphic ontoexp,(B;(0))}.
DEFINITION 2.6. The metric ball with respect to d on (M, gM) is defined by

B(z,r)={ye M| d(z,y) <r}.

The following lemma reveals a relationship between normal neighborhoods and metric
balls on (M, g™M).

LEMMA 2.7 ([33], p. 122). Given any € € R=g and x € M, suppose that exp,, is
a diffeomorphism on B.(0) c T, M. If B(x,r) < exp, B.(0) for some r € R~y, then

exp, B-(0) = B(z, ).

This paper focuses on dynamical systems governed by differential equations on a
connected n dimensional Riemannian manifold (M, g*). Locally these differential
equations are defined by (see [25])

2(t) = f(2(t),1), feX(M xR),
x(0) = zg € M,t e [to,tf) € R,

where ¢ can be infinite (complete vector fields). The time dependent flow associated
with a differentiable time dependent vector field f is a map ®¢ satisfying

(I)f : [to,tf) X [to,tf) x M — ]\47
(2.1) (sf,50,2) — Py(sy, s0,x) € M,
and szt = f(®s(t, so,x),t). One may show, for a smooth vector field f, the
integral flow ®(s,to,-) : M — M is a local diffeomorphism, see [25].

2.2. Lie groups. As is well known, a Lie group (G, *) is a Riemannian manifold
equipped with operations ¢; * go and g~—' where ¢1,g2,9 € G which are smooth in
their topologies (x is the group operation of G), see [21,45]. We recall that the Lie
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algebra L of a Lie group G (see [7], [45]) is the tangent space at the identity element e
with the associated Lie bracket defined on the tangent space £ = T.G of G. A vector
field X on G is called left invariant if Vgi,92 € G, X(g1 % g2) = Ty,91 * X(92),
where gx : G — G, gx (h) = g*h, Thgr: TG — Ty, G which immediately implies
X(gre) = X(g) = Teg » X(e). Without further confusion, we simply use Tpg as
the pushforward of gx at h € G instead of T} g* in the rest of the paper. For a left
invariant vector field X, we define the exponential map on Lie groups as follows:

(2.2) exp: L —> G, exp(tX(e)) =d(t,X),teR,

where ®(¢, X) is the solution of g(t) = X(g(t)) = Teg(t)X(e) with the boundary
condition ¢g(0) = e. It may be shown that the solution of §(t) = X (g(t)) with initial
condition gy € G is given by gg * exp(tX(e)) where  is the group operation of G,
see [7]. A Riemannian metric g¢ on a Lie group G is left invariant if

95 (X(92),Y(92)) = 95 g0 (T0291 X (92), Tgo 1Y (92)), X, Y € X(G).

Analogous to left invariant metrics, right invariant Riemannian metrics on G are
defined. A Riemannian metric which is both left and right invariant is called bi-
invariant. The Levi-Civita connection corresponding to a left invariant Riemannian
metric ¢¢ is denoted by V&. It may be shown that the Levi-Civita connection of a left
invariant metric is left invariant i.e. (see [7]) T (V§Y) = VggXTgY. The following
lemma gives a relationship between the exponential maps (2.2) and geodesics on Lie
groups.

LEMMA 2.8 ([32]). Assume G is a Lie group which admits a bi-invariant Rie-
mannian metric. Then, for a left invariant vector field X on G we have exp(tX (e)) =
exp, (tX (e)), where exp(tX (e)) is the exponential map (2.2) and exp,(tX (e)) is the
geodesic emanating from e by velocity X (e).

3. Optimization on Manifolds and Extremum Seeking. Let us consider
the optimization of a smooth function J : M — Rso, where (M, gM) is an n di-
mensional smooth Riemannian manifold. Extremum seeking algorithms are a class
of online optimization methods developed for minimizing/maximizing smooth func-
tions defined on Euclidean spaces. These methods can be applied to both static and
dynamic functions. In this paper we restrict our analysis to static functions defined
on Riemannian manifolds. The simplest form of the extremum seeking algorithm is
given by minimizing/maximizing a scalar function J : R — R, see [40]. The dither
signal asin(wt) provides a variation of the searching signal Z(¢) in the one dimen-
sional space R. The output z(t) € R of the extremum seeking controller at time ¢ is
x(t) = &(t) + a sin(wt), where £(t) € R is the corresponding output of the integrator.
The closed loop dynamics in # coordinates are described by

(3.1) &(t) = kasin(wt)J(2(t) + asin(wt)).

The next lemma shows that, on average, the extremum seeking is a perturbation of
the gradient algorithm.

LEMMA 3.1 ([40]). Consider the extremum seeking scheme given in (3.1). Then,
the average vector field of the extremum seeking algorithm is in a perturbation form
of the gradient algorithm &(t) = Lg?%|j=j(t) in & coordinates.

The proof is based on the Taylor expansion of the cost function J in & coordinates.
Here, we extend the framework above for optimization of cost functions defined on
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finite dimensional Riemannian manifolds. The main challenge is to introduce a class
of dither signals which perturb the optimizer # without violating the restrictions
imposed by the ambient manifolds. This is done by employing the so-called geodesic
dithers as follows.

Consider an n dimensional Riemannian manifold (M, g™). For any = € M, we
consider the following local time-varying perturbation

(3.2) xp(t) = exp, (Z a; sm(wit)ami> , 0 <w;,a,

i=1

where {o%}’ it =1,---,n, are the base tangent vectors in the tangent space at z. As
formalized in Definition 2.1, exp, v is a geodesic emanating from x € M with velocity
v e T, M. In this case we perturb the optimizing trajectory in n different coordinates
on M with different frequencies w;, i =1, --,n. Motivated by the classical extremum
seeking, we present a time-varying extremum seeking vector field f(&,t) € Tz M for
optimization on (M, g™) which is locally given by

(3.3) f(z,t) = ki;ai sin(w;t)J (expi Z a; sin(wjt)a> aixz e Tz M.

o1 83:j

In this paper we assume that the optimization problem is to minimize a cost function,
hence without loss of generality assume k = —1. Finally, the optimizing trajectory
Z(+) is a solution of the time dependent differential equation

(3.4) B(t) = f(@(t),t) € Tay M.

