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Output feedback event-triggered control

Mahmoud Abdelrahim, Romain Postoyan, Jamal Daafouz andgdbrilesic

Abstract Event-triggered control has been proposed as an alteeniatiplemen-
tation to conventional time-triggered approach in ordereduce the amount of
transmissions. The idea is to adapt transmissions to the agtdhe plant such that
the loop is closed only when it is needed according to thelgtatr/and the perfor-
mance requirements. Most of the existing event-triggecedrol strategies assume
that the full state measurement is available. Unfortugatieis assumption is often
not satisfied in practice. There is therefore a strong neeafpropriate tools in the
context of output feedback control. Most existing works lois topic focus on lin-
ear systems. The objective of this chapter is to first sungaanr recent results on
the case where the plant dynamics is nonlinear. The appmadbllow is emula-
tion as we first design a stabilizing output feedback law andbsence of sampling
then we consider the network and we synthesize the eveugteting condition. The
latter combines techniques from event-triggered and tiggered control. The re-
sults are then proved to be applicable to linear time-imrar{LTI) systems as a
particular case. We then use these results as a startingtp@ilaborate a co-design
method, which allows us to jointly construct the feedbaci &nd the triggering
condition for LTI systems where the problem is formulateteirms of linear matrix
inequalities (LMI). We then exploit the flexibility of the rtteod to maximize the
guaranteed minimum amount of time between two transmissidhe results are
illustrated on physical and numerical examples.
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1 Introduction

In many control applications nowadays, the plant and thérober communicate
with each other via a shared communication network. Thikitacture is referred
to asnetworked control systen{8ICS) and offers great benefits compared to the
conventional point-to-point connection in terms of lightéring, lower installation
costs, greater abilities for diagnosis, flexible reconfigion and ease of mainte-
nance. A major challenge in NCS is to achieve the controlatives despite the
communication constraints induced by the network (likeetimarying sampling,
delay, packet dropout, etc.). Since the network may be diarether applications,
it is desirable in practice to reduce the usage of the network

In conventional setups, data transmissions are time-u@ral two successive
transmission instants are constrained to be less than a dixestant, called the
maximum allowable transmission interv@ATI) (see e.g.[26], [16]). Although
this strategy is appealing from the analysis and the impieat®n point of views, it
is not obvious that time-triggering is always appropriateNCS. Indeed, the same
amount of transmissions per unit of time is generated urfdsrgaradigm, even
when transmissions are not necessary in view of the corttjettives. To overcome
this shortcoming, event-triggered control has been prepas an alternative [6],
[7].

Event-triggered control is an implementation techniquevirich the transmis-
sion instants are defined based on a state-dependentarritéhie idea is to adapt
the amount of transmissions according to the system state that the feedback
loop is closed only when it is needed in view of the stabilindeor performance
requirements. This may significantly reduce the amountaofamissions compared
to the time-triggering paradigm, seeg.[14, 20, 24] and the references therein. A
fundamental issue in event-triggered implementation entsure the existence of a
uniform strictly positive lower bound on the inter-transsion times. The existence
of such a lower bound on the inter-transmission times is mbt aseful to prove
stability but this requirement is also essential to prevwbetoccurrence of Zeno
phenomenori,e.to avoid the generation of an infinite number of transmissiara
finite time, as well as to respect the hardware constraints.

Most of the existing results on event-triggered controuass that the full state
measurement is available and can be used for feedback,g¢&4, 15, 21]. This
is not realistic in many applications since in practice wienfhave access to an
output of the plant and not to the full state. It appears thaitesign of output feed-
back event-triggered controllers is much more challengimgarticular because
it is more difficult to ensure the existence of a minimum anafrtime between
two control input updates compared to the state feedbaek sas [8]. Few results
in the literature have addressed this problem and mostliirfear systems. To the
best of our knowledge, this problem has been first invegdyat [12] and then in
e.0.[8,9,18, 25, 28] for LTI systems and only in [27] for nonlimesgstems.

