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We study a single-period inventory planning problem for a category of substitutable products. This is an
important practical problem facing category managers who have to maintain high service levels for constantly
expanding'product catalogs. We formulate the problem as a stochastic optimization model that minimizes
the total stocking cost subject to service level requirements, which consist of product-specific and category-
wide targets. for. inventory availability (ready rates) through the selling season. Our model accounts for
stochastic.eustemer arrivals, captures stockout-based substitutions, and determines initial stocking quantities
jointly for all products. Recognizing the challenges that these aspects pose in solving the problem, we
propose an optimization-based method that estimates the ready rates using a deterministic approximation
and discreétizes the selling season into a finite number of time intervals. This novel modeling approach
permits usgto recast the stochastic optimization model as a deterministic mixed integer linear program
that can accommodate several common stockout-based substitution schemes. We characterize the worst-case
behavior of this approach to develop performance guarantees. We also implemented and applied this model
to randomly-generated numerical instances featuring different types of product differentiation and varying
in parametermvalues. We observe that the approach is robust to changes in problem parameter values and
yields solutions very quickly, outperforming an enumeration-based alternative, a practical heuristic, and an
approach based on extant literature. Finally, we applied our approach to data from a re-seller of Information
Technology products. Results illustrate that our approach scales well and has the potential to generate

savings in inventory costs.
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1. Introduction
As consumer expectations for greater product variety increase, retailers have steadily expanded their

catalogs to offer broader product assortments. Intense retail competition and the ease with which
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consumers can resort to competitors is also forcing retailers to grow their assortments aggressively
(e.g., Amazon’s product selection includes over 600 million items). According to the CommerceHub
Product Assortment Index, which tracks the catalogs of mass merchants, department stores, and
marketplaces, traditional retailers such as Target and Walmart collectively increased their product
assortments by about 80 percent in the first three quarters of 2014 alone (eCommerce Insights 2014).
Naturally, this has led to an increase in inventory investments. However, an increase in inventories
does not necessarily bring commensurate benefits in terms of service levels. For instance, despite
growing its‘inventory at a faster rate than its sales, Walmart lost $3 billion in 2013 sales due to
out-of-stockgmerehandise (Forbes 2014).

Recognizinggthe importance of properly matching supply and demand, and facing large out-of-
stock costs/and imvestments in inventory due to catalog expansion, firms are re-examining their
inventory processes and controls to lower costs and improve service simultaneously. For product
categories, which are defined as groups of products that consumers perceive as substitutable, deter-
mining an effective inventory policy is particularly challenging due to linkages in product demand
that stem from the propensity of consumers to substitute when their primary choice is out-of-stock.
These interdependencies require firms to adopt a category-wide view and address product inventory
decisions jointly, incorporating how consumers choose products and how they select substitutes.
Making imventorysdecisions individually for each product and assuming that sales are lost when a
product is out-ofsstock, regardless of the availability of its substitutes, could significantly and need-
lessly increasesimventory investment. In contrast, an approach that jointly optimizes inventories for
all the products in the category while satisfying service level requirements promises lower stocking
costs.

Our workfis motivated in part by a problem facing a large re-seller of information technology
product (suchwas’computers, software, gaming equipment) that serves markets in several countries.
The company offers a vast catalog that includes products from many different vendors. Because
product lifecycles are short and product costs are high in the industry, the company has been under
pressure to ‘manage inventories effectively. From an inventory perspective, the company’s product
portfolio is organized by categories of similar and potentially substitutable products. We consider
the category manager’s inventory planning problem of jointly planning the inventories of a product
category @ ensure high levels of service performance.

To better understand the context for this decision problem, consider the category planning pro-
cess at such firms. Category planning includes both strategic and tactical considerations. Typically,
firms begin their planning process by selecting products to include in each category. This strategic
decision factors in consumer preferences and anticipated demand, profit margins, supplier acces-

sibility, complementarity across categories, and the competitive landscape. The next step in the
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category planning process is to determine appropriate inventory levels for the chosen products.
This entails judiciously selecting stocking quantities while maintaining high service levels. Consis-
tent with the application that motivated our work, we focus on this tactical problem of ensuring
appropriate_inventory availability for a given selection of products. Specifically, we consider a firm
that faces random demand for a multi-product category over a finite selling season. The firm begins
with an initial inventory and does not have opportunities to replenish stocks during the season.
Consumers arrive during the course of the season and select products based on their preferences and
product availability. When their primary choice is unavailable, consumers may choose to substitute
with anotherfpréduct. Due to this consumer-driven and dynamic out-of-stock substitution, product
demands arewintérdependent. In turn, the stocking decisions for the products are interlinked. The
category manager’s goal is to minimize the total stocking cost subject to service level requirements.

The firm specifies its service level requirements using two measures. First, for each product, we
consider pre-specified targets of the so-called ready rate, which measures the proportion of time that
we expect that particular product to be available (have positive inventory) for purchase. Second, for
the product category, we define and consider a category ready rate that measures the proportion of
time that we.expect a consumer would be willing to purchase any one of the products available in
the category, (not/just their primary choice, but also possibly some other product via substitution).
Our choigesofravailability-based measures (ready rates) rather than cycle service level requirements
is based on observations in both academia and practice. Both researchers and practitioners have
noted that=thesesready rates, which are equivalent to fill rates in the case of unit demand, are a
better measure of inventory availability than cycle service levels as they disregard the magnitude
of stockouts (Axsater 2007). Additionally, together, the product-specific and category-based ready
rate targetsfallow the firm to manage its service level priorities in a nuanced manner. That is,
it permits thesfitm to potentially target a modest product ready rate, while maintaining a high
category ready rate, thereby managing effectively the costs and benefits of holding inventory to meet
demand. Tndeed, as Kok et al. (2009) note, in contexts where consumers’ inclination to substitute
is high, maintaining high product-specific ready rates becomes less critical, whereas the need for
a high category-level availability is accentuated. Thus, the category manager’s inventory planning
problem, which we refer to as the category inventory planning (CI1P) problem, in this context entails
determining 1nitial inventories of each product in a category to minimize the total stocking cost,
considering potential out-of-stock substitutions, while meeting both product and category ready
rate targets.

As the literature review in Section 2 indicates, we are not aware of any work that has addressed
the cip problem. In particular, the CIP problem embeds a novel category ready rate that captures

the effects of dynamic product substitution, is well-suited for practical application, and employs
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it as a service level requirement in inventory planning. We frame the CIP problem as a stochastic
optimization model with the initial stocking quantities as decision variables, the expected product
and category ready rate requirements as constraints, and the total stocking cost as the objective
function. We derive expressions for the ready rates assuming that consumers arrive according to a
Poisson process; however, these expectations cannot be computed in closed form. To effectively solve
the cip problem, we develop an optimization-based method that can achieve near-optimal solutions
efficiently. Qur_optimization-based method builds on the following two key modeling ideas. First,
we estimate the ready rates using a deterministic approximation of the stochastic inventory process.
Next, our modeling approach discretizes the selling season into a finite number of time intervals.
Together, thisgsetup permits us to formulate and solve the CIP problem as a deterministic mixed
integer linear program. This formulation is versatile and can accommodate various stockout-based
substitution schemes including those that are utility-based (multinomial logit and vertical choice
models) and others that are not (exogenous model). Additionally, we characterize the worst-case
behavior of our approach and develop a performance guarantee by comparing bounds from our
approach with those of the original problem.

One of thegmain goals of this paper is to develop a scalable method that can solve the CIp prob-
lem effectively'in/practice. Consistent with that goal, we assess the effectiveness of our model and
method usingsboth randomly-generated numerical instances (for vertical and horizontally differen-
tiated products)sand practical data (for exogenous model-based differentiation) obtained from our
industry 'partmermThe results show that our approach takes less than a minute to compute the
optimal solution, on average. In contrast, a simulation-based enumeration alternative takes a few
hours (even-upste a few days for larger instances). The tests illustrate the robustness of our ap-
proach to chianges in consumer choice schemes. Specifically, our approach is able to solve instances
of vertical andshorizontal product differentiation within a minute. In addition, the tests validate the
effectiveness of the deterministic approximation, showing that it anticipates the stochastic inven-
tory process closely and that it produces near-optimal solutions. We also benchmark our approach
against a practical heuristic and a method adapted from existing literature. The heuristic, which
assumes that demand for each product is independent, is significantly more expensive. The other
benchmark is based on a static approximation of dynamic demand substitution proposed by Hopp
and Xu (2008). We adapted their approach to incorporate ready rate considerations; surprisingly, it
fails to consistently ensure feasibility, and even when its solutions are feasible, they are considerably
more expensive than those from our approach. Finally, the computations reveal that our model
can yield substantial practical benefits. When we applied our method to data from the firm, we
found first that we were able to find the optimal solution even for these practical instances within a

minute. Results show that the company could achieve high category ready rates while maintaining
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lower individual product ready rates. This flexibility in category inventory planning could lead to

significant savings in inventory costs especially when the inventory investment is large.

2. Literature Review

Our work is closely related with the literature on inventory models for substitutable products.
McGillivray and Silver (1978) consider a single period multi-product inventory model in which a
fized (deterministic) proportion of customers substitute for an out-of-stock product, and propose a
heuristic for'computing the optimal order quantities that minimize the total stocking cost. Focusing
on the two-product case, Parlar and Goyal (1984) prove that the expected profit function is concave,
and Pasternack and Drezner (1991) show that the order quantities with full substitutability can
be more orflegs than the case with no substitutability. Building on this line of work, Rajaram
and Tang (2001); and Ernst and Kouvelis (1999) show through computations that substitution can
significantly impaet both optimal profits and stocking levels. Netessine and Rudi (2003) generalize
these earlier models to multiple substitutable products, and compare optimal inventory stocking
policies in gentralized and decentralized systems. Nagarajan and Rajagopalan (2008) derive the
optimal inventory. policy in a single period model with two partially substitutable products and
negatively correlated demands, and prove the optimality of a similar policy in an infinite horizon
setting. Xusetwals (2011, 2016) also consider a two-product assortment problem incorporating a
flexible substitutien scheme that combines product substitutions with price discounts. Bassok et al.
(1999) studysassingle period multi-product inventory model with full downward substitution, which
assumes that higher grade products can be used as substitutes for lower grade products. They
characterize the.structure of the optimal policy, and propose a gradient-based algorithm to solve
the problem¢"Rao et al. (2004) consider a similar model to Bassok et al. (1999) with setup costs,
and developefficient algorithms that exploit the problem structure.

All of thése aforementioned papers require only knowledge of the aggregate demand of each
product over the entire selling season, and do not model the choice behavior of individual customers,
i.e., the demand substitution is not dynamic. Consequently, the analysis does not entail precise
information on the timing and sequence of customer arrivals. In addition, none of these papers
consider service level requirements in setting the optimal stocking levels, which is an essential feature
of practical planning. Our paper complements this line of literature by explicitly addressing dynamic
substitutions, and introducing product-specific and category-based service level requirements to
inventory management of substitutable products.

