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Abstract

While the eye is a complex structure, it is just the start of an even more complex series

of visual information processing centers in the brain. Around 40% of the human cortex

is involved in vision processing. The areas of the brain that process visual information

are divided into distinct compartments. The primary visual cortex, area V1, is the first

stage of visual processing in the cortex. In general, the visual cortex processes visual

information in a hierarchical structure: from thalamus to V1, V1 to V2, and V2 to higher

levels. However, many of the connections do not follow these strict hierarchical rules and

interconnections between brain areas are very common. In V1, simple and complex cells

are two distinct categories of cells. However, how the properties of receptive fields (RFs)

for simple and complex cells are learned still remain unclear.

Artificial neural networks are bio-inspired and powerful tools for tasks such as image

recognition. Some of the networks can even generate RFs that are very similar to the

simple cells in V1. However, there are currently many aspects of neural network models of

biological systems that are biologically implausible. We might understand biological vision

processing better by incorporating biological constraints in artificial neural networks.

This thesis focuses on V1 and builds biologically plausible models for simple and

complex cells by incorporating biological constraints in artificial neural networks. Our

results demonstrate that a two-layer model of the visual pathway from the lateral geniculate

nucleus to V1 that incorporates biological constraints and efficient coding can account for

the emergence of many experimental phenomena of simple cells when the model is trained

on natural images. The model demonstrates that efficient coding can be implemented by

the V1 simple cells using neural circuits with a simple biologically plausible architecture.

Our model of complex cells, based on the Bienenstock, Cooper and Munro (BCM) rule,

demonstrates that properties of RFs of complex cells can be learned using a biologically

plausible learning rule. Quantitative comparisons between the model and experimental

data are performed. Results show that model complex cells can account for the diversity

of complex cells found in experimental studies.

These findings help us to better understand biological vision processing and provide us

with insights into the general signal processing principles that the visual cortex employs

to process visual information.
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Chapter 1

Background

The brain is a highly complex structure and can perform sophisticated tasks related

to our daily life. However, all the functions of the brain are made possible by neural

systems consisting of huge numbers neurons. Inspired by the brain structure, artificial

neural networks have been developed to solve complex tasks such as object and speech

recognition. In this chapter, some background of biological vision processing and artificial

neural networks is provided in order to provide the foundation for the results presented in

the following chapters.

1.1 Neural processing in visual pathways

1.1.1 Nervous system

The neuron is the fundamental unit of the nervous system. In a simple description of

typical structure in the brain, the four principal parts of a neuron are the soma, dendrites,

axon and terminal synaptic boutons. The dendrites receive inputs from other neurons.

The soma or cell body processes the received inputs and generates the all-or-none activity

called an action potential if the voltage of the membrane depolarises beyond a threshold

level. The axon propagates the action potentials (also called spikes) to the terminal

synaptic boutons that connect the neuron to inputs of other neurons. The synapse

enables a neuron to modify the membrane potential of another neuron via the activity

of neurotransmitters; the amount that it affects the receiving (post-synaptic) neuron is

called the weight of the synapse. The electrical currents generated by neurotransmitters

of a neuron can be either entirely excitatory or inhibitory upon all other post-synaptic

neurons, which is known as Dale’s law (Strata and Harvey, 1999). Dale’s law simply states

that the synaptic weight cannot change in polarity. Synaptic weights can be adapted by

the pre- and post-synaptic neuronal activity, which is known as synaptic plasticity. The

human nervous system consists of about 86 billion interconnected neurons and makes use

1
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of the plasticity of the synapses to adapt the synaptic weights for learning and behavioral

tasks (Azevedo et al., 2009).

In order to mathematically model neural behavior, spike-based and rate-based models

are typically used. Spike-based neural models, such as the Hodgkin–Huxley model

(Hodgkin and Huxley, 1952) and integrate-and-fire model (Abbott, 1999; Burkitt, 2006a,b),

describe mechanisms of spike generation. These models are often used when the detailed

behavior of the neuron is important or when each spike conveys valuable information. In

rate-based models, information about neural behavior is modelled using only the rate

at which spikes are generated. In reality, spike-based and rate-based models are both

important because they can be used to address different scientific questions.

1.1.2 Visual pathways

The vision signal processing hierarchy of the nervous system can be divided into two

stages: information processing in the pre- and post-cortical areas.

Early processing

Figure 1.1: The feedforward pathway of early vision processing. Photoreceptor cells and
other cells in the retina send information to retinal ganglion cells. Retinal ganglion cells
send information via the optic nerve to the lateral geniculate nucleus (also called lateral
geniculate body) which is located in the thalamus. The lateral geniculate nucleus then
projects to the visual cortex. (Figure from Hubel (1995))

A diagram of early processing pathways is shown in Figure 1.1. Processing starts

with the photoreceptor cells of the retina, called rods and cones. When light reaches the

photoreceptor cells, light-absorbing visual pigments in the rods and cones cause the cells

to hyperpolarize, changing the amount of neurotransmitter released to the next layer,

bipolar cells. Rods and cones synapse with bipolar cells whose outputs synapse with
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retinal ganglion cells (RGCs) which are the first cells to generate spikes in the visual

pathway. There are different classes of RGCs that exhibit different patterns of responses.

RGC axons form the optic nerve. The optic nerve proceeds to the lateral geniculate

nucleus (LGN) in the thalamus, which is a deep brain structure. The LGN then sends its

outputs to the visual cortex (Hubel, 1995).

In cats, X cells and Y cells, consisting of 70% of the RGC population, are the two well-

known groups of RGCs and project to the X and Y cells of LGN (Field and Chichilnisky,

2007). However, Retinal inputs only comprise 5-10% of synapses onto relay neurons in

LGN and most of the inputs to LGN are feedback connections from the cortex (Ahmed

et al., 1994). The brain uses the huge amount of feedback to maintain stability and to

perform many advanced tasks such as attention, recognition, and imagination, but the

role of the feedback is still not fully understood (Kruger et al., 2013).

Figure 1.2: The neural response of a simple cell. The stimuli located in the plus (+)
region excite responses of the neuron. The stimuli located in the minus (-) region inhibit
responses of the neuron. The effective stimuli that cause maximal responses are a solid
bar covering the plus (+) region. (Figure adapted from Hubel (1995))

The region of a visual field where a cell is excited and inhibited is called the receptive

field (RF) of the cell. The receptive fields (RFs) of retinal ganglion and LGN cells consist

of a central zone and a ring-like peripheral surround. The RFs of cortical cells have more

complex structures. Hubel and Wiesel (1962) found that cells in cat primary visual cortex

(V1) can be divided into simple and complex cells based on their responses to moving

bars.

