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Transfer learning is a machine learning paradigm where knowledge from one problem is 
utilized to solve a new but related problem. While conceivable that knowledge from one 
task could help solve a related task, if not executed properly, transfer learning algorithms 
can impair the learning performance instead of improving it – commonly known as 
negative transfer. In this paper, we use a parametric statistical model to study transfer 
learning from a Bayesian perspective. Specifically, we study three variants of transfer 
learning problems, instantaneous, online, and time-variant transfer learning. We define 
an appropriate objective function for each problem and provide either exact expressions 
or upper bounds on the learning performance using information-theoretic quantities, 
which allow simple and explicit characterizations when the sample size becomes large. 
Furthermore, examples show that the derived bounds are accurate even for small sample 
sizes. The obtained bounds give valuable insights into the effect of prior knowledge on 
transfer learning, at least with respect to our Bayesian formulation of the transfer learning 
problem. In particular, we formally characterize the conditions under which negative 
transfer occurs. Lastly, we devise several (online) transfer learning algorithms that are 
amenable to practical implementations, some of which do not require the parametric 
assumption. We demonstrate the effectiveness of our algorithms with real data sets, 
focusing primarily on when the source and target data have strong similarities.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the 
CC BY-NC license (http://creativecommons .org /licenses /by-nc /4 .0/).

1. Introduction

Machine learning has been widely studied and used in many real-world applications. One crucial assumption for tradi-
tional machine learning algorithms is that the training and target data are drawn from the same distribution. However, this 
assumption may not always hold in practice. This may be because training and testing data are time-varying or because it is 
difficult to collect data from testing distributions due to annotation expenses or privacy considerations. To tackle the distri-
bution mismatch issues, learning algorithms need to be developed that can “transfer” knowledge across different domains. 

✩ This work is an extended version of the preliminary work [67] appeared in ISIT2021 conference. This paper extends the results of online transfer 
learning to instantaneous and time-variant transfer learning. We then propose several algorithms inspired by the mixture strategy and compare them with 
some traditional benchmarks.
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Fig. 1. We will investigate various transfer learning frameworks in this work where (a) describes the instantaneous transfer learning: given both batch target 
and source data, the task is to predict for a single previously unseen target data. (b) shows the learning regime for online transfer learning where batch 
source data is available and the target data will arrive sequentially from a fixed distribution, the task is to make sequential predictions for incoming target 
data. (c) illustrates the process for the time-variant transfer learning where batch source data is available and the target data will arrive sequentially from 
a possibly time-variant distribution, the task is to make sequential predictions for incoming target data for each episode.

Such transfer learning algorithms leverage knowledge from one or more source domains to resolve the problem (or improve 
the performance) in a related target domain. This problem has been brought to the fore due to the rapid growth of different 
types of data and the rise of complicated learning models such as pre-trained neural networks [13,73] and has been widely 
employed in natural language processing [50], computer vision [61] and recommender systems [45].

Transfer learning (also known as domain adaptation) problems are currently widely investigated with different setups. 
Most existing transfer learning methods focus on offline settings where both batch target and source data are available 
in the training phase [44,63,83,72]. In the testing phase, the performance is evaluated with previously unseen target data. 
We refer to this setup as instantaneous transfer learning (ITL); see Fig. 1(a). To accommodate applications where data 
arrive sequentially (e.g., predicting stock market prices), we also study online transfer learning (OTL), first proposed by 
[81]. The framework of OTL is illustrated in Fig. 1(b), where the decisions are sequentially made with the aid of source 
and historical target data. The online framework has been extended to many other problems such as multi-source transfers 
[65,28], multi-task problems [23] and iterative domain adaptation [6]. The third setup we consider is time-variant transfer 
learning (TVTL) which is an extension of OTL where the target data are drawn sequentially from a possibly time-variant 
distribution (see Fig. 1(c)). This assumption is relevant for some practical problems such as climate change and geographical 
process detection, where the data distribution may vary from time to time. Similar problems have been studied in [35,58].

In this work, we extend the results in [67] and propose a general framework for instantaneous, online, and time-variant 
transfer learning problems that is suitable for a very general transfer learning setup. Specifically, we formulate the transfer 
learning problems under the assumption that the source and target data distributions are parameterized by some unknown 
but fixed parameters. Then we define the corresponding evaluation criterion for each case and propose an information-
theoretic based algorithm for learning in the target domain. In a nutshell, the upper bounds of the learning performance 
are characterized by the conditional mutual information (CMI) between the model parameters and the testing samples 
conditioned on training samples, and the asymptotic approximation w.r.t. the sample sizes is derived if the prior distribution 
is proper. Practically, the bound can also be applied to the scenario where only limited source and target data are available.

1.1. Related work

Transfer learning We refer to three excellent surveys on transfer learning, [44], [63] and [83], which formally define the 
problem of transfer learning and provide a comprehensive overview of transfer learning methodologies. We mainly focus 
on the condition that both source and target data have the same feature and label spaces, known as homogeneous transfer 
learning. Most technologies to conquer the distribution shifting are roughly categorized into instance-based, feature-based, 
parameter-based, and deep learning-based methods. Instance-based methods identify source samples that bear a likeness 
2
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to target samples by importance re-weighting [20,11]. Feature-based methods map both the source and target data to a 
new latent space where the discrepancy of their (empirical) distribution embeddings (e.g., kernel embeddings) is small 
under some metric and then construct learning models with the new representations [45,37,77]. The idea of parameter-
based methods is to construct a model using the source data initially and then learned model parameters are shared with 
the target domain as a pre-obtained model for further fine-tuning or regularization [14,30]. Deep learning-based methods 
use deep neural networks to either learn new representations in both source and target domains for efficient knowledge 
transfer [36,56,38] or pre-train a model from the source domain that generalizes well in the target domain [13,73], which 
takes advantage of both feature-based and parameter-based methods. However, most of these methods focus on empirical 
verification of source samples’ effects instead of rigorous theoretical analysis of their algorithms. For example, we lack the 
understanding of how the source data explicitly affects the generalization error in the target domain, and it is not clear 
when the negative transfer happens given a specific algorithm [49]. Moreover, there is no unified framework for analyzing 
this type of problem. Current theoretical analyses for transfer learning focus on either the co-variate shift or conditional 
distribution alignment [48]. To this end, various metrics, such as H�H divergence [4,80], maximum mean discrepancy 
[45,37,77], KL divergence [66] and density ratios of the joint distribution between the source and target [62], are developed 
to measure the similarity between the source and target domains. It is widely recognized that minimizing such divergence is 
more likely to bring about successful knowledge transfer, and prior knowledge over the source and target domains effectively 
improves the prediction, as demonstrated in many papers [3,7,41]. However, to the best of our knowledge, there is no work 
that theoretically defines this prior knowledge and its effect on the learning guarantees.

Online transfer learning In contrast to conventional batch settings, online transfer learning has attracted more attention in 
recent research, where the target data may arrive sequentially. In this particular setting, key questions include the following. 
Can the source data can help reduce the prediction loss for the target? Under what conditions will the source data be 
helpful? How does the source data interfere with the prediction of target data, and how does the learning performance vary 
quantitatively? To answer these questions formally, Zhao et al. [81] first proposed the OTL framework for binary classification 
with linear models, while the learning metrics and loss functions are limited, i.e., performance is evaluated using very 
specific metrics such as the number of mistakes. Such a learning framework, in general, does not exploit the structures (or 
distributions) of the data or model parameters. Wu et al. [65] extended the OTL framework in [81] and derive a similar 
algorithm for multiple source domains. Some deep neural networks based methods such as [74,25,39,35] consider the time-
evolving target domains and empirically show the usefulness of their proposed methods. Yet, the theoretical guarantees on 
when or whether negative transfer happens are less investigated. Kumagai and Iwata [29] studies the time-variant domain 
adaptation problem using variational Bayesian inference, which is close to our framework. However, the latest learned 
hypothesis is restricted to normal distributions with a linear combination of previously learned hypotheses, which may not 
always be the case in real problems. Wu and He [64] proposed C-divergence to measure label-informed domain discrepancy 
between the source along with the previous target domains and the current target domain and provided a theoretical 
bound on the number of the mistakes. Among the many other papers on OTL algorithms, relatively few focus on rigorous 
theoretical analysis of the learning performance.

Negative transfer The critical points for successful transfer learning are knowing how to transfer, what to transfer and 
when to transfer [72]. Researchers have focused more on how and what to transfer but have paid less attention to when 
to transfer. Characterizing and determining when to transfer is of great importance since the source data is not always 
beneficial. If the source is very different from the target or if we do not execute the learning procedures properly, the 
source data will instead impair the performance on the target domain [49,62]. As the effectiveness of transfer learning is 
not always guaranteed, there is a need to develop a robust methodology to overcome the negative transfer problem (see [79]
for an overview). Roughly speaking, the negative transfer can result from poor source and target data quality, the “distance” 
between the source and target domains, or a difference between the source and target learning objectives. The idea of 
avoiding negative transfer is to minimize the aforementioned domain divergence between the source and target in terms 
of the underlying distributions. Even though the effectiveness of source data depends on such divergences, the negative 
transfer is inevitable in many empirical experiments. Notably, few papers formally study the problem of negative transfer, 
which is a crucial question in transfer learning.

Information-theoretic framework and universal prediction The information-theoretic framework has been established and stud-
ied in many online and reinforcement learning problems (see [32,31,75,55,40,51] for references). One advantage of this 
framework is that information-theoretic tools are powerful in studying asymptotic behaviors as well as deriving learning 
performance bounds for various statistical problems. Additionally, information-theoretic quantities such as mutual informa-
tion and KL divergence (relative entropy) give natural interpretations for the learning bounds. This paper establishes learning 
bounds for various transfer learning setups using the information-theoretic concept of universal prediction [40]. Here, “uni-
versal” means that the predictor does not depend on the unknown underlying distribution and performs essentially as well 
as if the distribution was known in advance.

Previous studies, such as [15,40,12], mainly focused on situations where data is drawn independently and identically 
from a single parametric distribution, which is similar to traditional online learning problems. In contrast, we extended 
their work by deriving excess risk bounds based on conditional mutual information for various transfer learning scenarios 
3
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with batch source data introduced, which may come from a different distribution than the target data of interest. However, 
the bounds obtained through the conditional mutual information cannot provide more quantitative insights for analyzing 
the regret. To this end, the previous works such as [9,10,82] provided an asymptotic analysis for the conditional mutual 
information under the conventional online learning or semi-supervised learning problems, where the regret approximation 
is associated with the prior distribution over the distribution parameters. Building upon these works, we further derive 
the asymptotic approximation of regrets in different transfer learning scenarios and draw corresponding conclusions for 
various transfer setups. From our analysis, we identify the usefulness of source data (i.e., whether it leads to positive or 
negative transfer) depending on the prior knowledge of the source and target domains. Moreover, our approach differs 
from the related information-theoretic-based analysis for online learning setup with the side information [12,53], where the 
source data is sequentially provided together with the target data and the sample sizes of two domains are restricted to be 
identical. Instead, we consider a more general transfer learning regime where the source data is initially offered as a batch, 
and its sample size can differ from the target data.

1.2. Contributions

We briefly summarize the main contributions of our paper as follows.

• We formulate the instantaneous, online and time-variant transfer learning problems under parametric distribution con-
ditions where the source data are sampled from Pθ∗

s
and target data are sampled from Pθ∗

t
(Pθ∗

t,i
for TVTL at episode 

i) from a parametric family Pθ , θ ∈ �. With the proposed mixture strategy, the learning performance for each problem 
is characterized by the conditional mutual information (CMI) between the distribution parameters and data samples. 
Furthermore, we quantitatively give an asymptotic estimation of CMI for each problem, which clearly shows how the 
learning performance depends on the target and source sample sizes. These bounds also give an explicit connection 
between the learning performance and the prior knowledge over θ∗

t (θ∗
t,i for TVTL) and θ∗

s along with their common 
parameters.

• Based upon the asymptotic bounds, we define the concept of proper prior and show that the improper prior will lead 
to the negative transfer. We also identify scenarios when the positive transfer will happen, which provides a practical 
guideline to avoid the negative transfer. To the best of our knowledge, this is the first work that theoretically and 
quantitatively characterizes negative and positive transfer phenomena.

• To extend our theoretical study to practical implementation, we devise efficient transfer learning algorithms inspired 
by the mixture strategy. Specifically, the algorithm can be extended to a broader family of models where the model 
parameter θs and θt are not necessarily the true data generating distribution, thus extending our results to more general 
applications. Experimenting on both the synthetic and real data sets, the results empirically confirm the theoretical 
results and show the usefulness of our proposed algorithms.

This paper is structured as follows. In Section 2, we formally formulate the problems for instantaneous, online, and time-
variant transfer learning. The main theoretical results and discussions are presented in Section 3. The proposed algorithms 
and experiments are presented and discussed in Section 4 along with some practical applications. Section 5 concludes the 
work and carries out some future works.

2. Problem formulation

This section formally formulated the ITL, OTL, and TVTL problems. We will use the convention that capital letters denote 
random variables and lower-case letters as their realizations. We define a ∨ b = max(a, b) and a ∧ b = min(a, b), and denote 
the support of a probability distribution by supp(·). We use f (n) � g(n) to signify f (n) grows at the same asymptotic rate 
as g(n), meaning there exists some positive integer n0 such that for all n > n0, c1 g(n) ≤ f (n) ≤ c2 g(n) always holds for 
some positive values c1 and c2. We also use f (n) � g(n) (for convenience, we will also use f (n) = O (g(n)) interchangeably) 
to mean f (n) grows asymptotically no faster than g(n), that is, there exists some integer n0 such that for all n > n0, 
f (n) ≤ c3 g(n) always holds for some positive value c3.

Instantaneous transfer learning Assume the source data Dm
s = (Z (1)

s , · · · , Z (m)
s ) ∈Zm and the target data Dn

t = (Z (1)
t , · · · , Z (n)

t )

∈Zn are given, where each sample takes on a value in Z . Note that Z is a separable metric space with probability measures 
assumed to be defined on the Borel subsets of Rk . Note that our framework naturally applies to both the supervised learning 
problem where Z = (X, Y ) is a feature-label pair and the unsupervised learning problem where Z = X only denotes the 
feature. We will predict a single previously unseen target sample Z ′

t using Dm
s and Dn

t with the predictor b : Zm ×Zn → B
where B denotes the set of the predictor. Associated with this predictor b and the actual outcome z′

t , we introduce a loss 
function � : B×Z →R to evaluate the prediction performance. We will later show how to construct b properly for different 
loss functions. We make the following assumptions on data distributions.

Assumption 1 (Parametric Distributions). We assume that source and target data are generated independently in an i.i.d. 
fashion. Specifically, the joint distribution of the source and target data Pθ∗ ,θ∗ (Dn

t , Dm
s , Z ′

t) can be written as

s t

4
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Pθ∗
s ,θ∗

t
(Dn

t , Dm
s , Z ′

t) = Pθ∗
t
(Z ′

t)

n∏
i=1

Pθ∗
t
(Z (i)

t )

m∏
j=1

Pθ∗
s
(Z ( j)

s ), (1)

where Pθ∗
t
(Z) and Pθ∗

s
(Z) are two probability density functions in a parametrized family of distributions P = {Pθ }θ∈� with 

respect to a fixed σ -finite measure μ(dz). Here � is a closed set on Rd and θ∗
t , θ∗

s are the interior points of �.

After observing n target samples and m source samples, assume � is integrable w.r.t. the measure μ given any b, we 
want to minimize the corresponding excess risk defined as

RI := Eθ∗
s ,θ∗

t

[
�
(
b, Z ′

t

)− �(b∗, Z ′
t)
]
, (2)

where b is the predictor we made based on the source data Dm
s and target data Dn

t but without the knowledge of θ∗
s and 

θ∗
t . Under certain loss functions, the predictor b∗ is set to be the optimal one that can depend on true target distributions 

Pθ∗
t

, which will be specified later and shown to have a unique optimal. For other general loss functions, under suitable 
continuity conditions, we do have an optimal predictor depending on Pθ∗

t
, see [21,40] for examples. If not otherwise spec-

ified, the notation Eθs,θt [·] (similarly, Eθt [·] and Eθs [·]) denotes the expectation taken over all source and target samples 
that are drawn from Pθs and Pθt . We will call this problem setup “instantaneous transfer learning” where the subscript of R I

originates. In this model, both target and source data are given in batches in the training phase, and the learned predictor 
will be applied to a single unseen target sample.

Online transfer learning Assume the source data Dm
s = (Z (1)

s , · · · , Z (m)
s ) ∈ Zm are given in batch while the target data are 

received sequentially as Z (1)
t , Z (2)

t , · · · , Z (k)
t , · · · where each sample takes value in Z . At each time instant k, after having 

seen Dk−1
t = (Z (1)

t , Z (2)
t , · · · , Z (k−1)

t ), we predict Z (k)
t using Dm

s and Dk−1
t with the predictor bk : Zm × Zk−1 → B. Assume 

the target sequence and source batch are sampled in an i.i.d. way as described in Assumption 1. After observing n target 
samples, we want to minimize the corresponding expected regret defined as

RO := Eθ∗
s ,θ∗

t

[
n∑

k=1

�(bk, Z (k)
t ) −

n∑
k=1

�(b∗
k , Z (k)

t )

]
, (3)

where bk is the predictor we made based on the source data Dm
s and target data Dk−1

t but without the knowledge of θ∗
s

and θ∗
t . Similarly, under certain loss functions, the predictor b∗

k is set to be the optimal one at each time k that can depend 
on true target distributions Pθ∗

t
. The subscript “O ” is short for “Online”.

Time-variant transfer learning In the above OTL scenario, we assume the distributions of target samples are time-invariant, 
which may not always be the case in many real-world applications. In this model, we consider the time-evolving target 
data that the distributions are parametrized by θ∗

t,i where i ∈ N+ represents the episode of the sequential target distri-
butions. That is, at each i, we will receive ni target samples sequentially drawn from an unknown but fixed distribution 
Pθ∗

t,i
. Furthermore, at episode i, we assume that θ∗

t,i shares ci common parameters with θ∗
t,i−1, known as the target common 

parameters. We also assume that the source parameter θ∗
s shares ji common parameters with θ∗

t,i and θ∗
t,i−1, known as the 

source sharing parameters. For simplicity, we suppose that the target common parameters and the source-sharing parame-
ters are not overlapped. Denote Dm

s the source dataset and denote Dni
t,i = (Z (k)

t,i )k=1,2,··· ,ni the received target dataset till time 
ni at episode i, we predict Z (ni+1)

t,i using the source data Dm
s and target data D

ni−1
t,i−1 in previous episode and Dni

t,i in current 
episode with the predictor bni+1,i :Zm ×Zni−1 ×Zni → B. We further make the following assumption.

Assumption 2. In time-variant transfer learning, we assume that source and time-variant target data are generated inde-
pendently in an i.i.d. fashion within each episode. More precisely, the joint distribution of the data sequence till time nl in 
episode l can be factorized as,

Pθ∗
t,1,θ∗

t,2,··· ,θ∗
t,l,θ

∗
s
(Dn1

t,1, Dn2
t,2, · · · , Dnl

t,l, Dm
s ) =

l∏
i=1

ni∏
k=1

Pθ∗
t,i

(Z (k)
t,i )

m∏
j=1

Pθ∗
s
(Z ( j)

s ), (4)

where (Pθ∗
t,i

)i=1,2,··· ,l and Pθ∗
s

are in a parametrized family of distributions P = {Pθ }θ∈� . Here � ⊆Rd is some measurable 
space, and (θ∗

t,i)i=1,2,··· ,l and θ∗
s are points in the interior of �. To be consistent, we define n0 = 0 and θ∗

t,0 is arbitrarily 
chosen in � as a trivial initialization.

Assume the number of target samples ni at each episode i is known, we are interested in minimizing the expected regret 
till episode l as:
5
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RT V :=
l∑

i=1

Eθ∗
s ,θ∗

t,i ,θ
∗
t,i−1

[ ni∑
k=1

�(bk,i, Z (k)
t,i ) −

ni∑
k=1

�(b∗
k,i, Z (k)

t,i )

]
, (5)

where bk,i is chosen based on the source data Dm
s and target data Dk−1

t,i and D
ni−1
t,i−1 but without the knowledge of θ∗

s , θ∗
t,i−1

and θ∗
t,i . The predictor b∗

k,i is the optimal decision at each time k that can depend on true target distributions Pθ∗
t,i

and 
Pθ∗

t,i−1
. The subscript “T V ” stands for “Time-Variant”.

3. Main results

In this section, we will present our main theoretical results. Under the Assumption 1, the parametric conditions allow 
us to characterize the excess risk in Equation (2) and the expected regrets in Equation (3), (5) using information-theoretic 
quantities under the logarithmic loss or any bounded loss functions. To be specific, the CMI captures the performance of 
both the excess risk and expected regret, and their asymptotic estimations are derived when we have sufficient source and 
target samples.

3.1. Information-theoretic characterization

Instantaneous transfer learning For the sake of simplicity, we first present our main results under the logarithmic loss for the 
ITL setup, which is formally defined as follows.

Definition 1 (Logarithmic Loss). Let the predictor b be a probability distribution over the target sample Z ′
t . The logarithmic 

loss is then defined as

�(b, Z ′
t) = − log b(Z ′

t). (6)

Under the log loss, the predictor b can be naturally viewed as a conditional distribution Q over the unseen target data 
given the training data Dm

s and Dn
t . With this interpretation in mind, we define the expected loss on test data as

L := −Eθ∗
t ,θ∗

s

[
log Q (Z ′

t |Dn
t , Dm

s )
]
. (7)

From [40], the optimal predictor b∗ is given by the underlying target distribution as b∗(Z ′
t) = Pθ∗

t
(Z ′

t |Dn
t ) = Pθ∗

t
(Z ′

t) under 
the Assumption 1. Then the excess risk can be expressed as

RI = Eθ∗
t ,θ∗

s

[
�(b, Z ′

t)|Dn
t , Dm

s

]−Eθ∗
t ,θ∗

s

[
�(b∗, Z ′

t)|Dn
t , Dm

s

]
(8)

= Eθ∗
t ,θ∗

s

[
log

Pθ∗
t
(Z ′

t)

Q (Z ′
t |Dn

t , Dm
s )

]
. (9)

We define �s and �t as random variables over �, which can be interpreted as a random guess of θ∗
s and θ∗

t , and we 
choose some probability distribution ω over �s and �t with respect to Lebesgue measure as our prior knowledge on these 
parameters. The predictor Q is then defined as

Q (Z ′
t |Dn

t , Dm
s ) =

∫
Pθt (Dn

t , Z ′
t)Pθs (Dm

s )ω(θt , θs)dθtdθs∫
Pθt (Dn

t )Pθ∗
s
(Dm

s )ω(θt , θs)dθtdθs
(10)

=
∫

Pθt (Z ′
t)Q (θt , θs|Dm

s , Dn
s )dθsdθt . (11)

This choice is known as mixture strategy [40,68]. We assign a probability distribution ω over �s and �t w.r.t. the Lebesgue 
measure to represent our prior knowledge, and we update the posterior with the incoming data to approximate the un-
derlying distributions. The Equation (11) gives a natural interpretation of a two-stage prediction method on Z ′

t . In the first 
stage, the joint posterior Q (θs, θt |Ds, Dt) gives the estimation of θs and θt . In the second stage, the learned θt is applied 
for prediction in terms of the parametric distribution Pθt (Z ′

t). One way to comprehend the mixture strategy is that we en-
code our prior knowledge over target and source domain distributions in terms of the prior distribution ω(�s, �t), and its 
induced conditional distribution ω(�t |�s) shows our belief over target parameters given the source parameters, e.g., how 
close �t and �s are.

Remark 1. Different from many other transfer learning algorithms, the predictive hypothesis is learned via the empirical 
risk minimization (ERM) algorithm [4,76,47], we learn the distribution parameters and make the prediction from a Bayesian 
approach. On the one hand, with the mixture strategy, we could encode the prior knowledge of the distribution parameters 
with the prior distribution ω and estimate the posterior from the data, providing insights on how to incorporate the source 
6
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with the prediction in the target domain. Because the ERM algorithm does not take the data distribution into account, thus 
it is not easy to see the usefulness of the source data. On the other hand, the mixture strategy is optimal under minimax 
settings [40], and we later show that it can achieve the excess risk with the optimal rate O ( 1

n ) under specific priors, while 
the bounds for ERM algorithm will usually involve the domain divergence term where it does not converge to zero even 
with sufficient data [48].

