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Scientific Abstract 

Background: Glaucoma is an optic neuropathy characterised by the progressive loss of 

retinal ganglion cells (RGCs) and is a leading cause of blindness worldwide.  Prior to 

irreversible cell death, RGCs exhibit functional changes that if detectable, could aid in 

predicting the disease trajectory and help better guide the management of this condition.  

The photopic negative response (PhNR) of the electroretinogram (ERG) shows potential as 

such a functional test, but its utility has been limited due to problems with repeatability and 

interpretation. 

Purpose: To explore novel techniques to improve the repeatability of the electroretinogram 

in glaucoma, describe new feature extraction techniques, and to develop models that 

predict glaucoma severity from the ERG. 

Methods: Normal controls and individuals with glaucoma were recruited for these studies.  

ERGs were collected with red flashes on a blue background or with a white-on-white 

stimulus.  Various novel denoising techniques were evaluated on the normal control group 

to improve measurement repeatability, and complexity measures were used as new 

features to better discriminate between those with and without glaucoma.  Novel predictive 

models informed by novel features extracted with time-frequency techniques were trained 

and evaluated, and compared to models using various amplitude markers from the ERG. 

Results: The denoising technique termed complete ensemble empirical mode 

decomposition with adaptive noise (CEEMDAN) was shown to be effective and efficient in 

removing baseline drift and wander of the ERG, thus significantly improving the 

repeatability of the recordings.  Eyes with and without glaucoma showed significant 

differences based on novel complexity measures of the ERG, beyond the standard PhNR 

measure.  New models informed by time-frequency features significantly added to the 

predictive performance for glaucoma severity when used alongside conventional amplitude 

markers of the ERG. 

Conclusion: This body of work developed a new method of denoising of the ERG, which also 

could have wider application in electrophysiology.  New features based on complexity 

showed potential for providing important additional measures of RGC dysfunction useful for 

disease discrimination.  Time frequency features extracted from the ERG also showed that 

there is substantial information in the ERG beyond what is captured by standard amplitude 

markers that could aid in better detecting early RGC dysfunction. 
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Chapter 1  

Literature Review 
1.1 Background on Glaucoma 
 

It is often said that the first reference to glaucoma was made by Hippocrates in his 

Aphorisms.  The reference is in the third chapter, section 31 :  

τοῖσι δὲ πρεσβύτῃσι, δύσπνοιαι, κατάῤΡ῾οοι βηχώδεες, στραγγουρίαι, δυσουρίαι, 

ἄρθρων πόνοι, νεφρίτιδες, ἴλιγγοι, ἀποπληξίαι, καχεξίαι, ξυσμοὶ τοῦ σώματος ὅλου, 

ἀγρυπνίαι, 

κοιλίης καὶ ὀφθαλμῶν καὶ Ρ῾ινῶν ὑγρότητες, ἀμβλυωπίαι, γλαυκώσιες, βαρυηκοΐαι. 

Translated by Adams (Hippocrates 2016) as “To old people dyspnoea, catarrhs accompanied 

with coughs, dysuria, pains of the joints, nephritis, vertigo, apoplexy, cachexia, pruritus of 

the whole body, insomnolency, defluxions of the bowels, of the eyes, and of the nose, 

dimness of sight, cataract (glaucoma), and dullness of hearing” 

The reference is the Ancient Greek and comes from the section on diseases of old age  

ἀμϐλυωπία   dim-sightedness   fem nom/voc pl 

ἀμϐλυωπίᾱͅ, ἀμϐλυωπία   dim-sightedness   fem dat sg (attic doric aeolic) 

 

or “amvlyopíai” 

 

and γλαυκώσιες  

or  

“glafkósies” 

There is some controversy about whether the term actually denotes a colour in the Greek 

(Messenger 1964) or whether it best translates as ‘glaze’. 

The disease was elaborated by Galen in de Usu Partium (Galen 1563) but there remains 

some confusion about whether he referred to what is now known to be cataract or 

glaucoma. 

Guillemeau (Guillemeau 1585) first described possible treatments in 1585.  Banister made 

an unacknowledged translation of the work in 1622 (Banister 1622). He did not mention 
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glaucoma but did identify cases of raised tension in the setting of incurable cataract.  

Brisseau (Brisseau 1709) was probably the first to properly distinguish cataract from 

glaucoma stating that “Cette maladie n’attaque point du tout le cristalin” meaning “This 

illness does not at all attack the crystalline lens” although he goes onto conclude that 

glaucoma is primarily a disease of the vitreous. 

Writing in Latin in 1745, the German ophthalmologist Platner (Platner 1745) is thought to be 

the first to associate raised pressure, detectible with firmness of the eye to touch, with 

glaucoma.  Demours (Demours 1818) described a number of cases of acute glaucoma.  

Revising the notes of his father, a famous ophthalmologist in Marseilles, he notes in various 

cases the symptoms of acute loss of vision with pain, and the signs of congestion, pupillary 

distortion and the convexity of the iris : ‘’l’iris par consequent est trop convexe”,  meaning 

“As a result the iris is too convex”.  He notes that while the pupil moves, it is weak.  In the 

work, various treatments including inducing vomiting, drawing blood, using camphor and 

camomile are described as tried without success.  He correctly noted that the nerve and 

retina were paralysed.  Reading the descriptions of the cases in the original French, one gets 

the impression that the pathophysiology is within reach of Pierre Demours but never 

actually grasped. 

In his monumental work in 1855, Mackenzie (Mackenzie 1854) devoted a chapter to 

glaucoma.  He still maintained that the pathology was in the vitreous – in contradistinction 

to cataract which by then had firmly been shown to be a disease of the lens.  He further 

made the distinction between acute and chronic glaucoma.  A reference to raised 

intraocular pressure is made in Mackenzie’s stage 3 of glaucoma in which he described an 

“abnormal hardness of the eye with immobility and unequal dilation of the pupil”.  The 

pathophysiology remained elusive with stages 1 and 2 being “generally a disease of the 

crystalline alone”.  He felt the cause to be inflammatory and even suggests the use of 

“tincture of belladonna” as a treatment.  In one case he dissected an eye in which “I 

observed the lens tremulous” a possible case of pseudoexfoliation. 

Using the ophthalmoscope invented by Helmoltz (Helmholtz 1851), Donders (Donders 1855) 

made careful observations of the pulsations of the optic nerve vessels, including the effect 

of adding digital pressure to the eye.  He characterized the pulses in the arteries and veins 

and the synchronization with carotid and radial pulses.  This was the first step towards the 

measurement of the intraocular pressure. 

Von Graefe writing in the journal he founded in 1854 (Von Graefe 1854) carefully observed 

that the central retinal arterial pulse was weaker and delayed in glaucoma compared with 

individuals without the disease.  From this he made the monumental observation that: 

Das pathologische Vorkommen des Aretienpulses bei Glaucom glaubte ich durch ein 

Hinderniss in der Arteria centralis erklären zu müssen, welches in ähnlicher Weise 

die Blutzufuhr beschränkt, wie eine Vermehrung des intraokularen Drucks 
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Translated as: “I thought that the pathological occurrence of the arterial pulse in 

glaucoma must be explained by an obstruction in the central artery, which restricts 

the blood supply in a similar way to an increase in intraocular pressure” 

In brief he thought that the changes in the central arterial pulse in glaucoma were restricted 

in a similar way to the intraocular pressure inferring for the first time that glaucoma was 

related to the intraocular pressure.  Von Graefe went on to show that paracentesis provided 

a temporary relief from acute glaucoma and iridectomy a permanent cure.  In 1858 Weber 

(Weber 1858) observed that “Careful and competent use of the ophthalmoscope will show 

the disc to be hollowed instead of bulging forward as has been previously maintained” – the 

first good description of optic disc cupping. 

In an address to the thirteenth annual meeting of the British Medical Association, William 

Bowman FRS (Von Graefe 1854) spoke of glaucoma “the name of which, indeed is old, but 

the knowledge and the practice are all new”.  He stated categorically that “whatever the 

essential nature of the glaucomatous state, we as practitioners are chiefly concerned with 

the augmented tension of the eyeball which attends it.”  He went on to describe a 

technique of estimating the intraocular pressure with two forefingers. 

Von Graefe also developed a tangent screen method for field examination.  Donders’ 

associate Haffmanns noted in 1862 the field changes in glaucoma (Haffmanns 1862) and the 

prognosis if the changes were advanced: 

Wenn Gesichtsfeldbeschränkung besteht, so ist die Prognose ungünstiger, besonders 

wenn die Beschränkung sich bis nahe an die Mittellinie erstreckt 

Translated as: The prognosis is not good with field constriction especially if the field loss 

comes close to the centre line. 

A number of tangent screen methods were developed to measure visual field but the 

technique received a huge boost when Hans Goldmann of Bern developed his hemispheric 

bowl perimeter in 1945 allowing precise control over fixation and background illumination 

as well as stimulus size and shape.  Results of Goldmann visual field measurements are 

plotted as lines of equal sensitivity known as isopters.  It was quite a difficult technique to 

assess glaucoma.  One protocol used for the disease (Sommer, Quigley et al. 1984) used 4 

isopters with the first at an intensity of the average threshold level of two spots 25 degrees 

temporal and 15 degrees above and below fixation.  Second and third isopters were plotted 

0.2 log units below and 0.3 log units above that level respectively.  This was augmented by 

multiple static threshold measurements.  In the study, the average time for each eye was 

between 45 to 60 minutes.  An example of the visual field from that study is shown Figure 

1-1.  Other techniques for the detection of glaucomatous changes have also been described 

such as the Armaly technique (Rock, Drance et al. 1973) with reasonable sensitivity and 

specificity. 
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Figure 1-1:  Visual field evaluation in glaucoma with Goldmann perimetry (from Sommer 1984).  The upper panel shows the 
left eye with a normal visual field.   the lower panel shows the right eye with visual field defects above and below the 
midline in the nasal field. 

Automated static perimetry was developed in 1975 (Aulhorn 1975),  (Fankhauser, Spahr et 

al. 1977).  Static perimetry measures the threshold for perception of a stimulus at each of a 

large number of eccentric locations.  A typical strategy collects data from 54 locations 

spanning the central 48 degrees of the visual field.  The brightness of the dimmest stimulus 

seen at each location is determined to be the threshold and multiple measurements are 

required at each location to determine this value.  The threshold at each point is measured 

in decibels (dB) which is a relative measure indicating the attenuation of the light intensity 

from the maximum.  Assuming a sigmoidal probability of seeing curve, Spahr (Spahr 1975) 

described a method of limits strategy that forms the basis for the modern approach.  In this 

technique, the first stimulus is presented at the average threshold for age matched controls 

at that location.  If the stimulus is seen the brightness is reduced by 4dB and if it is not seen 

it is increased by 4dB.  The bracketing strategy is then used to refine the threshold value 

down to an accuracy of 1dB (Bebie, Fankhauser et al. 1976). 

Using a large dataset from patients, Olsson and colleagues (Olsson and Rootzén 1994) 

developed a Bayesian Markov model of thresholds which took into account parameters such 

as the age of the test subject and known likely direction of visual field defects.  This is 

illustrated in Figure 1-2. 
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Figure 1-2:  Most likely direction of visual field defects (from Olsson 1994) 

 

This concept was used to increase the speed of visual field testing (Bengtsson, Olsson et al. 

1997).  Continually updating the prior probabilities of the thresholds at each point, the 

optimum strategy could be modified during the test to reduce the testing time required.  

Further development of strategies have led to even faster testing times (Glass, 

Schaumberger et al. 1995, Bengtsson and Heijl 1998), although sometimes speed has been 

at the expense of precision and reliability. 

Rigorous statistical analysis of the threshold data was introduced in 1987 (Heijl, Lindgren et 

al. 1987).  This statistical package introduced the field parameters widely used today and 

found within this thesis.  The analysis described features of each location in terms of total 

deviation (the difference of each point from the age matched control) in both decibels and 

probability.  The analysis also described global indices of the field such as the mean 

deviation (a weighted mean of the total deviation from age matched controls), the short-

term fluctuation, the pattern deviation and the corrected pattern standard deviation.  The 

importance of this development was in the description of global markers of disease severity.  

This was not something that was easy to do with the Goldmann or other perimetry 

techniques.  The program also allowed analysis of a series of fields by examining boxplots of 

the raw decibel thresholds and allowing inspection of how the median and interquartile 

ranges changed over the series.  Most of these measures are still the standard features used 

by glaucoma clinicians today. 

 

The first in-vivo measurement of intraocular pressure seems to be Wahlfors (Wahlfors 1888) 

using an invasive method in eyes doomed by malignancies.  Of course, the utilization of 

contact tonometry would require local anaesthesia.  At the University of Wurtzburg, the 

noted pharmacist Joseph Rossberg supervised two junior colleagues. Anrep (von Anrep 

1880) described the local anaesthetic action of the drug on animals and on himself and 

recommended the agent as a surgical anaesthetic.  Theodor Aschenbrandt (Aschenbrandt 

1883) was working in the same department and later became a German army doctor.  In 

that role he secured a supply of cocaine and gave it to Bavarian soldiers noting the 

beneficial effects on fatigue.  Those observations on fatigue came to the attention of 

Sigmund Freud, then a young neurologist.  He encouraged a Viennese ophthalmologist Carl 
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Koller, working at the same hospital, to take the drug.  Koller noticed the anaesthetic effect 

on his tongue.  He went on to do further experiments on animals and himself and suggested 

it as an anaesthetic for ophthalmology.(Koller 1884).  Henry Noyes of New York was at the 

meeting and brought the idea to the USA.  Koller’s article was translated into English and 

published in the Lancet (Koller 1884).  Interestingly with his animal experiments, Koller 

found the topical anaesthesia adequate for the cornea but it evidently did not allow 

anaesthesia of the iris or intraocular surgery.  Koller was proposed for the Nobel Prize on a 

number of occasions but was never a recipient.  The European Society of Regional 

Anaesthesia and Pain Therapy created the Carl Koller Award in 1984 in recognition of 

Koller’s discovery. 

A large review of the state of knowledge of intraocular pressure at the time was written by 

Priestley Smith (Smith 1879).  In it he details the principles and practice of the measurement 

of intraocular pressure.  Following on from Monnik (Monnik 1870) he states that: 

 

When an impression is made in the sclera, the underlying fluid is displaced, and, 

being incompressible, must be found room for elsewhere.  The ease with which this 

is accomplished depends chiefly upon the degree of pressure already exercised upon 

the whole internal surface of the sclera by the contents of the eye, but not upon this 

alone. 

The ease of indentation also depended on elasticity of the sclera, the size and shape of the 

eye and. the fullness of the intraocular vessels.  Preistley Smith developed his own 

tonometer which he considered superior to that of Monnick but in his own words “The 

estimation of ‘tension‘ by this instrument is, it must be confessed, a tedious, and, 

apparently, a complicated process.” 

By this time, the pathophysiology of glaucoma was now well known as he states: 

Glaucoma is characterised by one constant and essential symptom — increased 

tension of the eyeball. Let this physical condition be added to any eye, healthy or 

diseased, and straightway it becomes glaucomatous, and will, under continuance of 

the pressure, manifest those changes which are peculiar to the disease. 

Tonometry improved through various innovations of Schiötz (Schiötz 1920), Maklakoff 

(Maklakoff 1885) and Goldmann (Goldmann 1955), (Goldmann and Schmidt 1957) to the 

accurate reliable measurements we have today. 

 

Optical Coherence Tomography (OCT) was the next major development in the 

characterization of glaucomatous damage.  Described in 1991 by Huang (Huang, Swanson et 

al. 1991), the initial proof of concept was performed on the peripapillary region of the retina 

and the coronary artery.  These experiments were in vitro.  The first pilot study using the 

technique specifically on the retinal nerve fibre layer was published by Schuman shortly 

afterwards (Schuman, Hee et al. 1995) and (Schuman, Hee et al. 1995). 
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The first OCT implementations were adaptations of the Michaelson interferometer.  These 

later came to be known as time domain OCT (TD-OCT) to differentiate them from the use of 

multiple frequency systems.  The operating principle was fairly simple: a monochromatic 

light source is projected onto the retina as a point.  At this point, the reference mirror is 

moved axially and the peak of the interferogram is measured.  The amplitude of reflectivity 

at a given reference location is proportional to the height of the interferogram and the 

depth being measured is equal to the reference mirror location.  In essence, reflectivity was 

measured at a single geographical point at a single depth.  The 3 dimensional cube of 

reflectivity was built up one voxel at a time, which severely limited speed and resolution. 

Simultaneous use of multiple wavelengths for OCT was first suggested in 1998 (Hellmuth 

and Welle 1998) and patented for use in the OCT.  The theory is very complex.  In brief, a 

smooth broadband low coherence light is used to illuminate a point on the retina.  The 

moving mirror of the Michaelson interferometer is changed to a fixed mirror.  The 

interferogram is now passed through a diffraction grating to resolve its spectrum.  This is 

imaged through a very fast line camera (up to 200kHz line rate) generally based on InGaAs 

(Indium Gallium Arsenide) photodiodes.  In this image, the position along the line (x axis) 

corresponds to the wavelength and the intensity is the amplitude (y axis). 

This curve represents the Fourier transform of the interferogram.  In most current 

implementations, the phase information of the light is not preserved so this is a real valued 

signal and is the modulus of the Fourier transform. 

Mathematically, without considering refractive index, it can be shown that (De Boer, Leitgeb 

et al. 2017) 

 
𝐼(𝑘)  = 𝑆(𝑘)  |𝑒2𝑖𝑘𝑟 + ∫ 𝑎(𝑧)𝑒2𝑖𝑘(𝑟+𝑧)

∞

0

𝑑𝑧|

2

 1-1 

 

Where I(k) is the measured interferogram,S(k) is the wavelength dependent intensities from 

the sample , k is the wave number and a(z) is the reflectivity at depth z – the A scan at that 

point.  2r is the path length in the reference arm and 2(r+z) is the path in the object arm. 

This can be simplified to 

 
𝐼(𝑘) = 𝑆(𝑘) [1 + 2 ∫ 𝑎(𝑧)𝑐𝑜𝑠(2𝑘𝑛𝑧)𝑑𝑧

∞

0

+ ∫ ∫ 𝑎(𝑧)𝑎(𝑧′)𝑒−𝑖2𝑘𝑛(𝑧 − 𝑧′)𝑑𝑧𝑑𝑧′
∞

0

∞

0

] 1-2 

 

It can be shown that a function containing a(z) can be extracted by deconvolving the square 

of the Inverse Fourier transform of S(k) out of the square of the inverse Fourier transform of 

I(k).  In doing so, there are three terms left are the DC component, a(z) and its symmetrical 

mirror and an autocorrelation noise term from reflections within the sample.  The mirror 

image appears because the phase information is not known or used.  Thus it is necessary to 

have the reference position outside the area of interest so that the image and its mirror can 

be easily separated.  The need to have the reference above or below the area of interest 
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(rather than in the middle) does significantly reduce the maximum depth of scan.  For 

anterior segment scans of the eye, some equipment lacks the capacity to place the 

reference away from the centre of interest and the scan can be mirrored as shown in Figure 

1-3 from Tun. (Tun, Baskaran et al. 2017)  

 

Figure 1-3:  Anterior segment OCT  showing duplication of image 

 

This thesis will explore an emerging new quantitative technique for glaucoma assessment 

via electrophysiological measurements.  The current approach – analogous to the tangent 

screen and finger tonometer will be developed to the equivalent of the modern perimeter, 

Applanation tonometer and the SDOCT. 

 

1.2 Definition and Features 
 

At its core, glaucoma is a disease of the optic nerve of the eye – that is the axons of the 

retinal ganglion cells.  Classification is based upon the cause of the disease whether it is 

primary or secondary, open or closed angle, congenital or acquired, adult or paediatric.  

Controversy does remain about the precise definition of glaucomatous optic neuropathy 

(Quigley 2019).  For population-based studies, a rigorous definition is required.  The scheme 

of Foster (Foster, Buhrmann et al. 2002) has been frequently used based upon the 

appearance of the optic nerve and changes in the visual field.  As Quigley notes (Quigley 

2019), a new definition is being built around changes in the OCT, correlation of OCT features 

with visual field changes, and finally exclusion of retinal disease to explain those changes.  

This discussion will, for brevity, be limited to structural changes of glaucomatous optic 

neuropathy (GON) and functional changes as detected by the visual field.  This remains a 

work in progress (Iyer, Vianna et al. 2020, Iyer, Boland et al. 2020) 

Ultimately, whatever the cause of raised intraocular pressure or increased susceptibility to 

pressure, the disease is a loss of ganglion cells through apoptosis (McKinnon 1997). 

Apoptosis described by Kerr in 1972 (Kerr, Wyllie et al. 1972) is a programmed, suicidal cell 

death with phagocytosis of the cell without inflammation.  Various causes of the trigger 

have been described and investigated including the baric trauma on the axons, hypoxia of 
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the axons, chronic intermittent ischaemia, glutamate excitotoxicity, defective axon 

transport and the presence of trophic factors (Evangelho, Mogilevskaya et al. 2019). 

The first clinical challenge in glaucoma is early detection.  The initial changes of open angle 

glaucoma are asymptomatic and much damage may have occurred before detection is 

possible.  Various screening programs have been developed and evaluated ranging from 

various combinations of intraocular pressure measurement (Awoyesuku and Onua 2019), 

optic disc photography (Zhang, Sun et al. 2019) and OCT.  New machine learning algorithms 

for example (Medeiros, Jammal et al. 2019) may improve the diagnostic accuracy of cheaper 

technologies in this regard. 

The next challenge in the management of glaucoma is: given the factors which influence the 

susceptibility of the ganglion cells to the intraocular pressure, what is a safe intraocular 

pressure?  That is, for an individual patient with a set of parameters that cannot be changed 

(age, eye geometry, co-morbidities etc), can a model be built that predicts the risk of 

progression as a function of intraocular pressure?  Then, based upon that model, determine 

an acceptable intraocular pressure considering the cost – whether in terms of financial cost 

or side effects.  This is the conscious or subconscious calculation that clinicians make when 

working in this area. 

Before apoptosis, retinal ganglion cells undergo morphological changes – principally in their 

dendrites. (Liu, Duggan et al. 2011)  It is likely that subtle structural changes are detectible 

via high resolution imaging at this stage and, further, that intervention by reducing 

intraocular pressure may save some of these cells.  It is more likely though that this pre-

apoptotic change will manifest as changes in the functional measures before the structural 

changes such as changes in the nerve fibre layer or disc morphology occur.  This structure-

function gap, in theory, will predict how much of the deficit can be recovered with 

optimisation of physiological conditions for the ganglion cells.  The key functional tests that 

are currently available are the visual field test and electrophysiological testing.  If 

electrophysiological testing can be made sufficiently reliable it may therefore inform a 

clinician as to the potential extent of possible recovery of function. 

1.2.1 Photographic / Ophthalmoscopic features 

 

The well-known features and risk factors apparent at the optic nerve head have been 

concisely described as part of the GONE project (O’Neill, Gurria et al. 2014) and include disc 

size, disc shape, disc tilt, peripapillary atrophy, vertical cup disc ratio, cup depth, nerve fibre 

layer defects (notching) and disc haemorrhages.  Of these measures, the optic disc size, 

shape and tilt are correcting factors when considering the appearance of the nerve and do 

not of themselves indicate an increased susceptibility to pressure. 

The vertical cup disc ratio (VCDR) is the classic clinical sign for the diagnosis of glaucoma and 

the measurement of its progression.  Tatham (Tatham, Weinreb et al. 2013) investigated the 

relationship between a model of ganglion cell counts and the VCDR and found the VCDR to 

be quite insensitive and quite non-linear when the RGC number was plotted against the 
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VCDR.  Part of that non-linearity can be explained by the fact that the rim area is linearly 

related to (1-VCDR2). 

Nerve fibre defects represent focal losses of nerve fibre bundles at the optic disc.  Such 

defects have moderate to high specificity for glaucoma (Sugiyama, Uchida et al. 1999).  

Optic disc haemorrhage has a high correlation with progression of the disease (Ha, Kim et al. 

2019) but is relatively insensitive.  It indicates a more rapid rate of progression. 

 

1.2.2 OCT features 

 

The OCT has become well established in the diagnosis and management of glaucoma.  The 

technology allows high resolution of the 3-dimensional structure of the optic nerve head as 

well as accurate measurements of the layers of the retina, which can detect focal or global 

changes in the thickness of the nerve fibre, ganglion or inner plexiform layers. 

A number of types of scans are used in the modern evaluation of glaucoma:  

• Cube scans centred on the macula:  A sequence of high resolution linear scans are 

collected and then segmented to analyse the area layer by layer. 

• RNFL scans:  The OCT is collected as a circle centred on the optic disc and the layers 

are segmented. 

• Optic nerve cube:  A series of linear scans are collected in an area centred on the 

optic disc. 

• OCT angiography:  A new technique that uses high speed video OCT to find the 

vascular plexus, subtracting out the parts of the image that are not changing.    

The utility of the OCT as a tool for the management of glaucoma has been improved by a 

number of technical improvements.  As mentioned earlier, the change in basic technology 

from TD-OCT to SD-OCT and improvements in noise suppression and processing enabled an 

increase in depth resolution to the current standard of better than 11 um per pixel 

transversely and 3 um per pixel axially (Folgar, Yuan et al. 2014).  The faster acquisition 

times enabled a reduction in the movement artefact.  Coupled with this was the 

development of compensation for eye movements – so called gaze tracking. 

These commonly used strategies are illustrated in the figures below 

 

Segmentation is the process of extracting the boundaries between layers on the OCT.  As 

the OCT is collected one line at a time, the process is usually applied to each line and 

represented as such.  Figure 1-4 shows such a segmentation result. 
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Figure 1-4:  Macular OCT with segmentation . ILM= inner limiting membrane, RNFL=retinal nerve fibre layer, GCL= ganglion 
cell layer, IPL= inner plexiform layer, INL=inner nuclear layer, OPL=outer plexiform layer, ELM=external limiting membrane, 
PR1 = photoreceptor inner segments, PR2=photoreceptor outer segments, RPE=retinal pigment epithelial layer, BM = 
Bruch’s membrane 

 

Internally, the data for the line is represented as a 2 dimensional matrix.  One axis has the 

linear position and the second axis the depth.  The reflection intensity is encoded as the 

value of the cell of the matrix. 

For a given position, the vector of intensities can be regarded as an ‘A scan’.  The A in A scan 

refers to amplitude modulation – essentially a plot of amplitude on the ordinate against 

depth on the abscissa.  An example of this from Ishikawa (Ishikawa, Stein et al. 2005) is 

shown in Figure 1-5.  In this methodology the ILM and RPE were first identified as the 

relevant peaks and then the largest valley as the Outer Retinal Complex (ORC – the 

combination of photoreceptor and outer nuclear layer).  The intermediate layers were 

identified by the peaks and troughs.  Segmentation consisted of a vector of boundary values 

for each transition.  
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Figure 1-5:  OCT A scan from Ishikawa 2005.  The ordinate represents the depth of the scan.  The abscissa represents the 
tissue reflectivity in arbitrary units.  The algorithm detects the boundaries between the Inner Limiting Membrane (ILM), the 
Nerve Fibre Layer (NFL) the Inner Retinal Complex (IRC=Ganglion Cell layer + Inner Plexiform Layer + Inner Nuclear Layer),  
The Outer Plexiform Layer (OPL), the Outer Retinal Comple (ORC= Outer nuclear and photoreceptor layers), Retinal Pigment 
Epithelial Layer (RPE) and the Choroid  

 

There have been many innovations since the original papers, for example Chiu (Chiu, Li et al. 

2010) and Fang (Fang, Cunefare et al. 2017).  The more recent algorithms use not only each 

A scan individually but the whole two-dimensional matrix.  A variety of techniques such as 

Graph theory (LaRocca, Chiu et al. 2011) and deep learning (Pekala, Joshi et al. 2019) have 

been used.  This improved segmentation has allowed extraction of reliable OCT measures.  

The actual segmentation algorithms within the commercial OCT machines are proprietary 

and details are not readily available.  Algorithms using segmentation in three dimensions – 

i.e. considering pixels between brightness modulated scans (B-scans) have not been widely 

described or used.  Features can be one dimensional, for example average thickness in um, 

two dimensional such as rim area in mm2 or three-dimensional volumetric measures such as 

cup volume in mm3.  Volumetric data can be extracted from segmented or unsegmented 

optic nerve scans (Maetschke, Antony et al. 2019). 

Well established and used OCT features of glaucomatous optic neuropathy (GON) include 

• Retinal nerve fibre layer thickness:  This analysis is usually performed on a circle 

surrounding the optic nerve.  The layers are segmented and the nerve fibre layer is 

plotted.  Parameters include the average RNFL thickness, and average thickness by 

clock hour, quadrant or semi-circle 

• Rim parameters – using OCT characterization of the nerve head, cup disc ratio, rim 

thickness and rim area are calculated 
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• Ganglion Cell and IPL thickness: Using a scan centred on the fovea, the ganglion cell 

and inner plexiform layers are segregated.  Parameters are extracted including 

averages and distributions 

• Volumetric data of cup and disc volume 

There are also a large number of studies proposing refinements to the measurement of OCT 

parameters for GON including 

• More accurate characterization of the rim geometry through identification of the 

Bruch’s Membrane Minimum Rim Opening (BMO-MRW) (Chauhan and Burgoyne 

2013) 

• Fourier analysis of the RNFL plot (Hsieh, Chang et al. 2020) 

• OCT angiography (OCT-A) (Miguel, Silva et al. 2021) 

OCT machines can be used to estimate traditional photographic optic disc parameters.  This 

involves segmenting the image of the disc itself into disc, cup and (not disc not cup).  The 

machine can do this either from the photograph taken for OCT targeting, or from the OCT 

itself.  The latter method is preferable as the targeting photograph is often of low 

resolution.  Parameters which can be extracted include Vertical cup disc ratio, horizontal 

cup disc ratio and rim area. 

1.2.3 Visual Field Changes in Glaucoma 

 

Standard Automated Perimetry (SAP) is generally used for the diagnosis and monitoring of 

glaucoma.  The shape of the bowl may be spherical or aspherical (Rowe, Hepworth et al. 

2019).  Background illumination may be from a tungsten (Vingrys and Helfrich 1990) or a 

light emitting diode (LED) source (Cubbidge and Wild 2001).  The stimulus itself may be 

delivered by a projection system or a fixed array of LEDs (Wild 1988).  There has been much 

research into the optimum strategy for determining the threshold for each point measured 

by the strategy.  A staircase approach is generally used which may be optimized for speed of 

collection by updating the strategy in real time as points are measured (Bengtsson and Heijl 

1998).  Results are reported as a matrix of thresholds and a number of summary statistics 

are collected.  The most commonly used pattern of stimulus locations measures 54 locations 

are tested with a 6 degree spacing between points in the horizontal and vertical direction 

and the matrix spanning the horizontal and vertical midlines yielding points tested at 3 

degrees from each midline (Rowe, Wishart et al. 2014).  The data is represented as the 

absolute threshold – the attenuation in dB applied to yield the dimmest spot that could be 

seen at the location.  The data is also represented as a difference between the absolute 

threshold and aged matched controls.  This is usually also transformed into a probability 

plot of deviation with respect to geographical location.  Drance (Drance 1972) described the 

classical visual field defects in glaucoma: Circumscribed paracentral defects, peripheral and 

central nasal steps, arcuate scotomas and sector shaped scotomas elsewhere in the visual 

field.  These shapes correspond to the focal loss of groups of nerve fibres at the optic disc.  

Traditionally, recognition of these patterns and correlation with other clinical features 

allowed the diagnosis of glaucoma or the recognition of progression. 
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There has been much work done on automating the detection of progression between 

visual field tests (Arnalich-Montiel, Casas-Llera et al. 2009, Artes, O'Leary et al. 2014).  By 

performing a point by point analysis of visual field threshold, the software attempts to 

correct for the effects of long-term fluctuations, inter-test variability, learning effects, 

fatigue, changes in the physiologic state of the eye and aging. (Giangiacomo, Garway-Heath 

et al. 2006).  Another technique is the analysis of boxplots of the thresholds to detect 

changes in median and interquartile ranges. (Heijl, Lindgren et al. 1987). 

1.3 Current interventions in glaucoma 
 

Current interventions in glaucoma comprise topical drop therapy, laser therapy, micro-

invasive surgery and conventional filtering surgery. 

1.3.1 Drop treatment of glaucoma 

 

Treatment of glaucoma with topical drops is usually the first line treatment (Ang, Fenwick et 

al. 2020).  Agents are available from the following pharmacological classes:  

• Prostaglandin analogues 

• Alpha agonists 

• Topical carbonic anhydrase inhibitors 

• Beta blockers 

• Rho kinase inhibitors 

1.3.2 Laser treatment of glaucoma 

 

Acute and subacute angle closure glaucoma is treated with laser peripheral iridotomy.  The 

procedure, performed under local drop anaesthesia involves creating a small aperture in the 

peripheral iris with a brief pulse of infrared laser radiation.  The procedure is effective in the 

long term in a large proportion of eyes (Buckley, Reeves et al. 1994, Aung, Ang et al. 2001). 

Open angle glaucoma is also amenable to laser treatment.  Argon Laser Trabeculoplasty 

(ALT) was described by Wise and Witter (Wise and Witter 1979) and comprised placing a 

series of small laser burns within the trabecular meshwork of the eye to improve aqueous 

humor outflow.  The name ALT continued to be used even when solid state lasers of similar 

wavelengths were used. 

ALT has now been superseded by Selective Laser Trabeculoplasty (SLT).  The difference 

between the two techniques is the spot size (SLT 400um vs ALT 50um) and pulse duration 

(SLT 3ns vs ALT 1us) (Damji, Shah et al. 1999).  The laser-tissue interaction is very different 

and SLT is considered superior with better retreatability and fewer side effects (Damji, Shah 

et al. 1999). 

1.3.3 Micro invasive surgery 
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The latest surgical innovations are in the field of micro-invasive surgery.  This involves the 

placement of a prosthesis either ab externo (Schultz, Schojai et al. 2020)or ab interno (Le, 

Bicket et al. 2019) to provide a reduction in aqueous outflow resistance and therefore a 

decrease in intraocular pressure. 

