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Abstract 
 

Virtually all dynamic methods for determining particle size at the nanoscale use the Stokes-Einstein-

Sutherland equation (SES) to convert the diffusion coefficient into a hydrodynamic radius. The 

validity of this equation at the nanoscale has not been rigorously validated by experiment. Here we 

measure the sedimentation rates and diffusion coefficients of C60 and C70 in toluene using analytical 

ultracentrifugation and compare the results to the SES equation. We find that the SES equation for 

the drag force (non-slip boundary condition) works down to 1 nm lengthscales. 
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The determination of nanoscale particle sizes is an important challenge for the whole of chemistry. A 

plethora of materials have dimensions in this size regime including semiconductor nanocrystals, 

metal nanoparticles, polymers, micelles, microemulsions, vesicles, proteins, viruses, clay sheets as 

well as a host of carbon nanostructures such as nanotubes and graphene sheets.  Sizing can be carried 

out by electron microscopy or atomic force microscopy but these involve sampling only a small 

fraction of the distribution and there is inherent observer bias1. Furthermore, during electron 

microscopy, many samples are damaged by exposure to the electron beam or to the high vacuum. 

The common alternative is to use an indirect approach such as dynamic light scattering (DLS) or 

analytical ultracentrifugation (AUC), which cede the diffusion coefficient of the objects and, in order 

to obtain the particle size, assume both a shape for the particles and the validity of the Stokes-

Einstein-Sutherland equation2-4 

                                                                                         [1]  

Here a is the hydrodynamic radius,  is the solvent viscosity, k the Boltzmann constant, T solution 

temperature, and f/f0 the frictional ratio, defined as the ratio of the particles’ frictional coefficient to 

that of the equivalent sphere. i.e. the shape of equal volume but minimal surface area. Inherent in this 

equation is the assumption of non-slip boundary conditions at the surface. In general this equation is 

only valid for solutes significantly larger than the solvent molecules. Most particles in aqueous or 

non-aqueous solvents must be stabilized against aggregation by adsorbed surfactants, a hydration 

layer or adsorbed charges, resulting in a hydrodynamic size larger than that of the bare core. The 

volume and thickness of this layer is significant for particles less than 20 nm in size, which renders 

the determination of particle sizes complex, even when the sample is relatively monodisperse. The 

validity of the SES equation is also questionable once the particle radius approaches molecular 

dimensions. For very small molecular species with radii up to 3–5 Å, an empirical correction formula 

for the hydrodynamic radius from the SES equation was given by Schultz and Solomon based on 

viscometry data5. Several theoretical models predict a shift to slip boundary conditions for nanoscale 

solutes and to viscosity gradients near the surface, which may invalidate the SES equation 6-8. The 

increased viscosity (typically 50 – 150 % higher compared to the bulk solution) and density of the 

surface solvation layer lead to increased hydrodynamic drag, which can be corrected for, leading to 

good agreement between experiment and a modified SES equation8. 

 

A further challenge is accounting for variations in nanoparticle shape. Extensive work on the 

molecular weight of proteins over several decades has led to the introduction of the shape factor, f/f0, 

describing the relative asymmetry of the particles. This factor may account for both non-spherical 

geometry and the presence of solvation layers around the protein9. The solvation layer will include 

		
D= kT

6πaη(f/fo)
η
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bound solvent molecules and counter ions, which are necessary to maintain stability against 

aggregation. Values of f/f0 ~1.2-1.4 are typically necessary to obtain agreement between theory and 

experiment10. 

 

It would be useful to confirm the validity of the SES equation down to nanometre or molecular 

dimensions.  To achieve that, monodisperse probes are required with well-defined shape and density, 

which can be dispersed in a solvent without any coatings or stabilizers, yet without aggregation.  A 

potential probe meeting these requirements is the fullerene family. C60 and C70 have well-defined 

crystallographic size, shape and molecular weight, and spontaneously dissolve to millimolar 

concentrations in several organic solvents11-12. They also have well-defined optical extinction 

coefficients. They are close in structure, differing by only 10 atoms, and therefore likely to exhibit 

very similar hydrodynamic behavior.  Surprisingly, the sedimentation behaviour of fullerenes has not 

been reported to date, although there have been studies of carbon nanotubes13-14. 