The literature on assortment planning is also pertinent to our work. The goal of assortment plan-
ning is to select the set of products and their inventory levels to maximize sales subject to budget,

shelf space and various other constraints. Van Ryzin and Mahajan (1999), Cachon et al. (2005), Pan

This article is protected by copyright. All rights reserved



Akcay, Li and Natarajan Category Inventory Planning With Service Level Requirements 6

and Honhon (2012) and Davis et al. (2014) consider assortment planning problems under a variety of
choice models, but only focus on the product selection aspect of the problem and ignore the stocking
decision. These papers inherently assume that customers’ substitution behavior is static and depends
only on the offered assortment. In other words, customers do not substitute when their product
choice is out of stock, essentially resulting in lost sales. This is also referred to as assortment-based
substitution (K6k and Fisher 2007). On the other hand, Mahajan and van Ryzin (2001) study the
joint inventory and assortment planning problem, by specifically considering dynamic substitutions
that depend.on the current availability of products in an assortment ( stockout-based substitution).
For a general choice model based on classical utility maximization, they show that the expected
profit functiongis'not even quasiconcave, and they propose a sample-path gradient search algorithm
to determiné the optimal stocking quantities. Smith and Agrawal (2000) approximate the customer
demand under dynamic substitutions using the static fixed proportions substitution scheme dis-
cussed earlier. Noting that the problem leads to a discrete nonlinear optimization model with a large
state space, they argue that service levels when high are “good” bounds on availability, and hence
can be used to determine effective demand. Gaur and Honhon (2006) consider the same problem
under a locatienal; choice model, and derive the optimal policy structure for the static substitution
case. Observing that the profit function under dynamic substitution can not be expressed in closed
form, theympropose the solution from the static substitution problem as a heuristic to solve the
dynamic counterpart. Hopp and Xu (2008) also point to technical difficulties associated with the
assortmenteplanning problem under dynamic substitution, and present a static approximation of
dynamic demand substitution based on a fluid network model. Topaloglu (2013) studies a joint
stocking andwpreduct offer problem over a finite selling season under the MNL choice model and
static substifutions, and formulates it as a nonlinear program with the stocking quantities and the
duration of awailability of each set of products as the decision variables. To control problem size,
he proposes'an alternative formulation dependent on the structure of the MNL model, using choice
probabilities and inventory levels as decision variables. Independently, Gallego et al. (2014) also
show how one can construct a linear formulation with only continuous variables when consumer
choice follows the so-called General Attraction Model (a generatlization of the MNL model). Goyal
et al. (2009) consider an assortment planning problem with a constraint on the total number of
units that“can be stocked. Customers arrive randomly with varying preferences for products, and
substitute dynamically when faced with stockouts. They show that this problem is NP-hard, and
develop a polynomial-time approximation algorithm for a special case. Honhon et al. (2010) study
an assortment planning problem with dynamic substitutions, and adopt a demand model akin to
Goyal et al. (2009). Customers are classified into types based on their preferences. Assuming that

total demand is stochastic continuous and each type is a fized proportion of this total demand, they
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model the problem as a dynamic program and present a pseudopolynomial time solution algorithm.
Honhon and Seshadri (2013) show that the expected profit under the fixed proportions model in
Honhon et al. (2010) is an upper bound on the expected profit of the same assortment planning
problem for_which each customer type is a random proportion of the stochastic total demand. We
refer the reader to Kok et al. (2009) for a comprehensive review of assortment planning literature.

Our work differs from the assortment planning literature in several ways. First, we focus on the
stocking decisions, subject to service level requirements for a given assortment of products. We are
not aware of .any literature in this stream that plans inventories based on service-level targets. Due
to its simpli¢ity ‘and because it does not require complex estimation procedures, practitioners prefer
service-level ‘baséd planning (Graves et al. 1993, Nahmias 2008); as a result, our approach is well
suited for practical application. Additionally, our models employ availability-based measures that
are favored and readily understood in industry, rather than the cycle service level measure, which
researchers have noted may be deficient as a measure of service performance (Axséter 2007). We also
formulate a novel optimization model that exploits problem structure to effectively embed the key
aspects of category inventory planning. The model is versatile and can readily incorporate various
schemes of steckeut-based substitution within the same basic framework, permitting us to solve
a wide variety' of instances effectively. To summarize, by developing a novel model and scalable

method teran"important practical problem, our work seeks to fill a gap in the literature.

3. ModeliDescription and Formulation

Consider the single period inventory planning problem facing a firm that sells a category of n
products, indexed as j =1,2,...,n, over a finite selling season of length 7. Let t =0 and ¢ =
T correspond toythe beginning and the end of the season, respectively. We denote the random
process of onshand inventory over the course of selling season as X = {X(¢): 0<t <T}. Here
X(t) = (Xult), Xs(t),..., Xn(t)) € Z is the random inventory vector at time t. The firm offers
fized prices p="p1,p2,...,pn) to customers over the selling season. Consumers arrive according
to a Poisson process with rate A and choose from the products that are available in inventory.
Given an inventory level vector x = (xy,%s,...,2,), we define the probability that a consumer
buys product j as a;(x). Note that the purchase probabilities (a;(x),as(x),...,a,(x)) depend
on inventory levels only through the set of available products, but not their quantities. Clearly,
a;(x) =0 if 2; =0. When a product is out of stock, consumers might substitute with another that
is available; accordingly, «;(x) incorporates all substitutions to product j. The firm’s goal is to
determine inventories consistent with service level targets to meet this anticipated demand. In what
follows, we first introduce the details of the service level measures that the firm adopts, and then

present the problem formulation.
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3.1. Measuring Availability
Typically, inventory models measure a product’s availability using either the probability of not
stocking out (Type—I service level), or the fraction of demand that can be satisfied immediately
from stock on hand, which is commonly referred to as the “fill rate” ( Type—II service level). While
Type—I service level is easier to compute, it does not incorporate the magnitude of shortages, and as
a result provides an incomplete picture of customer service from a practical point of view (Axséter
2007). Recognizing this limitation, we adopt the Type-II service level as our measure of availability
in this paper. In the case of unit demand, Type—II service level is equivalent to the so-called ready
rate which isidéfined as the fraction of time that a product has positive inventory. Basically, this
definition refleets the readiness of the firm to satisfy incoming demand immediately because it has
stock on hafd [(Axsiter 2007). We embed this logic in the ready rate service level definitions that
follow.

First, we definela measure to express the availability of an individual product. Let w;;(x) denote
the ready rate of product j given on-hand inventory vector x with ¢ units of time remaining (i.e.,
X(T —t) =x%). We express w;;(x) as

wi(x) = E [E/T 7 (X(s))ds

13 T—t

X(T —t) —x] (1)

where 7;(X(s))mindicates whether demand for product j can be satisfied immediately at time s.
Essentially, m;(X{(s)) takes the value 1 when product j’s inventory is positive, i.e., X;(s) >0, and 0
otherwise."Wesrefer to wj;(x) as the product ready rate.

When customers are willing to substitute for out-of-stock products, the firm’s overall service per-
formance maysbeshigher than that indicated by the product ready rates. To capture such category-
wide availability, we first define category coverage factor as the fraction of the category’s demand
that can be satisfied with the stock on hand, and write it as follows
Z;:l a;(x)

Z?:l a;(1)

In (2), a;(1) is the probability that a consumer will purchase product j when all products are

I(x) = (2)

available. Hence, Z?zl a;(1) computes the purchase probability with full availability. On the other
hand, 377, oj(x)sgives the purchase probability with available inventory x. Therefore, (2) defines
the percentage of demand that can be covered with stock on hand. Note that, II(x), in addition to
X, is also implicitly a function of the degree of substitutability among the products in the category.
Using II(x), we can now write the category ready rate, denoted by ;(x), given on-hand inventory
vector x with ¢ units of time remaining as

Q,(x) = B [1 /T (X (s))ds

t T—t

X(T —t) = x] . (3)
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This definition of Q,(x) generalizes the concept of single product ready rate to the multi-product
setting. Intuitively, we can think of 2,(x) as the fraction of time that the firm can satisfy customer
demand with at least one of the available products. To the best of our knowledge, our paper is the
first to define such an availability measure for a category of products in a dynamic substitution
context. We note that other researchers have proposed assortment-based measures, but without
incorporating stockout-based substitutions. For instance, focusing on the product selection decision
in an assortment planning context, Smith and Agrawal (2000) define an assortment fill rate as “the
fraction of demand that can be satisfied by items that are [selected and| normally stocked, taking
[assortment baséd| substitution into account, but ignoring the possibility of inventory stockouts”.
Their definitionsof the assortment fill rate is a static measure. In contrast, our definition in (3)
reflects the/dymamic nature of substitutions as the firm potentially runs out of products in the
category over the course of the planning horizon.

The following two-product example illustrates how to compute w;r(x) and Qp(x).

ExAMPLE 1. Suppose T'= 100 and A = 0.5. Let the purchase probabilities (which are availability
dependent) hem@r(1) = 0.4, ay(1) = 0.3, ay(e;) = 0.6 and as(e;) = 0.35, where e; and e, are unit
inventory vectors, For this example, given initial inventories of 6 and 10 units for product 1 and
product 2, respéctively, Figure 1 depicts the inventory depletion process for a particular sample
path. During,the first epoch, both products 1 and 2 are available, and inventories are depleted
according tesrealizations from Poisson processes with rates Aas(1) and Aas(1), respectively. In the
second epoch, only product 2 is available and is depleted with rate Aay(eq), which is higher than
that in thepfirst epoch, Aay(1), due to substitutions from product 1. Finally, in the last epoch
the firm is out of stock. Accordingly, in the first epoch, m (x) = m(x) = II(x) = 1; in the second
m1(x) =0,m(x) =1, and following (2), II(x) = % =0.5; and, finally m(x) = m(x) =1II(x) =0
in the last epoch. The realized product ready rates for products 1 and 2 corresponding to this

particular path are %g =46.9% and % = 72.8%. On the other hand, the realized category

46.94(25.8x0.5) _ £q g0z

ready rate_is 00

Note that to calculate w;r(x) and Qr(x) for a given x, one

needs to takesexpectations based on such computations over all sample paths of demand.

3.2. Problem Formulation

Considergthe single-season planning problem facing the inventory manager of a multi-product cat-
egory. Given a selection of products, the manager must determine appropriate inventory levels for
each product to ensure product availability. There are two approaches that managers may consider
in planning inventories — one that uses shortage/backorder costs and another based on service lev-
els. As noted earlier, because estimating shortage costs accurately is difficult, practitioners often

prefer the service level-based approach to determine inventories (Graves et al. 1993, Axséter 2007,
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Figure 1 Sample path-based ready rate computations for a two-product example

Nahmias 2008)#Along the lines of the literature on inventory planning for multi-product systems
with comm@n components (see Baker et al. 1986, Gerchak et al. 1988, Bookbinder and Tan 1988,
Cohen et al. 1989, Chen and Krass 2001), we formally define the CIp problem as follows: given target
product and category ready rates, the manager must determine initial inventories for each product
that satisfy the ready rate requirements while minimizing the total stocking cost of the inventories.

To model the,CiP problem, we first define y = (y1,92,...,y,) as the vector that denotes the
inventoryy@at the start of the selling season. Let ¢ = (¢y, ¢a,. .., ¢, ) represent the unit purchasing cost
vector. Then, the inventory manager’s objective is to minimize c.y, the total inventory stocking
cost. Suppose_the firm sets ¢; as the target ready rate for each product j, and ® as the target

category readyrate. Then, we can formulate the CIP problem as the following optimization model.

[cip| min c.y (4)
s.t.

wir(y) > ¢;, forall j=1,2,...,n, (5)

Qr(y) = @, (6)

y €z (7)

Constraint (5) Tequires that, over the selling season of length 7', the initial inventory y achieve a
ready rate of w;r(y) that meets the target ¢; for each product j. Similarly, constraint (6) ensures
that category ready rate of inventory y, Q7 (y), meets the minimum requirement of ®.

As we can see from (1) and (3), neither w;r(y) nor Qr(y) can be expressed in closed form

analytically. As such, developing an appropriate method for CIP is challenging as it requires both
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simulation and optimization. Moreover, because both product and category ready rate requirements
must be satisfied simultaneously, the CIP problem must optimize inventories jointly for all products.
Recognizing these difficulties, we propose a novel approach to solve the CIP problem in the following

section.

4. An Approximation for the CIP Problem

Our approach to modeling and solving CIP builds on a deterministic approximation of the inventory
process. Mamy researchers (e.g., Cooper 2002) have noted that such deterministic mathematical
programming approaches yield computable and reasonable policies in practice. Motivated by this
observation, in this section, we build on two key modeling ideas to formulate the CIP problem as a
deterministie"mixed-integer linear program. First, rather than working with the ready rates in (1)
and (3) that"are'not amenable to computation, we consider a deterministic flow approximation of
the stochastic inventory process to estimate the ready rates. Next, building on the deterministic
approximation, we propose a discretization of the selling season (i.e., we represent the season as a
collection of\contiguous and discrete time periods rather than a continuous span of time) to setup

the model formulation. We describe these ideas next and then present our model formulation.

4.1. Approximating the Ready Rates
One of the main issues in solving the CIP problem is the difficulty in evaluating the ready rates that
an inventory vector y can achieve. This difficulty stems from the need to evaluate all possible paths
of the inventory jprocess, which explicitly takes into account the stochastic and dynamic nature
of demand, within an optimization framework. Instead, as an approximation, we propose using a
deterministic depletion rate for the inventory, rather than a Poisson process, assuming inventory is
infinitesimally divisible. With a deterministic depletion rate, the inventory process essentially follows
a single path, and the corresponding ready rates are easy to compute. This approach, also known
as the fluid approrimation, has been used to approximate the evolution of stochastic processes in
general andsinventory processes specifically (e.g., Akgay et al. 2013, Tan and Karabat1 2013, and
Honhon and Seshadri 2013).

