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Practical encoders for controlling nonlinear systems under
communication constraints

Claudio De Persis and Dragan 3@

Abstract—We introduce a new class of dynamic encoders will be chosen to coincide with a cube). At timel’, k €

for continuous-time nonlinear control systems which update Z., the center is taken equal to ([28], [L7}kT~) :=
their parameters only at discrete times. We prove that the lim,_xp- Z(¢), with Z(0~) := 0. Each edge of the quan-

information reconstructed from the encoded feedback can . " \ .
be used to deliver a piece-wise constant control law which tization region at timekT" has length2((kT’). Under the

yields semi-global practical stability. The result is achieved by assumption thatz(0)|.. < X, for some X > 0, setting

assuming a property weaker than asymptotic stabilizability. £(0) = X, the initial state is guaranteed to belong to the
guantization region. Suppose this is true for all the times,
I. INTRODUCTION that is
Controlling (nonlinear) systems via encoded feedback is |2(kT) — 2(kT )| < £(KT) (5)
of paramount importance in distributed control systems. For
systems of the form for eachk € Z . Then, denoted by the integer represent-

] . . ing the number of quantization levels used per each state
&= f(r,u), zeR", wek @) component, and by:(kT") the quantized version of (k7'
it has been very recently illustrated in the literature ([28](S€€ [28], [17], [5]), we have
[17], [5]) how to design dynamic encoders which incorporate ET) — #(ET) |- < 0(kT)/B 6
the model of the system, [2(KT) = 2(RT)|oo < LKT)/ ©)
for eachk € Z, .

o(t) = f(2(t), u(t)) 2) The actual adoption of devices such as those described above
for t € [kT, (k +1)T) andk € Z,, with a periodic update in distributed control systems very much depends on the
of the state, that is possibility of easing the computational burden involved in

. the solution of (2). In this note, we address such issues

Z(kT) = 2(KT) @) by proposing an encoder which does not require a contin-

and a discrete update of another fundamental parameter, H@US update of its state and which is able to reconstruct
an asymptotically practically correct estimate of the state

(((k+1)T) = AL(KT) (4)  starting from encoded information. We also illustrate the

ssibility of using this estimate to the purpose of stabilizing
e system. In particular, we discuss here an approach to
chieve practical stabilizability under an assumption weaker

- showing that the encoded feedbagk) is actually an than asymptotic stab_ilizability. cher a_ppr_oaches are possible
asymptotic estimate of the staid-). We will not explain ([21)). We also men_t_lon QWeII—tlme swnchmg.cqntrol laws to
in detail the functioning of (2)- (4), for which the reader iscope w!th the stabilization problem under limited datg rate
referred to [28], [17], [5] (for other contributions on control CONstraints ([10], [9]). They represent a durable solution to

via encoded or quantized feedback, the reader is referred it Problem, du_e o the s_imp!icity of its implementa_\tion.

the important papers [19], [27], [2], [6], [24], [10], [7], [16], The approach discussed in this paper can also be viewed as a
[20], [15], [18], [14], [13], [8]. [25], [9], to name a few) general framework in which many of the results available for
Nevertheless, a brief description of the quantities in (2)-(4 uantized discrete-time can be interpreted or even translated
will be useful later on. or continuous-time systems, although this is not discussed

The two equations (2), (3) define a nonlinear jump syéjere in detail.

tem used to compute the evolution of the center of thw the next section, we consider approximatediscrete-time

guantization region (which here, for the sake of simplicityVerSion of the system (1) and design a simplified version of

the encoder (2)-(4). Two solutions are proposed, each one
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These encoders are able to guarantee (semi-)global asy
totic stabilization via encoded feedback by assuming sta
dard stabilizability. The result relies on — among other thing



a piece-wise constant control law designed on the basis of Proposition 1: Let Assumptions 1 and 2 hold. Then for
the feedback generated by the encoders examined in Sectiamy X > 0 and for anyU > 0 we can find7T™* > 0 with the
Il and III. property that, for alll’ € (0,7*], |2(0)]|s < X implies

1

B — Fe
Under piece-wise constant control laws, let us introduce

. . . . provided thatz(0) = 0, £(0) = X and A := F*/B < 1,
as in [1] the exact discrete-time model of (1), that is with 7o > 0 the Lipschitz constant for which

Il. A CONSISTENTDISCRETIZEDENCODER |2(kT) — &(kT)]oo < A’“% + To(T),

a((k+1)T) = fp(@(kT), u(kT)) (7) £ (2, u) — fo(, u)|oe < FOz — 2o
with for all (z,u), (2,u) € CY x CY.
(k)T _ . .
F2(2(kT), u(kT)) = 2(kT) +/ F((s), u(kT))ds . Proof: In Assumption 1, let2 be C; x CJ and fix
kT o(-) and Ty accordingly. Setr’™* = T, and fix T € (0, T*].

