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Abstract

The moments of the real eigenvalues of real Ginibre matrices are investigated from
the viewpoint of explicit formulas, differential and difference equations, and large
N expansions. These topics are inter-related. For example, a third-order differential
equation can be derived for the density of the real eigenvalues, and this can be used to
deduce a second-order difference equation for the general complex moments M3, . The
latter are expressed in terms of the 3 F, hypergeometric functions, with a simplification
to the 5 F1 hypergeometric function possible for p = 0 and p = 1, allowing for the
large N expansion of these moments to be obtained. The large N expansion involves
both integer and half-integer powers of 1/N. The three-term recurrence then provides
the large N expansion of the full sequence {M} p};"zo. Fourth- and third-order linear
differential equations are obtained for the moment generating function and for the
Stieltjes transform of the real density, respectively, and the properties of the large N
expansion of these quantities are determined.
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1 Introduction
1.1 Context

The study of moments of the spectral density for random matrix ensembles hold a
special place in the development of random matrix theory. One landmark was Wigner’s
[30, 31] introduction of what is now referred to as the moment method as a strategy to
prove that a large class of symmetric random matrices have the same scaled spectral
density pV (x) := %(1 — xz)x|x‘<1. The functional form pW (x) is now known as the
Wigner semi-circle. An essential point is that the 2p-th even moment m5,, of oW (x)
is equal to 2-2pC »» where C), denotes the p-th Catalan number, and moreover, this
moment sequence uniquely determines p" (x). Wigner then used the fact that in the
random matrix setting mp, = lim Neosoo (02 / 22N)PE(Tr X?P) as the starting point
for the computation of limiting scaled moments of the spectral density (here o2 is
the variance of the off-diagonal entries of X, which are assumed too to have mean
zero). Subsequent to Wigner’s work, the method of moments, and its generalisation
to cumulants, has been used extensively in questions beyond the spectral density such
as for the Gaussian fluctuations of linear statistics and pair counting statistics; see the
recent review [29].

Specialise now to complex Hermitian matrices from the Gaussian unitary ensemble,
with unit variance of the modulus of the off-diagonal entries so that the joint element
distribution is proportional to e~ 1" X */2, Another landmark has been in relation to the
interpretation of the coefficients in the large N of MZGPUE := E Tr X?P_ This expansion

is a terminating series in 1/N?,

Lp/2] HGUE

—p—12,GUE _ p.g
NP MEVE = T (1.1)

§=0

The result of Wigner gives that v, o = C,. Using a diagrammatic interpretation of
non-zero terms in the computation of Tr X7 as implied by Wick’s theorem, it was
shown by Brézin et al. [3] that the v,  counts the number of pairings of the sides of a
2 p-gon which are dual to a map on a compact orientable Riemann surface of genus g.
Equivalently, after the sides are identified in pairs, it is required that a surface of genus
g results. The case g = 0 is referred to as planar and represents the leading order in
(1.1).

Motivated by this topological interpretation, Harer and Zagier [22] further investi-
gated the sequences {M$YE} and {vg’gE}.l In particular, they obtained that {M$UE}

2p 2p
obeys the three-term recurrence

(p+ DMSYE = (4p —)NMFE + (p — D@2p — D2p - HMSTE, (12)

! The notation C(p, N) in [22] is equivalent to MGUF.
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Spectral moments of the real Ginibre ensemble 1499

subject to the initial conditions M(?UE =N, M2GUE = N2, From this, it was shown
that {v, } obeys the two-variable recurrence

(p+ 250, = p@p+1D@p — DviF | +2@p+ DvioF,  (1.3)

subject to the initial condition vg‘gE = 1, and boundary conditions vggE = 0 for any
of the conditions k < 0, g < 0 or g > | p/2]. For instance, the first few values are
given by

GUE

Up’o = Cp,

vpl =Y T N7
: (p—2) 12

=C, —— ,
"p2 T P Ty 1440

see, e.g. [32, Theorem 7].

The focus of our study relating to random matrix spectral moments in the present
work is an outgrowth of theory underlying and relating the three-term recurrence
(1.2), combined with the results from the recent paper [4] by one of us. The question
addressed in [4] is to identify a recurrence relation for the spectral moments of the
real eigenvalues of elliptic GinOE matrices. The latter is the ensemble of asymmetric
real Gaussian matrices defined by

1+ 1—1
S
TV

S_, (1.4)

where S are independent random real symmetric and skew-symmetric GOE matrices,
and 0 < 7 < 1 is a parameter. For T = 1, one sees that elliptic GinOE reduces to
GOE. Earlier, the work of Ledoux [24] had found a fifth-order linear recurrence for
{MEPOE}. Existing literature due to Goulden and Jackson [20], extending the work of