The following theorem gives an exact characterization of the excess risk of the predictor b under the logarithmic loss.

Theorem 1 (Excess Risk with Logarithmic Loss for ITL). Under the logarithmic loss, let the predictor b = Q (Z ′
t |Dm

s , Dn
t ) =∫

Pθ∗
t
(Dn

t ,Z ′
t )Pθ∗

s
(Dm

s )ω(θt ,θs)dθtdθs∫
Pθ∗

t
(Dn

t )Pθ∗
s
(Dm

s )ω(θt ,θs)dθtdθs
with the prior distribution ω described in Equation (11), the excess risk can be written as

RI = Eθ∗
t ,θ∗

s

[
Pθ∗

t
(Z ′

t)

Q (Z ′
t |Dm

s , Dn
t )

]
= I(Z ′

t;�t = θ∗
t ,�s = θ∗

s |Dm
s , Dn

t ). (12)

All proofs in this paper can be found in Appendices. A similar learning strategy can be used for more general loss 
functions. Given a general bounded loss function �, we define the predictor b to be

b = argminbEQ (Z ′
t ,Dn

t ,Dm
s )

[
�(b, Z ′

t)|Dm
s , Dn

t

]
, (13)

with the choice of the mixture strategy Q (Z ′
t , Dn

t , Dm
s ) = ∫ Pθt ,θs (Z ′

t , Dn
t , Dm

s )ω(θt , θs)dθtdθs for some prior ω. The optimal 
predictor is then given by

b∗ = argminbEPθ∗
t
(Dn

t ,Dm
s ,Z ′

t )

[
�(b, Z ′

t)|Dm
s , Dn

t

]
. (14)

We have the following theorem for general bounded loss functions.

Theorem 2 (Excess Risk with Bounded Loss for ITL). Assume the loss function satisfies |�(b, z) − �(b∗, z)| ≤ M for any observation z
and any two predictors b, b∗ . Then the excess risk induced by b and b∗ in Equation (13) and (14) can be bounded as

RI ≤ M
√

2I(Z ′
t;�t = θ∗

t ,�s = θ∗
s |Dm

s , Dn
s ). (15)

Theorem 3 (Excess Risk with Exponentially Concave Loss for ITL). Assume the loss function is β-exponentially concave in b for any z ∈
Z , namely, that the function exp(−β�(b, z)) is concave in the first argument. Then the excess risk induced by b and b∗ in Equation (13)
and (14) can be bounded as

RI ≤ 1

β
I(Z ′

t;�t = θ∗
t ,�s = θ∗

s |Dm
s , Dn

s ). (16)

Many loss functions such as can be shown to be exponentially concave. For example, the squared loss �(b, z) = (b − z)2

is 1/(8a2)-exponentially concave if the absolute value of b, z are no larger than a. The discrete entropy and Renyi entropy 
are also satisfying the exponentially concave with appropriate scaling. Furthermore, the logarithmic loss �(b, z) = − log b(z)
that we used throughout the paper satisfies the 1-exponentially concave. See [1] and [82] for references.

The above theorems imply that under both logarithmic loss and other bounded or exponentially concave loss functions, 
with a specific prior ω, the excess risk induced by the mixture strategy is captured by the conditional mutual information 
between the sample Z ′

t and �t , �s that are evaluated at θ∗
t and θ∗

s given the source and target data. However, the expres-
sions involving CMI are not very informative in the sense that they do not clearly show the effect of source data in transfer 
learning. Our analysis in asymptotic estimation will provide insight into the usefulness of source data. We will give the 
asymptotic estimation of this quantity later.

Online transfer learning Techniques for instantaneous transfer learning can be extended to handle the online transfer learn-
ing problem. We first examine the expected regret under the logarithmic loss. Assume we have m source samples, at each 
time k, we may now view the predictor as a conditional probability distribution bk(z(k)

t ) = Q (z(k)
t |Dk−1

t , Dm
s ) conditioned 

on both source and target data. Using the same argument as in ITL, the optimal predictor b∗
k is naturally given by the true 

target distribution over z(k)
t as b∗

k (z(k)
t ) = Pθ∗

t
(z(k)

t ). Then the expected regret till time n can be written explicitly as

RO =Eθ∗
s ,θ∗

t

[
log

1

Q (Dn
t |Dm

s )
− log

1

Pθ∗
t
(Dn

t )

]
. (17)
7
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The effect of source data is reflected in the conditional distribution Q (Dn
t |Dm

s ). In particular, we choose the predictor 
Q (Dn

t |Dm
s ) with the mixture strategy as follows.

Q (Dn
t |Dm

s ) =
∫

Pθt ,θs (Dn
t , Dm

s )ω(θt , θs)dθtdθs∫
Pθs (Dm

s )ω(θs)dθs

=
∫

Pθt (Dn
t )ω(θt |θs)Pθs (Dm

s )ω(θs)dθtdθs

Q (Dm
s )

=
∫

Pθt (Dn
t )ω(θt |θs)dθt

Pθs (Dm
s )ω(θs)

Q (Dm
s )

dθs

=
∫ ∫

Pθt (Dn
t )ω(θt |θs)dθt Q (θs|Dm

s )dθs, (18)

where ω(θs) and ω(θt |θs) are induced by the joint distribution ω(θs, θt). From Eq (18), the mixture strategy quantitatively 
explains how transfer learning is implemented via the posterior updates of θt sequentially. Intuitively speaking, the posterior 
Q (θs|Dm

s ) firstly gives an estimate of θ∗
s from the source data, then the conditional prior ω(θt |θs) reflects our belief upon 

θ∗
t given θs estimated from source data. With the choice of Q (Dn

t |Dm
s ), the expected regret can be explicitly characterized 

in the following theorem.

Theorem 4 (Expected Regret with Logarithmic Loss for OTL). With the mixture strategy Q (Dn
t |Dm

s ) in (18), the expected regret in (17)
can be written as

RO =Eθ∗
s ,θ∗

t

[
log

Pθ∗
t
(Dn

t )

Q (Dn
t |Dm

s )

]
= I(Dn

t ;�t = θ∗
t ,�s = θ∗

s |Dm
s ), (19)

where I(Dn
t ; �t = θ∗

t , �s = θ∗
s |Dm

s ) denotes the conditional mutual information I(Dn
t ; �t , �s|Dm

s ) evaluated at �t = θ∗
t , �s = θ∗

s .

For general loss functions, we define the predictor bk at time k to be

bk = argminbEQ (Dk
t ,Dm

s )

[
�(b, z(k)

t )|Dm
s , Dk−1

t

]
, (20)

with the choice of the mixture strategy Q (Dk
t , Dm

s ) = ∫ Pθt ,θs (Dk
t , Dm

s )ω(θt , θs)dθtdθs for some prior ω. The optimal predictor 
is then given by

b∗
k = argminbEPθ∗

t ,θ∗
s
(Dk

t ,Dm
s )

[
�(b, z(k)

t )|Dm
s , Dk−1

t

]
. (21)

As a consequence, we arrive at the following theorem for bounded and exponentially concave loss functions.

Theorem 5 (Expected Regret with Bounded Loss for OTL). Assume the loss function satisfies |�(b, z) −�(b∗, z)| ≤ M for any observation 
z and the predictors b, b∗. Then the true expected regret induced by bk and b∗

k in Equation (20) and (21) can be bounded as

RO ≤ M
√

2nI(Dn
t ;�t = θ∗

t ,�s = θ∗
s |Dm

s ). (22)

Theorem 6 (Excess Risk with Exponentially Concave Loss for OTL). Assume the loss function is β-exponentially concave in b for any 
z ∈Z . Then the excess risk induced by b and b∗ in Equation (20) and (21) can be bounded as

RO ≤ 1

β
I(Dn

t ;�t = θ∗
t ,�s = θ∗

s |Dm
s ). (23)

The proof follows the same procedures as for the Theorem 3, which we do not repeat here. We can see the analogy 
from the above theorem that under both the logarithmic loss, bounded and exponentially concave loss, the expected regret 
induced by the mixture strategy is also characterized by CMI evaluated at θ∗

t and θ∗
s . The expected regret can be considered 

the accumulated excess risk from sequential prediction, where every single prediction is made from the posterior of the 
target parameters. Nevertheless, it is not easy to directly spectate the effects of the prior and the sample sizes.

Time-variant transfer learning The treatment of time-variant transfer learning is similar. Under the logarithmic loss, we 
rewrite the objective function in Equation (5) as
8
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RT V =
l∑

i=1

Eθ∗
s ,θ∗

t,i ,θ
∗
t,i−1

[ ni∑
k=1

�(bk,i, Z (k)
t,i ) −

ni∑
k=1

�(b∗
i,k, Z (k)

t,i )

]
(24)

=
l∑

i=1

Eθ∗
s ,θ∗

t,i ,θ
∗
t,i−1

[
Pθ∗

t,i
(Dni

t,i)

Q (Dni
t,i|Dm

s , D
ni−1
t,i−1)

]
. (25)

We will use the mixture strategy by defining the random variable �s , �t,i and �t,i−1 over � such that with some prior ω, 
we can formulate the conditional distribution as

Q (Dni
t,i|Dm

s , D
ni−1
t,i−1) = Q (Dm

s , D
ni−1
t,i−1, Dni

t,i)

Q (D
ni−1
t,i−1, Dm

s )
(26)

=
∫

Pθs,θt,i−1,θt,i (Dm
s , D

ni−1
t,i−1, Dni

t,i)ω(θs, θt,i−1, θt,i)dθsdθt,i−1dθt,i∫
Pθs,θt,i−1(Dm

s , D
ni−1
t,i−1)ω(θs, θt,i−1)dθsdθt,i−1

(27)

=
∫

Pθt,i (Dni
t,i)ω(θt,i |θs, θt,i−1)dθt,i Q (θs, θt,i−1|Dm

s , D
ni−1
t,i−1)dθsdθt,i−1. (28)

The above prediction distribution suggested that the posterior Q (θs, θt,i−1|Dm
s , Dni−1

t,i−1) firstly gives an estimate of the source 
parameter and previous target parameter with marginal ω(θs, θt,i−1), then the knowledge transfer is reflected on the con-
ditional prior ω(θt,i |θs, θt,i−1) that may result in a good approximation of θ∗

t,i . The conditional prior ω(θt,i |θs, θt,i−1) can be 
interpreted as our prior knowledge of the current target state given the previous state and auxiliary source parameters.

Remark 2. At each episode i, we view the sequential predictors as the conditional distribution Q (Dni
t,i |Dm

s , Dni−1
t,i−1) since 

we only use the previous target data from episode i − 1, and it should be recognized that this choice is not necessarily 
the optimal choice. The reasons that we discard earlier target data are two-fold. On the one hand, if i becomes large, the 
posterior will be hard to compute using all earlier target data, and the mixture strategy will become very complicated 
and inefficient. On the other hand, as the relationship between the target data at episode i and the target data earlier than 
episode i −1 is not explicitly recognized, if the prior distribution is chosen improperly without prior knowledge, introducing 
such data may result in worse performance.

By this specific strategy, we have the expected regret in the following theorem.

Theorem 7 (Expected Regret with Logarithmic Loss for TVTL). Under the logarithmic loss, the expected regret in (5) can be written as

RT V =
l∑

i=1

I(Dni
t,i;�t,i = θ∗

t,i,�t,i−1 = θ∗
t,i−1,�s = θ∗

s |Dm
s , D

ni−1
t,i−1). (29)

Similarly, we can easily generalize the logarithmic loss to other bounded loss �. Given any loss function �, we define the 
predictor bk,i at episode i to be

bk,i = argminbEQ (Dk
t,i ,D

ni−1
t,i−1,Dm

s )

[
�(b, z(k)

t,i )|Dm
s , D

ni−1
t,i−1, Dk−1

t,i

]
, (30)

with the choice of the mixture strategy

Q (Dk
t,i, D

ni−1
t,i−1, Dm

s ) =
∫

Pθt,i ,θt,i−1,θs (Dk
t,i, D

ni−1
t,i−1, Dm

s )ω(θt,i, θt,i−1θs)dθt,idθt,i−1dθs (31)

for some prior ω. The optimal predictor is then given by

b∗
k,i = argminbEPθ∗

t,i ,θ
∗
t,i−1,θ∗

s
(Dk

t,i ,D
ni−1
t,i−1,Dm

s )

[
�(b, z(k)

t,i )|Dm
s , D

ni−1
t,i−1, Dk−1

t,i

]
. (32)

Then following Theorem 2 and 5, we arrive at the theorem that describes the expected regret for time-variant transfer 
learning.

Theorem 8 (Expected Regret with Bounded Loss for TVTL). Assume the loss function satisfies |�(b, z) − �(b∗, z)| ≤ M for any ob-
servation z and the predictors b, b∗. Then the true expected regret induced by bk and b∗

k in Equation (30) and (32) can be bounded 
as

RT V ≤ M

√√√√2l
l∑

ni I(Dni
t,i;�t,i = θ∗

t,i,�t,i−1 = θ∗
t,i−1,�s = θ∗

s |Dm
s , D

ni−1
t,i−1). (33)
i=1

9
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In this section, we characterize the excess risk and expected regrets for instantaneous and online transfer learning sce-
narios using information-theoretic quantities from a Bayesian perspective. Given bounded or logarithmic loss functions, the 
performance is captured by the conditional mutual information between the parameters and the test data. The bound im-
plicitly embeds our prior knowledge over target and source parameters in the prior distribution ω. However, the bounds in 
their current forms are less informative as they do not show the effects of the prior knowledge ω and sample sizes of the 
source and target domains. To this end, we will give an asymptotic approximation for conditional mutual information in the 
following subsection.

3.2. Asymptotic approximation for conditional mutual information

Instantaneous transfer learning To investigate the effect of sample size and prior, first we make the regular assumptions on 
parametric conditions [9,10] and define the proper prior.

Assumption 3 (Parametric Condition). We make the following assumptions for the source and target distributions:

• The source and target distributions Pθ∗
s
(Zs) and Pθ∗

t
(Zt) are twice continuously differentiable at θ∗

s and θ∗
t for almost 

every Zs and Zt .
• For any θt , θs ∈ �, there exist δs, δt > 0 satisfying,

Eθt

[
sup∥∥θt−θ∗

t

∥∥≤δ

∣∣∣∣ ∂

∂θt,i
log Pθt (Zt)

∣∣∣∣
]

< ∞, (34)

Eθs

[
sup∥∥θs−θ∗

s
∥∥≤δ

∣∣∣∣ ∂

∂θs,i
log Pθs (Zs)

∣∣∣∣
]

< ∞ (35)

for i = 1, · · · , d. In addition, we assume,

Eθt

[
sup∥∥θt−θ∗

t

∥∥≤δ

∣∣∣∣ ∂2

∂θi∂θ j
log Pθt (Zt)

∣∣∣∣
2]

< ∞, (36)

Eθs

[
sup∥∥θs−θ∗

s
∥∥≤δ

∣∣∣∣ ∂2

∂θi∂θ j
log Pθs (Zs)

∣∣∣∣
2]

< ∞ (37)

for any i, j = 1, · · · , d.
• Let DKL(Pθ∗

s
‖Pθs ) and DKL(Pθ∗

t
‖Pθt ) denote the information (KL) divergence for source distribution Pθs and target dis-

tribution Pθt . We assume they are twice continuously differentiable at θ∗
s and θ∗

t , with the Hessian J s(θ
∗
s ) and Jt(θ

∗
t )

positive definite, which are defined by:

J s (θs) =
[

∂2

∂θi∂θ j
DKL(Pθ∗

s
‖Pθs )

]
i, j=1··· ,d

, (38)

Jt (θt) =
[

∂2

∂θi∂θ j
DKL(Pθ∗

t
‖Pθt )

]
i, j=1··· ,d

. (39)

• The convergence of a sequence of parameter values is equivalent to the weak convergence of the distributions they 
index, e.g.,

θ → θ∗ ⇔ Pθ → Pθ∗, (40)

for both source and target distributions.

Definition 2 (Proper Prior). Given a prior ω(�s, �t), we say,

• the induced marginal density ω(�s) is proper if it is continuous and positive over the whole support � ⊆Rd .
• the conditional density ω(�t |�s) is proper if there exist some δs > 0 and δt > 0 such that ω(θt |θs) > 0 for any θs and 

θt satisfying ‖θs − θ∗
s ‖ ≤ δs and ‖θt − θ∗

t ‖ ≤ δt .
• ω(�s, �t) is proper if both ω(�s) and ω(�t |�s) are proper.

We define the proper prior to ensure that the posterior distribution of �t and �s given Dn
t and Dm

s will asymptotically 
concentrate on neighborhoods of θ∗

t and θ∗
s , respectively. Specifically, if ω(�s) is positive and continuous in �, the posterior 

of �s will concentrate around θ∗
s with sufficient source data. With the posterior of �s , the knowledge is transferred via 
10
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the conditional distribution ω(�T |�s) where we could eventually obtain a good estimation of θ∗
t only if ω(�T |�s) has a 

positive density around θ∗
t . We also say ω(�s) or ω(�t |�s) is improper if it does not satisfy conditions in Definition 2.1

Intuitively speaking, continuity and positivity are two conditions of the asymptotic behavior of posterior distributions. 
Specifically, the first point ensures that θ∗

s can be estimated accurately with sufficient source data. The second point ensures 
that with the accurately estimated θs , the conditional distribution ω(�t |�s) is proper, and we have some positive density 
around the true target distribution θ∗

t . If an improper prior ω(�t |�s) is posed, then we can never get an accurate estimation 
of θ∗

t even with sufficient source and target data as the posterior will never converge to its true distribution. Hence, such 
a prior will instead harm the performance and lead to negative transfer. On the other hand, if ω(�t |�s) can encourage a 
tighter concentration around θ∗

t given the information of θs , then the knowledge from the source domain is helpful, and 
such a prior will lead to the positive transfer. Later, we will have a more detailed discussion on both negative and positive 
transfer in Section 3.3, and we will also reflect on the effect of the prior with a toy Bernoulli example in Section 3.4.

Allowing both k and m to be sufficiently large, we can obtain the following asymptotic results for the excess risk when 
both �s and �t are scalars.

Theorem 9 (Instantaneous Prediction with Scalar Parameters). Under Assumptions 1 and 3, for � = R and θ∗
s �= θ∗

t , as n, m → ∞, 
the mixture strategy with a proper prior ω(�s, �t) for logarithmic loss yields

RI � 1

n
. (41)

When θ∗
s �= θ∗

t , the above theorem characterizes the excess risk with the rate of O ( 1
n ), which achieves the optimal 

convergence rate for parametric distribution estimation [22,70]. However, the expression does not involve the source sample 
m and the prior distribution ω(�s, �t), indicating that the source data does not help the prediction asymptotically. This is 
intuitive because given enough target data, we could precisely estimate the underlying target distribution. Hence the source 
data is not needed in this asymptotic regime. However, we will see that this is not the case anymore in the OTL setup.

The above result can be extended to a more typical transfer learning scenario where �t , �s ∈Rd with d > 1 share some 
common parameters �c ∈R j for 0 ≤ j ≤ d. To illustrate, we can write the parameters in the following way,

�s = (�c,1,�c,2, · · · ,�c, j, �s,1, · · · ,�s,d− j) = (�c,�sr), (42)

�t = (�c,1,�c,2, · · · ,�c, j︸ ︷︷ ︸
common parameters

, �t,1, · · · ,�t,d− j)︸ ︷︷ ︸
task-specific parameters

= (�c,�tr), (43)

where �c ∈ R j denotes the common parameter vector and �sr, �tr ∈ Rd− j are task-specific parameter vectors for source 
and target data, respectively. Then we reach the following theorem that gives the asymptotic estimation of the excess risk 
with d > 1.

Theorem 10 (Instantaneous Prediction with General Parameterization). Under Assumptions 1 and 3, assume θ∗
s and θ∗

t are character-
ized in (42) and (43), and m � np for some p ≥ 0. Let n → ∞, the mixture strategy with a proper prior ω(�s, �t) for logarithmic loss 
yields

RI � d − j

n
+ j

n ∨ np
, (44)

Remark 3. From the theorem above, we can conclude that if there is no common parameter j = 0 and d = 1, we could 
then recover the result in Theorem 9. If j > 0, the source domain will share some parameters with the target domain and 
the source data will indeed help improve the “learning cost” of the common parameters. Compared with the typical result 
without the source as

RI � d

n
, (45)

the improvement is associated with the component j
n∨np , which can be interpreted as the learning cost of θ∗

c . If m is 
superlinear in n (e.g., p > 1), the source samples indeed improve the convergence rate of the estimation for θ∗

c (but does 
not change the rate of the estimation for θ∗

tr ). Moreover, if we consider the extreme case j = d such that the source and 
target have the same parameterization, the risk will be

1 In Bayesian statistical inference (e.g., [5]), the terminology “improper prior” refers to the class of prior distribution whose sum or integral is infinite, 
i.e., not necessarily a distribution. With a little abuse of terminology, we use the term “improper prior” to refer to the prior that does not satisfy the 
Definition 2.
11
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RI � d

np ∨ n
, (46)

where source data can yield a better convergence rate for the excess risk compared to Equation (45) if p > 1.

Online transfer learning For online transfer learning where both �s and �t are scalars, we give the asymptotic estimation 
for CMI as follows.

Theorem 11 (Online Prediction with Scalar Parameters). Under Assumptions 1 and 3, for � = R and θ∗
s �= θ∗

t , as n, m → ∞, the 
mixture strategy with proper prior ω(�s, �t) for logarithmic loss yields

RO − 1

2
log

n

2πe
→ 1

2
log It(θ

∗
t ) + log

1

ω(θ∗
t |θ∗

s )
, (47)

where we define the Fisher information matrix E�t

[
−∇2

�t
log P�t (Zt)

]
evaluated at �t = θ∗

t as It(θ
∗
t ).

Remark 4. Compared to the result without the source data when target sample is abundant [10],

RO − 1

2
log

n

2πe
→ 1

2
log It(θ

∗
t ) + log

1

ω̂(θ∗
t )

(48)

for some prior ω̂(�t), the difference between Equation (47) and (48) is ω̂(θ∗
t )

ω(θ∗
t |θ∗

s )
. It says that if the distribution ω can be 

chosen such that ω̂(θ∗
t )

ω(θ∗
t |θ∗

s )
< 1, the source data will help to reduce the regret by some constant in the scalar parameter case. 

However, it should be noted that ω is chosen without knowing the exact value of θ∗
t and θ∗

s , so it is not immediately clear 
if this is always possible. We will show later that if the conditional prior ω(θt |θs) is proper, it is always possible to find a 
distribution such that ω̂(θ∗

t )

ω(θ∗
t |θ∗

s )
< 1. On the contrary, if the prior information between the source and target is incorrect, we 

cannot guarantee that ω̂(θ∗
t )

ω(θ∗
t |θ∗

s )
> 1 always hold, hence negative transfer will occur in the worst-case scenario. This result 

provides a formal characterization of negative transfer.

Notice that the source samples change the constant from log 1
ω̂(θt )

to log 1
ω(θt |θs)

, which is independent from n. Hence the 
effect of the source samples vanishes asymptotically as n goes to infinity. However, the asymptotic analysis is still useful for 
two reasons. Firstly, we will show later in Corollary 1 that when both n and m approach infinity, the sample complexity of 
the regret (i.e., how regret scales in terms of m and n) will change, depending on how fast m and n grow relative to each 
other. Secondly, our numerical results show that the asymptotic bound is in fact very accurate even for relatively small m
and n.

Theorem 11 holds when the distributions are parametrized by scalars; that is, the source and target do not share pa-
rameters, and the knowledge transfer is reflected on the prior knowledge. Therefore, the effect of the source sample size m
is not exhibited in this case. The following theorem characterizes the expected regret under general parametrization where 
�s and �t will share j common parameters.

Theorem 12 (Online Prediction with General Parametrization). Under Assumptions 1 and 3, with �s, �t ∈ Rd defined above and as 
n → ∞ and m = cnp for some c > 0, the mixture strategy with proper prior ω(�s, �t) yields

RO − 1

2
log det(I j× j + 1

cnp−1 �t�
−1
s ) − 1

2
log det(nIt(θ

∗
tr)) → d − j

2
log

1

2πe
+ log

1

ω(θ∗
t |θ∗

s )
(49)

where �t , �s and It(θ
∗
tr) are Fisher information matrices related quantities and their definitions can be found in (181) - (186) in 

Appendix A.9.