. . _ (8_) Note that|z(0)|.c < X, Z(0) = 0 and ¢(0) = X imply
This model is in general not available, and an apprommaqgv(oﬂ < X and|a(0) — #(0)|o < X/B. Assume that, for

discrete-time mode somek € Zy, |z(GT) — 2(jT)|s < £(T) and |z(jT) —
“(k+1)T) = f2(a*(kT), u(kT 9) 2(T)|e <{(jT)/B for eachj =0,1,...,k. In particular,

(k4 DT) = fr(2"(kT), u(kT)) , © (5) and (6) hold. The former guarantees thét7") belongs

must instead be taken into account. Following [22], [1], wdo the quantization region at timiel” and, agz(kT)|o <Y
consider approximate models (9) which are consistent witler all k € Z,, we also havez(kT)|., < Y. Consider now

the exact model (7): the following chain of relations:
Assumption 1:The model f%(z,u) is consistent with 2((k + )T — &((k + D)T)|o0 =
f&(x,u), that is for each compact sex C R™ x R™, there ) >
exists a clasdc function o(-) and a constani} > 0 such |7 (@(kKT), u(kT)) — f(2(KT), w(kT))|oc =
that for all (x,u) eQandallT e (O7T0}, ‘ffze-v(l'(k/’T),U(kT)) _ f%(l‘(k‘T),u(kT))—‘r
|7 (@, u) = f7(2,u)|eo < To(T) - Fr(@(RT), u(kT)) — f7(@(KT), u(kT))|oo <
Inspired by [28], [17] and [3], we propose the following T'o(T) + F?|x(kT) — #(kT)|sc < To(T) + FU(KT)/B =
discrete-time implementation of the encoder (2)-(4): AOKT) + To(T) = ¢((k + 1)T) .
z((k+1)T) = fp(&(KT), u(kT)) (10) This implies thatz((k + 1)T) belongs to the quantization
Uk+1)T) = M(KT)+To(T), region at time(k + 1), and hencéz((k + 1)T) — &((k +

with A > 0 a constant to design. As recalled in thel)T)lec < £((k +1)T)/B. By induction we conclude that

previous section, vectai(kT) is such thatz(kT)|. < X  Poth (5) and (6) hold for each € Z... o
if |2(kT)| < X, and |#(kT) — 2(kT)| < £(KT)/B, The evolution of/(-) as given by the second equation in (10)

whenever|z(kT) — 2(kT)|so < ((KT). is described by the relation
Assume the following ([3]): k—1
Assumption 2:For any pair of constantX’ > 0 andU > UET) = ARL0)+ > AFTIT(T)
0, there exists a numbér > 0 such that, if|z(0)]|c < X §=0
and [u(kT)| < U for eachk € Z,, then|z(kT)|c <Y — ARX 4 1- AkTg(T)
for eachk € Z,, wherexz(kT) is the solution of (1) at time 1—A '
KT Bearing in mind thatA < 1 and (6), we obtain
The result below shows a clear relation between the degree
of accuracy achievable by the “asymptotic estimatg”) |2(kT) — 2(kT)|s0 < Aki + 1 To(T) ,
of z(-), the parameterB and the sampling period’. It B B-F¢
relies on the concept of consistency ([22], [1]) recalled abowvhat is the thesis. [ ]

and employs arguments inspired by those in [3], proof of The following straightforward corollary states that the
Proposition 1. In the statement, the symBg(s), with» > 0 encoder (10) can be viewed as an asymptotic practical
an integer and > 0 a real number, denotes the cubeRf  observer of (1):
centered around the origin and with edges of leritjth Corollary 1: Let Assumptions 1 and 2 hold. Then there
exists a clasgL function3(-, -) such that for anyX > x >
1For the sake of conciseness, we do not consider in this note the preseiiceand for anyU > 0 we can find aI™* > 0 and aB* > 0

of the “modelling parameter§ ([21], [1]), but the conclusions we draw hold |, * *
analogously for the case in whichis present. The parametérplays a with the property that, for all” € (O’T ] forall B > B,

