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Analytic Synchronization Conditions for a Network of Wilson and
Cowan Oscillators

Saeed Ahmadizadeh', Dragan Nesi¢!, David B. Grayden?, Dean R. Freestone?

Abstract— We investigate the problem of synchronization
in a network of homogeneous Wilson-Cowan oscillators with
diffusive coupling. Such networks can be used to model the
behavior of populations of neurons in cortical tissue, referred to
as neural mass models. A new approach is proposed to address
local synchronization for these types of neural mass models.
By exploiting the linearized model around a limit cycle, we
analyze synchronization within a network for weak, interme-
diate, and strong coupling. We use two-time scale averaging
and the Chetaev theorem to analytically check the absence or
presence of synchronization in the network with weak coupling.
We also utilize the Chetaev theorem to analytically prove
synchronization death in a network with strong coupling. For
intermediate coupling, we use a recently proposed numerical
approach to prove synchronization in the network. Simulation
results confirm and illustrate our results.

I. INTRODUCTION

Synchronization is a ubiquitous phenomenon observed
in diverse networks of interconnected agents that arise in
physics, biology, social networks, and many others. Syn-
chronization occurs when the agents’ outputs converge to
the same behavior. Since synchronization is a particular type
of stability, some of the existing approaches to stability
analysis of dynamical systems can be applied to study
synchronization ([1], [2]).

Methods for the study of synchronization can be cat-
egorized into two groups: global and local. Global syn-
chronization has been addressed by a range of different
methods, such as passivity [3], dissipativity [2], and semi-
passivity [4]. In these approaches, all agents in the underlying
network are required to satisfy a specific dissipation or
passivity property; however, in some applications, it may be
challenging to demonstrate that these conditions are satisfied.
If the conditions are not satisfied, local approaches are a
useful alternative. Recently, Shafi et al. [5] proposed a frame-
work to study synchronization in networks of oscillators
using linearization techniques. This framework offers useful
tools for the analysis of local synchronization in various
applications, such as synchronization of networks of neural
mass models.

In the context of computational neuroscience, there are
three different levels of modeling depending on the appli-
cation and the complexity needed: microscopic, mesoscopic,
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and macroscopic. Microscopic levels aim to model a single
neuron, such as Hodgkin-Huxley model [6] or FitzHugh
model [7]. Mesoscopic models concentrate on modeling the
behavior of populations of neurons, such as cortical columns.
Popular types of mesoscopic descriptions of cortical dynam-
ics include the Wilson and Cowan model [8] and the Jansen
and Rit model [9]. Macroscopic models aim to describe the
whole brain and they are sometimes represented as networks
of microscopic or mesoscopic models. The Wilson-Cowan
model is of great interest since it is parsimonious, as it con-
siders both excitatory and inhibitory populations of neurons,
and reproduces self-sustained oscillations observed in EEG
signals. In particular, local synchronization of this model has
been investigated in the literature using the centre manifold
theorem [10] and the notion of phase response curves [11].
These approaches only deal with weak coupling. However,
synchronization is observed in Wilson-Cowan networks with
intermediate or strong coupling.

In this manuscript, we demonstrate that the framework by
Shafi et al. [5] can be adapted to study local synchronization
of Wilson-Cowan networks with arbitrary coupling strengths.
As far as we are aware, this is a new result. A novelty of our
work comes from the fact that Wilson-Cowan networks do
not exhibit synchronization for weak and strong coupling
and, hence, we had to use an instability result for the
linearized model based on the Chetaev theorem to prove
this fact. This is different from results [5], where stability
of the linearized system was shown for weak and strong
coupling. This current paper demonstrates that studying local
synchronization via the approach of [5] can be extended to
other classes of networks, such as networks of Wilson-Cowan
oscillators.

The paper is organized as follow. In Sections II and III,
we briefly introduce the Wilson-Cowan model of a single
population, as well as the network of such models, and then
we state the problem. In Section IV, the synchronization
conditions are stabilized for three cases: a network with
weak, intermediate, and strong coupling. Simulation results
and the conclusion are presented in Sections V and VI,
respectively.