Corollary 1 (Rate of RO ). Under the conditions in Theorem 12, for 0 ≤ p < 1:

RO � j(1 − p) log n + (d − j) logn. (50)

For p ≥ 1:

RO � j

np−1 + (d − j) logn. (51)

Remark 5. We can intuitively interpret the term 1
2 log det(I j× j + 1

cnp−1 �t�
−1
s ) in the Equation (49) as the learning cost of 

θc , which is captured by the source sample sizes m. Compared with the typical result without the source as
12
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Table 1
Results on the convergence rate of the excess risk under different conditions given θ∗

s �= θ∗
t .

Learning Type � Condition Rate

Instantaneous TL R m = cnp ,0 ≤ p < 1 O ( 1
n )

Instantaneous TL R m = cnp , p ≥ 1 O ( 1
n )

Instantaneous TL Rd in total, R j in common m = cnp ,0 ≤ p < 1 O ( d
n )

Instantaneous TL Rd in total, R j in common m = cnp , p ≥ 1 O (
d− j

n + j
m )

Online TL R m = cnp ,0 ≤ p < 1 O (logn)

Online TL R m = cnp , p ≥ 1 O (logn)

Online TL Rd in total, R j in common m = cnp ,0 ≤ p < 1 O (d logn − j log m)

Online TL Rd in total, R j in common m = cnp , p ≥ 1 O ((d − j) logn)

RO − d

2
log

n

2πe
→ 1

2
log det(It(θ

∗
t )) + log

1

ω̂(θ∗
t )

(52)

with the rate of O (d log n), if m is

• sublinear in n (p < 1), the rate is improved to O ( j(1 − p) log n). In this case, as the source data size is small compared 
to the target data size, the learning rate (for the common parameter part) is only improved by a constant factor 1 − p, 
changed from j log n to j(1 − p) log n.

• linear in n (p = 1), the rate (for learning in the common parameters) in this case improves from O ( j log n) to a constant 
O ( j).

• superlinear in n (p > 1), the rate is O (
j

np−1 ), indicating that abundant source samples indeed improve the performance 
and the cost for learning the common parameters vanishes in this case.

Furthermore, the prior knowledge ω(θ∗
t |θ∗

s ) becomes involved in characterizing the expected regret as we discussed in 
Remark 4. However, it can only change the constant but does not change the rate.

As a special case, if there is no common parameters ( j = 0), then as both m and n are sufficiently large:

RO − d

2
log

n

2πe
→ 1

2
log det(It(θ

∗
tr)) + log

1

ω(θ∗
t |θ∗

s )
(53)

Let d = 1, we can recover the results in Theorem 11 and the knowledge transfer is only reflected on the prior knowledge 
ω(θ∗

t |θ∗
s ). If the number of the common parameters is d ( j = d), that is, the source and target distributions are characterized 

by the same parameters, which yields the asymptotic estimation as

RO − 1

2
log det(Id×d + 1

cnp−1 �t�
−1
s ) → log

1

ω(θ∗
t |θ∗

s )
(54)

Under this case, the regret rate depends on the source sample size by setting j = d in Corollary 1. Compared to the ITL 
case, as seen in Theorem 1 and 2, the excess risk induced by ITL is only associated with the sample number m and n since 
the posterior overwhelms the prior for single data prediction. While the expected regret in OTL is further determined by 
conditional prior distribution as shown in Theorem 11 and 12. We summarize the results for ITL and OTL in Table 1 to show 
the effectiveness of the common parameters between θ∗

s and θ∗
t .

From the table, it can be observed that for the scalar support domain � = R, since θ∗
t �= θ∗

s , the convergence rate will 
only depend on the target sample. The source data will affect the term log 1

ω(θt |θs)
as we show in Theorem 11. However, 

if we consider � = Rd and there are j common parameters, the source data may change the convergence rate depending 
on the sample size and the type of the transfer learning problem. Taking ITL as an example, if we have fewer source 
data where 0 ≤ p < 1, the convergence rate is dominated by the target data and will not change even with the increased 
dimension j for common parameters. But if p ≥ 1, the convergence rate is partially improved from O (

j
n ) to O (

j
m ) for the 

common parameters. For OTL, when 0 ≤ p < 1 and d, j ≥ 1, the rate of the cumulative regret will be partially improved 
by − j log m compared to the case without the source (e.g., O (d log n)). However, the best convergence rate we can achieve 
is O ((d − j) log n) even if we increase the source data (to p ≥ 1) as the domain-specific parameters can only be estimated 
from the target data.

Despite our conclusion being based on asymptotic analysis, we provide experimental results on the regret, such as in 
Section 4.2 on the logistic regression transfer problem, to demonstrate that CMI accurately captures the pattern of true 
regret and the impact of prior knowledge. The obtained upper bounds can also serve as a useful guideline for true regret 
even with limited sample sizes. However, it should be noted that providing a rigorous proof for non-asymptotic regret may 
require additional techniques beyond KL divergence, as discussed in [26,8], where the non-asymptotic analysis for Bayesian 
13
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posterior primarily relies on other distribution divergences such as the Wasserstein distance or maximum mean discrepancy, 
which suggest a possible extension as future work.

Time-variant transfer learning Under the time-variant transfer learning, with the aforementioned assumption that at episode 
i, the target parameter �t,i have ci target common parameters with �t,i−1, and �s shares ji source sharing parameters 
with �t,i−1 and �t,i . Let us define the random variables �s , �t,i−1 and �t,i with the following parameterization,

�s = (�c,1,�c,2, · · · ,�c, ji , �s,1, · · · ,�s,d− ji )︸ ︷︷ ︸
source-specific parameters

= (�c,i,�sr,i), (55)

�t,i−1 = (�c,1,�c,2, · · · ,�c, ji , �v,1, · · · ,�v,ci , �t′,1, · · · ,�t′,d− ji−ci ) = (�c,i,�v,i,�tr,i−1), (56)

�t,i = (�c,1,�c,2, · · · ,�c, ji ,︸ ︷︷ ︸
source sharing parameters

�v,1, · · · ,�v,ci ,︸ ︷︷ ︸
target common parameters

�t,1, · · · ,�t,d− ji−ci )︸ ︷︷ ︸
target-specific parameters

= (�c,i,�v,i,�tr,i). (57)

Here �c,i and �v,i represent the source sharing parameters and the target common parameters under episode i, which are 
not overlapped. The parameters changing from �tr,i−1 to �tr,i exhibit the nature of time-varying target domains. By this 
particular parameterization and we assume at each episode i, the sample sizes ni are comparable with ni−1 (e.g., ni−1 � ni ), 
we reach the following theorem.

Theorem 13 (Time-variant Target Regret Bounds). Given the time-variant target domain described in the problem formulation, suppose 
that conditions in Theorem 5 and Assumptions 2 and 3 hold for each θ∗

t,i and θ∗
s for i = 1, 2, · · · , k. We further assume that source 

parameters will share ji parameters with every θ∗
t,i . In addition, θ∗

t,i , θ
∗
t,i−1 have ci common parameters. As ni → ∞ for any i and 

assume ni−1 � ni and m � np
i for some p ≥ 0, the mixture strategy with proper prior ω(θs, θt,i, θt,i−1) yields

RT V �

√√√√l
l∑

i=1

ni

(
ji(1 ∧ n1−p

i ) + ci + (d − ci − ji) log ni + 2

ω(θ∗
t,i |θ∗

t,i−1, θ
∗
s )

)
. (58)

As seen in the theorem, the estimations of the parameters are now four-fold. In summation, the first term stands for the 
estimation cost of source sharing parameters, and the rate depends on the sample size of source samples. Hence, a large 
sample size (p > 1) will contribute to boosting the rate. The second term, concerned with the target common parameters 
�v,i , is a constant ci calculating from the ratio ni

ni−1
∼ O (1) where it entails that the target data with the previous episode 

improves the estimation of �v,i . For target-specific parameter, the rate is O ((d − ji − ci) log(ni)) which coincides with the 
typical regret growth results. Lastly, the prior knowledge ω(θ∗

t,i |θ∗
t,i−1, θ

∗
s ) (e.g., the knowledge over θ∗

t,i given the previous 
θ∗

t,i−1 and θ∗
s ) also plays an important role in the prediction performance for each episode i as can be seen in the OTL case.

3.3. Negative and positive transfer

As previously discussed, ω(�s, �t) should be appropriately chosen so that the posterior will asymptotically converge to 
the true parameter θ∗

s and θ∗
t . However, if the prior distribution (particularly ω(�t |�s)) is imposed improperly, the extra 

source data do not necessarily help improve our prediction for target data. Roughly speaking, if our prior knowledge on θ∗
s

and θ∗
t is incorrect, under our scheme, this could translate to an improper prior distribution for the mixture strategy. We 

will show that in the worst case, with an improper prior, the extra source data will, in fact, cause a higher regret (i.e., worse 
performance) compared to the case without source data, known as the negative transfer. We also study the positive transfer
case under the proposed mixture strategy where the source data improve the prediction performance.

Negative transfer Let us start with a simple Bernoulli transfer example to understand the negative transfer. Consider Zs , 
Zt take values in {0, 1} and assume θ∗

s and θ∗
t are the probabilities that the source and target samples take value in 1. 

Also assume that our prior knowledge on the parameters is that |θ∗
s − θ∗

t | ≤ 0.1 given any θ∗
s ∈ �. Suppose the underlying 

parameters are θ∗
t = 0.6 and θ∗

s = 0.8. In other words, our prior knowledge is incorrect. In this case, even with the perfect 
knowledge of θ∗

s , no algorithm can correctly estimate θ∗
t if the (incorrect) prior knowledge |θs − θt | ≤ 0.1 is imposed, even 

with infinitely many target samples. Consequently, the expected risk becomes higher than the case without knowing such 
prior. In section 3.4, we present detailed analytical and experimental analyses for Bernoulli examples with different priors. 
Generally speaking, it is recognized that learning performance is captured by the divergence between the estimated distri-
bution Pθest and the true distribution Pθ∗ . Firstly, we consider the ITL problem under logarithmic loss and then concretely 
point out that improper prior will lead to the negative transfer.

Proposition 1 (Negative Transfer for Instantaneous Transfer Learning). Under Assumptions 1 and 3, as n, m → ∞, the mixture strategy 
with a proper ω(�s) but an improper ω(�t |�s) for logarithmic loss yields
14
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RI ≥ DKL(Pθ∗
t
‖P θ̃t

), (59)

where θ̃t = minθt∈supp(ω(�t |�∗
s )) DKL(Pθ∗

t
‖Pθt ).

Compared to the result in Theorem 1, the excess risk, in this case, does not converge to zero even when n goes to 
infinity because it can be shown that θ̃t does not coincide with θ∗

t . In other words, if the wrong prior information about 
the parameters leads to a choice of an improper prior distribution, the posterior of θt will approach θ̃t instead of the true 
parameter θ∗

s and the source data will hurt the performance instead even if we have abundant target data. It can be shown 
that a similar phenomenon occurs in online predictions, as characterized by the following proposition.

Proposition 2 (Negative Transfer for Online Transfer Learning). Let Rω(�s,�t )
O (n) denote the regret induced by the mixture strategy 

Q (Dn
t |Dm

s ) with the source data and the prior ω(�s, �t). Under logarithmic loss, if ω(�s) is proper but ω(�t |�s) is improper, the 
following inequality holds when both n and m are sufficiently large.

Rω(�s,�t )
O (n) ≥ nDKL(Pθ∗

t
‖P θ̃t

), (60)

where θ̃t = argminθt∈supp(ω(�t |�∗
s ))DKL(Pθ∗

t
‖Pθt ). Furthermore, for any proper ω̂(�t), let Rω̂(�t )

O (n) denote the regret induced by 
Q̂ (Dn

t ) with the prior ω̂(�t) but without the source data. We have

Rω(�s,�t )
O (n) > Rω̂(�t )

O (n). (61)

For online transfer learning, if we use the wrong prior information, the regret rate is 
(n) while the regret is O (logn)

without the source data introduced. Such improper prior leads to a higher regret, and the negative transfer is characterized 
by the parameters closest to the true parameters θ∗

t in terms of the KL divergence. It immediately follows that the averaged 
regret 1

nR
ω(�s,�t )
O (n) does not asymptotically go to zero. As such, we concretely demonstrate when the negative transfer 

will happen for both ITL and OTL scenarios and theoretically confirm that the regret is quantitatively captured by the KL 
divergence between the true distribution and the estimated posterior. It is also worth noting that the improper prior is only 
a sufficient condition for proving the negative transfer. It is still possible to encounter the negative transfer when the prior 
density around θ∗

t is relatively small; see Section 4.2 for example.

Positive transfer In contrast, if ω(�s, �t) is chosen properly, we can always find a prior such that the knowledge transfer 
from source data encourages lower regret, leading to the positive transfer. Take the Bernoulli case as an example again. 
Without the source, the prior ω̂(�t) can be selected as a uniform distribution over the whole probability range [0, 1]. With 
the source, if the prior knowledge ω(�s|�t) could encourage a tighter support near θ∗

t , say [θ∗
t − c, θ∗

t + c] ⊂ [0, 1], then 
there will exist some proper prior that leads to a lower regret. It can be interpreted that the source data narrow down the 
uncertainty on the choice of θ∗

t , and it is more likely to obtain a more accurate estimation. We first consider the OTL case 
under logarithmic loss to mathematically interpret the positive transfer and establish the following proposition.

Proposition 3 (Positive Transfer for OTL). When both n and m are sufficiently large, for any proper ω̂(�t), we can always find a proper 
prior ω(�s, �t) satisfying the following inequality if the support of ω(�t|�s) is a proper subset of � for any ‖θs − θ∗

s ‖ ≤ δs with 
some δs > 0.

Rω(�s,�t )
O (n) < Rω̂(�t )

O (n) (62)

As aforementioned, not all proper priors will lead to positive transfer. In our claim, we can find a proper prior that if 
ω(�t |�s) encourages a tighter support over �t , making use of source data appropriately can narrow down the uncertainty 
range over �t . It then follows that there will always exists a prior that assigns a more concentrated mass around θ∗

t , which 
reduces the expected regret.

For the ITL scenario, from Theorem 9 one can see that the prior knowledge is not revealed in characterizing the excess 
risk since the data overwhelms the prior as both n and m goes sufficiently large. However, the prior knowledge still plays 
an important role when the sample sizes are limited. To see this, by generalizing Theorem 1 from [22], for any n and m, the 
excess risk of ITL in (2) can be upper bounded by

RI ≤ − log
∫

P (θt |Dn
t )

ω(θt |θs)

ω̂(θt)
e
−nD K L(Pθ∗

t
‖Pθt )dθt P (θs|Dm

s )dθs, (63)

where P (θt |Dn
t ) = Pθt (Dn

t )ω̂(θt )

P (Dn
t )

denotes the posterior induced by ω̂(θt). Here we allow m goes to infinity (abundant source 
data) but let n be a constant (limited target data). With the proper ω(�s), the posterior is approximated as P (θs|Dm

s ) =
δ(θ∗

s ), then we can rewrite the inequality for any n ∈N ,
15
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RI ≤ − log
∫

P (θt |Dn
t )

ω(θt |θ∗
s )

ω̂(θt)
e
−nD K L(Pθ∗

t
‖Pθt )dθt . (64)

Compared to the results without the source, we have the bound

RI ≤ − log
∫

P (θt |Dn
t )e

−nD K L(Pθ∗
t
‖Pθt )dθt . (65)

It is observed that the ratio ω(θt |θ∗
s )

ω̂(θt )
still plays a role in this non-asymptotic bound. Informally speaking, to achieve positive 

transfer in the single prediction, one may select ω(θt |θ∗
s ) to be large for those θt that leads to low divergence D K L(Pθ∗

t
‖Pθt )

and vice versa. As a consequence, the R.H.S. in (64) will be smaller than the R.H.S. in (65). However, due to the fact that the 
posterior distribution P (θt |Dn

s ) cannot be well estimated with finite n, it is relatively difficult to tell whether the positive 
transfer will happen given a specific prior. Rather, we intuitively explain the role of prior knowledge from its non-asymptotic 
upper bound.

3.4. Bernoulli example

In this section, we illustrate the results presented for OTL case using a simple Bernoulli example, the results can be 
calculated using the same procedures for ITL and TVTL cases. We assume the parametric distributions are Pθ∗

s
∼ Ber(θ∗

s )

and Pθ∗
t

∼ Ber(θ∗
t ) for θ∗

s , θ∗
t ∈ [0, 1], that is, P (Z (k)

t = 1) = θ∗
t and P (Z (k)

s = 1) = θ∗
s and we also assume θ∗

s �= θ∗
t . Given a 

batch of source data Dm
s with m samples i.i.d. drawn from Pθ∗

s
and n target samples Dn

t i.i.d. drawn from Pθ∗
t

sequentially, 
we will make predictions for each target sample Z (k)

t at time k based upon the received target data Dk−1
t and source data 

Dm
s . Under the logarithmic loss �, let �(bk, Z

(k)
t ) = Q (Z (k)

t |Dk−1
t , Dm

s ) and �(b∗
k , Z (k)

t ) = Pθ∗
t
(Z (k)

t ), we are interested in the 
expected regret RO as:

RO =Eθ∗
s ,θ∗

t

[
n∑

k=1

�(bk, Z (k)
t ) −

n∑
k=1

�(b∗
k , Z (k)

t )

]
(66)

=
∑
Dm

s

∑
Dn

t

Pθ∗
s

(
Dm

s

)
Pθ∗

t

(
Dn

t

)
log

(
Pθ∗

t

(
Dn

t

)
Q
(

Dn
t |Dm

s
)
)

. (67)

Without prior knowledge In this section, we analytically show that without any prior knowledge on the relationships be-
tween the source and target data (apart from the assumption θ∗

s �= θ∗
t ), the transfer learning algorithms lead to negative 

transfer in the worst case. To see this, by assigning a prior distribution ω(�t , �s) over [0, 1]2, we firstly define the distri-
bution Q with the mixture strategy as

Q
(

Dn
t |Dm

s

)= ∫ 1
0

∫ 1
0 ω(θs, θt)Pθt (Dn

t )Pθs (Dm
s )dθsdθt∫ 1

0 ω(θs)Pθs (Dm
s )dθs

, (68)

on account of the assumption Pθs,θt (Dk
t , Dm

s ) = Pθt (Dk
t )Pθs (Dm

s ). Without any prior knowledge, we will arbitrarily choose 
two types of priors ω(�s, �t) and analytically examine their regrets. We start by looking at the case where the joint 
prior distribution is assumed to be ω(�s, �t) = �s + �t , which gives the marginal distributions ω(�s) = �s + 1

2 and 
ω(�t) = �t + 1

2 . By knowing θs , there is still some uncertainty over �t . It can be seen from the conditional distribution

ω(�t |θs) = θs

θs + 1
2

+ �t

θs + 1
2

. (69)

The predictor distribution Q (Dn
t |Dm

s ) can be calculated explicitly as

Q
(

Dn
t |Dm

s

)= 1

(n + 1)

1(
n
kt

) 2ks + 2 + (kt + 1)
2(m+2)

n+2

m + 2ks + 4
, (70)

where we denote number of 1’s received from the source and target by kt and ks , respectively. If m, n are sufficiently large 
and Eθ∗

s
[ks] = θ∗

s m and Eθ∗
t s[kt] = θ∗

t n, we expect over a long sequence that the conditional mutual information can be 
calculated as

Rω(�t ,�s)
O (n) =1

2
log(n + 1) + 1

2
log

1

πθ∗
t (1 − θ∗

t )
+ log

θ∗
s + 1

2

θ∗
t + θ∗

s
. (71)

Compared to the mixture distribution Q by the marginal ω̂(θt) = θt + 1 without introducing the source
2

16



X. Wu, J.H. Manton, U. Aickelin et al. Artificial Intelligence 324 (2023) 103991
Q
(

Dn
t

)= 1∫
0

(θt + 1

2
)(θt)

kt (1 − θt)
n−kt dθt = 1

(n + 1)

1(
n
kt

) (1

2
+ kt + 1

n + 2
), (72)

and the expected regret induced by this predictor can be calculated as

Rω̂(�t )
O (n) = 1

2
log(n + 1) + 1

2
log

1

πθ∗
t (1 − θ∗

t )
+ log

1

θ∗
t + 1

2

. (73)

The difference of the regrets in Equation (71) and (73) is log ω(θt )
ω(θt |θs)

= log
(θ∗

s + 1
2 )(θ∗

s + 1
2 )

θ∗
t +θ∗

s
. From this example, due to the 

fact that we do not have any specific prior knowledge over θ∗
t and θ∗

s , the prior distribution ω(θt |θs) may not lead to a 
better estimation compared to the case without the source data, and the expected regret with the source can larger (e.g., if 
(θ∗

s − 1
2 )(θ∗

t − 1
2 ) > 0) in the worst case and the negative transfer will happen. Additionally, even when m goes to infinity, 

and the source data does not change the convergence rate w.r.t. n, this result confirms the Theorem 11 numerically.
If we consider another extreme case where the prior distribution ω(�t |�s) = δ(�s) and ω(�s) = 1, that is, �s is uni-

formly distributed and knowing �s is equivalent to knowing �t . Then we obtain the mixture as

Q
(

Dn
t |Dm

s

)=
1

n+m+1
1(

m+n
ks+kt

)
1

m+1
1(
m
ks

) . (74)

Analogously we expect over a large m, where ks = θ∗
s m and kt = θ∗

t n and the source samples are abundant, e.g., m � n. We 
have

Rω(�t ,�s)
O (n) ≤ log(1 + n

m + 1
) + n

(
θ∗

t log
θ∗

t

θ∗
s

+ (1 − θ∗
t ) log

1 − θ∗
t

1 − θ∗
s

)
+ C, (75)

where C is some constant that depends on θ∗
t and θ∗

s . By introducing abundant source data, log(1 + n
m+1 ) term will vanish 

with the rate O ( n
m ) but it will also introduce the term n 

(
θ∗

t log θ∗
t

θ∗
s

+ (1 − θ∗
t ) log 1−θ∗

t
1−θ∗

s

)
that grows linearly in n. This specific 

choice of prior is improper since ω(θ∗
t |θ∗

s ) = 0 whereas θ∗
t �= θ∗

s , which will finally lead to the inaccurate estimation of θ∗
t

while both m and n are sufficiently large. This result is unsurprising since we can estimate θ∗
s accurately and ω(θt |θ∗

s )

enforces θt = θ∗
s and the regret for each sample is at least D(Pθ∗

t
‖Pθ∗

s
). We can confirm it by calculating the true regrets 

precisely as m is sufficiently large,

Rω(�t ,�s)
O (n) = n

(
θ∗

t log
θ∗

t

θ∗
s

+ (1 − θ∗
t ) log

1 − θ∗
t

1 − θ∗
s

)
= nDKL(Pθ∗

t
‖Pθ∗

s
). (76)

Note that the chosen prior will lead to the negative transfer, and the rate of the expected regret in this case is O (n) as we 
proved in Proposition 2.

With prior knowledge In the previous section, we demonstrated two choices of prior distributions for the mixture strategy, 
both leading to negative transfer in the worst case. Now we show that we can always find an appropriate ω for better 
predictions with some correct prior knowledge. Noticing that the expected regret is captured by the conditional prior 
ω(�t |�s), even though we do not have access to the true parameters, we may know some relationship between the source 
and target parameters. In particular, for � = [0, 1] ⊂R, we make the following assumption.

Assumption 4 (Prior knowledge with �1 norm). For θ∗
s , θ∗

t ∈ [0, 1] and c > 0,

|θ∗
s − θ∗

t | ≤ c. (77)

This assumption implies that θ∗
t is not far away from θ∗

s , and if θ∗
s can be approximated accurately, θ∗

t can be estimated 
more precisely with a tighter support. We encode this particular relationship in terms of the conditional prior distribution 
ω(�t |θs), say, given any θs , �t is uniformly distributed over [θs − c, θs + c] with density 1

2c and the hyperparameter c can 
be interpreted as our knowledge level. Larger c indicates that we are more uncertain about θ∗

t given θ∗
s and vice versa. 

Additionally, we assume the marginal ω(θs) is proper, e.g., θ∗
s can be estimated accurately with sufficient source samples. 

