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Abstract— The classical Matrosov theorem concludes
uniform asymptotic stability of time varying systems via
a weak Lyapunov function(positive definite, decrescent,
with negative semi-definite derivativealong solutions) and
another auxiliary function with derivative that is strictly
non-zero where the derivative of the Lyapunov function
is zero [10]. Recently, several generalizations of the
classical Matrosov theorem that use a finite number
of Lyapunov-like functions have been reported in [5].
None of these results provides a construction of a
strong Lyapunov function(positive definite, decrescent,
with negative definite derivativealong solutions) that is
a very useful analysis and controller design tool for
nonlinear systems. Inspired by generalized Matrosov
conditions in [5], we provide a construction of a strong
Lyapunov function via an appropriate weak Lyapunov
function and a set of Lyapunov-like functions whose
derivatives along solutions of the system satisfy a par-
ticular triangular structure. Our results will be very
useful in a range of situations where strong Lyapunov
functions are needed, such as robustness analysis and
Lyapunov function based controller redesign.

Key words. Lyapunov functions, Matrosov Theorem,
Nonlinear, Stability, Time-Varying.

I. I NTRODUCTION

Lyapunov second method is ubiquitous in stabil-
ity and robustness analysis of nonlinear systems. In
recent years, its different versions were used for
controller design, e.g. control Lyapunov functions,
nonlinear damping, backstepping, forwarding, and so
on [7], [11]. While it is often useful to obtain astrong
Lyapunov function(positive definite, decrescent, with
negative definite derivativealong solutions) to analyze
robustness or redesign the given controller, it is often
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the case that only aweak Lyapunov function(posi-
tive definite, decrescent, withsemi-negative definite
derivative along solutions) can be constructed for
a problem at hand [1], [2], [3], [8], [9], [14]. For
example, controller design methods that are based on
the passivity property typically require the use of the
La Salle invariance principle [8] which exploits weak
Lyapunov functions to conclude asymptotic stability.

The La Salle Theorem in its original form ap-
plies only to time-invariant systems. On the other
hand, the Matrosov Theorem [10] concludes uniform
asymptotic stability of time-varying systems via a
weak Lyapunov functionand another auxiliary func-
tion with derivative that is strictly non-zero where
the derivative of the Lyapunov function is zero [10].
Different generalizations of the Matrosov theorem
that use an arbitrary number of auxiliary functions to
conclude uniform asymptotic stability have been re-
cently reported in the literature [5]. Moreover, results
in [5] make use of the recently proposed notion of
uniform δ persistency of excitation (uδ-PE condition)
[6] that allows to further relax the original Matrosov
conditions.

The proofs presented in [5], [10] do not provide a
construction of a strong Lyapunov function and they
conclude uniform asymptotic stability by considering
directly the behavior of the trajectories of the system.
Nevertheless, these results are extremely important in
applications since it is often too hard to construct a
strong Lyapunov function. The main purpose of this
paper is to construct strong Lyapunov functions using
appropriate generalized Matrosov conditions that are
inspired by main results in [5]. In particular, each
of our results assumes existence of an appropriate
weak Lyapunov function and a set of Lyapunov-
like functions, similar to [5], to provide an explicit
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formula for constructing a strong Lyapunov function.
Moreover, our results parallel main results in [5]
and we present constructions that exploit the uδ-
PE condition. We apply our results to construct a
strong Lyapunov function for time-varying systems
in cases when an appropriate weak Lyapunov function
is known and certain uniform observability conditions
are satisfied. When applied to time-invariant systems,
this result provides an alternative construction of a
strong Lyapunov function to the one presented in
[13]. A special case of our results also generalizes
the construction of a strong Lyapunov function given
in [12].

Constructions provided in this paper will be useful
in a range of situations when the knowledge of a
strong Lyapunov function is useful, such as robustness
analysis and Lyapunov based controller redesign. In
particular, our results can be applied to non holonomic
systems and model reference adaptive control exam-
ples reported in [5]. This analysis is not presented in
this paper due to space constraints.