II. WILSON-COWAN MODEL

The neural mass model of Wilson and Cowan [8] charac-
terizes the behavior of spatially localized neural populations
via a lumped parameter description. Throughout the paper,
the Wilson and Cowan oscillator is the agent in our network.
We will use the terms Wilson and Cowan model/oscillator
and agent interchangeably. The model contains an excitatory



and an inhibitory neural population that are coupled together
and that interact with other populations in a larger network.
In this model, the neural populations are described by a
linear first-order system coupled with a sigmoid non-linearity
that converts the average membrane potential of a neural
population into an average pulse density of action potentials.
Considering one excitatory and one inhibitory population as
a single “node”, the Wilson-Cowan model is described by

&y = —Nw; + Fi (T + gz + 1) ey

where z; = [rp,,r5,]7 € R? is a stack vector of the

average membrane potentials of the excitatory and inhibitory
populations, xg, and xj,, respectively. The variables I; =
[Ig,,I7,]T € R? are the inputs from neighboring populations
and,

Ai = [aEi 0 ] ) F’L = Uec(fia fz)7

0 Qg
2
T, = Pzp, = = ai —bi
7 p;cli I — i —dl )
where f; : R — R is sigmoid function given by
1
fZ(SZ) s r; > 0. (3)

T 1t exp(—ris)

In order to interconnect the Wilson-Cowan oscillators, it is
assumed that the excitatory neural population in one node is
coupled to the excitatory neural population in another node.
The same coupling configuration is assumed for coupling
between inhibitory populations in two distinct nodes. For
clarity of explanation, it is also assumed that the excitatory
and inhibitory neuronal populations within a node are cou-
pled together with the same gain. In the other words, if a
node 7 is coupled to a node j with coupling gain /;;, then the
excitatory neural population and inhibitory neural population
in node ¢ are coupled to the excitatory and inhibitory neural
populations in node j with the same coupling gain /;;, respec-
tively. We note that this assumption is somewhat restrictive as
these two interconnections can have different coupling gains
in general [10], [12]. Although the interconnection between
nodes has been originally considered as a direct coupling,
it was proposed that diffusive coupling can be utilized to
control oscillatory behaviors and, in particular, synchrony
behavior of populations [12].

In this case, the model of NV interconnected Wilson-Cowan
nodes is represented by the following state space model:

X =-Ax+F(Y +Ex - (L ® D)x), “)

where x = vec(zy,...,zn), A = diag(Aq, Ao, ...

AN,
T = VeC(Tl,TQ, .. .,TN), F= VeC(Fl,FQ, .. .,FN),
0

. The matrix L

[

diag(Z1,EZ9,...,Ex) and D =

describes interconnections between different nodes.

III. PROBLEM STATEMENT

Motivated by the network of Wilson-Cowan models, we
consider a network of N homogeneous interconnected agents

in which every agent is described by the dynamical system,

N

j=1
where z; € R”™ is the state vector, T € R™ represents
an external input applied to each agent, and = € R™*"
shows the internal coupling among states of the agent.
F = (f1,f2,-..,fn) : R — R™ is a nonlinear function
that is sufficiently smooth to guarantee the existence of a
solution. D € R™*"™ shows the inner coupling between states
of all agents, while the interconnection between agents is
described by a graph Laplacian matrix L € RV < (specified
by following assumption).

Assumption 1: The Laplacian graph is symmetric zero-

sum row defined as

L =EET, (6)

where E is the incidence matrix. We also assume that the
network graph is connected, which implies 0 = A\; < Ay <
<Ay
In particular, we assume that in the absence of interconnec-
tions each agent admits an oscillatory behaviour that results
from an asymptotically stable limit cycle.

Assumption 2: Bach agent (5) has a periodic solution
Z(t) = Z(t + T) produced by an asymptotically stable limit
cycle that satisfies

T, =—Az+ F(T + =z). @)
The analysis that follows is similar to Shafi et al. [5],

where we linearized (5) around the oscillatory trajectory Z(t).
The linearized trajectory is given by

;= —Azx; + F(Y + 2%)

> (8)
+ AWM (E(wi —2) + DY lij(w; — 1))
j=1
where A(t) = %‘T+Ej. Now, we define 7; = z; — T,

the difference between trajectories of each agent and the
oscillatory trajectory. Considering (7) and (8), the dynamics
of z; can be expressed as

N
B = —AE; + A() (B2 + DY Lij (&5 — &) - )
j=1
Using the interconnection strategy L, the aggregated lin-
earized system can be written as
=@ (-Al+A{t)E) — L® A(t)D)i . (10)

Let U be a unitary similarity transformation, such that it
diagonalizes the Laplacian matrix, i.e L = UXUT. Now
changing to a new coordinate § = (U~ ® I)Z leads to the
following error dynamics in g,

j=(U "o D(Ie(-Al+A()Z) - Lo A(t)D)
x (UeI)y
= (I (-AI+A(1)Z) - @ A1)D)5.

