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The squared singular values of the product of M complex Ginibre matrices
form a biorthogonal ensemble, and thus their distribution is fully determined
by a correlation kernel. The kernel permits a hard edge scaling to a form
specified in terms of certain Meijer G-functions, or equivalently hypergeo-
metric functions o F)y, also referred to as hyper-Bessel functions. In the case
M =1 it is well known that the corresponding gap probability for no squared
singular values in (0, s) can be evaluated in terms of a solution of a partic-
ular sigma form of the Painlevé III’ system. One approach to this result is
a formalism due to Tracy and Widom, involving the reduction of a certain
integrable system. Strahov has generalised this formalism to general M > 1,
but has not exhibited its reduction. After detailing the necessary working
in the case M = 1, we consider the problem of reducing the 12 coupled dif-
ferential equations in the case M = 2 to a single differential equation for
the resolvent. An explicit 4-th order nonlinear is found for general hard edge
parameters. For a particular choice of parameters, evidence is given that this
simplifies to a much simpler third order nonlinear equation. The small and
large s asymptotics of the 4-th order equation are discussed, as is a possible
relationship of the M = 2 systems to so-called 4-dimensional Painlevé-type

equations.
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1 Introduction

1.1 Fredholm determinant

Let X(1),...,X(M), M > 1 be a sequence of rectangular matrices X (m) €
CNm*Nm—1 with 1 < m < M. We define the parameters v,, = N,, — N,
m=0,1,..., M and will assume that v, > 0. Each of the X (m) are drawn
from the Ginibre ensemble where their elements are i.i.d standard complex
Gaussian random variables X (m);, € N[0, 1]+iNJ0, 1] and each X (m) is in-
dependent of the others. We form the matrix product Yy, = X(M) ... X(1) €
CNwx*No and the associated positive definite form Y}, Yy, € CNo*No . Our pri-
mary interest is in integrable structures, in particular differential equations,
characterising the smallest eigenvalue of Y]LYM in the so-called hard edge
limit. In the case M = 1 it is well known that the integrable structures
relate to the Painlevé III equation (Iﬂ), (B) Underlying the integrable struc-
tures is the explicit form of the joint distribution of all the eigenvalues, given

by Akemann, Ipsen and Kieburg in 2013 for arbitrary N,,.

Theorem 1.1. (B) The squared singular values of Yy, Spec(Y)Yy) =
(1,...,2nN,), form a determinantal point process on Rq. This determinan-
tal point process is a bi-orthogonal ensemble with a joint probability density
function (jPDF)

1 M
P(M)(xl, o 7$Ng) = Z_ H (xk, — :pj) det (w,if(%))lq f< N ,

No 1< j<k<Ny

where x € Rog, k =1,..., Ny, Zn, 15 the normalisation constant, and the

functions w™ gre
k

w (2) = GMO(z)v P vy + k
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in terms of Meijer’s G-function.

We denote the correlation kernel of the determinantal point process de-
fined by the jPDF above by K](\,Aj) (x,y), meaning that the n-point correlation

function

p(n)(mlw"axn) = NO(NO - 1)(N0 —n+ ]-)

X/ P(M)(l'la..-7$n>$n+1>"'7xNo)dxn+1”.deO’ (11)
0

is given by

Py (@1, an) = det[K G (25, 20) ]t (1.2)
It turns out that for large Ny the eigenvalues near the origin, referred to as
the hard edge since the spectral density is strictly zero for x < 0, are spaced
on distances of order 1/Ny. Scaling the eigenvalues by this factor and taking
Ny — oo whilst keeping the v, fixed defines the hard edge limit. The explicit
form of the correlation kernel in this limit was calculated by Kuijlaars and
Zhang in 2014.

Theorem 1.2. (Q} Let K](\,Af) (z,y) be the correlation kernel of the above de-

terminantal point process. Its hard edge scaled limit is given by

) L o y
1 —K —,— | =K
im No (NO, N, m(,Y),

where
KM<ZU,Z/) =
B <Gé:?\4+1(1’| — Vo, = Vi, ey —Vpp), Gé\ﬁgﬂ(mul, UM, VO))

r—y

|
—~
-
w
N~—

Here B(-,-) is a bilinear operator defined by

M o B(f(a:),g(y‘)) =
(=)™ ;(—1)3' (xd%)] f(x) gaw @%)zg@)
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The constants «; are determined from

M M
H(a: — Up) = xZaix’.
m=0 =0

The kernel functions f,qg are defined in terms of the Meijer G-functions by

f(:l?) = G(I)Z(J)\/[+1($| — Vo, V- _VM)>g(y) = Gé\?ﬂ91+l(y|yl7 x ~7VMaV0)'

The Meijer G-functions are specified in terms of certain Mellin-Barnes
integrals. More important to us is the fact that they satisfy certain linear

differential equations of degree M + 1 <B)

Proposition 1.1. The functions f and g satisfy the linear differential equa-

tions
ﬁo (x% * ”j) flz) = —zf(z), ﬁo <yd% - Vj) 9(y) = (=1)"yg(y).

Also useful in the ensuing theory are the sequence of related functions which
we define for 0 < j < M

7

o) = 0 (o) i, w]-(y):gam (vi0) st ()

Thus the above kernel ([L4]) can be written as a generalised “integrable
kernel, see e.g. (4),
Yt bi@vily)
Kul(a,y) = =522 Y gy(a)i (@) = 0.

rT—y =

We remark that the latter orthogonality relation is far from obvious, given
the definitions made.

We now come to the central objects of our study, the hard edge gap
probabilities. Let 0 < a1 < ag < -+ < asr,_1 < asr, < 00 be the endpoints of

a collection of L intervals of R, , and denote their union J = Ule(agl,l, as).
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The probability that there are no eigenvalues in J is referred to as the gap
probability and denoted Ey;(0; J). A standard result for a determinant point
process tells us that (see e.g. (6, §9.1))

EM<O, J) = det(H‘ - KM), (15)

where K,y is an integral operator acting on L*((0, 0o)) with kernel Ky (z,y)xs(v),
where K/ is given by (L4) and x,(y) is the characteristic function of the
interval J.

1.2 Strahov’s extension of Tracy-Widom theory

In distinction to the case M = 1, the kernel (I.4)) for M > 2 is not symmetric.

Thus, in addition to the integral kernel

Ky = KM<:C7Z/)XJ(3/>7 (16>

(here the symbol = denotes "with kernel“), one requires the additional inte-

gral operators

Ky = Ku(y,o)xs(y), Ky = Ku(y, 2)xs(z).

From these integral operators we define the primary variables 0 < m < M
and 1 <[ <L

2 = V11— Kyp) " bmlan), vy = V=11 - K)y) Wm(an),
:cﬁil‘” = (1 —Ky) ' om(an_1), y,(jl_l) = (1= K)y) "m(az-1).

This essentially means a doubling of the number of primary variables over
that occurring in the Tracy and Widom theory. Furthermore we require the

auxiliary variables, which are constructed as inner products of the primary
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variables

Z/ dz do(z) (1 —Kiy) ™ ()

+ (_1)M+1_m€M+1—m(V07 cey VM):

Z/ dz ¢pm(z) (1 — K ().

Here e, ({z}) denotes the k-th elementary symmetric polynomial in the vari-
ables {z}. It follows that the gap probability for M > 1, and say for a single
interval J = (0, i, ie. L = 1, is determined by a certain product of the

primary variabled!

det (1 — Kar) = exp {(—1)M+1 /0 dt 1og<§)x0(t)yM(t)}

= exp {/0 dtt_lno(t)} :

Strahov also observed that the foregoing system is a Hamiltonian system

with 2L Hamiltonians H; and (2L + 1)(M + 1) canonical conjugate pairs of

co-ordinates x%), y,(/f) and &,,, 7. The Hamiltonian equations of motion are

then

(1.7)

) 0H; 0 OH;
(k) — 1 . (k) _ J
You™ T o Voa" T ol
d
- 9, om0 ol
da;>" O’ 0ajnm— O’

for 1 < j,k <2L and 0 < m < M. The Hamiltonians are given explicitly by

M M
—af) (Z nmyﬁf?> " (Z fmsz;’) y + (1M ey
- Z :L‘gn—l-lym

!This differs from the formulae of Prop. 3.9 and §4.5 of (H) in the sign of the integral.
This is due to the omission of 1/—1 factors in the relations following the first paragraph
at the beginning of §4.3, when substituted into Eq. (4.42) of that work.

k=1,k#£j mmO
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Also noted in (H) is the fact that this Hamiltonian system is an isomon-
odromic system with a natural representation as (M +1) x (M + 1) matrices.

One makes the following definitions,

00 0
00 0
B = (- ,
0
10 0
— 0 -1 0
C = : . )
—MNM-1 0 0 oo =1
v +& & & .. Su
and constructs the residue matrices thus
ne
xgl) ! ! !
)
Then the first member of the Lax pair for W(z;aq,...,asr) is
OV C -2 AD 2L A6
— =< F = \J 1.9
0z { + z + Z z —a; ’ (1.9)
7j=1
and the second members are for 1 < j < 2L
ov AU)
— = v, (1.10)
da; Z — a,

The compatibility relations of (L9) and (LI0) now leads to Schlesinger equa-
tions, which are precisely the same as those derived from the Hamilton equa-

tions of motion.
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1.3 Plan of the paper

In Section [2] we detail the analysis required to reduce the Hamiltonian sys-
tem in the case M = 1 down to a single nonlinear equation characterising
the Hamiltonian and thus the gap probability in the case L = 1. This char-
acterisation is a known result (Ij), but its derivation via the formalism of §I.2]
involves some subtleties, the appreciation of which is essential to progress
to the new territories of M > 2. The case M = 2 is addressed in Section
Bl The corresponding Hamiltonian system consists of 12 coupled equations.
Calling on the experience gained from Section @] and with the essential aid
of computer algebra, a reduction is found of the 12 coupled equations down
to a single nonlinear equation determining the gap probability. This equa-
tion is of fourth order, and is given in Proposition B4l Both the small and
large s asymptotics of this equation can be determined, and from the latter
the corresponding large spacing asymptotic form of the gap probability is
deduced; see Corollary Bl In the special case v; = —1/2, v, = 0 evidence
is found that the fourth order equation of Proposition 3.4 can be reduced to
a specific third order equation, (B.81]) below. We conclude by discussing a
possible relationship of the M = 2 systems to the recently introduced theory

of so-called 4-dimensional Painlevé equations.