Simple cells are very important in vision processing because they are selective for

orientations, spatial frequencies, and spatial phases. The responses of simple cells can

be predicted given the stimuli using a linear model, because each simple cell has a small,

clearly delineated RF (Hubel, 1995) as shown in Figure 1.2, which shows that the RF

of a simple cell has distinguished excitatory and inhibitory regions and the cell has the
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maximal response when a bright bar is aligned with the excitatory region of the cell. In

addition, Gabor function, a 2-D Gaussian function modulated by a sinusoidal function,

can be used to describe the RFs of simple cells (Dayan and Abbott, 2001),

Ds(x, y) =
1

2πσxσy
exp(− x2

2σ2
x

− y2

2σ2
y

) cos(kx− φ), (1.1)

where σx and σy determine RF extent in the x and y directions, k is the preferred spatial

frequency, and φ is the preferred spatial phase.

Figure 1.3: The responses and a hierarchical model of a complex cell. This complex
cell will respond whenever the oriented stimulus falls within any RF of the three simple
cells. (A) Example responses of a complex cell. An oriented bar stimulus evokes a neural
response as long as the stimulus is within the RF of the complex cell. (B) Example
hierarchical model where three simple cells with spatially different RFs feed into a complex
cell. The (-) and (+) regions represent the RF of the cell. (From Hubel (1995))

Complex cells also respond to specifically oriented bars within limited regions of the

visual scene similar to simple cells, but their behavior cannot be explained by simply

dividing the RFs into excitatory and inhibitory regions (Hubel, 1995). Unlike simple cells,

complex cells respond to an appropriately oriented bar at any place within any region of

the RF, as shown in Figure 1.3A. This phenomenon can be explained by generating the RF

of a complex cell via summation of RFs of multiple simple cells, as shown in Figure 1.3B.

Multiple simple cells with RFs that are oriented in the same angle but placed in different

locations of the visual scene send information to a complex cell, which causes the complex

cell to respond to the stimulus preferred by any of the simple cells from which it receives

input. Complex cells are the most common cells in V1 (Hubel and Wiesel, 1968).

Hierarchies in the visual cortex

The visual cortex has different areas of processing visual information. Early visual areas

process simple features, while areas deep in the brain process more complex information.
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In 1991, Felleman and Essen (1991) proposed a scheme for a comprehensive hierarchy of

visual areas.

Figure 1.4: Signal pathways and deep hierarchies in visual cortex. The outputs of the
retina project to the LGN. The output of the LGN is processed by V1, V2, V4, inferior
temporal (area TE) and the posterior part of the inferior temporal cortex (area TEO)
along the object recognition (ventral) pathway. The dorsal pathway is involved in action
planning and motion processing. (Figure from Kruger et al. (2013))

The hierarchy of visual processing is shown in Figure 1.4. V1 is the first cortical area

that processes visual information to generate simple features. Neurons in V2 mostly receive

inputs from V1 and respond to more sophisticated contour representations. Neurons in V4

continue integrating lower-level into higher-level responses and become more invariant to

size, position or translation of the stimulus. The middle temporal (MT) area is dedicated

to visual motion and binocular depth processing. the inferior temporal cortex (IT) is

critical for object discrimination and can be partitioned into the anterior part of the

inferior temporal (area TE) and the posterior part of the inferior temporal cortex (area

TEO) (see Kruger et al. (2013) for a review).

1.1.3 Synaptic transmission in the neocortex

Laminar structure of the neocortex

The neocortex shows a laminar structure and consists of six layers with interneurons in all

six layers, spiny stellate cells (SSCs) in layer 4 of primary sensory cortices and pyramidal

cells in layers 2-6 (see Silberberg et al. (2005) for a review).
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The cortical column, a group of neurons in the cortex within a column of approximately

1 mm2 area, is usually thought to be the fundamental functional organisation of the cortex

(Mountcastle et al., 1955). Figure 1.5 illustrates the layers of a cortical column.

Figure 1.5: The laminar structure of a cortical column. Triangles and circles represent
different types of cells (neurons in layer 1 are not shown here). The connectivity in
a column consists of intra-laminar (between layers) and inter-laminar (within a layer)
connections. (Figure from Potjans and Diesmann (2014))

Four stages of sensory processing

There are four stages of sensory processing. Thalamic input mainly enters into layer 4,

which is the first stage, targeting spiny stellate cells (Lund, 1984). Spiny stellate cells

send signals to pyramidal neurons in layer 3 (Feldmeyer et al., 2002), which is the second

stage of columnar processing. There are strong recurrent connections between pyramidal

cells in layer 3 (Silberberg et al., 2005). Layer 2/3 neurons project to layer 5 pyramidal

cells, which is the third stage of columnar processing (Thomson and Bannister, 1998).

Recurrent connections also exist among layer 5 pyramidal cells (Thomson and Bannister,

2003). The evidence also shows that excitatory connections exist between layer 4 spiny

stellate cells and layer 5 pyramidal cells Feldmeyer et al. (2005). The fourth stage of

columnar processing is layer 6 pyramidal cells, which receive inputs from layer 5 pyramidal

cells (Silberberg et al., 2005).

Layer 6 pyramidal cells, being part of the feedback loop between the cortex and the

thalamus, project to the cells in the thalamus (Silberberg et al., 2005). Layer 6 pyramidal
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cells largely project to layer 4 (Tarczy-Hornoch et al., 1999) and partly target layer 5

pyramidal neurons (Mercer et al., 2005).

Cell-type specific connectivity

Potjans and Diesmann (2014) used an integrated model to incorporate both anatomical

and physiological data to investigate the cell-type specific connections in the cortex.

Experimentally derived connection probabilities between different types of cells are shown

in Figure 1.6.

