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Abstract This paper presents a novel approach to real time automatic flood control in
a managed river network that is subject to uncertain inflows. The proposed approach
uses multiple models to represent inflows ranging from low to high flow. Optimal
model selection is achieved in a minimum mean square error sense using a bank
of Kalman filters to identify the most likely inflow characteristic. There are no a-
priori probabilities assigned to the individual models. Model Predictive Control is
used for water level controller design. Our Adaptive Multi Model Predictive Control
(AMMPC) method is proposed as an alternative to existing techniques that also use
multiple inflow models but with a-priori inflow model probabilities, either weighted
or equally likely. The performance of the approach is demonstrated using a simulated
river-reservoir model as well as using data collected at the Wivenhoe Dam during the
2011 floods in Queensland, Australia.

Keywords Disturbance Rejection, Multivariable control systems, Model Based
Control, Uncertainty

1 Introduction

Flooding in river systems is a common problem that has severe social, economic
and environmental consequences. Flood management is a complex task that is usu-
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ally addressed by in-stream storage reservoirs to buffer excess inflow and hydraulic
structures (gates) to control the rate of discharge in the river network after periods of
heavy rainfall. This infrastructure is typically managed using rule based methods that
rely on local river operators’ experience and judgment [21,35]. The main disadvan-
tage of these approaches is that they are usually based on water level measurements
in reservoirs and do not systematically take into account future predictions of rainfall
and the resultant catchment inflows.

Time series modeling has been successfully applied to predict streamflow based
on precipitation measurements in the catchment [37,42]. A successful approach in-
corporates parallel models which capture the so called quick flow and slow flow com-
ponents [22]. Using this approach, more recent studies have shown improvements in
streamflow forecasting by combining multiple models or generating ensemble esti-
mates [5,11,12]. Such models can be used to systematically incorporate streamflow
predictions into water control.

Automatic control has been widely applied to the regulation of water networks.
Regulation of water levels in open canals for irrigation has a long history [8,20,27,
33,41]. Regulation of flows in urban water supply networks has focused on avoiding
overflows from the sewerage into the supply network [26,31]. River systems present
a much more complex set of objectives. Automatic control has been applied to prob-
lems in river navigation [34], hydro power generation [10], and water quality man-
agement [18,19]. It has also been applied extensively to flood management [3,4,6,7,
13,14,24,32].

Model Predictive Control (MPC) is rapidly emerging as the method of choice
for the design of automatic controllers. The benefits of MPC are, its ability to incor-
porate external disturbances to the system model and the convenience of applying
constraints. With regards to flood control, disturbances are the inflows into the river
network. In [4], a discrete time non linear model is used to model the river system
considering the gate movement as well. This model is capable of capturing the non
linear flow characteristics during a flood event. Simulations are used to show that
MPC applied on this model is suitable for controlling floods in Demer river in Bel-
gium.

A common assumption in previous work is that inflows are known a-priori. It is
likely however, that streamflow characteristics may change suddenly in response to
unexpected rainfall or due to unmeasured variables such as existing soil moisture in
the catchment. In contrast to [4] where disturbance is assumed to be known, [30]
considers disturbance uncertainty. The authors propose a new algorithm based on
Multiple Model Predictive Control (MMPC). A Monte-Carlo analysis is carried out
to generate an ensemble of predictions of the inflow. This results in a range of inflow
scenarios and their probabilities. These scenarios correspond to multiple models on
which predictive control is applied with a-priori probabilities acting as weighting
factors. For instance, disturbance scenarios of three severity levels are considered.
The probability of occurrence of these scenarios is estimated by using the ensemble of
predictions. The risk of flooding is minimized by optimizing the outflow considering
all of the disturbance models. Optimization is carried out by taking an ensemble
average of individual cost functions derived for each of the models.
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Inflow uncertainty is also addressed in [23] to develop an MPC framework for
flood management, and evaluated on data collected at the Wivenhoe reservoir during
the 2011 Queensland floods in Australia. In this paper, the set of all possible distur-
bances are considered where each inflow condition of the set is assumed to have the
same probability. These disturbance conditions are formulated as a set of constraints
and are applied to the MPC system. Robust control action for the reservoir outflow is
calculated such that the system constraints also are not violated.

An alternative approach to handling uncertain disturbances was presented in [2]
and is denoted Multiple Model Adaptive Control (MMAC). In this approach, a bank
of multiple models is derived based on multiple disturbance scenarios. However a-
priori values of probabilities are not available or assumed. Individual controllers are
applied to each model. At the same time, measurements from the system output are
fed to a bank of Kalman filters which correspond to the bank of models. The Kalman
filter residuals are used to weight the corresponding MPC controller outputs.

This paper investigates the thesis that knowledge of the most likely inflow charac-
teristic can improve the performance of a flood control strategy. It takes the approach
in [2] and uses the Kalman filter to dynamically estimate the inflow that is most
likely in a minimum mean square error sense. The main difference from [2] is that,
this paper considers future disturbances. In order to optimize the control here we ap-
ply MPC. Therefore we call our method Adaptive Multi Model Predictive Control
(AMMPC).

The performance of our AMMPC methodology is first evaluated using simu-
lated data. The results show a significant improvement over the approach in [30].
It is also evaluated using field data from the 2011 Queensland floods and compared
against [23].The results demonstrate a significant improvement in performance over
the scheme suggested by operational manual of Wivenhoe reservoir [35]. It has ob-
tained a 32% lower peak volume level compared to the results in [23] while main-
taining the same peak outflow level. According to [36], flood water has to be emptied
from reservoir within 7 days after a major event. AMMPC method is shown to release
99% of the excess flood volume by the end of the major event while less amount of
water is released by the method in [23].

