
Minerva Access is the Institutional Repository of The University of Melbourne

Author/s:
Abdelrahim, M;Postoyan, R;Daafouz, J;Nesic, D

Title:
Output Feedback Event-Triggered Control

Date:


Citation:
Abdelrahim, M., Postoyan, R., Daafouz, J. & Nesic, D. (). Output Feedback Event-
Triggered Control. Seuret, A (Ed.). Hetel, L (Ed.). Daafouz, J (Ed.). Johansson, KH (Ed.).
Delays and Networked Control Systems, (), , pp.-. Springer.

Persistent Link:
https://hdl.handle.net//



See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/303841467

Output Feedback Event-Triggered Control

Chapter · June 2016

DOI: 10.1007/978-3-319-32372-5_7

CITATION

1
READS

61

4 authors:

Some of the authors of this publication are also working on these related projects:

Maximum hands-off control by sparse optimization View project

Control of robots with communication and destination objectives View project

Mahmoud Abdelrahim

Assiut University

15 PUBLICATIONS   494 CITATIONS   

SEE PROFILE

Romain Postoyan

French National Centre for Scientific Research

139 PUBLICATIONS   2,206 CITATIONS   

SEE PROFILE

Jamal Daafouz

University of Lorraine

166 PUBLICATIONS   3,067 CITATIONS   

SEE PROFILE

D. Nesic

University of Melbourne

400 PUBLICATIONS   14,391 CITATIONS   

SEE PROFILE

All content following this page was uploaded by Romain Postoyan on 02 December 2020.

The user has requested enhancement of the downloaded file.

https://www.researchgate.net/publication/303841467_Output_Feedback_Event-Triggered_Control?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/303841467_Output_Feedback_Event-Triggered_Control?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/Maximum-hands-off-control-by-sparse-optimization?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/Control-of-robots-with-communication-and-destination-objectives?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Mahmoud-Abdelrahim?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Mahmoud-Abdelrahim?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Assiut_University?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Mahmoud-Abdelrahim?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Romain-Postoyan?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Romain-Postoyan?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/French-National-Centre-for-Scientific-Research?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Romain-Postoyan?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Jamal-Daafouz?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Jamal-Daafouz?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/University-of-Lorraine?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Jamal-Daafouz?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/D-Nesic?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/D-Nesic?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/University-of-Melbourne?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/D-Nesic?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Romain-Postoyan?enrichId=rgreq-9c1aa363fcb3cf76b5c9d377a13f6896-XXX&enrichSource=Y292ZXJQYWdlOzMwMzg0MTQ2NztBUzo5NjQyMzY5MjY4MDgwNjlAMTYwNjkwMzQwNjg2Nw%3D%3D&el=1_x_10&_esc=publicationCoverPdf


Output feedback event-triggered control

Mahmoud Abdelrahim, Romain Postoyan, Jamal Daafouz and Dragan Nešić

Abstract Event-triggered control has been proposed as an alternative implemen-
tation to conventional time-triggered approach in order toreduce the amount of
transmissions. The idea is to adapt transmissions to the state of the plant such that
the loop is closed only when it is needed according to the stability or/and the perfor-
mance requirements. Most of the existing event-triggered control strategies assume
that the full state measurement is available. Unfortunately, this assumption is often
not satisfied in practice. There is therefore a strong need for appropriate tools in the
context of output feedback control. Most existing works on this topic focus on lin-
ear systems. The objective of this chapter is to first summarize our recent results on
the case where the plant dynamics is nonlinear. The approachwe follow is emula-
tion as we first design a stabilizing output feedback law in the absence of sampling
then we consider the network and we synthesize the event-triggering condition. The
latter combines techniques from event-triggered and time-triggered control. The re-
sults are then proved to be applicable to linear time-invariant (LTI) systems as a
particular case. We then use these results as a starting point to elaborate a co-design
method, which allows us to jointly construct the feedback law and the triggering
condition for LTI systems where the problem is formulated interms of linear matrix
inequalities (LMI). We then exploit the flexibility of the method to maximize the
guaranteed minimum amount of time between two transmissions. The results are
illustrated on physical and numerical examples.
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1 Introduction

In many control applications nowadays, the plant and the controller communicate
with each other via a shared communication network. This architecture is referred
to asnetworked control systems(NCS) and offers great benefits compared to the
conventional point-to-point connection in terms of lighter wiring, lower installation
costs, greater abilities for diagnosis, flexible reconfiguration and ease of mainte-
nance. A major challenge in NCS is to achieve the control objectives despite the
communication constraints induced by the network (like time-varying sampling,
delay, packet dropout, etc.). Since the network may be shared by other applications,
it is desirable in practice to reduce the usage of the network.