1.3.4 Conventional glaucoma surgery 

 

Conventional glaucoma surgery in current use comprises the construction of a bypass 

pathway for aqueous egress through modification of eye tissues (trabeculectomy) 

(Edmunds, Thompson et al. 2001) or placement of a prosthesis (Taglia, Perkins et al. 2002). 

 

1.4 Mathematical formulation of clinical decisions in glaucoma 
 

The practice of medicine is very complex and does not generally yield itself to explicit 

mathematical formulation.  Nonetheless, there are a number of key clinical decisions in 

glaucoma which may at least be thought of in mathematical terms.  In glaucoma, these must 

be expressed per eye.  Clinicians diagnosing and managing the disease at least 

subconsciously must address these questions. 

1.4.1 What is the probability that the eye has glaucoma? 

 

For this question, the answer can be considered the outcome of a classifier.  That is, given a 

vector of features (continuous and categorical) which include demographics, intraocular 

pressure, optic disc features, OCT parameters, visual field parameters and perhaps 

electrophysiological parameters 

 𝑃𝑔𝑙𝑎𝑢𝑐 = 𝑓(𝛩) 1-3 

 

Where  is the vector of parameters and Pglauc is the probability of glaucoma.  In this 

formulation, the classifier (such as a Support Vector Machine) yields a probability value and 

the acceptance of the classification is on the basis of a threshold – for example, it is 

accepted as a diagnosis of glaucoma if over 0.5 (Townsend, Wollstein et al. 2008).  Other 

techniques, for example artificial neural network (Bengtsson, Bizios et al. 2005), may yield a 

class diagnosis such that 

 𝑋 = 𝑓(𝛩): 𝑋 ∈ {𝑔𝑙𝑎𝑢𝑐𝑜𝑚𝑎, 𝑛𝑜𝑛𝑔𝑙𝑎𝑢𝑐𝑜𝑚𝑎} 1-4 
 

The process in equation 1-3 is essentially what an ophthalmologist working in glaucoma 

does in evaluating a glaucoma patient.  Although there have been many machine learning 

implementations of both 1-3 and 1-4, practical implementation is limited to utilizing a small 

number of parameters (for example disc photographs) in a screening, telemedicine or 

developing country setting.  
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1.4.2 Given that the eye has glaucoma, what is the severity? 

 

This problem is to find an answer to the equation 

 𝑆𝑔𝑙𝑎𝑢𝑐 = 𝑓(𝜓) 1-5 

 

Where Sglauc is a continuous bounded variable determined by the feature vector Ψ, or 

alternatively 

 𝐶𝑔𝑙𝑎𝑢𝑐 = 𝑓(𝜓): 𝐶𝑔𝑙𝑎𝑢𝑐 ∈ {𝑚𝑖𝑙𝑑, 𝑚𝑜𝑑𝑒𝑟𝑎𝑡𝑒, 𝑠𝑒𝑣𝑒𝑟𝑒} 1-6 

 

In 1-6 the severity of glaucoma is given by a membership of an ordered set.  This can have 

any number of classes but the gradations are very coarse.  This sort of formulation is used 

for simple population studies or insurance purposes.  It has only minimal value in clinical 

practice as it is not reasonable to only detect movements between classes rather than fine 

grained changes.  Equation 1-5 produces a scalar measure of disease severity from the input 

vector.   

The idea of a single continuous bounded scalar measure of glaucoma severity is attractive in 

principle but it has been difficult to achieve in practice.  There have been a number of 

studies relating the findings in OCT to those of the visual field (Drasdo, Millican et al. 2007, 

Hood, Anderson et al. 2007) 

Harwerth (Harwerth, Wheat et al. 2010) and Medeiros (Medeiros, Lisboa et al. 2012) have 

formulated models that use average circumpapillary retinal nerve fibre (RNFL) measures 

with threshold measures from each location of the visual field to predict ganglion cell 

counts.  This is the measure used later in this thesis.  .A simplified structure-function index 

was recently proposed by Wu(Wu and Medeiros 2021). 

In current clinical practice, the aggregate measures of disease severity are crude and 

generally use the mean deviation of the field, the visual field index (Bengtsson and Heijl 

2008), a gross measure of field constriction using a suprathreshold stimulus or an 

impairment measure based upon a combination of acuity and constriction along meridians 

of a dynamically tested visual field (Cocchiarella, Andersson et al. 2001). 

1.4.3 Given that the eye has glaucoma, is the condition progressing? 

 

One way of detecting progression would be to look for changes in the severity over time.  

That is from 1-5 we would look for 

 𝛥𝑔𝑙𝑎𝑢𝑐 = 𝑆𝑔𝑙𝑎𝑢𝑐(𝑡 + 𝜏) − 𝑆𝑔𝑙𝑎𝑢𝑐(𝑡) 1-7 

 

Where the measurements are at time t and a time increment  
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In practice the approach in 1-7 is severely limited by the fact that the severity measures are 

inadequate. 

However, a number of sophisticated techniques have been described to answer the related 

question of what is the probability that progression is taking place given two (or more) 

observations of clinical features. 

 𝑃𝛿 = 𝑓(𝛩𝑡+𝜏, 𝛩𝑡) 1-8 
 

Where Pδ represents the probability of there being progression or  

 𝑋 = 𝑓(𝛩𝑡+𝜏, 𝛩𝑡): 𝑋 ∈ {𝑡𝑟𝑢𝑒, 𝑓𝑎𝑙𝑠𝑒} 1-9 
 

A number of successful studies have used these techniques including features sets from 

fields and OCT parameters and using techniques such as relevance vector machine (Bowd, 

Lee et al. 2012) and recurrent neural networks (Park, Kim et al. 2019). 

1.4.4 Given that the eye has glaucoma and is progressing, what is the rate of progression? 

 

Many studies have investigated the rate of progression of visual field changes or the rates of 

progression in OCT parameters (Suda, Akagi et al. 2018, Nguyen, Greenfield et al. 2019).  It is 

important to note that this does not necessarily estimate the rate of progression of the 

underlying disease.  In fact, these studies showed divergence between the visual field and 

OCT estimates of glaucoma.  If the underlying severity could be accurately obtained as per 

1-7, this measure in theory would be simple by dividing the amount of change in by the time 

increment.  In practice, there has been no convincing demonstration of this metric. 

1.4.5 Defining an individual’s risk curve 

 

It is a challenge to determine the form of the curve relating pressure in an individual eye to 

the risk of glaucoma progression.  Even in experimental animal models, the problem is 

difficult to test because of the irreversible nature of glaucoma, its chronic nature and the 

problems in correlation between humans and other species. 

Bui (Bui, Batcha et al. 2013) studied the relationship between the magnitude of pressure 

elevation and the amount of retinal damage in rats over a 4 week period.  The group 

investigated various electroretinogram (ERG) parameters including the scotopic threshold 

response (STR), the maximum response amplitude of the photoreceptor response (Rmp3), 

The rod bipolar scotopic response (P2), the oscillatory potentials (Ops).  All of the ERG 

parameters demonstrated an inverted sigmoidal relationship with IOP and showed 

significant recovery 4 weeks after the insult.  It could be deduced from that result that for 

an individual, the probability of any progression may have a sigmoidal relationship with IOP. 
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The probability of progression at a given intraocular pressure is the conditional probability 

of rate given pressure.  This can be expressed as the well-known formula   

 
𝑃(𝑟𝑎𝑡𝑒|𝐼𝑂𝑃) =

𝑃(𝑟𝑎𝑡𝑒 ∩ 𝐼𝑂𝑃)

𝑃(𝐼𝑂𝑃)
 1-10 

 

Equation 1-10 returns the normalized probability of a given rate for a certain IOP.  The 

probability of the combination of any given rate and IOP can be considered a joint 

probability.  The relationship, if known, can be plotted. 

Figure 1-6 shows the surface/heatmap plot for a simulated joint probability distribution.  

This particular simulation was generated using a copula.  Sklar’s theorem (Sklar 1959) from 

financial mathematics states that under certain continuity conditions, a multivariate joint 

cumulative probability distribution can be decomposed into the two marginal probability 

distributions linked by a function known as a copula.  The copula describes the nature of the 

dependence of the two variables and is often specified by a single parameter.  In this 

example, the distribution shown was generated from a Normal marginal distribution for IOP 

and a beta distribution for the progression rate.  A Gumbel copula was used with alpha of 5.   

The Gumbel copula C(u,v) describes the joint cumulative probability distribution (CDF) as 

 
    𝐶𝛼(𝑢, 𝑣) = 𝑒𝑥𝑝 [−((−𝑙𝑜𝑔(𝑢))

𝛼
+ (−𝑙𝑜𝑔(𝑣))

𝛼
)

1
𝛼]  1-11 

 

Where Cα(u, v) is the joint CDF of marginal distributions u and v with parameter alpha.  The 

Gumbel copula shows more dependence in the positive tail than the negative (Zhang and 

Singh 2007).  If the joint probability is known, then the conditional probability of rate change 

for a given IOP or of IOP for a given rate can be determined.  The conditional probability like 

any probability distribution will sum to 1.  Figure 1-7 shows the conditional probability of a 

given rate of progression for different IOPs derived from the joint probability of Figure 1-6.  

They are, in essence the cross-sectional profile of the surface plot along the IOP line and 

then normalized to sum to 1. 

For a joint probability of rate and IOP, two marginal probability distributions exist.  These 

are the marginal probability of rate and the marginal probability of IOP.  They represent the 

conditional probability of rate for all IOPs and the conditional probability of IOP for all rates.  

All joint probabilities have respective marginal distributions although the generation of a 

joint distribution from 2 marginals might not be possible with any known copula function. 
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Figure 1-6:  Surface plot of joint probability 

 

 

Figure 1-7:  Conditional probabilities of progression rate for different IOP values 
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Figure 1-8:  Marginal distributions of the simulated joint distribution 

Figure 1-8 shows the marginal distributions from the joint distribution of Figure 1-6.   

If an acceptably low rate of change can be determined – say in this case for example less 

than 5 of the arbitrary units used for the discussion, the conditional probability is shown in 

equation 1-12 

 𝑃(𝐼𝑂𝑃|[𝑟𝑎𝑡𝑒 > 5]) 1-12 
 

Graphically, this becomes the normalized marginal for IOP when the rates of 5 or less have 

been removed – in this case the 5 bottom rows.  This is illustrated in Figure 1-9 which shows 

the probability distribution in the upper pane and the cumulative probability distribution in 

the lower pane.  The line intersecting a probability of 0.05 is shown corresponding to a 

pressure of 20mHg 
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Figure 1-9:  Probability of unacceptable rate of progression 

This is a rigorous formulation of a target pressure.  Given a joint probability distribution of 

rate and IOP one can determine the IOP for which the probability of an unacceptable rate of 

progression is less than a certain percentage. 

The solution to the general problem is not yet feasible – that is, for a given vector of 

features about a patient with glaucoma, characterize the function yielding the risk of 

progression as a function of IOP and from that determine the target pressure.  The 

conditional probability in the upper pane of Figure 1-9 is not a Normal distribution and 

therefore the cumulative distribution in the lower pane is not a cumulative Normal 

distribution.  However, the cumulative Normal is probably sufficiently close for actuarial risk 

modelling – ie determining a cumulative normal distribution from the input feature vector, 

and from that predict a target pressure.  A glaucoma practitioner would usually use this as a 

Bayesian prior distribution to update estimates of target pressure depending on what the 

intraocular pressure had been and whether progression had actually occurred, as these can 

be determined with a reasonable degree of accuracy. 

This is the essence of the problem for a glaucoma practitioner treating a patient with 

glaucoma: Given all of the clinical information , what pressure do I want to have in that 

eye to have a negligible risk of any progression? 

With the Bayesian approach, this model would be considered the prior probability and the 

parameters would be updated based on observations over time.  This is again the practice of 

the glaucoma physician: If the disease is progressing despite attainment of the target 
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pressure, the model must be adjusted to account for that observation, and after taking into 

account new or unaccounted for concomitant modulating factors. 

It is hoped that following on from the work in this thesis, electrophysiological parameters 

will form part of the vector of features that estimate the parameters of the individual risk 

model.  To determine whether or not parameters derived from the ERG can provide 

additional information for the estimation of an individual risk model will require a 

longitudinal study which is outside the scope of this thesis but will be discussed in the 

conclusion. 

1.5 Prevalence and impact of glaucoma 
 

Numerous studies have investigated the prevalence of glaucoma (Tham, Li et al. 2014, Keel, 

Xie et al. 2018).  Subgroup analysis based on race, age and type of glaucoma has been 

extensively performed.  In 2013, the total number of people aged 30-80 in the world with 

glaucoma was estimated to be 64.3 million, with 60% of those in Asia.  The study (Tham, Li 

et al. 2014) predicted that the number would increase by 74% by 2040.  The disease is the 

second most frequent cause of legal blindness registrations in industrialized countries and 

the leading cause of blindness in developing countries (Delgado, Abdelrahman et al. 2019). 

1.6 Background on Electroretinography 
 

1.6.1 The electroretinogram 

 

Du Bois-Reymond  (Bois-Reymond 1849) first showed that there existed a current between 

the cornea and fundus of the eye in the large Tench. One of his great innovations in making 

this possible was the development of non-polarizable electrodes fabricated from a zinc/zinc 

sulphate amalgam.  Holmgren (Holmgren 1870) showed in the excised frog eye that the 

polarity was positive at the cornea and increased in response to illumination.  Dewar and 

McKendrick replicated Du Bois-Reymond’s method in the cat, rabbit, tortoise, and goldfish 

using a novel reflecting electrogalavanometer.  The potentials were very small and difficult 

to record.  In his Nature paper of 1877 (Dewar 1877) Dewar reported that the potentials 

could be recorded in humans but the method was “too exhausting and uncertain to permit 

of quantitative observations being made”.  Gotch (Gotch 1903) recorded the first 

electroretinogram in the frog.   

Hartline (Hartline 1925) had success in recording electroretinograms from human subjects.  

The first method involved the subjects lying on their backs with eyes bathed in fluid held in 

place by watertight goggles and Vaseline.  The second, more practical method involved the 

subjects having the corneas anaesthetized with holocaine and the active electrode placed in 

the conjunctival fornix with the reference electrode in the mouth.  The recording apparatus 

was a string galvanometer (Samojloff 1915) in which a fine platinum thread was suspended 

in a magnetic field and the deflection photographed.  A constant 400W light source was 
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used with a water bath as an infra-red filter and a mechanical shutter used to provide the 

transient light source.  

Granit (Granit 1933) collaborating with Hartline recorded from the eye using directly 

coupled valve amplification.  The circuitry was notable for reducing baseline drift to a 

negligible level.  Granit in this paper went on to decompose the electroretinogram into 

three separate components.  Granit and Hartline along with Wald won the Nobel prize in 

physiology or medicine in 1967 “for their discoveries concerning the primary physiological 

and chemical visual processes in the eye." 

Field effect transistor (FET) amplification had been implemented by 1971 (Werblin 1971) 

and the use of microcomputers in the stimulation and processing of the response followed 

soon after.  The first international standard for electroretinography was published in 1989 

(Marmor, Arden et al. 1989). 

The use of the Ganzfeld in psychophysics first described by Cohen (Cohen 1957), was 

mentioned by Gouras in 1962 (Gouras and Gunkel 1962) and first described for 

electroretinography by Finkelstein (Finkelstein, Gouras et al. 1968) using a sphere coated 

with “paint made specifically for integrating spheres by the National Bureau of Standards”.  

This technique forms the basis for the current standard for full field electroretinography.  

 

1.6.2 The electroretinogram in glaucoma 

 

Since the development of clinically feasible apparatus to measure the electroretinogram, 

many studies have been concluded into its application for glaucoma.  One of the first such 

studies (Leydhecker 1950) concluded that there were no detectible changes in in the b-

wave, even in blind or almost blind eyes.  Although the ERG is affected at very high levels of 

intraocular pressure (Karlberg, Hedin et al. 1968), the effect is temporary and reverses with 

normalization of the pressure. 

Riggs (Riggs, Johnson et al. 1964) showed that when a visual stimulus pattern reversed in 

contrast, a small electroretinographic signal was produced.  The response was shown to be 

generated by the inner retina (Groneberg and Teping 1980) and therefore had potential in 

the evaluation of glaucoma.  It was termed the pattern ERG (PERG).  The stimulus can be 

evoked by a number of different types of patterns such as sine wave or square wave 

modulated linear gratings.  The most popular type of patterned stimulus in common use is 

the checkerboard grating as it produces the largest amplitude response.  The response can 

be measured with pattern reversal (where the black areas become white and the white ones 

black) or with pattern appearance (where the transition is from uniform grey to areas of 

black and white).  The essential feature is that the overall luminance of the whole pattern 

does not change – therefore avoiding any flash ERG signal.  Stimulus technologies are either 

cathode-ray tube (CRT) displays or, more recently, organic light emitting diode (OLED) 

displays (Cooper, Jiang et al. 2013).  Conventional liquid crystal display (LCD) stimulators are 

unsuitable because the on-to-off transitions are not the same speed as the off-to-on 
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transitions.  The response can be elicited at a variety of spatial and temporal frequencies 

and at a variety of different luminances and contrasts.  A positive going wave at around 

50ms post pattern change is known as the P50 wave followed by a negative wave around 

95ms post pattern change known as the N95 wave. 

The most recent International Society for the Clinical Electrophysiology of Vision (ISCEV) 

standard was published in 2013 (Bach, Brigell et al. 2013) and specifies that in routine 

clinical practice maximum contrast and high luminance should be used with a presentation 

frequency of 4 reversals per second.   For research, the response has been measured at 

reversal rates of more than 6 per second where the waveform resembles a sine wave.  The 

P50 and N95 components of the PERG have different spatial tuning suggesting that the N95 

predominately originates in the ganglion cells but the P50 may have contributions from 

other retinal cells (Holder 2001).  

The first report of the PERG in glaucoma was by May (May, Ralston et al. 1982) who 

described a single patient with severe glaucoma in whom the PERG was unrecordable.  

Around the same time, Arden (Berninger and Arden 1988) in a series of 9 patients showed 

significant reduction in PERG amplitude with glaucoma and a correlation with the glaucoma 

severity.  Kreuz (Kreuz, de Moraes et al. 2018) showed that both P50 amplitude was reduced 

and the latency increased in preperimetric and established glaucoma and that the 

parameters correlated with changes on the Optical Coherence Tomography (OCT) scans. 

The response of the PERG can be analysed from the steady state response.  Bach and 

colleagues (Bach, Unsoeld et al. 2006) conducted a long term prospective study in ocular 

hypertension patients using the technique.  A pattern reversal stimulus was used with a 

presentation of 15 reversals per second.  The feature extracted from the response was the 

amplitude of the 15Hz component of the Fourier analysis.  They used two different spatial 

frequencies and found the 0.8 degree checks more affected than the much coarser 16 

degree checks.  The group concluded that the PERG can help to predict stability or 

progression to glaucoma at least 1 year ahead of other measures. 

 

The multifocal electroretinogram (Sutter and Tran 1992) is a technique of extracting 

responses from the retina corresponding to subsections of the visual field.  A large number 

of separate stimuli are delivered to the eyes simultaneously, each stimulus a hexagon 

modulated in a binary sequence affine-orthogonal to all of the other hexagons.  The 

technique has found great utility in diseases which affect the retina in a regional manner.  

The technique has been evaluated in glaucoma (Sakemi, Yoshii et al. 2002) but has not been 

shown to be able to detect the disease.   

1.7 Background on the Photopic Negative Response  
 

1.7.1 Discovery of the response 
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The PhNR was first described by Viswanathan et al (Viswanathan, Frishman et al. 1999) in 

1999.  It has been shown to be reduced in glaucoma, both in clinical studies and in animal 

models (Viswanathan, Frishman et al. 2001, Machida, Gotoh et al. 2008, North, Jones et al. 

2010, Nakamura, Hangai et al. 2011, Preiser, Lagreze et al. 2013, Machida, Kaneko et al. 

2015).  The test has significant potential in aiding the diagnosis of glaucoma and in 

monitoring its progression or recovery. 

1.7.2 Origin of the signal 

 

There is strong evidence that the PhNR is generated by the spiking action of ganglion cells.  

Li (Li, Barnes et al. 2005) showed that the response was abolished in the rat after 

transection of the optic nerve – which was well correlated with declines in ganglion cell 

counts by histology.  These authors showed, like Viswanathan (Viswanathan, Frishman et al. 

1999, Viswanathan, Frishman et al. 2001) that the response was also abolished by the 

intravitreal injection of tetrodotoxin – a blocker of the action potentials of the ganglion cells.   

Supportive evidence was also reported by  Barnard (Barnard, Issa et al. 2011) who showed 

that in a mouse model of dominant optic atrophy in which mice were heterozygous to a 

mutated OPA1 gene (B6; C3-Opa1Q285STOP), the PhNR was significantly reduced while 

differences in the a-wave or b-waves were minimal when comparing the wild and OPA1 

genotypes.  Luo (Luo, Yu et al. 2017) used a rat model of ganglion cell loss from N methyl D 

Aspartate (NMDA) excitotoxity to explore the protective effect of tetramethylpyrazine 

nitrone (TBN).  They showed that the NMDA caused loss of ganglion cells on histology and 

loss of visual function behaviourally as well as a reduction in the PhNR.  TBN preserved 

visual function, PhNR and ganglion cell counts- protecting against the toxicity of the NMDA.  

Chrystostomou (Chrysostomou and Crowston 2013) showed good correlation between loss 

of PhNR and the positive scotopic threshold response (pSTR) in an acute pressure elevation 

study in mice.  Finally , the fact that the PhNR is reduced in anterior ischaemic optic 

neuropathy (Rangaswamy, Frishman et al. 2004) showed further evidence that the origin of 

the response was in the stratum of the retina affected by that disease; the ganglion cells. 

1.7.3 Detection of the timing and amplitude of the response 

 

Even the name – photopic negative response, rather than a-wave ” indicates vagueness 

about the process.  Difficulties in isolating the inverted peak of the response has contributed 

to the challenges in it finding utility.  The latency of the response is even more obscure to 

define than its amplitude.  The electrochemical process driving the PhNR clearly overlaps 

the b-wave (bipolar cell depolarization) and the i-wave.  The i-wave itself is present in most 

species (Rosolen, Rigaudière et al. 2004) but importantly does not seem to be present in 

rats or mice.  The i-wave may be generated from ganglion cells (Rosolen, Rigaudiere et al. 

2003) or from the off-pathway (Gouras and Mackay 1988).  The photomyoclonic response 

(Johnson and Massof 1982) also contaminates the PhNR response.  The simplest way to 

measure the PhNR is the lowest voltage following the b-wave.  Other authors have used a 

fixed point in time or the average of a set of points following a fixed point in time (Bach, 

Unsoeld et al. 2006). 
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In earlier work (Tang, Edwards et al. 2014), we compared the reliability of the identification 

of the PhNR using a variety of measures.  The base to trough remains the most popular 

method.  The baseline reference itself can pose a dilemma in determining the reference 

point to the identified peak of the response.  Many electrophysiological systems utilize 

detrending algorithms.  In recent work from our unit, Tang (Tang, Hui et al. 2018) showed 

that the baseline drift could be most effectively removed by fitting a third degree 

polynomial to the drift signal. 

The amplitude of the PhNR response is only one feature of the ERG signal that may have 

utility in the detection and grading of glaucoma.  Other features including the timing and 

slopes of signals may provide more information.  Indeed, we have demonstrated that 

reliability was improved by developing a composite measure combining the amplitude of 

the a-wave and b-waves with the PhNR (Wu, Hadoux et al. 2016).  Ostensibly, this is to 

normalise the overall gain of the visual system but it also incorporates other features of the 

signal in doing so.  The addition of extra features in extracting information from the PhNR 

can be done with or without a priori assumptions about the nature of relevant features.  An 

approach with such a priori assumptions in the context of glaucoma has been applied by 

others to the multifocal ERG signal (Barraco, Adorno et al. 2011).  In this work, a vector of 13 

features including timing, amplitudes and slopes of multifocal waves in glaucoma and 

controls was analysed and classification trained using a neural network.  The machine 

learning strategy used in this context must be able to control multicolinearity of the feature 

matrix and also should ideally be interpretable.  It is likely that a linear support vector 

machine will yield more useful results for such a dataset.  The a priori approach does 

however manage the high dimensionality better than traditional time-frequency analysis.  

This type of analysis including wavelets and short term Fourier transform techniques has 

been frequently utilised in analysis of the ERG (Miguel-Jiménez, Boquete et al. 2010, Gauvin, 

Little et al. 2015).  

The i-wave, a positive going wave is often superimposed upon the PhNR, dividing it into two 

waves.  There has recently been interest in analysing these two waves separately as PhNR1 

and PhNR2 (Ortiz, Drucker et al. 2020).  In this thesis, this is taken one step further and all 

three components are used – the PhNR1, PhNR2 and the i-wave. 

Another approach to deriving information from the PhNR is to characterize the intensity-

response curve and to derive parameters from it (Tang, Hui et al. 2018).  As the response is a 

sigmoidal curve, the response can be characterized by its maximum asymptote (Vmax) and 

the stimulus intensity that gives a 50% response (I50)  

1.7.4 Optimizing the Stimulus 

 

The parameters for maximizing the amplitude of the PhNR have been studied, notably by 

Rangaswamy (Rangaswamy, Shirato et al. 2007).  In that study, the authors concluded that 

the stimulus of a single cone type by chromatically balanced stimulus and background 

produced a larger amplitude PhNR than a white-on-white stimulus but the benefit reduced 

as the stimulus strength increased.  The use of long (>200ms) flashes (Viswanathan, 
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Frishman et al. 2001) has been described and in that study there were identifiable on and 

off PhNR responses but the authors have not concluded that any clinical utility exists for this 

sort of method.  It is important to note however that the stimulus parameters that maximize 

the amplitude of the response do not necessarily maximize its diagnostic power – either as a 

classifier (presence or absence of glaucoma) or as a regressor (severity of glaucoma).  This 

issue is investigated in this thesis. 

Investigators have studied the effect of stimulus strength on the PhNR and a number have 

constructed fitted intensity-response curves, usually a Naka-Rushton (Naka and Rushton 

1966) sigmoidal function (Tang, Hui et al. 2018), (Prencipe, Perossini et al. 2020).  In most 

cases, the response from an individual test subject follows that model and inferences are 

possible from the fit parameters.  It has not yet been shown that such analysis has any 

advantage over the analysis of a single flash intensity.  In our work (Tang, Edwards et al. 

2014), we showed that brighter flash intensities introduced significantly more artefact into 

the response. 

1.7.5 Relationship to glaucoma 

 

The PhNR is reduced in a number of conditions including glaucoma.  It has also been shown 

reduced in optic atrophy (Gotoh, Machida et al. 2004), central retinal artery occlusion 

(Machida, Gotoh et al. 2004), diabetic retinopathy (Chen, Zhang et al. 2008) and retinal vein 

occlusion. 

The PhNR signal is known to be related to glaucoma and is abolished in absolute glaucoma.  

It has been said to suffer from a floor effect (Wu, Hadoux et al. 2016).  Another issue is that 

the measurements of the PhNR and retinal nerve fibre layer thickness (RNFL) are on a linear 

scale whereas field measurements such as mean deviation are on a logarithmic scale.  There 

have been studies investigating correlation between PhNR and mean deviation and PhNR 

and RNFL thickness (Colotto, Falsini et al. 2000, North, Jones et al. 2010, Hara, Machida et 

al. 2020).  Tang (Tang, Hui et al. 2020) showed recovery of PhNR amplitude following 

improvement of IOP. 

One of the difficulties in finding the relationship between the PhNR and the severity of 

glaucoma is that there is not a good measure of overall severity of glaucoma; that is there is 

no good formulation of equation 1-5.  In this work, I will correlate features of glaucoma with 

estimated ganglion cell counts to gain more intuition about the response and its relationship 

to the severity of the disease  
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Table 1-1:  Summary of relevant literature on the Photopic Negative Response in Glaucoma 

Study Participants Eyes  Stimulus/Background 
Colour (peak 

wavelength in nm) 

Stimulus 
strength 
(cd.s/m2) 

Background 
luminance 

(cd/m2) 

comments 

(Colotto, 
Falsini et al. 
2000) 

Glaucoma  
OHT  
Healthy  

11  
8  
8  

Skin  White/White (focal 
ERG)  
  

17.5  150  Focal PhNR was reduced in 
glaucoma but not OHT and 
correlated with PERG.  

(Viswanathan, 
Frishman et 
al. 2001) 

Glaucoma  
Suspects  
Healthy  

62 7  
18  

DTL  Red (630)/Blue (450)  0.05 – 1.6  5012 scot 
Td  

PhNR reduced in glaucoma and 
implicit time varied with age.  

(Drasdo, 
Aldebasi et al. 
2001) 

Glaucoma 
Healthy  

18  
19  

DTL  Red (650)/Blue (450)  
Blue-green (450-
535)/ Red (650)  

2500 Td  
1200 Td  
  

92.5 Td  
5400 Td  

S-cone PhNR, L&M cone PhNR 
affected in glaucoma. S-cone was 
the most sensitive measure.  

(Cursiefen, 
Korth et al. 
2001) 

Glaucoma 
Healthy  

18 9  Henkes   White/White 
Orange/Blue  

3.4 Td  
0.43 Td  

24 scot Td  
316 scot Td  

PhNR was not reduced in advanced 
glaucoma.  

(Aldebasi, 
Drasdo et al. 
2004) 

Glaucoma 
NTG  
OHT  
Healthy  

18 9  
18  
19  

DTL  Red (650)/Blue (450)  
Blue-green (450-
535)/ Red (650)  

2500 Td  
1200 Td  

92.5 Td  
5400 Td  

S-cone PhNR, L&M cone PhNR and 
PERG affected in OHT and 
glaucoma. However, only PERG 
reduced in NTG and there was no 
correlation between PhNR and 
PERG.  
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(Machida, 
Gotoh et al. 
2008) 

Glaucoma 
Healthy  

99  
30  

Contact lens  Red (644)/Blue (470)  4.8  40  PhNR amplitude and ratio were 
reduced in glaucoma and 
correlated with MD, RNFL 
thickness, optic disc rim area and 
cup/disc ratio area. a-wave 
correlated with MD.  

(Wakili, Horn 
et al. 2008) 

Glaucoma 
Healthy  

37  
37  

DTL  Blue (440)/ Yellow 
(550)  

0.013 –  
0.052  

238  S-cone PhNR amplitude and L&M-
cone b-wave was significantly 
reduced and S-cone b-wave implicit 
times were increased in glaucoma. 
S-cone PhNR had higher sensitivity 
for glaucoma than b-wave.  

(Sustar, 
Cvenkel et al. 
2009) 

Glaucoma 
Healthy  

28  
41  

HK loop  Green (513), Amber  
(594), Red (635), 
White on Blue (470)  

0.08 – 7.5  10  In controls, PhNR amplitude was 
greatest using red stimulus and 
increased with stimulus strength. 
Difference between glaucoma and 
control greater using red stimulus 
than white.  

(Mortlock, 
Binns et al. 
2010) 

Healthy  31  DTL and skin  Red/blue  1.5  7943 Td  b-wave/PT ratio had the lowest 
coefficient of variation and 
interocular and intersession limit of 
agreement. Baseline PhNR 
measures (BT/BF) were least 
repeatable. Skin electrode had 
slightly higher variability than DTL 
electrode.  

(North, Jones 
et al. 2010) 

Glaucoma  
OHT  
Healthy  

30  
23  
28  

DTL  Red (650)/ Blue(450)  
Blue-green (450-
535)/ Red (650)  

0.25  
24 cd/m2  

2.7 108  S-cone and L&M-cone PhNR was 
reduced in glaucoma and 
untreated OHT while treated OHT 
were similar to controls.  
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(Binns, 
Mortlock et 
al. 2011) 

Healthy  18  DTL  Red (625-700)/ Blue 
(450)  

0.05 – 3.39  7943 Tds  Naka-Rushton function a good fit 
for the PhNR stimulus-response 
data.  

(Preiser, 
Lagreze et al. 
2013) 

Glaucoma 
preperimetric 
manifest  
Healthy  

  
11  
18  
26  

DTL  Red(635)/Blue (450)  0.1 – 4  10  
  

PhNR amplitude was reduced in 
pre-perimetric and manifest 
glaucoma. PhNR and PERG had 
similar AUC.  

(Tang, 
Edwards et al. 
2014) 

Healthy  49  DTL  Red (635)/Blue (465)  0.5, 1, 2.25, 
3  

10  PhNR not very repeatable measure.  
Better repeatability if measured 
from b-wave peak to PhNR trough 

(Wu, Hadoux 
et al. 2016) 

Glaucoma  43  DTL and skin  Red (635)/Blue (465)  1.5  10  Similar variability between DTL and 
skin electrodes which was 
improved by increasing the number 
of sweeps.  

(Wu, Hadoux 
et al. 2016) 

Healthy  20  Sensor strip  Red (621)/Blue (470)  1.5  10  PhNR recorded on hand-held ERG 
device (RETeval®) using sensor-
strip electrodes 

(Kirkiewicz, 
Lubiński et al. 
2016) 

Glaucoma 
Healthy  

90  
45  

DTL  Red (640)/Blue (450)  1.6  25  PhNR amplitude and ratio were 
reduced in glaucoma. The 
sensitivity of both measures in 
early glaucoma was low (53/60%) 
compared to advanced disease 
(77/80%).   
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(Cvenkel, 
Sustar et al. 
2017) 

Glaucoma  
Suspects  
OHT  
Healthy  

10  
17 7  
24  

HK loop  Red (635)/Blue (470)  2.5  10  PhNR reduced in  glaucoma groups 
compared to controls, but there 
were no significant differences 
between the glaucoma groups. The 
PhNR had higher area under the 
ROC curve than PERG.  