Figure 1.6: The connection probabilities between different types of cells derived by the
integrated model of Potjans and Diesmann (2014). There are eight types of cells considered
here: excitatory (e) and inhibitory (i) cells in layer 2/3, layer 4, layer 5 and layer 6. The
connectivity between thalamus (th) and cortical layers is also included. (Figure from
Potjans and Diesmann (2014))

The connectivity probabilities in Figure 1.6 are important because they give a reference

for the specific connectivity between any two types of cells in the cortex. This data is very

useful for designing a quantitative model of the cortex. More specifically, the thalamus

projects mainly to excitatory neurons in layer 4, while most of the inhibitory neurons in

layer 4 project to neurons within the same layer. The excitatory neurons in layer 4 mainly

synapse with neurons in layer 2/3 and layer 5; there are strong inter-laminar connections

in layer 2/3; excitatory neurons in layer 2/3 target excitatory neurons in layer 5. The

connection probabilities of these major pathways establish the basis for modelling the

microcircuits within the brain.

A canonical microcircuit

A cortical microcircuit that consists of key intrinsic connections is shown in Figure 1.7.

This microcircuit includes the classical information processing pathways discussed in the

subsection “Four stages of sensory processing” above. However, although this microcircuit

description captures our existing knowledge of the cortical circuits, it may not be a

complete description of cortical connectivity. As more experimental data on connectivity

becomes available, a more comprehensive microcircuit that is consistent with experimental

data will emerge that more accurately captures the key functions of the visual cortex.
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Figure 1.7: The canonical cortical microcircuit. This diagram shows the key intrinsic
connections between excitatory (E) and inhibitory (I) populations in layer 2/3, layer 4 and
layer 5/6. Afferent input mainly enters layer 4 and is conveyed to layer 2/3. Information
from layer 2/3 is then sent to layer 5/6, which sends feedback to layer 4 and earlier cortical
areas. There are recurrent connections in each layer. (Figure from Bastos et al. (2012))

1.2 Artificial neural networks

1.2.1 Introduction

The perceptron, conceived in 1957, was the first computational model designed for image

recognition (Rosenbaltt, 1957). Even though the perceptron seemed promising at the time,

it could not be trained to recognize many classes of patterns, such as the exclusive OR

function. However, a multi-layer perceptron network that can achieve nonlinear functions

is much more powerful than a single-layer perceptron and can be trained to recognize such

classes of patterns. Another famous artificial neural network is the Neocognitron designed

by Fukushima (1980). However, the features of the Neocognitron have to be manually

designed. Training neural networks that can automatically learn remained challenging

for many years until the backpropagation algorithm was applied to learn representations

(Rumelhart et al., 1986). The backpropagation procedure employs the calculus chain rule
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to compute the derivatives of the output error with respect to each parameter and then

makes changes to those parameters in order to reduce the output error. More recently,

the development of convolutional neural networks (CNNs) (LeCun and Bengio, 1995) and

deep belief networks (Hinton et al., 2006) have had enormous impact on machine learning

and artificial intelligence; these networks have been successfully applied to problems such

as image and speech recognition and object classification. Cadieu et al. (2014) showed

that the performance of a CNN on a core visual object recognition task is comparable to

or even outperforms human performance.

Even though the CNN is a biologically-inspired model like other artificial neural

networks, it does not account for the biological structure of the visual cortex. In addition,

the backpropagation algorithm is purely a mathematical method that is not based upon

biological principles of synaptic plasticity. Nevertheless, by studying well-designed artificial

neural networks, it is possible that we might gain some insights into how the visual cortex

works.

1.2.2 A special case: efficient coding

Efficient coding is a general principle where a neural network represents input stimuli in

an efficient way. Two typical models of efficient coding are sparse coding and independent

component analysis. Both models can be implemented by a two-layer neural network, so

can be seen as special cases of artificial neural networks. One advantage of efficient coding

is that it is energy efficient (Levy and Baxter, 1996). Barlow (1989) claimed that sensory

coding aims to reduce the redundancy of statistical dependencies in the inputs.

Sparse coding

Sparse coding, a form of efficient coding, was first proposed by Olshausen and Field (1996).

It is known for the ability to develop spatially localized, oriented and bandpass RFs

(shown in Figure 1.8) that are similar to the RFs of simple cells in mammalian primary

visual cortex (Hubel and Wiesel, 1968; Hawken et al., 1988). The general idea of sparse

coding is to find an overcomplete basis set so that the input can be represented by the

linear combination of a small number of basis functions in the basis set (Olshausen and

Field, 1997). This may save energy for the neural system. The details of sparse coding

are presented in Chapter 2.

Independent component analysis

Independent component analysis (ICA) is a linear model that represents data by a linear

combination of some basis functions and that makes the coefficients of basis functions as

independent as possible (Comon, 1994). ICA often leads to features that characterize the
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Figure 1.8: Example of sparse coding, where 192 basis images were obtained from 16× 16
image patches taken from natural images. The figure is displayed in gray scale (black is
negative, white is positive). These basis images are similar to the RFs of simple cells in
mammalian primary visual cortex. They are spatially located, oriented and selective to
different spatial frequencies. (Figure from Olshausen and Field (1996))

data well. Hateren and Schaaf (1998) applied ICA on natural images and showed that

the basis functions were similar to the RFs of simple cells in V1. Therefore, ICA, along

with sparse coding, may provide some insights into the formation of V1-like RFs.

1.3 Motivation

Artificial neural networks and the visual cortex have many features in common. First,

some networks such as CNNs and deep belief nets, have a hierarchical structure. Second,

higher levels of the hierarchy encode increasingly more complex features or advanced

functions. Third, feedback plays an important role in both structures, although the role

of feedback in the visual system is poorly understood. Fourth, some deep neural networks

are able to generate V1-like RFs and to perform object recognition with small error rates.

On the other hand, there are many differences between artificial neural networks

and biological neural circuits that implement vision processing. To start with, learning

algorithms of artificial neural networks allow the weights to change polarity during the

learning process, which is impossible for the biological system. Second, feedback of neural

activity plays no role in most artificial neural networks, such as in deep learning, because

the feedback is of the error and is not part of the network dynamics. Also, many artificial
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neural networks employ the biologically implausible assumption that the feedforward and

feedback connections are symmetric. In addition, artificial neural networks cannot directly

map onto the microcircuits of the visual cortex because the processing is more complex in

the cortex, where recurrent connections always occur in each layer. Furthermore, unlike

machine learning algorithms, the role played by feedback in the visual cortex is still

unclear.