Harer and Zagier, has given an interpretation of the MZGPOE in terms of pairings which
lead to both nonoriented and orientable surfaces. The analogue of (1.1) is now

p ,,GOE

—p—17,GOE p.l
N7°P sz = N (1.5)
=0

which in particular involves both odd and even powers of 1/N. In keeping with the
universality of the Wigner semi-circle law, one again has for the leading contribution
vGOE =C
p,0 — “pr

The other extreme of (1.4) is T = 0, when each entry is identically distributed as an
independent standard real Gaussian, this giving rise to a random matrix from GinOE.
See [5, 6] for recent reviews on the Ginibre ensembles. Here, there was no previous
literature on the moment sequence of the real eigenvalues. The T = 0 limiting case of

the in general 11-term linear recurrence found in [4] for the moments of the density
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1500 S.-S.Byun, P. J. Forrester

of real eigenvalues was found to reduce to just a three-term recurrence

22p + DM = 2p — 1)(6p + 4N — 5) My 0"
~(2p—3)Q2p+ N —H2p +2N = HMFO". (1.6)

Motivated by the relative simplicity of (1.6), and its similarity with the GUE moment
recurrence (1.2), in this work, we will carry out a study of the moments {ME’meOE )
as a stand-alone sequence, not viewed as a limit of moments for the real eigenvalues
of elliptic GinOE. In the case of the recurrence (1.2), it has been known since the
work of Haagerup and Thorbjgrnsen [21] that there is a tie in with certain higher-order
differential equation and also with certain special function functions, in particular
hypergeometric polynomials. In fact such structures have been shown to also be fea-
tures of the spectral moments in a broad range of settings [2, 8, 9, 13, 17-19, 24, 25,
27]. However, GinOE is distinct from the ensembles in these earlier studies since only
a fluctuating fraction of eigenvalues are real.

1.2 Some known results

Let G be a real Ginibre matrix (GinOE) of size N, defined by the requirement that
all entries are independent standard Gaussians. By making use of knowledge of the
Schur function average with respect to GinOE matrices, it was shown in [16, 28] that
for any positive integer p > 1,

2] o TN/2+p) B
]E[TrGP]_ZPW_N(N+2)...(N+21) 2). (1.7)

But with the eigenvalues of GinOE matrices being in general both real and complex,
this is a result which combines moments relating to the real eigenvalues and moments
relating to the complex eigenvalues. Specifically, let Mg be the number of real eigen-
values and define

My =B S =] 3 ]
j=1 j=1
(N—NR)/2
= 2E[ > Rezﬂ, (1.8)
j=1
wherex; (j =1,..., Ng)andz; (j = 1,..., N — Np) are real and complex eigen-

values of G, respectively. Here and in the sequel, we drop the superscript “GinOE”,
cf. (1.6). We have used the convention z; (v _A%)/2 = Z;. Note that by definition,

M5, + M5,y =E[ TG (1.9)
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Spectral moments of the real Ginibre ensemble 1501

It has been known for some time [10, 11] that the average densities of real and
complex eigenvalues of the GinOE are given by

Tx)=———(I(N—1,x2
Py () Tn(N—2)!< ( )
22 N—1 x?
T 2<N_3)/2e_7|x|N_ly(T, %)) (1.10)
. 2 ST(N — 1, x2 4 y?)
pjcv(x—}-ly):‘/;|y|erfc(«/§|y|)ezy VoD (1.11)

Here,
Z oo
y(a,z) = / Lo dr, I'(a,z):= / e le7tdt =T(a) — y(a, 2)
0 z

are lower and upper incomplete gamma functions and

fe0) = 2 [ " ar
Cric(z) == —— e
v J;

is the complementary error function. The densities relate to the even integer moments
of the real and complex eigenvalues by

M;, N :/l;le’,olr\,(x)dx,

M5,y = /Rz(x +iy)?P 0% (x + iy) dx dy. (1.12)

The pioneering work [11] relating to the real eigenvalues of GinOE has provided
both an exact evaluation and an asymptotic expansion, for

My =N — M y = ENg.

Thus, from [11, Cor. 5.1], we have the expression in terms of a particular Gauss
hypergeometric function

1

. (1.13)

1 [2r(v+d 1 _1
M == 2 2 R T2
onv=5 n(N—l)!21< N |2
As an application of this formula, it is shown in [11, Cor. 5.2] that for N — oo
2N 3 3 27 499 1 1
My = (11— = - o(—) ~. (114
O.N T ( 8N  128N? + 1024N3+32768N4+ N3 +2 ( )

As a series, the Gauss hypergeometric function in (1.13) is not terminating.
Nonetheless, by considering the recurrence in N implied by this formula, such termi-
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1502 S.-S.Byun, P. J. Forrester

nating forms were obtained [11, Cor. 5.3]

N=1)/2
(4 — 3)!