(Banerjee, 
Khurana et al. 
2019) 

Glaucoma 
Healthy 

25 
50 

BurianAllen Blue (448) / Yellow 
(592) , Red (635) 
/Blue (450) and 
White/White 

0.018-2 10 Red on Blue is the most sensitive 
stimulus for glaucoma detection 

(Hara, 
Machida et al. 
2020) 

Glaucoma 
Healthy 

84 
40 

BurianAllen Red (627)/Blue(470) 
and White/White 

0.5-3.0 10 Phnr w/w vs chromatic.  
Correlation of PhNR1 with MD was 
higher for w/w than r/b.  For 
PhNR2 correlation was higher for 
r/b than w/w 

(Ortiz, 
Drucker et al. 
2020) 

Glaucoma 
Other disease 

4 
181 

DTL White/White 3.0 30 PhNR 1 vs PhNR2 high correlations 
found 

(Pham, 
Goldberg et 
al. 2020) 

Glaucoma 118 DTL Red/Blue 1.0 190 Rapid N wave is a component of 
the PhNR 

(Hui, Tang et 
al. 2020) 

Glaucoma 57 DTL Red (621)/ Blue(470) 0.07-12.56 10 B3 supplementation improved 
retinal function by improving Vmax 
of PhNR sensitivity curve 

(Cvenkel, 
Sustar et al. 
2022) 

Glaucoma 32 HK Loop Red (635)/Blue (470) 2.5 10 PhNR not useful for monitoring of 
glaucoma; fails to pick up 
deterioration 

OHT: Ocular hypertension, DTL: Dawson-Trick-Litzkow electrode; IOP: intraocular pressure; MD: mean deviation; NTG: normal tension glaucoma; OHT: 
ocular hypertension; RNFL: retinal nerve fibre layer; ROC: receiver operating characteristic; Scot: scotopic; Td: trolands. *Stimulus strength units 
converted to convention cd.s/m2 where data (e.g. stimulus duration and pupil size) available. 
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1.8 Reliability of the signal 
 

Electrophysiological measurements can be used in a variety of ways: 

• Detection of waveform morphology to make a diagnosis.  An example is the 

electrocardiogram (ECG) in which inversion of the T wave and changes in the relative 

amplitudes of Q and R waves are important in the diagnosis of ischaemia or infarction.  In 

visual electrophysiology the so-called negative ERG is of diagnostic significance in a number 

of conditions such as congenital stationary night blindness (Miyake, Yagasaki et al. 1986) 

• Presence or absence of a waveform.  The presence of periodic sharp wave complexes in the 

electroencephalogram (EEG) (Steinhoff, Racker et al. 1996) is indicative of Creutzfeld Jacob 

disease.  Their absence is said to strongly argue against that diagnosis.  In the ERG, the 

presence of any flicker ERG signal argues against achromatopsia 

• Quantitative measurements.  These are measurements of amplitude or timing of waveforms 

from an electrophysiological signal 

 

All quantitative amplitude measures in clinical electrophysiology are problematic.  

Differences in electrode positioning, changes in skin conductance, variations in the electrical 

properties of the body have all made the use of precise voltage measures difficult to apply.  

Some of the measures can vary with age and prior light exposure (Weleber 1981).  

Differences in the amplitude of the ERG between age matched males and females have 

been demonstrated (Vainio‐Mattila 1951) and in women there is variation with the 

menstrual cycle (Brulé, Lavoie et al. 2007).  In ophthalmology, there are few examples of the 

use of electroretinogram (ERG) amplitudes for disease monitoring.  In the paediatric 

population, serial ERG can be useful for monitoring for vigabatrin toxicity (Westall, Logan et 

al. 2002).  Disease activity can be monitored using the ERG for Vogt-Koyanagi-Harada 

syndrome (Sakata, Lavezzo et al. 2019), vitamin A deficiency through poor diet (Lee, Sarossy 

et al. 2015) or malabsorption (Lee, Tran et al. 2019).  If a change in recorded amplitude 

measurements is to be considered significant, it must fall beyond the limits of agreement 

(Sedgwick 2013).  A test with poor test-retest reliability will need a large change of 

amplitude to have confidence that the change reflects progression or recovery from the 

underlying disease. 

The use of absolute voltage criteria is probably best established in the field of cardiology.  

For example, in the electrocardiogram (ECG), the use of a single voltage measure – the R 

wave in lead aVL – was shown to have poor intersession reliability (Schillaci, Battista et al. 

2012).  Well established derivative measures have been described for this application in 

cardiology with improved diagnostic accuracy and reliability (Schillaci, Battista et al. 2012) 

with many of these combining timing and voltage measures such as the Cornell voltage 

product (Molloy, Okin et al. 1992).  As shall be shown later in this thesis, the 

electroretinogram can be transformed into the frequency domain via the discrete Fourier 

transform (DFT) for transient signals such as the flash ERG or the Fourier Series (FS) for 

periodic signals such as the 30Hz flicker response.  The magnitude of frequency components 
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derived this way is an alternative method of analysis and in some circumstances can yield 

more reproducible results (Hess and Baker Jr 1984) 

 

Changes in light adaptation level via inaccuracy of timing or even day to day variability of 

dark adaptation rate may also contribute to inter-session variability of the ERG.  A recent 

study of cone adaptometry showed significant intersession variability in the time constant of 

the rate of adaptation (Gaffney, Binns et al. 2014).  One possible way of addressing this is to 

record the ERG at a series of flash intensities and then fit an intensity-response curve to the 

data.  The parameters of the fitted function (such as a Naka-Rushton equation (Naka and 

Rushton 1966)) are then the features used in the analysis of the signal.  The curve can be 

fitted to a-wave, b-wave or the photopic negative response and has been shown under 

certain conditions to be more reproducible than the amplitude measures alone (Hébert and 

Lachapelle 1999). 

Finally, a major contributor to intersession variability in the case of the PhNR is the ability to 

accurately identify the (negative) peak of the waveform.  Contamination by exogenous and 

endogenous noise impairs identification of the latency and amplitude of the response.  This 

thesis will explore novel filter techniques to improve that identification. 

Measures taken to improve the reliability of an ERG measure relevant to glaucoma will 

increase the confidence in the credibility of a change and will therefore make the measure 

more useful in the detection of progression.   
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Chapter 2  

Adaptive Filtering of the 

Electroretinogram 

 

 

2.1 Abstract 
 

Background and objective: The photopic negative response (PhNR) of the 

electroretinogram (ERG) can be useful in the diagnosis and management of glaucoma.  Its 

utility is limited by its large degree of measurement variability, which can be caused by low 

frequency oscillations and baseline wander.  In this work we show a new denoising strategy 

using the empirical mode decomposition (EMD) which improves repeatability.  This 

technique is compared to the variational mode decomposition (VMD) and the empirical 

wavelet transform (EWT). 

Methods: ERGs were performed on both eyes of 56 patients using red-on-blue stimulus 

after 2 minutes of preadaptation, capturing 10 sweeps per recording.  Two recordings were 

obtained to provide intrasession test-retest estimates.  Denoising was performed by 

removing the residue after the decomposition with the EMD, the Ensemble EMD (EEMD) 

and the Complete ensemble EMD with adaptive noise (CEEMDAN).  The VMD and EWT were 

also used for denoising.  The PhNR was measured as the amplitude, relative to the 

prestimulus baseline, of the first negative going trough after the b-wave.  The coefficient of 

repeatability (CoR) was calculated to represent 95% of the test-retest differences for the 

PhNR between sessions. 

Results: Denoising with all of the varieties of the EMD, the VMD and the EWT improved the 

test-retest repeatability of the PhNR.  The best results were achieved with the CEEMDAN 

algorithm, which for the PhNR amplitude improved the coefficient of repeatability relative 

to the effective dynamic range from 20.2% to 8.3%.  The EMD and its variants was easier to 

implement than the EWT or VMD. 

The findings of this chapter have been published in part (see Appendix) 

Sarossy M, Crowston J, Kumar D, Wu Z. Empirical mode decomposition denoising 

of the electroretinogram to enhance measurement of the photopic negative 

response. Biomedical Signal Processing and Control. 2022;71:103164. 
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Conclusions: The EMD can be used to remove low frequency baseline drift and oscillation 

from the ERG and improve the test-retest repeatability of PhNR measurements.  This 

technique could be deployed for a range of visual and other electrophysiological tests. 

 

2.2 Introduction 
 

The electroretinogram (ERG) is a time domain signal.  That is, it is a time series of 

amplitudes, each point representing the voltage at a time point equal to the index times the 

reciprocal of the sample rate.  Like most biosignals, the ERG is contaminated with noise.  

Sources of the noise can be exogenous such as powerline noise, radiofrequency interference 

from transmitters or switch mode power supplies, pulses from high voltage switching and 

electrical induction from magnetic fields.  Most of the preceding types of noise are periodic 

or at least have a regularity. There is also noise that arises from the equipment itself 

including the Johnson–Nyquist noise of resistors in the electronics (Johnson 1928, Nyquist 

1928).  Flicker or 1/f noise (Hooge 1976) is also particularly problematic in Metal Oxide 

Semiconductor Field Effect Transistor (MOSFET) and Junction Field Effect Transistor (JFET) 

semiconductor amplifiers.  These are usually deployed in biomedical preamplifiers as the 

input impedance is extremely high.  Due to the very small amplitudes of the signals in visual 

electrophysiology, all of these sources of noise are highly significant.  These sources of noise 

are highly stochastic. 

The other major source of noise in the ERG is endogenous noise – arising from chemical or 

movement changes at the body-electrode interface, muscular (electromyogram) artefact or 

other bioelectric activity detected by the differential pair of electrodes.  Attention to the 

design of the electrophysiology system is essential in minimizing the noise – in particular 

matching of differential semiconductor pairs, optimizing circuit paths and isolating power 

supply components from the input headstage (Bretschneider and De Weille 2018). 

Even with the best design, filtration of the signal to reduce the noise and increase the signal 

to noise ratio is needed.  A combination of high pass and low pass filters combined to form a 

band-pass filter are a part of the International Society for the Clinical Electrophysiology of 

Vision (ISCEV) standard for electroretinography (McCulloch, Marmor et al. 2015) which 

simply states that the corner frequencies should be less than 0.3 Hz and greater than 300Hz.  

All modern electrophysiological systems implement the majority of this filtration in software 

with minimal hardware filtration ahead of the Analog to Digital Converter (ADC).  For such 

filtration to be effective, there must be good linearity of the ADC, fast settling time and 

sufficient digital resolution to avoid saturation.  Resolutions of 24 or 32 bits are typical.  The 

electroretinography standard published by the International Society for the Clinical 

Electrophysiology of Vision (ISCEV) (McCulloch, Marmor et al. 2015) states under the 

heading “Real-time ERG display” that the waveforms should be displayed during testing.  In 

practice, this is always near-real time and not true real time.  A small delay of fractions of a 

second is acceptable and this means that non-causal filters may be used, provided that the 

realization of the technique is sufficiently fast.  More elaborate and computationally 
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expensive filters can be used off-line in post hoc analysis.  Filtration can be realized in the 

time domain or frequency domain but care must be taken to minimize changes to the 

shape, amplitude and timing of the responses.  Zero-phase filters, although non-causal, are 

encouraged for this purpose.  The use of notch filters for example to remove powerline 

noise is discouraged.  If the spectrum of the noise is very similar to that of the underlying 

signal, filtration alone will be ineffective in increasing signal to noise ratio. 

Post filtration, the method usually employed to increase signal to noise ratio is signal 

averaging.  This technique is simply summing the time-synchronized signals at each time 

point and obtaining an arithmetic or trimmed mean.  The technique assumes that the 

measured signal is an additive superposition of actual signal and noise i.e. in discrete time 

as:   

 
𝑦(𝑖) = 𝑠(𝑖) + 𝑛(𝑖) 2-1 

 

Further assumptions are (Cerutti, Bersani et al. 1987) that the signal is stationary over 

successive trials, the background noise is a zero-mean random signal and that it is 

uncorrelated with the actual signal.  Under these conditions it is shown that the noise 

reduces as 
1

√𝑛
 in respect to the averaged signal. 

 

Stationarity is a large assumption.  It refers to the fact that neither the structure of the 

signal nor the structure of the noise varies over time.  One way to assess this is to examine 

the time varying mean or mean square value or to look at the time varying frequency 

structure of the signal.  Cohen (Cohen and Sances 1977) looked at this for the EEG – relevant 

to visual electrophysiology through the visual evoked potential (VEP).  He found that the 

EEG can be considered stationary for periods of up to 14s.  Porciatti (Porciatti, Sorokac et al. 

2005, Porciatti and Ventura 2009) found that the pattern ERG (PERG) amplitude diminished 

with repeated stimulation over 2 minutes.  These findings show that it can be difficult to 

deal with the problem of noise by simply increasing the number of sweeps.  

 

2.3 Adaptive filter theory 
 

Relaxing the stationarity constraint allows the consideration of filters that adapt to each 

sweep.  One early implementation of this principle was that of Yu (Yu and Mc Gillem 1983) 

where he described the estimation of the optimum linear time-varying filter.  Returning to 

equation 2-1, the objective is to estimate the signal s(i).  This is the best that we can do.  We 

cannot measure the underlying process directly.  The estimator (the output of our 

electrophysiology system) can be described as:  

 
𝑠̂(𝑘) =  ∑ ℎ𝑘

𝑁

𝑖=1

(𝑖)𝑥(𝑖) 2-2 
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Where x(i) is the signal measured over i samples and k sweeps.  hk(x) is the filter for the kth 

sweep. 

 

In matrix form this results in: 

 𝒔̂ = 𝑯𝒙  2-3 
 

With H the estimator impuse response matrix of size NxN, chosen to minimize the mean 

square error and the filter assumed to be linear, time varying and noncausal (new data 

points can affect the signal in the past).  This formulation is known as the Wiener filter.  A 

related but simpler approach has been described (Davila and Mobin 1992) by applying a 

weighting to each sweep based on an estimate of the signal to noise. 

 

2.4 Latency-Dependent Averaging 
 

Woody (Woody 1967) described a technique of dealing with evoked potentials where the 

latency varied.  The method involved detection of the wave by cross correlation with a 

template formed from the first recorded sweep and then adjustment of each subsequent 

sweep before averaging.  In that paper, the technique was applied to auditory evoked 

potentials where the signal was recorded directly from the cortex.   

A variation of the technique was developed by Hood and Li (Hood and Li 1997) in which a 

stereotypical waveform was used as the template basis.  In that paper, the template was 

stretched from a fixed start point.  Wright compared this with a sliding technique for the 

isolation of the multifocal ERG (mfERG) (Wright, Nilsson et al. 2008) and for the pattern 

visual evoked potential (PVEP) (Wright, Nilsson et al. 2011) and found the sliding technique 

to be better in each case.  Described as template averaging, the match was found over the 

sliding window by maximising the cross correlation with a template based on ISCEV 

standards.  A weighted average was then constructed of the sweeps using the correlation 

coefficient as the weighting factor.  This method is often used for mfERGs.  There are no 

research publications exploring the technique to enhance the detection of the PhNR in 

glaucoma. 

 

2.5 The Kalman Filter  
 

Kalman (Kalman 1960) extended the idea of the Wiener filter to nonlinear and non 

stationary situations.  The technique is used extensively in navigation and has found utility 

in self driving cars (Cuenca, Zhan et al. 2019).  For a time series, the signal can be thought of 

as a series of location observations of an object, each with an uncertainty described by a 
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Gaussian distribution.  The velocity is inferred from the difference between the elements in 

the vector.  The velocity is a hidden variable that also has uncertainty.  For each subsequent 

observation, the prediction for location and velocity are updated and the probability 

function is also updated.  In brief, the filter uses a state space equation to update the 

prediction of the next value assuming that the process is autoregressive (Arnold, Milner et 

al. 1998).  The filter can be used as a denoising and smoothing technique by running 

multiple times forward and backward (Lee, Han et al. 2010).  A simple implementation is the 

three pass fixed interval smoother.  The Kalman filter is run forward (i.e. with measurement 

time increasing) and again backwards (time decreasing).  The forward estimate and 

covariance of estimation uncertainty for each point is saved.  These two estimates are 

combined in a weighted average with the weighting based on the covariance.  This 

smoothing technique has been used extensively for the electroencephalogram (EEG) but 

there are no published works utilizing it for filtering the ERG.  Some interesting work has 

recently been published (Garcia, Lavieri et al. 2019, Garcia, Nitta et al. 2019) using the 

Kalman filter to predict the disease trajectory of patients with glaucoma or ocular 

hypertension.  The authors found that machine learning algorithms based on the Kalman 

filter could predict the disease as measured by mean deviation (MD), pattern standard 

deviation (PSD) and intraocular pressure (IOP) five years into the future. 

The assumptions of linearity and Gaussian probability used by the Kalman filter have been 

relaxed in the Extended Kalman Filter (EKF) (Lewis, Xie et al. 2017) and the Unscented 

Kalman Filter (UKF) (Julier and Uhlmann 1997).  The EKF uses the Jacobian matrix in its 

update and prediction points to linearize the non-linear function of the underlying process.  

In the UKF, a set of sigma points is used to empirically estimate the characteristics of the 

posterior distribution.   

 

2.6 The Empirical Mode Decomposition and related techniques 
 

2.6.1 The Empirical Mode Decomposition (EMD) 

 

The empirical mode decomposition is a mathematical technique proposed by Huang 

(Huang, Shen et al. 1998) to deal with the analysis of non-linear and non-stationary data.  

The algorithm decomposes a signal into a number of components known as intrinsic mode 

functions (IMFs) by iteratively finding the highest oscillating component, removing that as 

IMF1, finding the next highest oscillatory component as IMF2 and so on until all oscillations 

have been removed.  The signal that is left is known as the residue.  The empirical nature of 

the decomposition is that the algorithm makes no assumptions about the number of 

oscillating components, nor does the oscillation itself need to have any regularity.   The IMF 

is defined (Blanco-Velasco, Weng et al. 2008) as a function with equal numbers of extrema 

and zero crossings and the envelope (all local maxima and minima) being symmetric with 

respect to zero.  It is analogous to the harmonics of a Fourier series.  The technique has 

been used to remove both high frequency and low frequency noise from the 
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electrocardiogram (ECG) (Blanco-Velasco, Weng et al. 2008),  EEG (Zhang, Wu et al. 2008), 

electromyogram (EMG) (Andrade, Nasuto et al. 2006) and the same principles have been 

applied to a variety of other fields, for example the forecasting of commuter flows in public 

transport (Wei and Chen 2012).  The simplest approach to the removal of low frequency 

baseline noise is to remove the residue from the original signal (Lee 2016).  More formal 

techniques have been described to enumerate the number of intrinsic mode functions 

(IMFs) that contain the noise and remove those (Blanco-Velasco, Weng et al. 2008). 

 

 

Figure 2-1:  The Empirical Mode Decomposition-Sifting  The panels show in order the process of extracting the first Intrinsic 
Mode Function (IMF) from the signal.  Full discussion is in the text.  

The process of sifting and extracting the first IMF is illustrated in Figure 2-1 with a real ERG 

from this study.  In panel A the ERG is shown and the concave up and down turning points 

are identified.  The start and end of the sequence are also considered to be both maxima 

and minima.  A spline is used to interpolate between the local maxima (illustrated in blue) 
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and the local minima (illustrated in red).  The original algorithm (Huang, Shen et al. 1998) 

specified a cubic spline which is also used in the libEEMD implementation (Luukko, Helske et 

al. 2016).  Other types of splines have been explored including local cubic splines (Chui and 

van der Walt 2015) and rational Hermite interpolation (Li, Xu et al. 2015).  The splines 

interpolating the maxima and minima are called the envelopes.  “Good maxima” are 

considered those that are positive (>0) and “good minima” those below zero.  In panel A 

there are 5 bad maxima and 5 bad minima.  The next step is to find the mean of the upper 

and lower envelope function – illustrated in green.  This is then removed from the signal.  

This subroutine is called sifting.  The sifted signal is then considered as the input to another 

sifting.  In this example B is sifted to C.  The process continues until a stopping criterion is 

reached.  This is the first of either a maximum number of siftings or, more commonly, the S-

number is reached with no bad minima or maxima.  These are both tuneable parameters.  

The S-number is incremented when as the result of a sifting, the number of good maxima 

and minima do not change.  In this example, the S-number is the default of 4.  In this 

example, the sifting finishes at I.  This signal is now considered the first IMF. 

The first IMF, IMF1 is then removed from the signal and the process starts again with the 

signal that is left.  In doing so, the highest oscillating component has been removed - in this 

case looking much more like a Gabor function than the cosine that is extracted by a Fourier 

series. 

The full decomposition is illustrated in Figure 2-2.  The number of IMFs extracted is a 

tuneable parameter and defaults to log2 S where S is the signal length.  It is apparent from 

this example that the decomposition is complete by IMF 6 and that IMF 7 and IMF 8 have 

not added anything to the decomposition.  What is left over – the residue is extracted as the 

last element of the decomposition.  In this work, the residue is removed from the original 

signal as a zeroing and detrending process.  It will have a maximum of one turning point. 
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Figure 2-2:  Full EMD decomposition from earlier example 

2.6.2 The Ensemble Empirical Mode Decomposition (EEMD) 

 

The performance of the EMD in the presence of intermittent frequency components can be 

problematic with the phenomenon of mode-mixing (Deering and Kaiser 2005) where the 

extracted IMF switches over from one oscillatory component to another.  This reduces the 

inferential power of the decomposition when looking at the individual IMFs.  Wu (Wu and 

Huang 2009) proposed a solution to the problem by composing an ensemble of signals from 

the original one by adding white noise of varying amplitude to the signal, performing the 

EMD on each signal within the ensemble and deriving the ensemble average.  Chang (Chang 

2010) found the EEMD superior to the EMD for decontamination of ECG signals when 

evaluated by mean squared error of the reconstructed signal compared to the original signal 

prior to noise addition.  The technique had minimal effect on phase and outperformed 

traditional time domain filters such as the Butterworth (Butterworth 1930) infinite impulse 

response (IIR) filter.  This variation of the EMD is illustrated in Figure 2-3. 

For clarity, the figure illustrates only 2 ensemble members.  This is a tuneable parameter 

with the default at 250.  In this example, the two ensemble members are in the first two 
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columns and the average is in the third column.  Each ensemble member is created by 

adding Gaussian white noise to the original signal (A, B).  The noise strength (measured by 

standard deviation of the Gaussian) is a tuneable parameter and is set to a proportion of the 

standard deviation of the input signal.  The default is 20 percent. 

The noise is shown in panels C and D and the resultant noise plus signal is shown in E and F.  

The EEMD is then just the average of the IMFs for each ensemble member.  That is IMF1 is 

the ensemble average of all of the IMF1s.  This is illustrated in panel I.  Similarly, IMF2 for 

the ensemble members is shown in panels J and K and the average IMF2 in L.  Finally, the 

residue is the average of all of the residues. 
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Figure 2-3:  The ensemble empirical mode decomposition (EEMD).  The first and second columns represent two of the 
ensemble members with the original signal found in panel A and B.  Random Gaussian noise in panels C an D are added to 
yield E and F.  The empirical mode decomposition is then performed on the noisy traces of each of the ensemble members 
and the intrinsic mode functions (IMFs) are found as the averages of the ensemble IMFs – The first two here shown at I and 
L.. 
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2.6.3 The Complementary and Complete Empirical Mode Decompositions 

 

An issue with EEMD can be that the number of IMFs is different amongst different members 

of the ensemble of signals, making it difficult to average.  More specifically, at each stage, a 

residue is computed from each member of the ensemble but there is no connection 

between the realizations.  This leads to the decomposition not being complete (Colominas, 

Schlotthauer et al. 2014) in that, unlike the EMD, the original signal cannot be reconstructed 

from the decomposition.  The next development, complementary EEMD added the white 

noise in complementary pairs to the signal so that the white noise was eliminated from the 

final residue (Yeh, Shieh et al. 2010).  Residual white noise did, however persist in the 

individual IMFs so the technique Complete Empirical Mode Decomposition with Adaptive 

Noise (CEEMDAN) was evolved from the CEEMD (Torres, Colominas et al. 2011).  In the 

CEEMDAN technique, each unique residue is determined at each stage of the ensemble 

decomposition before starting the next step.   

The technique is illustrated in Figure 2-4.  In this diagram, the original signal is shown in 

panels A and B.  Like the EEMD, noise realizations (C and D) are added to the signal to create 

the noisy ensemble members (E and F).  IMF1s are extracted (G and H) and averaged like the 

EEMD – the ensemble average IMF1 is shown in I. 

The algorithm then differs significantly from the EEMD.  Independently, the IMF1 is 

extracted and removed from the original noise.  In this example, the IMF1 is extracted and 

then removed from C to leave residual noise H.  This is similarly done for D leaving K.  The 

derivative noise is then added to the original signal minus the ensemble IMF.  In the first 

column this is A–I+J shown at L and for the second column B-I+K shown at M.  The EMD is 

then performed on these signals in the same way as for panels E and F.  This then continues 

until the stopping criterion is reached. 

From this diagram, it can be seen that the sum of the ensemble averages in the third column 

will add up to the average of the noisy ensemble members and since the noise is random 

and with zero mean, it will add up to the original signal.  This is the principle of 

“completeness” that is not present within the simpler EEMD.   

Computationally, the EEMD and CEEMDAN are much more expensive than the EMD.  The 

EEMD requires more than the ensemble size times more cycles (default 250) compared to 

the EMD.  The CEEMDAN requires double the number of siftings compared to the EEMD as 

the algorithm is done on signal and noise at each iteration.  Even so, the process is fast and 

realizable in seconds for a signal of 150 to 500 samples in length. 
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Figure 2-4:  The Complete Ensemble Empirical Mode Decomposition with Adaptive Noise (CEEMDAN).  Explanation of the 
process is in the text.  
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2.7 Variational Mode Decomposition 
 

The Variational Mode Decomposition (VMD) was described by Dragomiretskiy and 

colleagues (Dragomiretskiy and Zosso 2013).  It has found utility in a number of disparate 

areas including gas pipeline leak detection (Xiao, Li et al. 2018), wind power forecasting 

(Naik, Dash et al. 2018) and extraction of heart rate from photoplethysmographic signals 

(Sharma 2019).  It sought to be a more robust decomposition than the EMD.  Like the EMD, 

the algorithm decomposes a real valued time series into a linear sum of subsignals.  The 

subsignals are also termed intrinsic mode functions (IMFs).  These IMFs are different to 

those of the EMD and are chosen to have a compact bandwidth around a centre frequency.  

The optimization problem is formulated to minimize the bandwidth of the predetermined 

number of IMFs.   

The constrained optimization problem (Dragomiretskiy and Zosso 2013) is written to 

minimize with respect to 𝑠𝑘 and ω𝑘  

 

 
∑ ||

𝐾

𝑘=1

𝜕𝑡 [(𝛿(𝑡) +
𝑗

𝜋𝑡
) ∗ 𝑠𝑘(𝑡)] 𝑒−𝑗𝜔𝑘𝑡||    2-4 

 

Such that  ∑ 𝑠𝑘(𝑡)𝑘 = 𝑟(𝑡) 

Where k = 1..K is the index into the IMFs, δ(𝑡) is the Dirac function, 𝑠𝑘(𝑡) is the kth IMF, ω𝑘 

is the centre frequency of the kth IMF and 𝑟𝑘(𝑡) is the original real valued signal. 

In practice, the problem is solved with a Lagrangian multiplier and a quadratic penalty factor 

as this makes the problem unconstrained (Zhao, Wu et al. 2020).  Within the Matlab and R 

implementations of the algorithm, the configurable parameters are the number of IMFs to 

recover, the tolerance for convergence and the penalty factor known as t. 

Figure 2-5 shows an example of VMD denoising.  Panel A shows the example ERG signal – 

both raw and denoised by the VMD.  The CEEMDAN and EWT denoising is also shown for 

comparison.  In this example, the default settings of alpha = 2000 and a tolerance of 1x10-6.  

Different values were tested and minimal differences were observed.  Ten components 

were specified for the decomposition.  Panel B shows the full decomposition of the signal.  

The lowest frequency component is termed the “mode DC” (MDC) corresponding to the low 

level drift and wander.  In this decomposition, the MDC is the first component determined 

so that the number of components extracted does not affect the MDC.  Panel C shows the 

frequency domain representation of the original signal and panel D shows the frequency 

domain representation of the extracted components. 
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Figure 2-5:  Variational mode decomposition (VMD) denoising example.  Panel A shows the raw electroretinogram (ERG) 
trace and the denoised trace by VMD and by Complete ensemble empirical mode decomposition with adaptive noise 
(CEEMDAN) and Empirical wavelet transform (EWT).  Panel B shows the time domain VMD subsignals – The MDC is the DC 
component removed for the denoising.  Panel C is the frequency domain representation of the original signal and panel D is 
the frequency domain representation of the subsignals shown in B. 

2.8 The Empirical Wavelet Transform 
 

The empirical wavelet transform (EWT) was described by Gilles (Gilles 2013) as an 

alternative to the EMD.  The idea of the algorithm is to perform a wavelet decomposition on 

the signal with and empirically selected bank of wavelets.  The source code is available 

(Gilles 2021).  A Python version is also available (Carvalho, Moraes et al. 2020). 

The wavelets used for the EWT are derived from the Meyer Wavelet (Meyer and Roques 

1993).  This wavelet family is defined in the frequency domain.  Figure 2-6 shows the 

wavelet and scaling function in both the frequency domain and the time domain. 
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The EWT algorithm begins by performing a Fourier transform on the input signal.  Then, with 

N wavelets specified, the algorithm finds the boundaries in the frequency domain by finding 

the local minima between the N largest local maxima. 

 

Figure 2-6:  The Meyer Wavelet. 

Figure 2-7 shows the initial process for the sample waveform from Figure 2-5.  Panel A 

shows the absolute amplitude of the fast Fourier Transform (FFT) of the raw signal from the 

upper left pane of Figure 2-5.  The boundaries have been identified and marked.  Panel B 

shows the EWT filter bank in the frequency domain with the same normalized frequency 

axis.  In both cases, only the positive frequencies are shown. 

The next phase of the algorithm is to apply the wavelet transform.  Not mentioned in the 

original paper but evident from the source code, the algorithm extends the signal in both 

A B

C D
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directions by mirroring to reduce boundary effects.  This is shown in Figure 2-8.  The filter 

bank shown in the lower pane of Figure 2-7 is generated by the algorithm to be a matching 

length to the extended signal. 

The frequency domain wavelets are applied to the Fourier transformed mirrored signal by 

simple point by point multiplication of the vectors.  The decomposition is then recovered by 

the inverse Fourier Transform.  Figure 2-9 shows the example waveform denoised with the 

EWT, VMD and CEEMDAN.  Although the b-wave, i-wave and photopic negative response 

(PhNR) are very similar between the denoising techniques in this example, the baseline is 

quite different with only the CEEMDAN not affecting the initial baseline reading.  As the 

PhNR is measured relative to the baseline, a difference in the magnitude of the PhNR would 

be expected between the different denoising techniques.   

 

Figure 2-7:  Wavelet selection for example ERG. 

A

B
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Figure 2-8:  Mirrored signal.  This figure shows the first step of the algorithm which is to extend the boundaries of the signal 
in each direction by mirroring half the signal in each direction.  This has increased the length of the original signal from 170 
samples to 350 samples.  After the filter bank is applied, the components are trimmed back to the original size. 

 

Figure 2-9:  Empirical Wavelet Transform (EWT) denoising.  This figure shows the original signal and the three denoising 
techniques.  VMD= variational mode decomposition, CEEMDAN = complete ensemble empirical mode decomposition with 
adaptive noise, EWT= empirical wavelet transform. 
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2.9 Statistical Evaluation of Repeatability 
 

Ideally, a clinical test should give the same result when the underlying condition has not 

changed.  In the case of the PhNR, this means that if the underlying glaucoma disease has 

not changed, when repeated on an eye, the PhNR voltage should be the same.  There are a 

number of ways to measure the extent to which the two measurements are similar. 

(Bartlett and Frost 2008).  The term agreement is often used to describe the way in which 

two different measures of the same phenomenon align.  For example, comparing retinal 

nerve fibre layer thickness with the mean deviation of the visual field (Cheng, Laron et al. 

2007).  A frequently used statistical test for agreement is the Pearson product moment 

correlation coefficient which is defined in the range -1 to 1.  There are well documented 

assumptions in the use of this test (Havlicek and Peterson 1976):   

• The variables are continuous 

• The relationship between the variables is linear 

• The joint distribution of the variables is a bivariate normal distribution 

• Pairs of observations should be independent 

• The observations should be free of outliers in either variable (Kim, Kim et al. 2015) 

Although the effect of non-normality is small, in the presence of any significant violation of 

the assumptions, the Spearman rank correlation coefficient is generally used. 

 

An approach to analysing the effect of measurement by different raters on the same 

subjects is the intraclass correlation coefficient (ICC) (Shrout and Fleiss 1979).  This statistical 

test is defined on the range of 0 to 1 and has been used in the context of electroretinogram 

measures (Fredette, Anderson et al. 2008, Resende, Sanvicente et al. 2019).  Interpretation 

of the level of reliability can be difficult and subjective but ICC values above 0.8 have been 

considered excellent reliability (Resende, Sanvicente et al. 2019).  There has been criticism 

of the use of ICC measurements in scenarios outside of the original purpose.  Significance 

tests of two different ICC measures are not well established and the measure itself can 

suffer significant bias. 

In the setting of evaluating whether a test performed two times on the same subject yields 

the same result, the Coefficient of Repeatability (CoR) measure can be used (Vaz, Falkmer et 

al. 2013).  This test, measured in the same units as the measurements, is related to the 

Limits of Agreement of the Bland Altman approach (Bland and Altman 1986).  The CoR 

determines the maximum absolute difference between pairs of measurements that 

comprises 95% of the cases.  These differences are usually assumed to have a folded normal 

distribution (Leone, Nelson et al. 1961).  A folded normal distribution is the distribution of 

absolute measurements from a population that has a normal distribution.  Where the mean 

is zero, the distribution is known as the half normal distribution (Daniel 1959).  The quantile 

for 95% of the half normal distribution is equal to the quantile for 97.5% of the normal 

distribution; approximately 1.96.  The CoR is therefore found as 1.96√2 𝑠  where s is the 

standard deviation of the absolute differences of the pairs of observations.  This measure is 
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not applicable in the presence of a bias (non-zero mean) of these measures or a non-normal 

distribution. 