2 M =1 Tracy-Widom Theory at the Hard
Edge

The original Tracy and Widom theory must be equivalent to the M =1 and
L =1 case of the preceding theory, although this is not immediate. Therefore
it is instructive to consider this case first, primarily because it will provide
essential guidance for the M > 2 cases. This will also serve to clarify some
misunderstanding present in the existing literature relating to this point.
From Prop. 3.9 of (H) for J = (0,s), a1 =0,a2 = s, l.e x; = xf), Yy = y'?
and M = 1, we read off the following system of coupled quasi-linear ODEs

This article is protected by copyright. All rights reserved. 8



(" = d/ds) with respect to s

STo = —NoTo — T1, (2.1)
st) = —mxo + 570 + oo + &1, (2.2)
syy = —&1y1 + Yo, (2.3)
syy = —Eoy1 — sy1 + NoYo + My, (2.4)
& = ToYo, (2.5)
& = oY1, (2.6)
Mo = Toy1, (2.7)
= T1Yi- (2.8)

In this case the Hamiltonian (L.§]) simplifies to

H = —noxoyo + (&0 — m + 8)zoyr — 2190 + &121v1,

and the Hamiltonian equations of motion

0 0

= _—H = —_— H =01
5T 9y, y o SY; oz, y )
0 0
/ / .
U:_H7 fz——H, .]:071
J 8& J anj
furnish the system (2.1)-(2.8) above. Note that (7)) with M = 1 gives
s t
det( — K,) = exp (/ dt 7707()> (2.9)
0
In the matrix formulation of the isomonodromic problem we recall the
definitions
00 - —1
E = , C:= 1o ,
L0 So—m &
and

ToYo ToyY Ty
A:A(2)2< 090 0 1):< >®<y0 y1>7
1Yo T1Y1 €
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where A® is a rank 1 matrix so det A® = 0. The Schlesinger equations are
now

AV = [CesEAT], C=[EAT]. @)

Proposition 2.1. The isomonodromic system V(x,s) has a singularity pat-

tern %—i—l—i—l where the Riemann-Papperitz symbol is

0 1 oo(3)
—vg 0 iy/s —% . (2.11)
-1 0 —iv/s vyg+1n

We have the resonant or ramified case, see (E), (Q) and (@)

Proof. The isomonodromic system (ZI1]) differs from the one in (L9) and
(CI0O) through the transformation of the independent variable z — sz and
U(sz,s) — U(z,s), which become

ov C—-AD AW
— =495k v 2.12
0z {S Tt } ’ (2.12)
ov
55 = {s'Ez4s'C} V. (2.13)

The effect of this is to place the regular singularities at the canonical positions
0 and 1. The resonant or ramified case arises because E is nilpotent with
eigenvalues 0, 0; the eigenvalues of C' — A" are —vy, —14 whilst those of AM
are 0,0. Let us denote the matrix in braces on the right-hand side of (2Z.12))
by A. The Jordan decomposition of sFE is

= () ()6

-1
0 st 0 st
so we transform the system (2.12]) to B = L0 “A- Lo ) We

next apply the shearing transformation S := diag(1, z79) with an arbitrary

exponent g and form a new coefficient matrix C = S~!. B .S - S71. 9"
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The leading exponent matrix of C' is ( ‘i) so we achieve off-diagonal

—g+1
balance if we choose g = 1/2. Under this choice the leading coefficient of C

(of order 27%/2) is now diagonalisable if s # 0
0 1
-5 0
—is~l2 g1/ ist/2 0 A
B 1 1)\ o —ist?) 1 1 '

So we apply this transformation and define another coefficient matrix
-1
Cie—1/2 s.—1/2 ie—1/2 s .—1/2
D = ( 181 281 ) -C - ( 281 281 ) Associated with the

fractional exponent for ¢ we define a new spectral variable z = w?, and

=

perform a large w expansion

1 isl/? 0
§wD - ( 0 —i51/2)

1/2 — 1/2 -2
T I S ) BrCTOR)
1/2+ e —2ng 1/2 — e

The sub-leading term appearing above can also be diagonalised

( 1/2 — e, 1/2+el—2n0>

1/2—’-61-2?70 1/2—61

-1
(1 -1 1 —2ng 0 1 -1
BV 0 —2e + 21 1 1 ’
and these diagonal elements give us the last column of the Riemann-Papperitz

symbol. n

The ramified cases of the isomonodromic systems are quite important be-

cause they arise very naturally from random matrix theory applications, and
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[ 22 | [2+3 ] [3+3 ]
| Pm(De) | | Pm(D7) | | P (Ds) |
[1+141+1 | [2+1+1 ] [3+1+1] i ?
L P | A N\ [deg—Pv] /

Figure 1: The degeneration scheme of the Painlevé equations interpreted
through their isomonodromic deformation problems. The unramified and
ramified cases are given in black and blue entries respectively, and the sin-
gularity confluence transitions are given by black arrows, while the drop in
the Poincaré index transitions (in this case always 1/2) are given by red ar-
rows. The deg — Py system is equivalent to the Pi(Dg) system, whilst Py

is equivalent to Py.

the re-interpretation of the degeneration scheme of the Painlevé equations via
isomonodromy deformations was completed relatively recently by Kapaev &
Hubert 1999 (@ ), Kapaev 2002 (@ and Ohyama and Okumura 2006 (@) In
this expanded scheme, see Fig. [I there are 5 integer (unramified) types and
5 half-integer types, even though there are only 6 independent transcendents.

In the case M = 1 we read off from ([L4]), together with knowledge of
special cases of the Meijer G-function (see e.g. (11)), that

f(fL’) - G(l):g('ﬂ - o, _Vl) - m_%(VO+V1)JV1 VO(Q\/E)7
g(x) = GyS(alm, vy) = 220t ], (2/2).

Recalling (4], and making use of difference-differential identities for the
Bessel functions we thus have

=T %y0+yl Vl VO<2\/_>

1

(z)

¢1($) — vz 3 uo+V1)JV1 1/0<2\/_)+$ 1 (votv1— 1){]1/1 V0+1(2\/—>
(z) =
(z) =

©-

o\

xz

Yo _VO:CQ VO+V1)JV1 Vo(2\/_) _ I*Q(VO+V1+1)(] by l/0+1(2\/_)
(0] 2(VO+V1)<]V1 1,0(2\/5),

T
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Remark 2.1. 1t is obvious from the above that the linear orthogonality rela-

tion

Yo(z)do(z) + th1(2)dr(2) = 0,
holds and in fact one observes the splitting or folding relations in this case
Uy (x) = 2o (z) and ¢y (x) = —x 701y (x).

Using the Bessel function integral identities

/ dun®J, (1), 1(u)
0
1 1
= 51/3[;2Jf(x) —v(v+ D)z, ()], (x) + Q(V + a2 (x),

/ duuJ?(u) = 2*J2(x) — 2vxd,(2) J,1(2) + 2° T2 (),
0

and the Neumann expansions

SL’j = Z¢J(S) +Z/ dZ](l(S, Z)¢j(z)
Z/ l /0 Z 1(872) 1(Z7Z)¢]( )+ )

y; =ipi(s) +1i /08 dzK(z,5)1(2)
+ i/o dz/o dz' K1 (2, 2) K1 (2, 8)Y;(2) + .. .,

we can deduce the behaviour of the variables in the neighbourhood of s = 0,
which furnishes the initial conditions for the integrals of motion to be deduced
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below,

S
o 2.14
CL’()(S) s—)OZgbO(S) ZF(Vl — 1 + ].)’ ( )
. s (1 —rp)s ™
N N 2.15
z1(s) s—>02¢1<8) ZF(yl -1 +1) * ZF(Vl — vy +2) 219
. ' V()Syl . (VO _ 1>8V1+1
N o 2.16
W0ls) 5, 0l8) ~ i T Y T v 2y 210
s
i 2.17
yl(s) 5%0,”#1(8) ZF(Vl — 1 —|— 1)’ ( )
81/1—1/0+1
o 2.18
mo(s) ~ T — 1o+ 2T — 1o+ 1) (2.18)
VOSV17V0+1
o 2.19
7]1(8) s—=0 F(Vl — Uy + 2)F(V1 — U+ 1) ( )
1 o 2 v1—vo+2
L (2w | 2.20)
F(Vl — 19+ 3)F(V1 —Vy+ 1)
VO(VI — 1 + 1)81/171/o+1
N 2.21
tle) -+ 2 U 22
1 — 2up)svi—vot?
L (-2m)s , (2.22)
F(I/l — 1+ 3)F(V1 — 1+ 1)
Sl/1—V()+1
o . 2.23
61(8) 50 1o gl F(Vl — 1y + 2)F<I/1 — 1y + 1) ( )

Consequently we note an analogue of the orthogonality relation given in
Remark 2.7

X
& ~ SV0+V1 1 —vo—v1

, o~~~ =S

Tg s—0 Yo s—0
As was the case in the Tracy and Widom theory we would like to re-
duce the order of the coupled ODE system and deduce the first integrals of
the motion. For convenience we define the elementary symmetric functions

ej, 7 =1,2of vy, 1.
Proposition 2.2. The system possesses the integrals of motion

§i=mno—er, TrC = —ey; (2.24)
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the orthogonality relation
TrA® = 2y + 2191 = 0; (2.25)
the further integrals of motion
M+ & = e (2.26)

sxoyr = —no&1 + Mo + o — M — €2; (2.:27)
and with ng identified as the Hamiltonian, the identity

NoxoYo + (M — o — $)xoyr + 1Yo — E1x1ys + 1o = 0. (2.28)

Proof. Subtracting (2.1) from (2.6])

therefore

§1— 1o = —ey.

and ([2.24) follows.
Adding yox [21]) to zox ([2.4]) we find

s(woyo) = (m — &o — 8)Toy1 — T1Y0-
On the other hand adding y; X (22) to z1x [23]) we deduce
s(z1y1)" = (§o — m + 8)zoy1 + T1Y0.
Thus we find their sum vanishes and for s # 0
(zoyo)' + (z131)" = 0,

and application of the initial values gives (2.25]). An immediate consequence
of this latter relation and (ZX) and (Z8)) is

& +m =0.
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Applying the values at s = 0 we conclude that ([220]) is satisfied.
Adding y; x (1)) and xox ([2.3) and then employing (2Z3]) to (2.8) we find

s(zoy1)' = =&y — M€y + & — M-
Utilising (2.7)) once again we have the total derivative
(szoyr)" — o = —&1my — no&y + & — M-

Employing (224)) and (226) we have (2.27]).