The remainder of this paper is organized as follows. Problem formulation is car-
ried out in Section 2 and Section 3 covers the methodology. Section 4 outlines nu-
merical results where the benefits of our AMMPC method are demonstrated. Section
5 concludes the paper with a short discussion of results.

2 Problem Formulation

As stated in typical river operation manuals [21,36], the objective of flood control
is to minimize the likelihood of downstream river bank overflows by using reservoirs
as buffers. River operators must also avoid overfilling or depleting storage reservoirs.
Figure 1 is a schematic representation of a simplified river network consisting of two
storage reservoirs and two inflows. The reservoirs are equipped with flow regulation
devices (gates). The reservoir water levels are denoted byh1 andh2 with units of
meters above a common reference point (e.g. mean sea level). The controlled outflow
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Fig. 1 Structure of a typical regulated river system:q1 andq2 are the inflows,u1 andu2 are the controlled
outflows,h1 andh2 are the water levels (measured at downstream end) of the Reservoir 1 and Reservoir 2,
respectively. There are no overflows under the controlled optimal outflows. (q3 = u1+ q2)

or discharge from reservoirs 1 and 2 are denoted byu1 andu2, respectively, and have
units m3/min. The inflow into Reservoir 1 is denoted byq1 in m3/min. The inflow
into Reservoir 2 is the sum of the outflow from Reservoir 1 (u1), and the inflowq2,
also having unitsm3/min. Variables used throughout this paper are listed in Table 1.

Main concern of this paper is real time flood management when there is uncer-
tainty in the inflowsq1 andq2. If one has complete a-priori knowledge of these flows
then it is possible to compute the controlsu1 andu2 using optimal control theory [4].
In practice however, there can be a significant uncertainty inq1 andq2 due to spatial
and temporal variations in expected rainfall and existing soil moisture levels across
the catchment.

2.1 System Model

The first step is to adopt a modeling methodology for the river dynamics. The
model must accurately reproduce the system dynamics for given inputs (e.g. inflows).
In this case, the dynamics of interest include water levels and flow rates at key points
of interest in the system. The most accurate approach is based on finite elements
models that are derived using the river’s underlying hydro dynamic principles. An
example of this approach is the use of the Saint Venant hydrodynamic equations for
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Table 1 Nomenclature

Symbol Definition Units

k Time step index −
Tc Sampling time min
As Area of reservoir m2

h1,h2,h∗1,h
∗
2 Present/ target water levels in Reservoir 1 and 2 m

q1,q2,u1,u2 Inflows/ outflows of Reservoir 1and 2 m3/min
α1,α2 Balancing constants between flows and water levels for Reservoir 1 and 2min/m2

n1,n2 Time delays as multiples ofTc −
β , τ, α Impact/ time delay/ decay-rate of streamflow m2/min, min, m3/min2

i Band index of catchment -
r i Rain overith band mm
w,v Process/ measurement noise m
Qk,Pk Variance of process/ measurement noise m2

xm State of combined model −
u Manipulated input m3/min
y Output −
Am,Bm,Cm,Bd Characteristic matrices of state space and augmented state space models−
A,B,C,R −
x Augmented state −
N,Nc Prediction/ control horizon min
∆ rc,∆uc Change of precipitation forecasts/ manipulated input over control horizonmm,m3/min
yc Output states over control horizon −
∆ r ,∆u Change of precipitation forecasts/ manipulated input over one sample timemm,m3/min
∆xm Change of state over one sample time m
rs Target state −
Φ1,Φ2,F Matrices predicting states/ inputs/ outputs over control horizon −
J Cost function −
Ws, R̄ Output/ input weights −
ψ1,ψ2,ν1,ν2 Outflow/ change of outflow constraints m3/min
pi Probability ofith model being the actual model −
ei ,Si Residual vector/ covariance matrix ofith model m,m2

v,vFSC Volume/ Full supply capacity of Wivenhoe m3

q, q̄ Actual/ most likely inflow into Wivenhoe m3/s
din Uncertainty vector of inflows m3/s
q̄rain Streamflow prediction with precipitation forecasts m3/s
q̄som Inflow due to release from Somerset m3/s

modeling flows in open canals [1,9]. There are many software tools associated with
this approach e.g. MOUSE, SIMBA, SIPSON, HYDROWORKS, KANSIM [26].

The alternative is the so called gray box approach which is loosely based on
physical principles but largely rely on linear time invariant models validated using
system identification principles [29]. This approach has been successfully used to
develop models for open canals [40,41], river systems [15–17] and sewer networks
[26]. Since most mathematically tractable and practical controller design strategies
rely on linear time invariant models [26,28,41], we closely follow the gray box ap-
proach presented in [26,30,34] to model the river dynamics.

The starting point for the model is the conservation of volume and flow. For the
water levelh in a reservoir, this can be expressed as

dh
dt

= α[qin(t−δ )−qout(t)] (1)
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whereqin is the inflow,qout is the outflow andα is a constant of proportionality.
The transport delayδ , appears in (1) because the water levelh is presumed to be
measured at the downstream end of the reservoir. For a river reach section we have
the following simple model which gives the downstream flowqd by,

qd(t) = qu(t−δ ) (2)

wherequ is the upstream flow and here againδ is a transport delay from upstream to
downstream.