II. PRELIMINARIES

Unless otherwise stated, we assume throughout the
paper that the functions encountered are sufficiently
smooth. We often omit arguments of functions to
simplify the notations. A continuous functionk :
R≥0 → R≥0 is said to be of classK∞ if k(0) = 0
and k is increasing and unbounded. A functionV :
R × Rn → Rp is said to be bounded uniformly in
t if there existsα ∈ K∞ such that for allt and x
we have|V (t, x)| ≤ α(|x|). A continuous function
V : Rn → R≥0 is positive semi-definite ifV (0) = 0
andV (x) ≥ 0 for all x ∈ Rn. It is positive definite if
V (0) = 0 andV (x) > 0 for all x 6= 0. It is negative
semi-definite (definite) if−V is positive semi-definite
(definite).

Consider the time varying system:

ẋ = f(t, x) (1)

with t ∈ R, x ∈ Rn. In order to simplify the notation,
we use the following notation:

DV :=
∂V

∂t
+

∂V

∂x
f(t, x) ,

where V : R × Rn → R. We need the following
definition and assumptions:

Definition 2.1: Suppose that there exist functions
V : R × Rn → R≥0, α1, α2, α4 ∈ K∞ and α3 :
Rn → R≥0 such that for allx and allt the following
holds:

α1(|x|) ≤ V (t, x) ≤ α2(|x|) (2)

DV ≤ −α3(x) (3)∣∣∣∣
∂V

∂t
(t, x)

∣∣∣∣ ≤ α4(|x|). (4)

If the function α3 is positive semi-definite, then we
say thatV is aweakLyapunov function for the system
(1). If, on the other hand,α3 is positive definite, then
V is referred to as astrongLyapunov function for the
system (1).

Assumption 2.2:A weak Lyapunov functionV1 for
the system (1) is known.

Assumption 2.3:The following functions are
known: Vi : R × Rn → R, i = 2, 3, . . . , j, such that
Vi,

∂Vi

∂t (t, x) and ∂Vi

∂x (t, x) are bounded uniformly in
t; positive semi-definite functionsNi : R×Rn → R≥0

for i = 2, . . . , N ; χi : R × Rn × Ri−2 → R for
i = 3, . . . , N , with χi(t, x, 0, 0, . . . , 0) ≡ 0 such that
χi andNi are bounded uniformly int. Moreover, for
all t ∈ R and allx ∈ Rn we have:

DV2 ≤ −N2 =: Y2 (5)

DV3 ≤ −N3 + χ3(t, x, Y2) =: Y3 (6)

DV4 ≤ −N4 + χ4(t, x, Y2, Y3) =: Y4 (7)
...

...
...

DVj ≤ −Nj + χj(t, x, Y2, . . . , Yj−1) =: Yj(8)

III. M AIN RESULTS

In this section, we establish main results of this
paper that are summarized in Theorem 3.1 and Corol-
laries 3.4 and 3.6. Each of these results provides a
construction of a strong Lyapunov function using an
existing weak Lyapunov function (Assumption 2.2), a
set of Lyapunov-like functions (Assumption 2.3) and
other appropriate conditions.

To state the first main result, we will suppose that
the system (1) admits the decomposition:

ẋ1 = f1(t, x) , ẋ2 = f2(t, x) (9)

with x1 ∈ Rn1 , x2 ∈ Rn2 , n1 + n2 = n. Note that
we allow for the cases when eithern1 = n or n2 = n
that correspond tox1 = x andx2 = x, respectively.

The main result of our paper is stated next:
Theorem 3.1:Consider the system (9) and suppose

that Assumptions 2.2 and 2.3 hold. Suppose also that
the following conditions hold:

C1. There exist a positive definite real-valued func-
tion ω, and a nonnegative continuously differen-
tiable functionM : R × Rn2 → R such that
M(t, x2) and ∂M

∂x2
(t, x2) are bounded uniformly

in t and the following holds for allx and t

j∑

i=2

Ni(t, x) ≥ ω(|x1|) + M(t, x2) (10)

and

|f2(t, x)| ≤ χf (t, x, Y2, Y3, . . . , Yj−1) , (11)
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whereχf (t, x, 0, . . . , 0) ≡ 0 andχf is bounded
uniformly in t.