Forming (X (2.4)) minus y,x (Z1I)) and simplifying we arrive at
0= (m — & — s)zoy1 + mo(oyo)" + T1Yp-
Next forming ) x (Z.3) minus 3] x (2.2) and simplifying we have
0= (m —& — s)zoy; — &i(z1y1)" + 7190
Adding these two later relations we compute

0 =(m — & — s)(xoy1)" + no(woyo)" — E1(zryr) + (2190)’
=[(m — & — s)zoyr] — (m — & — Vxoyr + (noxoyo)’ — mooyo
— (Gzy)' + &y + (2190)’

[(m — & — s)zoyr + nozoyo — E121y1 + 21y0) + o

— (Y1 — ToYo)ToY1 — ToY1ToYo + ToY1T1Y1
= [(m — & — 8)moy1 + NowoYo — E121y1 + 210 + Toys
= [(m — & — 8)Toy1 + MoToYo — E12191 + T1Y0 + Mo] -

Appealing to the initial conditions we deduce ([2:28]), and consequently H =
To- O

Another feature of the Tracy and Widom theory is the appearance of the
o-forms for the resolvent function (for justification of this terminology, see

(Ia, Section §9.3)) which is also easily deduced in the generalised theory.
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Proposition 2.3. The resolvent function no(s) (recall (Z9)) satisfies a spe-

cialised o-form equation for Painlevé III’

s (i) — €T (nh)? + 4(ny)* (smy — 1o + s + ea) — dmony = 0, (2.29)

subject to the boundary conditions [2I8)) at s = 0. The resolvent is given in
terms of Okamoto’s function h(s;vy,vs) (see Prop. 4.1 of (Q), or Eq. (0.7)

of (14)) 1

no(s) = h(s) — 3~ ;l(Vl — )%,

for the special case vi = vy = £(v1 — 1p).

Proof. We follow the Okamoto prescription and recast the dynamical vari-
ables in terms of 1y and its derivatives. From (7)) we have nj = z{y1 + zoy}.
On the other hand we deduce from ([2.25]) and the formulae for yy and 1 us-
ing (23) and (1)) respectively that szoy; — sxyyr = ern. Combining these

two relations we have

1 1
SToYy = 5 (smo +emy),  sxoyr = 5 (516 — eng) - (2.30)

Now we use the same relations to eliminate yy and z; in the energy conser-
vation relation (2Z28]) and we find

0=10+ (10 — e2 — 5 — sToy1)Toy1 — T4y,
where we have utilised ([2.27]) in the last step. Finally using the identity

xi)yi _ (Sxé)yl)(sxoyi)’

s2x0y

and substituting for the 7y derivatives we arrive at (2Z.29)). O

Remark 2.2. The Hamiltonian variables can then be computed in terms of
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the resolvent and are given by

o= 5",y = ST,
1 0 1
Tr1 = —Xo |:§Sn—6 —+ o — 5(1/0 —+ 1/1) ,
1 ng 1
Yo = Y1 {5877_6 + 1o — §(V0 +u)|,
1
So =1 — 3 [—s10 +no(L +vo + 1 —no)],

1
§1 =10 — Vo — 1, 7]125[—3776+770(1+V0+V1—770)]-

The relations for & and n; follow from ([226]) and 227).

We now give relations between the two sets (xg, o) and (21, y;) which we

call folding relations and the proof of these.

Proposition 2.4. Assume xo # 0. Then x1,y, are related to g,y by
Ty = —8%0, Yy = sxg. (2.31)

Proof. Let y; = f(s)xo, so that z; = —f7!(s)yo using [Z25). Substituting
this into (Z3]) we have

stof = f(=su(—&wo+ [ y0) -

Now employing (2.1]) into the right-hand side of the above relation we deduce

/
STo—F = (770 - 51)550 = €12p.

f

Under our assumption xg # 0 we then have sf’ = e; f which has the general
solution f = s given the initial condition y;/zqg — s as s — 0. These

relations also follow easily from the relations of Remark O

Remark 2.3. The relations (Z31]) are the non-linear analogues of the relations
given in Remark 2.T] for the kernel functions. They also correct in an essential
way assertions made in Remark (c) on pg. 9 of (H) Understanding these

relations for M =1 is key to that of the more general case M > 1.
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Having reduced our system to the pair of canonical variables (xg,yo) we
are at the stage of discussing co-incidence with the original theory of Tracy

and Widom (1). For convenience we will set 1y = 0 in this discussion.

Lemma 2.1. Let vy = 0 and vy = v. Expressed solely in terms of xq,yo the

equations of motion are

SZEE) = —TNoxo + S_l/yo, (232)
syp = —(2&o + 8)8"xo + M0y, (2.33)
= s"xg, (2.34)
& = oo (2.35)

Equation (2.27)) is now
s" Mg = 260 +no — (o — v), (2.36)

and [2.28)) is

— 57Yyg — (280 + 8)s" x5 + (200 — v)Toyo + mo = 0. (2.37)

Proof. Using (231]) both (1)) and 23) reduce to ([232)), while (Z2) and
(24)) reduce to (233). O

Proposition 2.5. The current system v, s, xo, Yo, o, Eo maps to that of Tracy
and Widom (B) a,t,q(t),p(t),u(t),v(t) under the transformations v = «,

_ 1
=1

Proof. We proceed by way of verification from our own results by direct
calculation. Thus we find (2.30) becomes

tq* = iuQ + u + 2v,
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ie. Eq. (2.19) of (Iﬂ), (Z37) becomes

u=4p* — (a® — t + 20)¢® + 2qpu,

which is Eq. (2.20) of (Iﬂ), (Z34) and (235) become

d d

2
_ = —) = s

which are Egs. (2.24) and (2.25) of (Iﬂ) respectively; and finally (2.32]) and
([Z:33) become

d 1 d 1.2 1 1 1
taq =p+ 4qu, t%p = (307 — 3t + 5v)q — ;pu,

which match Egs. (2.22) and (2.23) of (Iﬂ) respectively. O

3 M =2 Theory at the Hard Edge

3.1 Fredholm Theory

Here we treat the case M = 2 with a single interval J = (0,s) and thus
L = 1. As before we define the elementary symmetric functions e;, j = 1,2, 3
of vg,11,v5. In this case application of Prop. 3.9 of (1) for J = (0, s),

a; = 0,ap = s, l.e xj; = JU;Q), Yj = y](-Q) yields the following system of coupled
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ODEs

STy = —ToTo — 1, (3.1)
ST = —MiTo — T2, (3.2)
8Ty = —NaTo — 570 + §oTo + §171 + &, (3.3)
syp = —&aYo + Y1, (3.4)
syy = —&1Y2 + Yo, (3.5)
syp = —&oYa + SY2 + NoYo + Y1 + My2, (3.6)
&6 = —ToYo, (3.7)
& = —Toy1, (3.8)
& = —Toya, (3.9)
o = —ZoYa, (3.10)
m = —T1Ys, (3.11)
My = —T2Ys. (3.12)

The Hamiltonian (L] is now

H = —nozoyo — maxoyr + (o — 12 — $)ToYa
— T1Yo — Toy1 + &121Y2 + Ea22y2, (3.13)

and as before the Hamiltonian equations of motion

0 0
sty = ~—H, sy;= _8_H’ =012,

dy; Tj

0 0
= _—H f=——H, j=0,1,2
77] 8§J ) é-j 87]7 Y j Y Y Y

give rise to the previous set of equations (B11)-([312).
In the matrix formulation of the isomonodromy deformation problem we

recall the definitions

0O 0 0 —"No -1 0
E = 0o 00|, C:= - 0o —-11,
-1 00 So—1m2 & &
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and

ToYo ToY1 ToY2 Zo
A= A% = T1Yo Y1 T1ye | = |21 | ® (?JO n ?J2> .
TaYo X2Y1 T2Y2 L2

Again A® is a rank 1 matrix so det A®® = 0. The Schlesinger equations take
the standard form

sA® = [C +sB,AP] (3.14)

C' = [E,A?]. (3.15)

Proposition 3.1. For M = 2 the isomonodromic system (L9) and (LI0)

has the singularity pattern %—l—l—i—l and its Riemann-Papperitz symbol is

0 1 0o(3)
—1) 0 51/3 —§ 3
L 0 wsll3 o : w® = 1. (3.16)
—vy 0 w?s'/? —% + vy + v+ 1

Proof. After mapping z + sz and U(sz,s) — ¥(z,s) the isomonodromic

system become

L A® (2)
3@:{3E+C a7 A }\IJ (3.17)

z z—1

and 9
aS\If {3 Ez+s C’} v,

E' is nilpotent with eigenvalues 0,0,0 in Jordan blocks of size 2 & 1, i.e.
the resonant or ramified case; the eigenvalues of C' — A® are —vy, —v1, —1
whilst those of A are 0,0,0. Again let us denote the matrix in braces on
the right-hand side of (BI7) by A. The Jordan decomposition of sE is

-1

—s1 0 010 —s1 0
sE= 10 0 00 0O 0 1 ;
10 0 000 10 0
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0 —s 1 0\ = /0 —s! 0

so we transform the system @I toB= |0 0 1 A0 01

1 0 0 1 0 0
We now apply the first shearing transformation S := diag(1, 279, 2=%9) with
an arbitrary exponent g and form the new coefficient matrix C' = S~1-B-S —
1 g 20 +1
S~1. 8" The leading exponent matrix of C'is | —g + 2 1 g+1

—29+1 —g+1 1
The smallest positive exponent that allows us to have off-diagonal balance

occurs when —2g + 1 = g, i.e. if we choose g = 1/3. Under this choice the

leading coefficient of C' (which appears at order z='/3) is now

0 10
0 00
-1 0 0

A Jordan decomposition of this reveals

-1

0 10 0 -1 0 010 0 -1 0
0 00f=1]0 0 -1 001 0 0 -1 ,
-1 0 0 1 0 O 000 1 0 0
and we now have a 3 x 3 Jordan block. We apply this decomposition trans-
0 -1 0\
formation and define another coefficient matrix D = [0 0 -1 -C-
1 0 0
0 -1 0
0 0 —1|. In addition we define a new spectral variable z = aw? be-
1 0 O

cause of the fractional exponent for g and a is a constant to be fixed later.