The closed loop system (3.4) is called the extremum seeking system on (M, g™). Note

that ¢ appears as a parameter in exp;, (Z?:l a; sin(wﬁ)%) That is to say

O :

exp; (2 a; sm(wit)axi> = exp; (77 Z a; Sm(wit)&m) ln=1,

i=1 i=1

where 1 and t are independent. Also note that the vector field (3.3) does not re-
quire any information about the gradient of J. However, cost function J should be
observable for the optimizing algorithm at time ¢.

The next lemma proves that on compact Riemannian manifolds, for all x € M,

one may choose parameters a; > 0 sufficiently small such that

exp, (Z?=1 a; sin(w;t) %) € exp,, (BL(I) (O)) These results will be employed to obtain
the Taylor expansion of cost functions on Riemannian manifolds along geodesics.
LEMMA 3.2. Consider the geodesic dither introduced by (8.2) on a smooth n

dimensional compact Riemannian manifold (M,g™). Then for all x € M, we may
select a; > 0, i = 1,---,n, such that for all t € R, exp, (ZZ;l a; sin(wit)a%i) €
€XP, (BL(QL') (0))

Proof. Since M is compact and smooth then +(M) is strictly positively bounded

from below, see [20]. Hence, there exists k € R~¢ such that for all x € M, k < v(z).
The Riemannian norm of the dither signal is given by

2 n
= Z a;a; sin(w;t) Sin(wjt)gM (;,;)
€Z; Zj

gM i,j=1

n a
E i sin(w;t o
i 1a sin(w;t) i
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il
Ox;’ Ox;

Since M is compact, Y. =19 M2 ) attains its maximum on M. Hence, a; >

0, i=1,---,n, may be selected sufficiently small such that || },}" , a; sin(w; t) ||£27M <

K2, Vte IR, which completes the proof. O

We adopt the following assumption for the cost function J on (M, g*) and the
dither frequencies w;, ¢ = 1,---,n. This assumption is compatible with the main
assumption on dither frequencies in [12] for multi-agent extremum seeking algorithms.

AssuMPTION 1. Cost function J : M — Rsq is smooth and locally positive
definite in a neighborhood of a unique local minimum x* € M, where J(x*) = 0. The
dither frequencies are w; = wiv;, where w; s rational, W; # w;, 2w; # W;,j # 1 and
w; # wj + Wy, for distinct ¢, 7, k, where w;,w € Rso,%,j,k€1,---,n.

Here we introduce the gradient and average systems which correspond to the
extremum seeking vector field (3.3) on (M, g™). For the smooth function .J : M —
R>o, in this paper, the gradient system is defined by

(3.5) Z ai

where the set {%,@ =1,---,n} is a basis of T, M. We note that the formal definition
of the gradient gradJ of J is given by [17] as

(3.6) dJ(X) = gM(gradJ, X), X e X(M),

where dJ is the one form differential of J locally given by dJ = ZZ 132, eT*M.
Note that the existence of gradJ in (3.6) is implied by an apphcatlon of Riesz rep-
resentation theorem since d.J belongs to the dual space T*M and g™ (-,-) defines an
inner product on T, M, see [35]. In this case,

gradJ (z Z )V o J(z)=— d

oz al'j

where [gij]_ _: [9:/]7*. Hence, the formal gradient system corresponding to J is z(t) =
- =197 (z( ))V J(x(t )) ¢ . However, in this paper, we adopt the terminology

that the gradient system of J refers to (3.5). The scaled version of the gradient system
(3.5) is locally given as

(3.7) () = Zé ))ai a; > 0.

With no further confusion we refer to the scaled gradient system as the gradient
system. For a periodic time varying vector field f(x,t), the averaged dynamical
system is defined as follows

(3.8) i(t) = Fa( f fa

where T is the period of f, i.e. f(x,t) = f(x,t + T). The following lemma proves
that, on average, the extremum seeking system (3.4) is a perturbation of the scaled
gradient system of J.

LEMMA 3.3. Consider the extremum seeking system in (3.4) on a compact Rie-
mannian manifold (M, g™) where the optimizing trajectory is perturbed by the geodesic
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dither presented in (3.2). Then, subject to Assumption 1, the averaged dynamical sys-
tem of (3.8) is a perturbation of the scaled gradient system (3.7) of J.

Proof. See Appendix C. O

The results of Lemma 3.3 imply that the state trajectories of the averaged dynam-
ical system (3.8) can be estimated by the state trajectories of the scaled gradient sys-

tem (3.7). In the case a; = a;, i,j =1,---,n then &(t) = =X | & V J( (t))a%l
is identical to (3.5).

REMARK 1. We analyze properties of the state trajectory of (3.4) based on the
state trajectory of the average system (3.8). Also stability properties of the scaled

gradient system () = — > | % v 2 J (x(t)) 52 9 facilitate closeness of solutions be-

tween the time varying dynamical bystem (3.3) and the scaled gradient system (3.7).
The same results on Euclidean spaces are presented in [36]. The following lemma
gives the uniform local asymptotic stability of the scaled gradient system obtained in
Lemma 3.3.

LEMMA 3.4. Consider the gradient dynamical system (3.7) on a compact con-
nected n dimensional Riemannian manifold (M, g™). Then, subject to Assumption
1, J is a Lyapunov function and x* is locally asymptotically stable (see [18]) for the
scaled gradient system (3.7) on (M, g™)

Proof. See Appendix C.1. O

The following theorem is the main result of this paper which gives a local conver-
gence of the geodesic extremum seeking system to a unique local minimum /maximum
of J on an n dimensional compact connected Rimeannian manifold (M, g*).

THEOREM 3.5. Consider the geodesic extremum seeking system (3.4) on a com-
pact connected n dimensional Riemannian manifold (M, gM), where w; = ww;,i =
1,---,n satisfy Assumption 1. Assume x* € M is a unique local optimizer of J :
M — Rsqg. Then for any neighborhood Uy« € M of x* on M, there exist sufficiently
small parameters a; > 0, i =1,---,n, sufficiently large frequency w and a neighbor-
hood of x* denoted by U x C M such that for any xg € Uw*, the state trajectory of
the closed loop system (8.4) initiating from xo ultimately enters and remains in Uyx .

Proof. See Appendix C.2.

REMARK 2. The compactness assumption of M in Theorem 3.5 can be relazed
when the proof is carried out in a compact neighborhood of x™*. This type of relaxation
is illustrated in the proof of Theorem 4.6 in Appendiz D for extremum seeking systems
on non-compact Lie groups. The presented technique can be directly applied to non-
compact Riemannian manifolds.