In conventional setups, data transmissions are time-driven and two successive
transmission instants are constrained to be less than a fixedconstant, called the
maximum allowable transmission interval(MATI) (see e.g. [26], [16]). Although
this strategy is appealing from the analysis and the implementation point of views, it
is not obvious that time-triggering is always appropriate for NCS. Indeed, the same
amount of transmissions per unit of time is generated under this paradigm, even
when transmissions are not necessary in view of the control objectives. To overcome
this shortcoming, event-triggered control has been proposed as an alternative [6],
[7].

Event-triggered control is an implementation technique inwhich the transmis-
sion instants are defined based on a state-dependent criterion. The idea is to adapt
the amount of transmissions according to the system state such that the feedback
loop is closed only when it is needed in view of the stability and/or performance
requirements. This may significantly reduce the amount of transmissions compared
to the time-triggering paradigm, seee.g.[14, 20, 24] and the references therein. A
fundamental issue in event-triggered implementation is toensure the existence of a
uniform strictly positive lower bound on the inter-transmission times. The existence
of such a lower bound on the inter-transmission times is not only useful to prove
stability but this requirement is also essential to preventthe occurrence of Zeno
phenomenon,i.e. to avoid the generation of an infinite number of transmissions in a
finite time, as well as to respect the hardware constraints.

Most of the existing results on event-triggered control assume that the full state
measurement is available and can be used for feedback, seee.g.[14, 15, 21]. This
is not realistic in many applications since in practice we often have access to an
output of the plant and not to the full state. It appears that the design of output feed-
back event-triggered controllers is much more challenging, in particular because
it is more difficult to ensure the existence of a minimum amount of time between
two control input updates compared to the state feedback case, see [8]. Few results
in the literature have addressed this problem and mostly forlinear systems. To the
best of our knowledge, this problem has been first investigated in [12] and then in
e.g.[8,9,18,25,28] for LTI systems and only in [27] for nonlinear systems.

The purpose of this chapter is to explain how to synthesize stabilizing output
feedback event-triggered controllers for a class of nonlinear systems. We first design
the event-triggered controllers by emulation,i.e. a stabilizing feedback law is first
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constructed in the absence of network and then the triggering condition is synthe-
sized to preserve stability. The design objectives are to guarantee a global asymp-
totic stability property and to ensure the existence of a uniform strictly positive
lower bound on the inter-transmission times. The proposed strategy combines the
event-triggering condition of [24] adapted to output measurements and the results
on time-driven sampled-data systems in [17]. Indeed, the event-triggering condition
is only (continuously) evaluated afterT units of times have elapsed since the last
transmission, whereT corresponds to the MATI given by [17]. This two-step proce-
dure is justified by the fact that the adaption of the event-triggering condition of [24]
to output feedback on its own can lead to the Zeno phenomenon.It has to be noted
that the event-triggering mechanism that we propose is different from the periodic
event-triggered control paradigm, seee.g.[13], [19], where the triggering condition
is verified only at some periodic sampling instants. In our case, the triggering mech-
anism iscontinuouslyevaluated, onceT units of time have elapsed since the last
transmission. For LTI systems, the required conditions arereformulated as an LMI
which is shown to be always feasible for LTI systems that are stabilizable and de-
tectable. To further reduce transmissions, we start from the results obtained by em-
ulation to develop an LMI-based co-design procedure to simultaneously design the
output feedback law and the event-triggering condition forLTI systems. We have
then exploited these LMIs to enlarge the guaranteed minimuminter-transmission
time. The results are demonstrated on illustrative examples. This chapter summa-
rizes our results in [1–4], where the interested reader willfind the proofs as well as
additional results and examples.

2 Emulation design for nonlinear systems

In this section, we explain how to synthesize stabilizing output feedback event-
triggered controllers for a class of nonlinear systems by emulation. After deriv-
ing the hybrid model of the closed-loop system, we recall on an illustrative exam-
ple taken from [8] the main issue with output feedback event-triggered controllers
which does not allow for straightforward extension of the existing results on state
feedback control. Then, we present the technical assumptions we impose on the
nonlinear system and we introduce the triggering condition. We then state the main
stability result. Finally, we demonstrate the technique ona single link robot arm
model.

2.1 Hybrid model

Consider the nonlinear plant model

ẋp = fp(xp, u), y = gp(xp), (1)
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wherexp ∈ R
np is the plant state,u ∈ R

nu is the control input,y ∈ R
ny is the

measured output of the plant. We first ignore the communication constraints and we
focus on general dynamic controllers of the form

ẋc = fc(xc, y), u = gc(xc, y), (2)

wherexc ∈ R
nc is the controller state. We emphasize that thexc-system is not nec-

essarily an observer. Moreover, (2) captures static feedback laws as a particular case
by settingu = gc(y). We follow an emulation approach in this section. Hence, we
assume that the controller (2) renders the origin of system (1) globally asymptoti-
cally stable in the absence of network. Afterwards, we take into account the commu-
nication constraints in the sense that the plant output and the control input are sent
only at transmission instantsti, i ∈ Z≥0. We are interested in an event-triggered im-
plementation in the sense that the sequence of transmissioninstants is determined
by a criterion based on the output measurement, see Figure 1.At each transmission

