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Abstract Sound production by two-dimensional (2D), laminar jet flows with and without
combustion is studied numerically and theoretically. The compressible Navier-Stokes, energy
and progress variable equations are solved by resolving both the near field and the acoustics.
The combusting jet flows are compared to non-combusting jets of the same jet Mach number,
with the non-combusting, non-isothermal jets having the same steady temperature difference
as the combusting jets. This infers that the magnitude of entropic and density disturbances
is similar in some of the combusting and non-combusting cases. The flows are perturbed by a
sinusoidal inlet velocity fluctuation at different Strouhal numbers. The computational domain
is resolved to the far-field in all cases, allowing direct examination of the sound radiated and
its sources.

Lighthill’s acoustic analogy is then solved numerically using Green’s functions. The radiated
sound calculated using Lighthill’s equation is in good agreement with that from the simulations
for all cases, validating the numerical solution of Lighthill’s equation. The contribution of the
source terms in Dowling’s reformulation of Lighthill’s equation is then investigated. It is shown
that the source term relating to changes in the momentum of density inhomogeneities is the
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dominant source term for all non-reacting, non-isothermal cases. Further, this source term has
similar magnitude in the combusting cases, and is one of several source terms that have similar
magnitude to the source term involving fluctuations in the heat-release rate.

Keywords premixed - combustion - flame - direct numerical simulation - sound generation -
combustion instability - annihilation

1 Introduction

Sound generation by combusting jet flows has been the subject of considerable research, partic-
ularly over the last sixty years. Reducing noise from devices such as aircraft engines, industrial
burners and diesel engines has motivated many researchers to study noise generation by dif-
ferent types of combusting flows [e.g. 50, 57]. Combustion-generated sound has additional
importance since its interaction with the flame may lead to thermo-acoustic instability, for
example in rockets or gas-turbines [e.g. 7, 19, 35, 36, 49]. To reduce the noise in such devices,
the mechanisms of sound generation by reacting jet flows should be understood.

So-called ‘acoustic analogies’ can be used to obtain the radiated sound by jet flows and
investigate the sound-generation mechanisms. Acoustic analogies are a rearrangement of the
equations of fluid motion into various inhomogeneous wave equations. Lighthill [37] proposed
the first and best known acoustic analogy by rearranging the continuity and momentum equa-
tions only. Since then, Lighthill’s equation has been used widely to investigate the mechanism
of sound generation by different jet flows [7, 11].

Several other acoustic analogies have also been developed. For example, Phillips’ and Lil-
ley’s acoustic analogies account for the interaction with the mean flow using substantial deriva-
tives for the wave operator [38, 44]. Goldstein [23] derived a linearised form of Lilley’s equation
to decompose the unsteadiness of the flow to non-acoustic and acoustic parts, introducing first
and second order solutions. Goldstein [24] then introduced a more general acoustic analogy
which presented a new approach for defining the base flow.

In the case of combusting flows, Strahle’s work [51] appears to be the first to use an
acoustic analogy to estimate the radiated sound. Strahle [51] argued that part of Lighthill’s
stress tensor featuring the density fluctuations is the dominant source term of Lighthill’s
equation. He then presented two estimates for the acoustic power based on wrinkled flame
and distributed reaction models. In his subsequent work [52], he reformulated this monopolar
source term as a function of heat-release rate fluctuations and argued that the far-field sound
can be estimated regardless of the turbulence structure and flame type. This result is consistent
with the experimental and theoretical study by Hurle et al. [28] and other earlier works, but
provided a more fundamental explanation as to why sound generation by flames is commonly
monopolar. Indeed, variations in the heat-release rate are now commonly considered to have
a significant effect on sound generation [e.g. 9, 10, 18, 25, 26, 27, 36, 47, 53, 54, 55].

Direct Numerical Simulation (DNS) [e.g. 22, 31, 40, 60] and Large Eddy Simulation (LES)
[e.g. 2, 5, 29, 30] have also been used to study sound generation by reacting and non-reacting
flows. LES has perhaps received more attention since it is computationally less expensive and
is also suitable for higher Reynolds numbers. On the other hand, since all relevant features
of the flame and flow are directly resolved and source terms can be directly calculated, DNS
enables more detailed investigation. DNS of sound generation from a turbulent premixed flame
has not yet been reported and is likely to be computationally expensive. However, the simpler
situation of a forced laminar flame still contains relevant dynamics of flow-flame interactions
and their effects on sound generation. This approach has been used in several experimental
studies [e.g. 8, 33, 47, 48].
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One focus of the present paper is therefore to simulate several combusting and non-
combusting, laminar jet flows by resolving both the near field and the far field. Simple chemistry
is a logical first step is used for the combusting cases, and detailed chemistry studies are needed
for the future. The solution of Lighthill’s acoustic analogy on these cases will be validated,
and then used to examine the different source terms. Indeed, this appears to be the first time
that this equation has been closed on a combusting jet flow, providing a solid basis on which
to discuss the relative magnitude of different source terms in Lighthill’s equation.