DEFINITION 3.6. Let X,Y € X(M) be smooth vector fields on M, where it may
be shown that @y (t,to,.) : M — M is a local diffeomorphism (see [1]). Let us denote

T, <I>(t’t°)71 as the pushforward of @il(t,tg, )M — M at x € M. Define the pull
back of <I>(t to) = Oy (t,t0,-) by <I>$’t°) denoted as follows.
B L 2 (M) - X(M),
% —1
(¢$’t0) X) (z) = T@y(t,tu,x)q)g’to) X(®y(t,to, 2)),
(3.9) XeX(M),xe M,teR.
In R", for a diffeomorphism ¢ : R™ — R™ and X € X(R™), we have

¢! 07!
G ox06) () = (X)),

(@)@ = (%
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LEMMA 3.7. Consider a T periodic time varying dynamical system & = ef(x,t), € €
R0, where f(x,t+T) = f(x,t), on an n dimensional Riemannian manifold (M, g™).
The averaged dynamical system is given by & = ef(z), where f(z) = T S(? fx,s)ds.
Consider the combination of state flows (( ) = @Elzo) o @ef(t,to,xo) =

D7 (1,0, D (t,t0,0)) € M where Z(t,x) So (f(x (z,s))ds. Then ((-) satisfies

0 = @3+ [ @ (- nyas] o,

where (<I>_1)£25)* is the pullback (see [7]) of the local diffeomorphism (<I>_1)£;S) =
CI);Zl (la S, )

Proof. The proof parallels the results of [7], Chapter 9 and [28] on R™ and is
omitted. O

Lemma 3.7 is employed to obtain closeness of solutions for the dynamical systems
(3.3) and its averaged system as per Lemma 3.3. The full proof of Theorem 3.5 is
given in Appendix C.2.

4. Extremum seeking on Lie groups. The extremum seeking system (3.4) is
modified for optimization on Lie groups. In this case we employ the group structure of
the ambient manifold and define the extremum seeking vector field along the exponen-
tial maps on Lie groups. This makes the computation of the geodesic dithers defined
before particularly simple for matrix Lie groups. The following lemma characterizes
geodesics on Lie groups which admit bi-invariant Riemannian metrics.

LEMMA 4.1 ([32]). Assume G is a Lie group which admits a bi-invariant Rieman-
nian metric. Then for a left invariant vector field X on G, g« exp(tX) is a geodesic
emanating from g € G.

The geodesic dither (3.2) is given along exp on a Lie group G by

- 0
(4.1) gp(t) = g *exp <Z; a; Sin(wit)agi> , 9,9p €G,
where aigv i = 1,---,n are the base elements of the Lie algebra L. Note that

exp (Z?Zl a; sin(wit)a%T) is given by the solution of the left invariant time depen-
dent vector field
X(t,g) =Teg (Zl 1 @i sin(w;t) FZ ) € X(R x G) initiating from e € G, where

(Z? 1 @ sin(w;t) 2 ) € L. The extremum seeking vector field on G is then defined by
(4.2) 2 a;sin(w;t)J | g x exp Z a; sin(w;t) =— 4 T.g (6) e T,G,
=1 a9, 0gi

where T,.g (%), i = 1,---,n are tangent vectors at T,G. Similar to (3.4), the

extremum seeking system on (G, ) is defined as
(4.3) 9(t) = f(g,t), g(t) € G.
One may easily verify that T,(g1 * g2) (%) =Ty (Tg2 (%)) which shows

that T.g (%) is a left invariant vector field. Note that f(g,t) is not necessarily



10 Farzin Taringoo, Peter M. Dower, Dragan Nesi¢ and Ying Tan

left invariant since J(g1 * g2 * exp(D;_; a;sin(w;t))) = J(g2 » exp(Dl;_, a; sin(w;t)))
does not hold in general. The following theorem gives the stability of the geodesic
extremum seeking algorithm (4.2) on compact Lie groups.

THEOREM 4.2. Consider the extremum seeking system (4.3) on a compact con-
nected n dimensional Lie group G, where w; = ww;, i = 1,---,n satisfy Assump-
tion 1. Assume g* € G is a unique local optimizer of J : G — Rsq. Then for
any neighborhood Ugx <= G of g* on G, there exist sufficiently small parameters
a; >0, 1 =1,---,n, sufficiently large w and a neighborhood Ug* c G of g* such that
for any go € U, g%, the state trajectory of (4.2) initiating from go ultimately enters and
remains in Ugsx.

Proof. Slnce G is compact then it possesses a bi-invariant Riemannian metric,
see [32]. Hence, Lemma 4.1 implies that g x exp(n Y., a; sin(w;?) 3;), neRisa
geodesic through g € G and the proof is identical to the proof of Theorem 3.5. O

In the case that G is not compact or does not possess a bi-invariant Riemannian
metric we employ the Taylor expansion of smooth functions on G, given in [21] in order
to prove Theorem 4.2. This alternative case is codified via the following Lemma.

LEMMA 4.3 ([21]). Consider a left invariant vector field X € X(G) which is
identified by X (e) € L. Then for a smooth function J : G — R we have

1

g epX@) = ) FXT)@) + o | (1= ") g > explaX (e)ds.

where X7.J(g) = %J(g *exp(tX(e))) |t=o -

LEMMA 4.4. Consider the extremum seeking system in (4.3) on a connected
Lie group G where the optimizing trajectory is perturbed by the exponential dither
presented in (4.1). Then, subject to Assumption 1, the averaged dynamical system
of (4.2) is a perturbation of the first order variation X,(g)J, where X,(g) is the left
invariant vector field identified by Xq(€) = >, a2i,

Proof. The proof follows the results of Lemma 4.3 and parallels the proof of
Lemma 3.3 and hence is omitted. O

LEMMA 4.5. Consider the gradient dynamical system
g=->r, o (Tegaq J) (g)Tega%i7 g € G on an n dimensional Lie group (G, *).
Then subject to Assumption 1, g* is locally asymptotically stable on (G, ) for the
gradient dynamical system.

Proof. The proof parallels the proof of Lemma 3.4 and hence is omitted. O

The following theorem parallels Theorem 4.2 for optimization on connected Lie
groups which do not admit bi-invariant Riemannian metrics.

