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Abstract

We carry out direct numerical simulation of minimal open-

channel flow over riblets. Several riblet geometries are sim-

ulated, namely symmetric triangular, asymmetric triangular,

blade and trapezoidal, and with this unprecedented high-fidelity

dataset, we are able to obtain broad insights into the flow

physics of riblets. We find that the roughness sublayer thick-

ness, above which the flow is statistically homogeneous, is pro-

portional to the square root of the riblet groove cross-sectional

area ℓ+g in both the drag-reducing and the drag-increasing

regime, consistent with the ability of this parameter to collapse

the roughness function corresponding to different groove ge-

ometries. Large grooves are associated with mean secondary

velocities and they carry additional stress that contributes up to

40% of the total shear stress at the crest, comparable to the con-

tribution from the turbulent fluctuations.

Introduction

A large proportion of the energy required in transportation and

pipe systems is used to overcome fluid-dynamic drag. In par-

ticular, skin friction constitutes 50% of the total drag on air-

craft and almost all the drag in pipelines. Hence, reduction of

skin friction can bring a substantial energy saving. Riblets are

streamwise-aligned micro-grooves that can reduce drag by up to

10% in laboratory conditions [1], and are therefore considered

one of the most promising techniques of passive drag reduc-

tion. The regime in which riblets reduce drag is referred to as

the viscous or linear regime, as drag decreases linearly in this

region with increasing riblet size. The linear mechanism is rel-

atively well understood [6], whereas several mechanisms have

been proposed to explain the disruption of the linear regime,

which in one way or another can all be traced back to turbu-

lence. In particular, two main physical mechanisms that con-

tribute to the increase of the total stress have been identified.

The first mechanism has been identified by Garcı́a-Mayoral and

Jiménez [3], who observed that large riblets trigger the onset

of spanwise vortical structures, that are visible in the 2D pre-

multiplied velocity spectrum right above the riblet crest, and

are comparable to Kelvin–Helmholtz-like rollers which repre-

sent an additional contribution to the turbulent stress. Another

mechanism is associated with non-zero mean secondary veloc-

ities over the riblets [4] which carry additional stress, often re-

ferred to as form-induced stress or dispersive stress [8], not to be

confused with form (pressure) drag. Although the form-induced

stress has been widely studied in flows over canopies and rough

walls, its contribution to the total stress has never been quanti-

fied in flows over riblets. In this study we first attempt to under-

stand how the geometry of the riblet groove relates to the height

of the roughness sublayer and second, we investigate the contri-

bution of the dispersive stress for various riblet geometries and

sizes. For these purposes, we carry out direct numerical simu-

lation (DNS) of minimal open-channel flow over several cross-

sectional groove geometries, namely, symmetric and asymmet-

ric triangles, blades and trapezoidals, each at a range of viscous

scaled sizes.
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Figure 1: The roughness function ∆U+ as a function of the

square root of groove cross-sectional area ℓ+g = ℓg/δv, where

ℓg =
√

Ag and δv is the viscous length scale. α is the open-

ing angle of the triangular and trapezoidal riblets and s/t the

spacing-to-thickness ratio.

Methodology

We solve the incompressible Navier–Stokes equations with a

uniform and constant kinematic driving pressure gradient Π< 0.

The equations are discretized using an unstructured finite vol-

ume solver CTI Cliff, whereby variables are stored in a col-

located node-based mesh [5]. We solve Navier–Stokes equa-

tions in a minimal open-channel domain [2] with dimensions

Lx ×Ly ×δ. Although small computational domains are known

to produce unphysical results in the outer part of the flow, the

unphysical region starts at a wall normal location zc, which can

be controlled by changing the spanwise length of the compu-

tational domain, zc ≈ 0.4Ly [2]. The open-channel height δ is

fixed, defined as the distance from the top flat surface to the

mean height of the riblets. This guarantees that the mean wall-

shear stress τw is fixed, for the same pressure gradient, τw =
−ρΠδ. The friction Reynolds number is fixed, Reτ = δ/δv = 395,