(1)



Since X is a diagonal matrix, (11) is decoupled into N
independent systems described by

Ui = (AT + A()E) — MeA)D) g , k=1 N,

(12)
where 9, € R™ and )\ are eigenvalues of the Laplacian ma-
trix. If (12) is asymptotically stable for £ = 2, ..., N, then
the underlying network becomes completely synchronized,
ie x;(t) — z;(t) — 0,4, = 1,...,N [5]. Hence, in the
rest of this section, we drop subscript k£ and consider A as
coupling strength to investigate the asymptotically stability

of the system,

j=((—AI + At)Z) — NA(t)D)7 .

yeeey

13)

IV. STABILITY ANALYSIS OF THE LINEARIZED MODEL

In this section, we present sufficient conditions for stability
of the linearized model (13). Similar to [5], we split the
interval A € (0,00) into three subintervals and find a
corresponding A that leads to stability or instability of (13).
For small values of A, we present two propositions that
provide sufficient conditions for stability and instability of
the linearized model (13). We also show that (13) always
becomes unstable for sufficiently large value of A. For
intermediate values of A\, we adopt the numerical approach
proposed in [5] to find values that make (13) stable.

A. Synchronization with Weak Coupling

For weak coupling, we utilized the two-time scale aver-
aging method [5], [13]. Due to assumption 2, (13) has a T*-
periodic solution for A = 0 that is associated with a stable
limit cycle in the original system (7). We denote as ¢(t, to)
the principle state transition matrix of periodic dynamics and

= (—AI+At)Z)j .

The Floquet theory [14] indicates that ¢(t,tg) is a T-
periodic matrix that can be written as

¢(t,to) = W(t) exp(H(t — to))R(to) ,

where W (t) is also a T-periodic matrix and R(t) = W ~1(¢).
The columns of W denoted by w; and rows of R(t) denoted
by 71" are orthonormal, 7} w; = &;;. The matrix H is known
as the monodromy matrix, which satisfies

(14)

5)

B(to +T,to) = Jexp(HT)J !,

where J is a matrix that contains eigenvectors of ¢(ty +
T,tg). For a stable limit cycle, the monodromy matrix H

has the structure
0 O
H = ,
0 H,

where Hj is an (n—1) x (n—1) Hurwitz matrix that contains
non-zero Flogouet exponents. Even though computing the
analytical form of ¢(t,to), Ha, W(t), and R(t) is probably
impossible, there are effective approaches that can be used to
compute the matrices numerically; for example, an approach
was proposed by Demir et al. [15]. Floquet theory implies

(16)

that the change of coordinate [w,r]T = §R(t) transforms

(13) to the representation

A

Under weak coupling, i.e. D = eDy with small €, analysis
of stability of (13) can be conducted using a two-time
scale averaging method. Proposition 1 states an instability
condition of (13), while Proposition 2 provides sufficient
conditions for asymptotic stability of (13).

Proposition 1: (Instability with Weak Coupling) Let r!
and wy be the first row and column of R(¢) and W (¢) in (15),
respectively. For every matrix D, if

—AR(t)A(t)DW(t)) m 17

/T 1 (1) A(T)Dw; (T)dr < 0 (18)
0

then there exists €* such that for every e € (0, €*) the system

j=((—AI + A=) — eA(t)D)y (19)

is unstable. The value of €* can be obtained from Lemma 1.
Proof: Proposition 1 is proved by applying Lemma 1
(see Appendix VI) to the system (17).
Proposition 2: (Stability with Weak Coupling) Let r!
and w; be the first row and column of R(¢) and W (¢) in (15),
respectively. For every matrix D, if