THEOREM 4.6. Consider the extremum seeking system (4.3) on a connected n
dimensional Lie group G which admits no bi-invariant Riemannian metric. Assume
g* € G is a unique local optimizer of J : G — Rxo and w; = ww;, i=1,---,n, where
J and w; satisfy Assumption 1. Then for any neighborhood Ugx < G of g* on G,
there exist sufficiently small parameters a;, i = 1,---,n, sufficiently large w and a
neighborhood U x C G of g* such that for any go € U, g%, the state trajectory of (4.2)
initiating from go ultimately enters and remains in Ug*.

Proof. See Appendix D. O

5. Example on Stiefel manifolds V,, ,. In this section we consider an opti-
mization problem on a Stiefel manifold V35. As is known V;, , consists of n by p
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(p < n) orthogonal matrices such that (see [2])
(5.1) Vip = {X e Rnxp|XTX — p,p}'

The Stifle manifold V;, ,, can be considered as the quotient space O,,/O,,—, where O, is
the orthogonal matrix group. The equivalence classes are given by right multiplication,
see [10]. In [10] the authors have shown that the tangent vectors at X € V,, ,, are given
by

(5.2) A=XA+X,BeTxVy,,

where X is the n by n—p orthogonal compliment of X such that XXT+Xle =1Inn
and A and B are arbitrary p by p skew symmetric and n — p by p matrices. For V,, ,,
we consider a canonical Riemannian metric which is not the same as the Euclidean
metric of V,, , as a submanifold of R"*P. This metric is given by

1
(53) gVn,p (Al, Ag) = it’l’(A{Az) + t’I“(B{BQ),

where Ay, Ay € TxV,, , and Ay, As, Bi, By are their representations at X. It is im-
portant to note that the settings of this problem do not satisfy the hypotheses of the
method presented in [9] (we do not consider the submanifold Euclidean metric on
Vi.p) and therefore cannot be tackled by their algorithm. By employing the approach
presented in this paper, we are able to calculate the geodesic curves with respect to
the canonical Riemannian metric and implement the optimization algorithm formu-
lated in Section 3. By employing the results of [10], the geodesics emanating from
X (0) = X with the initial velocity X (0) = H are given by

(5.4) X(#)=XM(@t) + (Inn— XXT)Hf M (t)dt,
0

where M — XTM + HT(I,,,, — XXT)HM = 0, and M(0) = I, ,, M(0) = X" H. For
our example we select n = 3 and p =2. As V,, , is a % + p(n — p) dimensional
manifold then V3, is a three dimensional manifold and hence the tangent space at
X € V32 is a three dimensional vector space. Hence, we consider the following geodesic

dither to construct the extremum seeking vector field.

(5.5) X, =expy <a1 sin(wlt)X( (1) _01 ) + X1 (azsin(wst) agsin(wst) )).

Following [10], the cost function to be minimized is considered as
1
(5.6) J(X) = 5tr(XTYXN),

where Y and N are 3 by 3 and 2 by 2 symmetric matrices respectively. In this

1 35
example Y =| 3 5 7 |and N = ( ;) i ) The algorithm starts from X (0) =
5 7 9
1 1
V2 V2
% % . The minimization of the cost function and convergence of X (t) are
0 0

shown in Figure 5.
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Cost
First Column

2000 4000 6000 5000 10000 I . A i H i
leration o 2000 4000 8000 BOOO
ltzration

Sacond Column

1 1 1 1
] 2000 4000 6000 8000 10000
lteration

Fi1G. 5.1. Cost and state convergence on V3 2.

6. Example on SE(3). In this section we give another conceptual example for
an orientation control on SF(3), which is not compact.

As is known, SE(3) is the space of rotation and translation which is used for
robotic modelling. We have

55G) = { (3590 4% ) R gaoq € SO@) e B,

where ggo(3) models rotation and gr models translation in R3. The Lie algebra of
SE(3) which is denoted by se(3) is given by (see [45])

se(3) = {( ngS (;) > e R*™| Seso(3),ve ]RB}.

10000
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Let us consider the cost function J : SE(3) — R as

1 1
J(9) = tr((gso@) — 9E0) " sos) — GEoe)) + 3 llgr = ||,

where 9§0(3) is the optimal orientation matrix in SO(3) and r* is the optimal distance

from the origin in R3. The optimal solution for the optimization problem above

* ,r*

is < 550(3) ] ) € SE(3). The cost function above minimizes the distance from
1x3

the orientation 920(3) and distance from r*. Without loss of generality, we assume

9;0(3) = I3x3 € SO(3) and r* = (0,0,0) € R3.
The Lie algebra se(3) is spanned by

01 0 O 00 1 0 00 0 O
s |-1o000) . o000, o010 | s
og1 0 00 0 |’02 |1 0 0 0 |09 0—-1 0 0 |09 —
0 0 0 O 0 0 0 0 00 00
0 0 01 00 00 0 0 0 0
0 0 0 O 0 0 0 1 o 0 0 0O .
0000 @ =|0000|™ % =|000o 1 | Forthi
0 0 0O 00 0O 0 0 0O
example the dither vector X (¢, e) at the Lie algebra se(3) is given by

0  arsin(wit) agsin(wst) agsin(wgt)

6 : : :
. 0 —aq sin(w1t) 0 az sin(wqt) as sin(wst)
X(t,e)= Zl @i sm(wit)a—gi | —assin(wst) — agzsin(wat) 0 ag sin(wet) |’
' 0 0 0 0

(6.1)

hence, the dither vector field is given by X (t,9) = g - X (¢,¢e), where g € SE(3).
Similar to the example on SO(3), the extremum seeking vector field on SE(3) is
given by the following vector field

6

6
) . ) 0 0
flg,t) = — E a; sin(w;t)J (g exp E a; sm(o.)jt)—a )ga ,
i=1 j=1 gj gi

where exp is the exponential operator defined on SE(3). On SE(3) the exponential
map does not coincide with geodesics since SE(3) does not admit a bi-invariant Rie-
mannian metric, see [32]. Hence, we employ the results of Theorem 4.6 to guarantee
a local convergence of the algorithm.

In this case, the exp operator is not the same as the exp operator on SO(3).

0 a b
For a tangent vector V) e se(3), where S = —a 0 c¢ |, we have
O1x3 0 —b —c 0
S v exp(S) Av (1—cos(9)) (6—sin(6))
eXP(( O1x3 0 >) B ( O1x3 1 s where A = gz + =5 + gz — 5%,

and 0 = va? + b2+ c2. In the case that 6 = 0, we have exp <( g é) >) =
1x3

(on” )
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Cost
91192193

. . . 1 . !
0 50 100 150 200 250 300 350 400
Time

912
— 9

- =9

200 250 300 350 400
Time

Fic. 6.1. Cost and state convergence on SE(3).
The optimizing trajectory g(-) is a solution of the time dependent differential

equation

9(t) = f(g(t),t) € T,SE(3).