The purpose of this chapter is to explain how to synthesiabilgting output
feedback event-triggered controllers for a class of naalirsystems. We first design
the event-triggered controllers by emulatioe, a stabilizing feedback law is first
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constructed in the absence of network and then the trigg@andition is synthe-
sized to preserve stability. The design objectives are arantee a global asymp-
totic stability property and to ensure the existence of daumi strictly positive
lower bound on the inter-transmission times. The proposadegsly combines the
event-triggering condition of [24] adapted to output measents and the results
on time-driven sampled-data systems in [17]. Indeed, teatetriggering condition

is only (continuously) evaluated aftér units of times have elapsed since the last
transmission, wher& corresponds to the MATI given by [17]. This two-step proce-
dure is justified by the fact that the adaption of the eveiggaring condition of [24]

to output feedback on its own can lead to the Zeno phenoméiniuas to be noted
that the event-triggering mechanism that we propose ismdifft from the periodic
event-triggered control paradigm, seg.[13], [19], where the triggering condition
is verified only at some periodic sampling instants. In osec#he triggering mech-
anism iscontinuouslyevaluated, oncé& units of time have elapsed since the last
transmission. For LTI systems, the required conditions@i@mulated as an LMI
which is shown to be always feasible for LTI systems that tabikzable and de-
tectable. To further reduce transmissions, we start framréisults obtained by em-
ulation to develop an LMI-based co-design procedure to Banaously design the
output feedback law and the event-triggering conditionLfbr systems. We have
then exploited these LMIs to enlarge the guaranteed mininmien-transmission
time. The results are demonstrated on illustrative exasaflkis chapter summa-
rizes our results in [1-4], where the interested readerfinill the proofs as well as
additional results and examples.

2 Emulation design for nonlinear systems

In this section, we explain how to synthesize stabilizingpot feedback event-
triggered controllers for a class of nonlinear systems bylation. After deriv-
ing the hybrid model of the closed-loop system, we recall wiilastrative exam-
ple taken from [8] the main issue with output feedback ewaggered controllers
which does not allow for straightforward extension of thésgmg results on state
feedback control. Then, we present the technical assungptiee impose on the
nonlinear system and we introduce the triggering conditiga then state the main
stability result. Finally, we demonstrate the techniqueaosingle link robot arm
model.

2.1 Hybrid model

Consider the nonlinear plant model

Ly = fp(zp,u), Y = gp(zp), (1)
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wherez, € R"» is the plant statey € R™+ is the control inputy € R"v is the
measured output of the plant. We first ignore the commuminatbnstraints and we
focus on general dynamic controllers of the form

te = fe(ze,y), u = ge(Te,y), 2)

wherex,. € R"« is the controller state. We emphasize thatipesystem is not nec-
essarily an observer. Moreover, (2) captures static feddbavs as a particular case
by settingu = ¢.(y). We follow an emulation approach in this section. Hence, we
assume that the controller (2) renders the origin of systEnglpbally asymptoti-
cally stable in the absence of network. Afterwards, we takeaccount the commu-
nication constraints in the sense that the plant output e@dantrol input are sent
only at transmission instants i € Zx,. We are interested in an event-triggered im-
plementation in the sense that the sequence of transmissitamts is determined
by a criterion based on the output measurement, see Figteeach transmission

uy) u) Controller <—g(t)1 v(t)

Triggering |----
— oo condition |«

Fig. 1 Event-triggered control schematic [8]

instant, the plant output is sent to the controller which patas a new control in-
put that is instantaneously transmitted to the plant. Werassthat this process is
performed in a synchronous manner and we ignore the coniputanes and the
possible transmission delays. In that way, we obtain