As a result, we can give the explicit expression of the mixture distribution Q (Dn
t |Dm

s ),

Lemma 1. Under Assumption 4, given any θs , we assume �t is uniformly distributed over [θs − c, θs + c] with density 1
2c . Then θ̂s is 

estimated via the source samples Dm
s where its posterior distribution can be written as P (θ̂s|Dm

s ) = ω(θ̂s)Pθs (Dm
s )

Q (Dm
s )

for any proper prior 

ω(θ̂s). Then we have,
17
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Fig. 2. With different c and θ∗
s , subfigures (a), (b) and (c) show the predictive probability P (z(k)

t = 1|Dk−1
t , Dm

s ) with single trial. The prediction the curves 
that are closer to θ∗

t = 1
3 entails more accurate estimation. Subfigures (d), (e) and (f) show the probability density of the posterior P (�t |Dn

t , Dm
s ) (Blue) and 

P (�t |Dn
t ) (Orange) after receiving 150 target samples. The posterior with the closer θ∗

s and smaller c leads to higher density around θ∗
t . The green dashed 

lines represent the true θ∗
t for reference. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Q (Dn
t |Dm

s ) =E
θ̂s|Dm

s

[
1

2c

(
n
kt

)−1
(

kt∑
i=1

(
n
i

)
(θ̂s − c)i(1 − θ̂s + c)n−i+1

n − i + 1
− (θ̂s + c)i(1 − θ̂s − c)n−i+1

n − i + 1

+ (1 − θ̂s + c)n+1 − (1 − θ̂s − c)n+1

n + 1

)]
. (78)

Remark 6. It is relatively hard to directly tell the effect of c from the above expression. Since θ̂s will be concentrating around 
θ∗

s with large m, we then can estimate Q (Dn
t |Dm

s ) empirically if all the parameters c, n, kt are known. We shall verify this 
intuition by conducting experiments with different parameters to show the effect of the prior knowledge.

To examine the effect of hyperparameter c under Assumption 4, numerical experiments are conducted and results are 
presented. Consider the following specific settings, let the true parameter θ∗

t = 1
3 . Under Assumption 4, we assume ω(�s) =

1 over [0, 1] and given θs , �t is distributed uniformly over [θs − c, θs + c]. As the target arrives sequentially and we have 
sufficient source data with m = 10000, we plot the predictive probability P (Z (k)

t |Dk−1
t , Dm

s ) in Fig. 2(a), 2(b) and 2(c) for a 
single trial with different θ∗

s and c.
From Figs. 2(a) and 2(b), we observe that when the target sample size k is relatively small, the prior knowledge about 

the source and the target distribution can help estimate the true value of θt better than without introducing the source 
data. It can also be seen that when k is relatively large, both estimates of θ∗

t with or without the source are fairly close 
to the true value. However, in Fig. 2(c) the prior knowledge is improper as we set θ∗

s = 0.5 and c = 0.1, whereas the true 
target parameter is not contained in the effective support, e.g., [0.4, 0.6]. Even with the iteration number increasing, the 
predictive probability approaches 0.4, which is the best predictor within the support, provably verifying the Proposition 2. 
Since the single trial does not fully reflect the usefulness of the source data, we next examine the posterior distribution 
P (�t |Dn

t , Dm
s ) with source and P (�t |Dn

t ) without source after receiving 150 target data with different θ∗
s and c to see the 

effect of prior knowledge as shown in Fig. 2(d), 2(e) and 2(f). From the comparisons, the posterior distribution of �t with 
the source data is more concentrated under the correct prior knowledge. Moreover, a closer θ∗

s and a smaller c will yield a 
18
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Fig. 3. Expected regrets by 2000 repeats with different c and θ∗
s . Orange, blue and green curves represents the expected regrets without the source, with 

the source, and kDKL(Pθ∗
t
‖Pθ∗

s
), respectively.

more concentrated density around θ∗
t . However, as shown in Fig. 2(f), the estimation of the θ∗

t does not converge to its true 
value with an improper prior, which fits in line with our intuition.

To evaluate the expected regrets, we repeat the experiments 2000 times and take the average for different numbers of 
target samples. The results are shown in Fig. 3. The regret curves reflect the influence of the knowledge level c and the 
gaps between the true parameter θ∗

s and θ∗
t . When ω(θt |θ∗

s ) is proper, e.g., the density is concentrated around θ∗
t , then a 

smaller c and a smaller gap |θ∗
t − θ∗

s | will yield a lower regret, which can be seen from Fig. 3(a), 3(b) and 3(c). However, 
if the conditional prior is improper (e.g., [θ∗

s − c, θ∗
s + c] does not cover θ∗

t ), the regrets are determined by both c and 
the distance |θ∗

s − θ∗
c |. For example, comparing the case θ∗

s = 0.4, c = 0.1 (Fig. 3(c)) with θ∗
s = 0.4, c = 0.0001 (Fig. 3(d)), 

the former case is the proper, while the latter does not cover the true θ∗
t , so the worse regrets. In addition, if c is small 

enough (c = 0.001), the estimation of θt will be centered at θ∗
s thus the regrets will coincide with the KL divergence 

kD(Pθ∗
t
‖Pθ∗

s
), which confirms the negative transfer case as discussed before. Comparing the case θ∗

s = 0.5, c = 0.1 (Fig. 3(e)) 
with θ∗

s = 0.2, c = 0.1 (Fig. 3(f)), even though both cases are under the improper priors, the latter yields a lower regret as 
the true source parameter is more closer to the true target parameter. Overall, once the prior information ω(θt |θs) is located 
around θ∗

t , and the target samples are inadequate to make an accurate prediction, the knowledge transfer is sensible, and 
indeed the regret can be further optimized.

4. Algorithms and experiments

The mixture strategy requires the calculation of the posterior of �s and �t given the source and target data. This 
computation generally has a high complexity, especially when the model parameter space � lies in a high dimensional 
space. Since our main aim is to estimate the true parameters θ∗

t and θ∗
s , we may not need the full posterior. To this end, we 

propose an efficient algorithm for approximating the underlying parameters, called the efficient mixture posterior updating 
(EMPU) algorithm, and several variants are proposed for real-world applications. Furthermore, we propose an algorithm that 
works without the parametric assumption on the statistical model. Based on the Dirichlet process, this algorithm can be 
seen as a nonparametric version of the mixture strategy. We exhibit the experimental results for synthetic transfer problems 
and real-world learning problems. We show that our methods achieve both computational efficiency and high performance.
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4.1. Efficient posterior updating

In this subsection, we introduce an efficient algorithm for parametric models to approximate the mixture strategy. To 
illustrate, we consider the OTL case as an example, which can be extended to ITL and TVTL cases straightforwardly. From 
an algorithmic perspective, the mixture strategy introduced in section 3.1 can be rewritten as the following steps in Al-
gorithm 1. However, estimating the posterior of �t is computational expensive in practice (line 4 and 9), especially when 
the parameter dimension d is relatively high. To illustrate, we consider a simplified updating rule assuming the parameter 
lies in Rd and at each dimension, and each parameter can take K different values. Then there are dK combinations for the 
parameter set, and the computational cost grows polynomially with d. For the continuous random variable (as K goes to 
infinity), updating the posterior is usually infeasible when d is large.

Algorithm 1: Mixture Strategy in OTL.
input : Dm

S , loss function �, prior knowledge over θt and θs

1 Encode the prior knowledge as ω(�t , �s);
2 Calculate the posterior θs from Dm

S , i.e., P (θs|Dm
s );

3 Initialize target dataset Dk−1
t = [];

4 Initialize the prior P (�t |Dm
s ) in Equation (18) with ω(�t , �s) and P (�s|Dm

s ) ;
5 for k = 1, · · · , T do

6 Receive target sample Z (k)
t ;

7 Make prediction for Z (k)
t with the posterior P (�t |Dk−1

t , Dm
s ) under loss �;

8 Add Z (k)
t to Dk−1

t ;

9 Update the posterior P (�t |Dk
t , Dm

s ) ;
10 end

output : Sequential predictions for Z (k)
t

Concerning the computational infeasibility issues, we propose an algorithm for an efficient posterior updating algorithm 
to make the mixture strategy amenable to faster implementation. The Efficient Mixture Posterior Updating (EMPU) algorithm 
is illustrated in Algorithm 2. Since estimating the full posterior is challenging as the sample increases, we discretize the sup-
port of �t and propose a gradient-based mixture strategy for efficiently estimating the posterior with the prior knowledge. 
Precisely, we first learn the distribution parameter θ̂s from the Dm

S by statistical methods such as maximum a posterior or 
maximum likelihood estimation (line 2). Then we quantize the support of the parameter space � into N points with the 
prior knowledge ω(�t |�s) for posterior approximation. For example, we will sample θt,i, i = 1, 2, · · · , N from � according 
to the prior distribution ω(�t |θ̂s) given the learned θ̂s (line 3). Each θt,i will have a corresponding weight ωi initialized by 
the conditional prior ω(�t |θ̂s) (line 4). When we receive a new target sample Zt , we will update θi based on the gradient 
descent with the step size η and loss function � and also update ωi using the exponential weighting strategy (line 8 and 
9). After receiving n target samples, the updated θt,i and ωi will be used for future predictions (depending on the tasks). In 
particular, when dealing with supervised learning problems such as classification and regression, we use a similar setup as 
in [81] and assume that each time t we will receive a feature-label pair Zk

t = (Xk
t , Y k

t ).

Algorithm 2: Efficient Mixture Posterior Updating in OTL.
input : Dm

S , quantization number N , loss function �, prior knowledge over θt and θs

1 Encode prior knowledge as distribution ω(�t , �s);

2 Estimate θ̂s from Dm
S ;

3 Randomly sample θt,i from ω(θt |θ̂s) for i = 1, 2, · · · , N ;
4 Initialize distribution ωi with the prior knowledge ;
5 for k = 1, · · · , T do
6 Receive target sample Z (k)

t ;
7 for i = 1, · · · , N do

8 Update θt,i by θt,i(k + 1) = Proj(θt,i(k) − η∇θt �(θt,i(k), Z (k)
t )) ;

9 Update ωi by ωi(k + 1) = ωi(k)e−�(θt,i (k+1),Z (k)
t ) ;

10 Normalize ωi(k + 1) = ωi (k+1)∑N
i=1 ωi (k+1)

11 end
12 end

output : ωi and θt,i

Remark 7. Instead of applying the Bayes rule, we use the gradient descent-based method to update θt,i and apply the 
exponential weighting strategy for the weights ωi . It should be noted that EMPU is an approximation of the posterior 
distributions, and hence the theoretical analysis in Theorem 11 and 12 does not apply to this algorithm. However, numerical 
results show that the learning performance by EMPU is similar to the mixture strategy suggested in Algorithm 1. In contrast 
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to evaluating the full posterior, the learning performance will depend on the hyperparameters, e.g., the quantization number 
N and the step size η.

4.2. Logistic regression example

We consider a logistic regression problem in a 2-dimensional space to compare Algorithm 1 the EMPU algorithm (Al-
gorithm 2) in the OTL scenario. For the given parameter θ ∈ [0, 1]2 and Zi = (Xi, Yi) ∈ R2 × {0, 1}, each label Yi ∈ {0, 1} is 
generated from the Bernoulli distribution with probability P (Yi = 1|Xi) = 1

1+e−θ T Xi
. Suppose that the source and target input 

features X (k)
s and X (k)

t are drawn from the same normal distribution N (

[
5

−5

]
, 
[

1 0
0 1

]
). The loss function is then given by

�(θ, Zi) := −(Yi log(σ (θ T Xi)) + (1 − Yi) log(1 − σ(θ T Xi))), (79)

where σ(x) = 1
1+e−x . Let θ∗

t = (0.3, 0.5) and θ∗
s = (0.2, 0.4) denote the true parameters for the target and source domains. 

Given m = 5000, let the marginal prior ω(�s) be uniformly distributed over [0, 1]2 and our prior knowledge ω(�t |�s)

assumes that �t is normally distributed with the mean of �s and covariance of 
[

c2 0
0 c2

]
, here c represents the prior belief 

on �t such that smaller c implies �t is closer to �s and vice versa. To show the usefulness of the source data, we compare 
with the target only case (m = 0) where we assume the prior ω̂(�t) is uniformly distributed over [0, 1]2.

Full posterior Let Q (�s|Dm
s ) denote the posterior of �s induced by the (marginal) prior ω(�s) and Q (�t |Dm

s , Dn
t ) denote 

the posterior of �t induced by the prior ω(�t, �s) for transfer scenarios, let Q̂ (�t |Dn
t ) denote the posterior induced by 

the prior ω̂(�t) without the source data. After receiving n target samples, we plot different posteriors to see the effect of 
the mixture strategy induced by the chosen prior in Fig. 4. From 4(a), given sufficient source data, the posterior of �s will 
give a precise estimation of θ∗

s and the density will mostly stick around [0.2, 0.4]. While there is a lack of target samples 
(n = 20), the posterior Q̂ (�t |Dn

t ) (Fig. 4(b)) without the source is relatively scattered and the density around θ∗
t is quite 

low. When n increases to 150 (Fig. 4(c)), the posterior is more concentrated but still not centered at θ∗
t , implying that more 

target data are needed for accurate estimation. On the contrary, with the prior knowledge ω(�t |�s) and small c = 0.1, the 
posterior Q (�t |Dm

s , Dn
t ) will be concentrated more around θ∗

t as source and target parameters are particularly close, which 
can be seen in Fig. 4(d) and 4(e). However, when c increases to 1, the source data is no longer helpful as �t is roughly 
distributed uniformly on [0, 1]2 and the posterior behaves similarly to the target only case as shown in Fig. 4(f).

To further demonstrate our theoretical results, we plot the expected regrets in Fig. 5 for positive and negative transfer 
cases, and we also plot the asymptotic estimation of CMI in dashed lines from Theorem 4 and 12 to numerically evaluate the 
difference. From the left figure, it is observed that introducing the source indeed yields lower regret, which fits our intuition 
from the posteriors. Even for small n (≈ 40), CMI captures the regret quite well and the gap is roughly log ω(θ∗

t |θ∗
s )

ω(θ∗
t )

as noted 
in Remark 4. In contrast, we also examine the negative transfer case with θ∗

s = [0.8, 0.15] where the results are shown in 
the right figure. In this case, the prior distribution ω(θ∗

c |θ∗
s ) has an extremely low density, and the estimation will hardly 

approach the true parameters. As a result, the negative transfer happens, and source samples will hurt the performance 
instead. The expected regret with source data is far superior to the target-only case, and CMI captures this trend well when 
n goes reasonably large (≈ 80).

Overall, from both positive and negative transfer cases, the gaps between the regrets are mainly reflected on the prior 
knowledge ω(θ∗

t |θ∗
s ) when n is reasonably large as mentioned in Remark 4 and 5, which experimentally confirms Theo-

rem 12. Moreover, even though our asymptotic results are derived under large sample sizes, Fig. 5 shows that the asymptotic 
bounds can also be applied to the case when the sample sizes n and m are limited and may provide some practical insights 
on avoiding the negative transfer.

Efficient mixture posterior updating When estimating the full posterior for θ∗
t and θ∗

s , it is time-consuming when data sizes 
are large. To examine the efficiency and usefulness of the proposed EMPU algorithms, we set the quantization number 
N = 100 and step size η = 0.01 to conduct the iterations on the identical logistic regression transfer problem settings for 
comparisons. The results are shown in Fig. 6.

From the figure, it is easy to see that EMPU achieves similar regrets induced by the full posterior estimation and our 
derived bounds under both positive and negative transfer cases. As noted, the performance of EMPU depends on the hy-
perparameters of the step size η and the quantization number N . We investigate the effects of these hyperparameters and 
plot the expected regret by varying η and N after receiving 150 target samples under the negative transfer case, the non-
transfer case (without the source data), and the positive transfer case. From Fig. 7(a), it is observed that in non-transfer and 
positive transfer cases, the lowest expected regrets are achieved at η = 0.01 while in the negative transfer case, the best 
performance is achieved at η = 0.001. It is speculated that under the negative transfer case, the estimation of θt will never 
approach θ∗

t with the improper prior, then it is more likely to achieve the optima θ̃t defined in Proposition 2 faster within 
its support and plausibly jump over it with a larger step size, which incurs a higher regret. The effects of quantization 
number N are illustrated in Fig. 7(b). In all three cases, increasing the quantization number will decrease the regret when 
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Fig. 4. The posterior of θs and θt given Dm
s and Dn

t under different prior belief c and target sample size n. The posterior of �t is more concentrated around 
θ∗

t with the source data introduced.

Fig. 5. The comparisons of the expected regret RO of positive transfer with θ∗
s = [0.2, 0.4] (left) and the negative transfer (right) with θ∗

s = [0.8, 0.15]
under the same settings where θ∗

t = [0.3, 0.5] and c = 0.1. The results are approximated by 200 experimental repeats. The regrets without the source data 
are sketched in orange and those with the source data are sketched in blue.

Fig. 6. Comparisons of full posterior and EMPU algorithms under the positive and negative transfer scenarios. The results are approximated by 200 experi-
mental repeats. The regrets without the source data are sketched in orange and those with the source data are sketched in blue.
22
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Fig. 7. After receiving 150 target samples, we plot the expected regret by varying different η and N in (a) and (b). We also compare the running time under 
different quantization numbers N and the full posterior algorithm. The results are approximated by 200 experimental repeats.

N is small (e.g., N < 100). Nevertheless, no significant changes are spotted when N increases to more than 100. Since larger 
N leads to higher computational complexity, the best choice for this quantity is N = 100. Furthermore, we plot the running 
time by varying N from 10 to 1000. Compared to the mixture strategy algorithm with the full posterior, EMPU is 20 times 
faster under N = 100 but achieves similar regret, demonstrating its efficiency.

Comparisons to other OTL algorithms We compare our proposed EMPU with the online transfer learning algorithm proposed 
in [81], the HomOTL-I algorithm. In their scheme, the authors assign the weights ωs and ωt for source and target domains 
and each domain is endowed with the model parameters θs and θt . At each time k, the weights and the model parameters 
are updated with the following rules:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ωk
s = ωk−1

s g
(
�∗ (θs, Zk

t

))
ωk−1

t g
(
�∗(θk−1

t , Zk
t

)
+ ωk−1

t g
(
�(θs, Zk

t )
) ,ω0

s = 0

ωk
t = ωk−1

t g
(
�∗ (θt, Zk

t

))
ωk−1

t g
(
�∗(θk−1

t , Zk
t

)
+ ωk−1

t g
(
�(θs, Zk

t )
) ,ω0

t = 0

θk
t = θk−1

t − η∇θt �(θ
k−1
t , Zk

t )

(80)

where g is some decaying function, � is the hinge loss, and �∗ is the squared loss. The predictions are made from the 
learned model parameters θs and θt along with the weights ωs and ωt by a truncated linear model. Similar updating rules 
are proposed in [65,71] with different choices of g . The EMPU algorithm is closely related to this framework. To illustrate, 
if we regard the distribution parameters �s and �t as the model parameters and choose the decaying function g as the 
exponential weighting function, e.g., g(x) = e−x , and let both � and �∗ be the cross-entropy loss, then the above scheme 
will practically coincide with our proposed method if we choose N = 2. The main differences are that θt will be updated 
and θs is kept fixed at each iteration in their scheme, and our model is not limited to linear models, and the loss function 
is not limited to hinge loss. As a consequence, there is no prior knowledge of the target domain, and the performance at 
the beginning will rely heavily on the source domain since θs remains unchanged all the time; thus may perform badly 
if two domains are distinct. While in our scheme, the source parameter �s behaves as the prior knowledge for the target 
parameter, which is not explicitly engaged in the prediction. Thus we can choose a proper prior at the beginning to either 
avoid the negative transfer if the source domain varies differently from the target domain or improve the prediction if the 
two domains are close.

Using the same settings of the logistic regression problems, we study the small discrepancy case where the target and 
source data are generated with θ∗

t = [0.3, 0.5] and θ∗
s = [0.2, 0.4] and the large discrepancy case where θ∗

t = [0.3, 0.5] and 
θ∗

s = [0.8, 0.15]. In our method, we will set the quantization number N = 2 and the prior knowledge c = 0.3 to have proper 
priors under both cases. Then at each iteration k we predict the label Yk by first sampling θk,i according to the distribution 
ωk , the predicted Ŷk will be 1 if the probability σ(θ T

k,i Xi) > 0.5 and 0 otherwise. In HomOTL-I, we firstly learn θ̂s by the 
linear regression method and initialize θt,0 uniformly randomly in [0, 1]2. Then at each iteration k we conduct the HomOTL-
I to predict Ŷk . We will plot the accumulated number of mistakes 

∑T
i=1 |Ŷk − Yk| by averaging 200 experimental repeats. 

We choose the step size η = 0.01 for both algorithms. The comparisons can be found in Fig. 8. From the small discrepancy 
case, HomOTL-I indeed performs slightly better than the EMPU algorithm since the initially learned θ̂s is very helpful for 
prediction in the target domain as Pθ∗

s
(Y |X) and Pθ∗

t
(Y |X) are relatively close in terms of the parameterization, which 

leads to a smaller number of mistakes. In the large discrepancy case, the domain divergence becomes relatively large, and 
the initially learned θ̂s is more of a hindrance which causes a larger number of mistakes in the target domain. The EMPU 
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Fig. 8. Comparisons of EMPU with N = 2 and HomOTL-I method [81] by the average number of mistakes made at each iteration. We set the step size η to 
be 0.01 for all experiments. The results are approximated by 200 experimental repeats.

Fig. 9. Comparisons of EMPU with N = 2 and HomOTL-I [81] by the expected regret. We set the step size η to be 0.01 for all experiments. The results are 
approximated by 200 experimental repeats.

algorithm performs reasonably well in both cases, showing that updating with prior knowledge is particularly beneficial for 
achieving a lower regret when two domains are far different.

Likewise, we adapt the HomOTL-I algorithm to our framework by choosing both � and �∗ to be the cross-entropy loss 
defined in Equation (79), and we use the logistic regression as our predictive model. To elaborate, we first learn θ̂s by the 
logistic regression method and initialize θt,0 uniform randomly in �. The comparisons can be found in Fig. 9 under the 
small and the large discrepancy scenarios by the expected regret. We observe similar patterns in both scenarios. HomOTL-I 
indeed performs better than EMPU and the mixture strategy with full posterior since the estimated θ̂s is already very close 
to the true target parameters θ∗

t = [0.3, 0.5] at the beginning of the prediction, thus a lower regret. However, in the negative 
transfer case, the initialized θ̂s is located fairly far away from θ∗

t , HomOTL-I will mainly rely on the bad-performing θ̂s and 
induce a much higher expected regret.

4.2.1. High dimensional example
In this section, we evaluate our method when the parameter dimension d becomes large to show the effectiveness of the 

EMPU algorithm, whereas the full posterior updating is infeasible. For the experimental setup, we vary the parameter and 
input data dimension from d = 10 to 200 for generating the synthetic data under the logistic regression model described 
before. Specifically, we generate θ∗

t by randomly drawing a sample from a uniform distribution U ([0, 1]d). Then we generate 
θ∗

s = θ∗
t + c ∗ ε where ε is drawn from a uniform distribution U ([−1, 1]d) and c controls the distance between the source 

and target parameters. For both source and target domains, we draw the features X from a normal distribution N (μ, σ 2 Id)

where μ is randomly from a uniform distribution U ([−3, 3]d) and variance σ 2 is to be 4. Then the corresponding Y label is 
produced as per the Bernoulli distributions Ber(σ (X T θ∗

s )) and Ber(σ (X T θ∗
t )) for the source and target domains, respectively. 

Next we generate the source sample as described above with the sample size m = 100000, and we use the logistic regression 
method to estimate the true parameter θ̂∗

s for further prediction. We will then sequentially receive n = 1000 target data for 
prediction. As calculating the full posterior is impractical when d is large, we only compare the OTL algorithm with the 
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Fig. 10. The results on the expected regret of the sequential target under different d and c generated by 50 experimental repeats. The solid line shows the 
expected regret of the HomOTL-I (blue) and EMPU (orange) algorithms. The shaded areas represent the standard deviation from their mean value.

Fig. 11. The results on the expected mistakes of the sequential target under different d and c generated by 50 experimental repeats. The solid line shows 
the expected mistakes of the HomOTL-I (blue) and EMPU (orange) algorithms. The shaded area represents the standard deviation from the mean value.

proposed EMPU algorithm in terms of the expected regret and the expected loss. Specifically, for the OTL algorithm θt is 
initially drawn from the normal distribution N (θ̂∗

s , cId). The EMPU algorithm is conducted with the quantization N = 100
and each θt,i is generated from the normal distribution N (θ̂∗

s , cId). By setting the learning rate η = 0.005 for both methods, 
we examine different dimensions d and gap coefficients c and sketch the results in Fig. 10 and 11.