It is important to note that (1) and (2) are linear models. However, it is well known
that in flood conditions, natural river systems can exhibit non-linear dynamics. For
example, the transport delay in (2) may be a function of flow rate. One way to handle
this is to use non linear models. This may require non linear controller design. An
alternative approach is to approximate the range of system dynamics by a bank of
linear models. In this case, the control strategy may involve switching between the
models. This paper does not address this issue and focuses instead on the additional
challenge of uncertain disturbances. Future work will address the issue of non linear
dynamics.

We shall be designing a discrete time controller and this requires a discrete time
model. The following simple Euler approximation can be used to approximate the
derivative in equation (1) :

dh
dt
≈ h(Tc(k+1))−h(Tc(k))

Tc
(3)

whereTc is the sample period andk is the time step index. From (1) and (3) the water
levelh1 in Reservoir 1 is given by

h1(k+1) = h1(k)+α1(−u1(k)+q1(k−n1)) (4)

wheren1 = δ1/Tc andδ1 is the time delay forq1’s effect to appear as a change inh1

which is measured at the downstream end of the reservoir. By using (2), the flow rate
q3 into Reservoir 2 is given by

q3(k) = u1(k−n4)+q2(k−n4) (5)

wheren4 = δ2/Tc andδ2 is the transport delay along the river reach. Both the flows
are measured at the same spot. By combining (3), (4) and (5) the water levelh2 in
Reservoir 2 is given by

h2(k+1) = h2(k)+a2(q3(k−n3)−u2(k))
= h2(k)+α2(u1(k−n2)+q2(k−n2)−u2(k)) (6)

wheren2 = n3 + n4. In equations (4) and (6),q1 and q2 are hereafter denoted as
disturbances andu1 andu2 are denoted as controls to be calculated.

The first order linear time invariant models derived here, have been systemati-
cally applied to control design for irrigation canals. The key challenge is identifying
the coefficientsαi and the transport delaysni . The work in [29,40] employs system
identification theory to solve this problem. As indicated before, linear time invariant
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models do not capture all the system dynamics. However, linear higher order models
or multiple model approach can be applied. In this paper we do not solve the iden-
tification problem and simply assume parameter values. In the case of the numerical
results on the Wivenhoe dam, we use system model parameters presented in [23].

2.2 State Space Model

Armed with the models in equations (4) and (6) the next step is to develop a state
space representation of the system dynamics [4]. The state space formulation makes
it easier to handle the transport delays, and is required for the MMPC approach used
here. We start this derivation by introducing the state variables

s1(k) , h1(k) and s2(k) , h2(k).

We also introduce state variables to store current and past value of the variablesq1(k),
q2(k) andu1(k) such that,

si1(k) , qi(k−1) i=1,2

si2(k) = si1(k−1) = qi(k−2)
...

siN(k) = siN−1(k−1) = qi(k−N)

ti1(k) , ui(k−1) i=1

ti2(k) = ti1(k−1) = ui(k−2)
...

tiN(k) = tiN−1(k−1) = ui(k−N).

In this paper, symbols with bold capital letters represent matrices and values within
subscripted parentheses show their sizes. Bold simple letters represent vectors. A new
state vectorx(k) is defined as

x(k)= [s1(k) s11(k) · · · s1n1(k) s2(k) s21(k) · · · s2n2(k) t11(k) · · · t1n2(k)].
T

We can now express (4) and (6) in a state space form as

x(k+1) = Amx(k)+Bmu(k)+Bqq(k)

whereq(k)= [q1(k) q2(k)]T andu(k)= [u1(k) u2(k)]T . Values ofq(k), k = 1· · ·Nc

can be either known or a source of inflows such as a streamflow model will update
their values. Tedious but straightforward manipulation results in

Am =




A1(n1+1×n1+1)

... 0(n1+1×2n2+1)

· · · · · · · · · · · ·
01(2n2+1×n1+1)

... B1(2n2+1×2n2+1)



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where

A1 =




1 0 0 · · · 0 0 α1

0 0 0 · · · 0 0 0
0 1 0 · · · 0 0 0
0 0 1 · · · 0 0 0
...

...
...

.. .
...

...
...

0 0 0 · · · 1 0 0
0 0 0 · · · 0 1 0




B1 =




1 0 · · · 0 α2 0 · · · 0 0 α2

0 0 · · · 0 0 0 · · · 0 0 0
0 1 · · · 0 0 0 · · · 0 0 0
0 0 · · · 1 0 0 · · · 0 0 0
...

...
...

...
...

...
.. .

...
...

...
0 0 · · · 0 0 0 · · · 1 0 0
0 0 · · · 0 0 0 · · · 0 1 0




Bm =


−α1 0 · · · 0

... 0 · · · 1 · · · 0

0 0 · · · 0
... −α2 · · · 0 · · · 0




T

and

Bq =


0 1 · · · 0

... 0 0 · · · 0

0 0 · · · 0
... 0 1 · · · 0




T

.

To account for modeling errors we introduce a process noise termw(k)∼N (0,Qk)
normally distributed with zero mean and varianceQk so that we have

xm(k+1) = Amxm(k)+Bmu(k)+Bqq(k)+w(k). (7)

It is assumed that all state variables are available and we have the accompanying state
observation vectory(k)

y(k) = Cmxm(k)+v(k) (8)

whereCm a diagonal matrix with ‘1’s at the places corresponding toh1(k) andh2(k)
to exclude the effect of other state variables except water levels. Thusy(k) takes the
form,

ym(k) = [h1(k) 0 · · · h2(k) 0 · · · ]T .