This approach is analogous to the non-combusting study of Colonius et al. [12], and differs
from the approach taken in two other recent works by the authors [4, 56]. In one of these studies
[4], extended version of Myers’ disturbance energy corollary [43] was closed on a confined
laminar flame, and thus examined the utility of the famous Rayleigh criterion. In another
work [56], the authors examined the validity of flamelet modelling by considering only the
heat release source term in Dowling’s reformulation of Lighthill’s equation for three cases of
different Lewis numbers. However, in the present study, Lighthill’s equation is closed on a
number of combusting and non-combusting laminar jets by developing a solution method that
considers the contribution of boundary conditions such as inflow excitation, reflections from
the inflow and unclosed source regions. Also, the complete set of source terms in Dowling’s
reformulation are considered to investigate the contribution of each source term for all cases
studied.

The present study has two parts. First, acoustically excited premixed flames and non-
reacting jet simulations that resolve both the jet flow and the acoustics will be examined.
A numerical solution of Lighthill’s equation then enables comparison of the source terms of
Dowling’s reformulation of Lighthill’s equation [18] over a range of forcing frequencies.

The following test cases are considered (see Figure 1 and Table 1).

Case NR1: A non-reacting isothermal flow, in which the temperature of the jet is the same
as the far-field temperature.

Case NR2: A non-reacting ‘cold’ flow, in which a jet at the same temperature as Case 1,
enters a domain with the same temperature as the burnt gas in Cases 4 and 5 below.

Case NR3: A non-reacting ‘hot’ flow, in which a jet with the same temperature as the
burnt gas in Cases 4 and 5 below, enters a domain with the same far-field temperature as Case
1.

Cases Rda-e: Premixed laminar flames, surrounded by a far-field that is uniformly at the
flame’s adiabatic temperature. Five simulations with different inlet Mach numbers, Reynolds
numbers, amplitude of excitations and temperature ratios are performed for this configuration.

Case R5: A premixed laminar flame with the same jet temperature as that in Case 1,
surrounded by a far-field with the same temperature as Case 1. In this case, only the region
surrounding the flame’s reaction zone approaches the flame’s adiabatic temperature.

Cases NR2, NR3, R4a and Rb5 feature the same peak temperature differences, inferring that
the magnitude of entropic and density disturbances in all these cases are similar. However, only
cases R4a and Rb5 feature combustion. Comparison of these four cases should therefore deter-
mine the significance of heat release as a source of sound, relative to entropic and other sound
sources. Of the two combusting test cases, case R5 is the most physical arrangement. However,
this study shows that the significant features of sound production by the two combusting flows
(Cases R4 and Rb5) are similar.
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2 Numerical solution of governing equations

There are several challenges in the simulation of sound generation from a jet flow. The source
region in the near field must be properly resolved and the computational domain must be
sufficiently large to examine sound in the far-field. Boundary conditions must be carefully
constructed to prevent spurious reflections. The solver used in this study is a modified version of
NTmix [16]. This code has been employed in numerous studies of DNS and LES of non-reacting
[e.g. 13, 14] and reacting flows [e.g. 1, 3, 4, 46, 54, 55]. Spatial derivatives are approximated
with a 6th order compact finite difference method. Integration in time is achieved with a
fully-coupled third-order Runge-Kutta method.

2.1 Governing equations

A two-dimensional (2D) computational domain is used. Assuming a one-step, irreversible chem-
ical reaction, the governing equations may written:
dp  Opu;

E—i_ al‘z

=0, (1)

Opu; | Opujuj;  Op _ OTij

ot T 0w, T owm o 0wy @)
Oper | O 0 04 '
ot + Oz [(pet +P)Uz] = ij (UszJ) O + QQ, (3)
and opY  dpY o oy
P pYui _ ¢
ot 05, 90, "Por) ~ (4)

where p is the density, u is the velocity, p is the pressure, x is the spatial coordinate, ¢ is time,
T is the viscous stress tensor, ¢ is the heat flux, e; is the specific internal energy (including
kinetic and sensible energy), Y is the fuel mass fraction, 2 is the reaction rate, D is the
mass diffusion coefficient, @) is the specific enthalpy of reaction. The pressure, specific internal
energy, heat-flux and stress tensors are given by the following constitutive relationships.

-1
p=T"pe,T, (5)
Y
1< p
2
et = — up + —, 6
2 ,; "y =1) ©
and dui  Ou; 20
Us (A U
i = — =———0ij)- 7
The heat-release coefficient in equation 3 is given by
«a
Q= 1— anTu- (8)
The reaction rate is expressed as
- —p(1—-0)
2= ApY —_— 9
oV exp | s )
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Table 1: Jet configurations studied.