Cb}? = fp($p7ﬁ)7 ‘i‘{r = fc(xcay) te [ti,ti+1]
g =0, =0 t e [ti,ti+1]

wherey and respectively denote the last transmitted values of thet@atput
and the control input. We assume that zero-order-hold dewace used to generate
the sampled valueg and, which leads toj = 0 anda = 0. We introduce the
network-induced erro¢ := (e, e,) € R"<, wheree, := § —y ande,, := & — u
which are reset t® at each transmission instant. We notice that the closegl-loo
system is a hybrid dynamical model since it combines coptisttime evolutions
(the plant and the controller dynamics) and discrete phemanftransmissions). We
model the event-triggered control system using the hylmich&lism of [10] as in
e.g.[8, 9, 20, 23] for which a jump corresponds to a transmissiorthat way, the
system is modeled as
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T f((E, 6) CE+ X
el =1 g(ze) (z,e,7) € C, et =1(0 (z,e,7) € D, (3)
T 1 T+ 0

wherex := (zp,z.) € R" andr € Rx¢ is a clock variable which describes the
time elapsed since the last jumf{z, e) = (fp(xp, ge(xe, y+ey) +eu), fele, y+
ey)) and g(z,e) = (_aimpgp(xp)fp(xpagc(xay + €y) + eu), _%gc(xcay +
ey)fe(e,y + €y)).

The flow and the jump sets of (3) are defined according to thgering condition
we will define. As long as the triggering condition is not atad, the system flows
on C and a jump occurs when the state enterdinWhen (x,e,7) € C N D,
the solution may flow only if flowing keep&e, e, 7) in C, otherwise the system
experiences a jump. The functiofisndg are assumed to be continuous and the sets
C and D will be closed (which ensure that system (3) is well-posed, Ghapter 6
in [10]). We briefly recall some basic notions related to tiibrid formalism of [10].

The solutions to system (3) are defined on so-called hyhrid iomains. A set
E C R x Z>g is called acompact hybrid time domaif E = U([t;, t;41], ) for
j €10,...,J — 1} and for some finite sequence of times= ¢, < t; < ... < t;,
and it is ahybrid time domainf for all (T,J) € E,E N ([0,T] x {0,1,...,J})
is a compact hybrid time domain. A functiegh: £ — R™ is a hybrid arc ifE is
a hybrid time domain and if for each € Z>o,t — ¢(t,7) is locally absolutely
continuous on’’ := {t : (t,j) € E}. A hybrid arce is a solution to system (3) if:
(i) (0,0) € C U D; (i) forany j € Zs>o, ¢(t,5) € C ando(t,j) = F(o(t,5))
for almost allt € I7; (i) for every (t,j) € domg such that(t,j + 1) € domg,
o(t,j) € Dande(t,j + 1) = G(¢(t, j)). A solutiong to system (3) isnaximalif
it cannot be extendedpmpletdf its domain, domp, is unbounded, and it iBeno
if it is complete andup, dom¢ < oc.

2.2 Counter example[8]

Before presenting our results, we first explain the issué wittput-based event-
triggered controllers which prevents the direct extensibstate feedback results.
To clarify the problem, we recall the numerical example ihvi®ere an LTI plant
model is given by

Tp = [_02 zl),] p + m u, y=I[-1 4]z, (4)

wherez € R? is the plant statey € R is the control input ang € R is the output
of the plant. Let us first consider the state feedback case[24]. In the absence of
network, the closed-loop system can be stabilized by the $&dback controller
u = [1 — 4]z,. By taking into account the effect of the network, we define th
network-induced error as(t) = x(t;) — x(t) for almost allt € [t;,¢;+1]. It has
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been shown in [24] that the triggering condition
le] < olx| (5)

for some sufficiently small > 0, guarantees an asymptotic stability property for
the closed-loop while the inter-transmission times areciolounded by a strictly
positive lower bound, under some conditions as illustratdelgures 2, 3.

10

_\Z’l
R, )
st
()
°
E LT e
2 T T T e
2 /
= ;
’
-5+ ',
’
,
P
-7
o 1 2 3 a4 6 7 8 9 10

Timel[s]

Fig. 2 State trajectories of the plant.

Inter—transmission times

Transmission instants

Fig. 3 Inter-transmission times.