Plant

Triggering
condition

Controller
y(t)ŷ(t)u(t)û(t)

Fig. 1 Event-triggered control schematic [8]

instant, the plant output is sent to the controller which computes a new control in-
put that is instantaneously transmitted to the plant. We assume that this process is
performed in a synchronous manner and we ignore the computation times and the
possible transmission delays. In that way, we obtain

ẋp = fp(xp, û), ẋc = fc(xc, ŷ) t ∈ [ti, ti+1]
˙̂y = 0, ˙̂u = 0 t ∈ [ti, ti+1]

ŷ(t+i ) = y(ti), û(t+i ) = u(ti), u = gc(xc, ŷ),

whereŷ and û respectively denote the last transmitted values of the plant output
and the control input. We assume that zero-order-hold devices are used to generate
the sampled valueŝy and û, which leads to˙̂y = 0 and ˙̂u = 0. We introduce the
network-induced errore := (ey, eu) ∈ R

ne , whereey := ŷ − y andeu := û − u

which are reset to0 at each transmission instant. We notice that the closed-loop
system is a hybrid dynamical model since it combines continuous-time evolutions
(the plant and the controller dynamics) and discrete phenomena (transmissions). We
model the event-triggered control system using the hybrid formalism of [10] as in
e.g.[8, 9, 20, 23] for which a jump corresponds to a transmission.In that way, the
system is modeled as
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



ẋ

ė

τ̇



 =





f(x, e)
g(x, e)

1



 (x, e, τ) ∈ C,





x+

e+

τ+



 =





x

0
0



 (x, e, τ) ∈ D, (3)

wherex := (xp, xc) ∈ R
nx andτ ∈ R≥0 is a clock variable which describes the

time elapsed since the last jump,f(x, e) = (fp(xp, gc(xc, y+ey)+eu), fc(xc, y+
ey)) and g(x, e) = (− ∂

∂xp

gp(xp)fp(xp, gc(xc, y + ey) + eu), − ∂
∂xc

gc(xc, y +

ey)fc(xc, y + ey)).
The flow and the jump sets of (3) are defined according to the triggering condition

we will define. As long as the triggering condition is not violated, the system flows
on C and a jump occurs when the state enters inD. When(x, e, τ) ∈ C ∩ D,
the solution may flow only if flowing keeps(x, e, τ) in C, otherwise the system
experiences a jump. The functionsf andg are assumed to be continuous and the sets
C andD will be closed (which ensure that system (3) is well-posed, see Chapter 6
in [10]). We briefly recall some basic notions related to the hybrid formalism of [10].

The solutions to system (3) are defined on so-called hybrid time domains. A set
E ⊂ R≥0 ×Z≥0 is called acompact hybrid time domainif E = ∪([tj , tj+1], j) for
j ∈ {0, ..., J − 1} and for some finite sequence of times0 = t0 ≤ t1 ≤ ... ≤ tJ ,
and it is ahybrid time domainif for all (T, J) ∈ E,E ∩ ([0, T ] × {0, 1, ..., J})
is a compact hybrid time domain. A functionφ : E → R

n is a hybrid arc ifE is
a hybrid time domain and if for eachj ∈ Z≥0, t 7→ φ(t, j) is locally absolutely
continuous onIj := {t : (t, j) ∈ E}. A hybrid arcφ is a solution to system (3) if:
(i) φ(0, 0) ∈ C ∪ D; (ii) for any j ∈ Z≥0, φ(t, j) ∈ C andφ̇(t, j) = F (φ(t, j))
for almost allt ∈ Ij ; (iii) for every (t, j) ∈ domφ such that(t, j + 1) ∈ domφ,
φ(t, j) ∈ D andφ(t, j + 1) = G(φ(t, j)). A solutionφ to system (3) ismaximalif
it cannot be extended,completeif its domain, domφ, is unbounded, and it isZeno
if it is complete andsupt domφ <∞.

2.2 Counter example [8]

Before presenting our results, we first explain the issue with output-based event-
triggered controllers which prevents the direct extensionof state feedback results.
To clarify the problem, we recall the numerical example in [8] where an LTI plant
model is given by

ẋp =

[

0 1
−2 3

]

xp +

[

0
1

]

u, y = [−1 4] xp, (4)

wherex ∈ R
2 is the plant state,u ∈ R is the control input andy ∈ R is the output

of the plant. Let us first consider the state feedback case as in [24]. In the absence of
network, the closed-loop system can be stabilized by the state feedback controller
u = [1 − 4]xp. By taking into account the effect of the network, we define the
network-induced error ase(t) = x(ti) − x(t) for almost allt ∈ [ti, ti+1]. It has
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been shown in [24] that the triggering condition

|e| ≤ σ|x| (5)

for some sufficiently smallσ > 0, guarantees an asymptotic stability property for
the closed-loop while the inter-transmission times are lower bounded by a strictly
positive lower bound, under some conditions as illustratedin Figures 2, 3.
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5
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Fig. 2 State trajectories of the plant.
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Fig. 3 Inter-transmission times.