The following algorithm provides an iterative process to compute the approximate product and
category ready rates, respectively denoted by @;r(y) and Qr(y), for a selling season of T' time units

and a given initial inventory y.
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STEP 0. Define J*(x) = {j:2z; >0} for any x.
Initialize k=1, t* =0 and y* =y.
Initialize ©;7(y) =0 and Qp(y) =0.
STEP 1. gCalculate d* = jeqr]]I}“i(I;k) {ﬁ(ky%), T— tk}.
STEP 2.3 Update y*™! = y* — Aa; (y*)d* and t"*! =t* + d".
Update @r(y) = G;r(y) + % for all j € J*(y*) and Qr(y) = Qp(y) + 10
Set k=Fk+ 1.

STEP 3. If J*(y*) = @ or t* =T then STOP, else go to STEP 1.

In STEP 0;we'define J*(x) as the set of products with positive inventories for any given inventory
vector x. We also set the epoch index k to 1, the current time ¢! to the start of the selling season,
and the first.epoch’s beginning inventory y! to y. STEP 1 calculates the duration for which each
product j is.expected to last before running out, if it is depleted at a fixed rate of Aa;(y*), and
chooses the mifiiftum of these durations as the duration of epoch k, denoted by d*. As a result, the
first stockout™n J* (y*) essentially marks the end of epoch k. Then, STEP 2 updates the beginning
inventory for the mext epoch k + 1, noting that a fixed Aa;(y*)d" units of product j inventory is
depleted in epoch k, and progresses the current time by d* time units to indicate the start of epoch
k+ 1. FurthernSTEP 2 also keeps record of the approximate ready rates @;r(y) and QT(y) realized
until thisspoint_in the selling season. Finally, STEP 3 checks whether all products are stocked out
or the end of the selling season is reached. If so, the algorithm stops, otherwise we return back to

STEP 1 for another iteration.

A
10|
T Ay (1)
>§ ~
— S
S0 Y __ Product 1
= Aau(1) _ __ Product 2
)‘QQ(%)\\\
5> Time
0 30 61.4 100
m(x)=1, m(x)=1 ani (%) =0, mo(x)=1 1 (%)=0, 7 (x)=0
(x)=1 and 1T (x)=0.5 and II (x)=0

Figure 2 Approximate ready rate computations for a two-product example
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For the same two-product example that we considered in Section 3.1, Figure 2 illustrates how
the given initial inventories are depleted at deterministic rates (rather than based on the Poisson
customer arrivals as in Figure 1). In the first iteration (epoch), both products 1 and 2 are available,
and their inventories are depleted at rates Aoy (1) =0.2 and Ao (1) = 0.15, respectively. Hence, this
epoch lasts dl= min{%, %, 100} = 30 time units (STEP 1). By the end of the first epoch, product

1 inventory is completely exhausted, whereas product 2 still has 10 —30 x 0.15 = 5.5 units remaining

(STEP 2)mAtsthisspoint, we also set @17 (x) = Oor(x) = Qp(x) = XL —30% (STEP 2). In the second

iteration, onlyspreduct 2 is available, and is depleted at rate Aas(ey) = 0.175. Therefore, the duration
of the second epoch (after the infliction point in the figure) is d* = min{ 100} = 31.4 time

units (STEP 1). We now update @or(x) = 30% + L2254 = 61.4% and Qr(x) =30%+ SLAX05 — 45.7%

(STEP 2). Singe neither of the two products have any stock left at the end of the second epoch, the
algorithm steps®(STEP 3). Note that this sample path is the only path we need to consider in order
to calculaterthesapproximate ready rates. On the other hand, one can estimate the exact ready rates
using Mont¢ Carlo simulation. Let wir(y) and Q7.(y) denote the simulated ready rates for an initial

inventory véctor y. For this example, we have wi,(x) =29.8% (vs. @17(x) =30%), wir(x) =61.0%

(vs. @or(x) /= 61.4%) and Q5(x) = 45.6% (vs. Qr(x) =45.7%).

4.2. Discretizing the Selling Season

The algorithm™in Section 4.1 suggests a useful approximation for estimating the ready rates cor-
responding to a given initial inventory. Nevertheless, since the relevant computations of the ap-
proximate ready rates follow an iterative logic, it is not readily obvious if we can frame [CIP| as
a mathematical program with closed-form expressions. To explore the feasibility of embedding the
logic of the approximate ready rate calculations in an optimization model, we first examine the
structure of these calculations. Observe that an inventory path that is based on a deterministic
depletion.ratesas Figure 2 illustrates, clearly specifies the time epochs, their durations, and the set
of products available in each epoch. With this information, we can calculate the indicator function
m;(x) and the category demand coverage factor II(x) in each epoch, and weight them with the
corresponding epoch durations to determine approximate ready rates. Building on this observation,
suppose wesdefine auxiliary decision variables that (i) specify the duration of each epoch, (ii) indicate
the products thatare available in each epoch, and (iii) determine the purchase probability for every
product in each epoch. Then, we should be able to formulate [c1P| with closed-form expressions for
the approximate ready rates. However, the resulting model formulation would be nonlinear, because
the ready rate computations require the multiplication of the epoch durations and the corresponding

purchase probabilities (or product availability indicators), all of which would be decision variables.
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To address this issue, we now propose a discretization scheme that permits us to formulate our
problem as a linear model.

Our approach discretizes the selling season into m intervals, indexed as k =1,2,...,m, with
pre-specified lengths 7!, 7%,...7™ such that Y, 7F = T. If we assume that stockouts can occur
only at the endpoints of these intervals, then, we no longer require separate decision variables for
epoch durations as they are implied by the decision variables indicating availability. This permits
us to expresssthesapproximate ready rates as linear functions of the decision variables. We refer
to this discretized version of the CIP problem with service levels measured using deterministic
approximations, and where stockouts can occur only at the endpoints of the pre-specified intervals,
as the A-c1p problem (approximate CIP).

To formulate the A-CIP problem, consider the following decision variables:

2% = 1if product j is available in interval k; and 0 otherwise (j=1,2,...,n; k=1,2,...,m)

k
J
af = customer choice probability for product j during interval k£ (j=1,2,...,n; k=1,2,...,m)

y; = initial inventory of product j (j =1,2,...,n)

Then, the férmulation for the A-CIp problem, which we denote as [A-c1p|, follows as

|A-C1P] min Z Y,

j=1
s.t.
zf“ﬁzjk i=12,....,n; k=1,2,....m—1 (8)
y; > )\T’“af j=1,2,....n 9)
k=1
m Tk
Z(Zf?> Z¢J J=12, y TV (10)
k=1
m T}_ a]? k
> —zn:”l L) >0 (11)
1 Zj:l a;(1) T
PURCHASE PROBABILITY
(12)
CONSTRAINTS
2§ €{0,1} j=1,2,...,n; k=1,2,...,m (13)
a¥ >0 j=1,2,...,n; k=1,2,...,m (14)
y; €ZT j=1,2,...,n. (15)

Constraint (8) ensures a product j that was unavailable in interval k& will remain unavailable
in subsequent intervals. For every product j in each interval k, given the purchase probability a;?,

the inventory required to cover the product’s demand in that interval is AT’“af (because of the
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deterministic rate approximation and our assumption that products stock out only at the end of
intervals). Using this setup, constraint (9) makes certain that every product j has enough inventory
to cover the demand that occurs during the intervals in which it is available. Observe that the
purchase prebability af of product j in interval k is a decision variable that must take the value of
the actual purehase probability o;([2},25,. .., zjk =1,...,2") > 0if product j is available in interval
k and must be zero otherwise. These purchase probability values are governed by the nature of the
consumer’cheieée'model and can be expressed through linear constraints in [A-CIP|. Note that the
value of a;? cammvary with k, capturing, if needed, changing consumer preferences over the course of
the selling season.) Because our model can accommodate various consumer choice models, we have
deferred an explicit specification of constraints (12) to Section 4.3.

Constraint (10) computes the approximate ready rate for product j by expressing the total du-
ration of it§"availability (i.e., Y ., z;?Tk) as a percentage of the length of the selling season, and
requires it torbeat least ¢;. Constraint (11) computes the approximate category ready rate based on
the category coverage factor in each interval k, given by II([2}, 25, ..., 25]) = > 0_, af / > (1),
and forces it to be at least ®. Finally, constraints (13)—(15) are the binary and non-negativity
requirements.

While other researchers (e.g., Gallego et al. 2004, Topaloglu (2013), Gallego et al. 2014) have
proposed linear"programs without resorting to binary variables for related problems in assortment
planning) theiz:smedeling approaches are not applicable to the CIP problem. The Choice-Based Linear
Programming approach (CBLP) approach (see Gallego et al. 2004) specifies continuous variables to
define the dumation that the firm offers a subset from the assortment (choice set), taking advantage
of the notion thaty multiple choice sets can be offered during the selling season and that choice sets
at various points of time can be independent of each other. In contrast, the CIP problem requires
tracking product availability over time, thus linking the choice sets available to customers at different
points of time during the selling season. Therefore, the continuous variables in the CBLP are not
sufficient to.model the cIP problem. The Sales-Based Linear Programming approach (SBLP) (see
Topaloglu (2013)/and Gallego et al. 2014), an alternative to the CBLP, defines continuous decision
variables to refléet the sales of each product during the selling horizon. This approach does not
readily extend to the CIP problem as there is no direct way to impose the ready rate constraints
in [cIP| using the sales variables. Moreover, the SBLP approach is applicable only to the general
attraction consumer choice model (a generalization of the multinomial logit model that we later
discuss in Section 4.3.1), and cannot be used for other choice models (such as the vertical choice

model in Section 4.3.1 and the exogenous model in Section 4.3.2).
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4.3. Formulating the Choice Model Constraints
We next explore how to compute the purchase probabilities through a set of linear constraints,
in place of (12), in [A-CIP|. There are two commonly-used schemes to determine how consumers
make purchases. 'The first scheme is wutility-based and consumers choose the product that maximizes
their utility..@€ensumer utility in this case depends on the price and non-price characteristics of
the availableyproducts in the category. In contrast, the second scheme does not explicitly consider
consumer utilities; in this so-called exogenous model, consumers choose a product from the category,
and if this produet is unavailable, they might substitute to another product with a given probability.
In what follows, we provide sets of linear constraints that capture the salient features of each of
these choiceamodels. Note that these constraints can potentially be used in other applications that
feature suchieonsumer choice models. For expositional convenience, we assume that the underlying
nature of consumer preferences and the resulting substitution behavior do not vary over time, i.e.,

a;(x) is independent of ¢, and only changes based on the availability of products in the category.

4.3.1. Utility-Based Models. The nature of product differentiation determines how con-
sumers derive utility from the non-price characteristics of products. A category is said to be horizon-
tally differentiated when consumers have idiosyncratic preferences for the non-price characteristics
of products, andsis considered to be wvertically differentiated when consumers universally agree on

their productpreferences (rank-ordering of products).