where δv = ν/uτ is the viscous length scale, ν is the kinematic

viscosity of the fluid, uτ ≡
√

τw/ρ the friction velocity and ρ is

the fluid density. The streamwise, spanwise and wall-normal

directions are denoted as x,y and z, respectively, and the ve-

locity components in the corresponding directions are u,v and

w. Variables normalized with respect to wall units (δv, uτ) are

denoted with a + superscript. No-slip boundary conditions are

imposed at the bottom riblet wall, whereas a free-slip imper-

meable boundary condition is imposed at the top boundary and

periodicity is imposed in the streamwise and spanwise direc-

tion. We consider four riblet geometries (table 1), both in the

drag decreasing and increasing regime, and compare them to a

smooth open-channel flow. Different riblets geometries are in-

dicated as TIs+, ATs+, BLs+ and TAs+, for symmetric triangle,

asymmetric triangle, blade and trapezoid, respectively, where

s
+ ≡ s/δv, the viscous-scaled riblet spacing.



Case s+ ℓ+g k+ α ∆x+ ∆y+min−∆y+max ∆z+min −∆z+max L+x L+y ∆Tuτ/δ
Asymmetric triangular

s

Ag kα

Pwn

t

AT15 15.0 7.50 7.50 63.4○ 6.54 1.50−5.00 0.40−6.00 1027 250 17.6

AT20 20.0 10.0 10.0 63.4○ 6.54 1.50−5.00 0.40−6.00 1027 250 42.8

AT30 30.0 15.0 15.0 63.4○ 6.54 1.50−5.00 0.40−6.00 1027 250 7.58

AT40 40.0 20.0 20.0 63.4○ 6.54 1.50−5.00 0.40−6.00 1027 250 37.7

AT50 50.0 25.0 25.0 63.4○ 6.54 1.50−5.00 0.40−6.00 1027 250 22.9

Symmetric triangular

s

Ag
kα Pw

n

t

TI10 10.0 9.75 18.8 30.0
○

6.00 0.0570−1.52 0.0334−7.02 1027 252 21.5

TI21 21.1 20.4 39.4 30.0
○

6.00 0.1190−3.18 0.2270−6.94 1027 253 29.4

TI15 15.0 9.68 12.7 60.0○ 6.00 0.0830−2.22 0.0408−7.05 1027 250 38.9

TI35 35.0 23.0 30.3 60.0○ 6.00 0.1610−4.93 0.0140−4.65 1027 245 53.3

TI19 19.2 9.60 9.60 90.0○ 6.00 0.1080−2.89 0.0471−7.06 1027 250 29.3

TI50 50.0 25.0 25.0 90.0○ 6.00 0.2300−7.05 0.0288−7.00 1027 250 88.0

Blade

s

Ag k
Pw

t

n

t

s/t
BL20 20.5 12.9 10.1 5.00 6.00 1.00−2.00 0.300−7.00 1027 264 75.8

BL34 33.7 21.3 16.7 5.00 6.00 1.00−2.00 0.240−6.90 1027 266 98.3

BL40 39.6 25.0 19.5 5.00 6.00 1.00−2.00 0.300−6.90 1027 272 101

BL50 49.0 31.0 25.0 5.00 6.00 1.00−2.00 0.300−6.70 1027 294 46.9

Trapezoidal

s

Ag kα
Pw

n

t

TA18 17.9 11.8 8.93 30.0
○

6.00 1.50−5.00 0.800−6.00 2054 250 19.5

TA31 31.4 20.5 15.6 30.0
○

6.00 1.50−5.00 0.800−6.00 2054 250 29.0

TA36 36.5 24.0 18.2 30.0○ 6.00 1.50−5.00 0.800−6.00 2054 255 30.0

TA50 50.0 32.9 25.0 30.0○ 6.00 1.50−5.00 0.800−6.00 2054 250 29.4

TA60 62.0 41.1 31.3 30.0○ 6.00 1.50−5.00 0.800−6.00 2054 250 15.4

Table 1: DNS cases of minimal open-channel flow. s+ = s/δv and ℓ+g = ℓg/δv, the viscous-scaled riblet spacing and square root of the

groove area, ℓg =
√

Ag. ∆x
+

is the viscous-scaled mesh spacing in the streamwise direction and ∆y
+

min −∆y
+

max, ∆z
+

min −∆z
+

max the

minimum and maximum mesh spacing in the spanwise and wall-normal direction. L+x , L+y are the viscous-scaled dimensions of the

computational domain in the streamwise and spanwise directions, respectively. ∆T is the time-averaging interval.