As shown in Figs. 10 and 11, we observe similar patterns on the expected regrets and mistakes for different dimensions 
d and the gap coefficients c. When the gap is small (c = 0.5), HomoOTL-I will outperform EMPU as the initial source weights 
already give a near-optimal estimation. However, for a large gap (c = 5), EMPU will outperform OTL in this case when the 
source parameter lies far away from the target ones. We could also notice that as the dimension d increases, the estimation 
of the target parameter becomes more computationally expensive, and the expected regret and mistakes become larger.

4.2.2. Neural network example
The EMPU algorithm can be applied to more sophisticated models such as neural networks, which are among the most 

popular and widely used models in machine learning. Additionally, the assumption of parametric distribution could be 
weakened by the neural network, i.e., the underlying data-generating distribution may not necessarily lie in the hypothesis 
space or be in a parametric family. That is, we can use the neural network for approximating data underlying distributions 
due to its strong representation capability, allowing a broader application in the real world. Due to the model misspec-
ification that the true data distribution does not lie in the parametric family used in prediction, the KL divergence gap, 
however, naturally exists during the estimation process. To illustrate, we take the OTL (similar to ITL) as an example. As-
sume that the target data are drawn from an arbitrary distribution pt , but we still restrict our mixture strategy within a 
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Fig. 12. The results on the expected mistakes and regrets of the sequential target data under different feature and parameter dimensions d and c are 
generated by 50 experimental repeats under the misspecified setting. The first row shows the expected mistake of the HomOTL-I (blue), EMPU with the 
logistic regression (orange), EMPU with the neural network (green), and the baseline stochastic gradient descent (red) algorithms. The second row shows 
the expected mistake as per the setting in the first row. The shaded area represents the standard deviation from the mean value.

certain parametric family pθ , e.g., the neural network. Then by denoting the optimal distribution within the parametric 
family pθ∗ = argminpθ

DKL(pt‖pθ ), we can then decompose the expected regret by,

RO =Ept

[
log

pt(Dn
t )

pθ∗(Dn
t )

]
+Ept

[
log

pθ∗(Dn
t )

Q (Dn
t |Dm

s )

]
. (81)

From the R.H.S. of (81), the best predictor that the mixture strategy can achieve is pθ∗ and as the sample size increases, 
the second term will converge to zero under the proper prior. However, the first term is the KL divergence between pt
and pθ∗ that only depends on the hypothesis space and does not vanish even with sufficient data. Therefore, there is a 
trade-off between the model selection and the learning rate. A complex model might provide a small KL divergence term, 
but the second term will be large since convergence slows down as d becomes large. A simple model, however, results in 
a large KL divergence term and a small second term with a small d. This trade-off naturally brings up how to select an 
appropriate model for prediction. To illustrate the effect of the model selection, we examine the EMPU algorithm with the 
neural network under both the misspecified model and correct model.

Firstly we conduct the experiments under the misspecified setting. For experimental setups, we generate the source and 
target data in the same way as in Section 4.2.1 with different sets of input data dimensions and parameter dimensions d
and gap coefficients c. The misspecified EMPU algorithm utilizes a two-layer perception model as the hypothesis space with 
16 and 4 hidden units, the Relu activation function, and one dimension output with the sigmoid function. The conditional 
distribution pθ (Y |X) is characterized by the neural network, and θ represents the weights for all layers. In terms of the 
model training, we first train a source network from the source data whose parameters are denoted by θ̂∗

s . Then we generate 
N = 10 target models where each model parameter is the noisy version of the estimated source parameter θt,i = θ̂∗

s + c′ ∗ εi
where ε ∼ N (0, 1). Our benchmarks are the correct EMPU model under the logistic regression model with N = 100 and 
OTL algorithm and the stochastic gradient descent algorithm using a logit model with the logarithmic loss. The learning rate 
for all algorithms is set to be 0.005, and we use the binary cross entropy loss function. The expected regret and mistakes 
results are shown in Fig. 12.

From the figure, we can observe that when the true parameter dimension d and distance c are small, the EMPU with 
the logistic regression model outperforms that with the neural network, and this is possibly due to a large number of 
parameters and the estimation of the weights in the neural networks is usually biased due to the nonlinearity from the 
activation layers. When c becomes large, the EMPU algorithm performs similarly well under both logistic regression and 
neural networks because the parameters in the source and target domains differ significantly, and the estimation does not 
heavily lie on the source parameter estimation. Despite this, the correct model performs better than the misspecified one. 
The performance of OTL and SGD depends heavily on the source domain parameters: a closer match between source and 
target domain parameters results in better performance and vice versa. As d increases to 100, there is a smaller performance 
gap between the correct and misspecified models as parameter estimation becomes more challenging in this case. With a 
large c = 5, the EMPU with the neural network can even perform better than that with the logistic regression in terms of 
the expected regret. As a result of over-parameterization, the neural network becomes easier to converge to a sub-optimal 
solution for the high-dimensional data, thus making it more suitable for real-world problems.

We also examine the case where the data are generated from the neural network, i.e., the correct model for the EMPU 
with the neural network and the misspecified model for the EMPU with the logistic regression. In this case, the dimensions 
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Fig. 13. The results on the expected mistakes and regrets of the sequential target data under different feature dimensions d′ , parameter dimension d and c
are generated by 50 experimental repeats under the in-specified setting. The first row shows the expected mistake of the HomOTL-I (blue), EMPU with the 
logistic regression (orange), EMPU with the neural network (green) and the baseline stochastic gradient descent (red) algorithms. The second row shows 
the expected mistake as per the setting in the first row. The shaded area represents the standard deviation from the mean value.

of the input feature and parameters are no longer identical, and we denote the latter as d′ . Now we generated the features 
X from a normal distribution N (μ, σ 2 Id′ ) where μ is randomly from a uniform distribution U ([−3, 3]d′

) and variance 
σ 2 is to be 4. Denote the neural network by fθ characterized by the model parameter θ , the features are fed into a two-
layer perception model with 16 and 4 hidden units to generate the corresponding labels, e.g., Yi ∼ Ber( fθ (Xi)). We randomly 
sample the parameter θ∗

s from Kaiming initialization [24] and the true target parameter is generated by θ∗
t = θ∗

s +c∗ε where 
ε is drawn from a standard normal distribution. With d′ = 10, 100 (corresponding to d = 249 and 1689) and c = 0.2, 2, we 
then conduct the experiments using the same setting as in the misspecified case and the results are shown in Fig. 13.

As opposed to the previous situation, we can observe that with the correct model, the EMPU with the neural networks 
outperforms the other benchmarks when d′ and c are both small. However, considering the case when c = 2 and d′ = 10, 
the neural network has a large expected regret, and the expected mistake is even worse than the EMPU with the logistic 
regression model. This is possibly due to that a large gap c may cause the neural network to converge slowly with a 
relatively large number of parameters, resulting in poor predictions. The other three benchmarks, have fewer parameters (d′
= 10) and are therefore able to reach their optimal solutions more quickly. Under the case of the high dimensional data (d′
= 100), the advantage of the neural network becomes apparent, and with the correct model, it outperforms all the other 
three benchmarks.

By comparing these two scenarios, we can gain a better understanding of the model selection perspective. To high-
light the impact of model selection in real-world problems, we validate the proposed algorithms against real datasets for 
comparisons in Section 4.4.

4.3. Gibbs EMPU

Previous theoretical results are derived under the assumption that the data distributions are parametric, say, Z ∼ Pθ (Z). 
Such an assumption of the parametric model may not always hold in practical machine learning problems such as image 
processing and sentiment analysis. In the previous section, we saw that EMPU could be applied to different models, but we 
may need to assume that the source parameter is within a certain distance from the target parameters. Alternatively, we 
propose a general framework inspired by the Gibbs algorithm [78,69] and the mixture strategy, allowing for the inclusion of 
more general models and prior information, namely, the Gibbs EMPU. We present the detailed procedures in Algorithm 3.

The algorithm is conducted in the following way. Given a general learning model characterized by some parameters 
θ ∈ �, we first learn the source parameter θ̂s from the source data Dm

s , and we have the prior knowledge ω(θt |θ̂s) of the 
target model parameters given the estimated source one, which may not be limited to the constraints on the parameter 
distances. Then for each time k, for each incoming target instance, we will sample N different target parameters based on 
the prior knowledge and the Gibbs posterior distribution, which is given by

P (θt |Dk
t , θ̂s) = ω(θt |θ̂s)e−γ

∑k
j=1 �(b(θt ),Z ( j)

t )∫
ω(θt |θ̂s)e−γ

∑k
j=1 �(b(θt ),Z ( j)

t )dθt

where γ > 0 is the hyperparameter that controls the belief over the data, and a larger γ leads to a smaller effect of prior 
knowledge. Note that different from the original mixture strategy, we replace the underlying data distribution Pθ (Dk

t ) with 
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Algorithm 3: Gibbs EMPU Framework in OTL.
input : Dm

S , quantization number N , loss function �, prior knowledge over θt and θs , Gibbs parameter γ
1 Encode prior knowledge as distribution ω(�t , �s);

2 Estimate θ̂s from Dm
S ;

3 for k = 1, · · · , T do
4 for i = 1, · · · , N do
5 Sample εi from perturbation distribution and then calculate

θt,i = argmaxθt
logω(θt |θ̂s)e−γ

∑k−1
j=1 �(b(θt+εi ),Z ( j)

t ) (82)

6 end

7 Predict Ẑ (k)
t with 1

N

∑N
i=1 b(θt,i);

8 Receive target sample Z (k)
t ;

9 Record history Dk
t ;

10 end
output : θt,i

the loss function dependent term e−γ
∑k

j=1 �(b(θt ),Z ( j)
t ) to ease the constraint on the parametric condition. For a continuous 

parameter space �, directly sampling θt,i from the Gibbs distribution P (θt |Dk
t , θ̂s) is non-trivial. Instead, we draw a set of 

target parameters θt,i using the maximum a posterior (MAP) estimation as shown in Line 5 in Algorithm 3. Here we draw 
a set of perturbations εi ∼ N (0, σ 2

p ) to heuristically model the randomness of the sampling process, where σp is chosen 
appropriately according to the parameter space �. Then the sampled model parameters θt,i are aggregated to predict the 
next instance, e.g., Ẑ (k)

t = 1
N

∑N
i=1 b(θt,i). As k increases, it becomes increasingly difficult to sample the parameters and 

compute the summation of the loss in the posterior distribution each time. To resolve this issue, we could rewrite the 
equation (82) as

θt,i = argminθt

k−1∑
i=1

�(b(θt + εi), Z (i)
t ) − 1

γ
logω(θt |θ̂s). (83)

The minimization can be done adaptively in an online fashion via the optimization tools such as stochastic gradient descent 
if ω(θt |θ̂s) is concave and differentiable w.r.t. θt . Therefore, such an extension enables us to work with more general models 
without encoding the prior information regarding the distance between source and target parameters. In particular, if we 
set the prior knowledge to be the normal distribution:

ω(θt |θs) ∝ e−‖θs−θt‖2
2 .

Then the equation (82) becomes,

θt,i = argminθt

k−1∑
i=1

�(b(θt + εi), Z (i)
t ) + 1

γ
‖θs − θt‖2

2, (84)

which will lead to the regularized ERM algorithm with the perturbation. To demonstrate the effectiveness of the Gibbs EMPU 
algorithm, we will conduct the Gibbs EMPU using (84) to several real-world transfer learning problems in Section 4.4.

4.4. Real dataset experiments

The proposed algorithms were evaluated only using the synthetic data in previous results. In this section, we will conduct 
the EMPU algorithms on several transfer learning tasks to show their effectiveness in real-world problems. Below is a list of 
the transfer learning datasets we have trained and validated.

• Office-Caltech-10 [18]: This dataset contains four subsets, and each domain has a set of office photos with the same 
10 classes. In particular, the four subsets are Webcam (W for short), DSLR (D for short), Amazon (A for short) and
Caltech dataset (C for short). We use each subset as a domain, and consequently, we can construct 12 transfer learning 
problems by choosing one domain as the source and another as the target. We use the SURF features as described in 
[18] encoded with a visual dictionary of 800 dimensions.

• 20 Newsgroups2: the dataset contains approximately 20000 reviews from 7 major categories that can be split into 20 
subcategories. The source and target domains were picked from the same two major categories but different subcate-
gories in each transfer learning task, in the same way as in [57]. The label for each instance will be its corresponding 
major categories, leading to a binary classification transfer problem.

2 http://qwone .com /~jason /20Newsgroups/.
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• MNIST and USPS: These two datasets contain black and white hand-written digits from 0 to 9, where MNIST3 has 
approximately 70000 images, and USPS4 has approximately 10000 images in total. Since each domain shares the same 
digits from 0 to 9 (but different writing styles), we, therefore, constructed two transfer learning tasks: ‘MNIST to USPS’ 
and ‘USPS to MNIST’ in the same way in [60] and report classification accuracy for each task. We use 2000 instances 
from the MNIST datasets and 1800 instances from the USPS datasets.

• GIST datasets [54]: The dataset is associated with the traffic scenario identification problem: an intersection was ob-
served by a fixed traffic camera where the scenario frames were updated every 3 minutes, and the whole dataset 
includes over 5000 images captured over two weeks. There is a continuous domain shift problem with this data since 
the environment may change during the whole day due to light, weather, illumination, and traffic status. Six tasks are 
created by naming them with ‘m/n’ where m refers to the source sample size with a particular start index and n refers 
to the size of the target sample subsequently after the source batch. For each ‘m/n’ task, we chose six different start 
indices - 350, 650, 950, 1250, 1550, and 1850 - and reported their average accuracy.

• SIFT-SPM datasets [33]: This is the scenario identification problem identical to the GIST datasets, but the features are 
extracted using three pyramid layers, and the input dimension will be relatively large (e.g., > 4000). We created the 
tasks the same way as we did for the GIST datasets and reported the average accuracy for each.

For the first three transfer cases (OC-10, 20 Newsgroups, and handwritten digits), we use the whole batch of the source 
data, and the whole target instances arrive sequentially in an i.i.d. fashion. For the scenario identification problems (GIST 
and SIFT-SPM datasets), the target data arrive sequentially in a real-time manner. The benchmarks we compare with are 
listed as follows, and the detailed experimental setups can be found in Appendix A.18.

• Baseline: We only use the source data to predict the whole batch target with the linear SVM algorithm.
• Stochastic gradient descent (SGD): We conduct the prediction sequentially with the logistic regression model; that is, 

the model parameter will be updated in an online fashion every time we receive a target instance.
• Recurrent Neural Networks [19]: The method is based on the recurrent neural network with long-short term memory 

(LSTM) for the sequential prediction. The hidden layer size is set to be different for different tasks. We use the Adam 
optimizer with different learning rates η for different tasks.

• OTL [81]: We use the HomoOTL-I online transfer learning algorithm under the linear model with the Sigmoid smoothing 
output for binary classification problems and Softmax smoothing output for multi-class classification problems.

• CMA [25]: We use the continuous manifold-based adaptation method with the GFK feature mapping. We first transform 
the original target data with the GFK mapping under the CMA framework. Then we incorporate the label information 
from the target domain and iteratively conduct the 1-nearest-neighbor algorithm by combining the source and received 
target data with the GFK representation to predict the upcoming target data.

• EMPU: the efficient mixture posterior updating algorithm under the same linear model as the OTL algorithm. Here we 
assume the prior knowledge on the target parameter has a normal distribution where its variance is controlled by the 
gap coefficient c, i.e., θt ∼ N (θ̂s, cId) given the estimated source parameter θ̂s . We set the quantization number N = 20
for all tasks but set the learning rate η and gap coefficient c differently for different tasks.

• EMPU with Neural Network: The efficient mixture posterior updating algorithm under the neural network model is also 
used as a benchmark. We also assume that the prior knowledge is normally distributed, i.e., θt ∼ N (θ̂s, cId) given the 
estimated source model parameters θ̂s and gap coefficient c. We set the quantization number N = 20 for all tasks but 
set the learning rate η, the gap coefficient c, and the layer architectures differently for different tasks.

• Gibbs EMPU: We apply the efficient mixture posterior updating algorithm under the Gibbs framework by iteratively 
optimizing (84) using the gradient descent algorithm. Here we set the number of prediction parameters N = 20 and the 
learning rate η and regularized coefficient γ differently for different tasks. The prior knowledge is characterized by γ , 
and the model is implemented by the linear model with the Sigmoid or Softmax smoothing output depending on the 
class number of the labels.

In particular, we choose the hyper-parameter c on the prior knowledge for the EMPU and EMPU with neural network in the 
following way for all experiments. We will first use the first 100 instances from the target domain to train a classifier, and 
we will denote it as θ̂t . The principle of choosing c = 10k for some integer k is characterized in the following:

c = argmin10k

∣∣∣10k − 1

d
‖θ̂t − θ̂s‖1

∣∣∣.
Here ‖ · ‖1 denotes the l1 norm and d denotes the model parameters. Such prior knowledge indicates that even though we 
do not know the exact target parameters, we know that the distance between the source and target is in the order of 10k . 
For the Gibbs EMPU, 1/γ is empirically chosen to be from 10−6 to 10−4 for different tasks.

3 http://yann .lecun .com /exdb /mnist/.
4 https://www.csie .ntu .edu .tw /~cjlin /libsvmtools /datasets /multiclass .html #usps.
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Table 2
Accuracy in % after receiving whole target data for SURF Office-Caltech Dataset.

Tasks Baseline SGD OTL CMA RNN EMPU EMPU-NN G-EMPU

A → W 31.53 58.31 41.36 64.75 68.81 68.81 69.83 68.47
A → D 36.31 49.04 41.10 59.87 55.41 58.60 56.05 57.32
A → C 35.44 50.13 44.00 40.87 53.87 56.37 54.40 54.59
D → A 34.34 58.35 35.59 49.89 65.87 68.27 66.81 65.34
D → W 77.97 83.05 84.07 67.46 84.75 87.12 87.46 88.81
D → C 32.14 43.37 32.86 38.82 50.49 54.14 51.47 51.11
W → A 37.79 61.59 37.58 53.97 67.01 69.52 67.12 66.91
W → D 80.89 80.25 85.99 63.69 81.53 84.08 82.80 85.35
W → C 33.93 45.41 33.75 34.82 48.17 52.45 50.49 51.13
C → A 42.48 62.32 53.97 58.56 68.79 67.12 69.31 67.64
C → D 33.76 45.22 41.40 66.24 58.60 50.32 58.60 50.32
C → W 34.58 56.61 49.83 72.88 68.14 63.73 73.56 62.71

Average 42.60 57.80 47.66 55.99 63.91 65.04 65.66 64.14

Table 3
Accuracy in % after receiving whole target data for 20 Newsgroup Dataset.

Tasks Baseline SGD OTL CMA RNN EMPU EMPU-NN G-EMPU

rec vs talk 57.03 81.95 86.25 77.77 81.59 91.16 92.24 92.55
comp vs sci 57.42 86.59 89.05 71.03 87.72 91.45 91.91 93.19
rec vs sci 56.63 85.98 85.53 72.01 83.16 89.96 92.18 91.63
talk vs sci 67.20 70.88 85.95 72.97 85.33 87.48 90.99 88.90
comp vs rec 64.83 88.57 90.45 70.60 89.54 92.80 92.39 94.18
comp vs talk 65.06 74.83 86.25 72.95 87.85 92.37 92.33 94.14

Average 61.36 81.47 87.35 72.89 85.86 90.87 92.00 92.43

Table 4
Accuracy in % after receiving whole target data for Handwritten Digits Dataset.

Tasks Baseline SGD OTL CMA RNN EMPU EMPU-NN G-EMPU

U to M 28.40 71.72 75.06 85.10 81.17 80.28 80.44 81.94
M to U 45.33 63.50 70.10 83.20 79.45 75.00 80.70 78.85

Average 36.87 67.61 72.58 84.15 80.31 77.64 80.57 80.35

Table 5
Accuracy in % after receiving whole target data for GIST Dataset.

Tasks Baseline SGD OTL CMA RNN EMPU EMPU-NN G-EMPU

50/480 66.22 83.44 80.59 83.71 83.89 84.20 84.30 83.54
50/1200 66.35 84.76 83.07 84.60 84.78 85.63 85.76 84.82
50/2400 69.04 86.60 84.76 86.86 86.13 86.18 86.49 86.57
100/480 72.05 85.14 80.87 83.51 83.37 84.86 84.48 85.10
100/1200 67.22 86.46 83.36 85.00 84.99 86.84 85.57 86.28
100/2400 72.35 87.47 84.88 87.21 86.38 86.81 86.60 87.18

Average 68.87 85.64 82.92 85.15 84.92 85.75 85.43 85.58

Performance Comparisons For each algorithm, we will make prediction Ŷ i at each iteration and report the accuracy till 
time T :

Racc = 1

T

T∑
i=1

1Yi=Ŷ i
. (85)

The results are reported from Table 2 to 6. In the first two transfer learning tasks (OC-10 and 20 Newsgroup), we observe 
that all three EMPU-based algorithms outperform the other benchmarks in different sub-tasks. This also shows that by 
using prior knowledge properly, we can improve the efficiency of online transfer learning. However, for the third learning 
task (MNIST vs USPS), CMA outperforms the rest parameter-based algorithms because it utilizes the geometric property of 
the data with the nearest neighbor algorithm and uses all the source and target domain data when making the prediction. 
Despite this, EMPU is still more efficient than other parameter-based algorithms such as OTL and SGD. For the time-varying 
transfer learning tasks (GIST and SIFT-SPM), it is evident that the EMPU-based algorithms still maintain relatively high 
accuracy, making them the best among the others. The EMPU-based algorithms do not appear to have obvious advantages 
over other benchmarks for the GIST data as the data dimension is relatively small. When the data dimension becomes larger, 
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Table 6
Accuracy in % after receiving whole target data for SIFT-SPM Dataset.

Tasks Baseline SGD OTL CMA RNN EMPU EMPU-NN G-EMPU

50/480 71.56 75.00 72.71 74.29 75.52 76.00 81.25 77.40
50/1200 71.21 78.72 77.32 75.00 79.74 78.71 82.97 80.25
50/2400 74.15 81.79 81.44 73.18 82.76 82.22 85.58 82.92
100/480 73.47 76.08 73.51 75.20 77.74 77.01 81.81 77.88
100/1200 71.49 79.28 77.99 76.45 81.29 80.04 83.90 81.48
100/2400 75.20 82.22 81.46 76.45 82.85 82.79 85.85 83.69

Average 72.85 78.85 77.40 75.07 79.98 79.46 83.56 80.60

Fig. 14. Sensitivity on N and η on three transfer tasks in 20 Newsgroup datasets. The first row shows the accuracy of different EMPU algorithms after 
receiving the whole target batch with different N . Under the same setting, the second row shows the accuracy with different η.

for example, in the SIFT-SPM dataset, the dimension of the data increases to 4200, it is more difficult for the CMA-based 
algorithm to identify the accurate labels, and the simple linear EMPU model is less effective due to that the target sample 
size is relatively small to learn a promising model. The EMPU with the neural network still provides promising prediction 
results in this case. The reason is that a more complex model can capture and exploit the differences between target and 
source domains for the high-dimensional data, thus achieving better prediction results.

To examine the effects of quantization number N , the learning rate η and prior knowledge coefficient c, γ by fixing one 
variable and varying another. As an example, we conduct a series of experiments on hyperparameter sensitivity in the 20 
Newsgroup dataset.

Effect of N By varying N from 5 to 80, we examine the effects of the quantization number in two ways. First, we plot the 
accuracy after receiving the whole target data with different quantization numbers N for different tasks and algorithms in 
Fig. 14(a)-14(c). We also plot the (sequential) accuracy versus the number of the target we received to show the learning 
procedures for different algorithms under the same task, and the result is sketched in Fig. 15. Considering the space limi-
tation and the conciseness of the presentation, we only present the accuracy on a few sub-tasks while the results of other 
sub-tasks are similar. From the Figure, we can observe a similar pattern under different algorithms, i.e., the choice of N does 
not significantly impact the final or the sequential accuracy. The degradation only occurs when N = 5 and the accuracy is 
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Fig. 15. Sensitivity on N for the task rec vs talk under the different EMPU algorithms.

Fig. 16. Sensitivity on η for the task rec vs talk under the different EMPU algorithms.

slightly worse than the other choices of N . Therefore, to save the computation cost while maintaining the performance, we 
choose N = 20 for all tasks.