142 BRZIE N odd,
) V2 Z @hk—2n 1 ° s
My = = (1.15)

0.N \/_Nil (4]{_1)” N
cven.
@

(See also [1, Prop. 2.1].) As a consequence, one reads off that for N even, M(r) N 18

equal to +/2 times a rational number, while for N odd, it is equal to 1 plus +/2 times
a rational number. As an aside, we remark that an arithmetic result of this type is also
known for the expected number of real eigenvalues in the case of the product of two
size N GinOE matrices, where it is shown in [14, §4.2] to be of the form 7 times a
rational number for N even, and 1 plus 7 times a rational number for N odd. The
special function that appears here is not the Gauss hypergeometric function but rather
a particular Meijer G-function, which was simplified to a finite series by Kumar [23].

1.3 New results

Our first new result generalises (1.14).

Theorem 1.1 Let m be any positive integer. Then as N — oo, we have

2 mly 1
MGy = ,/;N(l +> Vll + O(N"")) +5. (1.16)
=1

where

I T =3 d [ref—1\-3 &
g=_ L1092 < (e ) 2 ¢ . (1.17)
JT I dr : e+ 1]

Furthermore, as N — 00, we have

o 2 (1 " IR
NTIMy = =N( 5+ 7 OV ) + 2, (1.18)
=1

where

_ 1 rg-3 Hd [re —1\-3 ¥ (e —3)
b= 2\/_ l! dtl |:< t ) (el + 1)2 ] =0’ (1.19)

This gives for the first few terms

Nl /2N 1+3 43 n 29 . 1859 +O(1>+1
2N = 3 8N  384N? 1024N3  98304N* N> 2

(1.20)
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Spectral moments of the real Ginibre ensemble 1503

The three-term recurrence (1.6) then gives that for all p > 0,

2
N7PMj, = —N(

1 m-l by 1 p-! cl
5P —m P
E —= 4+ O(N — E —= (1.21
- 2P+1+l=l Nl+ ( ))+2+l=1 Nl ( )

for certain coefficients by , and c; ).

We remark that a generalisation of the asymptotic formula (1.16) for the elliptic
GinOE can also be found in [7, Prop. 2.2]. The terminating series lez_ll 1, pN~! for
the first p = 2, 3, 4, 5 are given by

3 n 4 6 22 24 10 70 200 192

vivr Ntmty wtwmtw ity 0P

1
N

, respectively. These coefficients can also be derived from the moment generating
function, see (3.25) and (3.26).
Recall that the generalised hypergeometric function is given by the Gauss series

o (k- - (e 2
T L e Ao R 123
Z> ,; dDk ... dy) k! (1.23)

ClyevesCr
F.
S\ dy, ... d

see, e.g. [26, Chapter 16], where it is assumed that the parameters are such that the
series converges. Using this function with » = 3 and s = 2, we next give an explicit
formula for the even 2 p-th moments of both the real and complex eigenvalue densities.
In earlier work, the hypergeometric function 3 F> has appeared in the evaluation of
spectral moments of certain Hermitian unitary ensembles—see [9, Eqs.(3.9),(3.10)]—
although there with extra structure of being terminating and furthermore identifiable
in terms of certain orthogonal polynomials in the Askey scheme.

Theorem 1.2 For all positive integers N and p, we have

1 2 T'(N+p-1 _1_ 51 1
My, N = ( p 2)F<1’1% p,2+p‘_>
' 2r2p+1 (N —=2)! 725—N—p |2 (1.24)
'(p+N/2)
Pl ER———— N
+ T(N/2) {N: odd}

@ Springer



1504 S.-S.Byun, P. J. Forrester

and

1 2 T(N+p-1 [T R
M5,y =— 23 R
* Varm2p+1 (N =2)! 2 2

'(p+N/2
TP AN/ g e even. (125)

P
+2 T'(N/2)

The definition (1.12) of the even integer moment Mj N can be extended to all complex
p with Re(p) > —1/2 by rewriting M;p’N as

o0
M}, y :A{|x|2ppfv(x)dx :2/0 x2P ol (x) dx. (1.26)

The evaluation formula (1.24) again remains valid.

Proposition 1.3 Define Mép_Nfor general Re(p) > —1/2 by (1.26). The evaluation
formula (1.24) can be continued off the positive integers to remain valid throughout
this region of the complex plane.

Remark 1.4 Let p = g + 1/2 for ¢ > 0 a non-negative integer. The series (1.23)
defining the 3 F, function in (1.24) is ill defined as the parameters are such that the
indeterminant zero divided by zero occurs. For the series to be well defined, the limit
q approaches a non-negative integer must be taken.