 

Here we report that C60 and perhaps C70 are useful probes not only for AUC calibration but also for 

validating the Stokes-Einstein-Sutherland equation down to the smallest size regime to date (1 nm). 

Validation is a pre-requisite for the application of this equation to the sizing of molecular objects. 

The large body of work utilizing C60 makes it a particularly useful subject for comparison to other 

analytical methods, and will be the primary focus of discussion here. Comparison of the C60 and C70 

results is included as a useful illustration of the resolving power of the method.  

 

Samples of C60 and C70 were dispersed in toluene. Sedimentation data were collected over 11 hours 

in a Beckman ultracentrifuge equipped with multiwavelength absorbance optics, operating at 55,000 

rpm and 20° C15. The sedimentation data were monitored at  470 nm and the absorbance data were 

fitted to the Lamm equation using the ‘continuous c(s) with invariant D’ model in the software 

program SedFit16. The sedimentation coefficient distribution was fit over a grid range from 0 to 5 S, 

with 100 point resolution, and the diffusion coefficient was allowed to float. Time and radially 

invariant noise, as well as the positions of the meniscus and cell bottom were also fitted. A 

confidence level of 0.7 was applied. Typical results are shown in Figure 1, where the time and space 

dependent concentration of C60 measured from its absorbance at 470 nm are presented.  
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Figure 1: Top: Time and space dependent absorption profiles at 470nm during sedimentation of C60 

in toluene at 55,000 rpm and 20° C. Time increases from the purple traces through to the red traces. 

The radial distances are measured from the rotor axis. The lines show the Lamm equation model fit 

to the experimental data points using SedFit. Note the long-term concentration profile is close to the 

exponential sedimentation equilibrium distribution expected as the sedimentation and diffusion 

fluxes approach equilibrium. Middle: Residuals as a 2D bitmap. Bottom: Residuals across radial scan 

traces, showing very little systematic error and RMSD = 0.006.  

 

Numerical fitting using SedFit solves the inverse problem of identifying sedimentation and diffusion 

coefficients that give rise to the experimentally observed solute redistribution during centrifugation. 

The well-known Lamm equation is a partial differential equation describing the concentration flux 

due to diffusion and sedimentation with cylindrical divergence in a centrifugal field. No exact 

solutions to the Lamm equation exist, but may be approximated numerically17-18. The best model is 

derived from a sum of finite element solutions of the Lamm equation through least squares fitting. 

This recovers a concentration distribution of sedimentation coefficients, c(s), where distribution 

peaks may be integrated to yield weight average sedimentation coefficients. Importantly, fitting the 

sedimentation data yields two independent values: a weighted average diffusion coefficient and 

sedimentation coefficient. No prior knowledge about particle density, shape or solvent conditions is 

imposed in the fitting. The numerical fitting accounts for back diffusion from solute accumulating at 

the bottom of the cell, which is important for small S particles, where diffusion dominates the 

sedimentation profile. A c(s) plot for C60 is shown in Figure 2.  We find that both C60 and C70 exhibit 

very clean sedimentation dynamics with no evidence for dimers or oligomers at larger S values. A 

small bump at <0.2 S is due to instrument noise or an error in the baseline fitting.  
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We firstly consider the diffusion coefficient value. To compare the C60 value of D obtained here to 

those found from other methods with different solvents requires conversion to standard conditions, 

D20,w19. The conversion is made by multiplying the measured value of D by the ratio of solvent 

temperatures and the viscosity of the solvent used to that of water at 20° C, i.e. 

.  

 

 
Figure 2: Sedimentation coefficient distribution, c(s) for C60 sedimented at 55,000 rpm and 20° C. 