Case  Configuration BC  win/cy Amplitude Re  Temperature ratio
type a T; /T

NR1 Isothermal jet I 0.04 0.25 80 1

NR2  Cold jet 11 0.04 0.25 80 0.25

NR3  Hot jet 111 0.04 0.25 80 4

Rda Laminar flame v 0.04 0.25 80 0.25

R4b Laminar flame v 0.08 0.25 160 0.25

Rdc Laminar flame v 0.08 0.1 160 0.25

R4d Laminar flame v 0.08 0.25 160 0.14

R4e Laminar flame v 0.08 0.25 320 0.25

R5 Laminar flame A% 0.04 0.25 80 1

where
O = (T—T)/(Ty—=Tu) and A = Boexp(—2). (10)
(0%

In the above, the variable By is the pre-exponential factor, ¢, is the specific heat constant, ©
is a nondimensional temperature and 7' is the temperature. The subscripts v and b correspond
to unburned and burnt gases, respectively. The heat release parameter o and the Zel’dovich
number (3 are given by [45]:

W o= Tu
=

and B = Tay
e

i (1)

where Ty, is the activation temperature. The variable § is 8 in this study.
The runs are specified according to parameters as follows:

_ Pulin Lref
L )

Re

Cplt
Pr=2%=0.
T 3 0.75,

Se= -t — .75,

puD

Da = D—?, and
SL

Sp* = & = 0.01.
Cuy

In the above, St represents the laminar flame speed and the viscosity is p. The Mach number
based on Sy, is denoted S7, Sc is the Schmidt number, Pr is the Prandtl number and Re
is the Reynolds number defined based on the inlet velocity at the centreline u;, and the jet
half-width L, at the inflow boundary. The Damkohler number is Da and is 238 for Case R4c
and 130 for the other combusting cases. All the variables used in the above non-dimensional
parameters are constant.

Table 1 summarises the simulation parameters for each configuration. Cases R4a-e feature
different combinations of jet Mach number, forcing amplitude, Reynolds number and temper-
ature ratio.
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2.2 Computational domain and grid parameters

Figure 2 shows a schematic of the configuration considered in this paper. A symmetry bound-
ary condition was applied on the jet centre-line to reduce computational effort. Non-reflecting
boundary conditions were used for the outflow boundaries [39, 58]. The size of the computa-
tional domain was chosen so that the far-field sound was captured accurately. The far field is
defined as the part of the computational domain in which the right hand side of Lighthill’s
acoustic analogy can be approximated as zero. It was found that y/L,.; > 10 satisfies this
criterion for all cases studied, which is consistent with the literature [e.g. 2]. The discretisation
of the domain employed 1021 grid points in the streamwise direction from z = 0 to 32L,.y
and 541 grid points in the transverse direction from y = 0 to 40L,... Algebraic grid stretching
was applied in order to achieve a sufficiently fine resolution of the flame and simultaneously
capture far-field sound without excessive computational effort. The local grid stretching was
less than 2.0% between adjacent cells.

Resolution was chosen based on extensive studies of the sensitivity of results to the chosen
grid. As an example, a comparison between two different grid sizes, i.e. 801 x 321 and 401 x 161,
for a small domain, i.e. 12L,.c5 X 4L,cf, is shown in Figure 3. This figure shows iso-contours
of the dilatation V.u and unburnt mass fraction field at one instant for St = 0.025 using two
grid sizes. By combining the equations for energy and momentum, it may be shown that in
the far field, the relationship between the pressure and dilatation is:

0 Ou;
gp + pongo i
o0x;

91 =0. (12)
Acoustic studies of non-reacting flows commonly use dilatation as a marker of sound [e.g. 12].
It also amplifies the high frequency component of pressure such that the numerical noise can
be easily observed (see Figure 3). In the context of a premixed flame, dilatation has the useful
feature that the flame location is also visible as a high dilatation region.

As can be seen, numerical noise is observed for the coarse grid even though the flame is
well resolved in both cases. Figure 4 shows the effect of this numerical error on the pressure
history for three different grids, i.e. 401 x 161, 801 x 321 and 1201 x 481 at /L,y = 6 and
y/Lrey = 2 which is outside the flame. It can be seen that the coarse grid is able to capture the
major features of the acoustic field, but with the spurious, high frequency component seen in
Figure 3 again apparent. Thus, the grid resolution required for modelling the sound is greater
than that required for modelling the flame only.

2.3 Boundary conditions

The Navier-Stokes Characteristic Boundary Conditions (NSCBC) were first introduced by
Poinsot & Lele [46]. The present study includes more recent developments of the NSCBC
approach, namely, the effect of multi-dimensionality [58, 59] and the proper treatment of
edges and corners [39].

2.8.1 Inflow boundary

The temperature, velocity and unburnt mass fraction are imposed at the inflow boundary.
Tables 2 and 3 show the different types of inflow boundary conditions for all cases presented
in Table 1 where y* = y/Lycs.
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Table 2: Temperature profiles at the inflow boundary.

Type Temperature

I T(y*) = Trey

11 T(y*) = DdTu  To-Tu ganh 2.5 (y* — 1/y*)]
ITI T(y*) = DofTe — BooTu tanh [2.5 (y* — 1/y*)]
v T(y*) = BedtTu § ToTu tanp[2.5 (y* — 1/y%)]
A% T(y*) = Tu + (Ty — Tu) exp[—20(y* — 1.2)?]

Table 3: Unburnt mass fraction profiles at the inflow boundary.