Horizontally differentiated category. For horizontally differentiated product categories, the
multinomiallegit{MNL) discrete choice model is commonly used to study the purchase behavior of
consumers (McFadden 1986, Anderson et al. 1992). Let ¥; = 8; —p; be the consumers’ net valuation
for product j, expressed as a function of its price p; and its valuation f3; for non-price characteristics.
Then, denoting the “outside option” as product n+ 1 and normalizing its value to zero (¥, ; =0)

gives us the'following MNL choice probabilities

PiTPj .
W J]= 1,2,...,”
a;(1) = ¢ = (16)

1 -
14327 ePimPi j=n+l

when all produets in the category are available, as in the first interval k. In any subsequent interval
k, the purchase probability of product j can be expressed as the following function of product
availabilities:

ePi—pj

14> Zhefip

af =oy([2f, 25, ..., 20 =1,...,2}])

i=1,2,...,n.
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On the other hand, if product j is not available in interval k, i.e., zj’“ =0, the purchase probability for
product j in interval k£ must be zero, i.e., a;? = 0. We can also write the probability that consumers

prefer the outside option in interval k as

1
o 1 + Z?:l Z?eﬁi*?i

The MNL model has the so-called independence from irrelevant alternatives (ITA) property that

afLJrl - aj([zf7zl2€7 .. 725])

the ratio_of purchase probabilities of any two products, say j and n + 1, is independent of the
characteristics and the availability of all other products in the category. That is, the ratio
p;, = ————~ =i i i=12,....n 17
! an-i-l(]') ( )
is a constant parameter for product j that can be computed easily. Using (17), a;? simplifies to

ai = pjal,,. With this simplification and noting that Zj;rll a% =1, computing the MNL purchase

probabilities reduces to solving for af ;. The following set of linear constraints encapsulates this
logic.
afgz]’?aj(ej) i=12,....,n; k=1,2,....m (18a)
afgpjanﬂ i=12,....n; k=1,2,....m (18b)
as=> pian . — (1—25)p; j=12...,n; k=1,2,....m (18¢)
a? > ozj(l)z;C j=1,2,....n (18d)
n+1
af =1 k=1,2,...,m (18e)
j=1
Gz > 0 k=1,2,....m (18f)

In [a-c1P], for a horizontally differentiated product category, we embed (18) in place of (12) and
refer to the resulting model as [A-c1p”]. Constraints (18a), (18b) and (18c) jointly force a¥ = p;al; .,
if 2F =1, and a¥ =0 if z2F =0, to capture the salient features of the MNL choice model. When
product j.islavailable, constraints (18d) require that af, the purchase probability of each product j,
be greater thamsghe minimum value o;(1). Constraint (18e) makes sure that purchase probabilities
in each intepvalsk’add up to 1, and constraint (18f) is the non-negativity constraint for the purchase
probability ofsthe outside option (which is the only new variable, not in [A-cIp]). The following

proposition“fermally establishes the validity of our model. For the proof, please refer to Appendix
Al

PROPOSITION 2. Formulation [A-CIP"] is valid for the A-CIP problem for a horizontally differen-
tiated product category in the sense that an inventory vector y* is feasible in [A-C1P"] if and only if

yI is also a feasible solution to the A-CIP problem for a horizontally differentiated category.
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Vertically differentiated category. Consider a category in which products are vertically differen-
tiated, with quality capturing all non-price characteristics. Let product j have quality ¢; (common to
all consumers) and assume that products can be ordered as g > g > -+ > ¢, > 0. We express a typ-
ical consumer’s net utility from the purchase of product j at price p; as 0q; — p;, where 0 represents
the consumer’s_sensitivity to quality. In order to capture heterogeneity in consumer sensitivities,
suppose 6 follows a cumulative probability distribution F'(-) with support [0, 00). Such choice models
have been, widelyzused to describe vertical demand (e.g. Tirole 1988, Wauthy 1996, Bhargava and
Choudhary 2008, Akcay et al. 2010). Denoting the “outside option” as product n+ 1 and normalizing
its value togero (g,+1 = pns1 =0), the choice probabilities for the vertically differentiated product

category can ‘be'written as:

_ pP1—p N
1 F(é—q;)’ J=1
0;(1) =4 F (Bt (Bs) = o, (19)

I—Z?:lai(l):F@—:), j=n+1,

when all thé'préducts are available as in the first interval k. Note the choice model in (19) implicity
assumes that {p;} must form an increasing convex mapping of quality values {g;} in order to have
non-zero choice probabilities for all products in the category when products are fully available (see
Akgay et al'™2010 for a formal derivation of this condition). In any subsequent interval k, if product
7 is not available, i.e., z;? =0, the purchase probability for product j must be zero, i.e., a;’? =0. We

say that product 7 is adjacent to product j if z; >0, x; > 0 and x, =0 for ¢ <r < j. Suppose product

k _
S

¢ is availablg in interval k, i.e., zF =1, and is adjacent to products i < ¢ and j >/, i.e., z z;? =1.

Then, product=£'s purchase probability as per the vertical choice model is

a’g:ae([zf,...,zf:1,0,...,0,25:1,07...,0,,2;?:1,...,z,’j]):F@i_];‘)—F(Zf_zj) (20)
i Y ¢ Yy

From (20)pitiisselear that a product’s purchase probability depends only on the characteristics of its

lower and higher quality adjacent products. Accordingly, we define the following additional decision

variables:
uf ;= 1if product j’s higher quality adjacent in interval k is product 4; 0 otherwise
vfl = Tifyproduct j’s lower quality adjacent in interval k is product ¢; 0 otherwise

When all products are available, the purchase probability of product j is at its minimum, o;(1).
Product j’s purchase probability increases as its neighbors stock out and substitutions to product j
occur. To conveniently track these changes as per (20), we define the following additional parameters.

Let «;; denote the increase in product j’s purchase probability, relative to «;(1), when product
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1 < j — 1 is its higher quality adjacent. For instances where product j itself is the highest quality
product available, we define a dummy product 0 (with gy =00 > ¢;) as j’s higher quality adjacent.

For any product j > 1, we can express v; ; as

1P () for i =0,

J— J

- \ - (21)
q;—q; q-1—95

Analogously, let ¢, ; denote the increase in product j’s purchase probability, relative to a;(1), when
product i >4 + 1 is its lower quality adjacent. Then, for j <n, we can write (;; as follows
Cj’i:F<M>—F<u) fori=j+2,j+3,...,n+1. (22)
;i —qj+1 q; —4i
Suppose product ¢ has products ¢ and j as its lower and higher quality adjacents in interval k. Then,

using (21) and (22), we can write

ay =en(l2y, 25, ..., 2F =1,0,...,0,2 =1,0,...,0,2f =1,...,2}]) = a;(1) + 70+ Gy (23)

3 cee 9 Rp

The following set of linear constraints uses the construction in (23) to compute the purchase

probabilities.

n+1

Z v, =2k j=1,2,....n; k=1,2,....m (24a)

i=j+l

j—1

Zu;ﬁj:z]‘? j=1,2,....,n; k=1,2,....m (24D)

=0

vf’ing 1<j<i<n; k=1,2,...,m (24c)

uf ; <Lk 0<i<ji<n; k=1,2,....m (24d)

2 <l—of 1<j<tl<i<n4+1; k=1,2,....m (24e)

2y < Loty 0<i<l<j<n; k=1,2,....m (24f)
n+1

a’fzal(l)zf—i—zgl,ivfi E=1,2,....,m (24¢g)
=3
j—2 n+1

af = o ()2 + D yigul;+ Y Gavl, j=23,...,n—1; k=1,2,...,m (24h)
i=0 i=j+2
n—2

af =0, (1) 2+ vinul, k=1,2,....m (24i)
=0

uf; €{0,1} 0<i<j<n; k=1,2,...,m (24j)

vﬁie{o,l} 1<j<i<n+1; k=1,2,....m (24k)

In the [A-c1p|, for a vertically differentiated product category, we replace (12) with (24) and refer

to the resulting formulation as [A-cIPY]. If a product j is available, i.e., z}“ =1, constraints (24a)
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and (24b) assign its lower and higher quality adjacent products, respectively. Constraints (24c) and
(24d) ensure that product j is assigned as an adjacent (lower or higher quality) only when it is
available. When products i and j are adjacent, the next set of constraints, (24e) and (24f), require
the adjacency condition: z, =0 for all i < ¢ < j. Constraints (24g), (24h) and (24i) construct the
purchase probabilities for a product considering its adjacents following (23). Finally, constraints

(24j) and (24k) are the binary requirements on the additional decision variables, uf; and v}, not

5.0
in [A-CIP].

We note that the forcing constraints (24e) and (24f), which restrict the availability of products
based on thesadjacent lower and higher quality products, are not required. From (21) and (22), for
any productyj, we can show that 7, ; is decreasing in 7 and (;; is increasing in i; therefore, the
optimal solufioft would choose the higher quality adjacent with the largest index (nearest to j), and
the lower quality adjacent with the smallest index (again, nearest to j), implying that (24e) and
(24f) will always be satisfied in an optimal solution. We formally state, without proof, the validity of

[a-c1pV] in the following proposition and note that it follows a proof similar to that of the horizontal

model.

PROPOSITION'3. Formulation [A-CIPY] is valid for the A-CIP problem for a vertically differentiated
product categorygin the sense that an inventory vector y* is feasible in [A-CIPV] if and only if y* is

also a feasible solution to the A-CIP problem for a vertically differentiated category.

4.3.2. " Exogenous Models. In the assortment optimization literature, several researchers (e.g.,
Anupindi et al. 1998, Smith and Agrawal 2000, Netessine and Rudi 2003, Kok and Fisher 2007,
Bernales et al""2017) consider a two-step dynamic substitution model in which consumers only make
a single substitution attempt (transition) — a consumer substitutes to her second-choice with a
certain exogenous probability if her first-choice is unavailable, and does not purchase from the firm if
neither are @available. Essentially, this model assumes that each consumer has at most two products
in her preference list, but does not make any specific assumption regarding the underlying scheme
(e.g., utility) to explain how consumers behave. Blanchet et al. (2016) propose a Markov chain-based
choice model to generalize the two-step substitution model to allow the consumers to continue with
substitution attempts until they find an available product or leave without a purchase. Recognizing
that constimers are much less patient in practice, particularly in product recommendation contexts,
Nip et al. (2017) introduce a Markov chain choice model that limits the number of transitions to a
single attempt. Moreover, Kok (2003) also argues that limiting the number of substitution attempts
is not too restrictive from a theoretical perspective either — they show that a multi-attempt model
can effectively be approximated with a single-attempt substitution model as long as the substitution

probabilities are not too high.
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The exogenous model can be characterized as follows. Let u; be the probability that a consumer’s
first-choice is product ¢, and if product ¢ is not available, let d;; be the probability that a con-
sumer chooses product j as a substitute. Note that neither p; nor ¢, ; are dependent on inventory
availability.

If product_j.is available in interval k, i.e., zf =1, then

af =oy([2, 25, =1 ) = D i (1-2F) (25)

i=1,i#j

Otherwise, @;([zf325,...,2F =0,...,2}]) =0. From (25), we see that o;(e;) =p; + > p;0;; and
i=1i#j
a;(1) = p;, and a;(1) and o;(e;) are lower and upper bounds, respectively, on a;?. The following

linear constraints establish these relations for [A-cCIP].

ak ko (e) i=1,2,...,m k=1,2,...,m (26a)
a?Zz’?aj(ej)— Z idi ;28 i=1L2,....n; k=1,2,....m (26D)
i=1,i#j
If zF =0, comstraint (26a) is binding; conversely, (26b) has no slack if z¥ =1 because of constraint
(9) and the'nonsnegativity of the objective function coefficients. Thus, in each case constraints
(26) compute the purchase probabilities from the exogenous demand model exactly. Constraints
(26) correspemd™to the purchase probability constraints (12) in [A-cIP] for product categories with
exogenous model-based product differentiation. We refer to the [A-CIP| model with constraints (26)
in place of g(12) as the [A-cip®| formulation. The following proposition formally establishes the

validity of this formulation without proof as it follows a similar logic to that of the horizontal model.

PROPOSITIONA. Formulation [A-CIP®] is valid for the A-CIP problem for a category whose demand
follows the egogemous model in the sense that an inventory vector y¥ is feasible in [A-CTP®| if and only
if y¥' is also afeasible solution to the A-CIP problem for a category with the exogenous substitution

scheme.

5. Performance Bounds

By adopting'a deterministic approximation of the inventory process and by discretizing the planning
horizon, |A-CIP|dermulates the CIP problem as a linear, mixed-integer optimization problem. The
formulation provides a robust framework that is well-suited to accommodate various types of product
differentiation schemes. Our optimization-based method for the CIP problem entails solving the
formulation — [A-CIP"|, [A-CIP"], or [A-CIP®| — corresponding to the nature of product differentiation

in the category.
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In this section, we examine the worst-case performance of the [A-CIP| relative to the [cIP| by
comparing the objective function values of the two formulations. Since it is difficult to characterize
the exact objective function values of these constrained optimization problems, we derive lower and
upper bounds on the optimal costs of [CIP| and [A-cCIP| formulations. Using these bounds, we then
establish performance guarantees for our approach. Let y* denote the optimal solution to [CIP].
The following proposition provides lower and upper bounds on c.y*, the optimal objective function

value of [€IR]s

PROPOSITION 5. Let

EBor) = Z)\chaj(l)¢>j and
j=1

ey = 3 {eymae [[ L2 ST i )61) |

na;(1)

j=1
LBioir) and UBg, are lower and upper bounds on the optimal objective function value of |CIP|,

respectively,.i.e., LBiop < c.y™ < UBjg.