Therefore, by using bio-inspired neural networks, I aim to discover the mysteries hidden

in the visual cortex. How does the visual cortex generate RFs that are useful for further

processing? How does the brain achieve complex functions, such as object recognition, in

the higher levels of visual processing? What role does the feedback in the visual cortex

play? What are the microcircuits the visual cortex employ?

1.4 Outline

In this thesis, biologically plausible models of primary visual cortex are built to explain

the RF properties of simple and complex cells. The model is a learning model; i.e. the

connection weights connecting different populations are learned when natural images are

used as the input stimuli.

In Chapter 2, a biologically plausible model of LGN-V1 pathway is proposed. After

the connection weights between LGN and V1 are learned when natural images are used

as the input, it is shown that the model can account for experimental phenomena such

as ON and OFF sub-region segregation, push-pull effect of simple cells, phase-reversed

feedback, diverse RF properties of simple cells and contrast invariance of simple cells. The

model is based on efficient coding and uses a variant of sparse coding while incorporating

many biological constraints such as Dale’s law, local learning rule, and positive neural

responses.

In Chapter 3, the principle of efficient coding is investigated to see whether RF

properties of complex cells can be learnt when simple cell responses are used as the input

to the complex cells. Another layer of complex cells was added onto the simple cell model

described in Chapter 2. The learning procedure for LGN-V1 connection is similar to the

biologically plausible model of Chapter 2. For learning the connection weights between

simple and complex cells, two types of simple cell responses are used: responses of static

images and responses of images with temporal information. Results suggest that temporal

information is essential for the efficient coding model to pool simple cells into the subspace

of complex cells. However, efficient coding suppresses neuronal activities too much, so

that model complex cells are highly selective to phase, suggesting that they behave like

simple cells.

In Chapter 4, based on my model of the LGN-V1 pathway in Chapter 2, another
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layer of complex cells that simply sum simple cell responses in a feedforward fashion was

introduced. I apply modified learning rules based on the Bienenstock, Cooper and Munro

(BCM) rule (Bienenstock et al., 1982) and show that complex cells can be learned using a

biologically plausible mechanism. Furthermore, the resulting model complex cells have a

close match to complex cells of cat visual cortex in a recent experimental study, suggesting

that the hierarchical structure is important for complex cells to pool simple cells into the

subspace. However, the model does not rule out the role of recurrent connections because

the model employs responses normalization that might be realized by recurrent activities

of neurons.

Finally in Chapter 5, the thesis is concluded with discussion of main findings, some

limitations and possible future work.



Chapter 2

Towards a biologically plausible

model of LGN-V1 pathways based

on efficient coding

Content of this chapter is a slightly modified version of the paper published as Lian

Y, Grayden DB, Kameneva T, Meffin H and Burkitt AN (2019) Toward a Biologically

Plausible Model of LGN-V1 Pathways Based on Efficient Coding. Front. Neural Circuits

13:13. doi: 10.3389/fncir.2019.00013 (Lian et al., 2019).

2.1 Abstract

Increasing evidence supports the hypothesis that the visual system employs a sparse

code to represent visual stimuli, where information is encoded in an efficient way by a

small population of cells that respond to sensory input at a given time. This includes

simple cells in primary visual cortex (V1), which are defined by their linear spatial

integration of visual stimuli. Various models of sparse coding have been proposed to

explain physiological phenomena observed in simple cells. However, these models have

usually made the simplifying assumption that inputs to simple cells already incorporate

linear spatial summation. This overlooks the fact that these inputs are known to have

strong nonlinearities such the separation of ON and OFF pathways, or separation of

excitatory and inhibitory neurons. Consequently these models ignore a range of important

experimental phenomena that are related to the emergence of linear spatial summation

from nonlinear inputs, such as segregation of ON and OFF sub-regions of simple cell

receptive fields, the push-pull effect of excitation and inhibition, and phase-reversed cortico-

thalamic feedback. Here, we demonstrate that a two-layer model of the visual pathway

from the lateral geniculate nucleus to V1 that incorporates these biological constraints

on the neural circuits and is based on sparse coding can account for the emergence of

13
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these experimental phenomena, diverse shapes of receptive fields and contrast invariance

of orientation tuning of simple cells when the model is trained on natural images. The

model suggests that sparse coding can be implemented by the V1 simple cells using neural

circuits with a simple biologically plausible architecture.

2.2 Introduction

In early experimental studies of cat striate cortex, Hubel and Wiesel found two main

types of cells: simple cells and complex cells (Hubel and Wiesel, 1959, 1962). Simple cells

exhibit linear spatial summation of visual stimuli, while complex cells have significant

non-linear behavior. This difference is reflected in receptive field (RF) structures of the

two types of cells. Receptive fields (RFs) describe spatial patterns of light and dark

regions in the visual field that in combination are effective at driving neural response.

They are frequently modeled as linear spatial filters. Simple cells have a single RF filter,

reflecting the linear spatial summation properties, while complex cells pool the output for

two or more RF filters in a nonlinear fashion.

Figure 2.1: Illustration of segregated ON and OFF sub-regions, the push-pull effect, and
phase-reversed feedback. ON and OFF LGN cells are spatially located in a 2D region. The
colors of magenta and green represent excitatory and inhibitory connections, respectively.

Over the past decades, some important characteristics of simple cell RF have been

observed experimentally (with emphasis on cat and primates, but also ferrets). First,

simple cells show a range of selectivity for the orientation of visual stimuli, from highly

oriented RFs, which are selective to an optimal orientation, to non-oriented RFs, which

are insensitive to orientation. Many RFs of simple cells in V1 are oriented, localized, and

bandpass (Hubel and Wiesel, 1962, 1968), while non-orientated RFs are seen in all layers of
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V1 (Hawken et al., 1988; Chapman and Stryker, 1993). Second, RFs of orientation tuned

simple cells can be well described by two-dimensional Gabor functions (Jones and Palmer,

1987a; Ringach, 2002). In addition, both these studies found some blob-like RFs, which

are broadly tuned in orientation. Third, RFs of simple cells have spatially segregated ON

and OFF sub-regions (Hubel and Wiesel, 1962; Martinez et al., 2005); i.e., the spatial

region that excites the simple cell in response to bright (ON) stimuli is separated from

the region that excites the cell in response to dark (OFF) stimuli (left column of Figure