Type Unburnt mass fraction

I Y (y*) = 0 (non-reacting)

1I Y (y*) = 0 (non-reacting)

11 Y (y*) = 0 (non-reacting)

v Y(y*) = % — %tanh 2.5 (y* —1/y™)]
\ Y(y*) = 5 — 5 tanh [2.5 (" —1/y")]

The inlet velocity is imposed as follows:
u1(0,9",t) = uo(y™) (1 + asin(2rft)) and wu2(0,y") =0, (13)

where

Uin

uo(y™) = (1 —tanh [2.5(y" — 1/y")]) . (14)
The variable u;y, is the centreline velocity at the inflow boundary. The amplitude of the forcing
a as shown in Table 1 was constant. The forcing amplitude of 25% is used in all cases except
for Case R4c to obtain a reasonable amount of flame wrinkling and sound generation by these
laminar flames. To investigate the effect of forcing amplitude, Case R4c with an excitation
amplitude of 10% was also considered. The frequency of the inflow forcing fo is represented
nondimensionally as a Strouhal number by

St = foLref/Cu. (15)

The jet half-width at the inflow boundary (L,.f) was used to define the Strouhal number.
A similar definition is used in other studies on sound generation by jet flows [e.g. 2]. The paper
considers the cases of Strouhal numbers of 0.02, 0.025, 0.05, 0.1 and 1.

In order to enforce these boundary conditions at the inflow, the time-derivative of temper-
ature, unburnt mass fraction and velocity components can be found as follows,

oTr oY

9 oL 0, (16)
8u1 . * 8u2 .
e 2ar f cos(2m ft)uo(y™), and 5 0™ 0. (17)
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By substituting equations 16 and 17 into NSCBC equations (see Poinsot & Lele [46]), the
characteristic wave amplitudes can be obtained. These wave amplitudes can be used to calcu-
late the time-derivative of density at the inflow boundary. The pressure at the inflow is then
calculated from equation 5.

3 Solution of Lighthill’s acoustic analogy

Lighthill’s equation in pressure form is used to study the sound generation [17],

R 9.

2. o2 P = 520z, (pusus = 7i5) = 557

(18)

In the above, variables in the far field are denoted by a subscript co. The excess density is
denoted:

Pe =P — oo — (P — Poc)/Cho- (19)

By taking the Fourier transform of equation 18, Lighthill’s acoustic analogy can be expressed
as a Helmholtz equation,

0

2,2 CNO
(w/coe + V)P = 78%8%

(P75 — 73) — o, (20)
where (A) denotes the Fourier transform of (), for example

payw) = [ playe 21)

Solution of equation 20 for an unbounded domain can be performed using free space Green’s
functions. Such solutions have been proposed in the literature [e.g. 15, 51]. However, close
agreement with such a solution is not possible in the present study for two reasons. First,
sound radiation from the forced inflow boundary is significant, and thus the flow cannot be
approximated as unbounded. Further, even if this could be ignored, the size of the numerical
domain required to give close agreement with the free space results would be significantly
larger than that used in some cases.

This paper therefore takes an alternative approach, by developing a solution of equation 20
for a bounded domain. This solution is inevitably more complex than its free space equivalent,
which is also discussed briefly in this paper. However, it can be validated against the numerical
simulations, thus giving confidence in subsequent analysis of individual acoustic source terms.

Our formulation differs from other approaches such as Ffowcs Williams - Hawkings (FWH)
[21] in which the effect of boundaries appears as source terms. In the standard FWH formula-
tion and its variants [41, 42], the information on the surface enclosing the source region is used
to calculate the density fluctuations in the far field. However, our formulation is preferred in
the present study since it allows separation of the sound generated by the near field from that
radiated from the inflow boundary.

The bounded domain Green’s function solution of equation 20 for a 2D problem can be
expressed as,

ﬁ(ro,w):/Aof(r)G(r|r0)dA—/loﬁ(r,w)VG(r\ro).ndl—l—/lo Clrlro) Vi(r,w)ndl,  (22)
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where
0 - 2 .
f(r) = m(l)uiuj — Tij) + W pe, (23)

and G is the Green’s function. The terms Agp and lp are the area and boundary of the source
region. If the boundaries have no reflections or acoustic energy flux, the corresponding integral
terms will be zero. However, when the flow is excited at the inflow or the boundary passes
through the source region, these terms are non-zero and must be retained.