Next we perform a large w expansion of D

3aw?D = 3a*w

o O O
o O =
S = O

0 01
—3asy |0 0 0| +O(w™).
000
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We now apply a second shearing transformation 7" := diag(1, w ™", w=2") with

another arbitrary exponent h and form the new coefficient matrix G = T -
1 h—1 2h
D-T—T=YT'. Now the leading exponent matrix of Gis | —h + 3 1 h—1

—2h+2 —h+3 1
The smallest positive exponent that allows us to have off-diagonal balance

arises when —2h + 2 = h — 1, i.e. if we choose h = 1. The integer exponent
signals the end of the recursive process of shearing transformations and a
diagonalisable matrix. With this value of h we find an expansion for G as

w — 00

0 3a23 0
G = 0 0 3a?/3
—3a73s 0 0

2 0 0
+w 0 1435 0 + O(w™?).
0 0 3—3n

The leading order matrix appearing above is now diagonalisable, and by
choosing a = —1/27, we can simplify the decomposition in order that the

final transformed coefficient matrix H has the expansion as w — oo

s 0 0
H = 0 ws'/3 0
0 0 w2st/3

2— €1 QQ Ql
+ U)il Ql 2 — €1 QQ + O(’w72),
QQ Ql 2 — €1

where w is the third root of unity, Q; = wé —no + (1 — w)/3 and Qy =

w?& —no + (1 — w?)/3. The sub-leading matrix appearing above can also be
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diagonalised as

-1

w2 1 w 2 0 0 wrl ow
w 1 -0 3=3n 0 w1 w? ;
1 1 1 0 0 1 —3e; + 3o 1 1 1

and these diagonal elements give us the last column of the Riemann-Papperitz

symbol. O]

Definition 3.1. We will define generic conditions to be vy — vy # 7Z whether
or not v is zero. However from the perspective of one of the random matrix
applicationsH this is precisely the case of interest. In this case we observe that
the generic constraint can be lifted in principle with the proper treatment of

logarithmic contributions to the initial conditions.

For M = 2, the kernel functions are given by
f(l') = Gé:g(ﬂ — Vo, =, _VQ)a g(l‘) = Gg:g(ﬂ”& 1, VO)?

however we will employ hyper-Bessel function representations, involving the
generalised hypergeometric function oF,. The basic properties of hyper-
Bessel functions such as integral representations and as solutions of linear
ordina(llﬁ differential equations have been studied in the works (@), (Iﬂ),

(13,

were investigated in (18), (19) and (20). These functions have arisen in a

) and ), while their asymptotic expansions for large arguments

diversity of applications such as the oblique reflection of long wireless waves
from the ionosphere where the earth’s magnetic field is regarded as vertical

) or the reflection and diffraction of atomic deBroglie waves by a travel-
ling evanescent laser wave ) Using standard relations relating the Meijer

G-function to the hyper-Bessel function, and differential-difference identities

2However the other random matrix application which we treat later in our work, the

Muttalib-Borodin ensembles, does satisfy the generic condition.
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of the latter, and recalling the definitions (L4]), we have

¢o(x) =
o
TR DT E T e (e b v 1),
¢1(x) =
Voxr "0
N Fy (51— 1 — 1: —
T —vo+ DT (p— 1 +1)° 2 (G =+ Lve —wo + 15 =)
xl—l/o
_F(l/l—V0+2)F<U2_V0+2)0F2(;V1_VQ~|>27]/2_V0+2;_$)’
Pa(x) =

2,.—10

— FEGn—vy+1l,vo—1yg+1;,—x
F(Vl—y0+1)F(V2—y0+1)0 2 0 2 0 )

(1 — 2ug) 270

+ Gy —vy+2,1 —1p+ 2, —x

r(yl—u0+2)r(y2—uo+2)“( P 2 )
11271/0 F

— sV — v+ 3, v — 1+ 3;—x),

F(l/l—VQ—I—?))F(VQ—VQ‘I—?))O 2( ! 0 2 0 )

(g —vy)a™

= Fy(n—vo— 1,0 — va + 1;
¢0(x) F(V1—I/0—1)0 2(,”1 Ly , 1 V2+ 737)
I'(vy — v9) a2
F((]/l VQ) 1)0F2<;]/2—y0—]_,VQ—V1+1;37)
27— Vo —

['(vy—1y)x

+(V0—I/1—1/2+1)|: 0F2<;I/1—V0,I/1—1/2+1;(B)

(v — )
%OFQ (;vo — v, 9 — 11 + 1;x)}
+ vV [I{‘((:f__:)f?)ofrz Grn—w+lv—-—1r+l)
lz‘é:; ::j)f;2>oF2 Gre—wvo+ 1,vg — 1y + 1;@} )
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[ (g —1q)a”

1
Py (x) = O oF2 G — v, — e+ 15 2)
U'(vy —vy) ™
+ T (s — 10) oFs (Gvo — vy, 10 — 1y + 15 )
(g —1p)a™
— F (v — 1 — 1:
(11 + 112) F(Vl—V0+1)O (G —wv+ 1y —+ 1)
['(v1 —vy) 2™
Fy(ivo— 1o+ 1,0 — vy + 1;
F(VQ—V0+1)O 2(,1/2 V0+ , V2 V1+ ,l’) 3
I'(vy — 1) ™
o(z) = (2 = 1) oFo Gri — v+ 1L — e + 15 2)

r (Vl — Vy + 1)
(v — o) 2™
F(I/Q — -+ 1)

—+ OFQ(;VQ—V0+1,V2—V1+1;$).

Here the linear orthogonality relation

Yo(w)do(x) + 1(2)P1(x) + o(x)a() = 0,

is not so obvious, and implies an bilinear identity involving hyper-Bessel
functions with reflected arguments.

The initial value conditions for the Hamiltonian variables can be imposed
through an expansion in the neighbourhood of s = 0 with restricted argu-

ment. Thus we have

1810
To(s) ~ — , 3.18
0() F(Vl—V0+1)F<V2—V0+1) ( )
() s~ 0
Tri(s) ~ —
! F(Vl—Vo+1)F(V2—V0+1)
(1 — 1—-vg
_ _“( Yo) 8 — . (3.19)
F (Vl 120 + 2) F <V2 120 + 2)
2,2 o—10
wys
372(5) F(Vl—V0+1)F(V2—V0+1)
i(l— 1/0)2 gi—vo (3.20)

F(Vl—V0+2)F(V2—VQ+2)7
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il (vg — 1) st gD (v — 1) 82

Yols) ~ I'(rn—1p+1) I'(vy — v+ 1)
i(vove — o +vy — e+ 1) T (g — vy — 1) s 1!
B ['(vy —vo+2)
i(vovy — vy +ve — v+ 1) T (1 — vy — 1) g2
B T (vy — vy +2) ’
i(wo+ 1) D (ry —11) s i(vy+ 1)L (11 — 1a) s*2
yls) ~ = L'(vy—vo+1) B [ (vy—vg+1) ’
il (g —1vy) s il (1) — 1) 82
y2(8)NF(V1—V0+1) I'(vg—vp+1)
Mo(s) ~ — L vy —w) s

Fvi—wv+2) T (i —vo+ )T (g — 1o+ 1)
[ (v — 1) s¥2v0f!

F(Vl—V0+1)F<I/2—V0+2)F<I/2—V0+1),

vl (vg — vy) st
P —wv+2) T —vo+ 1) T (e — g+ 1)
vl (1) — 1) g2~ 0L
Py —vo+ D)0 (re—vo+2)T (g — g+ 1)
(—v3 — vy + 2vpvg + vy — e + 1) T (vy — vy — 1) s 77012

m(s) ~ —

+
F(Vl—I/0+3)F(V1—V0+1)F<V2—1/0+2)

_|_

(3.21)

(3.22)

(3.23)

(3.24)

(_Vg — Vgl/s + 27/()7/1 + Vo — 11 —f— ]_) F (Vl — Uy — 1) SV27V0+2

F(l/l—V0+2)F(1/2—V0+3)F(V2—V0+1)
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VAl (vg — 1y) st

12(s) ~ T -+ —wv+ )T (ke — v+ 1)
VAT (1) — vy) g2 ot
B F(vi—vo+ )T (e —vp+2)T (g — 1o+ 1)
— (5 =20 — (20 — 2w + Do + (1 — )1y + 1)
. [ (v — vy —1)gn—v0t2
I —v+3) T (1 —vo+ 1) (e — v+ 2)
— (VS’ — 20— (208 — 2o + Dy + (1 — ) ?va + 1)
" [ (v) — vy — 1) gv2vot2
Py —vo+2)T (e —1p+3) T (e —vp+ 1)’
£0(s) ~ —e5 — voval (vg — 1y) 81770t

'y = +2)T (1 —vo+ 1) (e — o+ 1)
voril (v — 1) s¥2 770 t!
F(vri—vo+ DT (s —v9+2)T (1y — 1o+ 1)
— (VQVg — Vg — 2V§V0 + vy + vy + 21 + u§ — gy — 1 — 1)
[ (g — vy — 1) g ot2
I —v+3) T (1 —vo+ 1)1 (e — 19+ 2)
— (Vlyg — Vg — 2V12V0 + 9y + Valy + 21 + l/f — Ny — Vg — 1)
[ (v — vy — 1) g2t

X , (3.2
F(Vl—V0+2)F<I/2—V0+3)F<I/2—V0+1) (

X

(v + o) T (vy — vy) g1 0tt

5)

S) ~ ez +
Gils) ~ ez T(r—1o+2)T (1 — o+ )T (o — 1 + 1)
F _ vo—1o+1
+ (o £ 1) L — o) s . (3.26)
F(Vl —V0+1)F(V2—V0—|—2)P(V2—V0—|—1)
[ (vy — vy) sh1—votl
§a(s) ~ —e1 — b =)
F(I/l —VO—|—2)F(I/1 —l/[)—l—l)r(l/g—l/[)—l—l)
- Ll —ra) sm
F(Vl—V0+1)F<V2—V0+2)F<V2—Vo—i—l). '
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Some warning ought to be attached to the above results. Only those terms
where the s-exponent has the least (in sign) real part should be admitted as
the true lowest order term, depending on the relative sizes of the parameters.
Whilst the remaining terms still do contribute there will be additional, higher
order terms arising from the leading one, and which will appear at the same
order. However such higher order terms haven’t been worked out in the above

expressions.