We recall now the output feedback case in [8] where system (4)is stabilized by
the following dynamic controller

ẋc =

[

0 1
0 −5

]

xc +

[

0
1

]

y, u = [1 − 4] xc, (6)

wherexc ∈ R
2 is the state of the dynamic controller. Define the network-induced

error asey(t) = y(ti) − y(t) for almost allt ∈ [ti, ti+1]. The straightforward
extension of the triggering condition (5) yields

|ey| ≤ σ|y|. (7)

Unfortunately, this triggering rule is not suitable since when y = 0, an infinite
number of jumps occurs for any value ofxp 6= 0. This situation is shown in Figure



Output feedback event-triggered control 7

4 where we note that the transmission instants accumulate att = 1.7674. In [8], this
issue was overcome by adding a constant to the triggering condition which leads to

|ey| ≤ σ|y|+ ε (8)

for someε > 0, from which a practical stability property is derived,i.e. the state
trajectory converges to a neighbourhood to the origin whose‘size’ depends on the
parameterε.
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0
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0

2

4
x 10
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Fig. 4 Inter-transmission times with a zoom-in of the last transmissions.

In this chapter, we aim to design the flow and the jump sets of system (3),i.e. the
triggering condition, such that a global asymptotic stability property is guaranteed
and the number of transmissions is reduced, while ensuring the existence of a strictly
positive lower bound on the inter-transmission times.

2.3 Stability results

We first make the following assumption on system (3), which isinspired by [17].

Assumption 1 There exist locally Lipschitz positive definite functionsV : Rnx →
R≥0 andW : Rne → R≥0, a continuous functionH : Rnx → R≥0, real numbers
L ≥ 0, γ > 0, α, α ∈ K∞

1 and continuous, positive definite functionsδ : Rny →
R≥0 andα : R≥0 → R≥0 such that, for allx ∈ R

nx

α(|x|) ≤ V (x) ≤ α(|x|), (9)

for all e ∈ R
ne and almost allx ∈ R

nx

〈∇V (x), f(x, e)〉 ≤ −α(|x|) −H2(x)− δ(y) + γ2W 2(e) (10)

and for allx ∈ R
nx and almost alle ∈ R

ne

1 A continuous functionγ : R≥0 → R≥0 is of classK if it is zero at zero, strictly increasing, and
it is of classK∞ if in additionγ(s) → ∞ ass → ∞.
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〈∇W (e), g(x, e)〉 ≤ LW (e) +H(x). (11)

�

Conditions (9)-(10) imply that the systeṁx = f(x, e) is L2-gain stable fromW to
(H,

√
δ). This property can be analysed by investigating the robustness property of

the closed-loop system (1)-(2) with respect to input and/oroutput measurement er-
rors in the absence of sampling. Note that, sinceW is positive definite and continu-
ous (since it is locally Lipschitz), there existsχ ∈ K∞ such thatW (e) ≤ χ(|e|) (ac-
cording to Lemma 4.3 in [11]) and hence (9), (10) imply that the systemẋ = f(x, e)
is input-to-state stable (ISS). We also assume an exponential growth condition of the
e-system on flows in (11) which is similar to the one used in [17].

Under Assumption 1, the adaptation of the idea of [24] leads to a triggering
condition of the form

γ2W 2(e) ≤ δ(y). (12)

The problem is that Zeno phenomenon may occur with this type of triggering condi-
tions as explained in Section 2.2. We propose instead to evaluate the event-triggering
condition only afterT units have elapsed since the last transmission, whereT cor-
responds to the MATI given by [17]. We thus redesign the triggering condition as
follows

γ2W 2(e) ≤ δ(y) or τ ∈ [0, T ], (13)

where we recall thatτ ∈ R≥0 is the clock variable introduced in (3). Consequently,
the flow and the jump sets of system (3) are

C=
{

(x, e, τ) :γ2W 2(e) ≤ δ(y) or τ ∈ [0, T ]
}

D=
{

(x, e, τ) :
(

γ2W 2(e) = δ(y) andτ ≥ T
)

or
(

γ2W 2(e) ≥ δ(y) andτ = T
)}

.

(14)
Hence, the inter-jump times are uniformly lower bounded byT . This constant is
selected such thatT < T (γ, L), where

T (γ, L) :=







1
Lr

arctan(r) γ > L
1
L

γ = L
1
Lr

arctanh(r) γ < L

(15)

with r :=
√

∣

∣( γ
L
)2 − 1

∣

∣ andL, γ come from Assumption 1 as in [17]. We are ready

to state the main result.