fundamental role for further developments of our approach to the design be(0)]|o < X implies
encoders, for it allows to improve the accuracy of the approximate discrete-
time model without affecting the data rate. |2(kT) — 2(kT)|oo < B(X,ET) + x



provided thatz(0) = 0, £(0) = X andA := F*/B < 1, Then, itis assumed that for sorhez Z, for whichkT < L,

where F* > 0 is as in Proposition 1. 0T
Remark. It is worth stressing thaf™* > 0 and B* > 0 |2 (T)=2(T)loo < LGT) , |2°(TT)=2(T) o < =5~
are not independent. Consider, for instance, the case Whgf eachj = 0,1,...,% — 1. By Assumption 2 and Lemma

the approximate model is given by the Euler approximation, the following chain of implications is shown promptly:
Then, it is immediate to see th#&t® = 1 + KT, with K a "
suitable constant. A8 > F¢, B* can not be smaller than  |Z(E=1)T)[ec <Y = |2°((k = 1)T)[ec <Y +1
1+ KT*. < = 2k — DT S X +Y +7.

Proof: In Assumption 1, lef2 beC} xCY and fixo(-)  Hence,
and Ty accordingly. Setl™ = Ty and B* = T*o(T™*)/x + a _ ol a

" ’ TN aa(kT) — 20D = |f3 2 (k — DT, u((k — DT) -

F,. The thesis then trivially follows.

Allowing a more complex dynamics for the encoder, it is F@((k = 1)T), u((k = )T))lee < A((k — 1)T) = L(KT) .
possible to remove the presence of the t€fpfT"). This can Then, for eachk for which kT € [0, L],
be done under the following assumption ([22]): e (kT — 3(kT) | < |2 (kT) — 29 (kT) st

Assumption 3:For each compact s€& C R"™ x R™, there e
exist K > 0 andT* > 0 such that, for all(z, u) and (z,u) |22 (kT) — Z(kT) |00 < AkE +1n.
in , and allT € (0,7%],

|Fr(z,u) — Fr(z,u)]| < (1+ KT)|z — 2|,

Remark. A modification of the structure of the practical
where Fr is either F¢ or Ff. « encoders described in this section may lead to encoders

We recall the following result (cf. Lemma 2, Lemma 3WhiCh employ lower data rates. See [28], [18] and [4] for

and Remark 2 in [22]), which states that model consistenéﬁﬁta'ls'q
propagates through arbitrarily large intervals of time:
Lemma 1:Let Assumptions 1, 2, and 3 hold. Then, for IIl. OBSERVERBASED PRACTICAL ENCODERS
any X >0,U >0, L >0andy > 0, there exists’ > 0 The previous section has focused on the case in which full
such thatT" € (0,7] andz(0) = z*(0) imply state was available for measurements. Here we consider the
w(kT) — 2°(kT)| <7, 'k : kT €[0,1] case in which the system (1) is endowed with a readout map

which is different from the identity, namely
The proposed modified encoder is as follows:

y=h(z) ERP. (12)
e ((k+1T) = fp(a*(kT),u(kT)) . . . .
(k+1)T) = fa(2(kT),u(kT)) (11) In this scenario, the design of the encoders is based on
0(k+1)T) = A(KT), observers ([1]). A common approach to the design of

. o ) . sampled-data observer lies on a suitable discretization of
The main difference lies in the fact that it also implements thg . tinuous-time observer. This is examined in the next

equations describing the evolution of the approximate model,section. Another approach, which typically exhibits a
Hence, in the present casg(kT) is a vector for which (6), payer performance in simulations, consists of designing the

with =(kT’) replaced byz*(kT), holds, provided that (5), giscrete-time observer directly. This approach is studied in
again withz(kT") replaced byz®(kT'), holds as well. Then g,p<action 111.B.

the following result is true:
Proposition 2: Let Assumptions 1, 2, and 3 hold. Then forA. Encoder design by emulation

any X >0,U >0, L>0andn >0 we can find &™ > 0 In this subsection, we assume that a continuous-time

with the property that, for all’ € (0,77], |2(0)|oc < X  observer

implies 5(t) = glo(t), y(t), u(t)) (13)
|x(kT) — 2(kT)| oo < A"’% +n Vk: kT €[0,L], is actually available, and consider its zero order hold equiv-

alent ([12]):
provided thatz®(0) = (0), (0) =0, £(0) = X and A :=

Fe/B < 1, with F* > 0 the Lipschitz constant for which o((k+1)T) = g7(o(kT),y(kT),u(kT)) . (14)
|f& (e, u) — (3, u)|oo < F2 — 2|00 Namely, we assume the following ([1]):
for all (z,u), (&, u) € CXTY+1 x Cﬁ{. Assumption 4:System (14) is a semi-global practical ob-