The Green’s function for a 2D problem can be expressed using a Hankel function [20],
Grlro) = FH{" (xlr = ro)) (24)
where
Kk =w/Coo. (25)

Using equation 24 for the 2D problem shown in Figure 5, equation 22 can be reformulated as
follows:

plrow) = 5 [ £ (xlr = rol)aA

v

~~

Term I
+ 5 o ﬁ“’”%ﬁﬂf”(mlr—m\)ndl
Ter‘I:] 11
v /l HO (ke — roD%(r,w).ndz. (26)
Ter:; I1I

One needs to distinguish between the variable p on the right and left hand sides of equation
26. The variable p on the right hand side is obtained from the simulations since it is set as
the boundary condition in Lighthill’s equation, while p on the left hand side is the solution
of Lighthill’s equation. Term I in equation 26 shows the contribution of the right hand side
of Lighthill’s equation to the radiated sound. Terms II and III show the effect of reflection,
excitation and non-zero sources at the boundaries. In order to obtain the Fourier transform
of the pressure in the far field, terms II and IIT must be calculated at all boundaries of the
computational domain. Boundary of the domain, [y is therefore decomposed into four lines,
i.e. two horizontal lines at —y; and +y; extending from x = 0 to = z; and two vertical lines
at 0 and z;, extending from y = —y; to y = +y;. Terms II and IIT may be then expressed as,
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— Yy
[ 000 2 EO L (e — xol)nat = [ e, )
lo T

7

Zro g (1) dy
1

(21~ 320 00
2

Kkr2)dy

rz=x;

—Yi
Yi
+ / p(r,w)
Y=Y
1

YL Yro Hl(l)(lﬂ”g)dm
r3

+ [t

J0
]
+ / p(r,w)
0

Y=y

Yt Yo g (rg)dz,  (27)
T4

Yy=—u

and

HEY (kr1)dy

o u o
H{O (sl — vol) 22 (r,w)ndt = — [* P (r,0)
i S~y

o =0

Hél)(nrg)dy

r=x

1 613
%(Rw)

zlaﬁ
+/ —(r,w
. 9,

Xy aﬁ
- —(r,w
0 33/( )

Hél)(nrg)da:

Y=y

HSY (krs)da. (28)

y=—u
The variables r1, r2, r3 and r4 (see Figure 5) are defined as
re=/zf+ (yo —¥')?,
ra = \/(960 —x1)* + (yo —v')%,
r3 = \/(3:0 —x')2 + (yo — y1)?, and
T4 = \/(xo —a')? + (yo + u1)*.

where x’ varies from 0 to x; and 3’ varies from —; to y;. It is straightforward to show that
if the boundary at x = x; does not pass through the source region and is a non-reflecting
outflow boundary, the sum of terms II and III calculated at x = x;, y = —y; and y = y; can
be neglected, resulting in equation 26 reducing to

prow) = 5 [ S@H (rlr —rol)da

Tro ,-(1) i (Y Op
Lro pp dy — 2 op
ro (rr1)dy 4.)_y Oz

1K Yi .
+ — p(r,w)
4 —Y

HD (kr1)dy.  (29)

=0

(r,w)

Equation 29 can be simplified further by dividing the problem into two sub-problems, a
and b, each of which is a solution of equation 20 such that

p(ro,w) = pa(ro,w) + po(ro,w), (30)
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where
fat) =), | =d| 2o o (31)
v v Pl o TPsy B w0
and
_ A _o 9 _0p
Tolr) =0, P =0 0, Oz lu=0  Ozle=0 (32)

Equation 29 then shows that the solution for problem a is

) ) Yi
pulvo.) = § [ H (vl —rohaA+ 5 [ pr.w)
0

—Yi

%Hf)(/{m)d% (33)
1

=0
whilst the solution for problem b is

1 yl@

po(ro,w)=—7 [ SP(w)|  Hg(kr1)dy. (34)

=0

Since dpa /0x = 0 in problem a, its solution is symmetric around z = 0. The method of images
can therefore be used [20], resulting in

pulvo.w) = ¢ [ FOHP e —roDdA+ L [ FwH (el —vohda, (35)
where
r' = —xi+yj. (36)
The complete solution for p can then be obtained as follows.
plrow) = 5 [ S0H (el —voldA+ § [ 1) H (rlx' = rol)A

1 Y aA
-1/ sow)|  H(er)dy. (37)
Y

z=0

In the present case, the last term in equation 37 is significant within the jet and so must be
included in this solution. For example, as shown in Figure 6, 9p/9n cannot be neglected in the
near field for St = 1 and case NR1. The first two terms on the right hand side of equation 37
both contain f(r). These two terms are not combined since one is the result of generation of
sound by the source region and the other is the result of reflection from the inflow boundary.
The third term can be interpreted as the effect of excitation.

The resulting Fourier transform of the pressure in equation 37 can be considered as a sum
of the components,

]3 - ﬁzn + ﬁst + ﬁez7 (38)
where
. i ), g0 i (Y Op (1)
Pin(ro,w) = — fr)Hy " (k|r" —ro|)dA — — —(r,w) Hy" (kr1)dy, (39)
4 Ag 4 —y; ox -0

. i O(puiu; — 7i;
Pst(ro,w) = - O(puitj — 7ij)

W
4 Ja, 01,0 Hy" (k|r — ro|)dA (40)
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and
’iw2 1
peatro,w) = = [ eH (klr — voldA ()
4 Ja,

The variables pin, Pst and pes describe the respective contribution of the inflow boundary, the
part of Lighthill’s stress tensor including the Reynolds-stress term and the excess density term
to the radiated sound.