Measurement noise is normally distributed with zero mean and variancePk i.e.v(k)∼
N (0,Pk) and is intended to capture measurement errors.
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3 Methodology

The main contribution of this paper is the AMMPC automatic controller. The al-
gorithm is outlined in Fig. 2. The approach involves a bank of independent MPC
controllers and Kalman filters. A set of disturbances are used to build the corre-
sponding set of state space models. Each Model Predictive Controller calculates
the controlui(k). The accompanying Kalman filter predicts the system state at each
time step. The controller outputs are combined using a measure of the likelihood of
each model’s validity as calculated by the Kalman filter’s innovation covariance. This
combined control output is applied to the system. Convergence characteristics of the
Kalman filter weights is to be investigated in a future publication. However simulated
results show convergence in general.

3.1 MPC Algorithm

Model predictive control is widely used in process control systems. It is easy to
incorporate system constraints using MPC, and it also allows for state space formu-
lation which is essential in a multi variable framework, and when incorporating time
delays.

The general form of state space models can be given by (7) and (8). There are dif-
ferent ways of formulating the MPC problem using the state space model. A method
called Non Minimal State Space approach [38,39] is used here. It has added advan-
tages in MPC. Firstly, it avoids using a state observer to estimate the state of the
system which can cause problems when handling constraints. It also reduces steady
state error. According to this approach the augmented state space model is formulated
from the above state space model given by equations (7) and (8) as

x(k+1) = Ax(k)+B∆u(k)+Q∆q(k)+W∆w(k)+Vv(k+1)
y(k) = Cx(k)

where

∆x(k) = x(k)−x(k−1)

x(k) =
[

∆xm(k)
y(k)

]

A =
[

Am 0
CmAm I

]

B =
[

Bm

CmBm

]

∆u(k) = u(k)−u(k−1)

Q =
[

Bq

CmBq

]
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∆q(k) = q(k)−q(k−1)

W =
[

I
Cm

]

∆w(k) = w(k)−w(k−1)

V =
[
0
I

]

and
C =

[
0mCm

]
.

Let N be the prediction horizon andNc be the control horizon. The future values
of the model parameters along the prediction window are made to propagate using
the method of substitution (refer [38] for details). Define

xc , [x(k+1/k) x(k+2/k) · · · x(k+N/k)]T ,

∆uc , [∆u(k) ∆u(k+1) · · · ∆u(k+Nc−1)]T ,

∆qc , [∆q(k) ∆q(k+1) · · · ∆q(k+Nc−1)]T .

Now the set of propagated system parameters can be concatenated as

xc = Fx(k)+φ1∆uc +φ2∆qc

where
F =

[
A A2 · · · AN

]T

φ1 =




B · · · · · · · · · 0
AB B · · · · · · 0

...
...

...
.. .

...
AN−1B AN−2B AN−3B · · · AN−NcB




with an analogous form forφ2(A,Q). Armed with the above, we define the linear
quadratic MPC criterion for set point tracking,

minimize [rs−xc]TWs[rs−xc]+∆uT
c R̄∆uc +

Nc

∑
k=1

ce

subject to 0≤ u(k)≤ ψ,

∆u(k)≤ ν .

(9)

wherers is the system target state,ψ andν are the maximum limits imposed on the re-
spective variable,e is a slack variable,c is its penalty value,Ws andR̄ are the weigh-
ing matrices. Here,Ws has ‘1’s at the places corresponding toh1(k) andh2(k) to
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exclude the effect of other state variables except the water levels. The matrixWs has
dimensions[dim(x(k))×N] and the matrixR̄ has dimensions[dim(u(k))×N] where
dimdenotes dimensions. They are used to trade-off control effort and set point track-
ing response times. The summation term is applied only when the problem consists
of soft constraints which can be violated at worse case scenarios. The slack variable
e is a vector which represents the maximum violation of each of these constraints.
Violating these constraints is penalized by the vectorc. However in this simple case
we do not consider soft constraints. Givenh∗1 andh∗2 are the target water levels of the
reservoirs, system target state is

rs = [h∗1 0 · · · 0 h∗2 0 · · · 0]T .

The two hard constraints mentioned in the cost function minimization can be de-
scribed as follows. In order to avoid hazards, water should be released from the gates
in a controlled manner. Outflows of high scale as well as sudden flow changes of high
intensity can cause negative impacts on the infrastructure. Whenu(k) is the optimal
outflow at thekth time, the constraints on the system become,

0≤ u(k)≤ ψ

and
∆u(k)≤ ν .

The MPC constrained optimization problem in (9) is solved using the Hildreth
quadratic programming [38]. According to this procedure, the cost function is taken
as the primal problem and the Hildreth procedure gives the solution to its dual prob-
lem. This yields the sequence of increments upon the outflows for a period ofNc,
represented by∆uc where∆uc = [∆u(k), .....∆u(k+Nc)].

Given that,

uc(k) = [u(k) u(k+1) u(k+2) · · · u(k+Nc)]

whereu(k), .....u(k+Nc) are the optimal outflows to be applied at the time stepsk...
k+Nc, it is possible to calculateuc(k) by using the relationship

uc(k) = uc(k−1)+∆uc.