Drag Reduction

Drag reduction is usually quantified as the relative difference

of the friction coefficient between smooth and riblet walls,

DR = 1 −C f r/C f s, where C f s and C f r are the skin-friction

coefficients of the smooth and riblet walls, respectively, and

C f ≡ 2τw/(ρU2
0 ) = 2/U+2

0 , where U0 is the centreline veloc-

ity. Assuming matched Reτ,DR∼√2C f ∆U+ [9] where ∆U+ =
U+0s −U+0r = (2/C f s)1/2 −(2/C f r)1/2, the velocity shift with re-

spect to the smooth wall, also referred to as the Hama rough-

ness function. A positive ∆U+ therefore indicates drag in-

crease, whereas a negative ∆U+ indicates drag reduction. A

similar relation can be obtained for constant bulk velocity [1, 3].

This relation shows that DR depends on the Reynolds number

through the friction coefficient, thus 10% of drag reduction at

Reτ = 400 is only 5% at Reτ ∼ 50,000, typical of an aircraft [9],

for ∆U+ = −1 (at the same s+). Figure 1 shows ∆U+ from

present DNS as a function of the viscous scale square root of the

groove area ℓ+g ≡ ℓg/δv, where ℓg =
√

Ag, compared to experi-

ments [1] and previous DNS [3]. As already noted in previous

studies [3], ℓ+g collapses the drag curve near to the optimum.

A physical motivation for this behavior has been proposed [3],

whereby a linear stability model for the riblet wall shows that ℓ+g
can be related to the onset of a Kelvin–Helmholz-like instability

over riblets.

Dispersive stress and roughness sublayer

We use the double average, splitting the instantaneous fields

into a mean and a fluctuating part, θ(x,y,z, t) = θ(y,z) +
θ′(x,y,z, t), and further decomposing the mean into θ(y,z) =
⟨θ⟩(z) + θ̃(y,z), where θ indicates averaging in t, x and ri-

blet periods and ⟨θ⟩ indicates the superficial average, i.e.

⟨θ⟩ = (1/s)∫ s
0 θdy, where θ inside the solid is set to zero. Using

this notation the Reynolds shear stress tensor can be written as,

uw(y,z) = u′w′+uw , where u′w′ is the turbulent component of

the Reynolds stress and uw the dispersive or form-induced com-

ponent. We first focus on the mean momentum balance equa-

tion,

∇ ⋅τD+∇ ⋅τT −Π = ν∇
2
u, (1)

where τD = (uv,uw) and τT = (u′v′,u′w′) are the dispersive and

turbulent contributions to the mean momentum balance equa-

tion. Recently, Modesti et al. [7] interpreted (1) as a Poisson

equation in which the terms at the left hand side are the source

terms, obtained from DNS, and represent the contributions of

dispersion, turbulence and pressure gradient to the mean veloc-

ity. Therefore uD, the solution of ∇ ⋅τD = ν∇2uD, can be iden-

tified as the mean the velocity field induced by dispersion. On

a smooth wall ∇ ⋅ τD is zero, hence the solution of the associ-

ated Poisson equation directly allows to relate this source term

with ∆U
+

. For this reason in figure 2 we report the viscous

scaled dispersive stresses ∇ ⋅τD
+ ≡ ∇ ⋅τD/(u2

τ/δv) over the ri-

blets, where positive values correspond to local drag increase

and negative values to local drag reduction, as ∇ ⋅ τD is nega-

tively correlated to uD. All flow cases show that dispersion has

a drag-increasing contribution at the crest, whereas it is drag-

decreasing inside the groove. The figure shows that large riblets

are characterized by large values of dispersion at the crest, sug-

gesting a detrimental effect for drag reduction. Moreover, we

focus on the roughness sublayer thickness δr, that is the region

of influence of the roughness element, above which the flow

becomes homogeneous in the spanwise direction. Several defi-

nitions of roughness sublayer are available in literature, but the

most common is the one that identifies δr as the wall-normal

location at which the mean velocity profiles over the riblets col-



y/s0

0.5

1

1.5

(z
−

z 0
)/
s

ℓ+g = 7.5

AT15

(a)