It is possible to deduce that the three-term recurrence (1.6) for the moments is valid
not just for the even integer moments, but the complex moments too, and to use this to
deduce a three-term recurrence specifically for the 3 F, function appearing in (1.24).
To this end, we make use of a third-order differential equation satisfied by pfv (%),
which is of independent interest.

Proposition 1.5 The density p), of real eigenvalues given in (1.10) satisfies the differ-
ential equation

Anlx]phy(x) =0, Aylx] = (xzaﬁ +x(3x% = 3N +4)32

+2x2 2N + D2 — N + 2)ax). (1.27)

Corollary 1.6 The three-term recurrence (1.6) remains valid for complex values of p
such the terms are well defined. Also, as a function of complex p

_5_, 35 1
(2N+2p_1)(2N+2p+1)3Fz<11 2 p’2+p’—)

@ Springer



Spectral moments of the real Ginibre ensemble 1505

Another consequence of (1.27) is related to the differential equation for the Fourier-
Laplace, or equivalently for the (positive integer) moment generating function, as well
as for the Stieltjes transform.

Corollary 1.7 Let
u(t) == / e ph(x)dx. (1.29)
R

This satisfies the fourth-order linear differential equation

Dy[t]u(t) =0, (1.30)

where

Dylt] =218} — (3t> — 8) 8 +1(1? — 4N — 13) d?
+((3N +2)t2 — 8N — 8) 9, + (2N? + N)t. (1.31)

Furthermore, introduce the Stieltjes transform of the density

W) :=/ PN e 1R, (132)
R

t—Xx

With An[t] the differential operator specified in (1.27), but with respect to t rather
than x, we have that W (t) satisfies the inhomogeneous differential equation

ANIIW (@) = (1 + 4N = 22) My — 6M}, . (1.33)

Remark 1.8 In [4, Cor. 1.5], it was found that the moment generating function u(t)
satisfies a seventh-order differential equation. Indeed, it can be observed that the
differential equation in [4, Cor. 1.5] can be further simplified to

0= (>8> — 629> + 1519, — 15) o Dy[t]u(t)
= (t0, —a)o(td —b)o(td —c)o Dylt]u(r), (1.34)

where (a, b, c¢) is a permutation of (1, 3, 5).

The proofs of the above results are given in Sect.2. In Sect.3, we link up the
large N asymptotic expansion of the moments Theorem 1.1 with large N asymptotic
expansions that can be deduced for the Fourier-Laplace transform u(¢) and the Stieltjes
transform W (¢).

@ Springer



1506 S.-S.Byun, P. J. Forrester

2 Proofs
2.1 Proof of Theorem 1.1

To begin we recall a particular asymptotic formula of » F7, telling us that as A — oo
(A € R),

ab |\ Te+n) o TB+S) .
2 F (C_‘_)“Z) —m? qs(D)——=— I o) A + O ); (2.1)

see [26, Eq. (15.12.3)]. Here ¢o(z) = 1 and ¢5(z) when s = 1,2, ... are defined by
the generating function

el — 1\b-1 t(1—c) —t\—a C s
( t ) 01—zt ze ) =Y g1 (2.2)

Using this witha =1,b = —1/2,c =0and A = N in (1.13) gives (1.16).
In preparation for deducing the large N asymptotic form of Mé‘ > an evaluation
formula analogous to (1.13) is required.

Proposition 2.1 We have

[2T(N+3) 2 _111

roo_ 22V 27 T2 |2
Monv =y o ( 2F‘(N+1

Proof We will assume temporarily the validity of the evaluation formula given by the
p = l case of M} PN in Theorem 1.2 (this will be proved for all non-negative p in the
next section). This gives

(2.3)

o0

3 1
i, = ! 3 I Tk+HON—k+1)
TN =D gkt T+ ) T(—k+3)

+ N ]l{N: odd} - 24

We note that

i 1 F(k-i—%)F(N—k—f—%)_i 1 (k+Hrw—k+1
2FE T+ DT(—k+3) ok T(—k+3)

k=0
i 1 (k—l—%)F(N—k—i—%)_i 1 ((k+3)—DI(N —k+ 1)
Par s T(—k+3) Par s D(—k+3)
rN+3) (-3 -N-1 IO Lon-1
=2 ’ —1 AT 2 —1
6T 21( ~N+1 T 0 T
N 3 1 N 1 1
_ YA Fl(—j,—zvTi _1)_ JE(=1) Fl(—g,—N:Q‘_O_
6F(=N + ) —N+3 2T(-N+3) N +3
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Spectral moments of the real Ginibre ensemble 1507

Recall the linear transformation [26, Eq. (15.8.5)]

sin(r(c —a — b)) F a,b
7 T(0) 21(6‘0

- z? @ c+1 | 1
TTe—alc—blat+b—c+ ) '\atb—c+1|
1— c—a—b . a—c _ _ 1
1-2) Z ( c—a,l—a 1__). 25)
<