3.2 Kalman Filter Algorithm

The Kalman filter is used to estimate the system state such that the mean square
prediction error is minimised. The Kalman filter has two stages: prediction and up-
date. For the system given in (7) and (8), the prediction and update stages are given
in the Table 2. Prediction is based on iterating the state equations. Once the mea-
surementy(k) is received the update of the state estimate takes place based upon the
measurement residual.

Under ideal conditions, the steady state mean prediction error should converge
to zero. In the case of model mismatch we expect to see non- zero mean prediction
error. This error can be used as a measure of disturbance model’s accuracy. AMMPC
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Table 2 Kalman Filter Algorithm

Prediction Stage

Predicted state estimate x̂k/k+1 = Amx̂k−1/k−1 +Bmu(k)+Bqq(k)
Predicted estimate covariance Pk/k+1 = AmPk/k+1AT

m+Qk

Innovation or measurement residuale(k) = y(k)−Amx̂k/k+1
Innovation covariance S(k) = CmPk/k+1CT

m+Rk

Optimal Kalman gain K(k) = Pk/k+1CT
mS(k)−1

Updated state estimate x̂k/k = x̂k/k−1 +K(k)e(k)
Updated estimate covariance Pk/k = (I −K(k)Cm)Pk/k+1

p 1(k)

xMPC & Kalman 

Filter No. 1

MPC & Kalman 

Filter No. n

MPC & Kalman 

Filter No. 2

�

x

x

Real 

System

A Posteriori

Probability 

Evaluator

u1(k)

un(k)

e1(k)

e2(k)

n(k)

u2(k)

p n(k)p 2(k)

u(k) y(k)

e

Fig. 2 Extended version of the structure of a typical MMPC system as in [2]. Each Model Predictive
Controller (MPC)i calculates the optimal controlui(k) according to its model parameters. Actual control
applied on the real system u(k) is the weighted sum of all the optimal controls thus calculated. Each weight
pi is calculated byith Kalman filter based on the residualsei(k) of the measurementsy(k)

approach exploits this to calculate a new control vector as a weighted sum of the
individual control vectors.

Procedure for AMMPC as given in [2] follows: The conditional density function
of the measurementy(k) for the ith Kalman filter, conditioned on the measurement
historyY(k−1) = [y(1) y(2) ... y(k−1)] and a given hypothesisHi (i.e. a dis-
turbance event out of the set of disturbances) is given by

f (y(k)/Hi ,Y(k−1)) = ρ∗i exp(mi(k))
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where

ρ∗i = [(2π)N′detSi ]−1/2, i = 1,2, ...,n.

Here,exp is the exponential,N′ is the number of state variables,n is the number of
models in the bank andSi is the residual covariance matrix of theith Kalman filter
(refer to Table 2), whereas

mi(k) =−1
2

ei(k)TS−1
i ei(k)

whereei(k) is the residual vector given in Table 2. Conditional probability for a par-
ticular hypothesis posteriori to the measurements is given by

pi(k) = Pr(H = Hi |Y(k) = y(k))

=
f (y(k)/Hi ,Y(k−1)).pi(k−1)

∑n
j=1 f (y(k)/H j ,Y(k−1)).p j(k−1)

.

Then, the probabilitypi(k) for each modeli becomes,

pi(k) =
pi(k−1)ρ∗i exp[mi(k)]

∑n
j=1 p j(k−1)ρ∗j exp[mj(k)]

.

In this equation we use the prior conditional probabilities,pi(k) to weight the con-
ditional densities of the current measurements, assuming each hypothesis, and then
normalize it over the complete set of numerator terms. For failure identification appli-
cations, where we usually want to choose the most likely hypothesis out of the set of
possible hypotheses, we can choose the hypothesis with the largest conditional proba-
bility. This procedure happens subsequently to the measurements. Hence, the evalua-
tion of probabilities is a posteriori measure, originating the name “A-posteriori Prob-
ability Evaluator” in Fig. 2. Another explanation is thatSi measures the a-posteriori
mean square error of a measurement. Thereforepi(k) is a measure of the probability
of Model i to have the minimum mean square error compared to other models. When
the error is higher,pi(k) gets smaller. Finally, the controlu(k) becomes

u(k) =
n

∑
i=1

pi(k)ui(k).

To find the disturbance model bank, experimental statistics can be used.

4 Numerical Results

In this section we evaluate the performance of our solution using two methods. In
the first method we use a simulation model to demonstrate the performance of our
solution. In the second method, we use data measured at the Wivenhoe dam during
the 2011 Queensland floods in Australia. Simulations are implemented using Matlab
R2010a. The simulation parameters are listed in Table 3.
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Fig. 3 Precipitation across (a) Catchment No.1 (b) Catchment No.2

Method 1: Simulated River Network and Inflows

Figure 1 is the schematic illustration of the model used in this simulation study.
Streamflow is simulated based on the model in [25] and is described in further detail
in the following paragraph. We compare our AMMPC approach with that presented
in [30].

Streamflow Model

The catchment under consideration is divided by equi-height contour lines into
one or more elevation bands. Total resultant streamflow is a linear accumulation of
the rainfall in each band. The combined streamflow in the basinq(k) becomes

q(k) =
b

∑
i=1

k−τ(i)

∑
j=0

(k− j− τ(i))β (i)e
k− j−τ(i)
−α(i) r i( j) (10)

wherei is the index of the band,b is the number of bands,r i is the rainfall across the
ith band,β (i) is the relative importance (weighting) of the band,τ(i) is the time delay
between the rainfall event and the resulting increase in the streamflow andα(i) is the
decay rate which is the rate at which the impact of a rainfall event on streamflow
subsides. According to the model, any streamflow condition can be represented by
the 3-tuple (τ, α, β ).