Proof: TakeT* asT in A ion 3. As bef server, i.e. there exists a claS% functionw(-,-) such that,
roof: TakeT™ asT'in Assumption 3. As before, one forany X > y > 0 and anyX > 0 andU > 0, we can find

first shaws that aT* > 0 such that, for alll” € (0,7%],
|2(0) = 2(0)]oc < £(0),  [2%(0) = 2(0)|oo < —5~ - 2(0)]oo < X, ]0(0) — 2(0)|o0 < 2X,



and Remark. If the functiona (-, -) is not available, then it can be

|2(k)|oo <Y, |u(k)|eo <U, replaced by a suitable constant. This replacement will affect
; hi € 7. imol the accuracy of the encoding procedure carried out by the
or eachk € £y, IMply device (16)«

lo(kT) — 2(kT)| < w(|o(0) — z(0)[,kT) +x,  (15) Notice that, differently from the state feedback case, here
the signak(-) represents not the encoded state of the process
( ) but the encoded state of the obserwér). Furthermore,

) represents the center of the quantization region. Hence,
nalogously to the state feedback cape(kT)|ec < Z
implies [$(kT) |0 < Z, and |o(kT) — ¢(kT)|oo < €(ET)
implies |o(kT") —{(kT')|o < £(KT)/B. It is worth stressing
that the decoder at the other end of the channel will imple-
ment only the last two equations in (1) () is not available
to the decoder). Now, we introduce the constant:

Z:=w2vnX,0)+x+Y.

—f(z,u) + =—g(o,y,u) < —az(lz — o) . The main result of this subsection is as follows:
Proposition 3: Let Assumptions 2-5 hold. Then for any
Then, by [1], Theorem 3, Assumption 2 implies Assumptiony - ( and for anyU > 0 we can find aI’™* > 0 with the
4. < property that, for alll’ € (0,7*], |z(0)]|c < X implies

2(ET) = S(KT) oo < w(|o(0) = 2(0)|, KT) + x + £(KT)

for eachk € Z.

Remark. There are precise conditions under which thé
assumption above is fulfilled, and these are investigated In
[1]. Suppose the following hypotheses hold true:

(i) The modelg%.(-, -, -) is consistent with the modei(-, -, -).
(i) There exist a continuously differentiable functi®f{z, o)
and class<,, functionsa; (+), as(-), as(-) such that

ar(|z —of) <V(z,0) < as(|z - )

In the sequel, it will be useful to single out a part of the

observer (14) not affected by the output: provided thats(0) = 0, |0(0)]ec < X, £(0) = X and A :=
Assumption 5:Map g2 (o (kT), y(kT), u(kT)) can be de- G*/B < 1, with G* > 0 the Lipschitz constant for which
composed as |95 (o, 1) — 931 (6, 1) |0 < G%o — 6|00
93 (o (kT), y(kT), u(kT)) = g% (o(kT), u(kT))+ for all (o, w), (6,u) € CF x CpJ.
9o (o (KT, y(KT), u(kT)) . Remark. Recalling the converging-input converging-output

property of linear asymptotically stable discrete-time systems
Furthermore, there exist a clak3¢ function LZ)(-, ) and we see that the estimation erm(‘]gT) _ f(kT) asymptoti-

a constanty such that,|o(kT) — z(kT)| < @(|o(0) — cally converges to a square with edges of lengthy /(B —

z(0)], kT) + x implies G*). <

g%y (o (kT), y(kT), u(kT))| < &(|o(0) — (0)], kT) + ¥ - I?roof: T* is derived from Assumption 4. The latter
also implies

Remark. If g(-,-,-) is a continuously differentiable func-  |o(kT)|.c < |2(kT)|oo + w(|o(0) — z(0)], kT) +

tion, and the Lyapunov function in the Remark following B

Assumption 4 holds withV/ (z,0) = V(z — 0) =: V(e), < Y+w@vnX0)+x=2,

then it implies that: = ¢ must be an invariant manifold for for eachk € Z., and hence<(kT)|. < Z as well. Now,
system (1), (12), (13) and therefogéz, h(z),u) = f(z,u) [0(0) —=<(0)|w = |0(0)|cc < X = £(0). The thesis trivially
which in turn implies ([26]) follows for k£ = 0. Suppose that, for somiec Z., the thesis