3.1 Solution of Dowling’s reformulation of Lighthill’s equation

Dowling [18] rearranged the excess density term 92 pe/Ot% in Lighthill’s equation to examine
sound generation by combusting flows,

1 82]) 2 82
01; (puiuj — 7ij)

poc (Q2 1 0gi 7y Dus
p \cT T O0x;  cpT Oy

2 —
+18[<lpoocoo)Dpp poon}

c2, Ot?

+

ox
9
ot

c2, Ot pc? Dt p Dt
82
+ m(uipe)- (42)

The term in the top row on the right hand side of equation 42 is the well known quadrupole
source of Lighthill’s theory. All other terms in the remaining rows are part of the excess density
term. The term in the second row on the right hand side of equation 42 is a monopolar source
term. It comprises the effects of heat release, heat conduction and viscous work on the radiated
sound. The term in the third row in equation 42, as interpreted by Dowling [18], is appreciable
if the mean density and sound speed of the source region are different from the far field. This
term can be reformulated as follows:

10 [(,_pe\ e p—psDp :i(p;) Dp_ & Dp (43)
2, ot pc2 ) Dt p Dtf & \p/\Dt ~Dt)

For small p’/p, as occurs in low Mach number flows, this term should be small compared to
the other source terms. The last term in equation 42 is a dipole source and describes the effect
of changes in the momentum of density inhomogeneities.

The variable pe; in equation 38 can be reformulated using equation 42,

ﬁex = ﬁhr + pth + ﬁvis + ﬁexl + ﬁer, (44)
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where
~ wpooQ/ Q (1)
r(ro,w) = — — | H — dA, 4
Prr(ro,w) i (pc T) o (klr —rol) (45)
Pin (vo,w) = — 2P (E> H (k]r — rol)dA, (46)
4 Ja, \pcpT
~ WPco Tija/uyawj) (1)
vis 5 = - H — dA, 47
e W M G~ e LG ) (47)
- w oo\ Dp  p—poo Dp (1)
ex 5 = = 1— - — — | H, — dA, 4
proios) = =i [, |(155%) B = P g 8 e v )
and
~ _ w 0 —— (1)
pezz(l‘o,w)——z P (Uipe)HO (H‘I‘-I‘ODCZA. (49)
A, 0T4

The variables pn., prn and Pyis are the effects of heat release, heat conduction and viscous
stress on the radiated sound respectively. Terms pez1 and peqs2 are due to the effects of density
inhomogeneities. As mentioned above, pes1 is expected to be small for low Mach number flows.

4 Results and discussion
4.1 Simulation results
4.1.1 Non-reacting jets

Figures 7a-c show the dilatation V.u field at an instant for the non-reacting cases forced at
St = fLyes/cu =1 and St = 0.1. Figures 7a-c suggest that the jet has a significant effect on
the directionality of all non-reacting cases in the high frequency limit. For instance, Figure
7a shows that the magnitude of the dilatation significantly decreases at an angle ¢ greater
than 30° for St = 1 where ¢ represents the angle from the jet centreline. This is consistent
with the observation in Figure 8a (Case NR1). These results suggest that the contribution
of the quadrupolar and dipolar source terms in Lighthill’s equation should be significant in
these instances. As can be seen from Figure 8, for Cases NR2 and NR3 (St = 1) the jet has a
significant effect on the incoming acoustic waves. This is due to the refraction of sound waves
as a result of a large difference between the speed of sound in the near field and far field. (The
speed of sound in the hot region is twice the speed of sound in the cold region.) As shown in
Figure 8, a ‘zone of silence’ (0 < ¢ < 30°) is formed for Case NR3 and St = 1 which is the
result of a larger sonic velocity in the near field compared with the far field.

At St = 0.1, Figures 7a-c show an almost monopolar pattern for the non-reacting cases.
This is also evident in Figure 8b and may be caused by the strong contribution of the inflow
boundary and the monopolar source terms in Dowling’s formulation of Lighthill’s equation.
More details about the magnitude of different terms will be discussed in section 4.2.

Figure 9 shows a comparison of the pressure amplitude versus non-dimensional Strouhal
number for cases NR1-3, R4a and R5. As can be seen, the non-reacting cases feature a sharp
peak at the excitation frequency. This implies that these cases can be categorised using the
frequency of excitation.
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4.1.2 Combusting jets

Figures 7d and e show the dilatation field at an instant for Cases R4a and R5. Similar to
the non-reacting cases, directionality of the acoustic field is observed at the high frequency
limit (St = 1). This can also be seen in Figure 8, showing that the directionality pattern
changes at angles of 60° and 80° for Cases R4a and Rb5 respectively. As shown in Figures 8,
monopolar behaviour is observed at low to intermediate forcing frequencies. Later analysis will
show that this monopolar behaviour is due to both the contribution of the inflow boundary
and monopolar source terms in Lighthill’s equation.