2.1). Fourth, simple cells show push-pull responses; i.e., if one stimulus excites a simple

cell, the stimulus with opposite contrast, but same location, will inhibit the simple cell

(Jones and Palmer, 1987b; Ferster, 1988; Hirsch et al., 1998; Martinez et al., 2005). One

example of the push-pull effect can be seen on the left of Figure 2.1 where a simple cell is

excited by input from a cell in the lateral geniculate nucleus (LGN) responding to dark

spots (an OFF LGN cell) but is effectively inhibited by LGN cells responding a bright

spot in the same location (an ON LGN cell). Fifth, feedback from simple cells to LGN

cells frequently has a phase-reversed influence compared to the feedforward input (Wang

et al., 2006); i.e., where the RF of an ON (OFF) LGN cell is overlapped with the ON

(OFF) sub-region of the RF of a simple cell, i.e., feedforward excitation, feedback from

the simple cell to the LGN cell is suppressive; where an ON (OFF) LGN cell coincides

with the OFF (ON) sub-region of a simple cell RF, i.e., effective feedforward suppression,

the feedback is facilitatory. This effect of phase-reversed feedback is also illustrated in

Figure 2.1, where the influence from a simple cell to LGN cells is opposite to the influence

from LGN cells to the same simple cell. Lastly, the orientation tuning property of simple

cells are contrast invariant; i.e., the shape and width of orientation tuning curves remain

the same for different stimulus contrasts (Sclar and Freeman, 1982; Skottun et al., 1987;

Finn et al., 2007; Priebe, 2016).

On the other hand, insights from computational modelling of V1 cells have also been

used to explain experimental data. Sparse coding has been proposed by many researchers

as a principle employed by the brain to process sensory information. Olshausen and Field

reproduced localized, oriented and spatially bandpass RFs of simple cells based on a

sparse coding model that aimed to reconstruct the input with minimal average activity of

neurons (Olshausen and Field, 1996, 1997). However, the original model failed to generate

non-oriented RFs observed in experiments (Ringach, 2002). Subsequently, Olshausen

and colleagues found that the sparse coding model can produce RFs that lack strong

orientation selectivity by having many more model neurons than the number of input

image pixels (Olshausen et al., 2009). Rehn and Sommer introduced hard sparseness to

classical sparse coding, which minimizes the number of active neurons rather than the

average activity of neurons in the original model, and demonstrated that the modified

sparse coding model can generate diverse shapes of simple cell RFs (Rehn and Sommer,
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2007). Zhu and Rozell showed that many visual non-classical RF effects of V1 such as

end-stopping, contrast invariance of orientation tuning can emerge from a dynamical

system based on sparse coding (Zhu and Rozell, 2013).

These studies were important in explaining the RF structure, but made a number

of simplifying assumptions that overlooked many details of biological reality, include

some or all of the following. First, the responses of neurons (e.g., firing rates) should be

non-negative. Second, the learning rule of synaptic connections should be local where

the changes of synaptic efficacy depend only on pre-synaptic and post-synaptic responses.

Third, the learning rule should not violate Dale’s Law, namely that neurons release the

same type of transmitter at all their synapses, and consequently, the synapses are either

all excitatory or all inhibitory (Strata and Harvey, 1999). Fourth, the computation of the

response of any neuron should be local, such that only neurons synaptically connected

to this target neuron can be involved. In addition, a biologically plausible model should

also be consistent with important experimental evidence. For LGN-V1 visual pathways,

experimental evidence includes the existence of a large amount of cortico-thalamic feedback

(Sherman and Guillery, 1996; Swadlow, 1983), long-range excitatory but not inhibitory

connections between LGN and V1, and separated ON and OFF channels for LGN input

(Hubel and Wiesel, 1962; Jin et al., 2008, 2011; Ferster et al., 1996). The original sparse

coding model neglects many of the biological constraints described above.

Several recent studies addressed the issue of biological plausibility by incorporating

some of these constraints, while continuing to neglect others. For example, Zylberberg

and colleagues designed a spiking network (based on sparse coding) that can account

for diverse shapes of simple cell RFs using lateral inhibition (Zylberberg et al., 2011).

The local learning rule and the use of spiking neurons bring some degree of biological

plausibility to the model, but the model employs connections that can change sign during

learning, which violates Dale’s law, and there are not separate channels for ON and OFF

LGN input. Additionally, the effect of sparse coding is achieved by competition between

units via lateral inhibition, but a recent study suggested that dominant lateral interactions

are excitatory in the mouse cortex (Lee et al., 2016). In another modeling work of simple

cell RFs, Wiltschut and Hamker designed an efficient coding model with separated ON

and OFF LGN cells, and, feedforward, feedback, and lateral connections that can generate

various types of simple cell RFs (Wiltschut and Hamker, 2009), but their model does not

incorporate Dale’s law.

As with earlier studies (Olshausen and Field, 1996, 1997; Rehn and Sommer, 2007;

Olshausen et al., 2009), these more recent studies (Wiltschut and Hamker, 2009; Zylberberg

et al., 2011), incorporating biological constraints, have continued to focus on the RF

structure of simple cells, while largely neglecting the experimental phenomena shown in

Figure 2.1. This is because they have typically not separated inputs from ON and OFF
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LGN cells, which is a key distinction underlying all the phenomena listed in Figure 2.1.

One important question in this regard is how these non-linear (half-wave rectified) LGN

inputs are combined to give linear RFs for simple cells and and whether this causes the

experimental phenomena listed in Figure 2.1. To our knowledge, Jehee and Ballard are

the only researchers that have explicitly explained the effect of phase-reversed feedback

using a model based on predictive coding (Jehee and Ballard, 2009). However, the RFs

generated by their model do not match well with those observed in experiments and

the push-pull effect for simple cells has not been explained. In addition, the formula for

calculating responses of model neurons (Jehee and Ballard, 2009, Eq. 7) is not local and

the learning rule neglects Dale’s law.

In this chapter, we propose a two-layer model of LGN-V1 visual pathways that can

account for experimental phenomena:

• segregated ON and OFF sub-regions of simple cells,

• the push-pull effect for simple cells,

• phase-reversed cortico-thalamic feedback,

• diverse shapes of RFs (oriented and non-oriented),

• contrast invariance of orientation tuning.

Our model is biologically plausible by incorporating:

• separate channels of ON and OFF LGN input,

• non-negative neural responses,

• local learning rule,

• Dale’s law,

• local computation,

• dynamics of rate-based model neurons,

• feedback from V1 to LGN.