. - is true for eachd < j < k and that|o(kT) — ¢(kT )| <
o(t) = f(ot),u(®)) + g(o (), y(1), u®))(y(t) = h(a(t))) s g(kT). Then:

with g(-, -, -) a suitable continuous function. Using e.g. Euler lo((k+1)T) —<((k+1)7T)|se <

discretization for the latter system and lettih@) be Lips- “

chitz continuous, then Assumption 4 implies: 1971 (0(KT), u(kT)) = gt (¢(KT), u(kT)) oo+
1932 (0 (KT, y(KT), u(KT))| = [§(o(KT), y(KT), u(kT))- 1972(0 T, y(kT), ulkT))leo < G2URT)/BH

@(lo(0) =z (0)|, KT) + x < £((k+1)T) ,

WET) =~ Mo(RT))| < Glello® —2OLED . thereforéo ((k+1)T)—((k+1)T)|w < £((k+1)T)/B.

for some constant’ > 0. < Putting all the estimates together, we see that

Following [28] (see also [23]), we propose the following lz((k+1)T) —<S((k+ 1D)7T)|oo < Jz((k+1)T)—

observer-based encoder: o((k + D))o + [o((k + DT) = ((k + DT
o((k+1)T) = gp(o(kT),y(kT),u(kT))

) <w(lo(0) = z(0)], (k + 1)T) + x + £((k+ 1)T) ,
S((k+1T) = gi (S(KT), u(kT)) 16) " which proves the thesis at timé& + 1)7". By induction, we
((k+1)T) = MKT)+o0(2v/nX, kT) + X . conclude the thesis for eadhe Z, . [ |



B. Encoder design by approximate discrete-time models

Proof: (Sketch) The assumptions imply that

In this subsection, we pursue another approach to tﬂé(kTNOO_ < Y and [{(kT)| < Z for all k € Z.
design of practical encoders for system (1) with output mayote that:

(12), namely we assume the existence of a discrete-time

observer for the approximate model (9). We have ([1]):
Assumption 6:System

E((k+1)T) = f1(E(RT), u(KT))+gr (E(KT), y(KT), u(kT))

is a semi-global practical observer for system (1), (12), i.e.

there exists a clas§L function g such that, for any) <

gr(§(KT), y(kT), u(kT)) = &((k + D)T)—
FrERT), u(kT)) < B(|x(0) = £(0)], (k + 1)T) + x+
To(T) + F(B(|(0) = £(0), KT) + x) <

wu(|z(0) = &(0)], &, T) .
By induction, one proves that (kT) — £(kT)|ee < L(ET)

x < X and anyY > 0, U > 0, it is possible to find a ¢ - & € 7, and therefore

T* > 0 such that, for alll’ € (0, 7], R
|[2(KT) = §(kT)|oo < |2(KT) — E(KT)| oo+

[2(0)[oo < X, [2(0) = £(0)]o < 2X, )
and [E(KT) — €(KT) |0 < BUE(0) — 2(0)], KT)+
|2(kT)|eo <Y, [u(kT)|oo <U 0(kT)
- Xt
for eachk € Z.,. Imply that is the thesis. [ |

[z (KT) — £(KT)| < B(|(0) = £(0), KT) + X ,

for eachk € Z.

IV. PRACTICAL STABILIZATION

The attention is now turned to the design of the controller,
for which we follow very closely [11]. We shall refer to
Proposition 1 for the state feedback case, and to Proposition
3, for the output feedback case. Analogous results can be
given using Proposition 2 and, respectively, Proposition 4.
A number of notions from [11] are now introduced. The
positive numbers: < R andr,, < R, are given and the
symbol V(S) denotes the level sdt: : V(x) < S}.

Assumption 7:There exists a continuous Lyapunov func-
tion V(-) : R® — R for which:

o There exist clas#:., functions v(-),p(-) such that

|[V(z1) — V(z2)| < p(lx1 — x2]). Moreover,V (z) >

Having set
Z =Y + BvnX,kT) + x ,
we pick the constant™ for which
(@, u) = f7(2,u)loo < Fl2 — &o
for all (z,u), (#,u) € CZ xCY. We also set\ = F?/B and
w(r, k,T) = p(r, (k+1)T)+x+F*(B(r, kT)+x)+To(T) .