 

2.10 Methods 
 

Participants 

The study was an approved study by the Royal Victorian Eye and Ear Human Research Ethics 

Committee. In this study, participants were from staff of the Centre for Eye Research 

Department who self-reported as having no ocular or systemic disease.   

PhNR Recording 

 

The pupils of both eyes of the participants were dilated using 1% tropicamide drops.  

Preadaptation was with the background room light measured at of 0.92 cd/m2.  All 

electrophysiology recordings were performed using a commercial electrophysiology system  

(Espion E2/ColorDome; Diagnosys LLC, Lowell, MA, USA).  Before the stimulus acquisition, 

preadaptation was performed to the blue background for one minute.  

Red (peak wavelength, 635 nm) flashes of 4ms duration at 1 Hz of 2.25 cd s /m2 were 

presented with a Ganzfeld on a blue (peak wavelength 465 nm) background of 10 cd/m2.  

Dawson-Trick-Litzkow (DTL) (Dawson, Trick et al. 1979) fibre electrodes were used with a 

gold cup electrode at the lateral canthus as a reference and another one on the forehead as 

a ground.  

The stimulus strength was informed by a pilot study which showed this to be a good trade-

off between amplitude size and reliability.  Smaller amplitude flashes produced a lower 

PhNR amplitude and larger amplitude flashes increased the orbicularis artefact.  

Ten sweeps were collected with band pass filtering from 0.15 to 100 Hz.  Sweeps were 

automatically rejected at amplitudes above 100uV.  These filter settings were selected as 

the same protocol was used for photopic full field electroretinograms in the hospital 

electrophysiology laboratory and it was anticipated that the methods demonstrated in this 

thesis could be used in a post-hoc method. 

Mathematical analysis 

 

For the latency-dependent averaging, the template was derived from empirical data, which 

was used to fit a Weibull probability distribution function of the form of equation 2-5.  With 

a k > 1, this function is initially convex rising to a turning point and is then concave with an 

inflexion point.  This function was chosen to approximate the hypothesized underlying 

physiological process:  This process driving the PhNR is assumed to have a fixed onset point 

which overlaps the offset of the bipolar response driving the b-wave.  At onset, this should 
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therefore have a negative gradient.  The process will peak and then decay with a tail 

approximating an exponential decay.  The parameters λ and k were fitted in R to the 

empirical data over a time epoch of 90ms using nonlinear least squares.  This resulted in 

k=2.029 and λ=42.385.  The function was negated by multiplying by negative one. 

 
𝑓(𝑥;  𝜆, 𝑘) =  

𝑘

𝜆
(

𝑥

𝜆
)

𝑘−1

𝑒−(𝑥 𝜆⁄ )𝑘
  𝑥 ≥ 0  2-5 

 

Where k is the shape parameter and λ is the scale parameter. 

The probability distribution was described by Weibull (Weibull 1951) who suggested that it 

could be used, amongst other things, for fitting the statures of adult males in the British 

Isles, the fibre strength of Indian cotton and the size distribution of fly ash.  In his 

formulation of the distribution Weibull observed that any cumulative probability function 

F(x) can be written as  

  𝐹(𝑥) = 1 − 𝑒{−𝜑(𝑥)} 2-6 

 

And then if 𝑃 = 𝑃(𝑋 ≤ 𝑥) = 𝐹(𝑧) 

 (1 − 𝑃)𝑛 = 𝑒−𝑛𝜑(𝑥) 2-7 
 

Weibull reasoned that if the probability of a single link of a chain failing took the form of 

equation 2-6 then the probability of a chain of n links not failing was given was given by 

equation 2-7. 

The function φ(𝑥) needed to be a positive nondecreasing function vanishing at a certain 

value xu which was equal to 0 or some other value.  Weibull stated that the most simple 

function satisfying that condition was  

φ(𝑥) =
(𝑥−𝑥𝑢)𝑚

𝑥0
  

If xu is set to zero, this then gives  

 
𝐹(𝑥) = 1 − 𝑒

−
𝑥𝑚

𝑥0  2-8 

 

And as x0 is a constant, this can be written in the form 

 
 𝐹(𝑥) = 1 − 𝑒

−(
𝑥
𝜆

)
𝑘

 2-9 

 

And then equation 2-5, the probability density function, is given as the first derivative of the 

cumulative density function in equation 2-9.  Only the parameter k changes the shape of the 

function. 
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The template function used for this study is shown in Figure 2-10 with its first derivative 

shown in Figure 2-11.  Using the method of Wright (Wright, Nilsson et al. 2008), template fit 

was evaluated by iteratively  cross correlating between the template and the signal, in this 

case over a 20ms loop so that the first run of the iteration matched the template with the 

signal starting at 40ms and running to 130ms, with the next iteration running from 41 to 

131ms and so on over the loop of 20.  In that way a vector of correlation coefficients was 

created.  The highest correlation coefficient was taken as the best match for each sweep 

and the position of the whole signal was shifted by the time corresponding to the best 

match and was weighted by an amount equal to the correlation coefficient.  The weighted 

sum was then calculated and the average adjusted by the sum of all the weights.  Figure 

2-12 shows a sample sweep with an overlay of the response templates.  For clarity only 

every 3rd time shift is shown.  The heavy blue trace showed the best correlation 

corresponding to a -1ms timescale adjustment in this case. 

EMD, EEMD and CEEMDAN analysis were performed with the method of (Luukko, Helske et 

al. 2016) via the Rlibeemd package (Helske 2017).  This differs slightly from the original 

papers in the detection of the extrema.  Denoising consisted of removing the final residual 

from each trace and then finding the ensemble average.  The maximum number of IMFs was 

used to minimize the signal in the final residual.  Configurable parameters include: 

• The S Number:  The number of iterations of no change in the crossings – for this 

analysis set to 4. 

• The maximum number of siftings as a stopping criterion:  IMF extraction will stop at 

this number if the S Number constraint has not been reached.  In this analysis set to 

50. 

• The ensemble size (for the EEMD and CEEMDAN):  The number of noise augmented 

signals – set to 250 for this analysis. 

• The noise strength (EEMD, CEEMDAN):  The standard deviation of the Gaussian 

white noise (GWN) relative to the standard deviation of the input signal – for this 

analysis set to 0.2. 

VMD analysis was performed with the vmd package in R (Ferry 2017).  The baseline wander 

was extracted and removed as the first mode.  Ten modes were extracted with a time-step 

of 0 and the balancing parameter left at the default value of 2000.  All other parameters 

were left at their default values. 

EWT analysis was done in Python using the ewtpy package (Carvalho, Moraes et al. 2020).  

This is a Python implementation of the original Matlab code (Gilles 2013).  The 

decomposition was set to extract 10 wavelets with boundary detection by “LocMaxMin”.  

LocMaxMin refers to finding the wavelet boundary in the frequency domain as the minima 

between the maxima.  No logarithmic transformation was specified and the regularization 

option was set to ‘none’.  The baseline wander was extracted and removed as the first 

element in the decomposition – corresponding to the input signal convolved by the scaling 

function. 

Statistical analysis 
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Comparisons between the recording sessions – eg comparing session 1 and session 2 post 

latency dependent averaging were made by quantifying the coefficient of repeatability 

(CoR) – otherwise known as the smallest real distance.  This has been shown (Beckerman, 

Roebroeck et al. 2001) to be superior to the intraclass correlation coefficient (Shrout and 

Fleiss 1979).  The measure is based upon the Limits of Agreement from the Bland-Altman 

plot (Bland and Altman 1986) and measures the value below which the absolute differences 

between two measurements falls with a 95% probability (Vaz, Falkmer et al. 2013).  

Assuming these differences are normally distributed, the CoR is calculated by multiplying 

the within subject standard deviation by 1.96 √2 where 1.96 is the value corresponding to 

the Quantile function of the normal distribution for 0.975.  The √2 term arises because of 

the consideration of standard deviation rather than variance and the two tailed nature of 

the comparison.  The CoR is measured in the same units as the measurements – in the case 

of the PhNR it is measured in uV.  It can be normalized to the effective dynamic range of the 

measurement if a comparison between the CoR of different parameters is needed; for 

example to compare the CoR of the PhNR and the CoR of the b-wave.  To allow for multiple 

comparisons with a dependent relationship, the method of Benjamini (Benjamini and 

Yekutieli 2001) was employed via the mutoss package in R (Werft 2017) 

 

Figure 2-10:  PhNR response template. 
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Figure 2-11:  PhNR response template first derivative. 

 

Figure 2-12:  ERG sweep with PhNR templates.  The best fit is shown in solid blue. 

2.11 Results 
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Figure 2-13 shows the denoising process in action for a selected eye.  The top row is the first 

testing session and the second row is the second session for the same eye.  The thick solid 

trace representing the average ERG and the coloured traces the individual sweeps.  The 

bottom row shows the test and retest averages superimposed.  In this example, the 

CEEMDAN test and retest PhNR measurements are the closest.  Figure 2-14 shows 3 further 

examples of the denoising in action. 

 

Figure 2-13:  EMD denoising examples.  Grey traces are individual sweeps, red solid trace is ensemble average.  In the 

lowest row, the red and blue are the test and retest respectively. 
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Figure 2-14:  Further denoising examples. Only test and retest ensemble averages are shown. 

Table 2-1:  Marker calculations  for all 112 eyes of 56 patients.  

 a-wave (µV)   b-wave (µV)  PhNR (µV)  PhNR/B 

Cohort Mean (SD)     

  Raw  -10.6 (6.5) 62.4 (24.5) -14.9 (13.9) 0.94 (0.16) 

  Latency Adjusted -7.72# (7.3) 54.7# (30.9)  -16.3 (17.7) 1.10# (0.42) 

  EMD -14.5# (7.9) 62.6 (24.7) -16.7# (8.8) 0.97# (0.14) 

  EEMD -14.9# (7.4) 62.6 (24.7) -17.3# (8.6) 0.97# (0.13) 

  CEEMDAN  -16.2# (7.8) 62.5 (24.6) -18.2# (7.7) 0.97# (0.13) 

  VMD -16.1# (7.5) 60.0 (24.8) -14.5 (7.6) 0.99# (0.18) 

  EWT -18.5# (7.4) 59.6 (24.9) -12.8# (5.2) 0.92 (0.09) 

Notes:  EMD = empirical mode decomposition; EEMD = ensemble EMD (EEMD); CEEMDAN = complete ensemble EMD with 
adaptive noise; VMD= variational mode decomposition; EWT= empirical wavelet transform; PhNR = photopic negative 
response, relative to the prestimulus baseline; PhNR/B = PhNR to b-wave amplitude divided by the a- to b-wave amplitude; # 
= significantly different at P < 0.05 compared to the traces without denoising; † = significantly different at P < 0.05 compared 
to the EMD and EEMD methods.  P values corrected for multiple comparisons by Benjamini-Hochberg adaptive linear 
method (Benjamini and Yekutieli 2001). 
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Table 2-2:  Coefficients of repeatability for test-retest by marker and method. 

 
PhNR absolute 

(µV) 

PhNR/B 

absolute 

PhNR 

normalised (%)  

PhNR/B 

normalized (%) 

Coefficient of 

Repeatability 

 

 

 

 

  Raw  3.0 0.04 20.2% 19.5% 

  Latency Adjusted 3.3 0.16# 20.2% 78.1%# 

  EMD 1.9# 0.04 11.3%# 13.6%# 

  EEMD 1.8# 0.03 10.3%# 13.1%# 

  CEEMDAN  1.5# 0.03 8.3%# 11.3%# 

  VMD 1.5# 0.03 10.3%# 11.3%# 

  EWT 0.94# 0.02 7.3%# 7.5%# 

Notes:  EMD = empirical mode decomposition; EEMD = ensemble EMD ; CEEMDAN = complete ensemble EMD with adaptive 
noise; VMD= variational mode decomposition; EWT= empirical wavelet transform; PhNR = photopic negative response, 
relative to the prestimulus baseline; PhNR/B = PhNR to b-wave amplitude divided by the a- to b-wave amplitude; * = relative 
to effective dynamic range; # = significantly different at P < 0.05 compared to the traces without denoising. P values 
corrected for multiple comparisons by Benjamini-Hochberg adaptive linear method (Benjamini and Yekutieli 2001)  
 

2.12 Discussion and Summary 
 

Noise is a problem in clinical electrophysiology.  High frequency noise is amenable to 

conventional filtering but low frequency non stationary noise is not.  The majority of the 

power spectrum of the electroretinogram falls within the range of 1 to 200Hz (Gur and Zeevi 

1980) and this overlaps some typical sources of noise such as 50Hz power line noise and 

100Hz fluorescent light sources.  Although notch filters can be used to reduce such noise, 

this can affect the waveform or timing of the response. , Radio frequency interference from 

switchmode powersupplies can be adequately removed by analog or digital filters. 

Very low frequency noise such as DC trend and blink artefact are much more problematic.  

The influence of this type of noise is greater on a late signal like the PhNR than say the a-

wave, as the PhNR is typically referenced to the baseline.  Referencing the PhNR to the b-

wave peak can partially offset this but adds extra unwanted variance into the signal which is 

now a combination of two potentially unrelated physiological processes. 

The fact that the PhNR is within the latency for the photomyoclonic response and blink 

artefact is also problematic.  Contraction of the orbicularis muscle has a complex effect on 

the recorded signal.  First, the EMG signal will have a very different waveform and 

amplitude on the indifferent skin electrode to the active silver wire electrode.  This will 

result in the failure of common mode rejection.  Further, small movement of the metallic 

wire may cause induced voltage on the silver electrode through changes in the local tear 

chemistry and perhaps inductive pickup from local magnetic fields.  It is highly likely that the 
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time constant of the two electrodes (skin and DTL) are quite different – again making 

common mode rejection impossible. 

The other key issue which affects the PhNR response is in the nature of the response itself.  

The response is small and slow with no well demarcated or stereotypical waveform.  

Although thought to be generated by the spiking of ganglion cells, it behaves quite unlike a 

compound action potential.  The compound nerve action potential for example (Lang and 

Puusa 1981) elicited by a 0.2ms stimulus produces a brisk response when measured at the 

skin of about 2ms duration.  Even the a-wave is not that brisk and propagation delays and 

multiple parallel and opposing pathways (inhibitory and excitatory) leads to a blurring of the 

response. 

Nor is the response or the noise stationary.  Habituation to the stimulus changes the EMG 

and movement artefact over the duration of the stimulus set and drift in the latency of the 

peak and its shape limit the extent to which simple signal averaging can be effective.   

Detrending algorithms exist and are often included in the electrophysiological hardware.  In 

this work, a simple algorithm to detrend and zero the trace was used as a comparator to 

more innovative techniques.  A problem with this and similar algorithms is that they must 

ignore the actual response itself and further must assume some structure to the noise – for 

example linear, logarithmic, sinusoidal or polynomial.  The elegance of the EMD family is 

that the algorithm uses the whole response, including the actual ERG and does not assume a 

structure to the noise. 

The latency adjustment technique of Woody (Woody 1967) has a good theoretical 

underpinning.  It does however depend on being able to match the template response in 

each sweep.  This would work well for a-wave such as the b-wave which is a large amplitude 

consistent wave.  It would be of little or no utility in a waveform such as the pattern ERG 

(PERG) where in each sweep, the noise is much larger amplitude than the signal.  As such, 

the technique is most useful when it is not needed.  In my work, this was what was found 

for the PhNR where the technique provided no benefit. 

The Kalman filter has found great utility in navigation systems and has been used as a 

denoising technique.  In this work, the filter worked to smooth the signal – that is it was 

effective in removing higher frequency noise.  It had little to no effect in removing the large 

amplitude ultra low frequency noise that contaminates the ERG in the later parts of the 

response.  Although there is some utility in smoothing the higher frequency components, 

they are easily removed with conventional analog or digital filters and this technique is 

probably of little use in this particular signal.  Signals which are contaminated by high 

frequency non stationary noise such as the raw data for the multifocal ERG may benefit 

from this type of pre-processing. 

This study showed good utility from the empirical mode decomposition as a type of 

adaptive filter.  The filter will adapt to the noise for each trace and will remove any 

monotonic noise.  The nature of the algorithm will also autozero the signal which is very 

useful for the PhNR response as it is referenced to the baseline. 
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In order for the EMD filter to remove the monotonic baseline noise, the number of IMFs 

extracted needs to be sufficiently large.  This is likely to be the only important tuning 

parameter for the decomposition.  In the example given in Figure 2-2, the decomposition 

can clearly be seen to be longer than is necessary, with IMF 4-6 essentially identical.  

Fortunately, an overly large decomposition does not affect the denoising as it is the residue 

that is removed as the noise.  A decomposition that is too short will however not leave a 

monotonic residue and therefore not function properly.  The implementation of the 

algorithm does not automatically choose the number of IMFs to be extracted and therefore 

it is recommended to use more than the default of log2 of the signal length.  The ensemble 

techniques offer additional tuning parameters such as ensemble size and noise level but for 

the specific detrending problem the defaults can be safely used. 

In this work, I have shown with real and simulated data that the ensemble EMDs offer a 

small advantage over the EMD.  Software libraries such as that of Lukko (Luukko, Helske et 

al. 2016) offer implementation of the EMD and the two ensemble techniques with very fast 

execution times.  The library can be called from Python and R which makes deployment of 

the technique with open source easy.  Similarly, the library can be called from Matlab.  For 

this chapter, I have rewritten the algorithm in R to explore and demonstrate its inner 

workings.  Although slower, this technique could be implemented natively in Excel or other 

platforms in a similar manner to avoid the complexity of calling the C code directly from 

Excel if this was the preferred application. 

The translational significance of this work is in the demonstration of the technique as an 

effective and reliable one for detrending and ultra-low frequency denoising for visual 

electrophysiology.  Removing of this major artefact improves the reliability and ultimately 

the utility of measurements of the PhNR for glaucoma.  Further, the technique should be of 

utility in other similar settings such as the Pattern ERG (PERG), the Pattern VEP (PVEP) and 

the On-Off ERG.  I envisage that ultimately the detrend by EMD will be a selectable button 

on electrophysiology equipment that the operator can use on a case-by-case basis 

depending on the protocol and the amount of noise present at the time.  That stated, 

extreme care would be needed to compare serial traces where one was filtered and one 

not.  For this reason, the technique is much better implemented post-hoc where a decision 

is made to apply it to all or none of the traces.  In the current implementation of the Espion 

software, the detrending (called baseline correction) is a protocol level option and is not 

reversible. 

Future work will involve further optimisation of the tuneable parameters and testing of the 

algorithm in both glaucoma and non-glaucoma cohorts. 
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Chapter 3  

Complexity Measures of the 

Electroretinogram 
 

 

3.1 Abstract 
 

Background and objective: Biological signals are inherently complex.  The photopic negative 

response (PhNR) of the electroretinogram (ERG) is known to originate in the retinal ganglion 

cells (RGCs) of the eye.  Glaucoma is a disease associated with increased intraocular 

pressure in which the RGCs suffer dysfunction and death.  This chapter explores whether 

measures of signal complexity can classify eyes into those with and those without glaucoma. 

Methods: Electroretinograms were measured from the left eyes of 21 participants with 

glaucoma and 18 participants without eye disease.  Skin electrodes were used with the 

RetEval hand held ERG device using a red flash on a blue background.  Entropy and fractal 

measures of complexity were calculated on both individual sweeps and the ensemble 

average and a sliding window technique was used to assess changes of Shannon and sample 

entropy over the epoch.  The PhNR on the ensemble averages was also determined. 

Results: The PhNR was of lower amplitude in the glaucoma group (-3.6 vs -5.50 uV,  

p=0.012).  Complexity measures calculated on individual traces and averaged showed no 

significant differences between the groups.  Higuchi fractal dimension was higher (p=0.026) 

in the glaucoma group and Shannon entropy was lower (p=0.014).  After the stimulus, the 

sample entropy of the signal returned to baseline quicker in the glaucoma group (74.7 vs 

79.8 ms, p =0.04). 

The findings of this chapter have been published in part (see Appendix) 

Sarossy M, Aliahmad B, Kumar D, editors. Timing of changes in the entropy of the 

electroretinogram with Glaucoma. Life Sciences Conference (LSC), 2017 IEEE; 2017: 

IEEE.. 

Sarossy M, Kumar D, Wu Z, editors. Relationship between Glaucoma and 

Complexity Measures of the Electroretinogram. 2021 Seventh International 

conference on Bio Signals, Images, and Instrumentation (ICBSII); 2021: IEEE 
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Conclusions: There are subtle differences in the complexity measures derived from the ERG 

between glaucoma and non glaucoma eyes.  This may be due to loss of the number of 

ganglion cells firing action potentials, or to the structure of that discharge.  These changes 

are less significant than the changes in the amplitude of the PhNR. 

 

3.2 Introduction 
 

Physiological systems often show great complexity.  This arises from the number of 

contributing subunits, the multiple feedback and feed forward loops and the structures 

operating over multiple scales of time and space (Pukėnas, Poderys et al. 2012).  A time 

series, like the electroretinogram (ERG) is complex and the complexity of the signal can be 

measured by a number of techniques.  These measures could have utility for a glaucoma 

clinician: to inform either a classification decision – such as the presence or absence of 

glaucoma - or a severity assessment.  Complexity measures can be broadly thought of as 

measures of predictability or regularity.  Predictability can be considered in the temporal 

domain with techniques such as the fractal dimension (FD) or detrended fluctuation analysis 

(DFA) (Alvarez-Ramirez, Rodriguez et al. 2009).  Predictability in the spatial domain can be 

measured by Kolmogorov-Sinai Entropy (KSE) (Lim, Khang et al. 2013) or the largest 

Lyapunov Exponent (Swiderski, Osowski et al. 2005).  The alternative formulation of 

complexity is the assessment of regularity – which can be estimated with measures of 

entropy or the Lempel-Ziv complexity measure (Abásolo, Hornero et al. 2006).  In this 

chapter, the use of information theory measures and fractal dimension are explored to 

estimate the complexity of the underlying signals and to determine if differences exist 

between a glaucoma and non glaucoma cohort of experimental participants. 

 

3.3 Information Theory Analysis 
 

The amount of information that can be carried over a noisy channel is critical in planning 

what can be sent over the channel and to avoid congestion.  Less noisy channels can carry 

more information.  Claude Shannon working at Bell laboratories in his seminal paper 

(Shannon 1948) mathematically detailed the information carrying capacity of a channel in 

communications.  He showed that information could be sent reliably over channels that 

were themselves unreliable.  He found, remarkably, that the form of the equation related to 

thermodynamic entropy. 

The first law of thermodynamics states that the total energy of an isolated system is 

constant.  The second law relates to entropy and early characterizations of the principle 

were by Kelvin (Kelvin 1890) and Clausius (Clausius 1856).  Helmholtz, inventor of the 

ophthalmoscope, also made contributions to the early understanding of entropy (Helmholtz 

1884). The well-known Boltzmann equation defined the entropy of an ideal gas to be related 

to the number of possible microstates as:  
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 𝑆 = 𝑘𝑏𝑙𝑛 𝑊 3-1 
 

Where S is the entropy, W is the number of microstates and kb is the Boltzmann constant.  

In effect, the Boltzmann constant is the proportionality between the statistical entropy 

related to the logarithm of microstates and thermodynamic entropy expressed in Joules per 

degree Kelvin. 

This was a very important development in thermodynamics.  Boltzmann’s tombstone in 

Vienna is inscribed with his formula.  His formulation assumes an equal probability of all of 

the microstates and was generalized by Gibbs (Gibbs 1948) as 

 𝑆 = −𝑘𝑏 ∑ 𝑝𝑖 𝑙𝑛 𝑝𝑖  3-2 

 

Where pi is the probability of state I.  Equation 3-2 reduces to 3-1 if all states are equal. 

The optic nerve is a massively parallel structure containing around one million axons 

(Mikelberg, Drance et al. 1989).  Each of these axons carries a quantity of information up the 

visual pathway and ultimately to the visual cortex.  Each ganglion cell has a maintained 

stochastic discharge and that discharge is modulated up or down depending on whether the 

ganglion cell is excited or stimulated (Schottdorf and Lee 2021).  Each ganglion cell can 

therefore be considered a noisy channel.  The total information that can be carried up the 

nerve is related to the number of channels and their independence from each other.  If the 

channels were perfectly independent, the total information would be the sum of the 

information carried in each channel or axon.  The parts of the ERG that constitute the PhNR 

are known to be generated by the action potentials of ganglion cells (Viswanathan, 

Frishman et al. 1999).  A change in the number of channels should lead to a decreased level 

of total information capacity unless offset by the dependency or the information per 

channel.    

 

3.3.1 Shannon Entropy 

 

Claude Shannon (Shannon 1948) considered the information carrying capacity of a channel.  

He considered the total information as a measure H in a signal Y with a finite number of 

possible states {S1, S2, .. Sn}.  If the system behaves as a Markov system with ergodic 

properties – that is, there is a nonzero chance of leaving any state and a probability of 1 of 

eventually returning to every state - then consider the set of probabilities {p1,p2,..pn} 

corresponding to the probabilities of any of the states S.  A measure H, total information, is 

defined: 

 𝐻 = − ∑ 𝑝𝑖 𝑙𝑜𝑔 𝑝𝑖  3-3 
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One can immediately see the striking resemblance of equations 3-2 and 3-3, differing only 

by the Bolzmann constant.  The units can be bits if the log is base 2 or ‘nats’ if a natural 

logarithm is used. 

The Shannon entropy has the following properties 

1. H is continuous in the p. 

2. If all of the p are equal 𝑝𝑖 =
1

𝑛
  , then H increases 

monotonically with n. 

3. H = 0 if and only if all of the pi are 0, the exception 

having the value unity.  The system carries no 

information.  Otherwise H is positive. 

Intuitively, this result shows that the information carrying capacity of a channel is a function 

of the number of possible values that can be sent down the channel and of the probabilities 

of each of those values.  If there is only one possible value, as in case 1 above, there is no 

information sent down the channel.  If there is a very large number of possibilities there is a 

large amount of information carrying capacity, which is in turn dependent on the 

probabilities of those values.  In communications theory, the units for this measure are bits 

(compared with Joules degrees-1 in thermodynamics).  This is achieved by using 2 as the 

base for the logarithm in equation 3-3. 

The concept can be illustrated with an example.  Consider the English alphabet as the 

dictionary of information to be sent down a channel.  If all of the letters were of equal 

probability of occurance, the entropy would be  

−𝑙𝑜𝑔2

1

26
 

ie 4.7 bits. 

Consider the probabilities of each letter occurring, then using the frequency of letters from 

a sample of large English Language corpora as sampled by Jones (Jones and Mewhort 2004).  

If the channel consists of just the letters A-Z, the entropy of the channel disregarding case is 

4.18 bits (summing over the 26 probabilities). If both upper and lower case are allowed the 

entropy is 4.47 bits (summing over the 52 probabilities):  Ah igher amount of information 

capacity is present in the channel.  It is important to note that with Shannon entropy, the 

calculation is performed on the probability mass function of the channel and not on the 

actual channel data itself. 

Shannon went on to discuss the case of the discrete channel contaminated by noise.  

Biological systems are inherently noisy – for example, the ganglion cell spiking rate is not 

regular but a Poisson process with parameter lambda controlled by the amount and pattern 

of light (Levick, Thibos et al. 1983).  In this case, the entropy of the output channel is given 

by 

 𝐻(𝑦) = 𝐻(𝑥, 𝑦) − 𝐻𝑦(𝑥) 3-4 
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Where H(y) is the entropy of the output channel, H(x,y) is the joint entropy and Hy(x) is the 

conditional entropy of the input.  These are derived from the corresponding joint and 

conditional probabilities:  

 𝐻(𝑥, 𝑦) =  − ∑ 𝑝(𝑥, 𝑦) 𝑙𝑜𝑔 𝑝(𝑥, 𝑦)   3-5 

 

And 

 
𝐻𝑦(𝑥) = ∑ 𝑝(𝑥, 𝑦) 𝑙𝑜𝑔

𝑝(𝑥, 𝑦)

𝑝(𝑦)
 3-6 

 

Shannon generalized his theory to continuous data to what is known as Differential Entropy.  

Equation 3-3 can easily be generalized for a continuous probability distribution to  

 
𝐻 = − ∫ 𝑝(𝑥) 𝑙𝑜𝑔 𝑝(𝑥) 𝑑𝑥  

∞

−∞

 3-7 

 

For example, the entropy of a one-dimensional Gaussian distribution with standard 

deviation σ is given by  

 𝐻(𝑥) = 𝑙𝑜𝑔√2𝜋𝑒 𝜎  3-8 

 

Which is clearly dependant only on the variance and not the mean of the distribution. This 

scale invariance is an important property of entropy.  The entropies for a range of 

distributions have been derived.  It can be shown that for a given variance, a Gaussian 

random variable will have the highest entropy (Michalowicz, Nichols et al. 2013).  The 

entropy of a continuous distribution calculated this way has quite different characteristics to 

that of a discrete probability distribution – not the least of which is that the entropy can 

take on negative values whereas for a discrete distribution, only positive values are possible.  

Care must be taken too with differential entropy to make the measure dimensionless before 

integration as the entropy calculated can vary with the units used. 

 

To illustrate this further, consider 3 signals: a Gaussian white noise (GWN) variable, a 

random variable drawn from the uniform distribution and a sine wave.  All signals are set to 

have a mean of 0 and a variance of 1. 

The GWN variable will have have entropy as above of 𝑙𝑜𝑔𝑒√2π𝑒  - approximately 1.419 in 

nats.  The uniform distribution variable is drawn from the range of −√3  to √3  to give it 

uniform variance and zero mean and then the entropy is given by 𝑙𝑜𝑔𝑒(𝑎 − 𝑏) =

𝑙𝑜𝑔𝑒(2√3) – approximately 1.292.  The sinusoid has entropy given by  𝑙𝑜𝑔𝑒
π𝐴

2
= 𝑙𝑜𝑔𝑒

π

√2
  

(Michalowicz, Olson et al. 2009) approximately 0.798.  We shall see later in this chapter that 

signals contaminated with sinusoidal noise have a counter-intuitively low entropy. 
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For biological data, such as the electrocardiogram (ECG) or indeed the electroretinogram 

(ERG), the data available for analysis are not truly continuous but rather sampled 

continuous data.  For this reason, entropy calculations are usually discrete.  For sampled 

data, the entropy will be dependent upon the number of bins used in the sum.  It is 

important to take this into account when comparing entropy results. 

In order to use the concept of entropy to analyse a signal, the entropy must be estimated.  

The simplest method to do this is to estimate the probability mass function directly from the 

data by constructing a histogram and applying maximum likelihood techniques.  This was 

described by Strong (Strong, Koberle et al. 1998) and is known as the plug-in estimator 

(Antos and Kontoyiannis 2001).  

 

𝐻̂𝑚𝑙𝑒(𝑝𝑁) = − ∑ 𝑝𝑁,𝑖

𝑚

𝑖=1

𝑙𝑜𝑔 𝑝𝑁,𝑖 3-9 

 

In that paper, the authors showed that the estimator converged to the true entropy at a 

rate proportional to the square root of the variance and inversely proportional to the square 

root of the sample size.  This held over a number of different probability distributions. 

Under some conditions, the plug-in estimator has been found to be significantly biased.  

Miller (Miller 1955) proposed a correction to the estimator : 

 
𝐻̂𝑚𝑚(𝑝𝑛) = 𝐻̂𝑚𝑙𝑒(𝑝𝑛) + 

𝑚̂ − 1

2𝑁
 3-10 

 

Where m is the estimate of the number of bins with nonzero probability and N is the size of 

the alphabet. 

Other techniques have been described to minimize the bias in estimating the entropy 

including Nemenman (Nemenman, Shafee et al. 2002).  Even with bias correction, the 

Shannon entropy estimate is related to the number of bins (analogous to the size of the 

alphabet) and will monotonically rise with an increasing number of bins. 

The Shannon entropy measure has used by many authors, for example Cugini (Cugini, 

Bernardini et al. 2001) to examine the structure of electrocardiogram signals and to detect 

change points within the data.  It has also found utility in the analysis of 

electroencephalogram signals, for example by Bruhn (Bruhn, Lehmann et al. 2001) in which 

Shannon entropy measurements were made of electroencephalogram signals of patients 

under anaesthesia with desflurane for female patients undergoing gynaecologic 

laparotomies.  A correlation was found in that study between the end tidal desflurane 

concentration and the entropy measure. 
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The information carrying capacity of retinal ganglion cells in the isolated guinea pig retina 

was estimated by Koch and co-authors (Koch, McLean et al. 2004).  They measured spike 

trains via extracellular recordings, detecting spikes as a first derivative of the voltage 

exceeding a threshold – that is a gradient of the voltage recording being sufficiently steep.  

Using these spike trains, they estimated total and noise entropy by forming letters and 

words from the patterns of discharge (van Steveninck, Lewen et al. 1997) and used these 

data to directly estimate entropy via Shannon’s formula.  The authors estimated a coding 

efficiency for each axon at only around 33%.  The total information carrying capacity of the 

optic nerve is a function of the information capacity of each axon and the correlation of the 

discharge patterns between axons.  High degrees of decorrelation will lead to a higher 

overall information carrying capacity.  Using a non-linear model in both salamander and 

macaque retinas, Pitkow (Pitkow and Meister 2012) found that the nonlinearities of the 

ganglion cell firing pattern nearly optimally decorrelated the spike trains between ganglion 

cells and this in turn optimized the overall information carrying capacity of the optic nerve. 

No research thus far has been published in applying this technique to the electroretinogram 

or glaucoma.  The plausibility of the approach however can be demonstrated as follows:   

Ganglion cells of most species have a maintained discharge – that is that they fire even in 

complete darkness (Barlow and Levick 1969).  On centre ganglion cells increase their 

discharge rates with stimulus onset and decrease the firing rate when the stimulus ends.  