Effect of η Similarly, we evaluate the effect of the learning rate η in the same way as we did with the quantization number 
N . The effects of the learning rate η are illustrated in 14(d)-14(f) for the accuracy of the whole target data, and Fig. 16 for 
the sequential accuracy. From this, we can see that the learning rate significantly impacts sequential predictions. Regarding 
the accuracy of the whole target data, the performance of the linear EMPU algorithm and the EMPU with the neural 
network will be degraded when the learning rate is too large or too small, as the extreme learning rate makes the model 
difficult to converge. In the case of Gibbs EMPU, the accuracy will increase as η increases, but the result will level off after 
0.05. From Fig. 16, we can observe a similar pattern for sequential accuracy: as we gather more and more target data, the 
accuracy will increase, and the improvement closely hinges on the magnitude of the learning rate. Consequently, for other 
experiments, we experimentally choose a learning rate of either 0.001 or 0.01, depending on the order of magnitude of the 
model parameters.

Effect of the prior knowledge The effect of the prior knowledge is illustrated in Fig. 17 evaluated under the task talk 
vs sci. Since the optimal parameters will be for different models: for the linear EMPU algorithm, we vary the distance 
parameter c from 0.001 to 10 for a thorough examination; For EMPU with the neural network, we vary c from 0.0001
to 2; For Gibbs algorithm, we vary 1/γ from 1e-7 to 0.1. For the linear EMPU and EMPU with the neural network, the 
parameter c is directly associated with the distance between the source and target parameters. Hence it will impact the 
prediction for those early upcoming target data, e.g., when the target sample size is smaller than 500. Specifically, in EMPU, 
the selection of c = 5 will achieve the best performance, which matches the true distance 1

d ‖θ̂s − θ̂t‖ ≈ 6 estimated from 
all batch target data and batch source data. Therefore, a good c should lead to a prior distribution that better fits the true 
distance. As the target sample size increases, the prior information is overwhelmed by sufficient data, and thus the impact 
of c becomes insignificant. For Gibbs EMPU, since the prior information for this case is characterized by the regularized 
term in (84), we can vary γ for controlling our belief on θ̂s . If γ is set to be small, we will be less focused on empirical 
minimization, resulting in an under-fitted model. On the contrary, if γ is set to be large, the role of ˆthetas is diminished, 
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Fig. 17. Sensitivity on c for the task talk vs sci under the EMPU and EMPU with neural networks and γ under the Gibbs EMPU.

and the source data becomes less efficacious in some positive transfer cases. As such, the choice of a suitable γ is crucial, 
and we empirically set 1/γ to be from 10−6 to 10−4 depending on the gradient and the magnitude of the parameters for 
different tasks.

We empirically verify the effectiveness of our proposed algorithm and particularly examine the sensitivity of different 
hyper-parameters. We find that the quantization number N has less impact on the performance of all the EMPU models, 
while an appropriate selection of the learning rate and parameter on the prior information is critical. The choice of the 
parameter c also matches the intuitions from both theoretical results and experiments: introducing the source data can 
effectively improve the performance in the target domain with the appropriate prior information. In the case of learning 
from high-dimensional data, the performance of the EMPU algorithm can be improved by choosing a more complex model 
such as neural networks. Due to its parameter-based nature, these algorithms lack the ability to exploit data geometric 
properties well, such as USPS and MNIST data with the SURF features.

4.5. Nonparametric modeling

Previous algorithms are derived under the assumption that the data distributions or the models are parameterized by θ . 
That is, the model parameters are fixed once we select a particular model architecture. To further relax the constraint, we 
devise a novel algorithm that works in a nonparametric setting for more general models. Roughly speaking, the nonparamet-
ric algorithm allows the number of parameters in the model to grow with the number of samples. Similar to the mixture 
strategy on a parametric model, we will define a distribution on the parameter of possibly infinite dimension. Specifically, 
we use the Dirichlet Process Mixture (DP) [16,2,42] to construct the prior and permit the posterior inference from the data. 
The Dirichlet Process is usually denoted by

G ∼ D P (α, G0),

where G is a random discrete measure. There are two parameters in the Dirichlet process: the base distribution G0, which 
represents a random guess of the data true distribution, and α, a positive scalar controlling the concentration. From the DP, 
we could model the data distributions by the DP mixture (DPM) where the distribution parameters θi , i ∈N are drawn from 
some random measure G sampled from D P (α, G0), and each data Zi is drawn from the parametric distribution Pθi (Z). If we 
integrate a parametric density Pθi (Z) against the random measure G , we obtain a mixture model from the stick-breaking 
process [43]. First, we revisit some basic properties of the DP. Then we will show how it is adapted to transfer learning 
algorithms and related to the parametric learning framework. Let us first consider the case where the received data are 
discrete, e.g. Z ∈Z where |Z| < ∞. Under the DP, data is generated in two stages by

G ∼ D P (α, G0),

Z1, Z2, · · · |G ∼ G.
(86)

We can write it as G =∑∞
i=1 πiδθi almost surely. Then we can construct πi via the stick-breaking process [43] and sample 

θi from G0, which is known as the sticking-breaking representation for Dirichlet Process. Given data Z1, Z2, · · · , Zn , we can 
write out the posterior of G , which is also a DP as

G|Z1, Z2, · · · , Zn ∼ D P (α + n,
αG0 +∑n

i=1 δZi

n + α
). (87)

By integrating out the random measure G , the joint distribution P (Z1, Z2, · · · , Zn) will follow the Pólya urn scheme or 
Chinese Restaurant Process (CRP) [17] such that we can calculate the posterior by
33
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Zn+1 | Z1, . . . , Zn ∼
n∑

i=1

1

n + α
δZi + α

n + α
G0. (88)

The beauty of this generative model is actually clustering the data automatically. The reason is that G itself is a discrete 
measure, and the samples Zi drawn from G are more likely to lie in several different clusters. Within each cluster, Zi has 
exactly the same value.

P (Z) =
∑
i∈N

πi Pθi (Z) . (89)

We sketch the following procedure to illustrate how the data are generated from the DPM:

G ∼ D P (α, G0),

θ1, θ2, · · · |G ∼ G,

Zi |θi ∼ Pθi (Z).

(90)

Using this generative model, we view θi as the latent variables and the aim is to estimate the posterior P (θ1, θ2, · · · ,

θn|Z1, Z2, · · · , Zn) from the dataset as each sample corresponds to an atom θi that is drawn from G . More specifically, we 
can find conditional distributions of the posterior distribution of model parameters by combining the conditional probability 
as [42]

θi |θ−i, Zi ∼
∑
j �=i

qi jδθ j + ri Gi, (91)

where θ−i = {θ1, · · · , θi−1, θi+1, · · · , θn} denotes the set of θ j for all j �= i, Gi is the posterior distribution of θ based on the 
base distribution G0 and data Zi , and the coefficients qij and ri are defined as

qij = bPθ j (Zi), (92)

ri = bα

∫
Pθ (Zi)dG0(θ), (93)

where b is such that 
∑

j �=i qi j + ri = 1. At this stage, we can use the MCMC sampling method to approximate the posterior. 
Inspired by this non-parametric Bayesian framework, we now describe how the idea of mixture strategy in the parametric 
model carries over to the nonparametric model. Assume that the distributions of each source data Z (i)

s and target data Z (i)
t

are parameterized by θs,i and θt,i , respectively. And we assume that θs,i and θt,i are drawn from the distributions Gs and Gt

generated by the prior D P (α, G0). That is:

Gs ∼ D P (α, G0) Gt ∼ D P (α, G0)

θs,1, θs,2, · · · |Gs ∼ Gs θt,1, θt,2, · · · |Gt ∼ Gt

Z (i)
t |θt,i ∼ Pθt,i (Z) Z ( j)

s |θs, j ∼ Pθs, j (Z)

. (94)

Consider the case that both the source and target data are discrete and they are assumed to be drawn from two different 
distributions Gs and Gt where both Gs and Gt are sampled from some DP prior, i.e.,

Gs ∼ D P (α, G0) Gt ∼ D P (α, G0)

Z (1)
s , Z (2)

s , · · · |Gs ∼ Gs Z (1)
t , Z (2)

t , · · · |Gt ∼ Gt
(95)

Our aim is to estimate the posterior of Gt given all source and target samples by

P (Gt |Dm
s , Dn

t ) ∝
∫

P (Gt |Dn
t )ω(Gt |Gs)dP (Gs|Dm

s ). (96)

From the prediction side, we integrate out the distribution G and it yields the conditional probability,

P (Z (n+1)
t |Dm

s , Dn
t ) = αG0

α + n + m
+
∑n

i=1 δ
Z (i)

t

α + n + m
+
∑m

i=1 δ
Z (i)

s

α + n + m
. (97)

Following Equation (91), we can write out the posterior of θt,i given the target data Z (i)
t , the set of θt, j for all j �= i (written 

as θ−i
t ) and the set of θs,k for k = 1, 2, · · · , m (written as θm

s ):

θt,i |θ−i
t , θm

s , Zi ∼
∑

qijδθt, j +
∑

qikδθs,k + ri Gi . (98)

j �=i k
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Table 7
Comparisons between Parametric and Nonparametric Models.

Parametric Nonparametric

Prior �t ∼ ω(�t |�s) Gt ∼ D P (α,βGs + (1 − β)G0)

Likelihood Pθ∗
s
(Zs), Pθ∗

t
(Zt ) Pθs, j (Z ( j)

s ), Pθt,i (Z (i)
t )

Mixture
∫

Pθs (Dn
t )ω(θt |θs)dθt P (θs|Dm

s )dθs
∑

j �=i qi jδθt, j +∑k qikδθs,k + ri Gi

Prediction argminbEQ [�(b, Zt )] argminb
∑K

i=1 Eθt,i [�(b, Zt )]

The coefficients qij , qik and ri are defined as follows

qij = bPθt, j (Zi), (99)

qik = βbαPθs,k (Zi), (100)

ri = (1 − β)bα

∫
Pθ (Zi)dG0(θ), (101)

where b is such that 
∑

j �=i qi j +∑k qik +ri = 1. Here we introduce the balancing coefficient β ∈ [0, 1] as our prior knowledge 
over the source and target domain. Larger β implies that we will rely more on the (empirical) source distribution as our 
prior and smaller β shows more beliefs on G0. The next step is to estimate the posterior of θt,i from Equation (98) by 
the MCMC sampling algorithm. We then heuristically propose an efficient algorithm for online transfer learning under 
nonparametric Bayesian learning framework.

Algorithm 4: Nonparametric Posterior Updating and Prediction.
input : Dm

t , Base distribution G0, α, weighting coefficient β , parametric family Pθ

1 Estimate Gs from Dm
S from the Gibbs sampling by (91) ;

2 Initialize distribution D P (α, (1 − β)G0 + βGs) as our prior knowledge for the target domain as indicated by (98);
3 for k = 1, · · · , T do

4 Receive target sample Z (k)
t ;

5 for i = 1, · · · , K do
6 Estimate the posterior of the target distribution Gt using Equation (98) by Gibbs sampling, say, we sample θ i

t,k ;

7 end

8 Predict Pk(Z (k)
t ) =∑K

i=1 Pθ i
t,k

(Z (k)
t ) using sampled Gt ;

9 end

output : Sequential prediction Pk(Z (k)
t )

Remark 8. We can see the analogy between the parametric and nonparametric models from the above algorithm. Firstly 
we estimate Gs from the source data with the Gibbs sampling, which behaves similarly to estimating θs in the parametric 
model. Then we define the coefficient weight β that controls whether Gt is similar to Gs as our prior knowledge, which 
corresponds to ω(�t |�s) in the parametric model. When we receive new target samples Z (k)

t , the posterior is updated and 
θt,k are sampled K times from Gt . Then the probability distribution of Z (k)

t is approximated by the mixture of each θi . The 
effectiveness of this algorithm will depend on α, β , choice of G0, the parametric family Pθ and the sampling number K . 
The parametric and nonparametric modeling analogy is summarized in Table 7. Even though the two methods have some 
similarities, there is no theoretical guarantee for the generalization performance of the nonparametric models. To show the 
effectiveness of the prior knowledge in the nonparametric algorithm, we conduct some simple experiments for empirical 
verification.

Experiments We illustrate the effect of the prior knowledge in the nonparametric model by firstly validating the algorithm 
in logistic regression problems for small and large discrepancy scenarios as described in 4.2. Here we use the same hy-
perparameters and parametric models given in [52] (See Simulation 1 for more details). We set α = 0.01 and vary β The 
results are shown in Fig. 18. From the regret curves, we can see that if the domain divergence is small, one can achieve 
a better regret with a large β because the posterior will rely more on the source data, which is helpful for prediction. On 
the contrary, if the target distribution differs much from the source distribution, the regret will be higher with large β as 
relying more on the source data will hurt the performance of the target. If we decrease β to 0.01, the prediction counts 
more on the target data. Regardless of the source data, the regrets become close under small and large discrepancies.

We also validate the nonparametric algorithm for a real-world transfer problem using the MNIST [34] and USPS datasets 
[27], which are standard digit recognition datasets containing hand-written digits from 0-9. USPS contains 7291 training 
samples and 2007 testing samples with the resolution of 16 × 16, while MNIST consists of 60000 images for training and 
10000 images for testing with the resolution of 28 ×28. We sampled 2000 images from the MNIST dataset and 1800 images 
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Fig. 18. Regret of the Logistic regression problems under the small and large discrepancy scenarios, we choose β to be 0.99 and 0.01 to show the usefulness 
of the source.

from the USPS dataset and adopted the 256 SURF features5 following the existing literature [59]. We conduct the sequential 
knowledge transfer between these two datasets. For simplicity, we use U → M (M → U) to denote the transfer from the 
source domain USPS (MNIST) to the target domain MNIST (USPS). For each transfer case, we use the whole batch of the 
source data and randomly sample 80 samples from the target data as the initialization. Then the rest target will arrive 
sequentially. Our nonparametric algorithm will output the predictive probability for each class, and we will plot the regret 
by the multi-class cross-entropy loss according to the prediction:

RO = −
T∑

i=1

C∑
k=1

1Yi=k log
(

Pθi (Y = k|Xi)
)

(102)

where 1Yi=k denotes the indicator function that whether the output Yi is equal to the kth-class, and Pθi (Y = k|Xi) denotes 
the predictive probability of kth-class given the parameters θi from the posterior of the Dirichlet process mixture and Xi . 
Moreover, we will make prediction Ŷ i at each iteration according to the class with the highest predictive probability and 
plot the number of mistakes:

Rmistake =
T∑

i=1

1Yi �=Ŷ i
. (103)

Owing to the fact that the computational cost for sampling the posterior with 256 input dimensions becomes an issue in 
real implementation, we first reduce the dimension from 256 to 16 by some projection methodologies in domain adaptation 
such as [37]. By this, we could alleviate the computational cost issues and reduce the domain divergence. Then we vary β
from 0.001 to 0.999 to show our prior belief on the usefulness of the source and target data. We also compare our method 
to the baseline dpMNL method described in [52] by treating the source and target equally as one domain. After receiving 
100 target samples, we plot the accumulated mistakes in Fig. 19.

From the experimental results, one can find that in both M → U and U → M settings, a very large β (0.999) or a 
very small β (0.001) may yield unsatisfactory predictive results compared to a moderate β value (0.5), which achieves 
better performance than two extreme cases. Heuristically the performance mainly depends on how significant the domain 
divergence is or how large the target sample size is. Explicitly, if β is too large, the prediction will rely more on the source 
domains and from which the negative transfer may occur if domain divergence is relatively large. When it comes to a small 
β , as the prediction does not benefit from the source domain, the performance mainly relies on the target samples with a 
comparatively small size, leading to undesirable loss and mistakes. With a moderate choice of β , the algorithm tries to strike 
a balance between the two extremes. Furthermore, with the baseline dpMNL method described in [52], the performance 
is not desirable if we treat the source and target data equally as one domain. This is possibly due to the fact that the 
source data is regarded as equally useful as the target data, while the domain discrepancy is not taken into account and 
thus cannot be alleviated in the learning and prediction, which will lead to a poor result. We may select a proper β at a 
moderate level to achieve better performance. A moderate β will properly extract the information from the limited target 
data and not overly trust the source data if the distribution differs. We empirically explore a trade-off between β and the 
performance, exposing the inherent nature of transfer learning.

5. Conclusion

We propose a general framework for transfer learning from a Bayesian approach. This learning framework extends tra-
ditional learning regimes to the case where the predictor is learned and deployed on samples drawn from different yet 

5 https://github .com /jindongwang /transferlearning /tree /master /data.
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Fig. 19. The comparisons on the prediction performance for the knowledge transfer between MNIST and USPS datasets by the cross-entropy and the 
mistakes. We use U → M (M → U) to denote the transfer from the source domain USPS (MNIST) to the target domain MNIST (USPS).

related probability distributions in terms of parameterization. Specifically, the instantaneous, online, and time-variant trans-
fer learning scenarios are examined, and the learning performance takes the shape of conditional mutual information. We 
give the asymptotic estimation of the conditional mutual information and identify the situations when the negative and 
positive transfer will happen. However, in our analysis, the i.i.d. properties of both source and target data are crucial. The 
natural follow-up challenge is formalizing non-i.i.d. settings for transfer learning and finding similar mixture strategies for 
efficient utilities. Another future work is to relax the assumptions on parametric conditions to general probability distribu-
tions and rigorously find the performance guarantee under the nonparametric framework with finite sample sizes, which 
will improve the generality and applicability of our methods.
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Appendix A

In this section, we give detailed proofs of the main theorems.
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A.1. Proof of Theorem 1

Proof. We firstly show that given any prior over �s and �t ,

I(Z ′
t;�t,�s|Dn

t , Dm
s ) = I(�t,�s; Z ′

t, Dn
t , Dm

s ) − I(�t,�s; Dn
s , Dm

s ) (104)

= D(P�t ,�s (Dn
t , Dm

s , Z ′
t)‖Q (Dn

t , Dm
s , Z ′

t)) − D(P�s,�t (Dm
s , Dn

t )‖Q (Dm
s , Dn

t )) (105)

=
∫ (

Eθs,θt

[
log

Pθt ,θs (Dn
t , Dm

s , Z ′
t)

Q (Dn
t , Dm

s , Z ′
t)

]
−Eθs,θt

[
log

Pθs,θt (Dm
s , Dn

t )

Q (Dm
s , Dn

t )

])
ω(θs, θt)dθsdθt (106)

=
∫ (

Eθs,θt

[
log

Pθt (Z ′
t)

Q (Z ′
t |Dn

t , Dm
s )

])
ω(θs, θt)dθsdθt, (107)

where in the last equality we use the chain rule and the assumption that both source and target data are drawn in an i.i.d. 
fashion. The mutual information density at �s = θ∗

s and �t = θ∗
t is then given by

I(Z ′
t;�t = θ∗

t ,�s = θ∗
s |Dn

t , Dm
s ) = Eθ∗

s ,θ∗
t

[
log

Pθ∗
t
(Z ′

t)

Q (Z ′
t |Dn

t , Dm
s )

]
= RI , (108)

which completes the proof.

A.2. Proof of Theorem 2

Proof. We can show that the excess risk for instantaneous transfer learning scenario can be bounded as

RI = Eθ∗
t ,θ∗

s

[
�(b, Z ′

t) − �(b∗, Z ′
t)
]

(109)

= EDm
s ,Dn

t
EZ ′

t

[
�(b, Z ′

t) − �(b∗, Z ′
t)|Dm

s , Dn
t

]
(110)

= EDm
s ,Dn

t

∫ (
�(b, z′

t) − �(b∗, z′
t)
)

Pθ∗
s ,θ∗

t
(z′

t |Dm
s , Dn

t )dz′
t (111)

= EDm
s ,Dn

t

∫ (
�(b, z′

t) − �(b∗, z′
t)
)
(Pθ∗

s ,θ∗
t
(z′

t |Dm
s , Dn

t ) − Q (z′
t |Dm

s , Dn
t ) + Q (z′

t |Dm
s , Dn

t ))dz′
t (112)

(a)≤ EDm
s ,Dn

t

∫ (
�(b, z′

t) − �(b∗, z′
t)
)
(Pθ∗

s ,θ∗
t
(z′

t |Dm
s , Dn

t ) − Q (z′
t |Dm

s , Dn
t ))dz′

t (113)

(b)≤ MEDm
s ,Dn

t

∫
(Pθ∗

s ,θ∗
t
(z′

t |Dm
s , Dn

t ) − Q (z′
t |Dm

s , Dn
t ))dz′

t (114)

(c)≤ MEDm
s ,Dn

t

√
2D
(

Pθ∗
s ,θ∗

t
(Z ′

t |Dm
s , Dn

t )‖Q (Z ′
t |Dm

s , Dn
t )
)

(115)

(d)≤ M

√
2EDm

s ,Dn
t

D
(

Pθ∗
s ,θ∗

t
(Z ′

t |Dm
s , Dn

t )‖Q (Z ′
t |Dm

s , Dn
t )
)

(116)

= M

√
2D
(

Pθ∗
t
‖Q |Dm

s , Dn
t

)
(117)

= M
√

2D(Pθ∗
t
(Z ′

t)‖Q (Z ′
t |Dn

t , Dm
s )) (118)

= M
√

2I(Z ′
t;�t = θ∗

t ,�s = θ∗
s |Dm

s , Dn
t ), (119)

where in (a) we use the definition of Q , then (b) holds since we assume the loss function is bounded, (c) follows from the 
Pinsker’s inequality, (d) holds from the Jensen’s inequality.

A.3. Proof of Theorem 3

Proof. Under the exponentially concave assumption, we can show that the excess risk for an instantaneous transfer learning 
scenario can be bounded as
38
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RI = Eθ∗
t ,θ∗

s

[
�(b, Z ′

t) − �(b∗, Z ′
t)
]

(120)

= EDm
s ,Dn

t
EZ ′

t

[
�(b, Z ′

t) − �(b∗, Z ′
t)|Dm

s , Dn
t

]
(121)

= EDm
s ,Dn

t

∫ (
�(b, z′

t) − �(b∗, z′
t)
)

Pθ∗
s ,θ∗

t
(z′

t |Dm
s , Dn

t )dz′
t (122)

= 1

β
EDm

s ,Dn
t

∫
β
(
�(b, z′

t) − �(b∗, z′
t)
)
(Pθ∗

s ,θ∗
t
(z′

t |Dm
s , Dn

t ))dz′
t (123)

(a)≤ 1

β
EDm

s ,Dn
t

∫ (
log

e−β�(b∗,z′
t ) Q (z′

t |Dm
s , Dn

t )

e−β�(b,z′
t ) Pθ∗

s ,θ∗
t
(z′

t |Dm
s , Dn

t )
+ log

Pθ∗
s ,θ∗

t
(z′

t |Dm
s , Dn

t )

Q (z′
t |Dm

s , Dn
t )

)
Pθ∗

s ,θ∗
t
(z′

t |Dm
s , Dn

t )dz′
t (124)

(b)≤ 1

β
EDm

s ,Dn
t

log
∫

e−β�(b∗,z′
t )

e−β�(b,z′
t )

Q (z′
t |Dm

s , Dn
t )dz′

t + 1

β
I(Z ′

t;�t = θ∗
t ,�s = θ∗

s |Dm
s , Dn

t ) (125)

(c)≤ 1

β
I(Z ′

t;�t = θ∗
t ,�s = θ∗

s |Dm
s , Dn

t ), (126)

where in (a) we simply do the decomposition for the excess risk with the log trick, (b) follows due to the Jensen’s inequality, 
(c) holds from the following inequality:

EDm
s ,Dn

t
log
∫

e−β�(b∗,z′
t )

e−β�(b,z′
t )

Q (z′
t |Dm

s , Dn
t )dz′

t ≤ 0, (127)

which can be proved using the property of the exponential concavity of the loss function, e.g., see Lemma 3 in [82].