3.2 First Integrals

Again the system (BI)-(3I2) can be reduced in order. This requires some

preliminary results.

Lemma 3.1. Eliminating the variables x1, xs, Yo, y1 successively in favour of

Zo, Y2 we have the relations

T = —1oTo — ST, (3.28)
vy = —mwg — stys + (14 no)sa(y + s°ag, (3.29)
y1 = oy + SYs, (3.30)
Yo = E1y2 — sToys + (14 &) syb + s (3.31)
Consequently we have
& = —sT0Ys + (10 — €1)7g, (3.32)
M = SToY2 — M0, (3.33)
&y = —s"woyy — (1 — ex +10)sT0ys + 11 + 5(15)?, (3.34)
iy = —s%x5ys — (14 no)soye — nym + s(1p)*. (3.35)

In addition we note
2.2 1

sy + (e + 3)s%zy + (e1 + ex + 1 — mg — Bswoya) sy — s°x5yh
— (1 + 1)sagys — (€0 — m2 — moér — &y — 8)20 = 0, (3.36)

This article is protected by copyright. All rights reserved. 30



sy + (—ep + 3)s%yy + (—ey + ex + 1 — 1y — Bsaoys)syhy — sysx)

— (—e1 + 1) swoys + (€9 — m2 — noé1 — Eamy — 8)y2 = 0.

(3.37)

Now we have made sufficient preparation for the task of deducing the

integrals of the motion.

Proposition 3.2. Let us assume the generic condition vy —vy # 7 holds. For

integral of motions we have the Hamiltonian giving the energy conservation

NoToYo + maoyr + (=& + 12 + ) Toy2 — &121Y2 — Ea2ys
+ x1yo + w2y1 + 10 = 0;

the relations

52 =To — €1, TrC = —ey,
sToy2 = N2 +m — &1 + €2 — 1o,

and the orthogonality relation
TrA® = zoyo + 2191 + T2y2 = 0.
In addition the latter relation can be integrated once again to give
—3ez+ea(er +1mo—1) —moler —no+ 1)(e1 + 10 — 2)
— sToy1 + sToyz (—2m0 + & + 2) + sw1ye
+ (21 — D+ (1 —e1)é — 3 (e + &) =0,
and furthermore can be split into the two independent integrals
3es + ea(—2e1 +no —4) +moler — no + 1)(2e1 — mo + 2)
—(er +1)m + (261 — 3no + 4)&
+ 2szoy1 + sxoya(2e1 — no + 2) + sr1y2 + 38 = 0,
and
ea(er +mo—1) —noler —mo + 1)(er + 10 — 2)
+(—e1 43 —m + (1 —e1) &
— SToy1 — SToya (€1 + Mo — 2) — 2sx1Y2 + 312 = 0.
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The sum of these later three is zero modulo B4W) and B39). The last

integral of the motion is

ez + & — 2 — &1 — &amn
—&woyo + (o — m2 — Eam)Toyr + E1mToy2
— &m1yo + moleziyr + (o — 12 — ML) T1Y2
— Ty + Noxay1 + Mma2yz = 0. (3.45)

Note that we have revealed the appearance of all of the three elementary sym-

metric functions of independent parameters vy, vy, Vs.

Proof. Comparing (39) and (3I0) and noting the initial values for & and
no as given by ([B.24) and ([B27) along with the assumption min(Re(r; —
1), Re(re — 1)) > —1 we have ([839)). Considering ([3.40) next we compute
the derivative of szgys using (B1)) and (3.4) and find

(soye)" = s(woy2)" + Toy2
= —noToy2 — {2ToY2 — T1Y2 + ToY1 + Toy2
= 10y + o€z + 1y — & — g
= (m&2 +m — & —m).
Assuming again min(Re(v; —1p), Re(va —14)) > —1 we can fix the integration
constant and deduce (B40).

Computing s times the derivative of zgyo + z1y1 + 22y- using (B.10)-(B.6)
we find this vanishes and if s # 0 then this quantity is a constant. Assuming
vy # 0, min(Re(v; — 1), Re(vy — 149)) > 0, or if 1y = 0 then this lower bound
can be dropped to —1, then the inner product vanishes as s — 0 and thus
the constant is in fact zero. Alternatively one can deduce TrA® = 0 from
B.14).

Next we derive ([8.42)). We first rewrite (3.41]) in the following way

(@1y2)(woy1)
ToY2

! ¢!
=g - 0% (3.46)

/
0

0 = zoyo + w2y2 +
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Now we seek alternative forms for 7]} and to this end we re-examine (341])

from a different point of view. Using the formulae for xy, 2o, 10, y1 given in

B29),[3.29), B31),([330) we rewrite the orthogonality relation as

0 = oy (e2 — Mo — 3sxoy2) + (€1 + 1) syazy + (1 — €1) sy

— s2alyy + SPyary + Scxoys,  (3.47)

and using 77(()3) + 2xyyh + Yoy + Toyy = 0 we can eliminate the last two terms

of the above in favour of z{y} which gives

0 = 2oy2 (€2 — Mo — 35T0Y2) — 5277(()3)

+ (e1 + 1) syaxly + (1 — 1) swoyy — 35whyy.  (3.48)
Now using the identity

/ /
gy — (3020) (o) 510

TolY2

in ([B48) and solutions of [B32) and [B33) for szoy) and sy.x| respectively

we arrive at an alternative form for the orthogonality relation

0= (ex —3n0 — 1) &y + (—2e1 + 3mo + 1) momy — 3m&y
— (= 3y + eay + ex(3no + 1)mfy + 5208 + 3snfF — 3ndnh — 3nomp).
We solve this for {&] and substitute this into (3.40) yielding
0= es (g + 20 — €1) — €3 + eanfy + s*np
+ 3smomg + 3smg + 315my — 3nomy — 0y + & — 3 — 3.

This is a perfect derivative and when integrated after noting the s — 0 limits
of (3237) and (320) (with the proviso min(Re(vy — 1p), Re(ve — 1p)) > —1),

we obtain

0=—3es— (1 —ey)es + (—ef +ep +eg+2)m0 — 35 +no
+ (3770 — 2)8776 + 827’]6, + (261 - 1)7]1 + (1 - 61)51 - 37]2 - 3&) (350)
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Now ([B22)) immediately follows by substituting for 7, and n} using (BI0),
(BJ) and ([B4) to clear all the derivatives. However, as alluded to in the
proposition, we can go further and split this relation.

We intend to integrate (3.34)) in order to prove ([3.43]). The first thing we

do is use the identity for s?zy}

2 "o 1\ / 2.1 1
S ToYy = S (55’70:92) — SToYa — S XYa,

to replace s*zoy, in ([B34). Next we replace the term s*z{y) using ([B4J).

This leaves us with terms linear in sxjys and sxoyh, and we replace these last
two factors by solving [B33]) and (B32]) respectively. The end result is

0 = 2e2, + exny + eanfy — Gernory + 302 — 3nomhy + 521

— ey — 1y + 26161 — 3&my — 3no&y + & + 3s(szoys) + 3.

This is a perfect derivative whose integral is determined as

0=—-2(e1 +2)ey+ 3es + (26%—{—461-}-62—{—2) n0—3(61+1)n8+n3
— 2810 + 870 + (—e1 — 1)y + (2e1 — 3mo + 4) & + 3s%wyh + 3&.  (3.51)

Here the initial conditions ([B.25]) and (B.26) have been employed under the
assumption min(Re(vy — 1), Re(va — 1)) > —1 and vy # 0. Clearing the
derivatives of 7 and subsequent derivatives from this expression gives (8.43)).
The method for proving ([B.44]) is similar and will entail integrating (3.35).

Here we use the identity for s?z{y,

2.1 o / / / 2.1 1
s°Tole = 5 (SToY2) — STHY2 — 5~ ToYs,

to replace s*zys in ([B30). Again we replace the term s?x{yh using (B4J).
This also leaves us with terms linear in szjy2 and sxoyh and we replace these
last two factors by solving (8.33)) and (B.32)) respectively. Our result this time

1S

0 = —edng + exy + ean + 3ndnp — 3norh + 5705

+ 3nony + 3mny — ey — ny — e1&h + & + 3s(szpy2) + 3.
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This is a perfect derivative whose integral is determined as

0=—(1—e1)ea+ (ex +ea+2—e])mo— 3y + ny — 2sm + 57

+m (—e1 + 30 —4) + (1 —e1) & + 352 ahys + 3. (3.52)
Here the initial condition (B26]) has been employed under the previous as-
sumptions. Clearing the derivatives of 1y and subsequent derivatives from

this expression gives ([B.44). The last integral of the motion, ([B.45), is

det(C — A®) +e3. One can verify directly it is a constant using the equations
of motion ([B.1))-(B12). O

Proposition 3.3. Alternatives to the identity (B40) are the relations

e3 — sT1Y2 + 212 + §o — m + mée
= (no —2) [—e2 + szoy2 + 1m0 — 1 + &1 — M) =0, (3.53)

and

ez — 2e3 — swoyr — N2 — 2§ — &1 + mo&a
= (2+e1 —no) [—ea + swoy2 + 1m0 — M + &1 — o] = 0. (3.54)
Proof. The proof employed for szgys can be easily adapted to szgy; and

sx1Yy2. We observe

(szoy1)" = s(woy1)" + zoyn
= —MoZoY1 — T1Y1 — §1%oY2 + ToYo + Lol
=m0t — & — M+ &mh — &1 — &
= (noé1 — & — 260 — m2),

and
(s2132)" = s(2192)" + 2192
= —MToY2 — ToY2 — EoT1Y2 + T1Y1 + L1y
= m& + 1y + Eamy + &+ 1y — 1)
= (m& +2m+ & —m)".
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These two relations are not independent of (B.40) as can be seen by the

following argument. For szgy, we have

(ex+1)mo — €2 — sy —mp —m + &1 =0,

whilst for sziy.