y/s

(z
−
z 0
)/
s

ℓ+g = 10

AT20

(b)

y/s

(z
−
z 0
)/
s

ℓ+g = 15

AT30

(c)

y/s

(z
−
z 0
)/
s

ℓ+g = 20

AT40

(d)

y/s

(z
−
z 0
)/
s

ℓ+g = 25

AT50

(e)

y/s

(z
−
z 0
)/
s

ℓ+g = 9.6

TI19

(f )

y/s

(z
−
z v
)/
s

ℓ+g = 25

TI50

(g)

y/s

ℓ+g = 9.68

TI15

(h)

y/s

ℓ+g = 23

TI35

(i)

y/s0

1

2

3

(z
−
z v
)/
s

ℓ+g = 10

TI10

(l)

y/s

(z
−

z v
)/
s

ℓ+g = 20.4

TI21

(m)

0 0.5 1
y/s

0

0.5

1

1.5

(z
−
z 0
)/
s

ℓ+g = 12.9

BL20

(n)

0 0.5 1
y/s

(z
−

z v
)/
s

ℓ+g = 21.3

BL34

(o)

0 0.5 1
y/s

(z
−

z v
)/
s

ℓ+g = 39.6

BL40

(p)

0 0.5 1
y/s

(z
−

z v
)/
s

ℓ+g = 31

BL50

(q)

0 0.5 1
y/s

(z
−

z v
)/
s

ℓ+g = 11.8

TA18

(r)

0 0.5 1
y/s

(z
−

z v
)/
s

ℓ+g = 20.5

TA31

(s)

0 0.5 1
y/s

(z
−

z v
)/
s

ℓ+g = 24

TA36

(t)

0 0.5 1
y/s

(z
−

z v
)/
s

ℓ+g = 32.9

TA50

(u)

0 0.5 1
y/s

(z
−

z v
)/
s

ℓ+g = 41.1

TA60

-0.20

-0.10

0.00

0.10

0.20

∇ · τD
+

(v)

Figure 2: Dispersive stresses divergence ∇ ⋅τD
+ ≡∇ ⋅τD/(u2

τ/δv), see (1), over the riblets. The red dashed line indicates the location of

the roughness sublayer δr as defined in (2). z0 indicates the wall-normal coordinate of the riblet valley. Negative values indicate local

drag reduction, positive values drag increase.
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Figure 3: Mean velocity profile over the riblet for flow case

TI50 (triangular α = 90○, ℓ+g = 25). The vertical red line in-

dicates the location of the roughness sublayer and the vertical

dashed line indicates z
+
c . The inset shows the velocity differ-

ence between the valley and the crest, see (2). For symmetric

triangular riblets y0 and y1 correspond to valley and crest.

lapse, within a reasonable threshold, i.e.

[ũ(y0,δr)− ũ(y1,δr)]/ũ(y0,δr) ≤ 0.01, (2)

where y0 and y1 are the spanwise locations that identify the en-

velope of the mean velocity profiles over the riblets, see fig-

ure 3. It seems reasonable that the thickness of the roughness
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Figure 4: Roughness sublayer δ+r as a function of the square

root of the groove area ℓ+g , for all flow cases.

sublayer scales with the riblet spacing, but also with its geome-

try. Figure 4 shows that the roughness sublayer grows linearly

with ℓ+g , for all flow cases investigated here, following the rela-

tion δ+r = 1.6ℓ
+
g . This finding relates the height of the roughness

sublayer, which is a flow quantity, to a geometrical parameter

of the groove. Note that in the Stokes (small-ℓ+g ) regime δ+r is

a priori linearly proportional to ℓ+g (with a geometry dependent

constant)[3]. This is consistent with the use of the parameter

ℓ+g for collapsing the drag-reduction curves of different riblet

geometries, both in the drag-decreasing and the drag-increasing

regime (figure 1).