The algorithm initiates from the initial orientation at
cos(§) —sin(%) 0

gso(0) = | sin(§) cos(f) 0 | e SOB3) and gr(0) = (1,—-1,2) € R®. The
0 0 1
amplitudes and frequencies areset at a1 = --- = ag = .l and w; = 2i+.1, i =1,---,6.

The results for the convergence of the cost function and the state trajectory
gui(t) g12(t) g1s(t) g1a(t)

_ | 921(t) g22(t) gas(t)  goa(?) R
g(t) = g (D) gt gss(t) gaalt) € SE(3) are shown in Figures 6.1 and 6.2.
0 0 0 1

Appendix A. Averaging on Riemannian manifolds.



Optimization Methods on Riemannian Manifolds via Extremum Seeking Algorithms

12 T T T T T T 250
==-9

923

0.8 1 151

0.6[

0.4r

913923933

0.2r

15

— %

924

"%

_0'40 50 100 150 260 250 300 3é0 400 _1':0 50 100 150 260
Time Time

25

2 9(0=(1-1,2)
15
1
0.5
0
0.5

0 1.5
-05 1
0.5
_1 0
-15 -0.5

F1G. 6.2. State convergence on SE(3).

Let us consider a time varying perturbed dynamical system as

z(t) = ef(z(t),t), feX(M xR),zpe M, €¢=0,

where f is periodic in ¢ with the period T, i.e. f(z,t) = f(z,t+ T). Such a system

is referred to as T-periodic. The averaged vector field f is given by
. 1 (T
(A1) f = 1 | fass
0

where the average dynamical system is locally given by @(t) = ef (2(t)).

In order to obtain closeness of solutions for dynamical systems we employ the
notion of pullbacks of vector fields along diffeomorphisms on M as per Definition 3.6.
We have the following lemma for the variation of smooth parameter varying vector

fields.
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LEMMA A.1 ([4], Page 40, [7], Page 451). Consider a smooth parameter varying
vector field Y (A, z), where Y € X(R x M) with the associated flow @y (t,to,-) : M —
M. Then,

J (tt)f((st)*a )
— Oy (t,t0,x0) = Ty @y ° O —Y (1) | (zg)ds =
B (t,t0, o) v Y a)\()(o)
' (6,5)% 0
(A2) J ((I)il)Y7 ay()‘v )dSO (I)Y(tathxO) € T‘I’y(t,to,wo)M7
to

where Ty, <I>§f’t°) is the pushforward of ®y (t,to,-) at xg and (Q_l)gf’s)* is the pull back
of ®71(t,s,-)y as per Definition 3.6.

Appendix B. Stability of perturbed systems on Riemannian manifolds.
Consider the following perturbed dynamical system on (M, g™).

(B.1) &(t) = f(x,t) + h(z,t), f,he X(M x R).

The term h is considered as a perturbation of the nominal vector field f. The next
lemma gives the existence of Lyapunov functions for dynamical systems on Rieman-
nian manifold which satisfy specific local properties.

LEMMA B.1 ([41]). Let z* be an equilibrium for the smooth dynamical system & =
f(z,t) which is uniformly asymptotically stable (see [18]) on an open set Nyx < U
U is a normal neighborhood around x* ). Assume ||T, f(-,t)|| is uniformly bounded
with respect to t on Nyx, where || - || is the norm of the bounded linear operator
Tf:TM — TTM. Then, for some Uy« < U]y, there exist a differentiable function
w: M xR — Rsg and a1, as,a3,04 € K (family of continuous, strictly increasing
and zero at zero functions, see [18]), such that for all © € Uy and t € [tg, 0),

(1) : oy (d(z,z*)) < w(z,t) < as (d(z,x*)),
(ii) : Ly@pw < —az(d(z,z%)),
(B.2) (191) : ||Tpwl|| € ayq (d(z,z*)),

where d(-,-) is the Riemannian metric, L is the Lie derivative and Tw : TM — TR ~
R x R is the pushforward of w.
Note that the lemma above holds for the time invariant gradient system z =

2 5
-3 %’V _o_J(x)z5- since by Lemma 3.4 the gradient system is locally asymptot-
ox bk

ically stable. In this case the Lyapunov function w is time invariant. By the results
of Lemma 3.4, it has been shown that J can be considered as a Lyapunov function.
However, generally, w may not be necessary identical to J. One may show that items
(i)-(iii) in Lemma B.1 locally hold for J around z* when Assumption 1 is satisfied.
Also note that for a compact manifold M, ||T,f]|| is a bounded operator and the
hypotheses of Lemma B.1 are satisfied for the extremum seeking algorithm (3.3) on
compact Riemannian manifolds.

The following theorem gives the stability of (B.1), where the nominal system is
locally uniformly asymptotically stable.

THEOREM B.2. Let x* be an equilibrium of dynamical system & = f(x,t), which
is locally uniformly asymptotically stable (see [18]) on a neighborhood Ny < U
(U is a normal neighborhood around x* ). Assume the perturbed dynamical system

x

(B.1) is complete and the Riemannian norm of the perturbation h € X(M x R) is
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bounded on Nyx, i.e. [|h(z,t)||gn < 6,2 € Nyx,t € [to,0). Then, for sufficiently
small 8, there exists a neighborhood Uy« and a function p € K, such that

limsup d(® s (t, o, 20), 2*) < p(9), o € Upsx.

t—o0

Proof. See [42] fo the detailed proof. O

Appendix C. Proof of Lemma 3.3 . The cost function J may be expanded
along geodesics by using the Taylor expansion on Riemannian manifolds in nor-
mal neighborhods, see [38]. We employ Lemma 3.1 to guarantee that there exist
aj, i =1,--+,n, such that exp, >\ | a; sin(w;t) ai € exp, (BL(x) (0)) Then the Tay-
lor expansion of J along the geodesic exp, §X, 0 < 0, where X € T, M, is given by
(see [38])

gmfl

J(exp, 0X) = J(z) +0(VxJ)(x) + ... + ] X

gm 1
WL (1— 5" 'V J(exp, s6X)ds,0 < 6 < 6%,

which is equivalent to

(C.1) (VL) (z) +

J(exp, 0X) = J(x) + 0(dJ(X))[o + ... + (:Lm__l)! X (VI72dJ) (X)), +
(meinl)! Ll(l —5)™ N (VR dT)(X) (exp, s0X)ds, 0 <6 < 6%,