We recall now the output feedback case in [8] where systeris (@abilized by
the following dynamic controller

Te = [8 _15} ZTe + [(1)} Y, u=[1 —4] ., (6)

wherez. € R? is the state of the dynamic controller. Define the netwoduiced
error ase, (t) = y(t;) — y(t) for almost allt € [¢;,t,41]. The straightforward
extension of the triggering condition (5) yields

ley| < alyl. (7)

Unfortunately, this triggering rule is not suitable sinckemy = 0, an infinite
number of jumps occurs for any value:f # 0. This situation is shown in Figure
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4 where we note that the transmission instants accumulate at7674. In [8], this
issue was overcome by adding a constant to the triggerinditiom which leads to

ley| <oyl +e ®)

for somes > 0, from which a practical stability property is derivade. the state
trajectory converges to a neighbourhood to the origin whsize’ depends on the
parametee.

o
13

I
IS

o
w

o
N

o
-

Inter-transmission times

o 9999 T | ‘ | 29999000
0 0.2 0.4 0.6 0.8 1 .
Transmission instants

Fig. 4 Inter-transmission times with a zoom-in of the last trarssioins.

In this chapter, we aim to design the flow and the jump setssitsy (3),.e.the
triggering condition, such that a global asymptotic sigbproperty is guaranteed
and the number of transmissions is reduced, while ensurmgtistence of a strictly
positive lower bound on the inter-transmission times.

2.3 Stability results

We first make the following assumption on system (3), whidhspired by [17].

Assumption 1 There exist locally Lipschitz positive definite functiéhs R+ —
R>o andW : R™ — R>q, a continuous functio/ : R"» — Rx, real numbers
L>0,v>0,aac Kt and continuous, positive definite functiohs R —
R>p anda : R>9 — R such that, for allz € R™»

a(|z|) < V(z) <a(lz]), 9)
for all e € R™ and almost allz € R"»
(VV(2), f(x,e)) < —a(lz]) = H*(x) = d(y) +v*W?(e) (10)

and for allz € R™ and almost alk € R"

1 A continuous functiony : R>¢ — R is of classK if it is zero at zero, strictly increasing, and
itis of classK if in addition~y(s) — co ass — oco.
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(VW(e),g(z,e)) < LW (e) + H(x). (11)

O

Conditions (9)-(10) imply that the systein= f(x, ¢) is L2-gain stable froniV to
(H,+/5). This property can be analysed by investigating the rolasstproperty of
the closed-loop system (1)-(2) with respect to input andldput measurement er-
rors in the absence of sampling. Note that, sifi¢és positive definite and continu-
ous (since itis locally Lipschitz), there existss K, such thalV (e) < x(|e]) (ac-
cording to Lemma 4.3 in [11]) and hence (9), (10) imply thatslgstemi: = f(x, e)
is input-to-state stable (ISS). We also assume an exp@hgniwth condition of the
e-system on flows in (11) which is similar to the one used in [17]

Under Assumption 1, the adaptation of the idea of [24] leada triggering
condition of the form

VW2(e) < d(y). (12)

The problem is that Zeno phenomenon may occur with this tyfréggering condi-
tions as explained in Section 2.2. We propose instead toaieilhe event-triggering
condition only aftefl” units have elapsed since the last transmission, whezer-
responds to the MATI given by [17]. We thus redesign the &igng condition as
follows

YV2W32(e) < 6(y) orr € [0, 7], (13)

where we recall that € R, is the clock variable introduced in (3). Consequently,
the flow and the jump sets of system (3) are

C’:{(:c,e,T) A2W2(e) < é(y)orr e [O,T]}

D:{(x, e,T) :('yQWQ(e) = d(y) andT > T) or ('yQWQ(e) > 0(y) andr = T) }

(14)
Hence, the inter-jump times are uniformly lower boundedZhyThis constant is
selected such th&t < 7 (v, L), where

? arctan(r) vy >1L
T(v,L):=< 1 vy=1L (15)

+—arctanh(r) 7y <L

with r := ,/‘(%)2 — 1] and[L,~ come from Assumption 1 as in [17]. We are ready
to state the main result.