— o (2e1 4 s+ 2) + (e1 + 3) 5 — ea (mo — 2) + 2517
— o+ (o —2)& +(2—m0)m =0,

and for szoy;

1o (€1 + 3exr + smg +2) — (e1 + 2) s1g — (2e1 + 3) 1
+es(—er+mo—2) +mg+ & (er —mo+2) + 11 (—eq +m —2) = 0.

The factorisation of these two relations gives (8.53)) and (B.54)). O
Proposition 3.4. Define the radical F by
F? = 4e2n? — 12eam + 120002 — 365n° + 952 — 12sn),(nll + snt¥). (3.55)

The resolvent function no(s) satisfies a scalar ordinary differential equation
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with degrees 2,3,4,8 in 77((]4)7 77(()3)7 77(()2)» 77(() )

2786 2 (77(()4)>

+ 275 [—an + 383 + 6sninl + 20 <770 + 35 ))

3
sty (1 + s ) + 4|+ 100 (n”)
+ [—2Teis™ g + 8leas™ny + 18Fs* — 54sn)® — 1625 g
+567$5 B _ 81s? 77077 2 1 243s* 77 } <77(()3)>2
— 35 [F (15smy — 2n5 (65 — 3 (ea + 3smy — o))
+9s*nho” (—2e7 + 6ez + 54sn) — 6y + 11)
+ 4 (95 (e — ez + 3o — 3) ny
— (27 (e3 + s) + 267 — 9eaer) my — 1085y + 27n0)
—18sni gy (—ef + 3ea + 25sm) — 3o + 3) — 455°° | )
+ 275" (—ei + 3ex + 27sny — 3o + 1) 1g°
— 545’ (—e] + 3ea + 24sn) — 3no + 1) n)?
— 95° [F (—e] + 3ea + 18smp) + 61 + 1)
— 3s (4ef — 1265 + 1209 + 17) i’ + 3 (] — 3ea +3m0 — 1) 1
+ (27 (e3 + ) + 2€} — Yeser) mp + 108s°ny — 270 | )

+ 6smp [F (€7 — 3 (ea + 6smy — Tno)) — 18s (e — 362 + 310 — 1) 15y
+2 (27 (e3 + 5) + 2¢ — eaer ) ) + 2705y, — Bdno] g
—4ng [F (€] — 3es — 9smg + 3m0) (€7 — 3 (62 + 3smg — 410))

+ 275 (€] — 3e2 + 3o — 1) ' — 95 (27 (e5 + 5) + 2¢} — 9eaer) 1y
+ (3 (27 (e3 +4s) + 2e3 — 96261) Mo
+ (€7 — 3e2) (27(e3 + ) + 2€; — Yeser)) 1

—27no (e} — 3ea + 3mg) — 243s°n’] = 0. (3.56)

Here F is defined as the positive root of (B.55]).
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Proof. For the sake of notational simplicity we define the abbreviations
U= swoyy, Vi=styye, W :=szgyy, Z:=s2)ys.

Our derivation entails two steps. The first step is to express the auxiliary
variables &1, 11, &, m2 in terms of U, V., W, Z and for this we need four relations
to solve. We take these four to be the relations (3:40), (343), (3:44) and
(345). In each of these we replace the bi-linear products z;y; using, for

example

3.57
3.58
3.59
3.60

zoy1 = —(no — ex)ny + U,
T1Y2 = Ny — V.
oyo = —smy* — 1oy + (L + 1m0 — e)U + W,
Tays = nym — smy” + (L + o)V + Z,
which follow by writing x1, z2, y1,yo using (3.28)),[3.29), B.30) and B.31)

and then rewriting the derivatives of zg, y» using the abbreviations. In this

(3.57)
(3.58)
(3.59)
(3.60)

way we have four independent inhomogeneous relations which are linear in
&1, M, &o, M2, and have a unique solution assuming n)(1 + e1n, + U — V) # 0.

In the second step our strategy is to seek an elimination scheme for
U,V,W,Z and for this we require four equations involving these variables.
Firstly we differentiate (8I0) and this gives us

U+V+sny =0. (3.61)
Next we employ (3.49) and (BI0) in ([B.48) and deduce

3UV
7 +(1—e)U+(e1 + 1)V =1 (e2 —mo + 3sp) — s> = 0. (3.62)
0

These two relations allow us to solve for U, V' leading to a quadratic equation
and the appearance of the radical F'. If we differentiate (B.I0]) once more and
utilise (349) again we find

W+ 27— + s7ny" = 0. (3.63)

m
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We construct our last relation by adding z( times ([B37) to y» times (3:30)
and utilise the third derivative of ([BI0) to eliminate x('ys + xoy4’ from this
result. We then use the identity

(s*25Y2) (s70y5)

$3T0Y2

"o
0Ys =

9

and a similar one for z(y} to conclude

3UZ+VW)

g
F(14es—no+6sn)) (U+V)—e(U—V)—2sn2 — i =0. (3.64)

F3W +2) —er(W — 2)

These four relations allow us to eliminate all reference to xg,ys and their
derivatives in favour of 7y and its first four derivatives via the quantities
U,V,W, Z. Substituting the solution for &1, 71, &, 72 found in the first step,
and then the solution for U, V, W, Z in the second step, into the energy con-

servation relation (B3.38]) now expressed as
UZ = VW +e UV —ny(s) o + s(U = V)g(s)]
2 [—evm + mo(m + &) +1m2 — & + 5] =0, (3.65)
we find that the final result is (B:50). O
Lemma 3.2. The quantity F? is a perfect square and the radical F is
F = —3z0y; — 321y2 — €120Ya. (3.66)

The sign is chosen here so that ' > 0 for the appropriate solution to the

boundary conditions (3I3)-B23)).

Proof. We will prove this by way of verification. Let us use the abbreviations

U,V as in the previous proof. Now

F = =3x0y1 — 3x1y2 — €120y
= —3x0(&ya + sY5) — 3(—noxo — STY) Y2 — €170Ya-
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This can be further rewritten
F = 3xoy2(—& +10) — e120ya — 3sxoys + 3szqys = —2e1n,+3(V—=U). (3.67)

Employing the identity (V — U)? = (V + U)? — 4UV and the above relation
for the difference, ([B.GI]) for the sum and ([B62) for the product we readily
compute that F satisfies the definition (B.55). O

In the Okamoto theory of the Painlevé equations expressing the Hamilto-
nian co-ordinates and momenta in terms of the Hamiltonian and its deriva-
tives is an important task. For PIIT’, or the M = 1 systems, this was given
in Remark 2.2 and the analogous result for the M = 2 system is given in

the Appendix.

3.3 Behaviour of 7y at s - 0 and s — oo

Having derived the scalar ordinary differential equation (B.56]), equivalent
to the coupled first order system (B to (B12), we can employ this form
to good advantage in the analysis of the solutions in the neighbourhood of
the singular points s = 0 and s = co. We consider the singular point at
s = 0 first, which in our theoretical construction occupies the special place
by defining the precise solutions we seek as one can observe from (B24)).
However we will undertake the task of this analysis in the generic situation
and therefore encounter other classes which are not directly relevant to the

original problem at hand.

Proposition 3.5. Let us assume the generic condition vy — vy # Z holds.
About the singular point s = 0 ([B.50) possesses various solution types of the
form

Ny = C1s™M 4 Cys™ 0t 4 O(sMT0te), (3.68)

where ReA; > 0, Red; > 0 and Ree > 0. The first class have exponents
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fixed by the parameters in the leading order with

(VO—V1+1

—V0+l/1+1

Vg — 1y + 1

A= 0T , (3.69)
—V0+V2+1

Vl—V2+1

\—I/1+I/2—|—1

where C1 # 0 is arbitrary and include the case at hand of B24)). In addition
there is the case A\ = 0 and two further cases with exponents determined by

the parameters

Al:1:|:2\/1/3—'—1/12—'—1/22_(V1+V2)VO_V1V2

= , (3.70)

and

1
A\ = 6 (3 + \/g\/41/g + 4y12 + 41/22 —4 (V1 + VQ) vy — 4 vg — 1) ) (3'71>

where again Cy # 0 is arbitrary. The last class have rational, i.e. fractional

exponents, at the leading order

Ny ~ i/j:\/a:Q—i—y—:Csl/g, (3.72)

where Cy is fized by the parameters. Here

x= (v +uv—21) (2vy —v1 — 112) (Vo — 211 + 18), (3.73)

and

1
27

Proof. First let us render the non-linear ODE (B8.50]) in a form which is a
polynomial in all derivatives of 7. This entails solving (B.50]) for the radical

Yy (9 (vo — m)® — 4) (9 (vo — 1y)* — 4) (9 (1 — vy)* — 4). (3.74)
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Figure 2: Newton polygon of the exponents (m, n) for the leading term s™*"*

of an algebraic expansion given by (B.68)).

F, squaring the result and equating this to the right-hand side of (B.55]). We
do not display this because of its size and refer to it as Px. We employ the
algebraic expansion (B.68) and examine a region of the convex hull of the
points in Fig. Pl on the lower left-hand boundary.

If one takes the lower corner point 6\; + 2 alone then there are 126 terms

contributing, which sum to

270?)\?()\1 + vy — V1 — 1)()\1 — 1) + vV — 1)()\1 —+ vy — Vg — 1)
X (/\1+V1—V2—].)(/\1—V0+V2—].)(/\1—V1+V2—1)
X (BA] — 6A; — 41 — Avf — 43 + Ay + dvgr + dvyvy + 3)2s5M T2

These require C7 # 0 but otherwise arbitrary and are given in (B.69) and
(B10). Another solution derives from the single point condition at 12A; and
the 14 terms give

116640112)\%2(3)\% — 3\ — yg — 1/12 — 1/22 + vy + Vol + 1Ve + 1)2312>‘1.

These solutions are given in (B.71]). In addition if the condition at 9A; + 1
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applies then we have 37 terms contributing to yield

2160?/\!1) (l/() + v — 21/2) (2V0 — V1 — 1/2) (1/0 — 21/1 + 1/2)
X (3)\% — 06N\ — 4u(2) — 41/12 — 4y§ + dvgry + dvgvs + 4y + 3)

X (3)\% - 3)\]_ - Vg - 1/12 - 1/22 + 1/01/1 + ]/0]/2 _I_ VlVQ + 1) 89/\1—|—17

and the solutions ([B.70) and (B.7I]) appear again.