(C.2)

where dJ : TM — R is a differential form of J, 8* is the upper existence limit for
geodesics on M and V is the Levi-Civita connection, see [23]. Note that for compact
manifolds #* = co. The expansion above along the geodesic dithers in (3.2) is

2 J)(x) + o+

3y

J(exp, Z a; Sln(wz‘t)%) =J(@) + (Vyr_ o, sin(wit)

=1
e N+ L [ gmivg
(m— 1)1 S arsin@in 2 T T U T8 Iy aa sin(wit) 72
" 0
J(exp, s ; a; sin(w;t) &Tci)d&

Linear properties of V imply that (see [23]) Vi

1 @ sin(w;

and iteratively we have

(an v - J) ().

25—y aj sin(w;t) a;j

m
a; bln w;t
v P abbln(wlt) Em Z 7 ?

Dropping the “notation for the state trajectory in (3.3), the dynamical equations for
the extremum seeking feedback loop are given in x coordinates as follows:

(ZaZ sin(w;t) )ai + Z a;a; sin(w;t) sin(w;t )V 2 J( )ai +- 4

1,5=1

J(x) =3 sin(wit)v%j J(x),



18 Farzin Taringoo, Peter M. Dower, Dragan Nesi¢ and Ying Tan

1 0

7( Y ”21 a;a; sin(w;t) sin(w,t) x VNI (Vm?_j o sin(wit)a%ij) (I)GTUZ +
m—1gm
] 2 a; sin(w;t (L (I—s) V | 0 sin(ui) 52
. 0 0
J(exp, s Z a; sin(w;t) P )ds) é’xi)'

i=1

(C.3)

Denoting a new time scale by 7 = wt, then (C.3) is a 7 varying vector field on (M, g™)
which is periodic with respect to 7. The dynamical system in this new time scale is
given by

R Yasin(aim)Je) -+ 2 a0 in@) sin(@;7)V 2 J(@) ke
1 L m—2 J a
e ;1 a;a; sin(w;T) sin(w;7) x Vnii (Vv " s sin(@ir) o )(:c)(}fxZ +

1

! Zaisin(@n)( J (1— sy,

(m — 1)' b 0 i—1 @i Si

; )d's) ail)

J(exp, s Z a; sin(@;T )a

i=1
Let T denote the least common multiplier of the periods of sin(w;7), i = 1,---,n
which its existence is guaranteed by Assumption 1 since w;, ¢ =1,---,n, are rational.

The average dynamical system is then given by
dv 1 (" 1/,&
=T L _E(;ai sin(w;7)J(
1 - 0

D D m—2
a;a;sin(@;7) sin(w0;7) x V_o_ (V&) . Bin(@iT)W‘:J)(x)aTz,; +

(m — 1)' S~ =2 i=13i8

1,=1

1 S : ~ ! m—1yrm
=] ;ai SID(MT)<J-0 (1—s) Vi o sin@ir) 2 =

J(exp, s i a; sin(@w; ) (7i- )ds) (;; )dT.

i=1

(C.4)

2 a;a; sin(w,;7) sin(w; 7 )V J( )ai 4o

Since M is compact and J is smooth then the higher derivatives of J are all bounded
above on M and (C.4) is written as

n

dz 1 G a? 0 1 4 0

i€l,---n

The vector field —1 37" | %?V
Ly L O((maxier, ... ai)?) ol

J(:v)a%i—k

a perturbed version of the time invariant vector field
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1 .
—= i1 2 V J( )ﬁ on (M, g™). Following (3.5), we note that

Ly 21 Vo J (z )— is a scaled version of the gradient system presented in (3.5).

C.1. Proof of Lemma 3.4. Consider J as the candidate Lyapunov function on
(M, gM). The variation of J along — Y\ 27V J( )T is

N a? 0

Lo g . J= dJ(f;?V 2 I(@)5)
n aZz a

; 5 (V2 J(@) 7).

where ﬁ is the Lie derivative of J along vector fields on (M, gM). Locally dJ =
ZZL 1 6’:6 d.’E“ Where dxz( ) = (Sz’j Hence,

n a2 a
C.6 £ 2!
( ) -3, ;V 2 J(1)nzl z:ZI 2

oz,

Note that Assumption 1 guarantees that, locally,

> 2 ( ) # 0 for z # x*, ie. EffJ is locally negative-definite. By Assumption
1 and (C. 6) the cost function J : M — Ry is locally positive definite, its derivative
with respect to time is negative definite and J(z*) = 0. Hence, J is a Lyapunov
function on (M, g™), see [7]. Therefore, applying the results of [7], Theorem 6.14,

implies that x* is locally asymptotically stable.

C.2. Proof of Theorem 3.5. We analyze closeness of solutions between state

trajectories of £ = 1 f(z,7) and state trajectories of 4 = 1 f( ), where

favr) = — I snrm) exps Sy asin@i) ) and (o) = 457 f(a,)r
Note that g—f = L f(x,7) is the extremum seeking dynamical system (C.3) in the time
scale 7 = wt as per the proof of Lemma 3.3 in Appendix C. Also note that % plays
the role of ¢ which appeared in perturbed dynamical systems in (A.1) in Appendix
A. In this case increasing w guarantees that the magnitude of % f(z,7) in 7 scale
decreases.
We consider the periodic vector field Z defined in Lemma 3.7, Z(7, x) So

f(z,8))ds, x € M,7 € Rxg, where Z(r,2) = Z(7 + T,z) and T is the perlod of

the extremum seeking system f as per the proof of Lemma 3.3. Now consider a
<I>(1 0)

composition of flows on M given by ((7) = o ®.1,(7,70,70). By Lemma 3.7,
the tangent vector of ( is computed by
0

: 1
CT) = Tay  (rern) 2 0)<;f(‘1)$f(T7707$0)»T)) + 2 () 0 @ 4(r70,0)

=@ (Zren) ) + 5 [ @0 - rn)ds o)
(C.7)

where (@‘1)(;;)* is the pullback of the state flow <I>11Z and e = 1 see Definition 3.6
of pullbacks ;long diffeomorphisms. Equivalently, in‘a compact form, we have
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w

(C.8) 1y (i,T,C(T)) .