C2. There exist a differentiable functionθ : R>0 →
R>0 and a positive definite functionγ : R≥0 →
R≥0 such that for all(t, x), we have:

∫ t+θ(|x2|)

t

M(s, x2)ds ≥ γ(|x2|) . (12)

Then, one can determine nonnegative functionspi and
a positive definite functionδ such that the following
function:

W (t, x) =
j∑

i=1

pi(V1(t, x))Vi(t, x)

+ pj+1(V1(t, x))δ(|x2|2)A(t, x2)

(13)

with

A(t, x2) =
∫ t

t−θ(|x2|)

(∫ t

s

M(l, x2)dl

)
ds (14)

is a strong Lyapunov function for system (9).
Remark 3.2:We note that a construction of the

functionspi in (13) is provided in the proofs of our
main results.

Remark 3.3:Conditions of Theorem 3.1 can be
regarded as generalized Matrosov theorem conditions
and they are directly related to conditions used in
[5, Theorem 1]. Indeed, our Assumption 2.2 corre-
sponds to [5, Assumption 1]. Our Assumption 2.3
corresponds to [5, Assumptions 2 and 3], and so
on. In particular, our conditionC2 corresponds to
the so calleduδ-persistency of excitation condition
introduced in [6]. Note, however, that our conditions
are stronger in that we assume that we know all
the bounding functions since they are required in
construction of the strong Lyapunov functionW . For
instance, we assume that we know the functionsθ and
γ in the conditionC2 of Theorem 3.1 whereas this
is not needed in main results of [5]. This is the main
difference between our conditions and those given in
[5]. A consequence of our stronger assumptions is that
we construct a strong Lyapunov functionW , which
was not done in [5].

There are several important consequences of Theo-
rem 3.1 that we state next. The following corollary is
a direct consequence of Theorem 3.1 - it is a special
case of this theorem whenx1 = x in (16). It is
interesting in the sense that it provides with a family
of strong Lyapunov function for systems satisfying
the conditions of the classical Mastrosov theorem
in the case whenj = 3 (this theorem relies on a
weak Lyapunov functionV1 = V2 and one auxiliary
function V3).

Corollary 3.4: Consider the system (1) and sup-
pose that Assumptions 2.2 and 2.3 hold and that

f(t, x) is bounded uniformly int. Suppose also that:

j∑

i=2

Ni(t, x) ≥ ω(x) (15)

whereω(·) is a positive definite function. Then, one
can determine nonnegative functionspi such that the
following function:

W (t, x) =
j∑

i=1

pi(V1(t, x))Vi(t, x) (16)

is a strong Lyapunov function for system (1).
The following corollary is devoted to the case where
x2 = x. In particular, we can state:

Corollary 3.5: Consider the system (9) and sup-
pose that Assumptions 2.2 and 2.3 hold. Suppose also
there exists a nonnegative continuously differentiable
function M : R × Rn → R such thatM(t, x)
and ∂M

∂x (t, x) are bounded uniformly int and the
following holds for allx and t

j∑

i=2

Ni(t, x) ≥ M(t, x) (17)

and

|f(t, x)| ≤ χf (t, x, Y2, Y3, . . . , Yj−1) (18)

holds, whereχf (t, x, 0, . . . , 0) ≡ 0 andχf is bounded
uniformly in t. Moreover, there exist a differentiable
function θ : R>0 → R>0 and a positive definite
function γ : R≥0 → R≥0 such that for all(t, x),
we have:

∫ t+θ(|x|)

t

M(s, x)ds ≥ γ(|x|) . (19)

Then, one can determine nonnegative functionspi,
i = 1 to j + 1 and a positive definite functionδ such
that the following function:

W (t, x) =
∑j

i=1 pi(V1(t, x))Vi(t, x)+

pj+1(V1(t, x))δ(|x|2)
∫ t

t−θ(|x|)

(∫ t

s

M(l, x)dl

)
ds

(20)
is a strong Lyapunov function for system (9).
It is possible to strengthen the persistency condition
(19) and at the same time relax the condition (18)
to provide a similar Lyapunov function construction
that is presented in the next corollary. Observe that
the strong Lyapunov functions we obtain are given
by expressions slightly simpler that (13). Besides, this
corollary will be instrumental in establishing the result
of the next section.