The first layer consists of ON and OFF LGN cells and the second layer consists of simple

cells. The connections from the first layer to the second layer (feedforward connections) and

from the second layer to the first layer (feedback connections) consist of separate excitatory

and inhibitory connections. Even though the inhibitory connections between LGN and

V1 should be implemented via intermediate populations of inhibitory interneurons, we

use neurons that have both excitatory and inhibitory connections to simplify the circuit.
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This aspect of the model is not biologically plausible, but possible biologically plausible

neural circuits for implementing inhibitory connections are proposed in the Discussion

section. The model presented here is relevant to visual cortices both with and without an

orientation columnar organization.

The novelty of the model proposed here is that it models LGN-V1 pathways using

segregated ON and OFF LGN channels and separate excitatory and inhibitory connections

to investigate the structure of connections between LGN and simple cells to explain a

wide range of experimental phenomena. In addition, it can generate a wide variety of

experimentally observed RFs of simple cells. Also, the model is biologically plausible

by respecting many biological constraints and important experimental evidence. Finally,

the experimental phenomena explained in this chapter are all caused by the structure of

learned connections between LGN and V1 after the model is trained on natural image

data.

2.3 Methods

2.3.1 Sparse coding

Figure 2.2: The network implementation of sparse coding. Upward and downward arrows
represent feedforward and feedback connections. The reconstruction As is subtracted via
negative feedback. Q′(s) represents self-inhibition of neurons. (Adapted from Figure 5 in
(Olshausen and Field, 1997))

The original sparse coding model (Olshausen and Field, 1996) proposed that simple

cells represent their sensory input in such a way that their spiking rates in response to
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natural images tend to be statistically independent and rarely attain large values (near the

top of the cells’ dynamic range). Mathematically this means that the joint distribution of

spike rates over natural images is the product of the distributions for individual cells, and

that each of these individual distributions has a long tail (i.e., high kurtosis). Additionally

it was proposed that the representation should allow the reconstruction of the sensory

input through a simple weighted sum of visual features with minimal error. This can be

formulated as an optimization problem of minimizing the cost function,

E(A, s) =
1

2
‖x−As‖22 + λ

∑
i

Q(si), (2.1)

where x represents the input, columns of the matrix A represent basis vectors that are

universal visual features from which any image can be constructed from a weighted sum, s

is the vector of responses, si, of model units that represent the corresponding coefficients

for all basis vectors, Q(·) represents a penalty function that favors low activity of model

units, and λ is a parameter that scales the penalty function (Olshausen and Field, 1996,

1997). The term As in Eq. 2.1 is the reconstruction of the input from the model, so

the first term on the right-hand-side of Eq. 2.1 represents the sum of squared difference

between the input and model reconstruction. The second term on the right-hand-side of

Eq. 2.1 tends to push s to small values. Therefore, by solving this minimization problem,

the model finds a sparse representation for the input. By taking the partial derivatives of

Eq. 2.1 in terms of the elements of A and s, and applying gradient descent, the dynamic

equations and the learning rule are given by

ṡ = AT r− λQ′(s)

∆A ∝ 〈rsT 〉,
(2.2)

where r = x−As, 〈·〉 is the average operation, the dot notation represents differentiation

with regard to time, and Q′(·) represents the derivative of Q(·).
Based on Eq. 2.2, a network implementation of sparse coding, shown in Figure 2.2, was

proposed by Olshausen and Field (1997) who suggested that a feedforward-feedback loop

can implement sparse coding. The input to the model was natural images that had been

whitened using a filter that resembles the center-surround structure of retinal ganglion

RFs. However, the original sparse coding model was not biologically plausible in several

aspects, such as the possibility of negative spiking rates and the violation of Dale’s law.

In addition, the input the the model was not split into separate ON and OFF channels.

Finally, this network imposed feedback synaptic connections that were anti-symmetric to

the corresponding feedforward connections (i.e., equal but opposite in sign) and it was

unclear how such symmetry could be achieved using biologically plausible mechanisms.
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2.3.2 Structure of our model

Figure 2.3: Graphical representation of the model. I is the identity matrix that represents
self-excitation. Red and green arrows represent excitatory and inhibitory connections,
respectively. Upward and downward arrows are for feedforward and feedback pathways.
Notation defined in the main text.

We propose a two-layer network with rate-based neurons that models the activities

of LGN cells (first layer), and simple cells (second layer), respectively (Figure 2.3). The

model is based on a locally competitive algorithm that efficiently implements sparse coding

with neural dynamics with non-negative spiking rates (Rozell et al., 2008).

We first define the parameters of the model that will be used throughout the chapter.

A summary of all symbols defined above is shown in Table 2.1. There are 2N LGN cells

in the first layer, with N ON LGN cells and N OFF LGN cells, and M simple cells in the

second layer. Denote x = [x1, · · · , x2N ]T as the vector of input stimuli to the first layer.

Denote xON as the input to ON LGN cells (the first N elements of x) and xOFF as the

input to OFF LGN cells (the last N elements of x), i.e., x = [xTON,x
T
OFF]T .

Denote vL and sL as 2N × 1 vectors that represent membrane potentials and firing

rates of LGN cells in the first layer. Denote vL
ON, sLON, vL

OFF, and sLOFF as N × 1 vectors

that represent the membrane potentials and firing rates of ON and OFF LGN cells, i.e.,

vL = [vL
ON

T
,vL

OFF
T
]T and sL = [sLON

T
, sLOFF

T
]T . Similarly, vC and sC are M × 1 vectors

that represent membrane potentials and firing rates of M cortical simple cells in the

second layer.