A.4. Proof of Theorem 4

Proof. We firstly show that given any prior over �s and �t ,

I(Dn
t ;�t,�s|Dm

s ) = I(�t,�s; Dn
t , Dm

s ) − I(�s; Dm
s ) (128)

= D(P�t ,�s (Dn
t , Dm

s )‖Q (Dn
t , Dm

s )) − D(P�s (Dm
s )‖Q (Dm

s )) (129)

=
∫ (

Eθs,θt

[
log

Pθt ,θs (Dn
t , Dm

s )

Q (Dn
t , Dm

s )

]
−Eθs,θt

[
log

Pθs (Dm
s )

Q (Dm
s )

])
ω(θs, θt)dθsdθt (130)

=
∫ (

Eθs,θt

[
log

Pθt (Dn
t )

Q (Dn
t |Dm

s )

])
ω(θs, θt)dθsdθt, (131)

where in the last equality we use the chain rule and the assumption that source data are independent of �t . The mutual 
information density at �s = θ∗

s and �t = θ∗
t is then given by

I(Dn
t ;�t = θ∗

t ,�s = θ∗
s |Dm

s ) = Eθ∗
s ,θ∗

t

[
log

Pθ∗
t
(Dn

t )

Q (Dn
t |Dm

s )

]
= RO . (132)

A.5. Proof of Theorem 5

Proof. We can show that the expected regret for online transfer learning scenario can be bounded as

RO =Eθ∗
t ,θ∗

s

[
n∑

k=1

�(bk, Z (k)
t ) −

n∑
k=1

�(b∗
k , Z (k)

t )

]
(133)

=
n∑

k=1

EDm
s ,Dk−1

t
E

Z (k)
t

[
�(bk, Z (k)

t ) − �(b∗
k , Z (k)

t )|Dm
s , Dk−1

t

]
(134)

=
n∑

k=1

EDm
s ,Dk−1

t

∫ (
�(bk, Z (k)

t ) − �(b∗
k , Z (k)

t )
)

Pθ∗
s ,θ∗

t
(Z (k)

t |Dm
s , Dk−1

t )dx(k)
t (135)

=
n∑

k=1

EDm
s ,Dk−1

t

∫ (
�(bk, Z (k)

t ) − �(b∗
k , Z (k)

t )
)

(Pθ∗
s ,θ∗

t
(Z (k)

t |Dm
s , Dk−1

t ) − Q (Z (k)
t |Dm

s , Dk−1
t ) (136)

+ Q (Z (k)
t |Dm

s , Dk−1
t ))dx(k)

t (137)
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(a)≤
n∑

k=1

EDm
s ,Dk−1

t

∫ (
�(bk, Z (k)

t ) − �(b∗
k , Z (k)

t )
)

(Pθ∗
s ,θ∗

t
(Z (k)

t |Dm
s , Dk−1

t ) − Q (Z (k)
t |Dm

s , Dk−1
t ))dx(k)

t (138)

(b)≤
n∑

k=1

EDm
s ,Dk−1

t
M

∫
(Pθ∗

s ,θ∗
t
(Z (k)

t |Dm
s , Dk−1

t ) − Q (Z (k)
t |Dm

s , Dk−1
t ))dx(k)

t (139)

(c)≤
n∑

k=1

EDm
s ,Dk−1

t
M

√
2D
(

Pθ∗
s ,θ∗

t
(Z (k)

t |Dm
s , Dk−1

t )‖Q (Z (k)
t |Dm

s , Dk−1
t )
)

(140)

(d)≤ M
n∑

k=1

√
2EDm

s ,Dk−1
t

D
(

Pθ∗
s ,θ∗

t
(Z (k)

t |Dm
s , Dk−1

t )‖Q (Z (k)
t |Dm

s , Dk−1
t )
)

(141)

(e)= M
n∑

k=1

√
2D
(

Pθ∗
t
‖Q |Dm

s , Dk−1
t

)
(142)

( f )≤ Mn

√√√√2

n

n∑
k=1

D
(

Pθ∗
t
‖Q |Dm

s , Dk−1
t

)
(143)

(g)= M
√

2nD(Pθ∗
t
(Dn

t )‖Q (Dn
t |Dm

s )) (144)

= M
√

2nI(Dn
t ;�t = θ∗

t ,�s = θ∗
s |Dm

s ), (145)

where in (a) we use the definition of Q , then (b) holds since we assume the loss function is bounded, (c) follows from 
the Pinsker’s inequality, (d) and ( f ) follows from the Jensen’s inequality, (g) holds because of the chain rule of the KL 
divergence.

A.6. Proof of Theorem 7

Proof. We firstly show that given any prior over �s , �t,i−1 and �t,i for any episode i, we have

I(Dni
t,i;�t,i,�t,i−1,�s|Dm

s , D
ni−1
t,i−1) (146)

= I(�t,i,�t,i−1,�s; Dni
t,i, D

ni−1
t,i−1, Dm

s ) − I(�t,i−1,�s; D
ni−1
t,i−1, Dm

s ) (147)

= D(P�t,i ,�t,i−1,�s (Dni
t,i, D

ni−1
t,i−1, Dm

s )‖Q (Dni
t,i, D

ni−1
t,i−1, Dm

s )) − D(P�t,i−1,�s (D
ni−1
t,i−1, Dm

s )‖Q (D
ni−1
t,i−1, Dm

s )) (148)

=
∫ (

Eθs,θt,i ,θt,i−1

[
log

Pθs,θt,i ,θt,i−1(Dni
t,i, D

ni−1
t,i−1, Dm

s )

Q (Dni
t,i, D

ni−1
t,i−1, Dm

s )

]
(149)

−Eθs,θt,i−1

[
log

Pθs,θt,i−1(D
ni−1
t,i−1, Dm

s )

Q (D
ni−1
t,i−1, Dm

s )

])
ω(θs, θt,i, θt,i−1)dθsdθt,i−1dθt,i (150)

=
∫ (

Eθs,θt,i ,θt,i−1

[
log

Pθt (Dni
t,i)

Q (Dni
t,i|Dni−1

t,i−1, Dm
s )

])
ω(θs, θt,i, θt,i−1)dθsdθt,i−1dθt,i, (151)

where in the last equality we use the chain rule and the Assumption 2. Then the expected regret till episode l can be 
expressed by the conditional mutual information evaluated at �s = θ∗

s , �t,i−1 = θ∗
t,i−1 and �t,i = θ∗

t,i at each episode i:

RT V =
l∑

i=1

I(Dni
t,i;�t,i = θ∗

t,i,�t,i−1 = θ∗
t,i−1,�s = θ∗

s |Dm
s , D

ni−1
t,i−1). (152)

A.7. Proof of Theorem 8

Proof. Under the conditions from Theorem 5, we firstly give an upper bound of the expectation term at each episode i as

Eθ∗
s ,θ∗

t,i ,θ
∗
t,i−1

[ ni∑
i=1

�
(

bi, Z (i)
t,i

)
−

ni∑
i=1

�(b∗
i , Z (i)

t,i )

]
≤ M
√

2ni I(Dni
t,i;�s = θ∗

s ,�t,i−1 = θ∗
t,i−1,�t,i = θ∗

t,i |Dm
s , Di−1

t ),

(153)
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where we define the conditional mutual information as

I(Dni
t,i;�s = θ∗

s ,�t,i−1 = θ∗
t,i−1,�t,i = θ∗

t,i |Dm
s , Di−1

t ) := Eθs,θt,i ,θt,i−1

[
log

Pθt (Dni
t,i)

Q (Dni
t,i|Dni−1

t,i−1, Dm
s )

]
(154)

with the mixture strategy Q . By Cauchy-Schwarz inequality,

RT V =
l∑

i=1

Eθ∗
s ,θ∗

t,i ,θ
∗
t,i−1

[ ni∑
k=1

�
(

bk,i, Z (k)
t,i

)
−

ni∑
k=1

�(b∗
k,i, Z (k)

t,i )

]
(155)

≤
l∑

i=1

M
√

2ni I(Dni
t,i;�s = θ∗

s ,�t,i−1 = θ∗
t,i−1,�t,i = θ∗

t,i|Dm
s , Di−1

t ) (156)

≤ M

√√√√2l
l∑

i=1

ni I(Dni
t,i;�s = θ∗

s ,�t,i−1 = θ∗
t,i−1,�t,i = θ∗

t,i |Dm
s , Di−1

t ), (157)

which complete the proof.

Before proving Theorem 9 and Theorem 10, let us prove the results for the OTL case first.

A.8. Proof of Theorem 11

Proof. We give the approximation on the KL divergence to see how the prior will affect the divergence,

Eθ∗
s ,θ∗

t

[
log

Pθ∗
t
(Dn

t )

Q (Dn
t |Dm

s )

]
=Eθ∗

s ,θ∗
t

[
log

Pθ∗
t
(Dn

t )Pθ∗
s
(Dm

s )Q (Dm
s )

Q (Dn
t , Dm

s )Pθ∗
s
(Dm

s )

]
(158)

=Eθ∗
s ,θ∗

t

[
log

Pθ∗
t ,θ∗

s
(Dn

t , Dm
s )

Q (Dn
t , Dm

s )

]
−Eθ∗

s ,θ∗
t

[
log

Pθ∗
s
(Dm

s )

Q (Dm
s )

]
(159)

= D(Pθ∗
t ,θ∗

s
(Dn

t , Dm
s )‖Q (Dn

t , Dm
s )) − D(Pθ∗

s
(Dm

s )‖Q (Dm
s )). (160)

We can view that source samples and target samples are jointly sampled given the distribution Pθ∗
s

and Pθ∗
t

. Using the 
results in [10] and [9], with the proper prior ω(θs, θt) and parametric conditions, the asymptotic normality of the posterior 
implies that

D(Pθ∗
t ,θ∗

s
(Dn

t , Dm
s )‖Q (Dn

t , Dm
s )) − 1

2
log det

([
nIt(θ

∗
t ) 0

0 mIs(θ
∗
s )

])
→ log

1

2πe
+ log

1

ω(θ∗
s , θ∗

t )
, (161)

as both n and m goes to infinity, where the fisher information matrices are denoted by

It(θ
∗
t ) = −Eθ∗

t

[
∂ log P (x|θ∗

t )

∂θ2
t

]
, (162)

Is(θ
∗
s ) = −Eθ∗

s

[
∂ log P (x|θ∗

s )

∂θ2
s

]
. (163)

Similarly,

D(Pθ∗
s
(Dm

s )‖Q (Dm
s )) − 1

2
log det(mIs(θ

∗
s )) → 1

2
log

1

2πe
+ log

1

ω(θ∗
s )

, (164)

as m goes to infinity. Therefore,

lim
n,m→∞

(
Eθ∗

s ,θ∗
t

[
log

Pθ∗
t
(Dn

t )

Q (Dn
t |Dm

s )

])
=1

2
log det

([
nIt(θ

∗
t ) 0

0 αnIs(θ
∗
s )

])
+ log

1

2πe
+ log

1

ω(θ∗
s , θ∗

t )
(165)

− 1

2
log det(mIs(θ

∗
s )) − 1

2
log

1

2πe
− log

1

ω(θ∗
s )

(166)

=1

2
log det(nIt(θ

∗
t )) + 1

2
log

1

2πe
+ log

1

ω(θ∗
t |θ∗

s )
. (167)

To conclude, as both n and m goes to infinity, the conditional mutual information will converge to

I(Dn
t ;�t = θ∗

t ,�s = θ∗
s |Dm

s ) − 1
log

n → 1
log It(θ

∗
t ) + log

1
∗ ∗ .
2 2πe 2 ω(θt |θs )
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A.9. Proof of Theorem 12

Proof. By writing θs = (θc, θsr) and θt = (θc, �tr,i), let us rewrite the conditional mutual information as

Eθ∗
s ,θ∗

t

[
log

Pθ∗
t
(Dn

t )

Q (Dn
t |Dm

s )

]
=Eθ∗

s ,θ∗
t

[
log

Pθ∗
t
(Dn

t )Pθ∗
s
(Dm

s )Q (Dm
s )

Q (Dn
t , Dm

s )Pθ∗
s
(Dm

s )

]
(168)

=Eθ∗
c ,θ∗

sr ,θ
∗
tr

[
log

Pθ∗
t ,θ∗

s
(Dn

t , Dm
s )

Q (Dn
t , Dm

s )

]
−Eθ∗

c ,θ∗
sr

[
log

Pθ∗
s
(Dm

s )

Q (Dm
s )

]
(169)

= D(Pθ∗
c ,θ∗

sr ,θ
∗
tr
(Dn

t , Dm
s )‖P (Dn

t , Dm
s )) − D(Pθ∗

c ,θ∗
sr
(Dm

s )‖Q (Dm
s )). (170)

We view that m source samples and n target samples are jointly sampled from the distribution parametrized by the param-
eters � = (�c, �sr, �tr,i). At time n, we have the asymptotic approximation under the proper prior and assumption 2 using 
Theorem 2.1 in [10] and [9] as

D(Pθ∗
c ,θ∗

sr ,θ
∗
tr
(Dn

t , Dm
s )‖P (Dn

t , Dm
s )) − 1

2
log det (Iθ∗) → 2d − j

2
log

1

2πe
+ log

1

ω(θ∗
s , θ∗

t )
, (171)

where the Fisher information matrix is defined as

Iθ∗ =
⎡
⎣mIcs(θ

∗
c ) + nIct(θ

∗
c ) mIcs(θ

∗
c , θ∗

sr) nIct(θ
∗
c , θ∗

tr)

mI T
cs(θ

∗
c , θ∗

sr) mIs(θ
∗
sr) 0

nI T
ct(θ

∗
c , θ∗

tr) 0 nIt(θ
∗
tr)

⎤
⎦ (172)

Similarly,

D(Pθ∗
c ,θ∗

sr
(Dm

s )‖Q (Dm
s )) − 1

2
log det

(
Iθ∗

s

)
→ d

2
log

1

2πe
+ log

1

ω(θ∗
s )

, (173)

where

Iθ∗
s
= m

[
Ics(θ

∗
c ) Ics(θ

∗
c , θ∗

sr)

I T
cs(θ

∗
c , θ∗

sr) Is(θ
∗
sr)

]
(174)

as m goes to sufficiently large. As a consequence,

lim
n,m→∞

(
Eθ∗

s ,θ∗
t

[
log

Pθ∗
t
(Dn

t )

Q (Dn
t |Dm

s )

])
=1

2
log det (Iθ∗) + 2d − j

2
log

1

2πe
+ log

1

ω(θ∗
s , θ∗

t )
(175)

− 1

2
log det(Iθ∗

s
) − d

2
log

1

2πe
− log

1

ω(θ∗
s )

(176)

=1

2
log

det(Iθ∗)

det(Iθ∗
s
)

+ d − j

2
log

1

2πe
+ log

1

ω(θ∗
t |θ∗

s )
. (177)

Let us examine the ratio of the determinant, using the block determinant results from [46],

log
det(Iθ∗)

det(Iθ∗
s
)

= log det

(
mIcs(θ

∗
c ) + nIct(θ

∗
c )

− [mIcs(θ
∗
c , θ∗

sr) nIct(θ
∗
c , θ∗

tr)
][mIs(θ

∗
sr) 0

0 nIt(θ
∗
tr)

]−1 [
mI T

cs(θ
∗
c , θ∗

sr)

nI T
ct(θ

∗
c , θ∗

tr)

])

+ log det

([
mIs(θ

∗
sr) 0

0 nIt(θ
∗
tr)

])
− log det

(
m(Ics(θ

∗
c ) − Ics(θ

∗
c , θ∗

sr)I−1
s (θ∗

sr)I T
cs(θ

∗
c , θ∗

sr))
)

− log det
(
mIs(θ

∗
sr)
)

(178)

= log det(m�s + n�t) − log det(m�s) + log det(nIt(θ
∗
tr) (179)

= log det(I j + n

m
�t�

−1
s ) + log det(nIt(θ

∗
tr), (180)

where we define �s = Ics(θ
∗
c ) − Ics(θ

∗
c , θ∗

sr)I−1
s (θ∗

sr)I T
cs(θ

∗
c , θ∗

sr) and �t = Ict(θ
∗
c ) − Ict(θ

∗
c , θ∗

tr)I−1
t (θ∗

tr)I T
ct(θ

∗
c , θ∗

tr). I j denotes the 
identity matrix with size j and θ∗ = (θ∗

c , θ∗
sr, θ∗

tr) denotes the true parameters. With a little abuse of notation, we define the 
Fisher information matrices as
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Ics(θ
∗
c ) = −Eθ∗

s

[
∇2

�c
log P (Zs|�c, θ

∗
sr)
] ∣∣∣

�c=θ∗
c

∈R j× j, (181)

Ict(θ
∗
c ) = −Eθ∗

t

[
∇2

�c
log P (Zt |�c, θ

∗
tr)
] ∣∣∣

�c=θ∗
c

∈R j× j, (182)

Is(θ
∗
sr) = −Eθ∗

s

[
∇2

�sr
log P (Zs|θ∗

c ,�sr)
] ∣∣∣

�sr=θ∗
sr

∈R(d− j)×(d− j), (183)

It(θ
∗
tr) = −Eθ∗

t

[
∇2

�tr
log P (Zt |θ∗

c ,�tr)
] ∣∣∣

�tr=θ∗
tr

∈R(d− j)×(d− j), (184)

Ics(θ
∗
c , θ∗

sr) = −Eθ∗
s

[
∂ log P (Zs|θ∗

c , θ∗
sr)

∂�c,i∂�sr,k

]
i = 1, · · · , j,

k = 1, · · · ,d − j

∈R j×(d− j), (185)

Ict(θ
∗
c , θ∗

tr) = −Eθ∗
t

[
∂ log P (Zt |θ∗

c , θ∗
tr)

∂�c,i∂�tr,k

]
i = 1, · · · , j,

k = 1, · · · ,d − j

∈R j×(d− j). (186)

Putting everything together, by setting m = cnp we reach

I(Dn
t ;�t = θ∗

t ,�s = θ∗
s |Dm

s ) − 1

2
log det(nIt(θ

∗
tr)) − 1

2
log det(I j + 1

cnp−1 �t�
−1
s ) → d − j

2
log

1

2πe

+ log
1

ω(θ∗
t |θ∗

s )
, (187)

as both n and m goes to infinity.

Now we can use the results of Theorem 4 and Theorem 5 to proof Theorem 9 and Theorem 10 for ITL case.

A.10. Proof of Theorem 9

Proof. From Theorem 11, we have that

I(Dn
t ;�t = θ∗

t ,�s = θ∗
s |Dm

s ) − 1

2
log

n

2πe
→ 1

2
log It(θ

∗
t ) + log

1

ω(θ∗
t |θ∗

s )
. (188)

By the i.i.d. property, additionally we have

I(Z ′
t, Dn

t ;�t = θ∗
t ,�s = θ∗

s |Dm
s ) − 1

2
log

n + 1

2πe
→ 1

2
log It(θ

∗
t ) + log

1

ω(θ∗
t |θ∗

s )
. (189)

Therefore as both m and n go to sufficiently large, the instantaneous prediction yields

I(Z ′
t;�t = θ∗

t ,�s = θ∗
s |Dn

t , Dm
s ) = I(Z ′

t, Dn
t ;�t = θ∗

t ,�s = θ∗
s |Dm

s ) − I(Dn
t ;�t = θ∗

t ,�s = θ∗
s |Dm

s ) (190)

= 1

2
log

n + 1

2πe
− 1

2
log

n

2πe
(191)

= 1

2
log(1 + 1

n
) (192)

� 1

n
, (193)

which is the typical result for the optimal rate of O ( 1
n ).

A.11. Proof of Theorem 10

Proof. From Theorem 12, as we assume m = cnp for some positive constant c, the asymptotic approximation of the expected 
regret is expressed as

I(Dn
t ;�t = θ∗

t ,�s = θ∗
s |Dm

s ) − 1

2
log det(nIt(θ

∗
tr)) − 1

2
log det(I j + n

cnp
�t�

−1
s ) → d − j

2
log

1

2πe
+ log

1

ω(θ∗
t |θ∗

s )
.

(194)

If we take Z ′
t take into consideration, we similarly have
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I(Z ′
t, Dn

t ;�t = θ∗
t ,�s = θ∗

s |Dm
s ) − 1

2
log det((n + 1)It(θ

∗
tr)) − 1

2
log det(I j + n + 1

cnp
�t�

−1
s ) (195)

→ d − j

2
log

1

2πe
+ log

1

ω(θ∗
t |θ∗

s )
. (196)

As a consequence, when both n and m go to infinity,

I(Z ′
t;�t = θ∗

t ,�s = θ∗
s |Dn

t , Dm
s ) = I(Z ′

t, Dn
t ;�t = θ∗

t ,�s = θ∗
s |Dm

s ) − I(Dn
t ;�t = θ∗

t ,�s = θ∗
s |Dm

s ) (197)

= d − j

2
log(1 + 1

n
) + 1

2
log det(cnp�s + (n + 1)�t) − 1

2
log det(cnp�s + n�t) (198)

We will use the expansion of determinant:

det(I + 1

nk
A) = 1 + 1

nk
Tr(A) + o(1/nk). (199)

For 0 ≤ p < 1:

I(Z ′
t;�t = θ∗

t ,�s = θ∗
s |Dn

t , Dm
s ) = d − j

2
log(1 + 1

n
) + 1

2
log det(cnp�s + (n + 1)�t) − 1

2
log det(cnp�s + n�t)

(200)

= d − j

2
log(1 + 1

n
) + j

2
log(1 + 1

n
) + 1

2
log det(I j + cnp

n + 1
�s�

−1
t ) − 1

2
log det(I j + cnp

n
�s�

−1
t ) (201)

= d − j

2
log(1 + 1

n
) + j

2
log(1 + 1

n
) + 1

2

cnp

n + 1
Tr(�s�

−1
t ) − 1

2

cnp

n
Tr(�s�

−1
t ) + o(

1

n
) (202)

= d − j

2
log(1 + 1

n
) + j

2
log(1 + 1

n
) + 1

2

cnp

n(n + 1)
Tr(�s�

−1
t ) + o(

1

n
) (203)

� d

n
(204)

For p ≥ 1:

I(Z ′
t;�t = θ∗

t ,�s = θ∗
s |Dn

t , Dm
s ) = d − j

2
log(1 + 1

n
) + 1

2
log det(cnp�s + (n + 1)�t) − 1

2
log det(cnp�s + n�t)

(205)

= d − j

2
log(1 + 1

n
) + 1

2
log det(I j + n + 1

cnp
�t�

−1
s ) − 1

2
log det(I j + n

cnp
�t�

−1
s ) (206)

= d − j

2
log(1 + 1

n
) + 1

2

n + 1

cnp
Tr(�t�

−1
s ) − 1

2

n

cnp
Tr(�t�

−1
s ) + o(

1

np
) (207)

= d − j

2
log(1 + 1

n
) + 1

2cnp
Tr(�t�

−1
s ) + o(

1

np
) (208)

� d − j

n
+ j

np
(209)

To conclude,

RI � d − j

n
+ j

n ∨ np
, (210)

which completes the proof.

A.12. Proof of Corollary 1

Proof. From Theorem 12, we have

I(Dn
t ;�t = θ∗

t ,�s = θ∗
s |Dm

s ) = 1

2
log det(nIt(θ

∗
tr)) + 1

2
log det(I j + n

m
�t�

−1
s ) + O (1). (211)

This quantity depends on the source sample size m = cnp , assume m = cnp with some positive constant c. For 0 ≤ p < 1:
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I(Dn
t ;�t = θ∗

t ,�s = θ∗
s |Dm

s ) = 1

2
log det(nIt(θ

∗
tr)) + 1

2
log det(cnp�s + n�t) − 1

2
log det(cnp�s) + O (1) (212)

= 1

2
log det(nIt(θ

∗
tr)) + j

2
logn − jp

2
log n + 1

2

1

n1−p
Tr(c�s�

−1
t ) − 1

2
log det(c�s) + O (1) (213)

� (d − j) logn + j(1 − p) log n. (214)

For p ≥ 1:

I(Dn
t ;�t = θ∗

t ,�s = θ∗
s |Dm

s ) = 1

2
log det(nIt(θ

∗
tr)) + 1

2
log det(cnp�s + n�t) − 1

2
log det(cnp�s) + O (1) (215)

= 1

2
log det(nIt(θ

∗
tr)) + 1

2
log det(I j + 1

cnp−1 �t�
−1
s ) + O (1) (216)

= 1

2
log det(nIt(θ

∗
tr)) + 1

2

1

cnp−1 Tr(�t�
−1
s ) + O (1) + o(

1

np−1 ) (217)

� (d − j) logn + j

np−1 , (218)

which completes the proof.

A.13. Proof of Theorem 13

Proof. Let us give an asymptotic estimation on I(Dni
t,i; �t,i = θ∗

t,i |Dm
s , Dni

t,i) as all ni , ni−1 and m are large enough shown in 
the following theorem.