The following assumptions are made in the development of the test case. The
sample intervalTc = 1 min. In reality, this sample time could be in multiple minutes.
There are two catchments. Each catchment area has three bands. There are no cross
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Table 3 Parameters used in the simulations and their values

Symbol Value Units

n1 3 −
n2 5 −
h1 50 m
h2 20 m
h∗1 50 m
h∗2 20 m
Qk 0.001 m2

Pk 0.001 m2

N 50 min
Nc 45 min
α1 1 min/m2

α2 1 min/m2

ψ1 20 m3/min
ψ2 20 m3/min
ν1 4 m3/min
ν2 4 m3/min
Pmin 0.1 −
Pavg 0.8 −
Pmax 0.1 −
R̄ 50 I90 −

Table 4 Streamflow models and their parameters

Model No. Band No. Catchment 1 Catchment2

(τ,α,β ) (τ,α,β )
1 1 (2, 0.1, 0.5) (1, 0.1, 1)
(minimum 2 (3, 0.2, 1) (2, 0.2, 1.5)
inflow) 3 (4, 0.3, 1.5) (6, 0.3, 2)
2 1 (3, 0.3, 2.5) (2, 0.3, 3)
(average 2 (2, 0.4, 3) (1, 0.4, 3.5)
inflow) 3 (4, 0.5, 3.5) (6, 0.5, 4)
3 1 (4, 0.5, 4.5) (6, 0.5, 5)
(maximum 2 (2, 0.6, 5) (1, 0.6, 5.5)
inflow) 3 (3, 0.7, 5.5) (2, 0.7, 6)

connections between individual catchments. Three streamflow models are defined
in Table 4 coresponding to minimum, average and maximum inflows in order. The
models are ranked by a “model number”. We also assume no overflow, and generate
the inflow accordingly.

The state space model is developed for the system in Fig. 1 using the results in
2.2, where the inflows denoted byq in equations (7) and (8) are given by (10). For
brevity, we omit restating the resultant equations.

Before presenting the simulation results, we outline an alternative approach
presented in [30]. In this approach, the three disturbance scenarios are incorporated
into the controller, a minimum inflow, a maximum inflow and an average inflow sce-
nario. As a result, there are three state space models representing each of these inflow
scenarios.Pmin, Pavg andPmax are the probability of occurrence of minimum, average
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and maximum scenarios, respectively. In practice, these probabilities are based on
statistics of past meteorological observations. The total risk to the system is defined
as the product of the probability of occurrence of a inflow scenario and the resultant
deviation from control set points which are water levels in this case. The cost function
in [30] takes the form of

J = Pmin l2
min+Pavg l2

avg+Pmax l2
max+∆u2

c (11)

wherelmin, lavg andlmax are the deviations of water level from the target level during
minimum, average and maximum scenarios, respectively. We use this cost function
to compare against our AMMPC approach. To do this, the model given by equations
(7) and (8) is substituted in (11), and the resulting minimization process is used as an
alternative method for flood control. The cost function to be minimized becomes

J = Pmin[rs−xc(min)]
TWs[rs−xc(min)]+Pavg[r s−xc(avg)]

TWs[rs−xc(avg)]

+Pmax[r s−xc(max)]
TWs[rs−xc(max)]+∆uT

c R̄∆uc.

Recall thatxc, rs,∆uc,Ws andR̄ are defined in Section 2. Here, subscriptsmin,avg
andmaxcorrespond to minimum, average and maximum scenarios, respectively. The
constraints are as same as those applied with the cost function given by equation (9).

The initial and target water levels for Reservoir 1 areh1 and h∗1, respectively.
Those for Reservoir 2 areh2 andh∗2, respectively. The parameters and their values
are given in Table 3. Precipitation input is illustrated in Fig. 3. We assume that the
inflows are generated from the data given in Table 4. According to the values in Table
4, Pavg is high. This implies that the model used in MMPC [30] has a high level of
expectation for average inflow.

Figures 4 to 6 show how water levels respond to inflow variability in the mini-
mum, average and maximum inflows under AMMPC and MMPC [30] methods. Re-
sults show that, under average inflow scenario both methods achieve water level set
points. However, under minimum and maximum inflow scenarios only the AMMPC
method is able to perform as in the average scenario. The water level set points are
violated by MMPC [30] method.

The method based on [30] performs poorly because the a-priori probabilities are
biased to a average flow scenario whereas our AMMPC approach adapts to the spe-
cific scenario. This results in a mismatch between the actual system model and the
controller model in the MMPC [30] method. AMMPC method is able to identify
the current inflow scenario based on current measurements and make the controller
match with the actual model. The results presented in this section illustrate the ad-
vantage of taking inflow uncertainty and variability into consideration in the case of
changing catchment characteristics.

Method 2: Real River Network and inflows

In this study, we evaluate our AMMPC approach using data collected at the
Wivenhoe dam during the 2011 Queensland floods in Australia. The schematic dia-
gram of the network is shown in Fig. 8. Wivenhoe reservoir is the main flood control
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Fig. 4 (a) Minimum inflow (corresponding to Model No.1) entering the river system and (b) reservoir
water levels resulted by AMMPC and MMPC [30] methods (q1 andh1 for Reservoir 1,q2 andh2 for
Reservoir 2)
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Fig. 5 (a) Average inflow (corresponding to Model No.1) entering the river system and (b) reservoir water
levels resulted by AMMPC and MMPC [30] methods (q1 andh1 for Reservoir 1,q2 andh2 for Reservoir
2)

reservoir on the Brisbane river. It has a flood control volume of1.45× 106 ML as
well as a Full Supply Capacity (FSC) of1.65×106 ML for urban water needs.