The encoder is as follows:

E(k+1DT) = fERT), u(kT))+ el o)+ R B ang
» There exist a feedback functiot(-) : R” — R™ an
gr(§(kT), y(kT), u(kT)) constantsl” > 0, ¢ > 0 such that the solution o#(t) =
E(k+1)T) = fa(ERT), u(kT)) f(z(t), k(x(0))) with 2(0) € V(R) satisfies:
W+ 1T) = ALKT) + sOVRX, kT (S1) V(2(7)) < max{V ((0)) - ¢,r}

(S2) V(z(t)) < max{V(x(0)),r} +rm ,¥t € [0,7T]. <

where|¢(kT)—£(kT) | < ((KT)/B provided that¢(kT)—  We also introduce the following:

ERT)loo < UKT). Assumption 8:Set U =
Remark. As in the previous subsection, the decoder willV(R + R,,)}.

implement only the last two equations above. To correctly) There existsM > 0 such that|f(z,u)| < M for all
encode the observer stae the decoder needs an estimater € V(R + R,,), for all u € U.

of the termgr (§(kT'), y(KT'),u(kT)). This will be provided 2) There existsLs,,Ls, > 0 such that|f(zi,u1) —
in the result belowx f(za,u2)| < Lygler — xo| + Lyy|ur — ugl, for all z1,z5 €
R+ Ry,,), forall u,us €U. «

{ueR™ : u==«k(z), z €

We are now ready to state the main result of this subseg-(
tion: We recall the following statement from [11]:

Proposition 4: Let Assumptions 2 and 6 hold. Then for
any X > 0 and for anyU > 0 we can find &™ > 0 with
the property that, for all” € (0,7%], |2(0)|e < X implies

Theorem 1:Under Assumptions 7 and 8, consider
o(t) = f(x(t), 5(x(0))) +d(t)
w(KT) — E(6T) oo < B(IE(O) — 2(0)], KT) + x + L(KT) wherez(0) € V(R). Leto € [0, Ry, — ). If the disturbance

B d(-) satisfies
provided that{(0) = 0, [£(0)[e < X, £(0) = X and A := /t d(s)ds
0

—1 —Lys,T
F/B < 1. <p (o)

max
te[0,T]




then for allt € [0, 77, the solutionz(-) exists and satisfies confined within the quantization region. To make the paper
V(@(T) < max{V(z(0)—c,r}+o as self-contained as possible, the proof is reported in the

Appendix. ]
Viz(t)) < max{V(z(0)),r}+ (rm +o0).

_ ) ) Mutatis mutandisan output-feedback version of the pre-

We now apply this theorem and the results in the previougouys result can also be stated. In the following proposition,
section to show practical stabilization when using the contrghe solutionz(-) we refer to is the solution of the process
law (1) in closed loop with the “output feedback” control law:

u(t) = k(&(kT)), telkT,(k+1)T),
u(t) = w(S(kT)), telkT,(k+1)T),

where the sample$(-) are generated by the decoder (10).
To proceed, fixr = r,, < R, Ry,. Set where the sample§(-) are generated by the encoder (16).

Fix the constants, R, r,,,, R,, and X as before, set
v(X)=R, v(Y)=R+R,, U= max |k(2)|,

|2]o0 <Y v(Y)=R+R,,, Z=w2/nX,00+x+Y,
so thatz € V(R) implies |z| < X andz € V(R + R,,) U= max |k(z)|e
implies |z| < Y. Choose the constarft® in Proposition 1 [zloe <Z

accordingly. Finally, in (10) sek = F'*/B. The result below and letG® > 0 be such that

proves that under the assumptions just stated, and despite of u W o . X

the quantization error, a control law exists which keeps the 1971(0,w) = 971(0, u)|eo < G0 = Gloo

state confined inV(R + R,,), where, applying the results ¢y, g (o,u), (6,u) € CZ x CU. Also let A = G%/B in the
established in the previous section, an increasingly accuraigcoder (16). Then we can state:

estimation of the state is possible. Practical stability of the Proposition 6: Let Assumptions 1, and 4-8 hold. L&tc

resulting closed-loop system is then concluded. (0,Tp) with T and T as in Assumption 7 and, respectively,
Proposition 5: Let Assumptions 1, 7 and 8 hold. Léte Assumption 1.