Theorem 1. Suppose that Assumption 1 holds and consider system (3) withthe flow
and the jump sets (14), where the constantT is such thatT ∈ (0, T (γ, L)). There
exists2 β ∈ KL such that any solutionφ = (φx, φe, φτ ) with (φx(0, 0), φe(0, 0)) ∈
R

nx+ne satisfies

2 A continuous functionγ : R≥0 × R≥0 → R≥0 is of classKL if for eacht ∈ R≥0, γ(., t) is of
classK, and, for eachs ∈ R≥0, γ(s, .) is decreasing to zero.
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|φx(t, j)| ≤ β(|(φx(0, 0), φe(0, 0))|, t+ j) ∀(t, j) ∈ domφ, (16)

furthermore, ifφ is maximal, then it is complete. �

Property (16) indicates that the state trajectory of thex-system asymptotically
converges to the origin while the completeness property implies that the hybrid time
domains of the maximal solutions to (3) are unbounded. That is equivalent to for-
ward completeness for continuous-time ordinary differential equations [5].

2.4 Illustrative example

Consider the dynamics of a single-link robot arm

ẋp1 = xp2, ẋp2 = − sin(xp1) + u, y = xp1, (17)

wherexp1 denotes the angle,xp2 the rotational velocity andu the input torque. The
system can be written as

ẋp = Axp +Bu− φ(y), y = Cxp, (18)

wherexp = (xp1, xp2), A =

[

0 1
0 0

]

, B =

[

0
1

]

, C =

[

1
0

]T

, φ(y) =

[

0
sin(y)

]

. In

order to stabilize system (19), we first construct a state feedback controller of the
form u = Kxp +BTφ(y). Hence, system (17) reduces to

ẋp = (A+BK)xp, y = Cxp. (19)

We design the gainK such that the eigenvalues of the closed loop system (19) are
(−1,−2) (which is possible since the pair (A,B) is controllable). Hence, the gain
K is selected to beK = [−2 − 3]. Next, since only the measurement ofy is
available, we construct a state-observer of the following form

ẋc = Axc +Bu− φ(y) +M(y − Cxc)
= (A−MC)xc +Bu− φ(y) +My,

(20)

wherexc ∈ R
2 is the estimated state andM is the observer gain matrix. We design

the gain matrixM such that the eigenvalues of(A −MC) are(−5,−6) (which is
possible since the pair (A,C) is observable). Thus, the observer gain is selected to
beM = [11 30]T . As a result, the closed-loop system in the absence of sampling
is given by

ẋp = Axp +Bu− φ(y), y = Cxp

ẋc = (A−MC)xc +Bu− φ(y) +My, u = Kxc +BTφ(y).
(21)
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We now take into account the effect of the network. We consider the scenario where
the controller receives the output measurements only at transmission instantsti, i ∈
Z≥0 while the controller is directly connected to the plant actuators. We design a
triggering condition of the form (13). As a consequence, thenetwork-induced error
is e = ey = ŷ − y and we obtain, for almost allt ∈ [ti, ti+1]

ẋp = Axp +B
(

Kxc +BTφ(ŷ)
)

− φ(y)

ẋc = (A−MC +BK)xc +MCxp +Mey. (22)

Let x = (xp, xc). Then, system (22) can be written as follows

ẋ =

(

A BK

MC A−MC +BK

)(

xp

xc

)

+

(

0

M

)

e+

(

φ(y + e)− φ(y)

0

)

=: Ax+ Be+ ψ(y, e).
(23)

Sincee = ŷ − y and in view of (17), we havėe = −ẏ = −xp2. Hence, the
functionsf, g in (3) aref(x, e) = Ax + Be + ψ(y, e) andg(x, e) = −xp2. By
takingW (e) = |e| andV (x) = xTPx, all conditions in Assumption 1 are sat-
isfied. We obtain the numerical valuesL = 0, γ = 26.5333, which give, in view
of (15), T = 0.0592. We takeT = 0.059. Figure 5 shows that the plant and the
estimated state asymptotically converge to the origin as expected. The generated
inter-transmission times are shown in Figure 6 where we can observe the interac-
tion between the time-triggered and the event-triggered criteria. We ran simulations
for 200 randomly distributed initial conditions such that|(x(0, 0), e(0, 0))| ≤ 100
andτ(0, 0) = 0. The obtained minimum and average inter-transmission times, re-
spectively denoted asτmin and τavg are τmin = 0.059 and τavg = 0.0625. The
constantτavg serves as a measure of the amount of transmissions (the bigger τavg,
the less transmissions). Figure 7 presents the inter-transmission times with the trig-
gering conditionγ2W 2(e) ≤ δ(y) without enforcing a constant timeT between
transmissions (i.e.T = 0 in (13), (14)). We note that Zeno phenomenon occurs in
this case as discussed in Section 2.2.
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Fig. 5 Actual and estimated states of the plant.
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2.5 Application to LTI systems