Lowood and Moggill are two strategically important points further downstream
10 km and 50km (approximately), respectively from Wivehoe dam. Flow measure-
ments at these locations are used to estimate the existence and severity of flooding
downstream the dam. The current control strategy for the dam consists of four phases
which governs the outflow from the dam [36]. The first option is to maintain the flow
at Lowood below 1900m3/s. If this fails, the second and third options are to maintain
the flow at Moggill firstly at 3500m3/s and then at 4000m3/s. The final option is to
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Fig. 6 (a) Maximum inflow (corresponding to Model No.1) entering the river system and (b) reservoir
water levels resulted by AMMPC and MMPC [30] methods (q1 andh1 for Reservoir 1,q2 andh2 for
Reservoir 2)
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Fig. 7 Wivenhoe Dam inflow and release summary for the January 2011 Flood Event extracted from [35].
note: AHD = Australian Height Datum

avoid dam overflow at any cost e.g. by activating the fuse plugs for emergency release
of water.

In the days leading up to6th January 2011, there had been significant rainfall
upstream of the dam which was already at the FSC. On11th January, the dam operator
made an emergency release in accordance to their procedure outlined above. It is clear
from the data in [35] and Fig. 7, that the water release was initiated much too late. The
outflow has responded to the inflow surge approximately 48 hours too late causing
a high volume to build up in the dam. This highlights the importance of pre-release



Multiple Model Predictive Flood Control in Regulated River Systems with Uncertain Inflows 19

Fig. 8 Flows coming into and going out of Wivenhoe Dam whereq is the total inflow,q̄ is the most likely
inflow, din is the uncertain inflow,qrain is the inflow calculated with precipitation forecasts,qsom is the
outflow from Somerset dam,v is the reservoir volume,u is the outflow,Tl andTm are the times for the
outflow to reach Lowood and Moggill and̄l andm̄ are the flows at these locations along the prediction
horizon. Uncertain inflowdin belongs in the rangeDin.

of water in response to inflow forecasts. Under such a situation, predictive control
provides a suitable framework to control outflows.

One such attempt is presented in [23] where the predicted inflows as well as their
uncertainties are considered. The set of predicted inflows are considered where each
inflow is assumed to have the same probability. This method achieves lower peak
volume and outflow levels compared to those resulting from the reservoir operational
manual.

We now outline our approach to this problem. We develop the system model based
on Fig. 8, formulate the state space model and then add the constraints as discussed
in Sections 2 and 3. The model parameters are obtained from [23]. As per Fig. 8, the
volume of the reservoirv is given by,

v(k+1) = v(k)+ γ[q(k)−u(k)] (12)

whereq is the inflow to the reservoir andu is the outflow from the reservoir. The
constantγ = 3.6 converts flow inm3/s to ML for a sample periodTc = 1 hour. The
inflow q is calculated by,

q(k) = q̄(k)+din(k) for din(k) ∈ Din(k) (13)
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whereq̄ is the most likely inflow predicted from the hydrological model URBS,din

is the uncertain inflow andDin is the associated inflow uncertainty set.
Figure 9 gives measured and predicted inflows into Wivenhoe reservoir [35]. The

symbol ‘o’ indicates the start of a new prediction run. Predicted inflow trajectories for
each of these runs are shown in different colors. A new prediction trajectory is created
after a new prediction run is made and this trajectory is taken asq̄. Then the previous
trajectories are discarded. Around̄q, set ofdin values are selected as in (13) and they
will build the multiple state space models. As mentioned in Section 3, value ofq can
either be known throughout the control horizon or updated time to time. Latter case
is applied here andq is recalculated at each new prediction run. Most likely inflowq̄
is given by

q̄(k) = qrain(k)+qsom(k)

whereqrain is the predicted inflow considering precipitation forecasts andqsom is the
outflow from Somerset reservoir up river the Wivenhoe.

The main difference between our method and that in [23] is that the uncertain
inflowsdin are addressed in a different manner. In [23], different uncertain inflowsdin

within Din are formulated into a set of constraints. In our method, we define number
of disturbance models to cover the full range ofDin. Multi state space models are
built by incorporating the disturbance models to the system model given by (12) as in
Section 2. Here it is assumed that there is a linear relationship to relate the reservoir
volume to the water level which is the measureable variable. Finally, the state space
models take the form of those given by (7) and (8). MMPC problem is formulated as
in Section 3.

The actual inflow resembles one out of the given models during one short period.
The calculation extends up to the pointk+ Nc of the current inflow trajectory un-
less replaced by a trajectory resulting from a new run. When such is the case, a new
disturbance model set is created around the new inflow scenario. Once the control
is applied, its effect is compared with the measured inflow. The residuals are calcu-
lated and control is refined in order to match the actual inflow. We now define the
constraints to the problem.

Flows at Lowood and Moggill excluding the Wivenhoe outflow throughtout the
prediction horizon are denoted byl̄ andm̄, respectively. Even though exact measure-
ments are not available for these flows, it is assumed that the most recent prediction
to be equal to actual or measured flows at Lowood and Moggill. Transport delays are
Tl andTm. As in [23] Tl = 3 hr andTm = 18hr.