"T@r®lc—a—b+D>! a—b+1
Here, let us mention that the regularised hypergeometric function ,F; in [26, Eq.
(15.8.5)] is given by

1
©Fi(a,b;c;z) = ——2Fi(a, b; c; z).
[(c)

Using (2.5) witha = —N — 1/2,b = —3/2,¢c = —N + 1/2, we have
1 - 1 _3
L (ME )
(=N +3) -N+3

25/2 3
_ : ) (1,N7+ 5
(=N —HI'(=5)T) 2

" *P)

DYV £ 3) - (1,N+§
n0(=Hr @)
3
3 2>,

(=DN2T2D(N + 3) (LN+
= - 2 F
4 /2 ILN+3
—1>= 15/ F(N+2)2F1( 7 2

[\SIEN]

NSIEN]

572
which leads to
2

JEEDY F}<—N—%,—%
6(~N + 1) —N+

2).

Here, we have used 1/ I'(—N + 2) = 0, the reflection formula of Gamma function

1
2

')l —z) =na/sin(rz) (2.6)

and
4.7
3 9

8 /2 2,N + 3
1) =—— /ST + 3R (™ 212]).
) 5V ( +2)2 1( %

@ Springer
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1508 S.-S.Byun, P. J. Forrester

Furthermore, again using (2.5) after removing the removable singularities, it follows

that
)= ()
V2 F(%)
30
2

1 —DHN(N = 2)!
§)+( )(8 )2F1<

1 (=DM =2)
)y

I,N+2 43
F(N+2)2F1( t2 t3

15 I
2T(N + 3 _3
z\/j( D g (13
7 3(N —1) N
2T(N+ 32 _3
=\/i¥2F1 L, =3
7 3(N —1) N

and

)

8

8 2,N +3
I*(N +3)2Fy 7 2
15 z

3 3
2) _ «/EF(N(;F)Z)ZFl (2, N7+ 5

)

2

_ L TED 2= l)N(N—l)v a1
Tz NN -1’ <N 15) 2 7 1<1—N E)
_;F(NJr%) (z -1 1) (l)N(4N—1)(N 2!
TV NN DA N+T]2 8

Therefore, we obtain

241"N+ 3
ATOD (g (2

3
2) 2F1<1’N+2

715 (N —2)! 1 2))
1 T(N+3) 2,111 \/’F(N+2) 1, — NN
" V2ar N 2F1(N+21 §)+ 713(N—1)'2F1< >+( D
3
2

_\/’F(N+2) ,_%
ENAL AV A

which completes the proof.

)+ h ("

1

1 N
2) ) )
Focusing now on (2.3), we note from (2.1) witha =2,b = —1/2,c = 1 that

N “ Ofsfl L(=3/24+s) _,
NTi) M T ri

I T(N+3) _
———F] 2,
21 N!

1
2
+1

where

4(61:1)_3/2 )2 Zav . 2.7
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Spectral moments of the real Ginibre ensemble 1509

Also, using (2.1) witha = 1,b = —3/2, ¢ = 0, we have

3 3 m—1 .
\EMM (L—a 1) NI BT,
7 3(N — 1! N |2 7 =3 T(=3/2)

where

2(et t_ 1)75/28(1 L)l = iﬂx £ 2.8)
s=0

Therefore, we have shown that
2I(N+3) [ 1 2, — b1y 1 1,31
- 2 - F R . F N
\/;(N—l)! (21\/2 1<N+1 2)+32 ‘< N 2))
—1
N /gN(@+’”Z By — a1 r(—3/2+s>N_s>_
b4 3 o 3 r'-3/2)

Substituting in (2.3) the expansion (1.18) follows. O

2.2 Proof of Theorem 1.2

In relation to Theorem 1.2, note that the spectral moments (1.25) of complex eigen-
values follow from (1.7), (1.9) and their real counterparts (1.24). Thus, it suffices to
show (1.24). The more general setting of Proposition 1.3 we will be assumed requires
only thatRe p > —1/2.