Theorem 1. Suppose that Assumption 1 holds and consider system (3heifltow
and the jump sets (14), where the constéans such thatl" € (0,7 (v, L)). There
existé 3 € KL such that any solution = (¢, ¢, ¢, ) With (6,.(0,0), ¢.(0,0)) €
R"=7F"e satisfies

2 A continuous functiony : R x R>o — Rx is of classKC L if for eacht € R, (., t) is of
classkC, and, for each € Rxq, (s, .) is decreasing to zero.
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02 (t,5)| < B(|(62(0,0),9(0,0))[,t +j) V(t,j) € domg, (16)
furthermore, if¢ is maximal, then it is complete. O

Property (16) indicates that the state trajectory of th&ystem asymptotically
converges to the origin while the completeness propertyi@aghat the hybrid time
domains of the maximal solutions to (3) are unbounded. Thetuivalent to for-
ward completeness for continuous-time ordinary difféedmiguations [5].

2.4 lllustrative example

Consider the dynamics of a single-link robot arm
Tpl = Tp2, Epp = —sin(zp1) + u, Y = Tp1, (17)

wherez,,; denotes the angle,, the rotational velocity and the input torque. The
system can be written as

i’p = Axp + Bu — (b(y)v Y= pr? (18)

T
01 0 1 0
wherez, = (zp1,Tp2), A = {0 0} , B = M ,C = M , o(y) = [sin(y)]' In
order to stabilize system (19), we first construct a statdidaek controller of the

formu = Kz, + BT ¢(y). Hence, system (17) reduces to
&p = (A4 BK)zp, y = Cux,p. (29)

We design the gaii’ such that the eigenvalues of the closed loop system (19) are
(—1,—2) (which is possible since the paid(B) is controllable). Hence, the gain

K is selected to bd{ = [-2 — 3]. Next, since only the measurementpfs
available, we construct a state-observer of the followorgf

Z. = Ax.+ Bu—¢(y) + M(y — Cx.) (20)
= (A—MQC)x. + Bu— ¢(y) + My,

wherez,. € R? is the estimated state aid is the observer gain matrix. We design
the gain matrix) such that the eigenvalues @ — M C) are(—5, —6) (which is
possible since the pait( C) is observable). Thus, the observer gain is selected to
beM = [11 30]T. As aresult, the closed-loop system in the absence of sagpli
is given by

&p = Azp + Bu — ¢(y), y=Cux,

i = (A= MC)ro+ Bu—oy) + My, u—=Kro+BTo(y). 20
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We now take into account the effect of the network. We congliescenario where
the controller receives the output measurements only @éimésion instants, i €
Z>o while the controller is directly connected to the plant attus. We design a
triggering condition of the form (13). As a consequence ftbivork-induced error
ise = e, =y —y and we obtain, for aimost alle [t;, t;11]

iy = Awy + B(Kuo+ BT6(5)) - 6(y)
te=(A—MC+ BK)z.+ MCx, + Me,. (22)

Letz = (z,,z.). Then, system (22) can be written as follows

. < A BK )(%)+<0>e+<¢(y+e)—¢>(y)>
MC A-MC+ BK ) \ a. M 0

=: Az + Be + ¢ (y, e).

(23)
Sincee = ¢ — y and in view of (17), we havé = —y = —z,2. Hence, the
functionsf, g in (3) are f(z,e) = Az + Be + ¢(y,e) andg(x,e) = —xp2. By
taking W (e) = |e| andV(z) = 2T Pz, all conditions in Assumption 1 are sat-
isfied. We obtain the numerical valués= 0,v = 26.5333, which give, in view
of (15),7 = 0.0592. We takeT" = 0.059. Figure 5 shows that the plant and the
estimated state asymptotically converge to the origin aeeted. The generated
inter-transmission times are shown in Figure 6 where we tesemwe the interac-
tion between the time-triggered and the event-triggerieré@. \We ran simulations
for 200 randomly distributed initial conditions such thét(0,0), e(0,0))| < 100
andr(0,0) = 0. The obtained minimum and average inter-transmissionstimes
spectively denoted ag,in and rayg are min = 0.059 and 7ayg = 0.0625. The
constantrayg Serves as a measure of the amount of transmissions (ther bigge
the less transmissions). Figure 7 presents the interrhigs®n times with the trig-
gering conditiomy?W?2(e) < §(y) without enforcing a constant tini€ between
transmissionsife. 7" = 0 in (13), (14)). We note that Zeno phenomenon occurs in
this case as discussed in Section 2.2.