We now focus on the particular case of linear systems. We formulate the required
conditions in Assumption 1 as an LMI constraint. Consider the LTI plant model

ẋp = Apxp +Bpu, y = Cpxp, (24)

wherexp ∈ R
np , u ∈ R

nu , y ∈ R
ny andAp, Bp, Cp are matrices of appropriate

dimensions. We design the following dynamic controller to stabilize (24) in the
absence of sampling

ẋc = Acxc +Bcy, u = Ccxc +Dcy, (25)

wherexc ∈ R
nc andAc, Bc, Cc, Dc are matrices of appropriate dimensions. After-

wards, we take into account the communication constraints.Then, the hybrid model
(3) is




ẋ

ė

τ̇



 =





A1x+ B1e

A2x+ B2e

1



 (x, e, τ) ∈ C,





x+

e+

τ+



 =





x

0
0



 (x, e, τ) ∈ D,

(26)
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whereA1 :=

(

Ap+BpDcCp BpCc

BcCp Ac

)

, B1 :=

(

BpDc Bp

Bc 0

)

,

A2 :=

(

−Cp(Ap+BpDcCp) −CpBpCc

−CcBcCp −CcAc

)

andB2 :=

(

−CpBpDc −CpBp

−CcBc 0

)

.

We obtain the following result.

Proposition 1. Consider system (26). Suppose that there existε1, ε2, µ > 0 and a
positive definite symmetric real matrixP such that





AT
1 P + PA1 + ε1Inx

+AT
2 A2 + ε2C

T

p Cp PB1

BT
1 P −µIne



 ≤ 0, (27)

whereCp = [Cp 0] and 0 represents the matrix of zeros of sizeny × nc. Then
Assumption 1 globally holds withV (x) = xTPx, α(s) = λmin(P )s

2, α(s) =
λmax(P )s

2, W (e) = |e|, H(x) = |A2x|, L = |B2|, γ =
√
µ, α(s) = ε2s

2

andδ(y) = ε1|y|2, for s ≥ 0. �

Note that, in view of (14) and Proposition 1, the flow and the jump sets become

C =
{

(x, e, τ) : γ2|e|2 ≤ ε1|y|2 or τ ∈ [0, T ]
}

D =
{

(x, e, τ) :
(

γ2|e|2 = ε1|y|2 andτ ≥ T
)

or
(

γ2|e|2 ≥ ε1|y|2 andτ = T
)}

.

(28)

3 Co-design for LTI systems

In Section 2, we have assumed that the feedback control law was known in the ab-
sence of network, then we synthesized the triggering condition. This sequential or-
der of design may prevent an efficient usage of the computation and communication
resources as we are restricted by the initial choice of the feedback law. To overcome
this limitation, in this section, we use the triggering condition designed in Section
2.5 for LTI systems as a starting point to simultaneously design the event-triggering
condition and the feedback law.

Consider the LTI plant model (24) and the dynamic controller(25). For the sake
of simplicity, we design the dynamic controller (25) withDc = 0 and we obtain the
hybrid model (26). Our objective is to design the dynamic controller (25) and the
flow and the jump sets (28) of the hybrid system (26) such that the conclusions of
Theorem 1 hold. The idea is to start from LMI (27) to establishan LMI-based co-
design procedure of both the flow and the jump sets (28) and thedynamic controller
(25). It is important to note that the derivation of LMI for co-design from (27) is
not trivial as the nonlinear termAT

2 A2 depends on the controller matrices. This
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term does not appear in the classical output feedback designproblems and cannot
be directly handled by congruence transformations like in standard output feedback
design problems [22].

3.1 Analytical result

The following theorem reduces the co-design problem of the output feedback law
(25) and the parameters of the flow and the jump sets (28) to thesolution of LMI.
We use boldface symbols to emphasize the LMI decision variables.

Theorem 2. Consider system (26) with the flow and the jump sets (28). Suppose that
there exist symmetric positive definite real matricesX,Y ∈ R

np×np , real matrices
M ∈ R

np×np ,Z ∈ R
np×ny ,N ∈ R

nu×np andε,µ > 0 such that3





















Σ(Y Ap + ZCp) ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

Ap +MT Σ(ApX +BpN) ⋆ ⋆ ⋆ ⋆ ⋆

ZT 0 −µIny
⋆ ⋆ ⋆ ⋆

BT
p Y BT

p 0 −µInu
⋆ ⋆ ⋆

Y Ap +ZCp M 0 0 −Y ⋆ ⋆

Ap ApX +BpN 0 0 −Inp
−X ⋆

Cp CpX 0 0 0 0 −εIny





















< 0

(29)