However in addition to these there is another class of non-analytic solu-
tions. If we demand the equality of the three points 12\; = 9\ +1 = 61 +2
then we deduce \; = % There are 177 terms contributing at these three
points and their sum is

16
177147
X [276’{3 + 5405 (2vp — 11 — o) (g — 2v1 + 1) (Vo + 11 — 210)

- (9 (1/0 - 1/1)2 - 4) (9 (I/o — 1/2)2 - 4) (9 (1/1 — 1/2)2 - 4)] s

(35 — 3vivg — 3vavg + 3up + 3v5 — i, — 1)2 sCY

and the non-trivial solution for C} is given by the equation 27C? + 54C}z —
27y. These are the fractional exponent solutions in ([B.12). O

Next we consider s = oo and examine the generic asymptotic solution

developed about this point.

Proposition 3.6. Let us assume the generic condition vy — vy # Z holds.

3

As s — oo and arg(s) < ym the solution of (8.30) for a general resolvent

function ny permits the asymptotic expansion

3
mo(s) = =57z + 0(s'/%,1/ log(s)). (3.75)

Proof. Let us determine the necessary conditions for a large-s algebraic so-
lution of the form ([B.68) to equation Px. Employing just the first term in
Px we find that s® times this expression possesses 1923 terms with an s-
dependence of the form s™** with m € Zso and n € N. A consolidated

plot of these (m,n) values is given in Fig. 2
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Figure 3: Newton polygon of the exponents s for the sub-leading term

of asymptotic expansion of (3.68]).

From this plot it is clear the line defined by the points 14\, 2+ 11A{,4 +
81 defines an upper right-hand segment of the convex hull of all these points.
Of necessity it must have negative slope. The single mutual solution for A\,
by equating each of these with the others is A\; = 2/3. There are 14 terms
associated with these three points and their sum gives, after making the

substitution for the A\; solution,

%6528/30? (1603 +27)°.

The only acceptable, real and non-zero solution for the coefficient is C}, =
—3 x 2743, Proceeding on we introduce an algebraic sub-leading term, as in
(B6]), and specialise the values for the exponent and coefficient of leading
term found earlier. When we examine s%/3 times this resulting expression
we find 28042 terms of the form s™* with m € $Z and n € Zs. The
consolidated plot of these (m,n) values is given in Fig.

Considering this figure we observe that there are two possibilities for
lines defining an upper boundary to the convex hull of these points, both
with positive slope. The first of the two is defined by the points % +1461,2+
1351,§ + 126, and yields the solution §; = —2/3. However the total of the
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Figure 4: Newton polygon of the exponents s™*™ for the sub-leading term

of asymptotic expansion of (B.70]).

378 terms which contribute to this vanish identically with this solution for
the exponent and so the coefficient is undetermined. The second of the two
lines is defined by the set of 8 points % + 1204, % + 1051,% + 901, 801, —% +
761, —% + 607, —1+ 561, —% +46; and their mutual equality gives the solution
01 = —1/3. There are 3915 terms which have these exponents and their sum,
under evaluation of 7, is non-zero.

If we admit an algebraic-logarithmic sub-leading term of the form
no = C18™ + Cos™ 1 (log s)" (3.76)

and employ the solution for the leading term then we have 384003 terms of
the form s™+91tF+m where ¢ := log s and py # 0.

The set of admissible (m,n) components of the s-exponent is given in
Fig. ll and the upper part of the convex hull of these points is defined by the
seven points 1461 + 5, 136; + 2,126, + 35,1161 + 2,108,905, — 2,86, — 5 and
their mutual solution yields 6, = —2/3.

Given the above solution for d; we consider next the admissible (k,1)
components of the t-exponent which are given in Fig. Bl There are two

lines defining the upper part of the convex hull of these points, however only
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Figure 5: Newton polygon of the exponents t**#1 for the sub-leading term

of asymptotic expansion of (3.70]).

the one defined by the seven points 14 — 14,13y — 15,127 — 16, 111 —
17,10py — 18,911 — 19,8y — 20 ensures a finite solution, namely p; = —1.

In this case we have non-zero solutions for Cs. O

Corollary 3.1. Let us assume the generic condition vy — vy # 7Z holds. For

large s the M = 2 gap probability Ey := E,, ,, has the asymptotic form

9 82/3+O(81/3)

E, ,(0:(0,s)) = e 2773 (3.77)

Remark 3.1. 1t has been shown in ), Eq. A.2, that the jpdf of Theorem [l

in the large separation limit takes on the simpler functional form proportional

to
N
B MM
[T 2Me =™ T (o — ap) @™ = 2}/™). (3.78)
I=1 1<j<k<N

After the change of variables z; — Mz} this specifies the Laguerre Muttalib-
Borodin model: see Section 3.4 below. A key feature for present purposes
is that exponentiating the product of differences gives the logarithmic pair

potential Vi(z,y) = —log(|z — y||z'/? — 4'/2|), which is scale invariant under
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multiplication of the coordinates. According to Eq. (14.117) of (Ia) this,
together with the fact from Eq. (5.15) of (24) that the hard edge spectral

—M/(M+1

density is proportional to x ), tells us that the leading s — oo form

of the gap probability at the hard edge is given by e=“™ « MY for some Cly.
Our analytic result for M = 2 ([B.171) agrees with this predicted form.

3.4 6 =2 Muttalib-Borodin Ensembles

The Laguerre Muttalib-Borodin model refers to the eigenvalue PDF propor-

tional to
N
¢, —x o o .0
[Toie= I @-a@-s),  @eka
=1 1<j<k<N

This is a determinantal point process, and so is fully specified by a correlation
kernel, KZ(z,y) say. Define the hard edge scaling limit by

KD (g, y) = A}im N=VORE(N=YO0 N0y,
—00

Borodin @) has obtained the evaluation

1
K9 (z,9) = Qxc/ Jet
0

1
0 0

(2u) Jesro((yu)")u’ du,

where the function J,,(x) defines the Wright Bessel function

— (—w)
Jap(x) 1= _
o(@) ;j!naﬂb)
In a shift of notation we write K/ (z,y) defined by (L4) as K, .., (z,9)
to emphasize the dependency on the parameter set, and similarly write
,,,,, vy (05 (0, 5)) for the scaled gap probability. These are well defined for

all v; > —1. We know from Kuijlaars and Zhang (4) and from Forrester and
Wang (@) (see Egs. (1.1), (1.5) and (5.8)) that for 6 € Z

xl/eflK(c,9)<9x1/9’ 9y1/9> _ Ku1 .... Vo (x’ y>7
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where

1<j<0.

Another relevant work on the connection between the two kernels is (Iﬂ)
Thus we can deduce that the gap probabilities (L)) for ¢ = 0,1 and 6 = 2

satisfies the identities

E_1/20(0; (0, 5)) = E©?(0;(0,2V/5)),

(3.79)
Eo1/2(0;(0,8)) = EX2(0; (0,2v/5)),

where E? denotes the gap probability for the hard edge scaled Laguerre
Muttalib-Borodin model.

The significance of this is that the kernels K(©?) are analytic, so we can
apply Bornemann’s numerical scheme (@), @) to evaluate the gap proba-
bilities in the large s regime and test numerically the asymptotic behaviour
given in Prop. B.6l In this situation Bornemann’s method converges expo-
nentially fast and we can obtain accurate values for the gap probabilities
in this regime. We have implemented the Bornemann method employing 9
nodes in the Clenshaw-Curtis quadrature rule with a precision of 20 decimal
digits and truncating the Wright Bessel function series at 100 terms. A table
of log E(“?) versus r = 2y/s is given in the first columns of Table [ for both
cases. We then compute a fit of log £(>?) given on a range of r values to the
assumed form a,r*?4b,7%/3+¢;. The values of a; are tabulated for the range
of r =4,...,14 and the extrapolated value in the second columns of Table[I]
for both ¢ = 0, 1. This range was chosen, that is to say limited to these values,
because at r = 15 the value of E(?) is already 8.917166 x 10~'° and larger
values are unreliable due to underflow. The extrapolated values should be
compared to the predicted value (see [B75)) of 9 - 271/3 ~ 0.708705590566.

We can also independently check the small s expansions generated by the
non-linear analogue of the o-form ([B356]) by arbitrary high-accuracy small s

expansions using the Neumann expansions of the right-hand sides of ([B79).
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Table 1: Computed values of log E(=?(0; (0,7)) and the coefficient a; versus

r for ¢ = 0,1 and extrapolated values of a;.

c=0 ‘ c=1
log E®2(0; (0, )) a log E2(0; (0, 7))

<

3]

4 -5.96549338586 -0.70729888196  -3.2910182568186667
5  -7.7702165574578  -0.707506362179  -4.6175115857278
6  -9.666703768133  -0.707671636400  -6.06617567204249
7 -11.6460744648319 -0.707802917979  -7.6216467824166
8  -13.701343595761 -0.707908414200  -9.2725398209570
9  -15.826846765594  -0.70799443184 -11.010033902389
10 -18.017880484821  -0.70806558203  -12.8270650595890

-0.7050253349947
-0.7059621770238
-0.7065523127608
-0.706953478338
-0.707241379027
-0.70745656369
-0.7076225663

11 -20.27046470121 -0.7081252605 -14.7178300927 -0.7077538862

12 -22.58117923782 -0.7081762248 -16.6774638565 -0.7078597927

13 -24.9470471656 -0.7082218856 -18.70181973197 -0.7079460684

14 -27.3654492473 -0.70827084 -20.7873147490 -0.7080153465

00 -0.7088 -0.7083172
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For v; = —1/2,1v, = 0 we compute that the initial terms are

32 3/2
REREPYY R TP,

770(3) = _2\/7_1' . ? — W)m
16 582 64 . s
- 3(72 — 327 + 31 )F — 4—5(360 — 2007 + 277 )W
— @(2700 — 18007 + 3477% — 15 3)S—3 +0O(s7?)
675 T T T 577

Using computer algebra, we have extended this series to high order, and have
computed as well the series expansion of F as implied by (B8.55)) to high order.