Tpl - == -Tp2 = - = Tcl Te2

Magnitude

I I I I I I I I I
1 2 3 4 5 6 7 8 9 10
Time[s]

Fig. 5 Actual and estimated states of the plant.
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2.5 Application to LTI systems

We now focus on the particular case of linear systems. We dtata the required
conditions in Assumption 1 as an LMI constraint. Considerltfl plant model

&p = Apzp + Bpu, y = Cpxyp, (24)

wherez, € R",u € R™,y € R™ andA4,, By, C,, are matrices of appropriate
dimensions. We design the following dynamic controller tabdize (24) in the
absence of sampling

i, = Acz. + By, u = Cex.+ D.y, (25)

wherex, € R" andA., B., C., D. are matrices of appropriate dimensions. After-
wards, we take into account the communication constraiitsn, the hybrid model
3)is

x Az + Bie xt T
e | = | Asx + Bae (z,e,7) € C, et | =10 (x,e,7) € D,
; 1 Tt 0
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Ap+BpD.Cp B,C. B,D. B
whereA; := ( Bri=1( " ",

B.C, Ae B. 0
—Cp(Ap+BpD.Cp) —CpBpCe —CpBpD. —CpBp
Ay = andfB; ;= .
—C.B.C, —C.A. —C.B. 0

We obtain the following result.

Proposition 1. Consider system (26). Suppose that there exist,, © > 0 and a
positive definite symmetric real matri such that

ATP 4+ PA + 11, + AL Ay + 6,0, C,  PB,

<0, (27

whereC),, = [C,, 0] and O represents the matrix of zeros of sigex n.. Then
Assumption 1 globally holds with (z) = 27 Pz, a(s) = Amin(P)s?, @(s) =
Amax(P)s?, W(e) = le|, H(z) = |Az|, L=|Bs|, 7= /I as) = eas”
andé(y) = e1|y|?, fors > 0. O

Note that, in view of (14) and Proposition 1, the flow and thajusets become

C = {(x,e,T) cy2lel? <eqly)?orT e [O,T]}

D= {(x,e,T) : (72|e|2 = ¢1|y|? andT > T) or (72|e|2 > e1|yl? andr = T)}
(28)

3 Co-design for LTI systems

In Section 2, we have assumed that the feedback control laaknawn in the ab-
sence of network, then we synthesized the triggering cmmdiT his sequential or-
der of design may prevent an efficient usage of the computatid communication
resources as we are restricted by the initial choice of thdldack law. To overcome
this limitation, in this section, we use the triggering citimth designed in Section
2.5 for LTI systems as a starting point to simultaneouslygiethe event-triggering
condition and the feedback law.

Consider the LTI plant model (24) and the dynamic contrd®&). For the sake
of simplicity, we design the dynamic controller (25) with. = 0 and we obtain the
hybrid model (26). Our objective is to design the dynamictoater (25) and the
flow and the jump sets (28) of the hybrid system (26) such tietbnclusions of
Theorem 1 hold. The idea is to start from LMI (27) to establshl MI-based co-
design procedure of both the flow and the jump sets (28) andith@mic controller
(25). It is important to note that the derivation of LMI for-ck@sign from (27) is
not trivial as the nonlinear terml A, depends on the controller matrices. This
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term does not appear in the classical output feedback desaiiems and cannot
be directly handled by congruence transformations likeandard output feedback
design problems [22].