In our model, there are several important connections: feedforward (up) excitatory

and inhibitory connections from LGN cells to simple cells, feedback (down) excitatory

and inhibitory connections from simple cells to LGN cells, and self-excitatory connections

of simple cells that represent self-excitation. Definitions of connections are described
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Description Symbol

Input stimuli to LGN cells x

Input stimuli to ON LGN cells xON

Input stimuli to OFF LGN cells xOFF

Membrane time constant of LGN cells (12 ms) τL

Membrane potentials of LGN cells vL

Membrane potentials of ON LGN cells vL
ON

Membrane potentials of OFF LGN cells vL
OFF

Firing rates of LGN cells sL

Firing rates of ON LGN cells sLON

Firing rates of OFF LGN cells sLOFF

Spontaneous firing rate of LGN cells (2 Hz) sb

Membrane time constant of LGN cells (12 ms) τC

Membrane potentials of cortical simple cells vC

Leakage voltages of cortical simple cells vC
leak

Firing rates of cortical simple cells sC

Excitatory connection: all LGN cells to simple cells Au,+

Excitatory connection: ON LGN cells to simple cells Au,+
ON

Excitatory connection: OFF LGN cells to simple cells Au,+
OFF

Inhibitory connection: all LGN cells to simple cells Au,−

Inhibitory connection: ON LGN cells to simple cells Au,−
ON

Inhibitory connection: OFF LGN cells to simple cells Au,−
OFF

Excitatory connection: simple cells to all LGN cells Ad,+

Excitatory connection: simple cells to ON LGN cells Ad,+
ON

Excitatory connection: simple cells to OFF LGN cells Ad,+
OFF

Inhibitory connection: simple cells to all LGN cells Ad,−

Inhibitory connection: simple cells to ON LGN cells Ad,−
ON

Inhibitory connection: simple cells to OFF LGN cells Ad,−
OFF

Sparsity level (0.6) λ

Learning rate η

Table 2.1: Model symbols and parameters in Chapter 2.
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below. One aspect of the model that lacks biological plausibility is existence of inhibitory

connections between thalamus and cortex, but we propose biologically plausible neural

circuits of implementing this aspect of the model in the Discussion section.

Denote Au,+
ON as an N ×M matrix with non-negative elements that represents the

feedforward excitatory connections from ON LGN cells to simple cells. Each column of

Au,+
ON represents connections from N ON LGN cells to a simple cell. Similarly, denote

Au,+
OFF as an N ×M matrix with non-negative elements that represents the feedforward

excitatory connections from OFF LGN cells to simple cells. Denote Au,−
ON and Au,−

OFF as

N ×M matrices with non-positive elements that represent inhibitory connections from

ON and OFF LGN cells to simple cells, respectively. Denote Au,+ and Au,− as 2N ×M
matrices that represents all excitatory and inhibitory connections from LGN to V1; then

we have Au,+ = [Au,+
ON Au,+

OFF] and Au,− = [Au,−
ON Au,−

OFF].

For the feedback pathway, similar notation is used except superscript ‘d’ represents feed-

back connections from simple cells to LGN cells. Therefore, we have Ad,+ = [Ad,+
ON Ad,+

OFF]

and Ad,− = [Ad,−
ON Ad,−

OFF].

Using the notation defined above, the dynamics of ON and OFF LGN cells located in

the first layer are given by

τLv̇L
ON = −vL

ON + xON + Ad,+
ONsC + Ad,−

ONsC + sb

sLON = max(vL
ON, 0)

(2.3)

and
τLv̇L

OFF = −vL
OFF + xOFF + Ad,+

OFFsC + Ad,−
OFFsC + sb,

sLOFF = max(vL
OFF, 0),

(2.4)

where τL is the time constant of the membrane potentials of LGN cells, sb is a constant

that represents the instantaneous firing rate of the background input (i.e., from neurons

outside the network), and the max operation represents the firing dynamics such that a

cell only fires when the membrane potential is above a threshold.

Therefore, using the combined notation for ON and OFF LGN cells, the dynamics of

LGN cells can be written as

τLv̇L = −vL + x + (Ad,+ + Ad,−)sC + sb

sL = max(vL, 0).
(2.5)

The dynamics of simple cells located in the second layer is given by

τCv̇C =− (vC − vC
leak) + Au,+

ON

T
sLON + Au,−

ON

T
sLON

+ Au,+
OFF

T
sLOFF + Au,−

OFF

T
sLOFF + sC,

(2.6)
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which can be reformulated as

τCv̇C = −vC + vC
leak + (Au,+ + Au,−)T sL + sC

sC = max(vC − λ, 0),
, (2.7)

where τC is the time constant of the membranes of simple cells and λ is the threshold of

the rectifying function of firing rates. In addition, λ is a positive constant that introduces

sparseness into the model, sC represents the self-excitation of simple cells, which comes

from reformulating the model equations of the locally competitive algorithm (Rozell

et al., 2008), and vC
leak represents the change of membrane potential caused by leakage

currents. The leakage currents drive the membrane potentials of simple cells to their

resting potentials when there is no external input, i.e., vC is zero. Therefore, the steady

states of the model dynamics are vL = sb, sL = sb, vC = 0, and sC = 0, which implies

that vC
leak = −(Au,+ + Au,−)T sb, where sb is a vector whose elements are all equal to sb.

Eqs. 2.5 and 2.7 are solved simultaneously by iteration to obtain values of membrane

potentials and firing rates.

2.3.3 Learning rule

The learning process of the model is based on a Hebbian or anti-Hebbian rule, namely that

the change of synaptic strength is related only to local pre-synaptic and post-synaptic

activities.

The learning rules are given by

∆Au,+ = η〈(sL − sb)sC
T 〉

∆Au,− = η〈(sL − sb)sC
T 〉

∆Ad,+ = −η〈(sL − sb)sC
T 〉

∆Ad,− = −η〈(sL − sb)sC
T 〉,

(2.8)

where η is the learning rate, 〈·〉 is the ensemble average operation over some samples,

sL − sb is the vector such that each element of vector sL is subtracted by scalar sb, and

(sL − sb)sC
T

is the matrix given by the outer product of vectors sL − sb and sC.

The change of synaptic strength depends only on the pre-synaptic activity (sL) and

post-synaptic activity (sC). Therefore, this learning rule is local and thus biophysically

realistic. In obedience to Dale’s law, all the weights of Au,+ and Ad,+ are kept non-

negative and all weights of Au,− and Ad,− are kept non-positive during learning. If any

synaptic weight changes sign after applying Eq. 2.8, the synaptic weight is set to zero. In

addition, after each learning iteration, synaptic weights are multiplicatively normalized

to ensure that Hebbian learning is stable. Specifically, each column of Au,+ and Ad,−
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is normalized to norm l1 and each column of Au,− and Ad,+ is normalized to norm l2.

The multiplicative normalization of synaptic weights may be achieved by homeostatic

mechanisms (Turrigiano, 2011), but these are not implemented here as they are not the

focus of this chapter.