Figure 10 shows instantaneous contours of unburnt mass fraction at four different forcing
frequencies for Cases R4a, R4b and R5. As briefly discussed in [56], qualitatively similar
observations have been made in experimental investigations [6, 32, 35, 36]. For the highest
Strouhal number, the flame does not respond to the inflow forcing (Figure 10a). As Strouhal
number is reduced, enhanced corrugation of the flame is observed with fluctuations on the
scale of the convective wavelength w;,/f that propagate in the streamwise direction. Figure
10 also shows that the flame dynamics with the hot (Case R4a) and cold far-field (Case R5)
are very similar.

Two important phenomena can be observed at several intermediate forcing frequencies in
the combusting cases (Figures 10c-e). The first phenomenon will be termed ‘flame pinch-off’,
in which a pocket of reactant is detached from an elongated filament in the flame. This event
occurs close to the flame tip and may be observed between the 3th and 4" frames of Figure
10c for Case R4b and elsewhere. An island of unburned reactants is formed at the flame tip
as a result of flame pinch-off and is progressively consumed. This phenomenon will be termed
‘flame island burn-out’. Such events have been observed experimentally in other studies [e.g.
32, 34].

Figure 11 shows dilatation at eight time instants over one period of the inflow forcing for
Case Rda with St = 0.02 and w;n/c, = 0.04. Island burn-out and flame pinch-off may be
observed as strong sources of sound which are essentially monopolar. The observation may be
explained by noting that these annihilation events result in rapid changes of the area of the
flame surface and thus the rate of heat release. The phenomena can also be observed in Figure
12 at higher Mach number. For the flame in a cold domain (Case R5, Figure 13), the region
of non-uniform temperature affects the directionality of the sound waves, but the mechanisms
of sound generation (i.e. pinch-off and island burn-out) are the same.

These results confirm and reinforce experimental observations of similar phenomena. Kidin
et al. [33, 34] studied the sound produced by an acoustically forced conical flame. Two distinct
maxima in the time-history of the far-field pressure were observed. The first peak had the
largest amplitude and was identified with the annihilation of a ‘flame neck’, which is analo-
gous to the ‘flame pinch-off’ discussed here. The second peak was identified with the burning
of a ‘pocket’ of fresh reactants, which is analogous to the ‘island burn-out’ discussed here.
Using experiments on laminar flames, Candel et al. [8] studied sound prdoduction in three
simple situations: interaction of a flame and a wall, flame-vortex interaction, and the mutual
annihilation of two flames, and concluded that rapid destruction of flame surface area was the
most important source of sound. In a separate study by the same group [48], flame collision
events were identified as a strong source of noise in “M” shaped, laminar perturbed flames.

Comparison of the dilatation fields after pinch-off and island burn-out events (for instance,
Figure 12 of t = 0 and ¢ = 57'/8) shows that the pinch-off event is a stronger source of sound
compared with the island burn-out event. In the observed pinch-off event, two curved flames
merge into one another. In the limit of zero flame curvature, this event can be considered as a
collision of two planar flames. The sound generation in a planar case therefore sets one limit
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on the sound generation by flame pinch-off. The island burn-out is similar to an axisymmetric
island burn-out event. The physics of these idealisations of the annihilation events has been
presented in previous studies [54, 55].

The presence of annihilation events has a significant effect on the pressure spectrum. As
can be seen in Fig. 9, at St = 0.02, a broader range of frequencies compared to the non-
reacting cases contribute to sound generation in the far-field. This is because annihilation
events introduce new time scales which are different from the period of excitation.

4.2 Numerical solution of Lighthill’s equation

Equation 37 was solved numerically. Figure 14 shows a comparison between this solution of
Lighthill’s equation and the simulation results for several cases. The simulation results and
numerical solution of Lighthill’s equation agree very well in all cases, validating the numerical
solution. It can also be observed that the inflow boundary significantly contributes to the
solution of Lighthill’s equation at St = 0.02.

4.2.1 Contribution of the source terms

The magnitudes of ps¢ and per defined in equations 40 and 41 evaluated at x = 8Ly,
y = 30L,.s are shown in Figure 15 for several cases. As can be seen, the excess density term
is the dominant term in the non-isothermal jets and both flames.

In order to investigate the contribution of the excess density term in more detail, contour
plots of this term are shown for cases NR2, NR3, R4a and R5 for high and low frequency
excitation in Figure 16. For both cases R4a and R5 and St = 0.02, the source region covers
the part of the domain where the flame surface area variation occurs. However, when St = 1,
the flame surface is a small part of the source region.

The magnitudes of Ppr, Dih, Dvisc, Dex1 and Pez2 defined in equations 45-49 are shown in
Figures 17 and 18. The density inhomogeneity term pes1 is small compared with the other terms
for all cases, which is the expected behaviour for a low Mach number flow and is consistent
with the discussion in section 3.1 (equation 43). The viscous stress term p;s is also negligible
for all cases studied here. However, it can be observed that pes2 , which represents changes
in the momentum of density inhomogeneities, dominates for the non-isothermal, non-reacting
cases (i.e. NR2 and NR3). It may also be observed that the term due to heat conduction, pip
is at least an order of magnitude smaller than pez2 for the non-reacting cases.