Corollary 3.6: Consider the system (1) and sup-
pose that Assumptions 2.2 and 2.3 hold and that
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f(t, x) is bounded uniformly int. Suppose also that

j∑

i=2

Ni(t, x) ≥ M(t, x) = p(t)µ(x) (21)

whereµ is a positive definite function andp(t) is a
nonnegative function such that, for allt ∈ R,

∫ t

t−τ

p(l)dl ≥ pm , p(t) ≤ pM (22)

whereτ > 0, pm > 0, pM > 0.
Then, one can determine nonnegative functionspi

such that the following function:

W (t, x) =
∑j

i=1 pi(V1(t, x))Vi(t, x)+

+pj+1(V1(t, x))
(∫ t

t−τ

(∫ t

s

p(l)dl

)
ds

)
(23)

is a strong Lyapunov function for system (1).

IV. STRONG LYAPUNOV FUNCTIONS VIA UNIFORM

OBSERVABILITY

The result of this section is an extension of the
main result of [13] to time-varying systems. Similar
uniform observability conditions were used in [5,
Section 3.3] to conclude uniform asymptotic stability
of time-varying system. We apply Corollary 3.6 to
construct a strong Lyapunov function for this case:

Corollary 4.1: Consider the system (1). Assume
that f is a function bounded uniformly int and that
Assumption 2.2 holds. LetN ≥ 2 be an integer and
let us assume that the functions

a(t, x) := DV1(t, x) ≤ 0 (24)

and

b1(t, x) := Da(t, x) , bi+1(t, x) := Dbi(x, t) , (25)

i = 2, . . . , N are bounded uniformly int and such
that for all (t, x),

a(t, x)+b1(t, x)2 + · · ·+bN (t, x)2 ≥ p(t)ω(x) (26)

whereω(x) is a positive definite function andp(t) is
nonnegative function such that, for allt ∈ R,

∫ t

t−τ

p(l)dl ≥ pm , p(t) ≤ pM (27)

whereτ > 0, pm > 0, pM > 0.
Then, one can determine nonnegative functionspi

such that the strong Lyapunov function for system (1)
has the form (23), where

V2(t, x) := V1(t, x) ,
V3(t, x) := −a(t, x)b1(t, x) ,
Vi(t, x) := −bi−3(t, x)bi−2(t, x) , ∀i ≥ 4 .

(28)

Proof. Observe that

DV3 = −b1(t, x)2 − a(t, x)Db1(t, x) (29)

and, fori ≥ 4,

DVi = −bi−2(t, x)2 − bi−3(t, x)Dbi−2(t, x) . (30)

Let ρ(·) be a positive function such that

|Dbi(t, x)| ≤ ρ(V1(t, x)) , ∀i ≥ 1. (31)

Then the following inequalities, for alli ≥ 4,

DV3 ≤ −b1(t, x)2 + a(t, x)ρ(V1(t, x)) (32)

DVi ≤ −bi−2(t, x)2 + |bi−3(t, x)|ρ(V1(t, x)) (33)

hold. Hence, all conditions of Corollary 3.6 are satis-
fied and the result follows.

V. PROOFS OFMAIN RESULTS

The proof of main results is carried out by first
proving Corollary 3.4. Then, the proof of Theorem
3.1 is carried out by showing that under the given
conditions it is possible to construct a function
Vj+1 such that the functionsV2, . . . , Vj+1 satisfy all
conditions of Corollary 3.4. Corollary 3.6 is proved
in a similar way. Due to space limitation, we only
give the proof of Corollary 3.4.