Off centre ganglion cells will decrease their firing rate when the stimulus goes on and 

reduce the rate of discharge at the end of the stimulus.  For a stimulus such as the flash 

electroretinogram, these responses will overlap and have complex effects on the 

electroretinogram after the b wave peak.  The pattern of discharge is stochastic – in 

continuous time, the inter-spike interval at a given level of stimulus is best represented by a 

gamma distribution and the spikes per unit time can be represented by a Poisson 

distribution (Troy and Lee 1994). 

A massed signal can be simulated by the addition of a number of simulated spike trains 

generated in this way.   
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Figure 3-1:  Simulated neural signal 

Figure 3-1 shows two such signals – generated from 50 units and 100 units on the top and 

bottom respectively.  This is of course a gross simplification as the units are not weighted for 

distance and the firing patterns are all the same.  Nevertheless, if the Shannon entropy is 

calculated for these two synthetic signals, there is a significant difference found between 

them.  This is illustrated in Figure 3-2 showing a higher entropy and therefore information 

capacity in the signal with more channels.  It is hypothesized that the same difference may 

be apparent between glaucoma and non glaucoma test subjects. 

The PhNR has been shown to have input from glial cells (Viswanathan and Frishman 1997, 

Frishman, Viswanathan et al. 2001) confirmed by the fact that Barium ions can be shown to 

eliminate the response in isolated retina by blocking Potassium channels in the glial cells 

(Bolz, Schuettauf et al. 2008).  Amacrine cells can generate action potentials (Wu, Ivanova et 

al. 2011). In an experimental model of glaucoma in the rat (Kielczewski, Pease et al. 2005) 

numbers of amacrine cells were unaffected by glaucoma even though ganglion cell numbers 
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declined.  The amount of neurotransmitter within these cells did decline substantially in 

animals with glaucoma which would indicate a change in function and therefore could 

plausibly affect the electroretinogram and its measures of complexity.  

 

Figure 3-2:  Shannon entropy of simulated signals 

3.3.2 Rényi Entropy 

 

By relaxing the constraint of additivity, Renyi (Rényi 1961) generalized the Shannon entropy 

into a family of entropies as 

 
𝐻 =

1

1−∝
 𝑙𝑜𝑔 ∑ 𝑝𝑓

∝ 3-11 

 

Where  is greater than 0 and not equal to 1 but in the limit as  approaches 1 H 

approaches the Shannon entropy.  Where  =2, the measure is known as the Renyi 

quadratic entropy (or collision entropy).  The Renyi entropy has also been used in biosignal 

analysis for example Xin (Xin, Zhao et al. 2017) but not thus far for the electroretinogram. 

 

3.3.3 Approximate Entropy 
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Recall that the Shannon and related entropy measures do not account for the sequence of 

data within the signal.  Further, it is generally thought that a large dataset is required for 

accurate estimation of the entropy measure.  Signals, such as biosignals, consist of an 

ordered sequence of observations corresponding to amplitude measures at a regular 

sequence of time points - known as a time series.  Kolmogorov (Kolmogorov 1985) proposed 

a new method of considering entropy as the rate of which new information is acquired in a 

signal as the length of the subsignals increases.  Grassberger (Grassberger and Procaccia 

1983) showed how this could be simplified and applied to a time series and Pincus (Pincus, 

Gladstone et al. 1991) proposed a variation:  Approximate Entropy (ApEn) as a new statistic 

using these concepts to quantify regularity in data.  The first application suggested was for 

heart rate data.  ApEn has been used on a variety of biosignals including ECG (Holzinger, 

Stocker et al. 2012), EEG (Srinivasan, Eswaran et al. 2007) and EMG (Chen, Wang et al. 

2006).  Nair (Nair and Joseph 2014) used the technique to analyse the electroretinogram in 

patients with a variety of retinal dystrophies compared with controls.  There was a 

significant difference between the groups but was less than the authors found with the 

Hurst exponent.  The technique has not been otherwise described for the electroretinogram 

and not for glaucoma.  Richman (Richman and Moorman 2000) suggested that ApEn, by 

matching each subsequence within the time series with itself, introduces significant bias and 

makes it heavily dependent on the record length; being uniformly lower than expected for 

short records and lacking consistency.  The authors developed a new related measure 

known as sample entropy described in the next section.  As ApEn is generally considered to 

be flawed as a measure, it will not be considered further in this thesis. 

3.3.4 Sample Entropy  

 

Sample entropy – SampEn (Richman and Moorman 2000) is the negative natural logarithm 

of the conditional probability that two sequences similar for m points remain similar at the 

next point excluding self matches.  The authors with a simulated data set found the measure 

much less biased than ApEn and required less computational time to estimate.  They also 

claim it agrees with theory more closely than ApEn.  SampEn has found application in the 

analysis of ECG time series data (Bornas, Llabrés et al. 2006), EEG (Abásolo, Hornero et al. 

2006) and EMG (Zhang and Zhou 2012) and has largely supplanted ApEn.  Nair (Nair and 

Joseph 2014) used SampEn in combination with other features to differentiate retinal 

dystrophies from normal controls.  It has not otherwise been used in electroretinography. 

3.3.5 Permutation Entropy  

 

A related approach to SampEn and ApEn is permutation entropy (Bandt and Pompe 2002).  

In this algorithm, the entropy is calculated on a Shannon or Renyi basis on the probability of 

permutations of the subseries.  For example, in the series 

𝑥 = (4,7,9,10,6,11,3) 

For a permutation order of 3, the subseries are constructed: 
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{(4,7,9), (7,9,10), (9,10,6), (10,6,11), (6,11,3)} 

Then each of the subseries are compared to the next one for magnitude order.  So (4,7,9) 

yields 012, whereas (10,6,11) yields 102.  The probabilities for all of the permutations in the 

series i.e. (012,021,102,120,201,210) are computed across the signal and the entropy 

calculated as per Shannon’s (or Renyi’s) formulation 

 𝐻 = − ∑ 𝑝(𝜋) 𝑙𝑜𝑔 𝑝(𝜋)  3-12 

 

Where the sum runs over all n! permutations π of order n. 

As with many other measures of entropy, the technique has been used for EEG, ECG and 

EMG but there are no published works using it for electroretinography 

3.3.6 Distribution Entropy 

 

A recent modification of SampEn has been described, known as distribution entropy (DistEn) 

(Li, Liu et al. 2015).  To illustrate this method, consider a small extract of an ERG signal 

plotted as Figure 3-3.  The amplitude values have been multiplied by 1000 and rounded for 

clarity 

 

 

Figure 3-3:  Part of the ERG trace converted to integers  
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A series of vectors of length equal to the embedding dimension are created Figure 3-4.  In 

this case the embedding dimension is 2 but it can be of any integer length greater than 1.  

From this list of integers, a matrix is made up consisting of all of the Chebyshev distances 

(the greatest difference between any of the co-ordinates) between the vectors.  The 

distances of the vectors with themselves (on the lower left to top right diagonal) are 

removed.  This is shown in Figure 3-5. 

   

Figure 3-4:  Vectors created for distribution entropy 
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Figure 3-5:  Chebyshev distance matrix 

 

Figure 3-6:  Histogram of distance matrix 
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Finally a histogram is constructed from the distance matrix as shown in Figure 3-6.  The 

Shannon entropy is then calculated from this histogram.  The authors of this technique 

claim that it is less sensitive to the number of bins than SampEn is to the value of the radius. 

3.3.7 Fuzzy Entropy 

 

For ApEn and SampEn, the subsequence matches must be classified by a Heaviside function 

which classifies the subsequence as a match or non match – a binary classifier.  Chen (Chen, 

Wang et al. 2007) proposed a new entropy measure based around the notion of fuzzy sets 

(Zadeh 1965) where a class can have a continuum of grades of membership.  The concept 

requires a measure of membership degree with a fuzzy function returning a value in the 

range [0,1]. Chen utilized an exponential as the fuzzy measure of the similarity of two 

vectors.  The technique has been used and compared with other entropy measures in time 

domain EEG and EMG signals (Monge, Gómez et al. 2015) 

3.3.8 Windowed Entropy 

 

All of the previous measures of entropy are of the entire signal.  It is possible to perform any 

of these on a window of the signal, then sliding the window along the length of the signal.  

Like time-frequency analysis, this time-entropy analysis is a tradeoff between resolution in 

the time domain compared with resolution of entropy changes.  The technique has been 

used, for example, with EEG signal data (Bezerianos, Tong et al. 2003) to detect time point 

changes in the EEG of rats during cardiac ischaemia.  It is a signal analysis technique that has 

some interesting properties and is dependent upon the variance and the distribution of the 

observations.  As noted earlier, the measure is invariant to scale as normalization occurs as 

part of the calculation. 

Consider for example, a change in the status of recording channel from being grounded to 

having straight line drift.  When grounded, the signal can take no value other than 0 and will 

have an entropy of 0.  Straight line drift would yield a uniform distribution and this, in the 

discrete case, will give an entropy of logN where N is the number of bins for the calculation.  

Not only is this scale invariant but it is also independent of the gradient of the drift.  In the 

limit, a straight line is a uniform distribution which will have an entropy  

 𝐻 =  𝑙𝑜𝑔(𝑎)  −  𝑙𝑜𝑔(𝑏)    3-13 
 

 Where the support is in the interval (a,b).  Thus at a specific point in time, the entropy of 

the signal has changed from 0 to the value given in 3-13.  By using a sliding window 

approach across the signal, it may be possible to detect the point in time where the change 

occurred and hence infer the point in time that the underlying system changed. 

A Normal distribution will have a higher entropy for the same variance.  In fact, for a given 

variance, in the limit, the normal distribution has the highest entropy.  The entropy of the 

window will be an estimate of the entropy at the time represented by the middle of the 

window.  Estimation accuracy is affected by the number of bins used in the formulation of 
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the histogram.  Temporal accuracy is affected by the size of the window which is acting like 

a moving average. 

Changes in the entropy represent changes in the structure of the underlying signal as the 

process driving the recording changes.  For example, a change from baseline drift to 

Gaussian white noise will show a change in the entropy.  Pinpointing the temporal location 

of such a change may give some intuition about changes in the underlying driving process as 

for example in the EEG example given before. 

Figure 3-7 shows a simulation of such a change in process.  In the upper panel is a simulated 

waveform.  The first half of the signal is a random variable generated from an exponential 

distribution and the second half of the signal is a random variable generated from a normal 

distribution.  The mean and variance are the same for both components.  The transition 

point can be seen at time 750 where some of the signal becomes negative. 

The entropy calculated by the sliding window method is shown in the lower panel.  A sliding 

window of 300 samples was used with 30 bins. The second half of the signal has a higher 

entropy – recalling that the normal distribution has a higher entropy than the exponential.  

The change is smooth because of the averaging over the window length – there will be 299 

windows with elements generated from both processes.   
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Figure 3-7:  Entropy process change simulation 

3.4 Fractals 
 

In 1890, building on the work of Cantor (Cantor 1883), Peano (Peano 1890) described a 

curve that passed through all points in a 2 dimensional space – the Peano curve.  This ability 

of a one dimensional trajectory to fill space was analogous to the ergodic hypothesis of 

Bolzman (Von Plato 1991) which is usually understood as the assumption that the trajectory 

of an isolated mechanical system runs through all states compatible with the total energy of 

the system.  The question arose to the dimensionality of the curve – it can be thought of as 

more than one dimension but less than 2.  Hausdorff (Hausdorff 1918) formalized the theory 

of fractional dimensions in 1919.  Mandelbrodt (Mandelbrot 1967) showed that the coast of 

Britain contained properties of increasing complexity with scale and self-similarity.  He 

calculated that the contour had a Hausdorff dimension of 1.25.  He coined the term fractal 
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in 1975 and introduced the concept to the wider public with his book The Fractal Geometry 

of Nature (Mandelbrot 1983).  

 

Entropy is one method of characterizing the complexity of a system.  Fractal analysis is 

another way to measure complexity – more specifically the rate at which complexity 

changes with scale.  Although taking different approaches, there are some similarities 

between the two analyses.  The two approaches have been compared for the EEG in sleep 

(Ma, Shi et al. 2018) and Esgiar (Esgiar, Naguib et al. 2002) found a high correlation between 

fractal dimension (FD) and entropy in the analysis of images of histopathological sections of 

colon cancers.  An object is a fractal if it shows self similarity and scale invariance.  A classic 

example is the analysis of the coast of Britain (Mandelbrot 1967).  As one increases the 

magnification, more detail becomes apparent and the length of the measurement increases.  

Contrast this with the length of a line, parabola, ellipse or some other regular geometric 

shape.  In those cases, the dimension of the line is 1.  In the case of the coast of Britain, the 

dimension is considered to be more than 1 because as the scale is increased, the length also 

increases and is in the limit infinite.  The rate at which the length changes with scale is the 

FD and it is equal to the gradient of the line of the log log plot of length vs scale.  In the case 

of the coast of Britain, Mandelbrodt estimated the FD to be 1.25.  In contrast, the much 

smoother curve of 1.13 was found for the Australian coast.  Most objects in nature and 

signals exhibit fractal like behaviour over a limited range of scales and then to only a limited 

extent.  In addition, quantification limits such as – in the case of biological signals – 

amplitude and time resolution will affect the ability to resolve the object at various scales. 

3.4.1 Estimation of Fractal Dimension 

 

Boxcounting dimension.  The boxcounting dimension is evaluated by covering the signal 

with squares of side length r and evaluating how many squares are intersected by the signal 

as the linear size is increased.  Figure 3-8 taken from Zeng (Zeng, Koehl et al. 2001) shows 

the concept for an arbitrary waveform.  Panel (a) shows the waveform with an overlaid grid 

of squares.  The squares intersected by the waveform are shown in grey.  This process is 

repeated at different square sizes and a log-log plot is made with the number of squares 

intersected plotted against the number of total squares. This is shown in panel (b).  The 

fractal dimension is equal to the gradient of this curve. 
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Figure 3-8:  Estimation of fractal dimension by box counting 

Katz fractal dimension.  Katz was inspired by Madelbrodt and considered an example of the 

fractal dimension of a river.  He considered the fractal dimension (FD) to  be related to the 

length of the river versus the distance between mouth and source.  In Madelbrodt’s 

example, the river measurements are in 2 dimensions – for example north and south.  Katz 

(Katz 1988) estimates the FD by taking the log of the ratios of the length of a curve between 

successive points and the diameter estimated as the distance between the first point of the 

sequence and the point in that sequence providing the farthest distance. Essentially, he 

creates a 2 dimensional plane with axes time and amplitude.  The algorithm is sensitive to 

the units used and places too much importance on the first element in the series.  There are 

likely serious flaws in the formula and it has been claimed that it does not estimate the 

fractal dimension at all.(Castiglioni 2010). 

Higuchi Fractal dimension.  This method (Higuchi 1990) is often used for timeseries.  The 

length of the signal is considered for each of the members of the ensemble as follows:  With 

every element included , with every second element, with every  third element and so on 

represented as the series corresponding to k=1,2,3 etc.  Then if there is a power law 

relationship between the length and k, the timeseries is fractal with the dimension equal to 

the exponent. (Cervantes-De la Torre, González-Trejo et al. 2013). 

Variogram and Madogram.  The variance of a variable z (or signal in this case) is the second 

central moment of that variable.  It can be expressed as:  

 
𝑠2 =

1

𝑛 − 1
∑(𝑧𝑖 − 𝑧̅)2        

𝑛

𝑖=1

 3-14 

 

Where zi is the ith of n value of z and s2 is the empirical variance 

 

The variance can also be calculated from the difference between all of the pairs in the set 

i.e.: 

 
𝑠2 =

1

2𝑛(𝑛 − 1)
∑ (𝑧𝑗 − 𝑧𝑖)

2
 

𝑎𝑙𝑙𝑖≠𝑗

 3-15 
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In this case, the n(n-1) comes from the number of distinct (i,j) pairs in the sample. A 

variogram is a measure of the variance between different lags of a variable that can be 

either one or more dimensions.  A time series is of one dimension but it can be in 2 

dimensions in geography over the (x,y) plane or can be extended to 3 or more dimensions.  

The madogram is a related measure which uses the absolute rather than the squared 

difference.  In general for a time series: 

 
𝑦𝑝(𝑡) =

1

2
𝐸|𝑋𝑢 − 𝑋𝑡+𝑢|𝑝  3-16 

 

Where p is the order of the generalized variogram and E is the expectation (mean) function.  

The variogram is given by order p=2 and the Madogram by order p=1.  The sum over all lags 

of the variogram is simply the variance, so the variogram itself is the variance split up by 

lags. 

 

 

Figure 3-9:  ERG and Variogram 

In Figure 3-9, a sample ERG trace is shown on the left.  The right panel shows the variogram 

over the first 60 lags.  The fractal dimension can be estimated from this function (Gneiting, 

Ševčíková et al. 2012). 

The central idea of a fractal dimension is that upon zooming in, more complexity emerges 

and the measure (for example length) increases.  For a shape to have fractal characteristics, 

the relationship between scale and measure should be a power relationship such that there 

is a linear relationship when analysed on a log-log plot. 
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Although the process driving a biosignals is inherently a continuous time process, the 

measurement will be discrete time (sampled) with a fixed amplitude resolution from the 

analog to digital converter.  This latter component has a resolution of 24 bits for the LKC 

device.  Even if a biosignal has fractal properties, measuring the signal with a fixed 

resolution will affect the estimated fractal dimension.  Entropy however was initially 

described and most commonly applied to discrete data although quantization artefact will 

also affect the estimation of this measure. 

This effect is demonstrated in Figure 3-10.  A sine wave was simulated and the various 

complexity measures used in this study were estimated over 100 increasingly fine 

quantization levels.  The original signal is shown in the top right panel, with representative 

coarse and fine quantization level signals shown in the top middle and top right panels.  A 

sine wave is a smooth curve and has a fractal dimension (FD) of 1.  Its entropy depends 

upon the method of estimation and the number of bins.  In this example, the madogram, 

boxcount and Higuchi fractal dimensions and the Shannon and Distribution entropies show 

rapid convergence.  The madogram shows some aliasing artefact but the vertical scale 

shows very little change in the FD estimate over the quantization levels.  The Katz measure 

does not converge.  The boxcount measure converges but not to the theoretical FD of 1.0.  

The variogram method shows slow convergence.  Figure 3-11 shows the same analysis on a 

chirp signal with similar results.  Aliasing is not evident with this signal for the madogram 

method but the boxcount method still overestimates the FD.  Again the Katz method does 

not converge.  Finally, Figure 3-12 shows the quantization effect for a Gabor function; which 

is a sine wave windowed by a Gaussian function.  The results for this function are similar 

showing more sensitivity to quantization for variogram FD and permutational entropy. 
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Figure 3-10:  Quantization effect on sine wave signal 

 

Figure 3-11:  Quantization effect on chirp signal 
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Figure 3-12:  Quantization effect on Gabor signal 

3.5 Methods 
 

Participants 

The study was an approved study by the Royal Victorian Eye and Ear Human Research Ethics 

Committee. In this study, participants were recruited from the glaucoma unit at the Royal 

Victorian Eye and Ear Hospital.  Inclusion criteria for the glaucoma cohort were a diagnosis 

of glaucoma with open angles, a best-corrected visual acuity of 6/12 or better, a spherical 

refractive error within 5.00D and a cylindrical refractive error within 3.00D.  Normal controls 

were recruited amongst family and friends of the glaucoma cohort.  A power analysis was 

conducted in R based on published measures of Approximate Entropy (ApEn) extracted from 

the ERG in eyes with central retinal vein occlusion.  Using the t-test, a significance level of 

0.05 and a power of 80%, a group size of 24 was obtained.   

 

Information from the medical record 

 

For the glaucoma cohort, information was sourced from the medical record including the 

number of medications and the duration of glaucoma Parameters were captured from the 

visual field including mean deviation. 
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PhNR Recording 

 

In this study, only left eyes were considered.  PhNR responses were obtained from undilated 

pupils using the LKC device.  ERG signals were recorded with an LKC RetEval hand held ERG 

device (LKC Technologies, Gaithersburg).  A red flash of 4ms duration was used as the 

stimulus on a 10cd/m2 blue background.  The device uses an inbuilt infrared camera to 

measure the pupil size and adjusts the flash luminance with each flash.  In this study the f 

ash energy was set to the equivalent of 1.5cd.s/m2 through a 7 mm diameter pupil.  This 

flash energy was chosen because the portable device could not produce a higher energy 

while allowing for the full range of pupil diameters.  The sample rate of the device was set 

to 1, 900 Samples per second at 24 bits resolution, an epoch of 220ms and pre-stimulus 

acquisition starting at 100ms.  200 sweeps were performed for each session.  Proprietary 3 

pole skin electrodes were used which incorporated active, indifferent and earth electrodes.  

B-wave amplitude (the first positive going wave measured relative to the a-wave) and 

implicit time were measured with the provided device software.   

Files were exported from the device at the conclusion of each testing session and the raw 

data extracted with the program rffbrowser (LKC Technologies, Gaithersburg).  This program 

makes available the filtered signal expressed as mv as a function of time.  It also allows each 

raw, unfiltered sweep to be analysed.  These sweeps are in bits as a function of index into 

the recording vector. 

The a-wave, b-wave and PhNR amplitude and implicit times were calculated from the 

processed waveform produced by the device and corresponded to the first negative going 

wave and the first positively going wave after the stimulus for the a-wave and b-wave 

respectively.  The a-wave amplitude was measured relative to the detrended baseline and 

the b-wave was measured relative to the a-wave.  The PhNR was defined as the first 

negative going wave after the b-wave. 

 

Mathematical Analysis 

 

Data for each recording session consisted of a matrix of 24 bit values, with 200 columns 

corresponding to the individual sweeps and 568 rows corresponding to the timepoints of 

the time series.  All sweeps and filtered averages were stored in a SQL server database and 

processed in R via the DBI interface. 

Calculations were performed in R (R Developer Core Team 2017) using the entropy (Hausser 

2014) package or in Matlab.  Specific details of the analytical techniques follows: 

Shannon entropy was estimated from the discretised raw data in R using 20 bins.  

Permutational entropy was calculated for sequence lengths 3 to 9 using Matlab with the 
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Entropyhub library (Flood and Grimm 2021).  Sample entropy was also calculated in Matlab 

with the same package.   

Windowed entropy was calculated by estimating the Shannon entropy and SampEn within a 

sliding window of epoch length 150 samples.  For the Shannon measure, discretization was 

performed for 30 bins and entropy estimated with the plug-in estimator.  This was 

performed for each sweep and the overall entropy for each window position was 

determined from the mean of all of the corresponding windows.  The SampEn was 

calculated in a similar manner with a radius of 0.2 times the standard deviation.  The 

magnitude of the entropy change and its timing were extracted as features.  DistEn was 

calculated as per Karmakar (Karmakar, Udhayakumar et al. 2017). 

For the fractal analysis, Madogram and boxcounting fractal dimension (FD) were calculated 

using the Fractaldim package in R (Gneiting, Ševčíková et al. 2012).  Higuchi and Katz fractal 

dimensions were calculated by custom code written in R. 

Statistical Analysis 

 

For each group, differences in means were calculated for age, and ERG parameters.  Each 

parameter was tested for normality with the Shapiro-Wilk test (Shapiro and Wilk 1965).  

Comparisons of parameters that met the normality constraint were analysed with the two 

way t test except for b-wave amplitude which is known to not be normally distributed (Lee 

2013).  Allowance was made for the significance of comparisons using the method described 

by Benjamini for dependent test statistics (Benjamini and Yekutieli 2001) using the mutoss 

package in R (Werft 2017). 

 

3.6 Results 
 

3.6.1 ERG recordings 

 

The filtered, averaged ERG recordings in the dataset were generally of high quality as shown 

in Figure 3-13   
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Figure 3-13:  Sample average from RetEval 

The unfiltered sweeps however were contaminated with a large amount of 50Hz mains 

frequency noise.  Figure 3-14  shows a single sweep in raw analog to digital conversion 

(ADC) bits.  This is a result of the device being hand held and not connected to any ground 

source.  This 50Hz noise does average out with enough traces but its presence is suboptimal.  

A power spectrum of the sweep with the DC removed is shown in Figure 3-15 

demonstrating the high level of 50Hz noise contamination.  This was consistent for most of 

the sweeps in the dataset. 
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Figure 3-14:  Single unprocessed sweep 

 

Figure 3-15:  Power spectrum of single sweep. 

3.6.2 ERG wave parameters and PhNR values 

 

The results for the erg waves and PhNR for the dataset are shown in Table 3-1.  
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Table 3-1:  ERG results PhNR = photopic negative response. Significance adjusted to allow for multiple comparisons via the 
method of Benjamini (Benjamini and Yekutieli 2001).  Continuous variables show mean (standard deviation). 

Result Controls Glaucoma P 

Test subjects 18 21 - 

Age range (years) 44.3-87.6 30.8-86.3  

Age (years) 62.6 (13.9) 65.3 (14.1) 0.44 

Mean deviation (dB) -5.37 (4.73)   

b amplitude (uV) 31.1 30.7 0.66 

b latency (ms) 19.3 17.1 0.26 

PhNR (uV) -5.50 (1.95) -3.60 (2.53) 0.03 

 

There was no significant difference in a-wave or b-wave amplitude or latency between the 

groups.  The PhNR showed significant difference between the two groups with the measure 

being far more negative in the control group – that is a significant reduction in the glaucoma 

group compared with the controls.  The variance of the measure was much higher in the 

glaucoma group.  This is shown in Figure 3-16 

 

Figure 3-16:  Boxplots of PhNR filtered averages. 
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3.6.3 Averaged Complexity Measures on the unfiltered sweeps 

 

Table 3-2:  Complexity measures raw data   

Result Controls Glaucoma P 

Test subjects 18 21 - 

Boxcounting FD 1.692 (0.102) 1.680 (0.100) 0.98 

DistEn order 3 0.882 (0.030) 0.875 (0.029) 0.98 

Higuch FDi 1.338 (0.148) 1.370 (0.150) 0.98 

Katz FD 2.147 (0.113) 2.147 (0.132) 0.98 

Madogram FD 1.177 (0.099) 1.182 ((0.088) 0.98 

PermEn order 4 0.741 (0.106) 0.757 (0.088) 0.98 

SampEn 0.680 (0.132) 0.712 (0.136) 0.98 

Shannon Entropy 3.628 (0.122) 3.601 (0.125) 0.98 
Notes : FD= fractal dimension, DistEn = distribution entropy order 3, PermEn = permutational entropy order 4, 
SampEn = Sample entropy with radius 0.2 x standard deviation.  Significance adjusted for multiple comparisons 
via the method of Benjamini (Benjamini and Yekutieli 2001) 
 
Table 3-3.  Sensitivity, Specificity and AUC of complexity measures on averaged traces 

Measure Sensitivity Specificity AUC 

Boxcounting FD            0.571 0.556 0.466 

DistEn order 3   0.571 0.556 0.437 

Higuchi FD              0.619 0.611 0.601 

Katz FD                 0.619 0.667 0.542 

Madogram FD            0.857 0.333 0.524 

PermEn order 3      0.762 0.444 0.54 

SampEn     0.667 0.611 0.598 

Shannon Entropy   0.619 0.556 0.439 
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Figure 3-17:  Pairs plot on raw sweep data. 

Table 3-2 shows the differences between the complexity measures when calculated on each 

sweep and averaged.  Table 3-3 shows the corresponding sensitivity, specificity and area 

under the receiver operating characteristic curve (AUC).  The cutpoints for sensitivity and 

specificity were selected by maximising the sum of the sensitivity and specificity for each 

measure using the cutpointr library in R (Thiele and Hirschfeld 2021). There were no 

significant differences between the glaucoma and control cohorts on any of the complexity 

measures.  Some of the measures correlated strongly with other measures as can be seen in 

the pairs plot shown in Figure 3-17. 

 

3.6.4 Complexity measures on filtered and averaged sweeps 
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Figure 3-18 and Table 3-4 shows analysis on the averaged, filtered traces.  Of note is that the 

entropies are generally lower.  Significant differences were detected in the Shannon and 

DistEn and in the Higuchi fractal dimension after correction for multiple comparisons.  The 

sensitivity and specificity analysis indicates that the PhNR remains a superior measure to 

any of the complexity measures. 

 

Table 3-4:  Complexity measures on averaged filtered traces. 

Result mean (sd) Controls Glaucoma P 

Test subjects 18 21 - 

PhNR (uV) -5.50 (1.95) -3.60 (2.53) 0.03 

DistEn order 3 0.810 (0.062) 0.760 (0.032) 0.050 

Shannon entropy 2.99 (0.198) 2.80 (0.259) 0.010 

Higuchi FD 1.068 (0.019) 1.082 (0.017) 0.050 

Katz FD 1.005 (0.003) 1.007(0.004) 0.106 

Madogram FD 1.000 (0.001) 1.001 (0.001) 0.212 

PermEn order 4 0.292 (0.013) 0.297 (0.016) 0.248 

Box counting FDt 1.148 (0.035) 1.157 (0.061) 0.410 

SampEn 0.0776 (0.023) 0.0775 (0.024) 0.618 
Notes: Significance adjusted for multiple comparisons via the method of Benjamini (Benjamini and Yekutieli 
2001).  The measures are shown in the order corresponding to Table 3 5  
 
Table 3-5.  Sensitivity, Specificity and AUC on averaged traces.  

Measure Sensitivity Specificity AUC 

PhNR   0.667 0.833 0.741 

DistenEn order 3  0.944 0.571 0.741 

Shannon Entropy 0.944 0.476 0.685 

Higuchi FD   0.81 0.500 0.667 

Katz FD     0.571 0.722 0.659 

Madogram FD  0.476 0.833 0.627 

PermEn4 order 4   0.619 0.722 0.614 

Boxcounting FD       0.333 0.889 0.520 

SampEn     0.722 0.429 0.511 
Notes: Measures shown in order of decreasing Area under the receiver operating characteristic curve (AUC) 
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Figure 3-18: Complexity measures computed on ensemble averages. 
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3.6.5 Permutational Entropy 

 

Figure 3-19 shows the permutational entropy on the averaged traces as a function of the 

order for both controls and glaucoma.  The entropy value increased in a linear fashion with 

regard to sequence length.  There was no significant difference between any order of 

permutational entropy when eyes with glaucoma were compared to those from undiseased 

eyes.  Computational load increased very quickly as a function of permutational order 

reflecting the fact that the number of permutations increases as a function of the factorial 

of sequence length.  There were no significant differences between glaucoma and control 

subjects for any of the permutational orders and the significance tended to fall with 

increasing orders. 

 

Figure 3-19:  Permutation entropy by order - glaucomas vs controls. 



95 
 

Figure 3-20 shows the relationship of PermEn calculated on all test subjects as a function of 

order.  There are very high correlations between the calculated PermEn values for all 

combinations of PermEn order. 

 

Figure 3-20:  Permutation entropy on all test subjects by order.  The numbers on the diagonal correspond to the order of 
PermEn with histograms shown for each order.  The figures on the top right half are the Pearson correlation coefficients.  
Scatterplots are shown on the bottom left half of the diagram with the values of the calculated entropy shown. 

3.6.6 Sample Entropy 

 

SampEn was specifically developed for biological timeseries analysis and therefore remains 

the natural choice for analysis of the ERG.  It has the advantage over many other measures 

of entropy of utilizing the order of values – although over a very short range (the embedding 

dimension plus the time lag).  Configurable parameters with the algorithm include the 

embedding dimension (the subsequence length m to be compared with sequence m+1), the 

time lag and the radius.  The radius is the threshold for equality of sequences.  If the 

distance between sequences is less than the radius, the sequences are considered equal.  

This is usually expressed in a multiple of the standard deviation of the values and the default 

is 20.  Figure 3-21 shows the relationship between SampEn over all filtered averages 
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(glaucoma and controls) and a range of radii.  The mean and variance decrease with 

increasing radius. 

 

Figure 3-21:  Box plots of Sample entropy (SampEn) for the entire cohort with different radii.  The radius is the threshold 
below which the sequences specified in the algorithm are considered similar.  Here it is expressed in units of multiple of the 
standard deviation.  The graph shows a reduction in the magnitude and spread of SampEn with increasing radius 

Figure 3-22 shows the SampEn as a function of radius for the glaucoma and non-glaucoma 

groups separately. The differences are small at all of the radii. 

 

Figure 3-23 shows the effect of the radius on the significance of the difference in SampEn 

between controls and glaucoma subjects.  There was an interesting biphasic difference in 

the function with a radius of 0.7 nearly reaching statistical significance of 0.05. 
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Figure 3-22:  SampEn by radius and glaucoma .  This is the same plot as Figure 3-21:  Box plots of Sample entropy (SampEn) 
showing the boxplots of the glaucoma and non glaucoma cohort with different radius values – radius defined as a multiple 
of the standard deviation.  Like the whole cohort plot, the magnitude and spread of the measurements decreases with 
increasing radius. 

 

Figure 3-23:  Plot of the significance of differences in sample entropy (SampEn) between the glaucoma and non-glaucoma 
conhorts measured by t-test calculated at the radii shown Figure 3-22.  The difference between the cohorts nears 
significance when the radius is 0.7 times the standard deviation. 
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3.6.7 Fractal Dimension 

 

Fractal dimension (FD) calculations showed strong correlations between FD estimated by 

the Higuchi method, Madogram and box counting methods when performed on the 

individual sweeps (Figure 3-17).  The Katz method did not correlate with these measures.  

The FDs were much less well correlated when computed on the ensemble averages (Figure 

3-18).  This difference may relate to the quantization limit when computing FD. 

 

Figure 3-24:  Higuchi FD calculation on a sample trace 

Figure 3-24 shows the details of FD calculation on a sample ERG trace by the Higuchi 

method.  The top pane shows the sample ERG average, plotted as a function of time.  The 

middle pane shows the length of the curve calculated by the Higuchi method plotted as a 

function of scale.  The axes of the plot are logarithmic.  The lower pane shows the same 

measurements with the base 10 logarithm taken of the length and scale and replotted on a 

linear scale.  The FD is the gradient of the line of best fit.  The goodness-of-fit of the line is 
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the extent to which the signal shows fractal properties, or can be used to determine the 

range of scales for which such a property exits. 