The weight average sedimentation coefficients are 1.44 S for C60 and 1.47 S for C70. The weight 

average diffusion coefficients are 7.591x10-6 cm2/s for C60 and 7.335x10-6 cm2/s for C70.   

 
 
Table 1 – Diffusion Coefficients of C60 and Calculated Radii (Å) 

 
 
 
 
 

D20,w = D η /ηw( ) Tw /T( )

C60 D from literature D T Solvent viscosity D20,w aD a'slip' Ref.

method cm2/s K mPa-s cm2/s Å Å
AC Voltametry 1.70E-05 298.00 Dichloromethane 0.473 7.89E-06 2.71 4.07 21
Chronoamperometry 1.40E-05 298.15 Dichloromethane 0.473 6.50E-06 3.30 4.95 23
Chronoamperometry 1.05E-05 298.15 Dichloromethane 0.473 4.87E-06 4.40 6.60 24
RDE Voltammetry 1.40E-06 295.15 Benzonitrol 1.240 1.72E-06 12.45 18.68 20
AC Voltametry 2.60E-06 298.00 Benzonitrile 1.388 3.54E-06 6.05 9.07 21
Chronoamperometry 4.10E-06 298.15 Benzonitrile 1.388 5.58E-06 3.84 5.76 23
SS voltammetry 3.14E-06 295.15 Benzonitrile 1.240 3.86E-06 5.55 8.33 27
NMR pulsed gradient 8.30E-06 298.00 Benzene d6 0.641 5.22E-06 4.10 6.15 25
NMR pulsed gradient 1.85E-05 298.00 CS2 0.350 6.36E-06 3.37 5.06 22
NMR pulsed gradient 9.10E-06 298.00 C6H6 0.652 5.82E-06 3.68 5.52 22
Taylor dispersion 1.97E-07 297.65 Squalene 29.70 5.75E-06 3.73 5.59 26

Average 4.83 7.25
AUC [This work] 7.59E-06 293.15 Toluene 0.585 4.43E-06 4.83 7.25
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Table 2 -  Diameter of C60 determined by Physical Methods 

 
As evident from the data in Table 1, the diffusion coefficients, D, obtained from AUC closely match 

the mean of those obtained earlier using other, independent methods20-27. Our value is 5% smaller 

than the average van der Waals radius of 5.09 Å reported from a number of physical methods listed 

in Table 228-33. Note that, because almost all of the methods in Table 1 use the SES equation to 

determine the size, the value alone does not confirm the validity of eq. [1].  

 

Hence, we now examine the sedimentation coefficient, S, using eq. [2], formulated from the 

Svedberg equation with Stokes drag, FD=6πaην (ν = speed), substituted for the hydrodynamic drag 

force, FD and assuming spherical geometry. 

   𝑆 =
!"!($"#$%$%&'()

'(
     [2] 

Equation [2] is derived from a mechanical force balance of the centrifugal force, FC, buoyant force 

FB, and drag force FD, and allows for the diameter of the C60 molecule to be determined 

independently from the mean sedimentation speed, provided that the mass density of C60 is known. A 

wide range of density values have been reported for the C60 molecule, including values gleaned using 

densitometry34-35. Other literature values for density have been deduced from crystallographic size 

measurements28, 34. The density may be directly computed from the radius and the molecular weight 

of C60 (720.66 g/mol). Considering the average radius of C60 reported by various physical methods, 

5.09 Å, a density of 2.17 g/cm3 is retrieved. Inserting the C60 density estimate (2.17 g/cm3) and 

solvent viscosity (  = 0.585 mPa s), into equation [2] we obtain a = 5.41 Å,  which is 6.3% larger 

than the average, reported, van der Waals value.  

Utilizing both S and D from AUC, uniquely specifies a particle density, according to eq. [3]. 

    [3] 

Method Radius, a (Å) Ref.