Proof of Corollary 3.4: We first outline the steps
in the proof. Using functionsVi, i = 1, 2, . . . , j, we
define

Sj+1(t, x) :=
j∑

i=2

Vi(t, x) (34)

and then recursively construct the functions:

Sj−i := V1 + Vj−i + lj−i(V1)Sj−i+1

for i = 0, 1, 2, . . . , j − 1. In particular, we construct
these functions to satisfy for anyi = 0, 1, . . . , j − 2
the following:

DSj−i ≤ −wj−i(x) (35)

+φj−i(
j−i−1∑

i=2

Nk)ρj−i(V1) ,

|Sj−i| ≤ σj−i(|x|) , (36)

for some positive definitewj−i, positive functionρj−i

and σj−i, φj−i ∈ K∞ where we letN1 ≡ 0. In
particular, this implies for all(t, x) that

DS2 ≤ −w2(x) , (37)

|S2| ≤ σ2(|x|) . (38)

Note that S2 is not necessarily a positive definite
function. Finally, using Lemma 1.1 we can choose
the functionl1 so thatW (t, x) := S1(t, x) is a strong
Lyapunov function for the system.
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First, using conditions in Assumption 2.3 and (15),
one can determineφ ∈ K∞ and a positive functionρ
such that

DV2 ≤ −N2 (39)

DVi ≤ −Ni + φ(
i−1∑
2

Nk)ρ(V1) , ∀i = 3, . . . , j (40)

DSj+1 ≤ −ω(x) + φ(
j∑
2

Nk)ρ(V1) (41)

where Sj+1 is the function defined in (34) andω
comes from (15). From Assumption 2.3 it follows that
there existsσj+1 ∈ K∞ such that for all(t, x) we
have

|Sj+1(t, x)| ≤ σj+1(|x|) .

Consider now

Sj(t, x) := V1(t, x) + Vj(t, x) (42)

+lj(V1(t, x))Sj+1(t, x) (43)

wherelj is any function that satisfies for all(t, x) 6=
(t, 0) the following:

|l′j(V1(t, x))| ≤ min
{

ψ1(|x|), 1
σj+1(|x|)

}
, (44)

lj(V1(t, x)) ≤ min {ψ2(|x|), ζ(x)} , (45)

ω, φ, Nj , ρ come from (41),ψ1, ψ2 ∈ K∞ are arbi-
trary andζ : R≥0 → R≥0 is such that for all(t, x)
we have1:

ζ(x) ≤
φ−1

(
ω(x)

2ρ(V1(t,x))

)

2φ(2Nj(t, x))ρ(V1(t, x))
.

Note that Lemma 1.1 in the appendix guarantees that
suchlj always exists. From Assumption 2.3 we know
that there exists̄α2 ∈ K∞ such that|V2(t, x)| ≤
ᾱ2(|x|) for all (t, x). Hence, for all(t, x) we have:

|Sj(t, x)| ≤ α2(|x|) + ᾱ2(|x|) + ψ2(|x|)σj+1(|x|)
=: σj(|x|) .

Moreover, its derivative along the trajectories of (1)
satisfies

DSj = DVj + [l′j(V1)Sj+1 + 1]DV1

+lj(V1)DSj+1 .
(46)

Note that (44) implies thatl′j(V1(t, x))Sj+1(t, x) +
1 ≥ 0 and sinceDV1 ≤ 0 and φ(a + b) ≤ φ(2a) +

1Note that such a function always exists sinceNj are uniformly
bounded andV1 satisfies conditions (2) of Definition 2.1. Moreover,
note thatζ is not necessarily zero at zero.

φ(2b) we can write:

DSj ≤ DVj + lj(V1)DSj+1

≤ −Nj − lj(V1)ω + φ(
j−1∑
2

Nk)ρ(V1)

+lj(V1)φ(
j∑
2

Nk)ρ(V1)

≤ −Nj − lj(V1)ω + φ(
j−1∑
2

Nk)ρ(V1)

+lj(V1)φ(2
j−1∑
2

Nk)ρ(V1)

+lj(V1)φ(2Nj)ρ(V1) .
(47)

We distinguish between two cases. In the first case
we assume2φ(2Nj)ρ(V1) ≤ ω(x) and we obtain:

DSj ≤ − 1
2 lj(V1)ω + φ(

j−1∑
2

Nk)ρ(V1)

+lj(V1)φ(2
j−1∑
2

Nk)ρ(V1) .