For the combusting flows (Cases R4 and R5), Figure 18 shows that both pp,. and pes2 are
significant source terms. The relative contribution of the heat release term py,,. increases as the
excitation frequency decreases in most cases. However, the excess density term pez2 remains
the dominant term in some cases for combusting flows. This contradicts the view that the heat
release source term is the only significant term in a low Mach number combusting jet. Also, It
may be observed that p:, is comparable to pp, for St > 0.1 in Cases R4a and R5. This may be
expected since heat conduction and heat release are intimately connected in premixed flames.

Comparison of Cases R4b (a = 0.25) and R4c (a = 0.1) shows that lowering the forcing
amplitude leads to greater contribution from the heat release term relative to the excess density
term. However, these two terms are still comparable for Case R4c. Further reduction in the
amplitude of excitation from 10% will lead to less lame wrinking and sound generation as a
result. Therefore, amplitudes lower than 10% were not considered in this study. Increasing the
temperature ratio from 7T, /T,, = 4 (Case R4b) to Ty /T, = 7 (Case R4d) once again shows an
increase in the contribution of the heat release term in particular at low frequencies. However,
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the excess density term is still comparable to the heat release term for Case R4d. By comparing
Cases R4b (Re = 160) and R4e (Re = 320) no clear conclusion can be drawn on the effect of
Reynolds number on the relative contribution of the heat release term to the excess density
term. This is very likely because of the relatively small range of Re studied.

Nonetheless, comparison of all combusting cases in Figure 18 shows that both the heat
release and excess density terms play a significant role in sound generation. Further comparison
of Figure 17 and 18 shows that the excess density terms are comparable.

5 Conclusions

Acoustically forced laminar jet flows have been studied theoretically and numerically. Isother-
mal, non-isothermal and combusting jets were compared. The non-combusting, non-isothermal
jet flows were simulated with the same temperature ratio as the combusting flows, implying
that the magnitude of entropic and density disturbances was similar to the combusting cases.

All cases studied showed a significant directional dependence of the radiated sound on
the jet forcing frequency. The sound radiated was directional at high forcing frequency, but
monopolar at low forcing frequency in all cases. For the combusting flows, this monopolar
behaviour at low frequency was in part due to flame annihilation events, demonstrating the
relevance of previous work that considered the one dimensional, limiting cases of planar, cylin-
drical, and spherical flame annihilations [54, 55].

Lighthill’s equation as reformulated by Dowling [18] was then employed to examine the
relative importance of the source terms involved in these jet flows. Since the far field was
resolved in the simulations, validation of the numerical solution of Lighthill’s equation was
first performed, providing a solid basis on which to discuss the relative magnitude of different
source terms in Lighthill’s equation.

As expected, the so-called ‘excess density’ term in Lighthill’s equation was observed to
be significantly larger than the ‘Reynolds stress term’ for all non-combusting, non-isothermal
cases. More surprisingly however, decomposition of this excess density term revealed that, in
the limit of high forcing frequency, the term describing changes in the momentum of density
inhomogeneities was the dominant source term for all combusting and non-isothermal cases.
Over the range of frequencies at which flame annihilation occurred, this term due to density
inhomogeneities was still comparable in magnitude to the heat-release source term. It therefore
appears that a number of terms contribute to sound generation for acoustically forced, laminar
combusting flows. Further research is now needed to investigate the contribution of each term
in turbulent premixed flames.
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Fig. 1: Steady temperature field Tcp/cu2 for Cases NR2, NR3, R4a and R5.



18

Mohsen Talei et al.

a) b)
n Z
\Corner 1 § é
Non-reflecting boundaries 5 Non-reflecting boundaries &
5 <
= =
5 3
Shear layer | |2 o
Corner 2
Flame
Imposed velocity and temperature Imposed velocity, temperature

Fig. 2: Schematic of the computational domain: a) Cases NR1-NR3 and b) Cases R4-5 (not to scale).
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Fig. 3: Unburnt mass fraction and dilatation contours at the same instant for a) fine and b) coarse grids,
Case Rdb, u;y/cy = 0.08 and St = 0.025.
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Fig. 5: Schematic of the coordinate system and the source region. Source region shown with Ag is a part of
the domain within the dashed lines. The vector r is a distance vector of a point within the source region
whereas rg is a distance vector for a point in the far field.
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Fig. 6: Real (solid line) and imaginary (dashed line) parts of 9p/On at the inflow boundary for St = 1 and
Case NRI1.
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Fig. 10: Time evolution of unburnt mass fraction (black - burnt; white - unburnt), thresholded at 50% at St
of a) 1, b) 0.1, ¢) 0.05, d) 0.025 e) 0.02. For each case, time evolves with a constant time interval from the
leftmost frame to the rightmost frame.
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Fig. 11: Instantaneous dilatation field L,cyV.u/cy for Case R4a, St = 0.02 and i /cu = 0.04.
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Fig. 12: Instantaneous dilatation field L,¢fV.u/cy for Case R4b, St = 0.02 and uin/cu = 0.08.
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Fig. 13: Instantaneous dilatation field L.y V.u/cy for Case R5, St = 0.02 and u;, /cu = 0.04.
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