One may sce that H(0,7,2) = f(z) where by the construction above, H is smooth
with respect to % By applying the Taylor expansion with remainder we have

H (if x) — @)+ %h(aﬁ,ﬁ,f),

where h(z,&,7) = ZH (e, 7, 1) le—1_¢ and £ € [0, 2]. We note that H (L,7,z) is

w
periodic with respect to 7 since f(z,7) and Z(7,x) are both T-periodic. Hence,
h(z,&,7) is a T-periodic vector field on M.
The metric triangle inequality on (M, g™) implies

d((I)%f(T, To,xo),q)%f@', T0,Z0)) < d((b%f(T’ To,xo),q)(jg) o <I>Lf(7, To,Z0)) +
d(@g‘zo) 0@ (r, To,xo),‘@%f(n 70,%0)) < d(®14(7, 707950)7(1)(1; 0 ® 1 ¢(7, 70, 20)) +
d(@4) 0 1 (7,10, 20), %) + d(® 1 5(7,70,0), 2*).

(C.9)

Based on (C.9), We analyze closeness of solutions for the following dynamics.

#r) = L f(a(r), v(ro) = 70
i) = Lfyr), y(ro) = 70,
(€10 Hr) = ZF) + b= 67), #(m) = 20,

where f(z) = — DI VLJ( )% is the gradient system and %f(z(T))—i—ﬁh(z,f,T)

ox
is the vector field correspondlng to the state trajectory @Q? o <I>;f(7, To, To). Rescal-

ing time back to t via t = 7' yields
L Fam, (to) = 70,
W Fn. ylto) = 0,
% = ) + Zh(60), olto) = w0,

or equivalently by Lemma 3.3,

dx : n 0

5 = @®)+ Z_:ZIO((Zggafnai)“)f%,
dy
(C.11) f; ) + Z O(( max a;)*) 5= + ih(z,f,t),
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where z(to) = y(to) = z(to) = . The variation of the cost function J along f(-) is
given by

LiJ=Liisn  o(maxier,.nai)t) 2=

™ 1 O((maxien,....n a;)*)

o J

ox;

=L+ Z O(( max a;)*)L o J.
i=1

i€l,---n oz

As shown by the proof of Lemma 3.4, locally, we have L f:J < 0. Without loss of
generality, assume positive definiteness and negative definiteness of J and

,CffJ = L’_l w2 J(I)LJ on Uyx < M of z*. Otherwise we apply the inter-

w Zi=1 "2 Y _0_ GER

section of the correspojnding neighborhoods to perform the analysis above. Define
the sublevel set Ny, b € Rwg of the positive definite function J : M — Rsq as
Ny = {x € M, J(z) < b}. By Ny(z*) we denote a connected sublevel set of M
containing z* € M. By Lemma 6.12 in [7], there exists a sublevel set Ny (z*) < Uyx,
such that Ny(xz*) is compact. Consider a neighborhood of z* denoted by W, such
that Wes < int(Np(2*)) < Uyx © M, where int() gives the interior set. Compact-
ness of M implies that M — W« is closed and compact. Hence, £ fJ < 0 for all
z € (M — Wyx) [\ Np(z¥). Note that £ <0 on Uyx — {z*}.

Smoothness of J and compactness of M —W_« together imply that £ fJ attains its
bounded maximum value in M —W_«. Hence, by selecting a;, ¢ =1,---,n sufficiently
small we have L:J < 0 on (M —Wx) (\Np(z*). This implies that the state trajectory
® ((t,tg, o) remains in Ny(z*) for zg € int(Ny(x*)).

b
The variation of J along f (2(t)) + Zh(z,&,t) is then given by

1
;Cer%hJ = ﬁfJ—F ;ﬁhJ

= 1
= , . 4 N —
=Lg) + E O((iérff.i.?fna’) )Ea;i J+ wEhJ.

i=1

The same argument applies to the variation of J along f + ih(z7 &,t) and we obtain
that L, 1,J < 0on (M—Wyx) (N (x*) for sufficiently small a; and sufficiently large

w. Note that h is periodic with respect to ¢, & € [0, %] and M is compact. Hence, LpJ
is bounded and this implies that by choosing a; sufficiently small and w sufficiently
large the state trajectory z(-) remains in AV (x*) for all initial states zg € int(Ny(z*)).
Denote the uniform normal neighborhood of z* € M with respect to U,s by Ul (its
existence is guaranteed by Lemma 5.12 in [23]). Consider a geodesic ball of radius
0 where ULy < exp,«(Bs(0)) © Uyx. By definition, exp,«(B5(0)) is an open set
containing z* in the topology of M. Therefore one may shrink b to 137 0<b< b, such
that Nj(2*) < exp,«(Bs(0)). Hence, by the argument above, we select the set of

initial states such that <I>f+ih(-, to, o) stays in a normal neighborhood of z*. For the

economy of notation we replace b with b and assume Ny (2*) C exp s (Bs(0)) © Uys.

We analyze the distance between the state trajectory y(-) of the asymptotically
stable system and the averaged and full systems. As is obvious from (C.11), the
averaged system and the dynamical system corresponding to z(-) are perturbations

,

of the gradient system ¢ = f(y), where ¢ = f (y) is locally asymptotically stable and
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the magnitude of the perturbations vector fields is arbitrarily shrunken by adjusting
a; and w in (C.11). Since the initial state set is chosen such that the state trajectory
z(+) remains in a normal neighborhood of z*, then the conditions of Theorems B.2 in
Appendix B are satisfied. Hence, there exist a neighborhood U}, < int(N;(z*)) and
a continuous function p, such that for all = € U;*

limsupd (‘I’er%h(ttmIo),x*) <

t—o0
ol s 130 max a)) L+ Lhizenll ).
zeM,te[to,to+T] i3 zEl, n 0z w

(C.12)

where p is a continuous function which is zero at zero. We note that since M is
compact, h is periodic with respect to ¢ and £ € [0, 1], then