Integrated Mean momentum balance in riblet groove

In this study we take the crest as indicative of the flow physics

of the roughness sublayer and in particular we focus on the in-

tegrated mean momentum balance up to this height. To this

end we integrate the streamwise mean momentum equation (1)

over the riblet groove (hatched area in the sketches of table 1),

and using the divergence theorem and the fact that the Reynolds

stress is zero at the wall we obtain,

τw/ρ =D+T +V +P, (3)

where D =−⟨ũ w̃⟩(zt), T =−⟨u′w′⟩(zt),V = ν(∂⟨u⟩/∂z)(zt), P=
ΠAg/s, are the dispersive, turbulent, viscous and pressure gra-

dient contributions at the crest height zt , which are balanced by

the mean wall shear stress, τw/ρ = (1/s)∫Pw
ν(∂u/∂n)dt, where

Pw denotes the wetted wall perimeter of the groove (red line in

the sketches of table 1, where t and n are the wall-tangential and

wall-normal unit vectors). Figure 5 shows the different terms

in (3), as a function of ℓ+g . We note that the budget sums up

to unity for all flow cases which highlights the good conver-

gence of the flow statistics, apart for cases TA18 and TA31, for

which a longer time averaging is still necessary. The viscous

term is associated with the linear drag reduction mechanism [6]

and it decreases almost linearly with ℓ+g , consistent with the idea

that riblets reduce the viscous stress by shifting upward the ef-

fective location of the wall [3]. For increasing riblet size, the

turbulent and dispersive stresses at the crest become progres-

sively larger, which is an indication that the flow at the riblet

crest becomes turbulent. We note that the turbulent dispersion

appears to play a relevant role, being always of the same order

of magnitude of the turbulent stress or larger. In particular, for

the largest trapezoidal grooves the turbulent dispersion is sen-

sibly higher than the viscous and turbulent stress, contributing

for more than 40% of the total stress at the crest. The figure

also points out that ℓ+g can be interpreted as a local Reynolds

number that is indicative of the status of the flow at crest. For
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riblets with ℓ
+
g ≲ 11-12 the flow at the crest is laminar, as both

turbulent and dispersive stresses are zero, whereas it becomes

turbulent for ℓ+g ≳ 11-12. This value of ℓ+g corresponds to the

breakdown of drag reduction (1). Another picture of the phys-

ical mechanism can be drawn from figure 6 which shows the

dispersive stress D+ and the turbulent stress T+ at the crest as

a function of ∆U+. Both D+ and T+ are comparable in magni-

tude for all geometries, apart from the trapezoidal and the 30○

triangular grooves. For the trapezoidal grooves (△, figure 6b)

the higher intensity of D+ has a detrimental effect on drag re-

duction (cf. figure 2r–u). The sharp triangular groove instead

seems to suppress the turbulent dispersion, without increasing

the turbulent fluctuations. Despite the interesting insight given

by figures 5 and 6 this local analysis is only an indication, as

it is limited to the plane of the crest, whereas ∆U
+

depends on

the three components of the Reynolds stress integrated over the

entire wall layer, see (1). Moreover, a fair comparison with the

smooth wall requires the knowledge of the equivalent location

of the wall, that is, the protrusion height. These topics will be

explored in the future.
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Conclusions

We have performed DNS of minimal open-channel flow

over riblets. The minimal open-channel flow configuration

made it possible to accurately simulate, for the first time,

several different groove geometries, allowing us to draw more

general conclusions than in previous studies. We find that

the roughness sublayer is a linear function of the square root

of the groove area. This finding suggests that the effect of

the groove geometry can be accounted for, with very good

accuracy, by ℓ+g , thus giving a possible physical motivation for

the good collapse of the drag reduction curves when plotted

against this parameter. This is consistent with the interpretation

of ℓ+g as a local Reynolds number that indicates the status of

the flow at the crest. In particular we find that local transition

to turbulence occurs for ℓ+g ≈ 11-12, which also corresponds

to the breakdown of drag reduction. Moreover, we observe

that dispersive stresses have a drag-increasing contribution

at the crest, that increases with the riblet size. They are

found to have similar relevance or larger than the turbulent

fluctuations, contributing up to 40% of the total stress at the

crest. Despite some flow cases are not fully converged (see

Table 1), we focused on distinct characteristics of the flow field

and we expect these conclusions to be valid for fully converged

statistics. Future studies will aim at further characterizing the

role of turbulent dispersion in the breakdown of drag reduction

and quantifying its contribution to ∆U+ by integrating this

contribution across the wall layer.
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