It is perhaps unsurprising that there was little difference between the glaucoma and non 

glaucoma subjects when the signal was characterized by a single scalar parameter.  This is 

analogous to characterizing the ERG signal by its variance or mean alone. 

 

Figure 3-25:  Entropy by sliding window - example subject 
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The entropy calculations, both with Shannon and SampEn within the sliding window showed 

that typically the entropy of the signal dropped for a period post stimulus and then rose 

again.  A typical example of a control patient is shown in Figure 3-25.  The timepoint 

corresponding to each sliding window is taken to be from the middle of the window.  The 

upper panel shows the ERG and the two lower panels the average of the windowed entropy 

for all of the sweeps. 

As with any sliding window technique, temporal resolution is lost in proportion to the 

window width.  This is the reason why the entropy appears to drop before the onset of the 

stimulus and is related to the fact that windows centred earlier than the flash onset are 

influenced by changes in the window ahead of the centre point. 

 

There was no significant difference detected in the onset of the entropy drop or in the 

magnitude of the change.  There was however a significant difference in the terminal rise in 

entropy as shown in Table 3-6.  

 

Table 3-6:  Entropy changes by sliding window 

Result Controls Glaucoma P 

Test subjects 18 21  
b-wave amplitude (mv) 31.1 (2.2) 30.7 (3.6) 0.66 
Time of Shannon entropy rise 78.8 (5.2) 75.1 (5.1) 0.05 
Time of sample entropy rise(ms) 79.8 (6.8) 74.7 (5.9) 0.04 

 

3.7 Discussion and Summary 
 

Complexity analysis has developed over the last 50 years (Fernández, Gómez et al. 2013) 

and has found utility in areas as diverse as traffic flow analysis (Kumar, Tchier et al. 2018), 

earthquake analysis (Hirata 1989) and bearing fault detection (Zhang, Li et al. 2012).  One 

dimensional biosignals such as the electroencephalogram (EEG), electromyogram (EMG) and 

electroretinogram (ERG) can be analysed for complexity by techniques such as entropy and 

fractal dimension. 

The electroretinogram is a massed response of the retina to a photic stimulus and all of the 

electrically active layers of the retina contribute to the response.  The photopic negative 

response which peaks after the b-wave is known to have its amplitude reduced in glaucoma 

and is produced by the spiking of retinal ganglion cells(Viswanathan, Frishman et al. 1999).  

Parameters that may affect characteristics of the massed response could include the 

number of ganglion cells firing, changes to the firing rate or pattern or changes in the 

relationship of firing patterns between ganglion cells. 

Much work has been done on complexity analysis of the EEG.  Takahashi (Takahashi, Cho et 

al. 2009) using multiscale entropy measures found that photic stimulation increased the 
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entropy in younger but not older test subjects.  Muller (Müller, Lutzenberger et al. 2001) 

found the complexity of the EEG to be increased in subjects with Parkinson’s disease 

compared with controls.  In the area of schizophrenia, a number of groups have analysed 

EEG signals for complexity (Takahashi, Cho et al. 2010, Fernández, Gómez et al. 2013) and 

have found changes that may be reversible with medications. 

In this study, a significant difference between subjects with glaucoma and controls was 

found in the complexity measure of the ERG as measured by both Shannon and Distribution 

entropy (DistEn) and by Higuchi fractal dimension.  The Shannon and DistEn are highly 

correlated measures.   

The central pathology in glaucoma is the loss of ganglion cells (Quigley 2019).  Such a loss of 

the number of sources of the signal could account for changes in the signal’s complexity.  All 

of the glaucoma group in this study had established glaucoma and therefore substantial loss 

of ganglion cells.  It has also been shown that the excitability of ganglion cells affected by 

intraocular pressure changes - initially increasing and ultimately decreasing (Risner, Pasini et 

al. 2018).  This is manifested by changes in the mean rate of discharge and threshold of 

excitation.  It has been shown in the rat that the on and off ganglion cells are affected by 

intraocular pressure to different extents (Wang, Wong et al. 2021) so this would inevitably 

lead to a change in the nature of the massed signal following a photic stimulus which may 

account for some of the changes in the complexity measures in this study.  Klistorner and 

Graham (Klistorner and Graham 1999) showed that the ganglion cells projecting to the 

magnocellular layers of the thalamus were more susceptible to glaucoma and a differential 

loss of cells of this type may contribute changes in signal complexity. 

The discharge patterns of ganglion cells may affect the complexity of the ERG signal.  It is 

known that ganglion cells can have bursts of oscillatory activity (Kerschensteiner and Wong 

2008) and that these retinal waves can lead to synchronization of ganglion cell discharges.  

Basar (Basar 1983) showed that neural synchronization in the central nervous system leads 

to reduced complexity measure parameters derived from the EEG.  Although amacrine cell 

counts are not affected by experimental glaucoma (Kielczewski, Pease et al. 2005), it is not 

known whether increased synchronization occurs in ganglion cell discharge patterns in the 

disease. 

This study demonstrates that the principles of information theory and fractal analysis can be 

applied to the ERG.  Although some differences were found between glaucoma and non 

glaucoma for some measures, the significance was lower than a simple measurement of the 

PhNR.  Some of this can be explained by the high level of 50Hz contamination in the raw 

data.  Many of the complexity measures were highly correlated with each other and 

specifically, some types of fractal measures were well correlated with entropy 

measurements.  Despite the very different theoretical underpinnings of the two measures, 

both seek to quantify signal complexity and therefore some correlations are to be expected. 

Interpretation of the results is much more difficult that a simple measurement of the 

magnitude of a-wave such as the PhNR.  As shown with the dependence of SampEn on 
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radius and of Shannon entropy on bin number, the parameters would likely need careful 

tuning for each protocol on each type of ERG equipment. 

This study has however shown an interesting result that the changes in entropy following 

the system perturbation by a stimulus is of shorter duration in glaucoma patients than in 

controls.  It is known that glaucoma is a disease of the ganglion cells and that these are the 

only spiking cells in the retina.  The cells have a background discharge which is a random 

stochastic point process where the probability distribution of the spike counts within an 

interval are distributed in a way well approximated by a Poisson process.  Summed as a 

whole, the system is a chaotic one and is one that should be able to be modelled by 

information theory. 

The drop in entropy following a stimulus is likely explained by increasing coherence levels 

from the electrically active cells in the retina following the stimulus.  In this sense, the 

entropy drop represents an increase in signal and decrease in noise as a result of the 

stimulus. 

An explanation for this temporal shift could be the fact that the cells most affected by 

glaucoma are those subserving the more peripheral field.  These are the cells with the 

longest axons.  The action potentials from these axons must travel a larger distance within 

the eye and this sustained duration is one possible explanation for the fact that the entropy 

falls faster when these cells are not properly functioning. 

The ultimate goal of electrophysiology in the context of glaucoma is to derive features from 

the waveform that have some predictive value when fed into a classification or regression 

model.  Although beyond the scope of this study, it may be that a complexity measure has 

some benefit as a predictor in a model that includes other features from the individual such 

as OCT and visual field features.  The Shannon entropy measure can be calculated very fast 

without specialized software and only requires a single parameter – the number of bins.  

This fact makes the Shannon entropy the most likely candidate as a feature for such a 

model. 

There are limitations to the use of fractal analysis for biological signals (Gitter and Czerniecki 

1995).  No biological signal is truly self-similar over an infinite range (Glenny, Robertson et 

al. 1991) although they may show fractal like properties over a limited range – such as the 

range considered in this study.  The effect of temporal and amplitude resolution must be 

considered.  The hand held portable ERG unit used in this study was convenient and yielded 

good quality ensemble average traces but each sweep was significantly contaminated with 

powerline noise and this meant that complexity calculations on individual traces did not 

yield satisfactory results. 

The study did show a difference in the magnitude and timing of some complexity measures 

but ultimately these were less significant than the well established photopic negative 

response measure which is much more intuitive and much less computationally difficult.  

This study did not explore how these parameters vary with glaucoma severity.  Another 

limitation of this study was its small sample size.  The use of the skin electrodes and the lack 

of grounding of the RetEval system resulted in high amplitude noise and a low amplitude 
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signal and this led to a lack of power in classifying the glaucoma and non glaucoma cohorts 

with any electrophysiological measure.  Further work will involve developing a classifier 

using a larger dataset, DTL fibre electrodes and the Espion electrophysiology equipment. 

The study has shown that novel features that can be extracted from the ERG are associated 

with the presence of glaucoma.  Further studies may show that these features, in 

combination with other features from the history, OCT, visual field or electrophysiological 

tests can predict the severity or risk of progression of glaucoma and could therefore inform 

the clinician of a target pressure or surveillance interval. 
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Chapter 4  

Time Frequency Analysis of the 

Electroretinogram 

 

4.1 Abstract 
 

Background and Objective  

Severity of glaucoma is currently assessed with a combination of features of optic nerve 

structure derived from optical coherence tomography (OCT) and functional features derived 

from standard automated perimetry (SAP).  Electrophysiology is an alternative and 

complementary way to assess function in glaucoma.  This chapter examines the 

performance time domain and time-frequency domain feature extraction techniques 

applied to the electroretinogram (ERG) for the prediction the glaucoma severity. 

Methods 

ERGs targeting the photopic negative response (PhNR) were obtained in 103 eyes of 55 

patients with glaucoma.  Amplitude features were derived from the ERG with identification 

of the a-wave, b-wave, i-wave and the PhNR1 and PhNR2.  Multiple time-frequency 

extraction techniques were also assessed including the discrete wavelet transform (DWT) 

and the matching pursuit (MP) decomposition.  Texture and superpixel analysis was 

performed on the continuous wavelet transform of the ERG.  Linear and multivariate 

adaptive regression spline (MARS) models were fitted using these above features to predict 

estimated retinal ganglion cell (eRGC) counts, a measure of glaucoma disease severity 

derived from standard automated perimetry and optical coherence tomography imaging. 

Results 

The findings of this chapter have been published in part (see Appendix) 

Sarossy M, Crowston J, Kumar D, Weymouth A, Wu Z. Prediction of glaucoma severity 

using parameters from the electroretinogram. Scientific reports. 2021;11(1):1-9. 

Sarossy M, Crowston J, Kumar D, Weymouth A, Wu Z. Time-frequency analysis of ERG 

with discrete wavelet transform and matching pursuits for glaucoma.  Translational 

vision science & Technology 2022;11(10):19-19. 
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Predictive models using features from the time-frequency analyses – using both the DWT 

and MP – combined with amplitude markers outperformed predictive models using the 

markers alone with linear (P = 0.001) and MARS (P ≤ 0.011) models. For example, the 

proportion of variance explained (R2) by the optimal MARS model – using MP features and 

amplitude markers – was 0.63, compared to 0.34 for the model using the markers alone (P < 

0.001). 

Conclusions 

Novel time-frequency features extracted from the photopic ERG substantially added to the 

prediction of glaucoma severity compared to using the time-domain amplitude markers 

alone. 

 

4.2 Introduction 
 

Glaucoma is a major cause of irreversible vision loss throughout the world.  It is a 

neuropathy of the optic nerve (Weinreb, Aung et al. 2014) with progressive loss of fibres of 

the nerve and cell bodies of the retinal ganglion cells (RGCs).  Intraocular pressure (IOP) 

remains the only modifiable risk factor in glaucoma, and the reduction of IOP via topical 

medical therapy or surgical intervention remains the main approaches for slowing the 

progression of the disease.  Advanced glaucoma has characteristic changes of visual field 

and optic nerve structure, but the early changes with glaucoma can be difficult to detect.  It 

has been estimated that at least 25% to 33% of RGCs must be lost before producing 

significant visual field abnormalities (Kerrigan–Baumrind, Quigley et al. 2000). 

Prior to ganglion cell death, RGCs have been shown to exhibit structural and functional 

changes (Fry, Fahy et al. 2018).  Optic nerve crush (Kalesnykas, Oglesby et al. 2012) and 

acute IOP elevation (Della Santina, Inman et al. 2013) studies in the mouse showed 

structural changes that include a reduction in the dendritic arbor area, the length of 

dendrites and the number of dendrites, which are correlated with the severity of the 

disease.  Early functional changes that occur in sick RGCs include an increased excitability 

(Tao, Sabharwal et al. 2020), which can manifest as an increased basal or stimulated firing 

rate (Risner, Pasini et al. 2018)}.  This may be caused by a depolarization of the resting 

membrane potential reducing the threshold for excitation (Calkins 2021). In primate eyes 

with experimental glaucoma, the RGCs become less responsive with the mean and peak 

spike rates falling (Weber and Harman 2005).  With continued stress, the ultimate outcome 

for the stressed RGCs is apoptosis (Nickells 1999).  Capturing early functional changes of the 

RGCs could thus aid in predicting glaucoma progression and provide complementary 

information in the early diagnosis of this condition.   

The electroretinogram (ERG) (McCulloch, Marmor et al. 2015) is an electrical response 

measured at the cornea from a photic stimulus of the eye, and it is a direct measure of 

retinal function that could be used to capture early RGC dysfunction.  Techniques described 

to measure such function include the pattern ERG (PERG), the positive scotopic threshold 
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response (pSTR) and the Photopic Negative Response (PhNR) (Porciatti 2015).  By following 

a cohort of people considered glaucoma suspects, Banitt (Banitt, Ventura et al. 2013) 

showed that changes in the PERG preceded structural changes as measured on the optical 

coherence tomography (OCT) by a number of years.  Working in a rat model, Liu (Liu, He et 

al. 2017) showed that with chronic IOP elevation, pSTR dropped by 25% with no significant 

change in RGC density.   

The photopic negative response (PhNR) of the ERG is a slow negative potential following the 

b-wave.  First described by Viswanathan et al (Viswanathan, Frishman et al. 1999) in 1999, it 

has been shown to be reduced in glaucoma, both in clinical studies and in animal models 

(Viswanathan, Frishman et al. 2001) (Machida, Gotoh et al. 2008, North, Jones et al. 2010, 

Nakamura, Hangai et al. 2011, Preiser, Lagreze et al. 2013, Machida, Kaneko et al. 2015).  It 

arises from the spiking potentials of retinal ganglion cells.  It is elicited under photopic 

conditions by a red flash of light on a blue background and recorded from a corneal 

electrode relative to the lateral canthus of the eye.  Previous studies have shown that there 

are significant correlations between the PhNR amplitude and the mean deviation (MD) of 

standard automated perimetry (SAP) (Kita, Holló et al. 2020) and peripapillary nerve fiber 

layer thickness (Cvenkel, Sustar et al. 2017).  Although the PhNR can be associated with 

other systemic illnesses such as diabetes and hypertension (Chen, Zhang et al. 2008, 

Banerjee, Pandurangan et al. 2021), the PhNR may thus still be a useful measure for the 

objective assessment of RGC function in glaucoma. 

Of note, the slow negative potential after the b-wave (the PhNR) is interrupted by a positive 

peak termed the i-wave of the ERG (Rosolen, Rigaudière et al. 2004).  This waveform has a 

variable size and is poorly understood, but it is conserved in primate and non-primate 

species and thought to arise from cells distal to the RGCs and from the off pathway 

(Rangaswamy, Frishman et al. 2004).  The presence of the i-wave can lead to different 

interpretations of the PhNR wave and therefore can affect the measurement of PhNR 

amplitude and latency.  Recently, the PhNR has been subdivided into: (i) PhNR1, the trough 

after the b-wave and before the i-wave, and (ii) PhNR2, the first trough after the i-wave 

(Ortiz, Drucker et al. 2020) (with the latter being typically measured as the PhNR).  There has 

been little published on the significance of the i-wave itself, although authors have noted 

that it increases in prominence or amplitude in the presence of RGC pathology 

(Rangaswamy, Frishman et al. 2004).  Capturing these additional parameters of the ERG 

beyond the conventional PhNR measure could also help better capture RGC dysfunction. 

In addition, the stimulus parameters for optimizing the PhNR for the characterization of RGC 

dysfunction have been studied. Sustar (Sustar, Cvenkel et al. 2009) showed that the PhNR 

elicited with a chromatic stimulus was better at discriminating between glaucomatous and 

non-glaucomatous eyes than an achromatic stimulus.  Hara (Hara, Machida et al. 2020) 

reported that the correlations between the PhNR1 and the mean deviation were stronger 

for the achromatic stimulus but the converse was true for the PhNR2, where the 

correlations were stronger for the achromatic stimulus.  It is likely that these observations 

relate to the changes in the i-wave between the ERGs elicited by chromatic and achromatic 

stimuli, which they reported as occurring earlier in the achromatic compared to chromatic 
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stimulus, and thus had less of an impact on the PhNR I amplitude.  Nonetheless, they 

reported that the PhNR2 of the chromatic stimulus performed the best at discriminating 

between eyes with and without glaucoma. However, neither of these two studies have 

compared the utility of these three parameters – the PhNR1, i-wave and PhNR2 – when 

used in combination (rather than in isolation) between the chromatic and achromatic 

stimuli. It is plausible that the utility of the achromatic stimulus may improve when these 

three parameters are considered in combination, due to its ability to more clearly 

demarcate the PhNR1 and i-wave. 

We thus sought to examine whether the use of a fuller set of parameters (a-wave, b-wave, i-

wave, PhNR1 and PhNR2) elicited using both chromatic and achromatic stimuli could better 

capture RGC functional loss compared with the use of the PhNR alone.  This was performed 

by evaluating its predictive performance for a combined structural and functional measure 

of disease severity in glaucoma by Meideiros and colleagues (Medeiros, Lisboa et al. 2012), 

termed the estimated RGC (eRGC) count.  Incorporating all markers into a predictive model 

allows for normalization of overall gain via the a- and b-wave amplitudes and the effect of 

the i-wave on the estimation of the PhNR via the use of the i-wave itself and the PhNR1 and 

PhNR2.  In this study, we examined both a conventional linear predictive model and a 

Multivariate Adaptive Regression Splines (MARS) model.  The MARS approach models the 

outcome variable as a linear sum of piecewise linear functions (truncated functions with 

knots) (Friedman 1991).  As such, it can be used to model the outcome measure as a linear 

sum of functions that can saturate or change their significance depending on amplitude, and 

allow intuition about the underlying process without incorporating interaction terms.  We 

thus sought to use MARS as it could better model potentially complex functions for each of 

the ERG parameters to achieve improved prediction performance and model intuition. 

 

4.3 Staging of Glaucoma 
 

To a clinician managing a patient with suspected or confirmed glaucoma, two critical 

parameters are the estimate of the extent of glaucoma damage and the estimate of 

vulnerability to further damage.  Measures that have been described or are in common use 

are listed in Table 4-1.  
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Table 4-1:  Assessment measures for glaucoma.  One typical reference given for each method.  BMO-MRW = Bruch’s 
membrane opening – minimal rim width, BMO-MRA = Bruch’s membrane opening – minimal rim area,  PERG = pattern 
electroretinogram, PhNR = photopic negative response.  GDX-VCC = GCC variable corneal compensation 

Technology Sub-measure Units Reference 

Visual Field    

 Mean deviation dB (Ng, Sample et al. 2012) 

 Visual Field Index NA (Sousa, Biteli et al. 2015) 

 Pattern Standard Deviation dB (Ng, Sample et al. 2012) 

OCT    

 
Retinal Nerve Fibre layer 

thickness 
um (Sihota, Sony et al. 2006) 

 Ganglion Cell layer thickness um 
(Elbendary, Abd El-latef et 

al. 2017) 

 BMO MRW um 

(Chauhan, 

Danthurebandara et al. 

2015) 

 BMO-MRA mm (Gardiner, Ren et al. 

2014) 

Micro perimetry    

 Sensitivity dB 
(Molina-Martín, Pérez-

Cambrodí et al. 2018) 

ERG    

 PhNR uV 
(Viswanathan, Frishman 

et al. 1999) 

Pattern ERG    

 Perg Ratio NA (Jung, Jeon et al. 2020) 

Scanning Laser 

Polarimetry 
   

 GDX VCC um (Wang, Li et al. 2011) 

OCT= optical coherence tomography, BMO-MRW = Bruch’s membrane opening maximum rim width, BMO-

MRA= Bruch’s membrane opening maximum rim area, PhNR = photopic negative response, PERG= pattern 

electroretinogram, ERG=electroretinogram 

 

Most of these measures can be used in a cross-sectional way to formulate an opinion about 

the current state of glaucomatous vision loss, or they can be used to monitor progression 

over time.  In trying to synthesize the significance of these various test results, the clinician 

faces the challenge that the results have different units, some are on log and some on linear 

scales and that the relationship between these measures and underlying disease severity is 

often not linear – or at least not linear over the entire range of the measures. 
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Most machine learning models also aggregate multiple features together to produce a scalar 

predictor.  That is, the numerical or categorical variables listed in the units column of Table 

4-1 are processed to produce a scalar output such as ‘disease severity’ or ‘progression 

probability’ or even a binary predictor such as 1 for glaucoma and 0 for non glaucoma. 

One way of conceptualizing this sort of scalar output is to produce an estimate of the count 

of ganglion cells.  The ultimate pathological impact of glaucoma is manifested by the loss 

through apoptosis of ganglion cells and it is attractive and intuitive to think of the disease 

severity in terms of the percentage or number of cells lost.  Substantive work was done 

Medeiros and others. (Medeiros, Lisboa et al. 2012) who, working from an earlier model of 

glaucoma in primates (Harwerth, Wheat et al. 2010), developed a combined measure of loss 

of function in glaucoma.  They combined features derived from both the visual field (by 

standard automated perimetry) and the optic nerve (through the measurement of the 

thickness of the peripapillary retinal nerve fibre layer).  Details of the methodology used in 

this study are given below. 

Any measure of glaucoma that resolves to a single scalar quantity is simplistic and 

imperfect.  Not all ganglion cells are of equal importance.  Loss of a small number of 

ganglion cells in an area close to fixation will be devastating.  Loss of a much larger number 

of ganglion cells dispersed throughout the peripheral field may be barely noticed.  Even so, 

the measure is intuitive, validated and mathematically tractable and has been used for 

comparison in this thesis. 

 

4.4 The frequency domain 
 

The notion that a function of a variable can be expanded into a series of cosines of multiples 

of the variable is credited to and named after work of  Jean-Baptiste Fourier, who published 

his analytic theory of heat (Fourier 1822).   In it he showed “exemples de l’usage des series 

trigonometrique dans la theorie de la chaleur “  translated as “examples of the usage of 

trigonometric series in the theory of heat.” He showed the heat to be the infinite sum of a 

series of cosines: in the first example of his work 

 1 =  𝑎 𝑐𝑜𝑠 𝑦 +  𝑏 𝑐𝑜𝑠 3𝑦 +  𝑐 𝑐𝑜𝑠 5𝑦 +  𝑑 𝑐𝑜𝑠 7 𝑦  4-1 
 

So that the function is modelled by an equation representing multiples of the frequency – 

harmonics and a coefficient for each harmonic.  The decomposition became known as a 

Fourier series and represented the decomposition of a periodic function.  In fact, the use of 

trigonometric series in this way was actually described earlier by Euler (Euler 1748).  The 

principle was later applied to discrete time and non periodic functions as the Discrete 

Fourier Transform (DFT).   

For a sampled signal represented as a time series, the DFT is given as  
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𝑋𝑘 = ∑ 𝑥𝑛𝑒−𝑘𝑛

2𝜋𝑖
𝑁   

𝑁−1

𝑛=0

 4-2 

 

Where {xn} =  (x0 , x1, .. xN-1) is the original time series and {Xk} = (X1, X2, …XN-1) is the DFT.  Xk is 

a complex sequence encoding amplitude and phase for each frequency component.  X0 is 

the Direct current (DC) or mean of the time series.  The remaining terms are repeated so the 

series is symmetrical about its mid point and contains N/2 frequency components.  The 

reason for the symmetry is that the DFT contains both positive and negative frequency 

components.  The highest frequency within the sample represents the frequency oscillating 

between maximum and minimum every two points.  The lowest frequency resolved is the 

frequency corresponding to one full period of a sine wave from the start to the end of the 

time series. 

When a sample, such as an ERG, is analysed in this way, it is said to be transformed to the 

frequency domain.  The transformed function is now a function of amplitude vs frequency 

rather than amplitude vs time (which analogously is known as the time domain).  A real 

valued time domain signal will be transformed into a complex valued frequency domain 

signal.  The phase of each component is represented by its phase angle on the complex 

plane.  The modulus of the frequency domain information squared is devoid of phase 

information and is known as the power spectrum of the signal.  Although the complex 

valued frequency domain signal can be inverted via the inverse Fourier transform, the 

original time domain signal can not be reconstructed from the power spectrum alone.  

Inferences can be made about the amounts of oscillating components within the signal from 

its DFT but care must be taken.  Where a frequency is in the signal but its period does not 

correspond to an exact multiple of the sample rate, the amplitude in the DFT is spread over 

a number of frequencies.  In addition, for short signals, the imposition of a rectangular 

window creates distortions in the frequency domain – an effect that can be mitigated to 

some extent by the use of a window such as the Hamming window (Blackman and Tukey 

1958) named after Richard Hamming who worked, amongst other things, on the Manhattan 

project.  Windowing is not needed for periodic signals such as the steady state pattern ERG 

(Bach and Meigen 1999). 

The fast Fourier transform (FFT) algorithm was published in 1965 (Cooley and Tukey 1965).  

It was a rediscovery of a method described by Gauss the century before.  In the so-called 

Radix 2 method, the series is first split into two halves which are then further split and so 

on.  This means that for this particular algorithm, the sequence must be of length 2n.  Other 

algorithms exist for samples not of this length.  The FFT is often (but not completely 

correctly) used synonymously for the DFT. 

The DFT has been used to analyse the electroretinogram by many authors since the FFT was 

described.  A PubMed search revealed 146 results in September of 2018 when searching for 

the terms “Fourier Transform” and “Electroretinogram”.   

Analysis can be performed on transient signals (such as the flash ERG) or on steady state 

signals such as the 30Hz flicker response.  In the ERG for glaucoma, the DFT has found most 
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utility in the analysis of the steady state pattern erg (PERG).  Porciatti for example (Porciatti 

and Ventura 2009) used the DFT to extract the response of the eye at the fundamental 

frequency of the stimulus – in this case 16.28Hz.  Salgrello (Salgarello, Falsini et al. 2008) 

found an improvement in the second harmonic of the steady state PERG in patients who 

had intraocular pressure improvement with drops. 

 

4.5 The time-frequency domain 
 

Although transformation to the frequency domain can yield great utility in signal analysis, 

one problem is that the location of the frequency components in time within the signal is 

not extracted.  The analysis is best suited for signals which do not have frequencies which 

vary in intensity as a function of time and for signals that are stationary.  In visual 

electrophysiology, signals such as the steady state visual evoked potential (Morgan, Hansen 

et al. 1996), the 30Hz flicker ERG (Wu, Burns et al. 1995) and the steady state pattern erg 

(Bach, Unsoeld et al. 2006) are all suitable for analysis in the frequency domain.  

Where the signal is nonstationary or when it is important to know when the frequency 

components are happening within the signal, analysis with the DFT is not sufficient.  Time 

frequency analysis is a class of methods where both features of time and frequency are 

extracted.  Inevitably, there is a trade off in resolution between the two feature axes.   This 

general type of analysis is said to transform the time-domain signal into the time-frequency 

domain.  There is no single definition of the time-frequency domain and it will depend upon 

the transformation used.  It can be seen that for a one-dimensional signal (represented as a 

vector) such as an ERG, this sort of transformation will be into a two dimensional matrix.  

Time-frequency analysis of the ERG was the topic of a recent PhD thesis (Gauvin 2017). 

Time-frequency analyses can be classified (Sejdić, Djurović et al. 2009).  In the first category, 

analysis is done by translating, modulating and scaling a basis function over the signal.  A 

requirement is that the basis functions (also known as atoms) must be square-integrable – 

that is having finite energy.  Short-time Fourier Transform, Wavelets, S-transform and 

Matching Pursuits are examples of this type of analysis.  The second type of analysis, named 

Time-frequency distributions by Cohen (Cohen 1989) transforms the time domain signal 

with a kernel function.  The Wigner distribution is an example of this method.   Different 

kernels give different time-frequency distributions for the same signal.  All analyses of this 

type can be considered to be the Fourier transform of the instantaneous autocorrelation 

function of the signal (Hlawatsch and Auger 2013). 

 

4.5.1 Short Time Fourier Transform 

 

The short time Fourier Transform (STFT) is the most intuitive of the time-frequency 

analyses.  It involves sliding a window over the signal and computing the DFT for each 
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window.  Analogous to the power spectrum, the spectrogram is the squared modulus of the 

STFT.  Mathematically, the STFT is given as equation 4-3 

 
𝑆𝑇𝐹𝑇𝑥

ℎ(𝑡, 𝑓) =   ∫ 𝑥
∞

−∞

(𝑢)ℎ(𝑢 − 𝑡)𝑒−𝑖2𝜋𝑓𝑢𝑑𝑢 4-3 

Where x(t) is the original time series, f is the frequency and h(t) is the window function.  The 

temporal and frequency resolution of the analysis are both linked to the window length by 

the Heisenberg-Gabor uncertainty principle (Gabor 1946).  In this analysis, the window 

length is fixed and does not adapt to the actual signal.  As with many other time-frequency 

analyses, the STFT increases the dimensionality of the signal and therefore requires feature 

selection techniques to find meaningful information within the result.  The technique has 

not been described in relation to the electroretinogram but was used in combination with 

its inverse (Yanti, Yusoff et al. 2011) as a filtering technique on the visual evoked potential.  

Attempts have been made to use the measure to diagnose autism (Sheikhani, Behnam et al. 

2007) and stress (Sultana, Rahman et al. 2020) from the electroencephalogram although 

these works were pilot studies of small numbers. 

 

4.5.2 The Matching Pursuit Algorithm 

 

The Fourier transform, the Wavelet transform and others decompose a signal into a linear 

sum of orthonormal basis functions.  Greedy algorithms (Tropp 2004) on the other hand 

work in an iterative manner finding the first matching function from a dictionary and then 

the next best one on the residual and so on.  They are highly likely to find local rather than 

global minima in terms of the best-fit decomposition as measured by the least square sum 

of the residual.  Matching Pursuit (Mallat and Zhang 1993) builds a solution one term at a 

time by selecting from the dictionary the function (atom) that correlates most closely with 

the residual signal.  The STFT has atoms of a constant scale and performs well when the 

signal structures are localized over the same scale.  However it performs poorly when the 

structures are much smaller or larger than the window size.  The wavelet transform can deal 

with that situation, however may have poor temporal localization of the structures.  The 

matching pursuit algorithm is designed to address the problems of STFT and wavelets.  The 

first step with the algorithm is the creation of the highly redundant dictionary.  The 

dictionary is generated by scaling and shifting a basis function in the same manner as 

continuous wavelets and a number of families have been described including atoms sourced 

from discrete wavelets(Chen and Zhang 2014), Gaussians (Ghofrani, McLernon et al. 2003), 

Gabors (Franaszczuk, Bergey et al. 1998)  cosines, polynomials and others.  The atom best 

matching the signal is then selected and that component removed from the signal and the 

algorithm proceeds to the next step.  The full decomposition can be represented as a tile 

plot of the importance of the atoms (Wang, Guo et al. 2001).  Further developments of the 

technique include the Orthogonal Matching Pursuit (OMP) (Tropp and Gilbert 2007), 

regularized orthogonal matching pursuit (ROMP) (Needell and Vershynin 2010), stagewise 

orthogonal matching pursuit (StOMP) (Donoho, Tsaig et al. 2012) and compressive sampling 

matching pursuit (CoSaMP) (Needell and Tropp 2009). 
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The dictionary for the matching pursuit algorithm is constructed by shifting and scaling the 

atoms.  One or more waveforms can be used as a basis.  Each atom is the same length as the 

signal to be processed. 

The overall aim is to decompose the signal into a linear combination of the basis functions.  

The first atom 0 is selected by maximising the absolute value of the inner product 

 < 𝑓0(𝑥), 𝜙0 >  4-4 
 

Leaving the function as  

 𝑓(𝑥) =<  𝑓(𝑥),  𝜙0  >   +  𝑅1 𝑓(𝑥) 4-5 
 

And then the process is repeated to find 1 and R2 and so on. 

 

The process is continued for either a fixed number of iterations or until a stopping criterion 

is reached.  The final decomposition is represented as equation 4-6  

 
𝑓(𝑥) = ∑ < 𝑅𝑛𝑓(𝑥), 𝜙𝑛 >

𝐾−1

𝑛−1

+ 𝑅𝐾𝑓(𝑥) 4-6 

 

Some work has been done on finding the optimum dictionary for the algorithm.  The 

dictionary can be optimized both by the selection of the generating family and by the size of 

the dictionary.  A larger dictionary could decompose the signal with fewer coefficients but 

because both the coefficient and the index into the dictionary must be stored, a larger 

dictionary may not yield better compression as more bits are required to store the index 

data (Liu, Wang et al. 2004).  Working with non-noisy speech signals, Sturm (Sturm and 

Gibson 2006) found that dictionaries based on a combination of Gabor and FOF (“Fonction 

d’onde Formantique”) performed better than Gabor atoms or complex exponentials alone.  

Goodwin (Goodwin and Vetterli 1999) found dampened sinusoids superior to Gabor 

functions for music.  

Working with the multifocal ERG in a primate model of glaucoma, Zhou and colleagues 

(Zhou, Rangaswamy et al. 2007) found changes in the signal in the area of the oscillatory 

potentials that were detected using Gabor atoms from the MP algorithm.  These results 

were shown in both experimental glaucoma and in eyes injected with tetrodotoxin.  These 

results mirror those of the photopic negative response and lend weight to the hypothesis 

that the MP algorithm may be effective in extracting features relevant to glaucoma. 
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4.5.3 The Cohen Class Quadratic Time Frequency Transforms 

 

The energy of a signal can be deduced from the squared modulus of the signal or its Fourier 

transform: 

 𝐸𝑆 = ∫ |𝑠(𝑡)|2𝑑𝑡 = ∫ |𝑆(𝜔)|2𝑑𝜔 4-7 
 

Where Es is the energy for signal s, S is the Fourier transform of s, s(t) is the time series 

representation of the signal at time t and S(ω) is the frequency domain representation of 

the signal at frequency ω. 