/T 1 (1) A(T) Dw: (T)dT > 0 (20)
0

then there exists €* such that for every € € (0, €*) the system

j=((—AI+ A=) — eA(t)D)g (1)

is asymptotically stable. Furthermore, decompose matrix
A(t)D with dimensions consistent with the monodromy
matrix so that

Ui (t) Wia(?)
Woy(t) Woo(t)

Assume that there exists ¢;; > 0 such that |U;;(¢)|| < ¢4
for all ¢ > 0. Then

A(t)D =

€ = min{eq, €9, €3},

where
1
€1 =
2TL11
| (22)
€ = —
122

and e3 satisfies the following inequality

1 2
—(esy — 2e37Te11) + 1(63%12 + €3to1 + €3(2Tta1011))
X (1 — €3L22) <0

where Y= m
Proof: Proposition 2 can be proved by applying
Lemma A.1 in [5] to the system (17).



Remark 1: Lemma A.1l in [5] states a result for stability
analysis using two-time scale averaging. Lemma A.l in ap-
pendix VI is a counterpart of Lemma A.1 in [5] that presents
an instability condition using two-time scale averaging.

Remark 2: For the Wilson-Cowan model, the matrix
A(t) € R**? has the structure

of
Alt) = [f’s betrszan O (23)
0 Fs ls=rr+=a)5

Considering the structure of matrix D, condition (18) in
Proposition 1 can be written as

T
/ (Tll(T)All(T)wll(T) — 7“12(7’)1422(7‘)’[1)21(7‘))(17’ <0,
’ (24)
and the condition (20) of Proposition 2 can be written as

T
/ (r11(7) A11 (T)w11 (1) — 712(7) A22 (T)wa1 (1)) d7 > 0.
’ (25)

B. Synchronization under intermediate coupling

In this section, we briefly present the numerical approach
proposed by Shafi et al. [5] to study stability of linear
periodic time-varying systems. We represent the matrix AD
as

AD = M + BAC, (26)

where M € R"*" B € R"*™ C € R™*" and A € R"™*™
is a diagonal matrix whose diagonal entries vary in [—1,1].
Then, the system (13) can be written as a linear periodic
time-varying system with block uncertainty A:

y=A()j+ B(t)g
z=Cj (27)
q=Az,
where _
A(t) = —AT+ AZ - A(t)M
B(t) = —A(t)B (28)
c=C

and z € R™ and ¢ € R™ are the outputs of the linear
periodic time-varying system and uncertainty block. In order
to check stability of (27), the structured singular value (SSV)
analysis is performed on a truncated harmonic state space
model of (27). Under the assumption that A(t), B(t) are
continuous functions of ¢ with the Fourier series with the
fundamental frequency wy, the state space model (27) can
be represented in the form of a harmonic state space model

sY = (A-N)Y + BQ
Z =CY
Q=Az,

(29)

where A, N, B are infinite-dimensional matrices with com-
plex entries. We refer to Shafi et al. [5] and Zhou and Hagi-
wara [16] for further details on such a harmonic state space
representation. Although the harmonic state space model (29)

is an infinite dimensional model, it can be approximated with
a truncated model that considers the dominant harmonics in
the Fourier series of ¢(t) [17]. Once the truncated model
of (29) is computed, the structured singular value p can be
calculated using a numerical approach such as mussv in the
Robust Control Toolbox. If 1 < 1, then (13) is stable for
all matrices D described by (26). If ;1 > 1, we can compute
the matrix A with the smallest norm that leads to instability
of (13). It is worth mentioning that the matrices in (26) cover
all possible coupling strengths for the intermediate coupling.

C. Synchronization with Strong Coupling

In this section, we analyze the stability of (13) for the
Wilson-Cowan model (1) when the coupling is strong. Note
that we drop subscript ¢ due to considering identical nodes in
our problem setup. Although the result of this section should
be extended to apply to a more general model (13), it gives
conditions to check stability of (13) for the Wilson-Cowan
model. Before presenting the main result of this section, we
state a fact on f(-) that is exploited to prove Proposition 3.

Fact 1: The sigmoid function f(s) in (3) is a continuous
function and its derivative is positive and bounded, i.e. 0 <
Sfmin < f(8) < finaz for all s € R. In addition, f'(s) — 0
iff s — Fo0.