By using [11, Cor. 4.1], we have

o0
> ey = Fz ), 2.9)
N=1
where
z _a? z R 22x| @-na? z)x]|
F(z, x) = 2 + € l)x)+_e 2 (erf—
©0 ~/2n<e -z 2 (ﬁ)
(I —2)|x|
terf (TD (2.10)
It then follows that
o0
> oM, 2N =/ |x[* F(z, x) dx. (2.11)
N=0 R

@ Springer



1510 S.-S.Byun, P. J. Forrester

Since
2 _2 41 1
f |x|?Pe” 7 dx = 2P 2I‘<p+§),
R
1
/ x[2PeE DY gy = (1 — z)fpf%r‘(P + _>,
R 2

where in the second integral it is assumed |z| < 1, we have

2p JT L ety
N2 / Il ( 1- Ze ) *
Z 1 z 1
= — 2[’+2+—)F( +—). 2.12
V2 ( A—ori) 72 @12

On the other hand, by using the expansion [26, Eq. (7.6.2)]

k2k+1

erf(2) = ——e~7 i & (2.13)
= —€ - R E——— .
V= Sk DI

we have

2
27|x| 2o? zlx| (1 —2)|x|
|x|2”—e 2 <erf + erf (—) dx
/ IJCIZI"“LZI‘JF2 k41 2%+1 ,(z—1)x2
§ : (2k+ o z e~ 2 +(1-2) e dx

_Z[Z <2k+1 k3 kpl> 3
T2y L (gt} - ke o (p ek D).
2 = 2k + D! ( 2)

(2.14)

Combining the above, we have

2 _L( p+ ;) 1
x|PF(z,x)dx 2072 '(p+
/R| 2P F (e, x) = R (r+3)

Jié(zkil)"< ot
F(p+k+§),
which can be written as
/Rlxl2p}'(z,x)dx_ \/_i_o: 2ki1)”( 2h—1pptts + (1 =)k )
( 1). (2.15)
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By using

s S (k—p-3)2 X Th-p-1
(1—gk P2 = ( )(— ) = 2 (—7),

we obtain

o8] 1 +k+l
: Zr(k+p+7)2p S 2kl

2p dx =
/RIXI F(z,x)dx Var & ETa

I A DN+ p+ HTk—p—13) )N
+— .
\/ENZ_O<,;)(2k—l)!!(N—2)!F(k—p—N+g) ¢
(2.16)
This gives rise to
. I DY K Tk+p+Pk—p—3)
Mapn = _ |Z 3
Var (N =)= 2k = DTk —p— N +3)
1 F(p+N/2)2”+N/2]1
—27{ (N — 2)” {N: odd}
1 i I Th+p+HT(N+p—k—3)
(N =Dl &ok+s T+ HT(p—k+3)
I'(p+NJ2)
+2P—p / 1(N: odd)- 2.17)

[(N/2)
Note here that

1 T(p+N/227™N2  T(p+ N/2)2P

N (N =2)!!  T(N)2)
and that
I Tk+p+3)Tk—p—3 1 Tk+p+)Tk—p—13)

V2 @k = DUT(k—p—N+3)  okti T+ DTk —p—N+3)
_(=DVTGk+p+)TWN+p—k—3)
241 Thk+HT(p—k+3)

where to obtain the final line use has been made of (2.6). Now the expression (1.24)
follows from the definition (1.23) of the generalised hypergeometric function. O
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1512 S.-S.Byun, P. J. Forrester

2.3 Proof of Proposition 1.5
We follow a strategy introduced in [32, Proofs of Thms. 4 and 9] in relation to the

differential equations satisfied by the eigenvalue density for the GUE and GOE. Due
to the symmetry x — —x, it suffices to consider the case x > 0. Let

d x2 N —1 2
f(x)=—|T(N —1,x%) +2(N—3)/2e_7x1v_1y< ’ x_) ’
dx >3

so that according to (1.10), the function f (x) is proportional to %pN (x). In terms of
f(x), the differential equation of the proposition reads

X2 x) 4+ xBx2 =3N+4) f'(x) + x> =2N + (x> = N +2) f(x) = 0.

(2.18)
Using
d 2\ ON-3 2 wemp 2 d (N—1 x2\  y oy o
STV = 1% = 22V P 2 edey( 5 ,2)_x e,
we have
2 _ 2
fx) = N3, +2(N—3)/26—%XN—2( 2N 1)}/(N2 1’ x?>
= —a(x) + (—x> + N — )b(x).
(2.19)

Similarly, it follows that

N — 2>e_x2
x

') = L2N-3 (x _

2
+2 N2 N2 (3 - N - 1x

_ _ _ 2
PO (5

_ (x _N= 2>a(x) n (x3 —@N - Dx + w)b(x), (2.20)
X X

and

(N =2)(N — 3)>e_xz

f”(x):sz‘3(—x2+(2N—5)— 2

X
+2(N—3)/2e‘%xN_2< —x* 3N X = 3(N —1)?
(N = DN =N =3)\ (N-1 2
+ X2 )y< 2 ’7>
UELIER)
2

=(—x2+(2N—5) a(x)
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N—-1(N —=2)(N -3
( )( _ )( ))b(x).

2.21)

+(—x4+3Nx2—3(N— 12+
X

Combining all of the above, the desired differential equation (2.18) follows. The inter-

mediate working is best carried out using computer algebra for efficiency and accuracy.