The proof of Proposition 5 (in Appendix A.2) derives LBy by considering the minimum in-
ventory required to satisfy the ready rate target for each product. Clearly, this is a lower bound
on y* as weuignore the category ready rate constraint. For the upper bound UB;, we construct
two alternative feasible solutions by considering more aggressive inventory depletion scenarios than
those in [CIP| (thus ensuring feasibility).

Next, weldevelop bounds on [A-CIP|. Let y denote the optimal solution to [A-C1P|. The following

proposition prevides lower and upper bounds on c.y, the optimal objective function value of [A-CIP|.

PROPOSITION 6. Let

1<j<n

LB, o) = max{)\T min ozj(l);@ci, AT lrgljign{cj};ai(l)}
OB cv) = ) ¢; [ATay(1)]
=1

LB, o) and UBY,_op) are lower and upper bounds on the optimal objective function value of [A-cCIP],

respectivelfpmise., LB _op) < €.y < UBjp o).

In the proof of Proposition 6 (in Appendix A.3), we construct the lower bound LB, by
calculating minimum number of periods for which each product must be available so to satisfy
the ready rate constraints. As for the upper bound UBj, ¢}, we consider a feasible solution which

ensures that all products in the category are available during the entire selling season.
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The following theorem bounds the ratio of the objective function value of [A-C1P| relative to that
of [CIP] to assess the effectiveness of our modelling approach. It follows directly from the lower and

upper bounds in Propositions 5 and 6.

LB[A—CIP] < c‘i UB[A—CIP]

THEOREM 7. <oy = Im,

[c1p] crp]

To illustrate the performance guarantee in Theorem 7, we consider a 3-product category, and
calculate"thie"bounds in Propositions 5 and 6. Specifically, let n =3, ® =95%, ¢; =0.9 x & for
Jj=1,2,3, X=150, and «;(1) =0.33 for j =1,2,3. First, suppose that the category is vertically
differentiated. We generate the product prices and quality levels following the scheme described in
Appendix B (assuming ( =0) as ¢ = (225,150,100), g = (2.25,1.5,1) and p = (0.6825,0.18,0.01).
Using the cheiceanodel (19), we then calculate «;(e;) =0.697, ax(es) = 0.88, az(e3) = 0.99. For this

ch'* < 117% as the performance guarantee in Theorem

particular problem scenario, we obtain 36% <
7. Next, consider a horizontally differentiated product category. We assume ¢ = (100,100, 100).

Using (17), we then calculate «a;(e;) =0.97 for j =1,2,3. For this problem scenario, we evaluate

34% < ccyy* <.117% as the performance guarantee in Theorem 7. By providing suitable theoretical
guarantees on the worst-case performance of [A-C1P|, Theorem 7 establishes the value of our modeling
approachy Mereover, the computational tests that we report in Section 7 show that these bounds

on the worst-case performance of [A-CIP| are quite pessimistic.

6. Solution Approach

One of the challenges of using a deterministic approximation such as [A-CIP| is that its optimal
solution might not be feasible for the original [CIP| model. Specifically, as in the example in Section
4.1, for a givensvector y, there may be minor differences between the simulated ready rates, ij(y)
and Q%(y)y versus the ready rates approximated in [A-CIP|. Then, the [A-CIP| optimal solution y
could potentially“violate constraints (5) or (6) in [CIP|. To address this issue and ensure feasibility,
we propose a greedy procedure that selectively and judiciously adds inventory to y. We describe

this procedure next.

6.1. Greedy Procedure for Feasibility

This procedure searches the neighborhood of the incumbent inventory vector greedily to find the
most promising direction, i.e., a candidate product to add inventory, through a finite differences-
type of approach (see Hoffman and Frankel 2018). Next, we describe this procedure, which we refer

to as the greedy feasibility procedure.
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STEP 0. Initialize k =0.

Initialize y = [y].
STEP 1. Set k=k+1.
STEP 2. gEvaluate Q3(y) and wir(y) for all j using Monte Carlo simulation
STER3s, If wir(y) > ¢; for all j, go to STEP 4.

Otherwise, for all j such that wi;(y) < ¢;, set y; =y; +1. Go to STEP 1.
STeEPdwIf 25.(y) > ®, then STOP.

Otherwise,

Evaluate 5.(y +e;) for all j using Monte Carlo simulation.

Let ﬁzargmin{w} and set y =y +e,. Go to STEP 1.

Py
j=1,....,n J

6.2. Composite Method
Our solution_approach combines the different modeling enhancements (deterministic approxima-
tion, discretization) noted in Section 4 with the methodological development (greedy procedure for
feasibility) imSeetion 6.1 to create an effective composite method (CM) for solving the CIP problem.
Given an in§tanee of the CIpP problem, the composite method first solves the version of the |A-CIP|
that is appropriate for how consumers choose (e.g., vertical, horizontal, or exogenous) products in
that category. Then, if needed, the composite method initiates the greedy procedure for feasibility.
To test ourssolution approach, we implemented the composite method in the C programming
language with the optimization models [A-c1P"|, [A-cIPY], and [A-CIP®] using the CPLEX 12.5

callable optimization library.

7. Numerical Results

We conducted extensive numerical experiments to gauge the effectiveness of our model and method.
First, we generated random problem instances to establish the effectiveness and efficiency of our
approach infisolving the CIP problem, and to assess the robustness of its performance across various
problem scemarios: Next, we used data from our industry partner to show the effectiveness of our
approach ingazpractical problem and to illustrate the potential benefits of adopting a category-based
approach toimventory planning. All of the numerical results reported in this section are based on

tests run on“ay Windows server with dual 2.4 GHz Xeon 8 core processors.

7.1. Results from Randomly Generated Problem Instances
Consistent with the goals of the computational tests, we developed a procedure to generate random
CIP problem instances that varied across several key parameters. Specifically, we generated instances

that varied in category size (number of products n, demand magnitude \), product market share
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structure (products sharing the market equally versus not), service level requirements (product
ready rate ¢; = ¢ and category ready rate ®), and nature of product differentiation (vertical versus
horizontal — we study the exogenous model with data from our industry partner in Section 7.2).
Table 1 proyides a list of these parameters and the different values we consider for each parameter.
Our numerical tests consider all the combinations of parameter values. We refer to each combina-
tion of parameter values as a problem scenario, and the specific scenarios with parameter values
that are highlighted in bold in the table as our baseline scenartos. By systematically varying the
parameters ‘across. all their possible values in Table 1, we derived a total of 432 different problem
scenarios capturing a wide range of operational settings. We then generated 10 random instances for
each scenariowyielding a total of 4,320 instances. Appendix B describes the details of our problem

generation procedure.

Parameter Values
Category size: n {2,3,4,5}
Demand magnitude: A | {25n,50mn,100n}

Choice model {VERTICAL, HORIZONTAL}
Category ready rate: ® | {90%,95%,99%}

Product ready rate: ¢ {0.85 x ©,0.90 X ®,0.95 x d}
Market shares: a;(1) {1 29 }

n’ n(n+1)

Table 1 Key parameters for generating c1p problem scenarios

7.1.1. Effectiveness of the Deterministic Approximation. The first step of the compos-
ite method ‘entails solving the [A-cip|. Without the greedy feasibility procedure, recall that the
deterministi€ approximation embedded in [A-CIP| may fall short of the ready rate targets. Naturally,
this begsithe ‘question: How effective is the deterministic approximation to begin with? What is the
magnitude of the shortfall? In this first set of numerical tests, we examine the solutions to [A-CIP|
in terms of their effectiveness in achieving the desired category and product ready rates.

To describe the numerical results, we define the following additional notation. For a given problem
instance ff"we define y" as the optimal initial inventory vector given by the corresponding |A-
CIP]. Further, 16ty ®" and gb? =¢" j=1,...,n, be the target ready rates for the category and the
products, respectively, for instance h. Using Monte Carlo simulation, we estimate the actual ready
rates achieved by y”, along the lines of the discussion in Section 3.1, based on 1,000 random sample
paths of the problem instance. Let 5.(y") denote the resulting category ready rate, and w;fT(yh),
j=1,...,n, the product ready rates.
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We next define A® and Ag, the category and product ready rate shortfalls, respectively, for a
specific problem instance h as

h — Q5. (yh))* 1 (9 —win(y")*
AP :=100% x {( @i(y ) } and A¢ :=100% x {EZ ¢§ }

j=1
where x* :=max(0,z). Then, we calculate the following summary statistics:
Avg(-) —“average of its argument over all problem instances under consideration

Max (- Jo—pmagimum of its argument over all problem instances under consideration

Table 2 presents these summary statistics for various problem scenarios generated by modifying
a single key parameter of the baseline scenarios for the vertically and horizontally differentiated
product categories, as well as for all 4,320 problem instances (as Aggregate). In the table, Avg
captures the magnitude of the shortfall due to the deterministic approximation, whereas Max reflects
the range of this.shortfall. For the reader’s convenience, we highlighted the results for the baseline

scenarios in bold.

HORIZONTAL VERTICAL
Avg Max Avg Max
Parameters AD A¢ A Ag AP A A Ao
2 1.4% 0.1% 2.0% 0.4% 1.4% 0.0% 1.7% 0.4%
3 1.0% | 0.8% || 1.3% | 1.3% || 0.6% | 1.3% || 1.2% | 1.9%
! > | os% | 08% | 1.0% | 22% || 07% | 25% | 0.9% | 2.8%
5 0.6% 1.8% 0.9% 3.1% 0.4% 3.5% 0.9% 4.1%

90% 0.2% 0.3% 0.5% 0.8% 0.2% 1.0% 0.5% 1.3%
® 95% 1.0% | 0.8% || 1.3% | 1.3% 0.6% | 1.3% || 1.2% | 1.9%

99% 2.4% 0.8% 2.7% 1.6% 2.4% 1.6% 2.6% 1.9%
0.85x® | 0.9% 0.3% 1.4% 0.8% 0.8% 0.8% 1.2% 1.1%
o 090x® | 1.0% | 0.8% 1.3% | 1.3% || 0.6% | 1.3% 1.2% | 1.9%
0.95x® | 1.0% 2.0% 1.4% 2.7% 1.0% 2.6% 1.2% 3.0%

25m, 2.3% 0.9% 2.8% 2.0% 1.9% 1.8% 2.4% 2.3%
A 50n 1.0% | 0.8% 1.3% | 1.3% || 0.6% | 1.3% 1.2% | 1.9%

100n 0.4% 0.2% 0.6% 0.5% 0.3% 0.6% 0.6% 0.9%
equal 1.0% | 0.8% 1.3% | 1.3% || 0.6% | 1.3% 1.2% | 1.9%
unequal | 0.7% 1.2% 1.1% 1.8% 0.8% 2.0% 1.3% 2.4%

| Aggrogate, | 1.3% | 1.3% || 6.6% | 4.8% || 1.3% | 2.6% || 4.9% | s.0% |

a;(1)

Table 2  Gaps between service levels attained by [A-c1P] solutions and target levels

First, we note that the values in Table 2 suggest that the shortfalls due to the deterministic

approximation are small in magnitude with rather limited variability (relatively small Max values).
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This clearly underlines the value of using the deterministic approximation. Interestingly, we observe
that both in the vertical and horizontal cases, Avg(A®) in Table 2 tends to decrease with the number
of products. In our experimental design, the magnitude of the expected demand increases with
the numbergof preducts as A € {25n,50n,100n}. Therefore, as one might expect, the deterministic
approximatienbecomes more accurate with scale, which explains the decrease in Avg(A®) with n. In
contrast, we finddthat in both the vertical and horizontal cases, Avg(A¢) increases with n. Note that
although the total expected demand increases with the number of products, the expected demand
for each product (as a first choice) remains the same. As such, one might not expect Avg(A¢)
to change significantly with n. However, the level of substitutions dramatically increases with n
because of the imerease in total demand. The [A-CIP| anticipates these substitutions to a large degree
ensuring that‘the shortfall is small; however, Avg(A¢) increases with n, highlighting the challenge
of approximatingthe stochastic inventory process in a multi-product scenario.