SUD,e A1 tefto,t0+T] || 2ie1 O((MaXier .. n a¢)4)a%i + Lh(z,&t)]|,m is bounded. Also
note that (C.12) does not guarantee the convergence of the perturbed state trajectory
to x*. However, it gives a local closeness of solutions in terms of the Riemannian
distance function d to z* after elapsing enough time. The closeness estimation pro-
vided in (C.12) is used to bound the distance between y(-), z(-) and z(-) as follows.
By employing the triangle inequality we have

d (q)f(t7 to, x0)7 q)f(ta to, xo)) <d (q)f(ta t07l‘0)) (I)fJF%h(t)tO?mO)) +

(C].?)) d<<I>f+%h(t,t0,a:0),@f(t,to,xo)) y
and

d ((:[)f-‘r%h(t’ to, Zo), (I)f'(t,to,l'o)) <d <(I)f+%h(t,t0,1'o),l'*) +d (CC*, (pf'(ﬂto,l’o)) y
(C.14)

where in (C.14), d(z*, ® ¢(t, to, zo)) converges to zero and d(®;, 1, (t, %o, z0), 2*) can
be chosen arbitrarily small by (C.12). Note that [|A(-,-,-)|[,a is bounded since M is
compact, & € [0, %] and h is periodic with respect to ¢t. In order to show the bound-
edness of d(®(t,to, zo), <I>f+ih(t to, zp)) in (C.13), we switch back to the time scale
7. Now we prove d(® 1 ¢(7,70, o), <I>(1’0) 0 @1 4(7,70,70)) = O (1). By the definition
of the distance function given in [25] we have d(P1,(s,0,2),2) < €(P1y(s,0,1)),

where £(®1 ,(s,0,2)) is the length of the curve connecting x to ®1 ,(s,0,2) on M.
Therefore, N

(C15)d (€1 7(1,0,2),2) < (@ 5(1,0.2) f 12(7,® 1 5(5,0,2)) |y ds.
Periodicity of Z with respect to 7, boundedness of ®1 (-, 0, x) in the sense of compact-

ness of M and smoothness of Z with respect to x together yield d(®1 ,(1,0,2),z) =
O (%) Since x is a generic element of M we have

1
d (q)%f(’ra TOaxO)v @Sg) © (I)%f(’ra TO)‘TO)) =0 (w) VT € [7_03 OO),
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where z is replaced by ®1 ,(7,70,70) € M. Hence, by using (C.9), for any z, € Ul,

there exists a time ng, such that

d (@%f(f, 70, %0), P ¢(7, TO’”EO)) <d (

@1 4 (7, 70, 70), (I)(ng) O(I)éf(TvaxO)) +
d (q)(lg) 0 ® 1 4(7,70,20), P f(T 70, Lo ) (<I>%f(7', To,xo),cb(jg) o @1 (r, To,x0)> +
, P

1
w
1
w

a(®07 0@y (rm,w0),a*) +d (*

1
w

0 1
sup O(( max ai))=— + —h(z,& )| | +
( ) (zeMte t0t0+T]H221 i€l,- )[)ZZ w ( )Hg )
d( (I)lf

Note that @g? o <I>%f(r, To, To) = <I)f+%h(t,t0,x0), for 7 = wt and Ty = wty. Finally

1f(7' To,xo)) <

(7, To,xo)) , Vre [wTwD,oo).

we have

d (q)%f(’rv TOaxO)ax*> <d (q)if(Ta TO»x0)7 q)if'(,ra 70, xO)) +d (1'*7 (I)Lf'(,rv To,.’Eo)) <

1 0
o(w)m( w120 max a)h)L o+ Lage 5t)|g>

zeM te[to.to+T] ;=1
2d (x*,(I)Lf’(T, To,xo)) , Vre [wTIO, o), xg € U;*.
(C.16)

As (C.16) indicates d (élf(r, To,xo),x*) can be ultimately bounded by shrinking
a;, © = 1,---,n and increasing w such that the state trajectory ®(t,to, o) enters
U,+ and remains there.

Appendix D. Proof of Theorem 4.6.

The proof parallels the proof of Theorem 3.5 by employing the results of Lemmas
4.4 and 4.5. However, (C.15) does not necessarily hold since G is not compact. The
same as (C.15) we observe that

d(‘bf(tﬂfo,gO), (I)f(tat07go)) d<(bf(t7t07g0)7 (I)er%h(tathgO)) +
d(q)f+ h(t tng()) . (t tOvQO))?

and
d(‘bf+5h(t,to,go)y (I)f(t7t0790)) < d((ber%h(tatOth))g*) + d(g*a(bf(tvt0790))7

where f, f and f are the extremum seeking, averaged and gradient vector fields
induced by (4.2). By Lemma 4.5 and Theorem B.2, d(g*, ® (¢, %0, 90)) converges to
zero and d(<I>f+%h(t,t07go)7g*) is ultimately bounded by a continuous function p

where the bound is shrunken by adjusting a;,7 = 1,---,n and w. Note that in the
proof of Theorem B.2 it is shown that asymptotic stability of the gradient vector
field f guarantees that the state trajectories of f and f + %h remains in a compact

subset containing the equilibrium of f. It remains to show d(@i #(7:70,90), (I)&lﬁ) o

®14(7,70,90)) = O (%) in the time scale 7 = wt for 7 € [79, ). Following the proof of
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Theorem B.2 one may show ®;, , (w,wo, go) € Ny(g9%), w € [wo, ), go € int(Ny(g*))
for some b € R > 0, where Ny(g*) is a compact connected sublevel set of a Lyapunov
function containing g* € G, see the proof of Theorem B.2 and [7] Lemma 6.12. Hence,

(I)&lg) o ®1(t to,g0) € No(g*), 7€ [10,), 90 € int(Ny(g¥)). Therefore,

U @immgc | @) oN(g")
T€[710,00) T€[70,00) “
(@57 o No(g*)

T€[10,T0+wT]

c U (@Y 0 Ny ("),

w

T€[10,T0+wWT], %E[O,é]

where the equality is due the periodicity of Z and € is a limit for the minimum

frequency (0 < w < o0). Compactness of Ny(g*), [70, 70 +wT'] and [0, €] together with
the smoothness of ®~! gives compactness of UTG[TO,TUerT],%E[O,é] (@1 1120) o Ny(g*)
in G. Hence, we show that

(D.1) d(@iz(l,o,z),z)—0<1>, ze U (®~ )}Z%Nb( ),

w
T€[10,T0+WT], %E[O,é]

which proves d(® 1 ¢(7, 70, go), CI)( ) 0 ®14(7,70,90)) = O (1), where z is replaced by
1 4(7,70,90) in (D.l) The rest of the proof is identical to the proof of Theorem 3.5.
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