 

The energy density can be considered like a joint probability distribution : ρs(t,ω) such that 

 
𝐸𝑆 = ∫ ∫ 𝜌𝑠(𝑡, 𝜔)𝑑𝑡 𝑑𝜔 4-8 

 

And like a joint probability distribution, the energy density can be described as having 

marginal conditions – the energy for a given time integrated along all of the frequencies and 

vice versa. 

Cohen (Cohen 1989) showed all distributions which were covariant with constant time-

frequency shifts and met marginal time and frequency conditions shown in equations 

4-9and 4-10could be represented in a generalized way.as 4-11 

 
∫ 𝜌𝑆 (𝑡, 𝜔) 𝑑𝑡  =  |𝑆(𝜔)|2 4-9 

 

 
∫ 𝜌𝑆(𝑡, 𝜔)   =  |𝑠(𝑡)|2 4-10 

 

 
𝐸(𝑡, 𝜔) =

1

4𝜋2
∫ ∫ ∫ 𝑒−𝑖𝜃𝑡−𝑖𝜏𝜔+𝑖𝜃𝑢𝜙(𝜃, 𝜏)𝑠 ∗ (𝑢 −

1

2
𝜏) 𝑠 (𝑢 +

1

2
𝜏) 𝑑𝑢 𝑑𝜏 𝑑𝜃 4-11 

 

Where ϕ(θ, τ) is known as the kernel.  The Wigner-Ville transformation is a special case of 

4-11 where ϕ(θ, τ) = 1. This is shown in 4-12 

 
𝑊𝑆(𝑡, 𝜔) =

1

2𝜋
∫ 𝑠(𝑡 + 𝜏/2)𝑠 ∗ (𝑡 − 𝜏/2)𝑒−𝑖𝜔𝜏𝑑𝜏 4-12 

 

Another way to consider this is to take the instantaneous autocorrelation as  

 𝑅𝑆𝑆(𝑡, 𝜏) = 𝑠(𝑡 + 𝜏/2)𝑠 ∗ (𝑡 − 𝜏/2) 4-13 
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And then take the Fourier transform.  All of the Cohen Class of analysis return the signal 

energy and are therefore considered to be quadratic functions.   

The Wigner Ville distribution gives excellent resolution in time and frequency if the integral 

is taken to infinity and yields a real valued function.  Because of the quadratic nature of the 

analysis, if there are multiple frequencies in the signal, the cross product or interference 

terms can become troublesome and difficult to interpret.  When considered over a finite 

time, the WVD becomes the Pseudo Wigner Ville distribution (PWVD) and the ϕ term 

becomes the window function h(τ).and can be rectangular, Gaussian, Hanning etc.  This 

type of analysis – extracting the power relating to specific frequency bands in time – has 

been applied to seizure detection in the EEG (Li, Barma et al. 2019) (Guerrero-Mosquera, 

Trigueros et al. 2010) 

4.5.4 The ZAM Transform 

 

Zhao (Zhao, Atlas et al. 1990) described a kernel in which cross terms were minimized, the 

kernel had finite time support and spectral peaks were enhanced.  Like the Wigner-Ville and 

pseudo Wigner-Ville analyses, non negativity of the spectrum was not preserved which 

reduced the intuition from the analysis.   

The kernel function – named by the authors as the cone shaped distribution – was based on 

the visual principle of lateral inhibition.  The cone shape referred to the shape of the kernel 

when considered in a three dimensional plot of amplitude vs time and τ.  The authors also 

took special care to ensure that the kernel had finite time support. 

The authors described their time frequency analysis as equation 4-11, with the kernel as  

 
𝜙(𝜃, 𝜏) =

𝑠𝑖𝑛(𝜋𝜃𝜏)

𝜋𝜃𝜏
𝑒(−2𝜋𝛼𝜏2) 4-14 

 

The ZAM kernel was shown to be the best in resolving time-frequency information in 

somatosensory evoked potentials.(Hu, Luk et al. 2001)  

4.5.5 Continuous Wavelet Transform 

 

The wavelet transform was first described by Morlet and others (Goupillaud, Grossmann et 

al. 1984) in 1984 in the context of seismic studies for oil and gas exploration.  It was a 

technique that tried to separate the frequency bands without “excessive loss of resolution 

of the time variable” remaining robust to small perturbations.  The original time based 

signal is convolved with a series of small signals or wavelets that are scaled in width and 

shifted in time.  

The wavelet function itself must be square integrable, have unit energy and be 

characterized by two parameters specifying position and dilation as 4-15.  The wavelet 

function that generates these shifted and scaled wavelets is knowns as the mother wavelet 
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𝜙𝑢,𝑠(𝑡) =

1

√𝑠
 𝜙 (

𝑡 − 𝑢

𝑠
) 4-15 

 

The wavelet transform itself is then given  

 
𝑤𝑥(𝑢, 𝑠) =   ∫ 𝑥

+∞

−∞

 (𝑡) 𝜙(𝑢,𝑠) (𝑡)  𝑑𝑡 4-16 

 

The output of the transform is a real valued two dimensional function with axes of time and 

scale.  In practice, the transform has a discrete realization so that the input is a time series 

and the output is a matrix of number of columns equal to the time series length and number 

of rows equal to the number of dilations performed in doing the transform.  The values of 

each cell of the matrix comprise the wavelet coefficients. 

A variety of different continuous wavelets have been described and the resolving power of 

the wavelet in time and frequency depends on the choice of a mother wavelet suited to the 

nature of the signals to be extracted.  In general though, the mother wavelet must comply 

with the admissibility condition (Sadowsky 1996) which states that a Fourier transform of 

the wavelet must exist and that the transform has no DC. 

Although in theory and in continuous time, there is always an inverse of the CWT, in the 

discrete time realization of the CWT, the inverse is not always unique and not always a 

perfect replica of the original function.  The CWT has been used to analyse the rat 

electroretinogram (Forte, Bui et al. 2008), specifically to analyse the oscillatory potentials.  It 

has also been utilized for the VEP (Tallon-Baudry, Bertrand et al. 1996) but the analyses tend 

to be more qualitative than quantitative. 

 

4.5.6 Discrete Wavelet Transform 

 

The idea of discrete wavelets had its genesis in work by Mallat (Mallat 1989).  Daubechies 

(Daubechies 1988) invented the compactly supported orthonormal wavelets which is the 

basis for the modern discrete wavelet transform.  The key innovation in Daubechies work 

was to eliminate the redundancy in the transform.  This transform is quite different to the 

continuous wavelet version.  For the DWT, the chosen wavelet has two functions – a 

wavelet function of integral zero which is a low pass filter and the matching scaling function 

with integral equal to 1 which is the high pass filter.  The two filters form a quadrature 

mirror.  The first step is to apply both of these filters to the sample and then to downsample 

each resultant by 2.  The output of the low pass filter is then used as the input to the next 

step and the process is repeated.  This results in the output as a tree and the total number 

of coefficients is equal to the number of samples in the input which necessarily must of 

length equal to a power of 2.  Given certain conditions, the transform is invertible and the 

original signal can be exactly recovered.   
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A large number of wavelets with different properties have been generated after the work of 

Daubechies.  Some care is needed in choosing the wavelet family or “Mother wavelet”; it is 

generally chosen with a form similar to the waveform structure of interest that is contained 

within the signal.  For example, if a priori, the glaucoma signal is thought to be a Gaussian 

like wave, then the best wavelet might be one that has a similar structure.  One of the 

constraints by the condition of orthogonality is that the scaling function cannot be 

symmetrical.  The least asymmetrical wavelet family was designed to maximize symmetry 

but some asymmetry does persist.  Further discussion of wavelet selection can be found 

below. 

The biorthogonal wavelets (Cohen, Daubechies et al. 1992) are invertible but not 

orthogonal.  The transform uses different wavelets for decomposition and reconstruction.  

Symmetry is achieved in the scaling function but at the expense of complexity and the 

introduction of redundancy.  Linear phase is achieved as a result of the symmetry.  There 

are no published studies comparing the biorthogonal and orthogonal wavelets for the 

electroretinogram, although some studies have noted that the biorthogonal family performs 

better for image compression (Rout and Bell 2004). 

Multiwavelets (Downie and Silverman 1998) use a set of wavelets where the wavelet is 

different for each scale.  This has the theoretical advantage of optimising the wavelet for the 

particular waveforms of interest at each scale but greatly adds to the complexity of the 

transformation and its analysis. (Guo, Rivero et al. 2010) .  In the multiwavelet case, instead 

of a vector, the filter consists of a square matrix (Strela 1996).  For each application of the 

filter, matrix multiplication is required; the signal consisting of a matrix with the number of 

rows equal to the number of rows and columns of the filter.  To convert the signal from a 

vector to a matrix, preprocessing is required.  The simplest preprocessing would be to 

duplicate the rows but this does introduce oversampling.  Other techniques of 

preprocessing have been described for example (Xia, Geronimo et al. 1996) which have 

reduced the redundancy in the process. 

The wavelet transformations are designed to be invertible.  That is, for a wavelet transform, 

there should exist a corresponding inverse wavelet transform that recovers the original 

signal.  Invertibility is important if the transform is to be used for data compression or for 

filtering.  For example, the signal can be transformed by the wavelet transform, then 

processed within the wavelet domain and then resynthesized back to the original time 

domain format.  This is what is done for wavelet denoising and filtering where the 

magnitude of coefficients is thresholded or specific coefficients reduced or discarded.  If the 

constraint of invertibility is relaxed, new possibilities open up.  One technique is the local 

wavelet maximum (Gauvin, Little et al. 2015).  In this technique, the discrete wavelet 

transform is performed on the signal and is repeated with the signal being shifted each 

direction over a window.  The wavelet coefficients are chosen as the maximum of the 

coefficients over the timeshifted range.  This has the advantage of better intuition about the 

meaning of individual coefficients but does so at the expense of the loss of orthogonality, 

invertibility and conservation of energy. 
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An alternative approach to the local wavelet maximum approach is to ensure that the 

timing of waveforms is consistent is to reference the timing to the b-wave peak rather than 

the stimulus onset.  This is the approach taken in this work and has the property that the 

DWT transforms remain invertible. 

 

4.5.7 Mother wavelet selection 

 

A number of techniques have been described for the selection of the optimum basis for the 

DWT.  Coifman (Coifman and Wickerhauser 1992) proposed the selection of the wavelet 

family by minimizing the informational cost.  The algorithm uses Shannon entropy to 

compare wavelet families.  Extending this via the ratio of energy to Shannon entropy, the 

algorithm has been used for mother wavelet selection in the fields of wind energy 

(Strömbergsson, Marklund et al. 2019), roller bearing analysis and in choosing the particular 

decomposition level for wavelet denoising (Deák, Mankovits et al. 2017). 

 

4.5.8 Time Frequency Feature extraction 

 

The signal transformed into the time-frequency domain poses a problem for feature 

extraction.  The signal – originally a time series - has been transformed into a two 

dimensional matrix with time and frequency encoded by the position and intensity of the 

coefficient encoded by the content of each cell.  In the case of the continuous wavelet, 

discrete wavelet packet and quadratic time frequency analysis, the dimensionality is 

necessarily increased.  In the case of the discrete wavelet transform (DWT), the 

dimensionality is preserved.  Matching pursuit gives an opportunity to decrease the 

dimensionality by using a smaller, custom dictionary.  The discrete wavelet and discrete 

wavelet packet transform are further complicated by the fact that the output is a tree 

structure and not a matrix. 

Intuition can be difficult.  Although the amplitude and location (in time and frequency) can 

in principle be performed, lack of consistency between individual decompositions can make 

this process fraught. 

Decompositions into matrices can be thought of as images.  An example of a decomposition 

-in this case the continuous wavelet transform using a Mexican Hat wavelet is shown in 

Figure 4-1.  The top plot show the time series, the bottom plot is a heatmap plot of the 

absolute values of the coefficients of the output of the transformation.  The heatmap shows 

the time axis aligned with the original time axis of the ERG signal.  The vertical axis shows 

the period of the relevant wavelet.  Higher frequency components (smaller periods) are 

shown lower on the plot (closer to the origin) 
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The times corresponding to the fastest changes within the signal contain the largest 

proportion of high frequency components – the fastest rate of change is the upswing and 

downswing of the b-wave. 

 

Figure 4-1:  Sample ERG with heatmap of Continuous Wavelet Transform 

Consideration of the output matrix as an image yields the possibility of using various feature 

extraction techniques developed for images.  Running a technique across the ensemble of 

traces could enable identification of a small number of features suitable for utilisation in a 

predictive model.  One such technique is the k-means clustering technique (Jain, Murty et al. 

1999).  This technique finds clusters of pixels based on a histogram of the pixels in the 

image.  The problem with the technique in this case is that it does not take account of the 

position of the pixels.  Clearly, clusters of matrix cells which will be the inputs to an 

aggregating function need to be adjoining and the position is of high importance. 

An approach to incorporating intensity and locality to extract superpixels is the Simple 

Linear Iterative Clustering method (SLIC) (Achanta, Shaji et al. 2012).  In this technique, the 

intensity and the location are used to compute a Euclidian distance.  As the dimensions of 

distance and intensity are not the same, a compactness factor is specified to allow the 

algorithm to utilize both parameters.  The algorithm can be done in a colour space or 

greyscale.  Normalization is required to appropriately weight distances in the location and 

intensity direction.   
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Figure 4-2 compares the k-means and SLIC algorithms in segmenting a fundus image from 

one of the participants of the study.  The top left pane shows the colour fundus image.  The 

middle pane shows the results of k-means segmentation extracting 20 clusters.  The black 

lines show the cluster boundaries.  As the clustering decision is based only upon colour, the 

boundaries are extremely complex and irregular.  The bottom middle panel shows the 

boundaries for the 13th cluster.  The SLIC decomposition is shown on the top left and has 

much more simple boundaries.  The 13th superpixel is shown in the lower right panel.  

Applied to a 2 dimensional matrix such as the time-frequency domain, the algorithm will 

extract a determined number of clusters of similarity of location and intensity.  Unlike an 

actual image, the time-frequency domain representation has dissimilar axes in the x and y 

direction (time vs frequency). 

 

Figure 4-2:  k-means vs superpixel decomposition of fundus.  The top left image is a fundus photograph of one of the 
participants.  The top middle image is a k-means clustering of 20 clusters.  The black lines are the cluster boundaries.  The 
top right image is a SLIC superpixel decomposition with 20 superpixels and a compactness of 0.3.  The lower images show 
the 13th cluster and superpixel for the corresponding decomposition in the image above. 

4.5.9 Texture Analysis 

 

Texture analysis is another technique designed for image processing that can be used on the 

time-frequency analysis.  A popular technique is the Grey Level Co-occurrence Matrix 

(GLCM) approach (Haralick, Shanmugam et al. 1973).  Over a specified number of grey levels 

G and over a square window, a probability matrix is built for each combination of grey levels 

in adjacent pixels in a specified direction or the mean of a set of directions.  For example, 

with 6 levels and a direction 0 radians, a probability matrix is made for each possible 

combination of adjacent pixels left to right.  I.e. (0,0), (0,1), (0,2) …. (4,5),(5,5).  This 

probability matrix P(i,j) : i,j ε {0,1,2,3,4,5} is assigned to the pixel corresponding to the 

middle of the window.  From each probability matrix, a number of textural features can be 

extracted (Xie, Shao et al. 2015) of which 8 have been used in this work: 
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𝑀𝑒𝑎𝑛 = ∑ 𝑖𝑃(𝑖, 𝑗)

𝐺

𝑖,𝑗=1

 4-17 

 

Mean stands for the average grey level of all pixels in the GLCM 

 
𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 = ∑ ∑(𝑖 − 𝑢2)𝑃(𝑖, 𝑗)

𝐺

𝑗=1

 

𝐺

𝑖=1

 4-18 

Variance indicates the rate of pixel’s value changes relative to the mean u 

 
𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦 = ∑ ∑

𝑃(𝑖, 𝑗)

1 + (𝑖 − 𝑗)2

𝐺

𝑗=1

𝐺

𝑖=1

 4-19 

 

Homogeneity indicates the uniformity – differences are weighted by exponential decrease 

with increasing distance 

 
𝐶𝑜𝑛𝑡𝑟𝑎𝑠𝑡 = ∑ ∑(𝑖 − 𝑗)2𝑃(𝑖, 𝑗)

𝐺

𝑗=1

𝐺

𝑖=1
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The contrast measures the degree of local variations.  The weight assigned to each 

probability increases with the square of the distance so where for example P(2,2) is given no 

weight as these pixels in the GLCM are entirely similar. 

 
𝐷𝑖𝑠𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 = ∑ ∑ 𝑃(𝑖, 𝑗)|𝑖 − 𝑗|

𝐺

𝑗=1

𝐺

𝑖=1

 4-21 

 

Instead of the weights increasing with the square, the weights of the dissimilarity measure 

vary linearly with the distance in the GLCM. 

 
𝐸𝑛𝑡𝑟𝑜𝑝𝑦 = − ∑ ∑ 𝑃(𝑖, 𝑗)𝑙𝑜𝑔

𝐺

𝑗=1

𝑃(𝑖, 𝑗)

𝐺

𝑖=1

 4-22 

 

The entropy as per chapter 3 of this thesis measures the information content.  More 

disorder is associated with higher entropy 

 
𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝑆𝑒𝑐𝑜𝑛𝑑 𝑀𝑜𝑚𝑒𝑛𝑡 = ∑ ∑ 𝑃2(𝑖, 𝑗)

𝐺

𝑗=1

𝐺

𝑖=1

 4-23 
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The angular second moment (ASM) is the unweighted sum of squares of the GLCM.  High 

values occur when the texture is very orderly.  The positive square root of the ASM is known 

as the Energy.  The ASM reflects the size of the texture 

 
𝐶𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 = ∑ ∑

(𝑖 − 𝜇𝑖)(𝑗 − 𝜇𝑗)𝑃(𝑖, 𝑗)

𝜎𝑖𝜎𝑗

𝐺

𝑗=1

𝐺

𝑖=1

 4-24 

 

Where μ𝑖 is the mean of i , μ𝑗 is the mean of j, σ𝑖  is the standard deviation of i and σ𝑗is the 

standard deviation of j.  It measures the joint probability of the specified pixel pairs and the 

dependency of levels within the GLCM on those of neighbouring pixels 

 

Figure 4-3:  Sample texture 

Figure 4-3 shows a sample texture.  The upper right panel is a checkerboard pattern, the 

upper left a higher frequency sinusoidal grating, the lower left a lower frequency sinusoidal 

grating and the lower right a gaussian white noise pattern. 
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Figure 4-4:  GLCM texture analysis of sample texture 

Figure 4-4 shows the texture analysis of the sample texture shown in Figure 4-3.  The mean 

is essentially just a moving average and replicates the sample texture but with less 

resolution.  The variance is also very similar to the original.  As expected, the homogeneity is 

greater in the more regular areas and the contrast and dissimilarity is the reverse.  The 

entropy is strikingly greater in the Gaussian white noise patch; recall that a Gaussian 

distribution maximises entropy.  The second moment was very low in the Gaussian patch.  

The correlation could not be computed for much of the sinusoidal and checkerboard areas. 

 

Using this sort of approach on the Short term Fourier Transform of EEG signals, Şengür was 

able to detect periods of seizure activity within the electroencephalogram (EEG) (Şengür, 

Guo et al. 2016).  In that work, the GLCM features were used to train a support vector 

machine (SVM) classifier.  A number of different kernels were used including the radial basis 

function but no intuition about the meaning of the textural features was attempted.  Bajaj 

and colleagues (Bajaj, Rai et al. 2017) extracted texture features from the Wigner Ville 

distribution (WVD) of the EEG to inform a support vector machine (SVM) classifier to detect 

seizures.  They found the angular second moment of the signal to be the most important 

texture feature to inform the classifier. 

 

4.6 Methods 
 

The study was an approved study by the Human Research Ethics Committee of the Royal 

Victorian Eye and Ear Hospital, and it was conducted in accordance with the Declaration of 

Helsinki.  All participants provided written informed consent prior to any study procedures 

being undertaken. 
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Participants 

 

Participants with primary open angle glaucoma were recruited from a private 

ophthalmology practice, and the diagnosis of glaucoma was based on a comprehensive 

clinical assessment by an ophthalmologist based on characteristic optic nerve head 

appearance, the presence of glaucomatous visual field defects and/or neuroretinal tissue 

loss on OCT imaging.  No participants with ocular or systemic diseases that could affect the 

optic nerve such (as choroidal neovascular membrane, extensive macular atrophy, diabetic 

retinopathy, multiple sclerosis or epiretinal membrane) were included and only adult 

patients over the age of 18 were eligible for inclusion in this study.  Both eyes were included 

where glaucoma was bilateral, and only eyes with an acuity of 20/40 (LogMAR 0.3) or better 

were included in the study. 

Information from the medical record 

 

For the glaucoma cohort, information was sourced from the medical record including the 

number of medications, duration of glaucoma and parameters were captured from the 

visual field including mean deviation.  All of the glaucoma patients had undergone prior to 

the test optical coherence tomography scans of macula and optic disc and had optic nerve 

photos taken. 

Standard Automated Perimetry 

 

All participants performed standard automated perimetry (SAP) testing using the 24-2 

Swedish Interactive Threshold Algorithm (SITA) Fast protocol on the Humphrey Field 

Analzyer 3 (Carl Zeiss Meditec Inc.; Dublin, CA), following correction of the spherical 

refractive error component from subjective refraction.  All visual field results had fixation 

losses and false negative responses of ≤ 33% and false positives of ≤ 20%. 

Optical Coherence Tomography Imaging 

 

All participants also underwent optic disc-centered OCT volume scans performed with the 

Cirrus HD-OCT device (Carl Zeiss Meditec Inc.; Dublin, CA) with dilated pupils.  This model 

has superluminescent diode illumination and obtains 27,000 A-scans per second, with an 

overall axial resolution of 5 um.  A scan centred on the optic disc was obtained consisting of 

200x200 A-scans and covering an area of 6x6mm.  The circumpapillary retinal nerve fibre 

layer (RNFL) thickness was derived from this cube from a derived 3.46mm diameter circle 

scan, consisting of 256 A scans with segmentation performed by the instrument.  All scans 

had a signal strength score ≥7, and only those showing correct centration and accurate 

segmentation, were analysed in this study. 
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Estimated Retinal Ganglion Cell Counts (eRGC) 

 

For each eye, an estimate was made of the RGC counts (eRGC) as described by Medeiros 

and colleagues (Medeiros, Lisboa et al. 2012).  This model is based on empirical formulas 

developed by Harwerth and colleagues (Harwerth, Wheat et al. 2010) 

From non-human primates, Harwerth developed a linear model estimating the RCG soma 

density (somas/mm2) loss in dB units at location k (𝑔𝑙𝑘) at an eccentricity (𝑒𝑐) from the SAP 

visual sensitivity (𝑠; dB) via slope (𝑚) and intercept (𝑏). 

 𝑚𝑘 = 0.054𝑒𝑐𝑘 + 0.91 4-25 
 

 𝑏𝑘 = −1.5𝑒𝑐𝑘 − 14.8 4-26 
 

 𝑔𝑙𝑘 = (𝑠𝑘 − 𝑏𝑘)/𝑚𝑘 4-27 
 

Translating the non-human primate work to humans required accounting for the different 

length of the eye in humans vs. non-human primates and the change in visual field 

threshold strategy from full threshold to the faster Swedish Interactive Threshold Algorithm 

(SITA) (Bengtsson and Heijl 1998).  For humans using SITA, the equations became 

 𝑚𝑘 = 0.07128𝑒𝑐𝑘   +  0.91 4-28 
 

 𝑏𝑘 = −1.98𝑒𝑐𝑘 − 14.8 4-29 
 

 
𝑔𝑙𝑘 =

𝑠𝑘 − 1 − 𝑏𝑘

𝑚𝑘
+ 4.7   4-30 

 

The total ganglion cell number SAPrgc is found as 

 
𝑆𝐴𝑃𝑟𝑔𝑐 = ∑ 100.1𝑔𝑙𝑘

𝐾

𝑘=1

 4-31 

 

Noting that the number of ganglion cell axons entering the optic nerve from an area of the 

retina must be representative of the number of cell bodies, the authors also developed an 

estimate of axon numbers from the circumpapillary measurements of RNFL thickness 

measured by OCT.  Recognizing a near linear loss of axons with normal aging and 

remodelling of the nerve fiber layer, the authors fitted the following formula relating axon 

density d (axons/μm2) for a patient of age (ag) in years for a section of the RNFL scan of 

length px in pixels and average height (mh; μm).  A 21.2 pixel length per pixel over a 10.87 

mm scan length was used. 
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 𝑑 = −0.007𝑎𝑔 + 1.4   4-32 
 

And a total axon count a given simply as 

 𝑎 = 21.2 𝑚ℎ 𝑝𝑥 𝑑 4-33 
 

Again, to account for the effect of remodelling in glaucoma and to express the final estimate 

in terms of total ganglion cell axons from OCT imaging (OCTrgc), a mean deviation 

correction c is calculated from the MD in dB as 

 𝑐 = −0.26 𝑀𝐷  + 0.12  4-34 
 

And using the d from equation 8, the OCT model is 

 𝑂𝐶𝑇𝑟𝑔𝑐 = 100.1[10𝑙𝑜𝑔10(10870 𝑑 𝑟𝑛𝑓𝑙)−𝑐] 4-35 
 

Where rnfl is the mean RNFL thickness in μm from the OCT.  

Medeiros and colleagues (Medeiros, Lisboa et al. 2012) finally proposed the use of a 

weighted mean reflecting the inverse relationship between disease severity of SAP and OCT 

estimates where the MD ranged from 0 to -30dB to obtain a final estimated RGC count in an 

eye eRGC as 

 
𝑒𝑅𝐺𝐶 = (1 +

𝑀𝐷

30
) 𝑂𝐶𝑇𝑟𝑔𝑐 −

𝑀𝐷

30
𝑆𝐴𝑃𝑟𝑔𝑐  4-36 

 

4-36was used for the RGC count estimate in this study. 

 

Electroretinogram recordings 

 

Both eyes were dilated with 1% tropicamide drops prior to recording.  Three strand Dawson, 

Trick, and Litzkow (DTL) (Dawson, Trick et al. 1979) wire electrodes were placed in the lower 

conjunctival fornices.  Local anaesthetic drops were placed prior (1% tetracaine).  Gold cup 

skin electrodes (Grass) were used for ground and indifferent electrodes. The indifferent 

electrodes were placed at the lateral canthi and the ground electrode was placed on the 

forehead.  Impedances of all electrodes including the ground were checked using the inbuilt 

meter and were accepted if the impedance was less than 5kΩ.  

An Espion E3 system with the ColorDome ganzfeld stimulator (Diagnosys LLC; Lowell, MA) 

was used to collect the ERG data. For the first step, a blue background of 10cd/m2 (peak 

wavelength 465nm) was used for a preadaptation time of 2 minutes.  A total of 125 flashes 

were then presented at a rate of 2 Hz, with a luminance of 1cd.s/m2 using a red flash (peak 

wavelength 635nm) of 4ms duration.  This step was compliant with the International Society 
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for the Clinical Electrophysiology (ISCEV) extended protocol for the PhNR  (Frishman, Sustar 

et al. 2018).  Step 2 used the same photopic intensity of flash and background, but it was 

delivered as a white-on-white stimulus after a further 2 minutes preadaptation to the 

achromatic background. The stimuli were also presented at a rate of 2 Hz, with a 4 ms 

duration.  The signals were collected with a sample rate of 4kHz (which is higher than the 

minimum 1kHz sample rate specified by the ISCEV protocol for recording the ERG) and an 

epoch length of 150ms, and with 30ms of pre-stimulus recording.  Both raw data and 

filtered (band pass 0.3-100Hz) were recorded and signals with an amplitude of over 150uV 

were rejected. 

 

Marker placement 

 

The location of the a-wave and b-wave from the signal were determined by locating the b-

wave as the global maximum and then the a-wave as the minimum in the segment between 

the start of the vector and the b-wave.  The i-wave was located by determining the first 

peak after the b-wave.  The PhNR1 and PhNR2 were determined to be the negative going 

troughs either side of the i-wave.  A typical ERG averaged trace elicited from chromatic 

stimuli is shown in Figure 4-5 
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Figure 4-5:  Example ERG with markers 

Discrete Wavelet Transform 

 

For this analysis all ERG trace averages from the database were selected where there had 

been results of at least 99 sweeps.  This represented 216 averages.  For each trace, the 

discrete wavelet transform was performed using the WMTSA package in R (Percival 2017).  

All available wavelets in the package were individually utilized and the results of all 

transforms stored in the SQL Server database.  These wavelets consisted of the Haar 

wavelet, the Daublet family (Laba, Smith et al. 2007) d8 to d20, Symlet wavelets s2 to s20 

(Chavan, Mastorakis et al. 2011), Coiflet wavelets c6 ,c12,c18 and c30 (Laba, Smith et al. 

2007) and the best localized wavelets l2, l4, l6 ,l14, l18 and l20 .   

The wavelets and their scaling functions are shown in Figure 4-6 and Figure 4-7 respectively.  

The Haar and d2 wavelets are identical. These wavelets differ in terms of orthogonality (the 
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extent to which the coefficients are correlated), symmetry (which provides linear phase), 

compact support and filter order – an increased filter order of the mother wavelet increases 

smoothness. (Adamo, Andria et al. 2013)    

 

Figure 4-6:  Discrete wavelets used for analysis - wavelet coefficients 

 



130 
 

 

Figure 4-7:  Discrete wavelets used for analysis - scaling functions 

Figure 4-8 shows a typical ERG and the DWT performed in this case with the d8 wavelet 

(Daubechies wavelet with 8 vanishing moments).  The heatmap plot above shows the 

absolute magnitude of the coefficients for the decomposition level crystals.  The panel 

below shows the time domain plot.  Figure 4-9 shows the original signal and each 

decomposition with the magnitude retaining the sign information.  The horizontal axis of 

each subplot has been scaled to retain the same overall width for comparison. 
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Figure 4-8:  Discrete wavelet transform (DWT) of the electroretinogram (ERG).  The upper panel shows the magnitude of the 
detail coefficients of the DWT (scalogram).  The lower panel shows the ERG as a function of amplitude relative to time. 
Values higher up the vertical axis of the scalogram represent higher frequencies. 

 

Figure 4-9:  DWT decomposition of the ERG by level .  The first panel represents the time domain signal.  Each subsequent 
panel shows the detail coefficients plotted on a horizontal axis scaled to the same length as the original time domain signal.  
At the first decomposition level, the length of the signal is reduced by half as it is for each subsequent decomposition level. 
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Optimal wavelet selection was performed by minimizing the ratio of energy to Shannon 

entropy.  The energy for each wavelet was calculated by the sum of the square of all of the 

wavelet coefficients.  The Shannon entropy was calculated by the plug-in estimator for all of 

the coefficients over 20 bins.  The results of this ratio calculation for each wavelet over the 

ensemble were summed to determine the optimum wavelet family.  Bootstrap resampling 

of 55 samples was performed 1000 times to determine the confidence interval.  Resampling 

was performed on participant rather than eye level to minimize bias.  The wavelet selection 

process used the input feature matrix only and not the outcome measure – in a similar 

fashion to principal components analysis.  Cross validation was therefore not required at 

this step. 

To build the predictive model, the coefficients of wavelets at the sixth decomposition level 

(d6 crystal) were used.  Each of these coefficients represented 72 samples(18ms). 

For each of the wavelet families, a predictive linear model was use in R to determine 

correlation between the information contained in the d6 crystal and the retinal ganglion cell 

counts. 

 

Matching Pursuit 

 

The matching pursuit calculations were performed in MATLAB using the wavelet toolbox.  

All ERG trace averages from the database were selected where there had been results of at 

least 99 sweeps.  This represented 216 averages.  All traces were aligned so that the b-wave 

peak occurred at the same point (an index of 200) The Espion filtered traces were used.  The 

data were imported into MATLAB.  

Figure 4-10 shows a sample MP decomposition of the waveform shown in Figure 4-8  with 

the 12 atoms with the highest importance shown.  The upper panel shows the atoms 

themselves and the lower panel shows each atom multiplied by the coefficient.  The sum of 

the traces in the lower panel constitutes the reconstruction. 
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Figure 4-10:  Sample matching pursuit decomposition.  Panel A shows the dictionary of atoms used for the decomposition.  
Panel Bl shows the atoms multiplied by the coefficient.  Note some of the coefficients are negative; the upper right trace of 
panel A has been inverted in panel B.  The decomposition consists of the coefficients for each atom in the dictionary. 

 

Figure 4-11:  A selection of atoms from the Gabor dictionary 
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Dictionaries were created in MATLAB for the matching pursuit algorithm.  A variety of 

dictionaries were tested including a custom Gabor dictionary (Chu, Narayanan et al. 2009) 

and all available wavelet packets from the wavelet toolbox.  The generating wavelet packets 

from the toolbox were: Coiflet, Daubechies, Meyer, Fejer-Korovkin and symlet. Like the 

DWT, these resulting dictionaries had varying properties.  The Feyer-Korovkin wavelet 

packet is said to generate more concentrated wavelet packets with less leakage of high 

frequency noise (Kadir, Saha et al. 2021). 

The Gabor dictionary was constructed as per Chu (Chu, Narayanan et al. 2009).  A selection 

of atoms from the Gabor dictionary is shown in Figure 4-11.  A Gabor is a point by point 

product of a cosine and a Gaussian function and the parameters for the library include the 

spread of the exponential, the frequency of the cosine wave and the number of time shifts. 