O

We mention that at the beginning, the way to derive the exact form of the differential

equation (2.18) is to use (2.19) and (2.20) regarded as a linear system to solve for a(x),
b(x) in terms of f(x) and f’(x). With this done, substituting in (2.21) gives (2.18).

2.4 Proof of Corollary 1.6

To deduce the three-term recurrence (1.6) with p in general complex, we multiply the
differential equation by x” and integrate over x € (0, 0o). Carrying out the integration
using integration by parts gives (1.6), provided Re(p) is large enough so that all terms
requiring evaluation at x = 0 vanish. Analytic continuation removes the need for such
a restriction.

In relation to the three-term recurrence for the 3 F, function (1.28), we notice by
direct computations that

F(p+2+N/2) T(p+1+N/2)
p+2 _ p+1
202p 452 EL TS = @p 4 3(Op AN + 120 S
I'(p+N/2
f(2p+l)(2p+N)(2p+2N+l)2p(l{?T/2)/).

Therefore by (1.24), one can observe that the recursion formula (1.6) implies (1.28).
O

2.5 Proof of Corollary 1.7

Note that

dk tx k

—u(t) = / e x"ph(x)dx.
dtk R N

Then the differential equation (1.30) follows from Proposition 1.3, after multiplying
by " and integrating over x € R using integrating by parts. For the latter, we note

d 2 2 fx d2 2 Ix d3 2 tx
E[Qx “ON + 12 = N +2)e }— @[mx 3N +4)e :|+E[x p ]
= (m“ — B2 = 8)x® +1(12 — 4N — 13)x>

+ (BN +2)r* — 8N — 8)x + N2 + N)z)e’X.
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1514 S.-S.Byun, P. J. Forrester

In relation to the Stieltjes transform, we first separate out the coefficients of 33 and
dy in Ax[x] so that the differential equation (1.27) reads

(xZaﬁ + R()92 + S(x)d,) ply (x) = 0,
with
R(x) =x(3x*=3N +4), Sx)=@2x*—2N+DH@x* =N +2).
Next we manipulate this equation so that it takes the form
243 2 r
(t 93 + R(1)0% + S(t)8x>,oN(x)

= (2 = x0] + (R@) = RG:DI + (@) = S ) ply ().
Multiplying through by 1/(r — x) and integrating over x € R, the LHS is readily
identified as Ay [¢] after integration by parts. On the RHS, the term 1/(z — x) can be
cancelled with factors in the coefficients, which then reduce to polynomials symmetric

in ¢ and x. Integration by parts requires that these polynomials be differentiated with
respect to x a suitable number of times, with the result giving the RHS of (1.33). O

3 Links between large N expansions
3.1 Asymptotic expansion of the moment generating function

Let us define the rescaled moment generating function

1 t
i) = —u(——) = / e ph (v/Nx) dx. 3.1
VN (\/ﬁ> RN
Then (1.30) gives rise to
Dilt] = Dolt]\~
(Do[t] + 2 )u(t) =0, (3.2)
where
Dolt] := 2t} +897 — 419> — 88, +2t (3.3)
Dyt] := 31297 — 131 9> + (31> — 8) ; + 1, (3.4)
Dylt] := 1387 + 212 3. (3.5)

As is consistent with the expansion of the even integer moments Theorem 1.1,
introduce the large N expansion

- — (1 i t
=3 <”<1"v)£’) y L )>. (3.6)

k=0
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Spectral moments of the real Ginibre ensemble 1515

Use the expansion coefficients therein to introduce a sequence of smoothed densities
{r@) (%), 7(k+1/2)(x)} by the requirement that

0) =/Re”r(k)(x) dx,  Ugs1/2) (@) =/Re’xr(k+1/2)(x)dx. (3.7)

Note that then, in a formal sense, and with the LHS interpreted as being always begin
integrated against a smooth function, we then have

k k+1/2
= N N

We know from [6, displayed equation below Egs. (3.5) and (3.8)] that

1 1
oM =—=Llei@.  rap®=(6-D+sa+D). 39

N2
and so
- 2 sinh(z) - cosh(z)
u)(t) == \/; P u(2)(@) == R (3.10)

Note also that by (1.16) and (1.18), for k > 1,

~ 2 ~ 2
u@@=/;% u@@=/;m (3.11)

U(k+1/2)(0) = W11 2)(0) = 0. (3.12)

and

Scaling (3.2), t +— t/ N , and substituting (3.6) shows
Dolt1t ) (t) + Diltltk—1y(t) + Dalt]tx—2) () =0 (3.13)
and
Dolt] U +1/2) (1) + D1lt1 U g—1/2)(t) + Dalt]tk—3/2)(t) = 0, (3.14)

with the convention that #; = 0 if j < 0. One observes that the differential operator
Do[t] has the factorisations

Dolt] =287 +49, —1) o (3} —1) =282 — Do (td? +28 —1). (3.15)

From the explicit functional forms of (o) () and u(12)(¢) (3.10), it is observed that
both are annihilated by Dy[¢]. Indeed, the general even solution to Dy[t] f(t) = 0 is
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1516 S.-S.Byun, P. J. Forrester

of the form )
sinh(z)
f(t) = cocosh(t) + c; T co,c1 € R.