Table 2 also shows that as ® and ¢; increase, the gap between the target ready rates and the
service performance of the [A-CIP| solution increases in majority of the problem scenarios. Intu-
itively, one awould expect that the optimal inventory levels are increasing and convex in target
service levelsy (due to the increasing “safety stocks” that are required to meet uncertain demand).
Table 2 illustrates that the deterministic approximation approach does not add adequate buffers to
handle this_uncertainty. In Table 2, we further observe that as the expected demand increases, the
[A-c1P] solution yields increasingly near-feasible product and category ready rates. In other words,
the deterministic approximation to the stochastic inventory process improves with increasing ex-
pected demands, This result is particularly encouraging from the standpoint of practical application,
where demand may be high. Finally, Table 2 demonstrates the robustness of the ready rates under
the [A-CIp| golution with respect to product market shares, since both Avg(A®) and Avg(A¢) are
relativelymsmall*when products in the category have identical market shares as well as when they

are asymmetrical.

7.1.2. Effectiveness of the Composite Method. Next, we examine the effectiveness of the
composite_method (CM) in achieving the optimal solution to the CIp problem. Let y denote the
optimal inventory vector from the CM. Recall that the CM includes the greedy feasibility procedure,
which ensures that y is feasible for the original CIP problem. We assess the quality of the CM’s
solution (y) by evaluating the gap between the optimal value of the original [CIP] model and
that of the CM. To compute the optimal solution of [CIP|, we use the following simulation-based

enumeration method, which we refer to as SBE.
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STEP 0. Calculate Yy, = argmingcz+ (Wir(00, ..., 00,y; = ,00,...,00) > ¢;), and
7= argminwez+(w;fT(gl,g2,...,yj =,y .,gn) > ), forall je{1,...,n}.
Set Y={y ...y} x...x{y _,....¥,} CZ".

Initialize Y « 0.

IREEE

STEP Lgslor all y €Y, evaluate Q3.(y) and wi;(y), j € {1,...,n} using Monte Carlo simulation.
If 25(y) > ® and w3, (y) > ¢; for all j, then Y—yuY.
STEP 2milietly, = argmin c.y.
ye¥
In STEP (0, we \reduce the enumeration space for y by identifying an easy-to-compute lower
and upper bound on the initial inventory for each product. The lower bound, Y is the minimum
inventory needed to satisfy the ready rate requirement ¢; for product j, given that there will be no
substitutionsstesthis product, as all other products are abundantly available. The optimal solution
might clearly.need more units of product j when the category ready rate ® is imposed. On the other
hand, the upperbound, y;, is the minimum inventory of product j needed to satisfy the category
ready rate @wgiven that all other products have sufficient inventories to satisfy their respective
product ready rates. Here, we are solely using product j to increase the category ready rate to its
target level @. The optimal solution might require fewer units of product j because it could be
potentially*eheaper to increase inventory of other products in the category. Using these bounds, we
form the n-dimensional space Y to enumerate candidates for the optimal solution. Then, in STEP
1, we simulate the product and category ready rates Q3.(y) and w$;(y) for every y € Y, and include
those solutiéns that satisfy the constraints of [CIP| in a feasible set denoted by Y. Finally, STEP 2
chooses the solution from Y with the lowest total cost, as the optimal inventory vector yy.
To assess the quality of the CM’s solution relative to the optimal solution, estimated by SBE, for

a given problemginstance h, we calculate

h &h _ ah h
Amzmo%x{w}_

SBE h

c.yg

In Table 3, for, the baseline scenarios and varying n, we report the average optimality gaps
Avg(ASM), maximum gaps Max(ASM), the problem size for the corresponding [A-CIP| (in number
of variables"and constraints), as well as the CPU times for CM and SBE. First, note that the
SBE approach takes an enormous amount of time to solve, especially for larger product categories.
Despite modestly low simulation times for the ready rate evaluations, SBE takes time because of
the large number of enumerative steps involved. Indeed, when the number of products increases to

4 and 5, the SBE approach did not converge to a solution even after 10 days of computation for

all the vertically differentiated problem instances and all but two of the horizontally differentiated
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CM SBE
n | Variables | Constraints | CPU (min) || CPU (min) | Avg(ASY)  Max(ASH)

L2 10002 13003 <1 16 0.07% 0.69%
S| o3 18003 22004 <1 635 0.49% 1.51%
= | w8004 33005 “1

1 5 40005 46006 <1

g 2 5002 11003 <1 10 0.00% 0.00%
Z |3 7003 16004 <1 256 0.42% 1.39%
S 4 9004 21005 <1 13,773* 0.00%* 0.00%*
21 5 11005 26006 <1

*: Calculatediéver 2 problem instances

Table 3 Problem size and computational performance of the composite method for the baseline scenarios

instances. In contrast, the composite method takes less than a minute for all problem instances,
even though it,also requires simulations within its greedy feasibility procedure. For the smaller
categories (n,=2 and n = 3), the SBE approach did converge, albeit after a long time, permitting
us to evaluaterthe’ quality of the composite method’s solution. In these cases, the optimality gap is
extremely small(< 0.5%, on average, with the maximum gap < 2%), indicating that the composite
method preduces near-optimal solutions.

As Table 3. shows clearly the size of the [A-CIP] model (both in terms of number of variables and
constraints) increases with n. Recall that [A-CIPY| requires two sets of additional variables to identify
products of adjacent quality and additional constraints to link them to other decision variables in the
formulation, whereas |A-CIP"| requires just one set of additional probability variables corresponding
to the outside option. As a result, [A-CIPY] is consistently larger in size than [A-c1p"|. Nevertheless,
the [A-cIP| takes less than a minute to find the optimal solution. The greedy feasibility procedure
is robust, taking about five iterations on average (not reported in the table) to ensure feasibility of

the [A-cip] 8olutién, showing that the deterministic approximation is consistently tight.

7.1.3. Flexibility of Category-Based Planning. One of the benefits of the category-based
planning approach is the ability to ensure high category ready rates while requiring lower product
ready rates?”To understand the flexibility that this nuanced approach offers category planners, we
adopt the following benchmark. Let Z7 denote the optimal cost of CM when the target category
ready rate is ® and the target product ready rates are equal to ¢, = ¢ for j =1,...,n. Consider
a category manager who is focused on individual product-based planning. To achieve a category
ready rate of ®, the manager would likely have adopted inventory levels that are consistent with

»=0.99 x & and would have incurred a cost of Z g9, 4. Of course, category managers can achieve
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the same category rate of ® at a potentially lower total cost if they were to choose ¢ < 0.99 x ®.

To assess the savings that stem from this flexibility, for any ®, we compute the corresponding

> >
Z0.99x3~Z¢

[
ZOA99><<I>

from adopting a category-based view of inventory planning. We note that this category planning

category planning flexibility as . When this ratio is high, the firm can benefit greatly
flexibility metric is likely to understate the savings from our approach because the benchmark of
Z399x e assumes that the inventory planner would take into account all the interdependencies in
the demandssefsthe products, rather than plan purely based on the intrinsic demand (without
substitutions),which is perhaps more likely in practice (we investigate such an independent demand-
based invenfory planning heuristic in Section 7.1.4). Nevertheless, we adopt this benchmark to
clearly isolate™the benefits of category ready rate-based inventory planning. Table 4 reports the
cost savings, as measured by the category planning flexibility ratio, for the baseline scenarios with

& =95% and ¢ €{0.80 x ®,0.85 x &,0.90 x ©,0.95 x ©,0.99 x O}

(o
n [080x®[0.85x®|0.90x®|0.95%xP®|0.99 x ®
2 2 0.0% | 0.0% | 0.0% | 0.0% | 0.0%
2| 3 | 55% | 55% | 5.0% | 44% | 0.0%
S| 4 5.4% 5.2% 5.1% 3.5% 0.0%
2l 5 6.1% | 59% | 4.9% | 3.4% 0.0%
B 6.5% | 5.8% | 4.7% | 3.8% 0.0%
S| o3 | 103% | 89% | 67% | 41% | 0.0%
|04 | 121% | 95% | 69% | 44% | 0.0%
“1 5 13.7% | 104% | 7.3% | 4.3% 0.0%

Table 4  Category planning flexibility for the baseline scenarios (A =50n, ® =95%, and (1) =+ for j=1,...,n)

For both horizontally and vertically differentiated product categories, and all category sizes, Table
4 illustrates. that/given the target category ready rate of ® = 95%, category planning flexibility
increases with@lower levels of individual product rates, i.e., the customers would still enjoy the
same categorymservice level while the firm realizes significant cost savings. Note that costs of all
products inthé horizontally differentiated categories are identical (as per our problem generation
scheme). Therefore, cost saving opportunities are more limited relative to the vertically differentiated

categories.

7.1.4. Benchmarks. We first consider a benchmark based on the independent demand model,
which assumes that all demand for a product is lost when the product is unavailable (see Gallego

et al. 2014). Honhon et al. (2010) discuss a similar model in which the customer decides the product
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they want from the initial assortment (assortment-based substitution) and does not substitute when
their chosen product is out of stock. Accordingly, the independent demand model estimates that
each product attracts independent arrivals at a rate determined by the overall customer arrival
process, and a fixed probability of purchase for each product, i.e., \T'a;(1). Anticipating this demand
stream, the manager then determines an appropriate level of inventory based on the service level
requirements. Because of its simplicity, we can think of such an approach as a suitable facsimile of
practice.

Given the, individual product and category ready rate requirements of the CIP problem, the
natural waygfo génerate a feasible solution is to plan each product’s inventory based on the category
ready rate, rather than its product ready rate. We refer to this approach as the independent demand-
based (IDB) method. Formally, we describe the IDB method as follows: First, we approximate the
aggregate Poisson demand for product j, for j =1,...,n, with a Normal distribution with mean
AT'«;(1) and standard deviation \/AT'c;(1), and set the ready rate target for the product as ®. We
then calculate y;,.for j =1,...,n, by solving the following equation:

B ' y; — ATa;(1) (4. — AT y; — A\Ta;(1)
(1= )\ Tay(1) = [\, (1)1 <—mj<1> ) (1~ XTa, (1) F <—AT%<1> ) 20

where f(-) and F(-) are the pdf and cdf of the standard Normal distribution. Note that (27) is
the classicalvequation to calculate the inventory level to achieve a desired Type-II service level
(see Choprarand Meindl 2016). Finally, we set y,,; = [y] to satisfy the integrality constraints of
the C1P problem.

By not explicitly incorporating demand dependencies, the IDB method underestimates the de-
mand, and ingturn the inventory, for each product (as it does not account for «;(x) > a;(1)).
However, by planning for a ready rate of ® for each product it, overstates the service level targets,
effectively inereasing the inventory requirements. To assess the impact of these countervailing effects,
we applied the IDB method to our test instances. Accordingly, we calculate the incremental cost of
the IDB selutionrelative to the solution of our composite method for a given problem instance h

as follows:

h h h Gh
c. —c".
A = 100% x {%} :
chy

Tables 5 and 6 provide evidence of potential savings that our approach might generate over current
practice. In addition, comparison of CM with the IDB method as a benchmark also provides insight
into the value of incorporating category information (namely, substitutions and ready rates) in
inventory planning.

First, we note that the IDB method yields a feasible solution to the CIP problem in all variants

of the baseline scenario. Nonetheless, IDB solutions are significantly more expensive than those
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HORIZONTAL VERTICAL
¢ ¢
0.85x®[0.90x®|0.95xD|0.85xP[0.90x P |0.95x D
4.8% 4.4% 4.2% 7.5% 6.6% 5.7%
6.0% 5.4% 4.6% 10.4% 8.9% 5.2%
6.2% 6.0% 5.0% 10.7% 8.0% 4.9%
6.1% 5.0% 3.1% 12.1% 7.6% 5.0%

Ot W N3

Table 5  Inventory savings of CM relative to IDB, Avg(AZY), for the baseline scenarios (A = 50n, ® =95%, and
a;j(1)=21for j=1,...,n)

HORIZONTAL VERTICAL
) )
90% 95% 99% 90% 95% 99%
3.8% 4.4% 6.5% 5.6% 6.6% | 10.5%
4.2% 5.4% 9.7% 6.1% 8.9% | 15.3%
1.6% 6.0% | 11.1% 3.0% 8.0% | 17.2%
1.5% 5.0% | 12.1% 3.9% 7.6% | 17.9%

(2 BT SUR NON b

IDB

Table 6  Inventory savings of CM relative to IDB, Avg(Ag;), for the baseline scenarios (A =50n, ¢ =0.90 x ®, and
a;(1)== for j=1,...,n)

of our approaeh™(CM) — on average 5.8% for horizontally differentiated categories, and 8.8% for
vertically differentiated categories. For both product differentiation schemes and for all category
sizes, Table 5 shows that cost savings with CM increase when the inventory manager can relax
individual préduét ready rate requirements for a given category ready rate target. In Table 6, we
see that the performance of the IDB method deteriorates significantly when the category ready rate
target increases; for given targets of product ready rates, uniformly across all test instances. These
results illustrate that the IDB method would provide cost-effective inventory plans only when the
product ready rates are set sufficiently close to the category ready rate, and the method is most
costly when'the firm sets a high category ready rate and is willing to trade it off with lower product
ready rates.