There is a constraint on the outflow from the reservoir which is the upper limit
of 10000m3/s. The reservoir volume should not exceed2.25×106 ML which is the
fuse plug activation capacity, and the target is to maintain it at1.165×106 ML. There
should be a rate of change constraint however, as in [23] that is not applied. So the
hard constraints become

u(k)≤ 10000

and

x(k)≤ 2250000.
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Six river sections along the river are selected and the discharges at these locations
are formulated as soft constraints. For example, the flow at Lowood should be below
1900m3/s and that at Moggill should be below 4000m3/s. The flows at these six
river sections are listed with their upper limits as follows:




u(k)+ l̄(k+Tl )
u(k)+ l̄(k+Tl )
u(k)+ l̄(k+Tl )
u(k)+ l̄(k+Tl )
u(k)+ l̄(k+Tl )

u(k)+ m̄(k+Tm)



−e≤




50
100
200
430
1900
4000




where e is a slack variable which represents the maximum violation of each of the
imposed soft constraints. The penalties of violating the constraints are given by the
vectorc. Its elements can be set according to the relative impact of flooding at the
given river section. We have used the values given in [23].

With these requirements the cost function of bringing the water volume to target
state while maintaining the soft constraints becomes,

J = [xc−vFSC]TWs[xc−vFSC]+∆uT
c R̄∆uc +

Nc

∑
k=1

ce

wherevFSC is the full supply capacity. The control horizonNc for this problem is
48 hours. After adding the hard constraints on flow and volume, the optimization
problem becomes

minimize [xc−vFSC]TWs[xc−vFSC]+∆uT
c R̄∆uc +

Nc

∑
k=1

ce

subject to 0≤ u(k)≤ 10000

x(k)≤ 2250000.

In this paper it is also assumed that noise characteristics are known and are equal
to those given in Table 3. Figure 10 gives the actual outflow and the resultant outflow
by our AMMPC method. The reservoir volume is shown in Fig. 11. The resultant
flows downriver at Moggill and Lowood are given in Fig. 12. It can be seen that the
resultant peak outflow from Wivenhoe under AMMPC method is close to that in [23]
(approximately 3300m3/s) and significantly lower than the measured outflow during
the event. It is also notable that our AMMPC method releases water in advance of
both the other schemes. As a result, the peak volume is1.5×106 ML under AMMPC
as opposed to2.2× 106 ML in other two methods. The simulation has to stop at
the185th hour due to that the data is not available. However, by this time 99% of the
inflow volume would be removed. This is in agreement with the flood control strategy
in [36] where the flood water should be released from the reservoir within 7 days after
the major event. In contrast, the method in [23] releases only a small amount of water
during the major event forcing it to release water at around 2000m3/s continuously
till the end of the7th day. This will cause high flow levels in Lowood and Moggill.
Under our AMMPC method, at Moggill and Lowood the flow peaks are similar to
those in [23] during the major event however there are no sudden jumps.
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Fig. 9 Measured inflow and ensemble of predicted inflows into Wivenhoe reservoir. Each colored curve
denotes an individual model run to predict the inflow
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Fig. 10 Comparison of measured Wivenhoe outflow with that resuted by AMMPC method

5 Conclusion

A new solution called AMMPC, based on MMPC is proposed for predictive flood
control in a regulated river system, in the presence of uncertain inflow conditions. It
is different to the currently used methods in few ways. The disturbance set method
considers all the disturbance events in the set equally likely and applies explicitly
to the system model. Our AMMPC method describes the uncertainty as a bank of
disturbance models and makes use of measurements to refine the control to match the
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Fig. 11 Comparison of measured volume in Wivenhoe reservoir with that resulted by AMMPC method
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Fig. 12 Flows at Lowood and Moggill downstream the Wivenhoe reservoir. Both predicted and measured
flows are approximate as there are no actual measurement data available for Lowood and Moggill but the
most recent model predictions (predicted non-release flow). The total flow at a location is the predicted
non-release flow plus predicted outflow (for AMMPC case) or measured outflow (for actual case)

actual model. Compared to MMPC methods in water control, it estimates the most
likely model rather than using a-priori probabilities.

Firstly, we used a simple inflow model to demonstrate the performance of our
AMMPC method for a hypothetical river network. Results indicate that our method
adapts to the actual inflow condition rather than depending on a-priori knowledge.
The inflows predicted from the URBS hydrological model for Wivenhoe reservoir
during the 2011 Queensland floods were used in the second part of the simulations.
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Results were compared with those obtained by the reservoir operational manual and
a disturbance set method given in [23]. AMMPC method responds quicker than the
both methods causing pre-release. As a result, it achieves 32% lower peak volume
level than that resulted by the method in [23] while maintaining the same peak out-
flow level. In addition to that, 99% of the inflow volume would be released by the
end of the critical flood event which is in agreement with the dam operation require-
ments. Our AMMPC method was capable of obtaining a significant decrease in the
peak volume and flow levels compared to the actual situation resulted by the reservoir
operational scheme. The weights of the cost functions were tuned by trial and error
method. In reality, the tuning should be done in advance, under normal flow condi-
tions. These weights may be compared with the weights used in our simulations to
calibrate the system for different flow conditions. In these simulations it was assumed
that the measurement and process noise characteristics were known. However, in a
critical flood event, noise can be introduced via sensor issues. Consequently, further
research could be conducted on the effect of these noise characteristics.
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