Proposition 3: (Instability with Strong Coupling for the
Wilson-Cowan Model) Consider the dynamical system of
described by the state space model

j=((—AI+ A=) — eAt)D)7 , (30)

where A, =, D are given by (2) and A(t) is computed from
linearization of (1) around the limit cycle. Then, there exists a
positive scalar €* such that (30) is unstable for every ¢ > €*.
Furthermore, ¢* = max{a,d, €1} and €; can be obtained
from the following optimization problem,
€1 = mine
e>0
s.t.
ap + (6 — a)@u —%<|b|@11 + |C|@22)
—3 (16111 +1e®22)  —ar+ (e~ d)Osy,

where a and d are diagonal elements of = in (2) , and 0 <
0, < Aii(t) <Oy, i=1,2forall t > 0.

Proof: For the Wilson-Cowan model, the matrix A(t) €
R2*2 is a diagonal matrix that is given by (23). Due to Fact 1,
there exists a non-zero positive scalar ©,;, ©;; such that 0 <
0,; < Aui(t) <Oy, i=1,2 for all t > 0. Now, consider a
candidate Lyapunov function V' (§1,J2) = 143 — 39%. Taking
the derivative along the dynamics of the system leads to

V =(—ar+ (e — d)Asa ()53 + (cAna(t) + bA11 () G172
—(—ap+(a—e)An(t)T;.

€2y
>0

(32)
If € > max{a,d}, then
v >(— s+ (€ — d)Ogy) |52 + (i + (€ — a)Oy,) |51

— (|¢[®22 + [b1©11) 151 172] -
(33)



If (31) holds, then V > 0. For large values of ¢, the
first and second terms of (33) are positive; hence (31) has
a unique solution. In the set Q £ {(§1,92) € R? | |g2]* >
|y1|2}, the Lyapunov function is positive and, hence, ac-
cording to the Chetaev’s theorem [18], the origin of (30) is
unstable. This completes the proof.

V. SIMULATION RESULTS

In this section, we present simulation results to validate
the proposed approach to the study of synchronization in
a network of Wilson-Cowan models. It is known that for
some set of variables, the Wilson-Cowan model exhibits
an oscillatory behavior resulting from the existence of a
stable limit cycle that appears from the Andronov-Hopf-
bifurcation of equilibrium point [10]. In our simulations, we
choose the following set of variables: a = 10,0 = 10,¢c =
10,d = —2,p, = 2,p, = —6 that guarantees oscillatory
behavior. First, we compute the matrix A(¢) in (13) using
the oscillatory behavior of each node. In the next step, we
study the effect of weak coupling on stability of (13). We
then check the condition (18) in Proposition 1 and (20) in
Proposition 2 using the numerical approach.

For a Wilson-Cowan model, the instability condition
holds, which means that there exists an ¢, such that, for
every interconnection gain smaller than this value, (13) is
unstable. The value of €, is computed from the proof of
Lemma 1 in Appendix VI. In our case, €, = 0.034. In the
next step, we apply Proposition 3 to find the minimum value
of €, such that, for every € > ¢, (13) is unstable. Following
the proof of the proposition, we obtain €; = 15. Then, the
computational algorithm in the Section IV-B is exploited for
coupling strength between between ¢,, and ¢, . Note that the
matrix D can be written in the form of (26) as

€stew €s—€y
0 _engew 0 esgew

5 0] [1 0 1
,C= .
0 ¢ 0 -1

The first fifteen harmonics of a Fourier series are sufficient
to approximate the oscillatory trajectories in order to find the
truncated harmonic state space model.

To reduce numerical computation errors, we split the
interval between [0.034, 15] into five subintervals. The com-
putational results show that (29) is stable for all € € [3.2, 14].
The results of the analysis for low, intermediate, and strong
coupling conclude that, for a given Laplacian graph L, the
Wilson-Cowan network is synchronized if non-zero eigen-
values of the Laplacian matrix are in the interval (3.2, 14].
In order to verify this observation, we consider a network of
Wilson-Cowan models with three nodes and the Laplacian
matrix as

A:

2% —k —k
L=|-k 26 —k|,
—k -k 2k

where k is the coupling strength. It is straightforward to
see that the Laplacian matrix has three eigenvalues: \; =

0, A2 = A3 = 3k. This implies that the underlying network
becomes synchronized if 3k € [3.2,14]. Figure 1 shows the
trajectories of each node in the underlying network when the
coupling strength is k = 4. It is observed that the network
becomes synchronized for this coupling strength.