(0, Tp] with T and Ty as in Assumption 7 and, respectively, gqt
Assumption 1. Lev € [0, min{R,, — rm, R —7,¢/4}). Set

L g U
1 X 1 N I B T
B = AP _To(T), ke, v BoB-F
\/ﬁ B B—-F Akflfj 'U~}(2\/EX,JT)
and chooseB > F'* so that: + ZO B ’
=
-1
Ey € [O,min {Me_Lf””T,p_l(R —r— a)}) . k € Z., and choos&3 > G so that:
fx
(17) [ { p~ (o) LT —1 })
: FEpe [0oming ————e “/<" p " (R—r—0 .
Then, the solution of the closed-loop system 0 24 Ly, T P )

(1) = f(@(t), k(EKT))) , t € KT, (k+1)T) , k € Zs (18)

from the initial conditionz(0) € V(R — 2p(Ey)) exists for
all ¢ > 0 and satisfies

Then, the solution of the closed-loop system

#(t) = f(x(t), k(S(kT))) , t € [kT,(k+ 1)T) , k € Z,

e from the initial conditionz(0) € V(R — 2p(Ey)) exists for
V(z(kT)) < max{V(z(0)) - %’T}+ all t > 0 and satisfies ) )
+o(Er) o, Vhe Ly V@ET) < max{V(z(0)) — SE=1e - DI
V(z(t) < max{V(z(kT))+ p(Ey),r}+1r+ 0+

+p(Ek) +o, Vk € Z+
4p(Ey), V€ KT, (k+ 1T) Yk € Z, .

o . Vi(z(t)) max{V (z(kT)) + p(Ex), 7} + 1+ 0+
Remark. From the first inequality above, we see that
the state of the closed-loop system at the sampling times +p(Ek) , Vt € [KT, (k+1)T) ,Vk € Zy .

asymptotically converges to the level set Proof: The proof goes similarly to the previous one

and is omitted. [ |
Tg(T))} . <
V. CONCLUSION

The paper deals with the design of encoders for
Proof: The result is an application of [11], Propositioncontinuous-time nonlinear systems via their approximate
1, and its proof is basically the same. The differences adiscrete-time models. This approach has several advantages.
as follows: We explicitly take into account the fact that theVith respect to previous dynamic encoding schemes pre-
“measurement noise” (i.e. the quantization error) is vanishingented in the literature, the encoder designed in this way
and we take care of the fact that the measurement noise itsalfows to achieve (semi-global practical) stability with less
is not knowna priori unless we guarantee that the state isomputational effort. This has been analyzed in detail in
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the paper. Moreover, the methods presented in the paps&it) = x(t) + 7.(¢t) for all ¢ in the sub-interval ofl0, T']
allow to extend the results available for the quantized contrevherez(-) exists. We have:

of discrete-time systems to continuous-time systems, and to )

overcome the drawbacks in connections with some existing (t) = f(2(t), k(2(0))) + d(¢) ,

methods. In the results established in the paper, decrease

in sampling time improves the performance of the systentvith

However, this may not be possible due to communication .
constraints. The introduction of another parameter in addi(t) := f(Z(t) =L (t), £(£(0))) — f(£(t), £(2(0))) +n. (L) -
tion to the sampling period” allows to refine the model

independently of’, and thus to achieve the same result§ecall thati(0) — . (0) = 2(0) — 7. (0) = z(0) € V(R —
while fulfilling the communication constraints. Although the2°(Eo)) € V(R + R.,) and thatz(0) € V(R — p(Eo)) €
analysis of the role of such additional parameter has not be&f R + Em — p(Eo)). We prove that actually

included in the paper for lack of space, it is very important .

for further developments. Finally, the paper has shown how?(t) € V(R + Ry) and &(t) € V(R + Rm — p(Eo))
to apply the results of [11] to the study of the robustness of (20)

nonlinear systems in the presence of quantization errors. fpr all t  [0,7]. In fact suppose this is not true, and let

t € (0,7) be the largest time for which (20) holds. Then,

APPENDIX for all ¢ € [0,t],

PROOF OFPROPOSITIONS
_ |d(t)| < Ly Eo + (Eo + Ev)/T < Eo(Lge +2/T)
Rewrite the closed-loop system as

@(t) = f(x(t), s(2(KT))) = f(x(t), s(z(KT) + n(kT))) ,

t
where the “measurement noisg(kT") coincides in this case / |ld(s)|ds < p~*(o)e LT .
with the quantization erraf(kT") — z(kT) (see also Section 0