3.1 Analytical result

The following theorem reduces the co-design problem of thtpwt feedback law
(25) and the parameters of the flow and the jump sets (28) tedhrion of LMI.
We use boldface symbols to emphasize the LMI decision viesab

Theorem 2. Consider system (26) with the flow and the jump sets (28).c3a@that
there exist symmetric positive definite real matridésy” € R"»*"», real matrices
M c Rw»*"e Z ¢ Rw»>*™ N € R™*" ande, u > 0 such that

YX(YA,+ ZC,) * * * *x % *
A, +M" XA, X +B,N) x * * ok *
z" 0 —pl,, * * * *
BgY B;;F 0 —pl,, * * <0
YA, +ZC, M 0 0 -Y « *
Ap A, X + BN 0 0 L, —X %
Cp Cp X 0 0 0 0 —el,,
(29)
=y, * * *
0 I, *~ %
o7 0 Y & < 0. (30)
P
T
-XCI' -N" -I,, - X
Takey = \/;, L = |By|,e1 = e ' and
A=V Y M -YA,X -YB,N - ZC,X)U T (31)
B.=V~'Z, C.=NUT,

whereU, V € R™*"» are any square and invertible matrices such thét/ " =
]Inp_—_XY. Then, there existy € KL such that any solutiod = (¢, ¢c, )
satisfies

|02 (£, 7)] < X(I(62(0,0), ¢c(0,0))|,t +7) V(t,5) € dome (32)

and, if ¢ is maximal, it is also complete. O

3 The symbok denotes symmetric blocks whibe(.) stands for(.) + (.)7.
4 In view of the Schur complement of LMI (30), we deduce t@}tl H;; ) > 0 which implies that
np

X-Y~!'>0and thus]l,, — XY is nonsingular. Hence, the existence of nonsingular neric
U,V is always ensured.
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We note that by solving the LMI (29), (30), which are compiataally tractable,
we obtain the feedback law, see (31), and the parameters trigigering condition
v?le? < 1]yl or T € [0, T]. We note also that the nonstandard te4f1A, in (27)
is the reason why the constructed LMI (29) differs from thessical one and why
the additional convex constraint (30) is needed in Theorem 2

3.2 Optimization

Although the existence of strictly positive lower bound & tinter-transmission
times is guaranteed by different techniques in the litestthe available expres-
sions are often subject to some conservatism. It is thexafoclear whether the
event-triggered controller has a dwell-time which is cotitpa with the hardware
limitations. We investigate in this section how to emplog ttMI conditions (29),
(30) to maximize the guaranteed minimum inter-transmissime in order to in-
crease the implementability of the event-triggered cdletro/Ve first state the fol-
lowing lemma to motivate our approach.

Lemma 1. LetS be the set of solutions to system (26), (28). It holds that
T= inf{t'=t:3j € Zoo, (44), (6,5 +1), (', +1), (t',j+2) € domo}. (33)

O

Lemma 1 implies that the lower boufitlon the inter-transmission times guaran-
teed by (28) corresponds to the actual minimum inter-trassion time as defined
by the right-hand side of (33). Hence, by maximizifigwe enlarge the minimum
inter-transmission time.

To maximizeT', we will maximize7 (v, L) in (15). We see thdl increases as
and L decrease. Hence, our objective is to minimizand L. Sincey corresponds
to /i andy enters linearly in the LMI (29), we can directly minimizeunder the
LMI (29), (30). The minimization of_, on the other hand, requires more attention.
We recall thatl. = |Bz| = \/Amax (B2 B2), where

B'CTC.B. 0
BiBy=| °"° o (34)
0 BICTC,B,

hence,

I = max (\//\max(BcTC’CTC’CBC), \/Amax(Bgcgchp)) . (35)

Therefore,L can be minimized up t%/)\maX(BgC’pTC’po) which is fixed as it
only depends on the plant matrices. In view of (31), we hasgé th
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Bfctc.B.=zZ"v-TU-NTNU- TV 1Z. (36)

Thus, L depends nonlinearly on the LMI variablé$ and Z and it can a priori
not be directly minimized. To overcome this issue, we impibsefollowing upper
bound

BICYC.B. < afl,, (37)

for somea, 8 > 0. As a result, minimizingy and 8 may help to minimizel.. We
translate inequality (37) into an LMI and we state the foilogvclaim.