−Iny
⋆ ⋆ ⋆

0 −Inu
⋆ ⋆

−CT
p 0 −Y ⋆

−XCT
p −NT −Inp

−X









< 0. (30)

Takeγ =
√
µ, L = |B2|, ε1 = ε−1 and

Ac = V −1(M − Y ApX − Y BpN −ZCpX)U−T

Bc = V −1Z, Cc = NU−T ,
(31)

whereU, V ∈ R
np×np are any square and invertible matrices such that4 UV T =

Inp
− XY . Then, there existsχ ∈ KL such that any solutionφ = (φx, φe, φτ )

satisfies

|φx(t, j)| ≤ χ(|(φx(0, 0), φe(0, 0))|, t+ j) ∀(t, j) ∈ domφ (32)

and, ifφ is maximal, it is also complete. �

3 The symbol⋆ denotes symmetric blocks whileΣ(.) stands for(.) + (.)T .
4 In view of the Schur complement of LMI (30), we deduce that

(

Y Inp

Inp
X

)

> 0 which implies that

X − Y
−1 > 0 and thus,Inp

−XY is nonsingular. Hence, the existence of nonsingular matrices
U, V is always ensured.
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We note that by solving the LMI (29), (30), which are computationally tractable,
we obtain the feedback law, see (31), and the parameters of the triggering condition
γ2|e|2 ≤ ε1|y|2 or τ ∈ [0, T ]. We note also that the nonstandard termAT

2 A2 in (27)
is the reason why the constructed LMI (29) differs from the classical one and why
the additional convex constraint (30) is needed in Theorem 2.

3.2 Optimization

Although the existence of strictly positive lower bound on the inter-transmission
times is guaranteed by different techniques in the literature, the available expres-
sions are often subject to some conservatism. It is therefore unclear whether the
event-triggered controller has a dwell-time which is compatible with the hardware
limitations. We investigate in this section how to employ the LMI conditions (29),
(30) to maximize the guaranteed minimum inter-transmission time in order to in-
crease the implementability of the event-triggered controller. We first state the fol-
lowing lemma to motivate our approach.

Lemma 1. LetS be the set of solutions to system (26), (28). It holds that

T = inf
φ∈S

{t′−t : ∃j ∈ Z>0, (t, j), (t, j+1), (t′, j+1), (t′, j+2) ∈ domφ}. (33)

�

Lemma 1 implies that the lower boundT on the inter-transmission times guaran-
teed by (28) corresponds to the actual minimum inter-transmission time as defined
by the right-hand side of (33). Hence, by maximizingT , we enlarge the minimum
inter-transmission time.

To maximizeT , we will maximizeT (γ, L) in (15). We see thatT increases asγ
andL decrease. Hence, our objective is to minimizeγ andL. Sinceγ corresponds
to

√
µ andµ enters linearly in the LMI (29), we can directly minimizeγ under the

LMI (29), (30). The minimization ofL, on the other hand, requires more attention.
We recall thatL = |B2| =

√

λmax(BT
2 B2), where

BT
2 B2 =

(

BT
c C

T
c CcBc 0

0 BT
p C

T
p CpBp

)

(34)

hence,

L = max

(

√

λmax(BT
c C

T
c CcBc),

√

λmax(BT
p C

T
p CpBp)

)

. (35)

Therefore,L can be minimized up to
√

λmax(BT
p C

T
p CpBp) which is fixed as it

only depends on the plant matrices. In view of (31), we have that
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BT
c C

T
c CcBc = ZTV −TU−1NTNU−TV −1Z. (36)

Thus,L depends nonlinearly on the LMI variablesN andZ and it can a priori
not be directly minimized. To overcome this issue, we imposethe following upper
bound

BT
c C

T
c CcBc < αβIny

(37)

for someα, β > 0. As a result, minimizingα andβ may help to minimizeL. We
translate inequality (37) into an LMI and we state the following claim.

Claim. Assume that LMI (29), (30) are verified. Then, there existα,β > 0 such
that









αIny
⋆ ⋆ ⋆

0 βInu
⋆ ⋆

0 NT X ⋆

Z 0 Inp
Y









> 0 (38)

which implies that inequality (37) holds. �

We note that (38) does not introduce additional constraintson system (26) com-
pared to (29), (30). This comes from the fact that there always existα, β > 0 (even-
tually large) such that (38) holds, in view of Schur complement of (38).

In conclusion, we formulate the problem as a multiobjectiveoptimization prob-
lem as we want to minimizeµ, α, β under the constraint (29), (30) and (38). Several
approaches have been proposed in the literature to handle such problems. We choose
the weighted sum strategy among others and we formulate the LMI optimization
problem as follows

min λ1µ+ λ2α+ λ3β
subject to (29), (30), (38)

(39)

for some weightsλ1, λ2, λ3 ≥ 0.