N
0.8
= 06
N
< 04
0.2
0 . . . . . . . . . |
0 10 20 30 40 5 60 70 80 90 100
time(s)

<04
Population 1
0.2 Population 2
Population 3
0 ! ! ! ! ! ! T T T |
0 10 20 30 40 50 60 70 80 90 100

time(s)

Fig. 1. The trajectories of populations in the Wilson-Cowan network with
three populations with coupling gain k = 4.

VI. CONCLUSION

A new procedure was introduced to analyze synchroniza-
tion for networks of homogeneous Wilson-Cowan models
coupled via diffusive-type interconnections. Using the lin-
earized model around a limit cycle, analytic results have
been developed that can be utilized to check the existence or
absence of synchronous behavior. We have proved that the
network of Wilson-Cowan models always becomes desyn-
chronized for large values of coupling strength. A computa-
tional approach has been presented for intermediate coupling
strengths. As an example, we applied the proposed result to
a network of diffusive Wilson-Cowan oscillators. Simulation
results showed that the network becomes synchronized for a
coupling strength at an intermediate value.

APPENDIX
INSTABILITY USING TWO-TIME AVERAGING

Lemma 1: Consider the linear time-varying system de-
scribed by the state space model
w
) [ A‘| ’ (34)
7

w| Uy (t) Upa(t)
Pl Wor(t) Wao(t)

where @ € R? and 7 € R?. Assume that ¥;;(t), 4,5 = 1,2
are T-periodic piecewise continuous functions bounded by
the scaler ¢;; > 0, i.e |¥;;(t)] < v  for all ¢ > 0. Now
consider the average system described by

0 0
0 G

— €

. _ _ 1 [T
W= 76\:[/11’12) , \1111 = T/ \Ifll(T)dT. (35)
0



If Uy, and G are Hurwitz, then there exists ¢* such that
origin of the original system (34) is unstable for every € €
(0,€) .

Similar to [5], [13], we change the coordinate of system
by defining the new state w as

T
wéOw: I—(—Z/ (\1’11(7')—\1/11)617' W. (36)
0

Note that since |fOT (Uy1(7) — Uyp)dr| < 2T0y, if € <
€6 = 2T1m, then the inverse of O exists and, therefore,
O~ <~ = ﬁ In this case, the original system
(34) is represented in the new coordinates as

w 00 My () Mia(t) W

= — € |, 37

T 0 G gﬁgl(t) 9)?22(75) T

where
My = 071‘1’11(?5)0 + 071(@11 —Uy1(¢))
Mo = O Wio(t)
Mo = Vo (1)O
Moy = oo (t).

(38)

Since the matrices ¥1; and G are Hurwitz, there exists

positive definite matrices P, and P, such that
POy, +9T P, =1 39)
PG+GTP. =—1I.

Now, define the Lyapunov function as V(w,7) =
w? Pyw — #T P,.7. Taking the derivative of the Lyapunov
function leads to

V >(ey — 4Ty |Pu|)[0]* — deyira| Py ||w]|7]
+ (1 = 2e19| P |) |7
— 2€L21(1 + 26TL11)|P,.||’f‘||QI)|.

(40)

If e < 53— and e < e £ ﬁ, the first and third terms
of (40) are positive and hence there exists e such that the
derivative of the Lyapunov function is positive. Indeed, using
the Schur complement, the positiveness of the right hand side
of (40) is equivalent to existence of positive value €3 such

that the following matrix inequality holds,

ey — AT ey}, | Py | r

>0,
F 1—26L22‘PT|

(41)

where [ = —(e’yL12|Pw| + e (1+ 26TL11)‘P,«|). Now, let
us define e* £ min(er, 5p—e2, €3). Then, for every e €

(0,€*), the inverse of the coordinate change exists and the
derivative of the Lyapunov function is positive. In the set
Q£ {(w,7) € RPTY | Npin (Pop)0" 0 > Apaa(P2)PT 7},
the Lyapunov function is positive and hence according to
Chetaev’s theorem [18], the origin of (34) is unstable. This
completes the proof.
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