Optimization of the dictionary to the ensemble was performed over the choice of 

generating wavelet, the order, and the number of vanishing moments.  For each dictionary, 

a smaller subdictionary of 25 atoms was selected as the top 25 atoms used within each full 

dictionary.  The subdictionaries were compared to one another by decomposing and 

reconstructing each signal and finding the total root mean square error (RMSE) of the 

residuals over the whole ensemble.  The best dictionary was considered that with the 

smallest RMSE.  Again resampling was performed in the same manner as for DWT to 

determine the confidence intervals.  As for the DWT, the outcome measure was not used for 

this step so cross validation was not required. 

Continuous Wavelet Transform 

 

The continuous wavelet transform was performed with the WMTSA package in R using both 

the first and second derivative Gaussian wavelet families.  The matrix of coefficients was 

used for image analysis techniques described below. 

Image based Feature Extraction 

 

The Imager package (Barthelme 2019) was used in R to perform the SLIC superpixel 

extraction from the continuous wavelet and time-frequency distributions.  For the CWT, the 

b-wave aligned waveforms used for the matching pursuit algorithm were used.  For each 

CWT, 25 superpixels were extracted with a compactness of 0.3.  The ensemble of all of the 

superpixel extractions were summed for each of the superpixels and this map used to 

determine the superpixel boundaries.  As the k-means algorithm commences with a random 

seed, each superpixel map was checked to ensure that the superpixel numbering was 

consistent for the whole ensemble. 
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Texture based Feature Extraction 

 

The GLCM package (Zvoleff 2020) was used to extract textural features from the CWT of the 

b-wave aligned ERG traces.   All available features in the package were extracted.  A window 

of 5x5 was used for the analysis with a shift of 1 and the angles 0, 45 90 and 135 degrees 

were specified with the algorithm summing the results for all of those angles.  The features 

were determined to be the sum of values within the region of interest (ROI).  The ROI was 

selected in a time period known to contain the PhNR and a range of frequencies known to 

be affected in glaucoma (Sarossy, Aliahmad et al. 2018).  The ROI is shown as the 

coefficients within the black rectangle of Figure 4-19. 

 

Predictive Modelling 

Initial evaluation of the sets of features was performed by analysing correlations between 

the features and the modelled ganglion cell counts.  The TFD and texture features sets 

showed very little correlation and were not investigated beyond this initial analysis. 

The Caret (Kuhn 2017) package in R was used for predictive model fitting and tuning.  Linear 

and multivariate adaptive regression splines (MARS) were fitted.  Overfitting was avoided by 

using 10-fold cross-validation.  For the MARS models, the degree was set to 1 and the 

maximum number of terms was set to 40.  The degree is the level of interaction of terms 

allowed – in this case none allowed.  An example second degree interaction term would be 

the a-wave amplitude multiplied by the b-wave amplitude.  The number of terms in the 

model is a function of the number of input features and the number of breaks in the hinge 

function.  Without a breakpoint, a single feature will have 2 terms: intercept and gradient.  

With a single breakpoint, this becomes 4 terms: intercept, the 2 gradients and the 

breakpoint location. 

For each of the tuned ‘final models’, the prediction performance of the ERG for the eRGC 

counts was examined based on the proportion of variance explained (R2) by the model.  

Each model was compared to the base case of the PhNR only model.  The significance of 

difference was determined using a bootstrap technique (n = 1,000 resamples) which dealt 

with the within-subject correlations through resampling at the individual level. 

4.7 Results 
 

4.7.1 Characteristics of the Glaucoma Cohort 

 

Characteristics of the glaucoma cohort are shown in Table 4-2 

  



136 
 

 

Table 4-2:  Characteristics of the individuals and eyes with glaucoma in this study 

Characteristics (103 eyes from 55 individuals) 

Individual Level  

Age (years) 75 (66, to 80) 

Gender (female) 21 (38%) 

Diabetes (present) 7 (13%) 

Hypertension (present) 35 (64%) 

  

Eye Level  

Refraction sphere (D) 0.00 (-1.00,  to 0.50) 

Visual acuity (logMAR) 0.0 (-0.1 to 0.1) 

Intraocular Pressure (mm Hg) 15.0 (12.0 to 16.0) 

Mean Deviation (dB) -2.5 (-5.9 to -0.5) 

Retinal Nerve Fiber Layer Thickness 

(µm) 
73.0 (62.8 to 82.5) 

eRGC (‘000s) 601 (470 to 753) 

Continuous statistics presented as median and interquartile range, categorical statistics as number 

and percentage.  logMAR = logarithm of the minimum angle of resolution; eRGC = estimated 

retinal ganglion cell count 

 

 

Figure 4-12:  Histogram of mean deviation 

A histogram of the distribution of mean deviations of the eyes in the cohort is shown in 

Figure 4-12. The majority of the eyes had mild to moderate glaucoma and for some the 

glaucoma was not evident by analysis of the MD alone. 
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Figure 4-13 shows a histogram of the distribution of the average RNFL thickness 

measurements.  As this is a linear measurement compared with the log nature of the MD, 

the distribution is closer to a normal distribution compared to the lognormal shape of the 

MD.  The histogram of the eRGC measure is shown in Figure 4-14.  In this study both eyes 

were included.  The correlation coefficient between the eRGC of the right and left eye in 

subjects where both eyes were tested was 0.61.  Bias was avoided in the bootstrap 

resampling by resampling at a subject rather than eye level. 

 

Figure 4-13:  Histogram of RNFL thickness 

 

Figure 4-14:  Histogram of weighted RGC count 

4.7.2 Mother Wavelet Selection 
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Figure 4-15 shows the result of the energy to entropy ratio calculations over the entire 

ensemble of eyes.  The wavelet with the highest value (and the optimum by this technique) 

is the Coiflet 8 wavelet.  This was the wavelet used for the modelling of glaucoma severity. 

At a sampling rate of 4kHz, the 6th decomposition level represents the frequency band 

centred on 20Hz 

 

 

Figure 4-15:  Energy to entropy ratio for all of the wavelets in descending order.  Wavelets are identified by family and 
length.  C = Coiflet, s = symlet, d= Daubechies, l= best localized.  Higher values indicate more optimum discrete wavelet for 
the decomposition. The error bars show 95% confidence intervals for the bootstrap resampling. 

4.7.3 Superpixel decomposition of Continuous Wavelet Transform 

 

Figure 4-16 shows the ensemble sum of all continuous wavelet transforms (CWT) as a 

heatmap plot for superpixel 21.  These sums were used to form the decomposition map 

shown in Figure 4-17.  Each geographical area in this plot represents a single superpixel.  The 

decomposition is performed by applying this mask to the CWT.  That is the coefficients 

within the CWT that correspond to the map of superpixel 21 are extracted as the sum of 

those coefficients.  The transformed output, like the matching pursuit decomposition, is 

composed of an index (the superpixel number) and the summed coefficients from that area.  
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Like the textural features extraction but unlike the matching pursuit and discrete wavelet 

transforms, reconstruction of the original signal is not possible from the transform. 

 

Figure 4-16:  Ensemble sum for superpixel 21. 

 

Figure 4-17:  SLIC decomposition mask. 

4.7.4 Textural Features of the Continuous Wavelet Transform of the ERG 

The GLCM feature maps for the sample waveform shown in Figure 4-5 are illustrated in 

Figure 4-18.  The region of interest (ROI) used for the calculations is shown in Figure 4-19.  

The value for the parameter was determined to be the sum of the parameters within the 

ROI. 
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Figure 4-18:  GLCM textural features for the sample waveform. 

 

 

Figure 4-19:  Region of interest. 

Table 4-3 shows the correlation between the GLCM features from the ROI and the glaucoma 

severity as measured by the eRGC.  Echoing the results of chapter 3 of this thesis, a small 

but significant correlation was found between the eRGC and the entropy of the texture of 

the signal.  Again, there was decreased entropy with more severe glaucoma (lower eRGC). 
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Table 4-3:  Correlation of eRGC and GLCM measures. 

texture measure Correlation with eRGC p value 

mean               -0.051 0.49 

variance           -0.043 0.56 

contrast           0.128 0.08 

homegeneity        -0.131 0.07 

dissimilarity      0.131 0.07 

entropy            0.134 0.05 

 

4.7.5 Matching Pursuit Dictionary Selection 

 

The Gabor dictionary performed poorly and was not considered for further analysis. The 

results for the matching pursuit dictionary selection are shown in  Figure 4-20.  Optimization 

was undertaken across mother wavelet, order of wavelet and number of vanishing 

moments.  For all of the wavelet packet generators except the Fejer-Korovkin, the order of 

wavelet packet made little difference.  There were small differences between the mother 

wavelets but for all families, the best results were obtained with 6 vanishing moments.  The 

best overall dictionary was that created by the symlet of order 6 (wpsym6) with 6 vanishing 

moments.  
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Figure 4-20:  Matching Pursuit Dictionary Optimization.  RMSE=root mean square error, FK = Fejer-Korovkin wavelet.  The 
bar graphs show the residual sum of squares from reconstruction of the ensemble traces for different mother wavelet 
packets (by panel), vanishing moments (abscissa) and order of wavelet packet (by colour).  Error bars represent 95% 
confidence intervals from the thousand fold bootstrap resample. 

An example of a stepwise reconstruction is shown in Figure 4-21  The top panel shows the 

original signal.  Lines have been placed at the a-wave and b-wave peaks for reference.  

These lines have been duplicated on the bottom pane and the signal reconstructed from the 

custom dictionary.  Note that the custom dictionary is the 12 best atoms on average from 

the matching pursuit algorithm across all of the traces.  Here, the signal is reconstructed and 

the process illustrated from the 5th to 12th iteration.  In this particular case with this trace 

and dictionary, the reconstructed wave shows good concordance for the a-wave and PhNR 

but the fit for the b-wave peak is not as good. 



143 
 

 

Figure 4-21:  Matching pursuit reconstruction. 
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Figure 4-22: Order of MP decomposition sum of squares error 

The asymptotic process of fitting the atoms is shown in Figure 4-22 with the sum of squares 

error dropping at a decreasing rate with additional atoms.  A full decomposition with the 

1024 atom dictionary would yield a near perfect fit but at the cost of near 1024 parameters.  

Analogous to the utilisation of the wave amplitudes, this decomposition yields a set of 

features that is much smaller than the length of the original signal vector. 
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4.7.6 Models with conventional features 

 

Table 4-4:  Predictive performance conventional features 

 

   P-Value for Comparison Between 

 

R2 PhNR vs. Markers Linear 

vs. 

MARS 

Chromatic vs. 

Achromatic 

 Linear MARS Linear MARS Linear MARS 

Chromatic        

   PhNR 0.09 0.11 
0.04 0.04 

0.26 0.32 0.40 

   Markers 0.22 0.33 0.04 0.24 0.24 

        

Achromatic        

   PhNR 0.16 0.18 
0.04 0.04 

0.26 - - 

   Markers 0.31 0.45 0.04 - - 

PhNR = photopic negative response.  Significance adjusted for multiple comparisons with the method of Benjamini (Benjamini and 

Yekutieli 2001) 

 

The PhNR/B ratio gave poor predictive performance with R2 values ranging from 0.028 for 

the linear chromatic model through to 0.073 for the MARS chromatic model.  Table 4-4 

summarizes the predictive ability of the different models using the ERG for the eRGC 

measure for the PhNR alone and the full set of markers.  The predictions of eRGC were 

significantly better with the models utilising the full feature set from the ERG, compared 

with those using the PhNR alone (P ≥ 0.02 for all). The predictive performance of the MARS 

models was also significantly better than the linear models using the full set of markers (P = 

0.01 for both), but not when using the PhNR alone (P ≥ 0.14 for both).  Finally, the models 

derived from ERG recordings with achromatic stimuli performed better at predicting eRGC 

counts than ones using chromatic stimuli, but it this difference did not reach statistical 

significance (P ≥ 0.19 for all). 

  



146 
 

4.7.7 Models with time-frequency features 

 

Table 4-5:  Predictive model performance time-frequency features 

   P-Value for Comparison Between 

 R2 PhNR vs. TFA Linear 

vs. 

MARS 

Chromatic vs. Achromatic 

 Linear MARS Linear MARS Linear MARS 

Chromatic        

  Markers 0.21 0.34   0.021 0.235 0.244 

  Superpixels 0.46 0.43 <0.001 <0.001 0.390 0.334 0.024 

  MP   0.35 0.45 0.035 0.146 0.101 0.259 0.008 

  DWT 0.25 0.57 0.334 0.010 <0.01 0.277 0.424 

  MP + markers 0.43 0.63 0.001 <0.001 0.005 0.005 0.146 

  DWT+ markers 0.41 0.53 0.001 0.021 0.083 0.083 0.369 

Achromatic        

  Markers 0.31 045   0.025   

  Superpixels 0.51 0.71 <0.001 <0.001 0.021   

  MP 0.44 0.72 0.050 <0.001 <0.001   

  DWT 0.33 0.55 0.390 <0.001 <0.001   

  MP + markers 0.50 0.73 0.010 <0.001 <0.001   

  DWT+ markers 0.47 0.56 0.019 0.118 0.122   

MP=matching pursuit, DWT=discrete wavelet transform. Significance adjusted for multiple comparisons with 
dependent statistics by the method of Benjamini (Benjamini and Yekutieli 2001) 

 

Table 4-5 show the final model fit performance for the time-frequency feature sets.  MARS 

and Linear models showed highly significantly better performance in predictive ability than 

the PhNR alone.  MARS generally performed better than linear and achromatic stimulus 

yielded a better predictive performance than chromatic with the MARS models for all 

models but the PhNR alone.  For the linear models, the achromatic stimulus performed 

significantly better only for the models using the discrete wavelet transform features. 
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Figure 4-23:  Model v actual rgc count linear achromatic marker 

Figure 4-23 illustrates the fit of the 5 marker linear model compared to the actual weighted 

ganglion cell counts.  The line represents the line of best fit.  What is interesting is that the 

line of best fit has a negligible intercept and a near perfect gradient of 1.  The fit shows fair 

homoscedasticity as shown in Figure 4-24. 
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Figure 4-24:  QQ plot of linear model fit 

Our previously described normalized PhNR measurement performed poorly in predicting 

the ganglion cell soma counts with the linear model.  The addition of the extra markers did 

not add significantly to the model performance over inclusion of the b-wave alone. 

 

4.8 MARS model fits 
 

There is a plethora of models that can be fitted, tuned and cross validated to the feature 

matrix.  Most of the models offer poor intuition and are black-box like.  Multivariate 

Adaptive Regression Splines (Friedman 1991) offers reasonable intuition and moderately 

low complexity.  The technique fits a linear combination of predictor hinge functions so that 

the coefficient applied to a predictor varies piecewise according to its magnitude.  It can 

dramatically increase the degrees of freedom of a model as the parameters include the 
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coefficient and hinge point for each predictor.  There is at this point, no accepted way of 

evaluating model fit by Akaiki information criterion (AIC) (Akaiki 1973) or similar criteria. 

Fitting these models is implemented in R in the Earth Package (Milborrow 2017).  This title is 

a play on words viz. the planet Mars. To explain the process, an illustration will be made for 

the markers model of the achromatic stimulus. 

The summary of the model from R is shown in Enclosure 4-1.  The text states that 4 of 5 

predictors were used and the hinge functions show that the b-wave marker was pruned 

from the model.  The termination or stopping condition in this example was when the 

number of terms had reached 21.  The default for the tuning process is the {larger of (20 or 

2 times the number of features) plus 1} up to a maximum of 200.  The enclosure indicates 

that the stop condition was triggered when the number of terms reached 21. 

 

As per Enclosure 4-1, the ganglion cell model has an intercept of 940 162 ganglion cells and 

the only term that can increase the count is the i-wave term.  Larger a-wave absolute values 

(more negative) reduce the ganglion cell count less but the effect has two gradients and 

Call: earth(x=matrix[79,5], y=c(937500,789300...), keepxy=TRUE, degree=1, 

nprune=40) 

[ 

                 coefficients 

(Intercept)         940162.91 

h(a- -30478.5)       -44.60 

h(a- -24662.6)        41.89 

h(i-25604.1)          13.14 

h(P2- -29860.3)       -10.00 

h(-22892.4-P1)        -12.98 

 

Selected 6 of 16 terms, and 4 of 5 predictors (nprune=40) 

Termination condition: Reached nk 21 

Importance: a, P2, P1, i, b unused 

Number of terms at each degree of interaction: 1 5 (additive model) 

GCV 37801373877    RSS 2.212577e+12    GRSq 0.2726797    RSq 0.4472174 

Enclosure 4-1:  Model output from R for achromatic marker model 
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saturates.  Conversely, more negative PhNR1 wave amplitudes reduce the ganglion cell 

count more.  Higher i-wave amplitudes increase the number of predicted ganglion cell 

somas after a threshold.   

The effect of the PhNR2 wave amplitude is semi-intuitive.  This is referenced to the baseline 

and more negative values reduces the ganglion cell count by less (ie increases the total 

soma count predicted by the model).  This effect is up to a ceiling of around -29mV.  The 

effect of this term on soma count predictions continues even through positive values of the 

marker.  The process driving the negative going wave underlying the PhNR1 and PhNR2 has 

physiological plausibility in that it corresponds to the time when the ganglion cells would be 

firing. 

 

We will consider an individual case from the achromatic stimulus data.  The ERG marker 

parameters are as follows:  

marker Amplitude (nv) 

a  -2 295 

b 107 761 

PhNR1 17 601 

i 7 539 

PhNR2 8 957 

 

For each of the terms, the effect on the ganglion cell estimate is shown on the 

corresponding graph in Figure 4-25.  The value in nV is projected by the red line to the graph 

intersection and the value of the term is read off the vertical axis at the level of the blue 

line.  The result summing the terms and the intercept is 287, 902. 

In this example, the PhNR2 and i-wave have no effect, the a-wave and the PhNR2 terms 

contribute to give an overall estimate of RGCs of 287, 902, being similar to the estimate of 

322, 678 RGCs for this example determined from the visual field and OCT data.  
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Figure 4-25:  MARS model - achromatic stimulus 

  

 
 

  
 1 
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4.9 Effect of Diabetes and Hypertension 
 

 

Table 4-6:  Effect of diabetes and hypertension on the eRGC 

Characteristics present absent significance 

Diabetes    

 number 12 91  

 eRGC (‘000s) 531.32 (187.1) 612.56 (225.8) 0.18 

    

Hypertension    

 number 64 39  

 eRGC (‘000s) 573.44 (225.5) 651.76 (216.2) 0.08 

eRGC = estimated retinal ganglion cell count  mean (sd).  Significance calculated by 2 tailed t test 

 

There was a small but non-significant difference in the eRGC count between eyes of patients 

with and without diabetes and systemic hypertension.  This is shown in Table 4-6. In both 

cases, the presence of the systemic disease was associated with a reduction in the eRGC.  

The benefit of including the presence or absence of these conditions within the predictive 

models was tested.  For all of the MARS models, the two systemic disease parameters were 

automatically tuned out of inclusion – that is the final models did not include terms for 

these two conditions.  For each of the linear models, the Aikake Information Criterion (AIC) 

was tested with the parameters included or excluded.  For every model, the AIC was higher 

with the two systemic parameters included, indicating that models including these features 

had a lower goodness-of-fit then models which did not include them.  These findings 

suggest that these two features do not affect the electroretinogram independently of the 

association with glaucoma. 
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4.10 Discussion and Summary 
 

Glaucoma is a disease of dysfunction and death of retinal ganglion cells (Chrysostomou, 

Trounce et al. 2010).  The pathophysiology at a cellular level is complex but there has been 

much recent progress in the field (Tribble, Vasalauskaite et al. 2019).  Manifestations of the 

initial dysfunction include changes in the mitochondria (Williams, Harder et al. 2017), 

dendrites (Williams, Howell et al. 2013) and synapses (Berry, Qu et al. 2015).  Ultimately 

ongoing stress leads to apoptosis (Reichstein, Ren et al. 2007) from which there can be no 

recovery.  There is much interest (Fry, Fahy et al. 2018) in the potential to identify this pre 

terminal dysfunction in retinal ganglion cells as it is possible that, with decrease in metabolic 

stress, the cells could recover. 

For a clinician managing a patient suspected of having glaucoma there are a small number 

of critical decisions.  First, whether the patient has glaucoma and needs treatment.  In 

statistical learning, this is posed as a classification problem: given the feature set, what is 

the probability that the individual falls into one of two or more classes – generally glaucoma 

versus non-glaucoma.  In reality this is a relatively trivial problem in that in the borderline 

cases where there is a potential delay in diagnosis, the actual loss of opportunity to treat 

will rarely lead to a catastrophic and permanent loss because the clinician will review the 

individual and retest in an appropriate timeframe.  There could be a subset of patients who 

have an underlying vulnerability and who could be susceptible to sudden and catastrophic 

loss but this is not generally known 

Once a decision to treat glaucoma has been made, there are relatively few alternatives 

available to the clinician.  Caloric restriction (Guo, Kimura et al. 2016) , resveratrol (Luna, Li 

et al. 2009) and vitamin B3 supplements (Hui, Tang et al. 2020) have been proposed and 

have some potential.  Neuroprotection (Yadav, Sharma et al. 2020, Kumar, Ramakrishnan et 

al. 2021) and agents that directly affect the retinal microcirculation (Park, Kwon et al. 2011) 

are another alternative mode of treatment.  The overwhelmingly most important method of 

treatment however is reduction of the intraocular pressure. 

There are many methods to reduce the intraocular pressure including a range of topical eye 

drops, surgical and laser procedures.  All methods have the potential for complications and 

adverse effects as well as financial cost so that the clinician needs to determine the 

cost/benefit ratio of the treatment and an appropriate review period.  In practice, for most 

patients any target intraocular pressure is achievable although the cost in risk, side effects 

and monetary cost is often too great and the decision revolves around the assumption of an 

appropriate risk and cost target intraocular pressure. 

Appropriate investigations are therefore essential in making both of these key clinical 

decisions.  The OCT is a structural test.  It can in theory detect sick ganglion cells via changes 

in the size of the somas, the interstitial spaces or the synaptic zones (Kalesnykas, Oglesby et 

al. 2012).  It is, however, generally thought that OCT changes represent permanent loss of 

ganglion cell somas. 
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Perimetry is a functional test and therefore is affected by the combination of ganglion cell 

loss and dysfunction.  The difference between the structural loss and the functional loss 

could in theory predict the extent to which recovery is possible.  Some dysfunctional cells 

however have no potential for recovering even partial function.  Measurement of the visual 

field through psychophysical experiments does however interpose a large degree of 

neurological processing between the site of pathology (the ganglion cell) and the 

measurement of the response (patient pushing a button). 

Electrophysiological testing does have the potential to more directly measure the function 

of an individual class of cells and in doing so measure the problem closer to its source.  The 

photopic negative response has been identified as being correlated with glaucoma and 

indeed the results in this chapter show this to be the case.  This is manifested by the 

reasonable R squared values of a linear model using the PhNR as the only predictor. 

The PhNR has physiological plausibility too in that the timing of the waveform corresponds 

with the time that the ganglion cells would be spiking.  Chapter 2 of this thesis explores 

techniques that can enhance the repeatability of the response. 

At first glance, it would seem implausible that the a-wave or b-waves could be affected by 

glaucoma and that therefore they would have limited predictive value in determining the 

disease severity.  These waves are known to come from the photoreceptors and bipolar cells 

respectively – cells not directly affected by glaucoma.  With the linear modelling, a 

moderate increase in R squared was observed by the inclusion of the b-wave – more so for 

the chromatic than the achromatic stimulus.  This was of course at the expense of an 

additional degree of freedom in the model.  Inclusion of the full suite of markers improved 

the prediction still further but again at the cost of additional degrees of freedom. 

There are several potential explanations for this phenomenon.  First, the b-wave amplitude 

could be used as a normalizing factor – accounting for overall gain changes between eyes or 

between sessions.  This approach has been used before by measuring the PhNR amplitude 

from the b-wave peak or by inclusion of the a-wave and b-wave marker voltages in the 

construction of a composite ratio (Wu, Hadoux et al. 2016).  In general, these composite 

measures have increased reliability at the expense of correlation with glaucoma severity. 

Structural and functional changes in the ganglion cell and outer plexiform layer could have 

effects on the physiology of the cellular processes generating parts of the signal before the 

b-wave and so that the possibility remains that the ERG could have detectible changes 

before the PhNR peak and even before the b-wave peak. 

The central hypothesis of this chapter is that the ERG contains information relevant to the 

determination of the overall state of ganglion cell function.  The ganglion cells carry a 

maintained discharge and light stimulation affects the rate and pattern of this discharge.  

Eliminating the action potential with tetrodotoxin was shown to affect the ERG post b-wave 

peak in a similar way to experimental glaucoma.  It is likely that the changes to the firing 

patterns overall and the relative spatial distribution of this firing will change the ERG in the 

time, time frequency and frequency domain. 
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In this chapter, I have explored a number of different approaches to extract features from 

the ERG via a time-frequency approach and to project these results onto an output scale 

which is an overall index of ganglion cell function.  Even with linear modelling, the inclusion 

of extra features from the ERG traces yielded significantly better predictive ability than the 

use of the PhNR amplitude alone.  It is likely that a single process generates the negative 

going wave after the b wave recognises as the PhNR and a different process producing the 

upgoing i-wave overlaps the response; dividing this into PhNR1 and PhNR2.  A MARS 

modelling approach allows the inclusion of all three markers and corrects for collinearity 

between them.  A time-frequency approach such as demonstrated in this chapter could 

isolate the two processes  even more efficiently. 

With a more sophisticated model such as MARS, use of the more novel features resulted in 

substantially better predictive ability.  The potential criticism of overfitting is negated here 

by 10 fold cross-validation and parameter tuning.  Some computational complexity exists in 

implementing any of these techniques although open source libraries for Python are 

available. 

In one sense, a perfectly predictive model where the ERG can flawlessly replicate the 

estimate of retinal ganglion cell soma counts is not the optimum outcome.  If the same 

estimate of the state of glaucoma can be obtained by less invasive and complex means (ie 

Standard Automated Perimetry and OCT) then there is no predictive value in the ERG for 

this application. 

On the other hand, if the ERG provides information which is only partially correlated with 

the SAP or OCT, then the possibility exists that it will in fact provide additional useful 

information.  This cannot be determined from a cross sectional study like this one but would 

rather need a longitudinal study and the fitting of a model of what was known compared 

with what ultimately happened. 

Although higher predictive performance was obtained by the time frequency models 

compared with markers alone and also by MARS compared with linear models, the higher 

complexity models are much less intuitive. 

The importance of this work is therefore a demonstration that information relevant to the 

diagnosis and management of glaucoma exists within the ERG signal.  Black box classifiers 

and regressors can be built using complex features and models but ultimately the clinical 

application will be limited as clinicians may not be able to understand the model or its 

recommendations. 

Another limitation of this particular study is that although very good predictive performance 

was demonstrated for the dataset used in the study, it is not clear whether the results can 

be generalized to another dataset or the population in general. 

The elegance of the approach of Meideros in defining an index of ganglion cell function from 

a combination of objective parameters is extended by this work.  Models were developed 

and the predictions of ganglion cell counts correlate well with the numbers determined by 

the combination of perimetry and OCT.  Importantly, all of the correlations have a trivial 
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intercept so that if the Meideros model predicts zero ganglion cells then the ERG models 

would predict the same. 

The limitations of this study include the relatively small sample size and the relatively small 

range of glaucoma severities.  Further work could include a repeatability study to explore 

whether time-frequency features have test-retest repeatability in individual patients and 

how these compare to the repeatability of conventional ERG amplitude measurements. 

This study was cross-sectional in nature and a valuable extension to this work would be to 

explore if the features derived from the ERG change over time with the progress or 

treatment of glaucoma in individual patients.  As the aim of the glaucoma physician is to 

prevent the progression of glaucoma, these types of natural history studies are always 

difficult to do. 

Finally, even better predictive performance might be attainable by a mixture of different 

types of features such as ERG amplitudes, latencies and various features extracted through 

different time frequency techniques.  In that case though, intuition and interpretation 

would be even more difficult. 

In summary, the experimental work has shown that severity of glaucoma as measured by a 

combined structure-function measure of ganglion cells can be modelled with conventional 

amplitude measurements from the ERG and that predictive performance can be further 

enhanced with time-frequency feature extraction.  The work makes a compelling case that 

information about the severity of glaucoma exists within the electroretinogram and that 

further work may yield a way of processing the ERG to provide the glaucoma physician 

useful clinical information in the management of individual patients. 
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Chapter 5  

Summary and Future Directions 
 

5.1 Introduction 
 

The key clinical decisions in glaucoma are the early diagnosis and the assessment of the 

adequacy of treatment.  Currently, these decisions are made on the basis of structural and 

functional assessments of the eye – most importantly changes in standard automated 

perimetry (SAP) and in the thickness of the peripapillary retinal nerve fibre layer (RNFL) of 

the Optical Coherence Tomography (OCT) scan (Stein, Khawaja et al. 2021).  The two 

measures have the potential to differ and in doing so uncover a structure-function gap that 

can indicate the potential for recovery (Ahmed, Waisbourd et al. 2021).  The 

electroretinogram is an objective test of retinal function and has the potential to offer the 

glaucoma physician extra relevant clinical information in making decisions about the need 

for or adequacy of treatment.  The Photopic Negative Response (PhNR) is a measure of 

ganglion cell activity (Viswanathan, Frishman et al. 2001) which is elicited without the need 

for high acuity or prolonged dark adaptation (Frishman, Sustar et al. 2018).  Small portable 

devices are available that can measure the response without the need for a dedicated 

laboratory (Tang, Hui et al. 2018).  The PhNR however does suffer from a perceived lack of 

repeatability (Tang, Edwards et al. 2014) and there have been no published methods to 

combine the electrophysiological and psychophysical measures of function in glaucoma.  

Addressing these issues with the ERG could lead to the wider adoption of the technique for 

the day-to-day management of patients with glaucoma. 

 

5.2 Summary of findings 
 

This thesis sought to improve the utility of the PhNR by improving its repeatability, exploring 

novel features that can be extracted from the signal and by demonstrating a link between 

the measure and an objective measure of glaucoma severity – the estimated retinal 

ganglion cell count (eRGC). 

Chapter 2 examined adaptive filtering of the electroretinogram (ERG) signal.  Of the 

methods explored to reduce baseline drift and wander, the complete ensemble empirical 

mode decomposition (CEEMDAN) was found to have the best performance.  This technique 

has the additional benefit of being derived from an open-source C++ library, making 
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implementation very simple, as the function can be called from a variety of programming 

environments and implemented in real time. 

Chapter 3 then explored the use of features derived from information and chaos theory to 

classify eyes into glaucoma or non-glaucoma.  The basis for the expected change in 

complexity was that glaucoma reduced the number of spiking ganglion cells and this should 

result in a reduction in the complexity of the ERG signal after the b-wave.  The study showed 

that the Shannon entropy and the Higuchi fractal dimension were the most promising 

features when calculated on ensemble averages.  No complexity features showed significant 

differences between eyes with and without glaucoma when calculated from individual 

sweeps and then averaged.  This might be explained by the large amount of 50Hz noise 

present on each sweep when collected with skin electrodes and the portable ERG device.  

No complexity measure was superior to the PhNR in classifying the eyes into glaucoma and 

non-glaucoma. 

Finally, Chapter 4 used a variety of features derived from the ERG to model the severity of 

glaucoma using the eRGC as the outcome measure.  In the time domain, using a full set of 

amplitude markers proved superior in modelling disease severity than using just the PhNR 

alone.  This result was true regardless of model type or stimulus/background colour.  Multi-

adaptive regression splines (MARS) models performed significantly better than linear 

models when using the amplitude markers, but not when using the PhNR alone.  Both 

chromatic and achromatic stimuli performed similarly.  A variety of novel features based on 

time-frequency techniques were explored.  Predictive models using features based on the 

discrete wavelet transform (DWT) showed the best balance between performance, 

explainability, and reproducibility.  These models were superior to models based on time 

domain features alone and had R squared values of up to 0.57, compared to a 0.11 for a 

model using the PhNR alone. 

 

5.3 Future directions 
 

This thesis explored ways to improve the repeatability and utility of the ERG for the 

diagnosis and severity assessment of glaucoma.  Perhaps one of the most important clinical 

decisions in glaucoma is the detection of progression.  A cross-sectional study such as this 

one cannot determine whether the new techniques described will be helpful for this.  

Progression detection is vitally important because it indicates that the current treatment is 

inadequate and must be modified to obtain an intraocular pressure at which progression 

will not occur.  Although the most rigorous measure of progression would be comparison of 

serial measures of severity, this requires higher levels of confidence in the severity measure 

than can currently be obtained.  As such, many statistical models have been described that 

can detect glaucoma progression from features such as individual point sensitivities from 

the SAP or measures of RNFL, which do not require an explicit determination of glaucoma 

severity.  Whether eRGC will be a suitable measure for detection of disease progression 

remains to be seen.   
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The utility of the PhNR and the other features described in this thesis could be assessed in 

their ability to detect progression in a longitudinal study.  Because the glaucoma physician is 

always attempting to minimize or eliminate the risk of progression, such studies would 

require large numbers of participants and those participants would need to be followed for 

a prolonged period of many years. 

The novel denoising techniques may have utility well beyond the electroretinogram and the 

photopic negative response.  Figure 5-1 shows the application of CEEMDAN denoising to an 

electro-oculogram (EOG) sweep measured from the author.  Dramatic improvement in the 

baseline stability can be seen. 

 

 

Figure 5-1:  CEEMDAN denoising of the electro-oculogram 

The rigorous optimization of mother wavelet selection for the DWT transform may also have 

applications outside of glaucoma when using the electroretinogram.  The technique of 

energy to entropy ratio is ambivalent to the presence of glaucoma and features extracted by 

this technique could have utility for the detection or monitoring of other diseases such as 

toxic or inflammatory retinopathy. 

 

5.4 Conclusion 
 

In summary, this body of work has described a new, efficient, and effective method of 

removing baseline drift and wander from the ERG that might show utility in other areas of 
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electrophysiology.  A new approach to modelling glaucoma severity informed by time-

frequency features suggests that there is much information about the underlying 

pathophysiology of the disease within the ERG.  This may help the development of new 

algorithms to detect disease progression with the potential to save vision, reduce 

observation frequency or both. 
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