We find the remarkable but not understood relation
6 —2F = 776. (3.80)

Substituting this in (B.55]) we find the even more remarkable, and similarly
not understood result that the resolvent function satisfies the much simpler
third-order non-linear ODE

N/

— 128 nime® + 95”0} — 12smimy

3
+ 177(’) [no(—48smy + 16m9 + 1) +4] —9=0. (3.81)

Remark 3.2. We can check that ([B.81]) is consistent with (370]). It is further-
more the case that a large s analysis of (B.81)) allows [B.71), with 14 = —1/2,
vy = 0 to be strengthened to read

B 20(05 (0, 8)) = e~ 573"~ PO, (3.82)

3.5 Higher order analogues of Painlevé III

A program to enumerate all of the higher order analogues of the Painlevé
equations, at least to the next level of four-dimensional or four accessory
parameters, has been initiated by H. Kawakami, A. Nakamura and H. Sakai
in the period 2012-15. The first phase of the task was achieved with the

construction of isomonodromy deformation problems for Fuchsian differential
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Table 2: The unramified cases of the Fuji-Suzuki family.

art.eps

equations, extending the four singularity case corresponding to Painlevé VI,
in (30) by the techniques of addition and middle convolution. This yielded
the four master cases: the Garnier systems, the Fuji-Suzuki systems, the

Sasano systems and the matrix Painlevé systems, which we tabulate below -

I+1+1+1+1

11,11,11,11,11

1+1+14+1+1
Garnier

I1+1+1+1

21,21, 111,111

As
Fuji—Suzuki

1+1+1+1
31,22,22, 1111
HPs

Sasano

1+1+1+1
22,22,22 211

Matrix
HVI

These four master cases were extended by constructing from them the
degeneration schemes of singularity confluence in ) and (@), and yields
four families. Of the four families found the only family relevant to our case,
certain higher order analogues of Painlevé III, is the Fuji-Suzuki family which
have 3 x 3 Lax pairs. There are nine cases in this degeneration scheme, see
Table 21

However such a classification treats only the unramified cases and only
very recently have ramified cases been studied, and a partial list of results

has been given in (33). In addition to the nine shown above another seven
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ramified cases are given. However of those only one is a possibility, namely
the one with the singularity pattern % + 1+ 1 and spectral type (1)3,21, 111
and has a Riemann-Papperitz symbol
1
0 0 ¢ 67°/3-2
09 0 wt'P 6/3-2 [
2
3

09 01 WAVE 033 -

(3.83)

with 6 + 69 4+ 6! + 67° = 0 and w® = 1. The comparison that must be made
here is with our system (B.I0]), and there are several differences to note. One
is that while the indicial exponents at the z = 1 singularity of (B.16) are
all zero (only two are independent) this is just an artifact of the Fredholm
theory, which always leads to these exponents vanishing whereas the general
integrable system possesses a full set of exponents. Thus we suspect that
the generalisation of our system actually has one or possibly two additional,
free non-zero parameters here and thus either two or all three are different.
However in ([B:83]) two of the parameters are locked together (here they are
conventionally set to zero). Another difference arises also, where the sub-
leading spectral data at z = oo are all equal, whereas in our application these
are not equal even in special cases. In summary we believe that there are
additional ramified cases to be found in the Fuji-Suzuki family, and that our
system is a special case of one such system. Such a system might arise from
the unramified system with singularity pattern 2 + 1 + 1 and spectral type
(2)(1),111,111 by a transition involving a fractional drop in the Poincaré

index.
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Appendix A

Here the Hamiltonian variables in the case M = 2 are expressed in terms of

7o and its derivatives. Q2

Proposition .7. All the dynamical variables can be recovered from the re-
solvent function ng and its derivatives in the following list of formulae. Here
F should be interpreted as the positive square root of (B55]).
((3e2 — ef)F' +3(9 = F)no)
1627,
1
—l—@ 9e1 (3ea (o — 1) +3e3+ (3 — F)s —3(no — 1) no)
+27 (no (4e2 — (3= F)s + (no — 2)mo + 1) — 3es (1o + 1) + 3s)

— 66? (no—1)— 96% (e2 + 2mo) + 26‘11]

fo = —(3 + €1 — 3770)

_ és(el — 3o+ 1),
+ [(3 +e1 — 3m) 10;762 (36?63 + F) + Sg] Mo
2(02_ 3 30 — 3 3 g2
—(3+e — 3770)%7378; +(3+e — 3770)52376;43
+re—am) -2y 2 B e
+(3+e - 3770)843/—22@, (.84)
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(3ega —e)F +3(9— F)n

“= 541y,
1
+5—4[—9(—6e2+3e3+(3—F)s—3(770— 1))
+ 9e; (g — 4n9) — 26?]
1 / 8277(/) FS 1
R [ F 36z
N s?(ef —3ex+3mp —3) 35’ N Fs*1
6En; F 2403
333776/3 3stngt B _334776’2 N 3sny  Fs? o®
4Fn\?2  8Fn)3 AFny?  2Fn,  36m)?
34776' @,
_ (9= F)no
= T
Mo
1
+ i [—9 (Bes+ (3 —F)s+3(ny— 1)no) + ey (eg + 2m9) — 26?]
1 2 2s
— 53776 — (€] — 3ea)(ef — 3e2 + 3770)ﬁ776 + (ef — 362)3F770
+ (e =32 +m0) 5 ”0
S —3ey + 6mp — 1)
+ ( 2 Tlo 77(,)/2
6F'nq
2.2 3
L8 (ef —3(e2+mo)) 5s 77%)’ n 776 e
OF 6Fy, | F
4, (3)2 4, (4),,
+ S T’O — S 770 /7]07 (86)
3, 2Fn,
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770 [9 (261 — 3770 —|— 3) — F (261 — 3770)]
5y

2 =

1
+@[—4€%+6(770—1)6?4—18(624-2770)6%

—9(2(3—F)s+6eg+3ex(ng—1)+6(no—1)m0) e

+27(—=3s+3e3(no — 1) + 1o (3s — 2e2 + (1o — 2) o + 1))}

1

— ]_6? [86? — 12 (770 - 1) 611L + 24 (770 - 262) 6?

+ 36 (2e2 (o — 1) — (mo — 2) no) e% — 18 (4ey (o — e2) — 3F's) eq

+ 27 (=4 (€2 = o) (e2 (m0 — 1) + 10) = F's (310 — 1)) |}

2 (9m02 + 3 (2€2 — 6eg — 3) o — (2e1 + 3) (€2 — 3e2)) 5
- STy
9F
65”n0my” | | 28107y
F F

+

s(—9Fs — 12 (2e1 + 3) + (2e1 — 310 + 3) (6 (e2 + 1m0 + 2) — 2¢7)) | ,
N B4F o

3(2e; — 2mp + 3) s3

2F
N (6ey + (2e1 — 3ng + 3) (—e? + 3eq — 6179 — 2) + 9) 52 e
18 Fn 0
(2e1 + 3no + 3) mys® ~ 5(2e1 —3mo +3) 1y s°
3F 18Fn;
_ ((3 (62 + 1o + 2) - 6%) (261 - 37]0 + 3) —6 (261 + 3)) 52 (3)
2TF o
(3)2 1", (4)
o Moo
+ (2e1 — 3ny +3) 549F% — (2e; — 3no + 3) s* ang . (.87)
1
oY1 = 6 [—F + 4617’]6 — 6’)’]07’]6 — 337’/(’)/] s (88)
1
21ys = o [—F = 21y + 6oty + 3s7jg] . (-89)
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ToY2 = —1p, (.90)

1
ToYo — a [(61 (61 + 3) — 362) F — 3(2F -+ 9)770]

—|—i[9(261+1)770+9(3(63+5)_462)

54
+e1(2e; (61 +3) — 9ep) — 9F's — 277702] )
1 2513
- 537762 + TO
1 s(ef —3ea+3ng —3)n) . Ts*np? Fs |,
Z 3 — 1) — _
+ {63(61 Mo ) 3F + r 181, 0
e s* (e3 — 3ea + 3y + 6) . 3%y F's? e 3stng?
6F Fooo24m2] 0 8Fn?

3s'no” | 3s*my | Fs® s7) @ [s'mg o]
- - 5o 91
+[4F776+F+36n6 6| tlaE tp | (9D

1 1
Ty = 1—8€1F + 9 [—3(3er + 1) mo + €; + 3ea + 9Ino?] g

1 1
+ s1p” + 55(2 = Be1 + Gno)y + 55", (.92)

1
Toys = — [—e1 (e1 + 6) F + 3easF + 3(2F + 9)no]

54
1
+ 5 [9(262 ~3ey+ (F —3)s — 3102 + 10)
+ ey (eg + 4ng) — 263 — 126%] o
1 251>
2 F
s(ef —3ea+3m—3)mp 1 Ts'my? | Fs o,
s (21 —3m0—1) —
+ [ Vs +6S( er —3no — 1) ja 187, Mo
N s?(ef —3ex+3n+6) 3Py Fs* ] 5 3shng!
6F Foo24m2 |0 8Fm?

I O I N A ) IR
AFn), F 36nm, 6 2F F
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Proof. We employ the abbreviations for U,V in ([B5]) and [352), and to-
gether with

& —m = ex+n0(no—e1) —no + s, (.94)

and (B.60), we have a system of four linear, independent equations for &y, &1, 11, 12

in terms of U, V, W, Z, and 1y and its derivatives. For the bilinear products

we will use the formulae (3.57), (358), (8.59) and ([B.60). The next step is to
solve for U, V, W, Z and in contrast to the proof of (3.50) we employ (B.61),

[367), (363) and ([B64). After some simplifying we arrive at (84)-(33). O

One final result should be stated here and this concerns the splitting
of xoyo and involves the introduction of a decoupling factor G such that
xo = yoG. For M = 1 this was a simple algebraic factor but for M > 2 this

is no longer the case.

Proposition .8. The decoupling factor G satisfies the first-order ordinary

differential equation

& ?
<3SE -+ 261) — 46%

2
o o (m® 3 ()
=12(ny—e —3577’—3—)—125 — - = , (.95
(0 ’ T mo 4 \m (:95)

and the boundary condition as s — 0
Gt~ —T(vy—v)T (v — 1 +1)8 0 —T (1) — 1) (v — 1+ 1)s270. (.96)

Proof. Clearly U = syybG and V = sysG’ + sypybG, and together with
BE17) and ([353), we deduce ([95]). The boundary condition is a consequence

of BI8) and ([B3.23). O
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QUERIES

Q1. ART: proccess this table as a figure.

Q2. CE: Please check appendix.
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