NMRa 5.10 28

Gas Phase Electron Diffractionb 5.24 30

Single Crystal XRD at 110 Kb 5.21 31

Powder XRDb 5.22 33
HRTEM 5.05 29
STM 4.75 32

Average 5.09
a;	The	average	diameter	from	C	centers	is	measured,	and	the	value	of	
1.675	Å	is	added	to	each	side	to	account	for	the	π	electron	cloud	on	
the	outer	edges
b;	The	average	diameter	from	C	centers	is	measured,	the	value	of	
1.675	Å	from	Dresselhaus	is	added	to	each	side	to	account	for	the	π	
electron	cloud	on	the	outer	edges

η

D = 2
18π

kBTs
−1/2 η f / f0( )w( )

−3/2
(1−υ pρS ) /υ p( )

1/2
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Equation [3] is derived by combining the Svedberg equation and the SES equation. The C60 density, 

2.49 g/cm3, determined by S and D from AUC, and with Equation [3], is 14.9% larger than the 

average density value implied by other physical methods, whereas the radius from AUC is only 5% 

smaller. Because the density computation has a cubic dependency on radius, small discrepancies in 

size result in large differences in interpretations of density. S and the implied particle density, or D, 

may be used to calculate the particle radius by equation [2], or equation [1], equivalently resulting in 

C60 a = 4.83 Å (For C70, we obtain a = 5.01 Å). These values assume non-slip boundary conditions. 

 

In summary, we find that the SES equation provides a consistent explanation for the observed 

sedimentation speed and the diffusion coefficient of C60, which in turn supports the application of 

non-slip boundary conditions down to radii of 1 nm. The resolution possible with the AUC method is 

illustrated in the less than 4% difference identified between the sedimentation and diffusion 

coefficients of C60 and C70. Finally, we consider potential sources of error in this analysis. Solvents 

may compress in AUC resulting in a density and viscosity gradient across the sample channel. The 

effect is small for aqueous solutions and is generally ignored. SedFit allows for the modelling of 

solvent compressibility. The compressibility factor of toluene, 894 Pa-1, was considered in the fitting; 

however it resulted in a change in S of <2%, that was not consistent between the two samples36.  

 

The possibility of solute non-ideality was also considered by examining subsets of the sedimentation 

scans. Sets of 50 scans from the early, middle and late parts of the experiment were analysed 

independently. No systematic error was observed between the sets of analysis, indicating the solute 

was stable throughout the experiment.  

 

The extinction coefficient for C70 at 472 nm is 22,420 M-1cm-1 in o-xylene, although it varies slightly 

with solvent37. This yields concentrations in our AUC experiments of ~1 µM.  Hence interparticle 

hydrodynamic effects do not play a role in the sedimentation behaviour.  

 

We briefly consider the effects of altering f/f0. For C70, a slight oblateness is predicted from 

crystallographic models and theoretical calculations, with the aspect ratio approaching 1.1 according 

to Dresselhaus 38. For an ellipse with this aspect ratio, the f/f0 value is 1.0008 and consequently very 

little effect is predicted on the S values. However C70 is likely denser than C60, which would lead to a 

slightly higher sedimentation rate and slightly lower diffusion coefficient. Hence we believe the C70 

sediments effectively as a sphere, probably because of its very fast rotational diffusion. In the case of 

C60, if we relax the SES conditions and assume slip boundary conditions, with the Stokes drag being 

given by FD=4πaην, then we obtain a much larger fullerene radius of 7.25 Å, inconsistent with other 
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physical sizing methods. This would imply that a layer of bound solvent molecules is adsorbed to the 

fullerene during diffusion. However, a larger radius is incompatible with slip, since this is predicated 

on weaker, not stronger, solvent interactions with the surface. Hence we believe our S and D values 

strongly validate the use of non-slip boundary conditions. This suggests that even for molecules 

down to 1 nm in size, if the particle is well dispersed in the solvent, then it is likely that non-slip 

boundary conditions prevail. Furthermore, fullerenes provide an easily prepared probe for AUC 

calibration, which is highly reproducible and therefore constitutes an outstanding calibration standard 

for accurate and reproducible nanoscale sizing. 
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