Claim. Assume that LMI (29), (30) are verified. Then, there exisi3 > 0 such
that

al,, * * x
0 pBL, * *
0 NT X « >0 (38)
zZ 0 I,Y
which implies that inequality (37) holds. O

We note that (38) does not introduce additional constraintsystem (26) com-
pared to (29), (30). This comes from the fact that there adveaysta, 5 > 0 (even-
tually large) such that (38) holds, in view of Schur completra (38).

In conclusion, we formulate the problem as a multiobjectipéimization prob-
lem as we want to minimizg, «, 8 under the constraint (29), (30) and (38). Several
approaches have been proposed in the literature to harafigpsoblems. We choose
the weighted sum strategy among others and we formulate Mieoptimization
problem as follows

min A\ p + Aaa+ A3 (39)
subject to (29), (30), (38)

for some weights\;, A2, A3 > 0.

3.3 lllustrative example

Consider the LTI plant model

01 0 0
ip=10 0 1 ap+ |10 u, y=][100]x,. (40)
10 =5 —6 —50

First, we solve the optimization problem (39) to seek for ldwgest possible
lower bound on the inter-transmission times. We set= A\ = A3 = 1 and we
obtainT = 0.005. Table 1 gives the minimum and the average inter-samplinggi
for 100 randomly distributed initial conditions such that(0, 0),e(0,0))] < 100
and7(0,0) = 0. We observe from the corresponding entries in Table 1that=
Tavg Which implies that generated transmission instants aregier This may be
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explained by the fact that the output-dependent part in, (28):/e|? < e~ |y|?, is
‘quickly’ violated. To avoid that phenomenon, we optimikbe parameterg, € such
that the rule is violated after the longest possible timessithe last transmission
instant, see [4] for more detailed explanations. Thus, thblpm can be formulated
as follows
min /\1/L + )\20& + )\35 + /\46 (41)
subject to (29), (30), (38)

for some weights\, A2, A3, Ay > 0.

Guaranteed )
dwell-time Tmin Tavg
Optimization problem (39) 0.0049 0.0049 0.0049
Al =X2=A3=1
Optimization problem (41)
A= 1A = 0. A3 = 0, Ay = 10* 0.0047 0.0047 0.0052
Emulation (27) 7.338%1076(7.3389x1076|8.5396x 10~*

Table 1 Minimum and average inter-transmission times for 100 ramgiaistributed initial con-
ditions such thal(z(0, 0), (0, 0))| < 100 and(0,0) = 0 for a simulation time of 10s.

By playing with the weights\,, \2, A3, A4, we found that the best tradeoff be-
tweenry,in andrayg is obtained withh; =1, A =0, A3 =0,y = 104, as shownin
Table 1. Note that when we consider the same dynamic coataslin the case (41)
and we design the triggering condition by emulation aceaydo (27), we obtain
the results shown in the last row of Table 1. We note that thdesign procedure
yields larger lower bound on the inter-transmission timesvell as larger average
inter-transmission tima,e. less amount of transmissions. Figures 8, 9 respectively
shows the state trajectory and a close up of the inter-tressgon times generated
by the event-triggered controller obtained by (41).

300 T T T T ]
Tp3 = = =Tel = = = T2 Ze3
200 b
100 B
[}
g 0 i
‘e
S -100 g
=
-200 b
-300 B
-400 b
1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
Time[s]

Fig. 8 Inter-transmission times.
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4 Conclusion

In this chapter, we have first developed output feedbacktevigigered controllers
to stabilize a class of nonlinear systems by following thelktion design approach.
In emulation, the sequential order of the synthesis of etrgggered controllers re-
stricts us with the initial choice of the stabilizing feedkdaw. One solution to
increase the design flexibility is to simultaneously esghbthe feedback law and
the event-triggering condition so that the stabilizationd ghe communication con-
straints are handled at the same time. For this purpose, veegdraposed an LMI-
based co-design algorithm for LTI systems and we have thscudsed how the
resulted LMI can be exploited to optimize the parametershefdvent-triggering
condition. Future work will focus on the robustness of thiggering mechanism
with respect to measurement noise and to consider somapenfice requirements.
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