By taking k = 1 in (3.13),
~ ~ ~ 2
Dolr]ui(t) + Diltluo(t) = Dolt]ui(t) — 6 - sinh(r) = 0.
By solving this differential equation with the initial condition (3.11), we have

() = \/gg (t sinh(t) — cosh(t)). (3.16)

Similarly, it follows that

- 21 .
o)) = \/j —((23¢> + 9) ¢ sinh(¢) — (261> + 9) cosh(z) |, (3.17)
T 384
Ua () = ;M((m;“ — 285¢> — 405) 1 sinh(t) — 5(r* — 841* — 81) cosh(t)).
(3.18)
In general, one can observe that iy is of the form
~ 2 .
Ugy(t) = \/j(Pk,l(t)t sinh(t) + Py 2(t) cosh(t)), (3.19)
T

where Py 1 and Py » are some even polynomials of degree k 4 1. The corresponding
quantities in the expansion (3.6) are then

1
ri () = E(Pk,l(—axx—ax)(a(x — 1=+ 1)

+Pea(=00) (80 = 1) + 00 + 1))) (3.20)

as can be checked from (3.7).
Regarding the half-integer coefficients in (3.6), we also have

Ha () = %(ﬂ cosh(r) — 1 sinh(t)), (3.21)
s (t) = & (3#(;2 — 1)cosh(r) — 1(2t*> = 3) sinh(t)). (3.22)

For general k, we have
W1/2)(t) = P (1) t cosh(t) + P () sinh(r), (3.23)

@ Springer



Spectral moments of the real Ginibre ensemble 1517

where ﬁk,l and 1/5;{,2 are certain odd polynomials of degree k + 1, from which it follows

P20 = %(ﬂ,l(—axx—ax)(a(x — D+ + 1)
+Pea(=00) (5 = 1) = 8 + 1))); (3.24)
cf. (3.20). Notice also that
3/2)(0) =030 (0) =0, @5 0)=1, 3,0 =3,

~(8) _ ~(10) _
U31(0) =6,  U,)(0) =10. (3.25)

These coincide with the coefficients of the O(1/N) term in (1.22). Along the same
lines, we have

~ ~ ~ ~(6)

fi(s/2)(0) = (s ) (0) = (40, (0) =0, S, (0) =4,

~(8 ~(10

i(5)y)(0) =22, (5 (0) =70 (3.26)
which also correspond to the coefficients of the O(1/N 2y term in (1.22). To be consis-
tent with the fact that the final sum in (1.21) terminates, for general k, we must have

2j ~ .
8,ju(k+1/2)(t)|,=() = OfOI‘j =0,...,k.

3.2 Asymptotic expansion of the Stieltjes transform

Let us write
W) = / de — W/N1) (3.27)
R — X

for the Stieltjes transform of the rescaled density. Then (1.33) can be rewritten as

- D D - M! M:
(Do[t] N Dit] n Dz[ﬂ)w(t) _ (4 o2y l) 0N N2 g0

N N2 N/ N1/2 N3/2°
where
Dolt] 1= 22 — 1)23,, (3.29)
D[] := (1> = 1)(31 82 +59,). (3.30)
Dylt] := 120 + 41 9? +20;. (3.31)

On the other hand, by Theorem 1.1,

(4—2z2+i> Mow _gMya _ |2 2—212+i (4 =20 + a1 = 6b
N/ N2 N3/2 T N!

=1
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1518 S.-S.Byun, P. J. Forrester

241 1

-~ + 5w (3.32)

Then as before, by recursively solving this system of differential equations with the
initial condition W (¢) = O(1/t) ast — oo, one can derive the expansion

o o~ ~

~ Wiy @) Wia1/2)(@)

W) = Z ( NE + Nk+12 ) (3.33)
k=0

For instance, we have

Wi (t) = ——1 (Hl) W m (@) ! (3.34)
= —— 10 — ), = — 0, .
) o g r—1 (1/2) 2(1‘2 -
which are consistent with (3.9), and
W) = ——— 3t(t2 - 3) W (1) = —— (3.35)

In particular, one reads off that as r — 0, W(l)(t) =t Whereas W(3 () < 1™ -3,
Generally, it is required that for t — oo, W(k) ()y=<t! whereas W(2k+1) ()<t —2k— 1
so as to be consistent with (1.21).
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