The second benchmark we consider is based on an approximation idea in Hopp and Xu (2008).
Recognizing the difficulty in analyzing dynamic substitution behavior, Hopp and Xu (2008) propose
a static approximation that is tractable and amenable to analysis. They represent the stochastic
inventory process by a constant service rate, assume that demand is a continuous random variable,
and then approximate the dynamic demand substitution process by a fluid network with a memo-
ryless flow property. By doing so, they complement the fluid approximation that other researchers

such as Mahajan and van Ryzin (2001) had developed, with a further simplification that yields a
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static approximation for the case when consumer demand follows an attraction model (see, e.g.,
Basuroy and Nguyen 1998). As they concede, their approach does not generalize to other choice
models, such as the vertical and exogenous choice models. Therefore, we modified their approach
to yield a benchmark for the Ccip problem for a horizontally differentiated category.

We refer to our adaptation of Hopp and Xu (2008) as the HX method, and describe it formally as
follows: Welassume that the total demand over the selling season, denoted by N, follows a Normal
distribution.with.mean AT and standard deviation vAT. Hopp and Xu (2008) approximate the
availability of product j as a constant service rate s;. Their availability measure is equivalent to the
expected proportion of time that demand for product j can be met, which we define as w;r(x) in
(1). Buildingrensthis, our adaptation of their approach incorporates the service level requirements
by setting the ready rate for product j as s; = ®, for j=1,...,n, to capture both the product and
category ready rate requirements. We then compute the initial inventory vector that is consistent
with such a servige rate as per Hopp and Xu (2008), as follows

Da;(1) 1

U= ) 1 @Y, (1) B(1/N) (28)

Finally, we 866 ¥ = [y | to satisfy the integrality constraints of the CIP problem.

The strengthiof this method relies critically on how well s; approximates the stochastic availabil-
ity processsof product j. When it does, we would expect y,u« to be feasible for the CIP problem.
However, thesHX method does not always generate a feasible solution for the CIP problem. To
establish the effectiveness of our composite method relative to the HX method, we applied the
HX method, to baseline scenarios that feature horizontally differentiated product categories with
¢ € {90%,95%,99%} and ¢ € {0.85 x ©,0.90 x $,0.95 x ®}. If y,y is feasible, we calculate the
incremental cost of the HX solution relative to the solution of our composite method for a given

problem instance h as follows:
hwh _ oh Sh
A Z100% x {M}

On the othershand, if y, is infeasible, we calculate A®,, and A¢yy, the category and product ready

rate shortfallssreSpectively, for a specific problem instance h as

: (2" — Q7 (yi)) " . 1~ (8] —wir(yi))*
A<I>HX.=100%><{ (I)Th and A¢yy :=100% x EZ J g]}’l ,

j=1
where w3, (y?) and Q7*(y},) denote the product and category ready rates achieved by the inventory
vector y” , based on 1,000 random sample paths of the problem instance h. Table 7 documents these
results along with the percentage of problem instances for which y,. does not satisfy the ready rate

requirements (denoted as % infeasible).
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n % infeasible | ADyy Adyx Avg(A™) | Max(AX)
2 42.4% 2.4% 1.8% 6.2% 11.7%
3 35.6% 1.9% 1.5% 6.5% 11.9%
4 39.2% 1.7% 1.4% 6.1% 11.7%
) 38.7% 1.4% 1.4% 5.7% 11.6%

Table 7 Performance of the HX method for the baseline scenarios (A = 50n, choice model = HORIZONTAL, and

aj(1)=2=for j=1,...,n)

In Table #7y=wer observe that the HX method indeed fails to generate feasible solutions for a
significantly large proportion (more than one third) of the problem instances, with average shortfalls
above 1%. A closer look at the data reveals that majority of these infeasible instances occur when
the ready rate targets are relatively high, which is the case for most practical scenarios. Even when
the HX solutions=are feasible, they are substantially more expensive than those generated by the
CM, by angaverage of above 5%. We note that the product costs in the problem instances for
horizontallyfdifferentiated categories are all identical. Hence, the cost savings with CM are purely
based on its“ability to generate solutions with lower levels of inventory, while still satisfying the

ready rate requirements.

7.2. Practical Application
We applied theseomposite method to data from a re-seller of IT products, which include com-
puter equipment,.software, gaming, networking, printing, and peripherals. The company offers a
vast product assortment of over 20,000 SKUs from almost 200 vendors in more than 40 countries.
The scope of.the catalogue, which was expected to continue to grow with the addition of new and
popular productieategories, entailed a significant burden on the company’s operations. Specifically,
managing inventories effectively was vital for the company to successfully contend with short prod-
uct lifecycles, heightened global competition, and high inventory costs. For planning purposes, the
company“divided its product portfolio into multiple business divisions and within each division,
products were classified into about 40 categories and further into 180 subcategories (for example,
the computer category included the notebook, netbook, and ultrabook subcategories). The size of
each category (or.subcategory) varied greatly from just a few to tens of products. We examine the
effectiveness of lour method by applying it to data from a single market for two product categories
— ENTRY LEVELand MID-RANGE — that belong to the computer equipment product group. Table 8
reports the number and costs of the products in these categories.

With rapid technology development and new product adoption, the length of the selling season for
these product categories is short relative to the lead times for replenishment orders. Consequently,

the company had only a single ordering opportunity before the start of the selling season to meet
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Market Share (a;(1)) Cost (c)
Product Category # of SKUs (n) (Min., Avg., Max.) (Min., Avg., Maz.)
ENTRY LEVEL 20 (0.1%, 5%, 17%) (3400, $450, $540)
MID-RANGE 13 (1%, 8%, 16%) (3600, $640, $740)

Table 8  Summary of key application data

the anticipated*demand. These characteristics of the problem context suggested that our model and
method may, be a good fit for this context. Moreover, the categories we considered consist of a large
number of products that vary in their market shares and costs. The composite method requires
the intrinsie. demand (without substitutions) for each product and the proportion of product 4
customers thatswill purchase a product j # 4 when i is out of stock. So, our first step was to develop
a method togestilmate these parameters. Many researchers have developed statistical methods to
estimate these parameters from sales and inventory data (please refer to Berbeglia et al. (2018) for
an extensivé review of such methods in retail operations). We followed one such approach described
in the literature (e.g., Anupindi et al. 1998, Kok and Fisher 2007) to estimate intrinsic demand and
product substitutions that follow the specifications of the exogenous demand model.

The main steps of the statistical estimation procedure are as follows. The procedure begins with
daily sales and inventory data for the two product categories. The procedure assumes that customer
arrivals for eachsproduct follows a Poisson process with a constant rate. With this rate and product
substitution probability (say 0, ;), we can write expressions for the likelihood of observed demand.
Then, using maximum likelihood estimation, the procedure then finds the parameters A, a;(1), and
0;; consistent with the exogenous model. With these parameter estimates, we were able to apply
data from owrinidustry partner to the CM with the [A-CIP®| model.

Although“the.company had specific service performance goals, we applied the data with several
alternative garget ready rate combinations (® € {90%,95%,99%} and ¢; = ¢ € {0.80 x ®,0.85 x
®,0.90 xP70:95%P, 0.99 x P}) to understand the potential cost savings for each choice of ®. These
experiments are along the lines of those reported in Section 7.1.3, where we examined the inventory
savings that our ¢ategory-based planning approach can generate by ensuring high levels of service
at the category level while lowering individual product ready rates. As before, we calculate the
Zy9oxe=Zg

=5 ¢ and report our results in Table 9.
0.99x P

We observe that in each case, as one might expect, given a target category ready rate, category

category planning flexibility as

planning flexibility increases with lower levels of individual product rates, complementing earlier
results under utility-based choice models. Table 9 also shows that the firm has category planning
flexibility, albeit modest, with both the ENTRY LEVEL and the MID-RANGE categories. To put this in

context, we first note that even small percentage improvements in costs can be significant when the
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o
ENTRY LEVEL MID-RANGE
9%  95% 90% | 99%  95% 90%
0.99 x ®{0.00% 0.00% 0.00% |0.00% 0.00% 0.00%
0.95x ®{0.38% 0.44% 0.49% |0.27% 0.14% 0.14%
¢ 1090x®|0.92% 091% 1.03% [0.17% 0.27% 0.27%
0.85x ®|1.40% 1.43% 1.38% |0.79% 0.47% 0.47%
0.80x ®[2.02% 2.01% 2.1% | 1.1% 0.53% 0.53%

Table 9" Category planning flexibility for ENTRY LEVEL and MID-RANGE product categories

inventory investment is large. Additionally, recall that our estimate of the savings is conservative and
the actual savings for practical instances is likely to be higher. Nevertheless, the savings illustrate
that category planning flexibility is likely to be highest when the level of product substitutability in
the category is relatively high, and when the lower cost products in the category are substitutes for
the higher costaproducts. Thus, the potential savings from category-based planning depend vitally

on consumer,choice and the nature of product differentiation.

8. Conclusion
Managinggthescompeting considerations of ensuring high availability and maintaining low costs is a
considerable challenge for inventory managers facing uncertain demand. For categories of products,
this inventerysplanning problem is especially challenging because of the interdependencies in product
demand due to customer substitution, and the need to incorporate availability-based service level
targets for boethsindividual products and the overall category. We present a structured approach
to formulatg andysolve this problem. Our novel modeling approach exploits the structure of the
problem to formulate the category inventory planning problem as a mixed-integer linear program.
Our model incorporates the complex interdependencies between product demands and the tradeoffs
between availability and cost in a systematic manner. By proposing a new, versatile model-driven
approach for availability-based category inventory planning this paper fills a gap in the literature.
Our approach is also well-suited for retail industrial application, particularly in B2C contexts
where behaviour_ of individual consumers need to be taken into account explicitly. As evidenced by
the appligation of our method to data from the I'T product re-seller, it can solve practical instances of
the problem effectively. In addition, our approach is scalable because it does not resort to simulation
to solve large instances. Finally, the model and method are versatile, able to incorporate various
types of substitution schemes, and different context-specific restrictions and considerations. Thus,
by developing a scalable and robust approach for an important practical problem, this work can

serve as an important framework for category inventory management in practice. Our model and
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method can also apply to a single product stocking decision in a distribution network context. In this
case, one can think of the collection of distribution centers as the “category”, with each distribution
center requiring an individual ready rate and the network, as a whole, requiring a category ready

rate.
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Appendix

A. Proofswef Analytical Results
A.1. Preof of Proposition 2

We establish this proposition by first characterizing a feasible solution (starting inventory vector) y* to the
A-CIP problein for a horizontally differentiated product category (A-ciP™ problem). Then, we show that the
corresponding solution (y”',z,a) is feasible in [A-C1P"| if and only if y” is also a feasible solution to the

A-cIPY problem.

Characterizing a“feasible solution of the A—CIP problem
Recall that the.A-CiP problem discretizes the selling season into m intervals with pre-specified lengths
71 72, s ™sand requires that stockouts occur only at the endpoints of these intervals. Let 7 be the set
of such timesinterval endpoints, i.e., 7 = {7, 7' +72,...,>°/" 7% =T}. Further, we define 7 (y*) C 7T
as a subset_of 7 indicating the times at which products stock out when a given initial inventory y*
is depleted aceofding to the deterministic rates in the fluid approximation. In particular, let 7 (y*) =
{t1,t2, Last,yry b, where n(y"™) denotes the number of products that stock out before the end of the
selling season, when starting with y¥, and ¢; denotes the instant at which the " stockout occurs. We
also define J~ as the set of products that stock out before T, and J* as the set of products that do

not stock out during the selling season. Let j(i) be the index of the product corresponding to the i*®

stockout. Accordingly, we have J~ = {j(:) : ¢ <n(y")}. With this notation, we know that
Yin) = Ay (1)t
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yf@) = Aaj2) (1)t + A2 (1 — ;1)) (t2 — 1)

Yis) = A (L)t +Aaye) (1 —e;)) (ta — 1) + Ay (1 - e) — ej2)) (ts — t2) (29)

Uiy = A (n(ym) (Dt + Ay (1= €51)) (t2 — 1)
n(yF)-1

ot Ay (1 - > ed(i)) (tnyr) = tayry-1)

i=1
Suppos8nST(FE), i.e., not all products in the category stock out before the end of the selling season.