(48)

In the second case we assume that2φ(2Nj)ρ(V1) ≥
ω(x) and then we get:

Nj ≥ 1
2
φ−1

(
ω(x)

2ρ(V1)

)
(49)

and therefore

DSj ≤ − 1
2φ−1

(
ω(x)

2ρ(V1)

)
− lj(V1)ω(x)

+lj(V1)φ(2Nj)ρ(V1)

+φ(
j−1∑
2

Nk)ρ(V1)

+lj(V1)φ(2
j−1∑
2

Nk)ρ(V1) .

(50)

With this choice and using (45) the inequality

DSj ≤ −lj(V1)ω(x) + φ(
j−1∑
2

Nk)ρ(V1)

+lj(V1)φ(2
j−1∑
2

Nk)ρ(V1)

(51)

is obtained. Thus, according to (48) and (51), we have,
for all (t, x) that:

DSj ≤ − 1
2 lj(V1)ω(x)

+[1 + lj(V1)]φ(2
j−1∑
2

Nk)ρ(V1) .

(52)
Using properties of functionslj , V1, φ, ρ, there exist
a positive definitewj , positive functionρj andφj ∈
K∞ such thatwj(x) ≤ ω(x) for all x and ρj(s) ≥
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ρ(s) andφ(s) ≤ φj(s) for all s ≥ 0 such that for all
(t, x) we have:

DSj ≤ −wj(x) + φj(
j−1∑
2

Nk)ρj(V1) . (53)

Therefore, we have

DV2 ≤ −N2 , (54)

DVk ≤ −Nk + φj(Nk−1)ρj(V1) , (55)

for k = 3, ..., j − 1. The inequalities (53) to (55)
have the same form as the inequalities (39) to (41). It
is clear that the construction ofSj−i can be applied
repeatedly fori = 1, 2, . . . , j − 2. That way, one can
construct the functionS2, a positive definite function
w2 andσ2 ∈ K∞ such that (37) and (38) hold. Using
Lemma 1.1, we can determine a positive definite
function l1 such that (44) and (45) hold withj = 1
and, moreover,l1(V1(t, x))|S2(t, x)| ≤ V1(t, x) for
all (t, x). Then, the function

S1(t, x) = 2V1(t, x) + l1(V1(t, x))S2(t, x) (56)

is a strong Lyapunov function for the system (1).
Indeed, for all(t, x) we have that

α1(|x|) ≤ S1(t, x) ≤ 3α2(|x|) ,

DS1 ≤ −w1(x) ,

where w1 is some positive definite function and
α1, α2 ∈ K∞ come from Assumption 2.2. Finally,
since all derivatives oflj functions are bounded by
ψ(|x|) where ψ ∈ K∞ and also all derivatives of
the functionsVi are uniformly bounded, we have that
there exists̃α4 ∈ K∞ such that for all(t, x)∣∣∣∣

∂S1

∂x
(t, x)

∣∣∣∣ ≤ α̃4(|x|) .

Note, moreover, thatS1 has the form given in (16)
where the functionspi are given by the following
formulae:

p1(s) = 2 +
j−2∑

k=0

k∏
t=0

l1+t(s) ,

pk(s) =
k−2∏
t=0

l1+t(s) +
j−1∏
t=0

lt(s) , (57)

for k = 2, 3, . . . , j and the functionslt, t = 1, 2, . . . , j
were constructed above.

VI. CONCLUSION

We provided several constructions of strong Lya-
punov functions for time-varying systems that satisfy
generalized conditions of the Matrosov theorem. We
expect that our results will have significant implica-
tions in several areas of nonlinear control, especially
in the areas of tracking and adaptive control. We will
address these issues in our future work.
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APPENDIX

Lemma 1.1:Let wi : Rn → R≥0 i = 1, 2 be two
positive definite functions;V : R × Rn → R≥0 and
γ1, γ2 of classK∞ such that for all(t, x) we have:

γ1(|x|) ≤ V (t, x) ≤ γ2(|x|) . (58)

Then, one can construct a real-valued functionL of
class CN , where N ≥ 1 is an integer, such that
L(0) = 0, L(s) > 0 for all s > 0 and for all (t, x)
we have:

L(V (t, x)) ≤ w1(x) (59)

|L′(V (t, x))| ≤ w2(x) (60)
Proof. This easy and technical proof is omitted.