3.3 Illustrative example

Consider the LTI plant model

ẋp =





0 1 0
0 0 1
10 −5 −6



xp +





0
10
−50



u, y =
[

1 0 0
]

xp. (40)

First, we solve the optimization problem (39) to seek for thelargest possible
lower bound on the inter-transmission times. We setλ1 = λ2 = λ3 = 1 and we
obtainT = 0.005. Table 1 gives the minimum and the average inter-sampling times
for 100 randomly distributed initial conditions such that|(x(0, 0), e(0, 0))| ≤ 100
andτ(0, 0) = 0. We observe from the corresponding entries in Table 1 thatτmin =
τavg which implies that generated transmission instants are periodic. This may be
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explained by the fact that the output-dependent part in (28), i.e.µ|e|2 ≤ ε−1|y|2, is
‘quickly’ violated. To avoid that phenomenon, we optimize the parametersµ, ε such
that the rule is violated after the longest possible time since the last transmission
instant, see [4] for more detailed explanations. Thus, the problem can be formulated
as follows

minλ1µ+ λ2α+ λ3β + λ4ε
subject to (29), (30), (38)

(41)

for some weightsλ1, λ2, λ3, λ4 ≥ 0.

Guaranteed
τmin τavgdwell-time

Optimization problem (39)
0.0049 0.0049 0.0049

λ1 = λ2 = λ3 = 1

Optimization problem (41)
0.0047 0.0047 0.0052

λ1 = 1, λ2 = 0, λ3 = 0, λ4 = 104

Emulation (27) 7.3389×10−6 7.3389×10−6 8.5396×10−4

Table 1 Minimum and average inter-transmission times for 100 randomly distributed initial con-
ditions such that|(x(0, 0), e(0, 0))| ≤ 100 andτ(0, 0) = 0 for a simulation time of 10s.

By playing with the weightsλ1, λ2, λ3, λ4, we found that the best tradeoff be-
tweenτmin andτavg is obtained withλ1 = 1, λ2 = 0, λ3 = 0, λ4 = 104, as shown in
Table 1. Note that when we consider the same dynamic controller as in the case (41)
and we design the triggering condition by emulation according to (27), we obtain
the results shown in the last row of Table 1. We note that the co-design procedure
yields larger lower bound on the inter-transmission times as well as larger average
inter-transmission time,i.e. less amount of transmissions. Figures 8, 9 respectively
shows the state trajectory and a close up of the inter-transmission times generated
by the event-triggered controller obtained by (41).
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4 Conclusion

In this chapter, we have first developed output feedback event-triggered controllers
to stabilize a class of nonlinear systems by following the emulation design approach.
In emulation, the sequential order of the synthesis of event-triggered controllers re-
stricts us with the initial choice of the stabilizing feedback law. One solution to
increase the design flexibility is to simultaneously establish the feedback law and
the event-triggering condition so that the stabilization and the communication con-
straints are handled at the same time. For this purpose, we have proposed an LMI-
based co-design algorithm for LTI systems and we have then discussed how the
resulted LMI can be exploited to optimize the parameters of the event-triggering
condition. Future work will focus on the robustness of the triggering mechanism
with respect to measurement noise and to consider some performance requirements.
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7. Åström K J, Bernhardsson B M (1999) Comparison of periodic and event based sampling for
first order stochastic systems. Proceedings of the 14th IFACWorld Congress, Beijing, China
301–306

8. Donkers M C F, Heemels W P M H (2012) Output-based event-triggered control with Guar-
anteedL∞-gain and improved and decentralised event-triggering. IEEE Transactions on Au-
tomatic Control 57:1362–1376

9. Forni F, Galeani S, Nešić D, Zaccarian L (2014) Event-triggered transmission for linear con-
trol over communication channels. Automatica 50:490–498

10. Goebel R, Sanfelice R G, Teel A R (2012) Hybrid Dynamical Systems: Modeling, Stability,
and Robustness. Princeton University Press

11. Khalil H K (2002) Nonlinear Systems. 3rd edn, Prentice Hall
12. Kofman E, Braslavsky J H (2006) Level crossing sampling in feedback stabilization under

data-rate constraints. Proceedings of the IEEE Conferenceon Decision and Control, San
Diego, U.S.A. 4423–4428

13. Heemels W P M H, Donkers M C F, Teel A R (2013) Periodic Event-Triggered Control for
Linear Systems. IEEE Transactions on Automatic Control 58:847–861

14. Heemels W P M H, Johansson K H, Tabuada P (2012) An Introduction to Event-triggered
and Self-triggered Control. Proceedings of the IEEE Conference on Decision and Control,
Hawaii, U.S.A. 3270–3285

15. Liu Q, Wang Z, He X, Zhou Z.H. (2014) A survey of event-based strategies on control and
estimation. Systems Science & Control Engineering 2:90–97
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