Then, for aproduct j which has positive inventory after s, r), i.e., j € J*, we can write

n(y™)-1
y]F — )\Oéj(].)ﬁ + )\Oéj(l - e]-(l))(tg —t)+...+ Aoy <1 — Z ej(i)> (t,](yF) — tn(yF)_l)
=1
n(y™)
i=1

While yf can be greater than the RHS of the above equation, it will be exactly equal in an optimal
solution (due.o.cost minimization). Let &;7(y*) and Qr(y*) denote the product and category service

levels achieved by y¥. Then, following the iterative logic described in Section 4.1, we know that

- tie .
i r(y") = ]})7 Vi<n(y"), and (31)

Further, we have

(yf)-1
~ t to — 1t K t, —t _
QT(yF) =12 +II(1—ej(1))(72 ) +...+H(1— E ej(i)) ( ) ) 2

T 2 T
n(y")
T—t
+H(1— 3 ej(i))% (33)
i=1

where II(-) is the category coverage factor as defined in (2). Clearly, if y* is feasible, then @;r(y*) > ¢;
for all j, and Qa(y") > ®.
To summarize, a feasible solution y*' to the A-CIP problem is characterized by (29) and (30), and achieves

the servicerlevelssgiven in (31), (32) and (33).

Characterizing (y*,z,a)

Starting with"y#"| we can construct a solution (y*,z,a) that is valid for [A-cIP"|, and achieves the same
total stocking cost c.y”, and service performance, as expressed in (31), (32) and (33). Let x,; denote
the index"ofythe time interval at the end of which the ™ stockout occurs, i.e., Y 7o 7 =t;. For all
products, set 2§ =1 for k < x;. From (18), we know that a% = (1) for all j and k < k;. Moreover, for
product j(1), the first product to stock out, set 27,y =0 for k> k1, consistent with (8). From (18a), we
then have af,) =0 for k> r,. Note that (9) requires y;(1) => L, Aa;1)(1)7" = Aa;0) (1)t =y

Now, let us consider some product j(i) € J~ that stocks out at ¢;. First, set z¥ =1 for all products

that stock out at or after t;, i.e., j€ {1,2,....,n}\ {j(1),5(2),...,7(¢ — 1)}, and k;_; < k < k;. For
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any ;1 < k < Ky, we have af = a;(1 — St ej(n) due to (18). In addition, setting 25y =0 for all
k > k; requires a¥,) =0 for all k> r; from (18a). Thus, computing (9) yields y;i) = 3L, Aoy (1)7" +
S, z;gni_l Aoy (1 — Zj,z_ll €;(0))T" = yj;)- Progressing in this manner, and consistent with (8), we

can establish the following values for

Zi =1, Vi=1,2,....,n(y"); k <k,
ZJ’-“(Z.):O, Vi=1,2,....,0(y"); k>r;
Notice that substituting these values in (18) ensures that, for all j =1,2,...,n, we have
af = oy(1), k <k
aj = a;(1—e;)), k1 <k < ko
n(y")-1
afzaa‘(l— > ej(i)), Fin(yF)-1 <K < hin(yr)
=1
n(vy™)
afzaj(l— > ej(i)), k> Fngyry
i=1

With this (y*',z,a), for product ]( )€ J~, we evaluate (10) as
k

‘ T t(z) -
Z%()T Z?: T = @inry") (34)

k=1
For a produet j%€ J*, we have 2§ =1 for all k=1,2,...,m. Therefore,

ZZ T §—1=®jT(yF) (35)

Next, considersthe category ready rate correspondlng to (y¥,z,a), as specified in (11).
k

Z J 1 J L :iMLk i i E;;lo‘j(l_ej(l))L
ZJ 104 ) T P 12; 1aj(1) T [y Z;’L—1O"(1> T
K/"I )'F

(z:> ZJ 1a( Zn(y )=t j(i))Lk
> 0(1) T

i Sy (1= ey 7k

Z;:l a;(1) T

Z;:1 a;(1) Z;;l a;j(1—ejm)) (tp—t1)

= o T 7
o) T T y(1) T
ZJ 106]( Zn(y ! j(i)) (tn(yF) _tﬁ(yF)*l)
> -1 a;(1) T

+Z] 14 ( Zn(y ) J'(i)) (T_tn(yF))
—1a;(1) T

+...+

= Qr(y") (36)
34), (35) and (36) evaluate the ready rates that are at least as much as their corresponding targets,
F

then ( ,Z,a) is a feasible solution for [A-CIP"].

This article is protected by copyright. All rights reserved



Akcay, Li and Natarajan Category Inventory Planning With Service Level Requirements 43

Observe that the ready rate expressions in (31), (32), (33) for y* and (34), (35), (36) for (y*,z,a) are indeed
equivalent. As a result, this implies that y” is feasible if and only if (y*,z,a). O
A.2. Proof of Proposition 5

Consider theyprocess X(s) =y — MN(s), where (s) is the Poisson process of customer arrivals with rate

Aa(X(s)). Suppese the firm runs out of product j at T; <T'. Any feasible solution must satisfy:

/ Aa; (X (s))ds > T A (1) (37)
Naturally, the optimal solution y; must also satisfy (37). Accordingly, since w;r(y) = [ 11X (0) =y*] > ¢,
v = B [51X(0) = y"] > A, (DEITIX(0) = y"] > A, (1)To. (39)

In turn, the®ptimal objective value must be bounded as follows:
D ey = AT Y ¢ja,(1)¢; = LBoy (39)
j=1 j=1

We next develop a feasible solution for [CIP], since such a solution would be an upper bound on the optimal
objective function value. Let T} be the stockout time of product j, i.e., X;(s) >0, if s <T; and X; =0 for
5 >T;. When s <Tj, we have

EN;(s)] < Asa;(e;) — E[X;()[X(0) =y] = y; — Aa;(e;)s (40)
— 0= E[X;(T;)|X(0) =y] 2 y; — Aa,(e;)T; (41)
Yj
~ B X0 =y > 12 42)
From (1) in the paper, we know that w;(y { [ (X (s))ds|X(0) =y | = E[Z|X(0) =y] > Miﬁ

That is, if weyset y; > Ao;(e;)¢,; T, we can show that ij(y) > ¢,;. Now, consider the category ready rate

constraint (3)¢dn"the paper,

0.~} / XS (0) =]

e ZE[/ o, (X(3))ds/X(0) = | w
Therefore,
B [ o, oxnasxo =v] < 2] [ acxinasxo =]
ZE[/OTjaj(l)ds|X() ] (44)
— o, (VEILIX0) =y) > L, 1<) <n
and consequently from (43) and (44),
A P o TLHCY (15)

T oiay(1) T = Aa(e;)
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Suppose ; is a positive weight factor such that Zj B; = 1. Then, if
B (e;) TONY Ty a;(1) 1 1 y;05(1) S

Y; 2 -0y z2=—mr7 = o, 46
f ey W2 DT 2 aey) (40
Let 8; =1/n. Therefore,
a;(e;)TPAY Ty a;(1)

iy = | [ L B o o), 71| (47)

satisfies both'readyFate constraints and is feasible for [CIP| and its total cost is

- i(€)TRAS T (1)

UB|ep) =Cy = ;max [c][ naj(lj) ! 1,¢i[Aa; (ej)quTﬂ (48)
O

A.3. Proof of Proposition 6

To satisfy the product ready rate constraints ((10) in [A-CIP]), product j must be available for at least
k; = min[K | S5pagr” > ¢,T) time intervals. Therefore, the firm must carry at least Zi;l AT*a;(1) units of
inventory of product j. Since (1) < a? for any 1<k <k;, the optimal solution §; satisfies

m kj kj
j > > Artal > Y artal > ) arFa,(1) (49)
k=1 k=1 k=1

The corresponding lower bound on the optimal objective function value is

n

chgj > chzj)n'kaj(l > 1r<nJ1£1na( Z Z)\T > )\T mln a; )chqu (50)
7= i=1 k=1 =

j=1 k=1
We can also obtain another lower bound as follows:
Z ciY; > Z ¢ Z ArFal > A 1121]1371{0 } Z ZTkak > \T'® 1r<n]1£1n{c } Z a;(1), (51)
j=1 j=1 k=1 j=1 k=1 j=1
where the lastistepsstems from the category ready rate constraint, i.e.,
i(%}yl? >><1>_>ZZa T >T<I>Za (52)
k=1 Z] 101(1) k=1 j=1
Neither lower bound dominates the other uniformly, so we take the maximum of the two as the lower bound.

That is,

LB, cp] = max
j<n

/\T in a; )ch(bj,)\T(I’ min {¢;} Zozj(l) (53)
SJisn
i=1 i=1

To construct an upper bound on the optimal value of [A-CIP|, consider a natural feasible solution that ensures
that all the produets are available during the entire planning horizon T'. This solution sets:
2F=1,V1<k<m
=[TAa;(1)],V1<j<n (54)
ay =a;(1),V1<k<m
Constraints (8), (9), (13) - (15) in [A-c1P] follow directly from (54). Additionally, for (10) and (11) in [A-CIP],

zm: (zjkT;) =12>¢,, and (55)

k=1

we have:
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- Z;lzl a? T+ B i Ta,(1) -
Z<W'T>_;<W>‘12‘P (50

k=1

Therefore, this feasible solution yields the following upper bound on the optimal objective function value of
[A-CIP]:

[a-crp] Z (& T)\Oé (57)

O

B. Procedure for Random Problem Generation

We follow the following procedure to generate random instances of the CIP problem.
(1) Select/number of products n as per computational experiment design.
(2) Select market share structure (equal versus unequal).

(3) Let a/denote the market share vector (with full availability of all products in category).

n ’ n?

and the outside option share as 0.01.

and the

(a) For equal market shares, set o=

9% 099 5. 099 Snx

{ L(n+1)/2’ n(n+1)/2? n(n+1)/2°"

(b) For unequal market shares, set o = W}

outside option share as 0.01.
(4) Select/demand rate A € {25n,50n,100n}, which reflect low, moderate and high levels of demand,
respectively, for each product.
(5) Select/category ready rate ® € {85%,90%,95%}.
(6) Select ptodiict ready rate ¢, € {0.90 x ®,0.95 x #,0.99 x ®} for j ={1,2,--- ,n}.
(7) Seleet.choice model as either HORIZONTAL or VERTICAL.
(a) If the choice model is HORIZONTAL:

i. Nermalize (3, = 100. Next, for every i <n, set 5; = 8;11 X (14 () where ( is a random draw from
the uniform distribution between 0 and 0.1.

ii. Note_that the product price needs to be set as consistent with o and B to reflect the nature
of the MNL (horizontal) choice model. Accordingly, we normalize the value of the outside option to zero,
and let e =1/(1+5°" €% 77i), and a; = Hiﬁ Consequently, we have 2+ = efi=Pi | Equivalently,
Ino; —Ina, =Fs=p;, and p; = F; +Ine — Inq; for all 7.

iii. Set ¢, = 100 for all 3.

(b) If the choice model is VERTICAL:

i. Normalize ¢, = 1. Next, for every i <mn, set ¢; = [¢;+1 X (1+ ()] where ( is a random draw from
the uniform distribution between 0 and 1.

ii. Note that the product price needs to be set as consistent with a and g to reflect the nature of
the verticals€hoice model. Accordingly, we need to solve for p in the following set of equations:

P1— P2
1-— = (1
q1— 42
Pi-1 —Pi  Pi—DPit+1
qi—1 — q; qi — i1
pn—l 7pn o pl
Qn-1 —(qn dn

We first set p,, =¢, (1 -, @;), and solve for p,,_; in

o i€{2,3,....,n—1}
= q,

Pno1TPn _ Pn — ¢y, and so on.
dn—1—"4n dn
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iii. Set ¢,, =100 and ¢; = ¢;11(1+ o) where g is a random draw from the uniform distribution between

0 and 1.
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