LA in [11]). As z(0) € V(R — 2p(Ep)), we havei(0) € g+t vina Th 1 ludes that
V(R + R,,) as well. In fact, we can be more precise: As tt then, applying theorem 2, one conclldes tha
p(Eo) = p(|z(0) — £(0)]) andz(0), 2(0) € V(R + Rn), we V(#(t)) < max{V(£(0)),r} + (r + o)
can exploit Assumption 7 to write: -

which shows, together with (18), that

. . for all ¢ € [0,t]. As in [11], this yields the contradictory
p(Eo) = [V(2(0)) = V(2(0))] = V/(2(0)) = V(2(0)) - statement tLaV](i:(t ) < R+ R, — p(Ep) for all t € [0,1].
Recalling thatV (z(0)) < R — 2p(Ey), we obtainz(0) € In fact, o < R, — 1y, implies V(2(0)) + (r + o) <
V(R — p(Ep)). R+ R, — p(Ep) on one hand, andy < p~'(R—r — o)
As in [11], we would like to define a fictitious signaf (-), impliesr +r + o < R+ R, — p(Eo), on the other. Also,
which is globally Lipschitz and matcheg:) at the sampling an application of Assumption 7 again shows thdt:(t)) <
times. The difference with respect to [11] is that the sample¥(#(t)) + p(Eo) < R + R, for all t € [0,¢]. Hence we
n(kT) = 2(kT) — x(kT) are not known a priori foiz > 0 have a contradiction and (20) holds for alle [0,7]. We
because they depend on variablegkl), (k7)) which also have
have not been guaranteed to exist yet — at least until we do,, . .
not guarantee that(k7T") € V(R + R,,); if this is the case, ?/(x(T)) < max{V(#(0) —ert+o
then &(kT) is well defined andz(kT) — &(kT)| < E. V(z(t)) < max{V(&(0)),r}+ (rm+o), Vte€[0,T].
Therefore, the signah.(-) cannot be defined a priori. To (21)
overcome this, we adopt the following reasoning, first on th&s, in particular, the solution(t) exists for allt € [0, 77, it
interval [0, 7] and then on the other intervalsT’, (k+1)T].  is possible to determine the “true” value f7"), which by
Pick any value forn(T) satisfying |n(T)| < E;, and definition satisfie$n(T')|.. < Ej. If the latter equals the one
construct the fictitious signaj, (-) over [0, T as the segment chosen above, then sgt () = 7.(-) over [0, T7], otherwise
connecting;(0) with 5(T) chosen before. Note that take asij.(-) over [0,7] the segment connecting(0) with
) n(T) = &(T) — «(T), with &(T),z(T) just determined,
7L (t)] < By and |7, (t)|e < (Eo 4+ E1)/T <2Eo/T  compute again the solution of (19), which gives exactly the
same outcome as before, and notice that now, trivially, the
“true” value of n(7T") matches the one previously set, and
@(t) = f(z(t), 5(z(kT) + i, (kT))) , (19) thgrefore we can se?L(-) = ﬁL'(~) over [0,T] as before.
This proves that(-) is well-defined ovef0, T.
that is the closed-loop system witi-) replaced byj.,(-). Of Notice now that the first inequality in (21) implies
course, in the case both the solutions of the two systems (th&z(T)) < R — p(Ep), and, in turn,V(z(T)) < R. As
one withn(-) and the one withj,(-)) exist, then they must the conclusion in the previous paragraph, regardingithe
coincide. Following [11], define the change of coordinatesubsystem over the intervé), '], was drawn knowing that

for all ¢ € [0,T]. Now consider the system



V(z(0)) < R — p(Ep) and V(z(0)) < R+ R,,, time-  [9]

invariance and iteration of the arguments above yields 0]

V(z(kT)) < max{V(£(0)) —k(c—o),r}+ 1]

4o, keZy

V(@) < max{V(2(kT)),r}+ [12]

+r+o, telkT,(k+1)T), ke€Zy . 13
Furthermore . (t) is well-defined for allt > 0 — so that

Z(t) —x(t) =nr(t) for all t > 0 — and it satisfiesn ()| < [14]

Ey, for all t € [kT, (k + 1)T), for eachk € Z.
We have already noticed th&t(z(0)) < V' (x(0)) + p(Ep).
Time-invariance and iteration of the above arguments aldt’!

prove thatz(t) € V(R + Ry,), #(t) € V(R + Rp — p(Eo))  [16]
for all ¢ > 0. Hence,
[17]

p(Ex) = p(la(kT) — 2(KT)|) = |V(x(kT)) — V(2(kT))| ,
and hencé/ (z(kT)) < V(2(kT))+p(E}) for eachk € Z,.  [18]
Similarly, the same arguments afielt) — z(t)| < E, yield
V(x(t)) < V(&(t) + p(Ey) for all t € [kT, (k+ 1)T), for  [19]
eachk € Z,.. The thesis follows easily.
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