Theorem 14. Under Assumptions 1 and 2, with �s, �t,i−1.�t,i ∈ Rd defined in the paper and as ni−1, ni, m → ∞, the mixture 
strategy with proper prior ω(�s, �t,i−1, �t,i) yields

I(Dni
t,i;�t,i = θ∗

t,i|Dm
s , D

ni−1
t,i−1)− log det

(
I ji× ji + ni

m + ni−1
�ct,i�

−1
cst,i

)
− log det(Ici×ci + ni

ni−1
�t,i�

−1
t,i−1) − log det(ni It,i(θ

∗
tr,i))

→ (d − ji − ci) log
1

2πe
+ 2

ω(θ∗
t,i |θ∗

t,i−1, θ
∗
s )

. (219)

Proof. Rewrite the conditional mutual information in terms of the KL divergence as

I(Dni
t,i;�t,i = θ∗

t,i|Dm
s , D

ni−1
t,i−1) = Eθ∗

s ,θ∗
t,i ,θ

∗
t,i−1

[
log

Pθ∗
t,i

(Dni
t,i)

Q (Dni
t,i|Dni−1

t,i−1, Dm
s )

]
(220)

= D(Pθ∗
s ,θ∗

t,i ,θ
∗
t,i−1

(Dm
s , D

ni−1
t,i−1, Dni

t,i)‖Q (Dm
s , D

ni−1
t,i−1, Dni

t,i)) − D(Pθ∗
s ,θ∗

t,i−1
(Dm

s , D
ni−1
t,i−1)‖Q (Dm

s , D
ni−1
t,i−1)). (221)

Let us align the parameter as � = (�c,i, �v,i, �sr,i, �tr,i−1, �tr,i) and �s = (�c,i, �v,i, �sr,i, �tr,i−1) and we define a set of 
Fisher information matrices as

Ics,i(θ
∗
c,i) = −Eθ∗

s

[
∇2

�c,i
log P (Zs|�c,i, θ

∗
sr,i)
] ∣∣∣

�c,i=θ∗
c,i

∈R ji× ji , (222)

Is,i(θ
∗
sr,i) = −Eθ∗

s

[
∇2

�sr,i
log P (Zs|θ∗

c,i,�sr,i)
] ∣∣∣

�sr,i=θ∗
sr,i

∈R(d− ji)×(d− ji), (223)

Ict,i−1(θ
∗
c,i) = −Eθ∗

t,i−1

[
∇2

�c,i
log P (Zt,i−1|�c,i, θ

∗
v,i, θ

∗
tr,i−1)

] ∣∣∣
�c,i=θ∗

c,i

∈R ji× ji , (224)

Ict,i(θ
∗
c,i) = −Eθ∗

t

[
∇2

�c,i
log P (Zt,i|�c,i, θ

∗
v,i, θ

∗
tr,i)
] ∣∣∣

�c,i=θ∗
c,i

∈R ji× ji , (225)

It,i−1(θ
∗
tr,i−1) = −Eθ∗

t,i−1

[
∇2

�tr,i−1
log P (Zt,i−1|θ∗

c,i, θ
∗
v,i,�tr,i−1)

] ∣∣∣
�tr,i−1=θ∗

tr,i−1

∈R(d−ci− ji)×(d−ci− ji), (226)

It,i(θ
∗
tr,i) = −Eθ∗

t

[
∇2

�tr,i
log P (Zt,i|θ∗

c,i,�tr,i)
] ∣∣∣

�tr,i=θ∗
tr

∈R(d−ci− ji)×(d−ci− ji), (227)

I vi−1(θ
∗
v,i) = −Eθ∗

t,i−1

[
∇2

�v,i
log P (Zt,i−1|θ∗

c,i,�v,i, θ
∗
tr,i−1)

] ∣∣∣
� =θ∗ ∈Rci×ci , (228)
v,i v,i
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I vi (θ
∗
v,i) = −Eθ∗

t,i

[
∇2

�v,i
log P (Zt,i|θ∗

c,i,�v,i, θ
∗
tr,i)
] ∣∣∣

�v,i=θ∗
v,i

∈Rci×ci , (229)

Isc(θ
∗
c,i, θ

∗
sr,i) = −Eθ∗

s

[
∂ log P (Zs|θ∗

c,i, θ
∗
sr,i)

∂�
p
c,i∂�

q
sr,i

]
p = 1, · · · , ji,

q = 1, · · · ,d − ji

∈R ji×(d− ji), (230)

Ictr,i−1(θ
∗
c,i, θ

∗
tr,i−1) = −Eθ∗

t,i−1

[
∂ log P (Zt,i−1|�c,i = θ∗

c,i, θ
∗
v,i,�tr,i−1 = θ∗

tr,i−1)

∂�
p
c,i∂�

q
tr,i−1

]
p = 1, · · · , ji,

q = 1, · · · ,d − ci − ji

∈ R ji×(d−ci− ji), (231)

Ictr,i(θ
∗
c , θ∗

tr,i) = −Eθ∗
t

[
∂ log P (Zt,i|�c,i = θ∗

c,i, θ
∗
v,i,�tr,i = θ∗

tr,i)

∂�
p
c,i∂�

q
tr,i

]
p = 1, · · · , ji,

q = 1, · · · ,d − ci − ji

∈ R ji×(d−ci− ji), (232)

I vt,i−1(θ
∗
v,i, θ

∗
tr,i−1) = −Eθ∗

t

[
∂ log P (Zt,i−1|θ∗

c,i,�v,i = θ∗
v,i,�tr,i−1 = θ∗

tr,i−1)

∂�
p
v,i∂�

q
tr,i−1

]
p = 1, · · · , ci,

q = 1, · · · ,d − ci − ji

∈ Rci×(d−ci− ji), (233)

I vt,i(θ
∗
v , θ∗

tr,i) = −Eθ∗
t

[
∂ log P (Zt,i|θ∗

c,i,�v,i = θ∗
v,i,�tr,i = θ∗

tr,i)

∂�
p
v,i∂�

q
tr,i

]
p = 1, · · · , ci,

q = 1, · · · ,d − ci − ji

∈ Rci×(d−ci− ji),

(234)

Icvi−1(θ
∗
c,i, θ

∗
v,i) = −Eθ∗

t,i−1

[
∂ log P (Zt,i−1|�c,i = θ∗

c,i,�v,i = θ∗
v,i, θ

∗
tr,i−1 = θ∗

tr,i−1)

∂�
p
v,i∂�

q
tr,i−1

]
p = 1, · · · , ji,

q = 1, · · · , ci

∈R ji×ci ,

(235)

Icvi (θ
∗
c,i, θ

∗
v,i) = −Eθ∗

t

[
∂ log P (Zt,i|�c,i = θ∗

c,i,�v,i = θ∗
v,i, θ

∗
tr,i)

∂�
p
v,i∂�

q
tr,i

]
p = 1, · · · , ji,

q = 1, · · · , ci

∈R ji×ci , (236)

where �p (�q) denotes the pth (qth) element in �. To simplify the notations, we omit the function variables for all Fisher 
information matrices (for example, we write Ics,i(θ

∗
c,i) as Ics,i ). Then the asymptotic normality implies that

D(Pθ∗
s ,θ∗

t,i ,θ
∗
t,i−1

(Dm
s , D

ni−1
t,i−1, Dni

t,i)‖Q (Dm
s , D

ni−1
t,i−1, Dni

t,i)) − 1

2
log det (Iθ∗) → 3d − 2 ji − ci

2
log

1

2πe
+ log

1

ω(θ∗
s , θ∗

t )
,

(237)

where the Fisher information matrix is defined as

Iθ∗ =

⎡
⎢⎢⎢⎢⎣

mIcs,i + ni−1 Ict,i−1 + ni Ict,i ni Icvi + ni−1 Icvi−1 mIsc,i ni−1 Ictr,i−1 ni Ictr,i

ni I T
ct,i + ni−1 I T

ct,i−1 ni I vi + ni−1 I vi−1 0 ni−1 I vt,i−1 ni I vt,i

mI T
sc,i 0 mIs,i 0 0

ni−1 I T
ctr,i−1 ni−1 I T

vt,i−1 0 ni−1 It,i−1 0
ni I T

ctr,i ni I T
vt,i 0 0 ni It,i

⎤
⎥⎥⎥⎥⎦ , (238)

as all ni , ni−1 and m go to infinity. Similarly,

D(Pθ∗
s ,θ∗

t,i−1
(Dm

s , D
ni−1
t,i−1)‖Q (Dm

s , D
ni−1
t,i−1)) − 1

2
log det

(
Iθ∗

s

)
→ 2d − ji

2
log

1

2πe
+ log

1

ω(θ∗
s , θ∗

t )
, (239)

where

Iθ∗
s
=

⎡
⎢⎢⎣

mIcs,i + ni−1 Ict,i−1 ni−1 Icvi−1 mIsc,i ni−1 Ictr,i−1

ni−1 I T
cvi−1 ni−1 I vi−1 0 ni−1 I vt,i−1

mI T
sc,i 0 mIs,i 0

ni−1 I T
ctr,i−1 ni−1 I T

vt,i−1 0 ni−1 It,i−1

⎤
⎥⎥⎦ . (240)
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Then by subtraction, we have

log det(Iθ∗)

log det(Iθ∗
s
)

= log det

(
I ji× ji + ni

m + ni−1
�ct,i�

−1
cst,i

)
+ log det(Ici×ci + ni

ni−1
�t,i�

−1
t,i−1) + log det(ni It,i), (241)

where �ct,i = Ict,i − Ictr,i I−1
t,i I T

ctr,i , �cst,i = m
m+ni−1

(Ics − Isc,i I−1
s,i I T

sc,i) + ni−1
m+ni−1

(Ict,i−1 − Ictr,i−1 I−1
t,i−1 I T

ctr,i−1), �t,i = I vi −
I vt,i I−1

t,i I T
vt,i , and �t,i−1 = I vi−1 − I vt,i−1 I−1

t,i−1 I T
vt,i−1. Then we have the asymptotic estimation as

I(Dni
t,i;�t,i = θ∗

t,i|Dm
s , D

ni−1
t,i−1) → log det

(
I ji× ji + ni

m + ni−1
�ct,i�

−1
cst,i

)

+ log det(Ici×ci + ni

ni−1
�t,i�

−1
t,i−1) + log det(ni It,i)

+ (d − ji − ci) log
1

2πe
+ 2

ω(θ∗
t,i |θ∗

t,i−1, θ
∗
s )

. (242)

Based on the theorem above, by putting things together, finally we reach

RT V ≤M

(
l

l∑
i=1

ni

(
log det

(
I ji× ji + ni

m + ni−1
�ct,i�

−1
cst,i

)
+ log det(Ici×ci + nl

nl−1
�t,i�

−1
t,i−1) + log det(ni It,i)

+ (d − ji − ci) log
1

2πe
+ 2

ω(θ∗
t,i |θ∗

t,i−1, θ
∗
s )

)) 1
2

. (243)

Since nl−1 � nl and m � np
l , using the same procedure from Corollary 1 we will arrive at

RT V �

√√√√k
k∑

l=1

nl

(
ji(1 ∧ n1−p

l ) + ci + (d − ci − ji) log ni + 2

ω(θ∗
t,i |θ∗

t,i−1, θ
∗
s )

)
. (244)

A.14. Proof of Proposition 1

Proof. Since we have

RI = Eθ∗
t ,θ∗

s

[
log

Pθ∗
t
(Z ′

t)

Q (Z ′
t |Dn

t , Dm
s )

]
, (245)

where we use the mixture strategy for the conditional distribution Q as

E
[
log Q (Z ′

t |Dn
t , Dm

s )
]= E

[
log

∫
Pθt (Dn

t , Z ′
t)Pθs (Dm

s )ω(θt , θs)dθtdθs∫
Pθt (Dn

t )Pθ∗
s
(Dm

s )ω(θt , θs)dθtdθs

]
(246)

= E

[
log

∫
Pθt (Z ′

t)Pθt (Dn
t )ω(θt |θs)dθt P (θs|Dm

s )dθs∫
Pθt (Dn

t )ω(θt |θs)dθt P (θs|Dm
s )dθs

]
(247)

= E

[
log

∫
Pθt (Z ′

t)Pθt (Dn
t )ω(θt |θ∗

s )dθt∫
Pθt (Dn

t )ω(θt |θ∗
s )dθt

]
(248)

= E

[
log
∫

Pθt (Z ′
t)Pω(θt |Dn

t )dθt

]
(249)

≤ max
θ̃t∈supp(ω(�t |�∗

s ))

E

[
log
∫

P θ̃t
(Z ′

t)Pω(θt |Dn
t )dθt

]
(250)

= E

[
log
∫

P θ̃t
(Z ′

t)Pω(θt |Dn
t )dθt

]
(251)

= E
[

log P θ̃t
(Z ′

t)
]
. (252)

The inequality holds as θ̃t = argminθ ∈supp(ω(� |�∗))DKL(Pθ∗ (Zt)‖Pθt (Zt)) and we define the conditional posterior as

t t s t
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Pω(θt |Dt) = ω(θt |θ∗
s )Pθt (Dn

t )∫
ω(θt |θ∗

s )Pθt (Dn
t )dθt

. (253)

The domain of this posterior is the same as the support of ω(θs|θt). Therefore, minimizing the KL divergence
DKL(Pθ∗

t
(Zt)‖Pθt (Zt)) w.r.t. θt is equivalent to maximizing the cross entropy as

argminθt∈supp(ω(�t |�∗
s ))DKL(Pθ∗

t
(Zt)‖Pθt (Zt)) = argmaxθt∈supp(ω(�t |�∗

s ))Eθ∗
t
[log Pθt (Zt)]. (254)

Then the result follows.

A.15. Proof of Proposition 2

Proof. We need to prove there exists a prior ω(θs, θt), the expected regrets such that

Eθ∗
s ,θ∗

t

[
log

Pθ∗
t
(Dn

t )

Q (Dn
t |Dm

s )

]
>Eθ∗

t

[
log

Pθ∗
t
(Dn

t )

Q̂ (Dn
t )

]
. (255)

It is equivalent to prove that,

Eθ∗
t ,θ∗

s

[
log

Q (Dm
s )Q̂ (Dn

t )

Q (Dn
t , Dm

s )

]
> 0. (256)

Let us examine the logarithmic term,

log
Q (Dm

s )Q̂ (Dn
t )

Q (Dn
t , Dm

s )
= log

Q̂ (Dn
t )
∫

Pθt ,θs (Dm
s )ω(θt , θs)dθtdθs∫

Pθt ,θs (Dn
t , Dm

s )ω(θt , θs)dθtdθs
(257)

= log
Q̂ (Dn

t )
∫

Pθs (Dm
s )ω(θs)dθs∫

Pθt ,θs (Dn
t , Dm

s )ω(θt , θs)dθtdθs
(258)

= log
1∫ ∫

Q̂ (θt |Dn
t )

ω(θt |θs)

ω̂(θt )
dθt Q (θs|Dm

s )dθs

. (259)

When both m and n are sufficient enough and the marginal prior distribution ω(θs) and ω̂(θt) are proper, Q̂ (θt |Dn
t ) and 

Q (θs|Dm
s ) will be concentrated near θ∗

t and θ∗
s . Then the above equation becomes

log
Q (Dm

s )Q̂ (Dn
t )

Q (Dn
t , Dm

s )
= − log

θ∗
s +δs∫

θ∗
s −δs

θ∗
t +δt∫

θ∗
t −δt

Q̂ (θt |Dn
t )

ω(θt |θ∗
s )

ω̂(θt)
dθt Q (θs|Dm

s )dθs, (260)

for some small δt and δs . Since the prior ω(θt |θs) is imposed improperly, then ω(θt |θs) has zero density around θ∗
t , then 

since for any ω̂(θt) > 0, the following inequality holds.

Eθ∗
s ,θ∗

t

[
log

Q̂ (Dn
t )Q (Dm

s )

Q (Dn
t , Dm

s )

]
= −Eθ∗

s ,θ∗
t

⎡
⎢⎣log

θ∗
s +δs∫

θ∗
s −δs

θ∗
t +δt∫

θ∗
t −δt

Q̂ (θt |Dn
t )

ω(θt |θ∗
s )

ω̂(θt)
dθt Q (θs|Dm

s )dθs

⎤
⎥⎦ (261)

> −Eθ∗
s ,θ∗

t

⎡
⎢⎣log

θ∗
s +δs∫

θ∗
s −δs

θ∗
t +δt∫

θ∗
t −δt

Q̂ (θt |Dn
t )

ω̂(θt)

ω̂(θt)
dθt Q (θs|Dm

s )dθs

⎤
⎥⎦ (262)

= 0, (263)

when the source and target are sufficiently large. Therefore, it implies that

Rω(�s,�t )(n) > Rω̂(�t )(n). (264)

Furthermore, if we rewrite the regret as
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RO =Eθ∗
t

[
log

Pθ∗
t
(Dn

t )

Q (Dn
t |Dm

s )

]
= H Pθ∗

t
(Dn

t ) −Eθ∗
t

[
log Q (Dn

t |Dm
s )
]

= H Pθ∗
t
(Dn

t ) −Eθ∗
t

[∫ ∫
Pθt (Dn

t )ω(θt |θs)dθt Q (θs|Dm
s )dθs

]
(a)= H Pθ∗

t
(Dn

t ) −Eθ∗
t

[∫
Pθt (Dn

t )ω(θt |θ∗
s )dθt

]
(b)≥ H Pθ∗

t
(Dn

t ) −Eθ∗
t

[
P θ̃t

(Dn
t )
]

= DKL(Pθ∗
t
(Dn

t )‖P θ̃t
(Dn

t ))

(c)= nDKL(Pθ∗
t
(Zt)‖P θ̃t

(Zt)),

where (a) follows that when m goes to sufficiently large and we assume that the prior ω(θs) is proper, the posterior 
Q (θs|Dm

s ) will approach the true parameter θ∗
s . (b) holds as we define

θ̃t = argminθt∈supp(ω(�t |�∗
s ))DKL(Pθ∗

t
(Zt)‖Pθt (Zt)), (265)

which is equivalent to maximize the cross entropy as

θ̃t = argmaxθt∈supp(ω(�t |�∗
s ))Eθ∗

t

[
log Pθt (Zt)

]
. (266)

With the Assumption 1, with the i.i.d. property we have

θ̃t = argmaxθt∈supp(ω(�t |�∗
s ))Eθ∗

t

[
log Pθt (Dn

t )
]
. (267)

Therefore, (b) holds as

Eθ∗
t

[∫
Pθt (Dn

t )ω(θt |θ∗
s )dθt

]
≤ max

θ̃t∈supp(ω(�t |�∗
s ))

Eθ∗
t

[∫
P θ̃t

(Dn
t )ω(θt |θ∗

s )dθt

]
= Eθ∗

t

[
P θ̃t

(Dn
t )
]
, (268)

and finally (c) follows as target data are drawn i.i.d. from Pθ∗
t

. With the dual properties, the proof of the upper bound 
follows the same procedures as the lower upper.

A.16. Proof of Proposition 3

Proof. We need to prove under the certain assumptions, there exists a prior ω(θs, θt), the expected regrets such that

Eθ∗
s ,θ∗

t

[
log

Pθ∗
t
(Dn

t )

Q (Dn
t |Dm

s )

]
<Eθ∗

t

[
log

Pθ∗
t
(Dn

t )

Q̂ (Dn
t )

]
. (269)

Rewrite the expectation and it is equivalent to prove that

Eθ∗
t ,θ∗

s

[
log

Q (Dm
s )Q̂ (Dn

t )

Q (Dn
t , Dm

s )

]
< 0. (270)

Similarly, when Dm
s is sufficient enough, the density P (θ∗

s |Dm
s ) will concentrate around θ∗

s , say P (|θs − θ∗
s | < δs) → 0 as m

goes to infinity, furthermore if Dn
t is also very large, p(θt |Dn

t ) will be concentrated near θ∗
t such that

log
Q (Dm

s )Q̂ (Dn
t )

Q (Dn
t , Dm

s )
= − log

θ∗
s +δs∫

θ∗
s −δs

θ∗
t +δt∫

θ∗
t −δt

Q̂ (θt |Dn
t )

ω(θt |θ∗
s )

ω̂(θt)
dθt Q (θs|Dm

s )dθs. (271)

Since we assume the support ω(θt |θs) is a proper subset of � and ω(θt |θs) is proper over θt , that is, this conditional prior 
has positive density around θ∗

t . Let us define


̂ =
θ∗

t +δt∫
θ∗

t −δt

ω̂(θt)dθt , and 
 =
θ∗

t +δt∫
θ∗

t −δt

ω(θt |θs)dθt . (272)

Then there always exists a prior such that for any θs around θ∗
s ,
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 − 
̂ = � > 0, (273)

with the choice of the prior

ω(θt |θs) = ω̂(θt) + �

2δt
. (274)

This specific prior will lead to log ω̂(θt )
ω(θt |θs)

< 1 and the quantity above will be strictly less than zero, which is, positive 
transfer.

A.17. Proof of Lemma 1

Proof. First we rewrite the conditional probability by,

Q (Dn
t |Dm

s ) =
∫
θs

∫
θt |θs

P (Dn
t |θt)P (θt |θs)dθt P (θs|Dm

s )dθs (275)

= Eθs|Dm
s

⎡
⎢⎣

θs+c∫
θs−c

1

2c
P (Dn

t |θt)dθt

⎤
⎥⎦ (276)

= 1

2c
Eθs|Dm

s

⎡
⎢⎣

θs+c∫
θs−c

(θt)
kt (1 − θt)

n−kt dθt

⎤
⎥⎦ . (277)

Here we denote the integral by,

I(n,k) =
(

n
k

) a∫
0

xk(1 − x)n−kdx (278)

Then we rewrite I(n, k) as follows:

I(n,k) =
(

n
k

)⎛⎝[−xk(1 − x)n−k+1

n − k + 1

]a

0

+ k

n − k + 1

a∫
0

xk−1(1 − x)n−k+1dx

⎞
⎠ (279)

=
(

n
k

) −ak(1 − a)n−k+1

n − k + 1
+
(

n
k

)
k

n − k + 1

(
n

k − 1

)−1

I(n,k − 1) (280)

=
(

n
k

) −ak(1 − a)n−k+1

n − k + 1
+ I(n,k − 1). (281)

By induction, we have

I(n,k) =
k∑

i=1

(
n
i

) −ai(1 − a)n−i+1

n − i + 1
+ I(a,0) (282)

=
k∑

i=1

(
n
i

) −ai(1 − a)n−i+1

n − i + 1
+ 1 − (1 − a)n+1

n + 1
. (283)

Hence,

a∫
0

xk(1 − x)n−kdx =
(

n
k

)−1
(

k∑
i=1

(
n
i

) −ai(1 − a)n−i+1

n − i + 1
+ 1 − (1 − a)n+1

n + 1

)
(284)

and for any b > a,

b∫
0

xk(1 − x)n−kdx =
(

n
k

)−1
(

k∑
i=1

(
n
i

) −bi(1 − b)n−i+1

n − i + 1
+ 1 − (1 − b)n+1

n + 1

)
. (285)
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By subtraction,

1

b − a

b∫
a

xk(1 − x)n−kdx = 1

b − a

(
n
k

)−1
(

k∑
i=1

(
n
i

)
ai(1 − a)n−i+1 − bi(1 − b)n−i+1

n − i + 1
+ (1 − a)n+1 − (1 − b)n+1

n + 1

)
.

(286)

A.18. Experimental setups of EMPU algorithms

In this section, we listed all experimental setups for different algorithms under different tasks. We use the same linear 
model and learning rate in the OTL algorithm as the linear EMPU algorithm. The experimental setup of linear EMPU al-
gorithm is summarized in Table 8. The details for EMPU with neural network algorithms are summarized in Table 9. The 
experimental setups of Gibbs EMPU is summarized in Table 10. Table 11 concludes the setups for the RNN with LSTM 
architecture.

Table 8
Experimental Setups of EMPU algorithms.

Tasks N η c

Office-Caltech-10

20

0.01 0.1
MNIST vs USPS 0.01 0.1
20 Newsgroup 0.1 1
GIST 0.001 0.1
SIFT-SPM 0.001 0.01

Table 9
Experimental Setups of EMPU with neural network algorithms.

Tasks Network Layout Optimizer N η c

Office-Caltech-10 [800,16,10]

Adam 20

0.01 0.01
MNIST vs USPS [256,16,10] 0.01 0.1
20 Newsgroup [100,4,2] 0.01 0.01
GIST [512,16,2] 0.001 0.01
SIFT-SPM [4200,16,2] 0.001 0.01

Table 10
Experimental Setups of Gibbs EMPU algorithms.

Tasks N 1/γ η σp

Office-Caltech-10

20

1e-5 0.01 0.01
MNIST vs USPS 1e-5 0.01 0.1
20 Newsgroup 1e-5 0.1 0.01
GIST 1e-4 0.001 0.01
SIFT-SPM 1e-6 0.0001 0.01

Table 11
Experimental Setups of RNN algorithms.

Tasks Hidden Layer Number Hidden Layer Dimension Optimizer η

Office-Caltech-10

1

100

Adam

0.001
MNIST vs USPS 50 0.01
20 Newsgroup 20 0.001
GIST 100 0.001
SIFT-SPM 100 0.001
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