2.3.4 Input

The data set used in our simulation consists of 10 pre-whitened 512× 512 pixel images

of natural scenes provided by Olshausen and Field (Olshausen and Field, 1996). Some

previous studies of sparse coding (efficient coding) also used this data set (Olshausen and

Field, 1996; Zylberberg et al., 2011; Wiltschut and Hamker, 2009; Zhu and Rozell, 2013).

The input stimuli to the model are chosen to be 16× 16 pixel image patches sampled from

these 10 pre-whitened 512 × 512 pixel images, similar to previous studies (Zylberberg

et al., 2011; Zhu and Rozell, 2013).

The pre-whitening process mimics the spatial filtering of retinal processing up to a

cut-off frequency determined by the limits of visual acuity (Atick and Redlich, 1992). This

process is realized by passing the original natural images through a zero-phase whitening

filter with root-mean-square power spectrum,

R(f) = fe−(f/fc)
4

, (2.9)

where fc = 200 cycles/picture (Olshausen and Field, 1997). Figure 2.4 shows the spatial

and frequency profiles of the pre-whitening filter. The spatial profile of the filter (Fig-

ure 2.4C), obtained by taking the 2D inverse Fourier transform of the filter in the 2D

frequency domain, approximates center-surround RFs of LGN cells in a pixel image. The

pre-whitening filter described in Eq. 2.9 is widely used in computational studies (Zhu and

Rozell, 2013; Jehee et al., 2006; Jehee and Ballard, 2009; Wiltschut and Hamker, 2009).

The pre-whitened images are then scaled to variance 0.2 similar to Olshausen and

Field (1997). Image patches are fed into the first layer, which consists of N ON LGN cells

and N OFF LGN cells, i.e., one pixel is fed into one ON LGN cell and one OFF LGN

cell. If a pixel intensity in a pre-whitened image patch is negative, we assign the absolute

value of the pixel intensity to the input of the OFF LGN cell and set the input of the

corresponding ON LGN cell to zero; if the pixel intensity is positive, we set the input of

the ON LGN cell to the pixel intensity and set the input to the OFF LGN cell to zero.

2.3.5 Training

Since we use 16× 16 pixel images as the input to our model, 256 ON and 256 OFF LGN

cells (N = 256) are required in the first layer. We use 256 simple cells (M = 256) in the

second layer. The first-order Euler method is implemented to solve the dynamical system
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Figure 2.4: Pre-whitening filter. (A) The pre-whitening filter described in Eq. 2.9. (B) The
pre-whitening filter in 2D frequency domain. (C) The spatial profile of the pre-whitening
filter. The scale of the spatial filter is arbitrarily normalized to convert the luminance to
the membrane potential relative to the maximal luminance of the image.

described by Eqs. 2.5 and 2.7. We choose a time scale in which the passive membrane

time constant is τL = τC = 12 ms, within the physiological range (Dayan and Abbott,

2001), and sparsity level λ = 0.6 similar to Zhu and Rozell (2013). The spontaneous firing

rate, sb, is chosen as sb = 2 Hz, the median of spontaneous firing rates of the mouse LGN

cells in the experimental study of Tang et al. (2016). There are 30 integration time steps,

with an integration time step of 3ms, for calculating neuronal responses per stimulus with

the assumption that neural responses will converge after 30 iterations.

Learning rules in Eq. 2.8 are used to update the synaptic weights. For the normalization

step after each learning iteration, each column of Au,+ and Ad,− is normalized to have

norm l1 and each column of Au,− and Ad,+ is normalized to have norm l2. Elements of

Au,+ and Ad,+ are non-negative and initialized randomly using an exponential distribution

with mean 0.5. Au,− and Ad,− are initialized randomly with non-positive elements that

are sampled from an exponential distribution with mean −0.5. Then, synaptic weights

are normalized before the learning process starts. Results shown in this chapter are

from simulations with l1 = l2 = 1 (unit norm), as used in the previous study by Rozell

et al. (2008). The learning rule based on the average activities of a mini-batch is applied;

i.e., in every epoch, a mini-batch that consists of 100 randomly selected 16 × 16 pixel

images sampled from the data set is used. Before the training process of natural image
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patches, the model is pre-trained on white noise for 10 000 epochs to mimic the process of

pre-development of the visual system; the learning rate is 0.5 in pre-training. To ensure

that the weights converge after learning on natural image patches, we use 30 000 epochs

in the training process, where the learning rate is 0.5 for the first 10 000 epochs, 0.2 for

the second 10 000 epochs and 0.1 for the third 10 000 epochs. Learning rates were chosen

to ensure stable convergence of the weights in a reasonable time; but the results are not

sensitive to moderate changes. The models described in this chapter are implemented in

MATLAB (version R2016b, MathWorks, MA, USA) using my own codes.

2.3.6 Recovering receptive fields of model simple cells using

white noise

In order to estimate the RFs of model simple cells in a systematic way, we use the

method of spike-triggered averaging to find the pattern that each simple cell responds

to on average (Schwartz et al., 2006). Using K 16× 16 white noise stimuli n1, · · · ,nK ,

we present pre-processed stimuli to the model, record the firing rates of a simple cell,

s1, · · · , sK , and then estimate the RF, F, of the simple cell as the weighted average,

F =
s1n1 + · · ·+ sKnK
s1 + · · ·+ sK

. (2.10)

We used 70 000 white noise stimuli, i.e., K = 70 000.

In our simulations, we have two versions of estimated RFs using the two different

methods of pre-processing the white noise stimuli: the same pre-whitening filter for natural

scenes (Eq. 2.9) and a low-pass filter described by

L(f) = e−(f/fs)
4

. (2.11)

2.3.7 Fitting receptive fields to Gabor functions

The RFs of visual cortical cells are often modelled using a 2D Gabor function G(x, y) of

the form
G(x, y;x0, y0, σx, σy, fs, β, θ, φ)

= β cos(2πfsx
′ + φ)e

−( x′√
2σx

)2−( y′√
2σy

)2
(2.12)

with
x′ = (x− x0) cos θ + (y − y0) sin θ

y′ = −(x− x0) sin θ + (y − y0) cos θ,
(2.13)

where β is the amplitude, (x0, y0) is the center, σx and σy are standard deviations of the

Gaussian envelope, θ is the orientation, fs is the spatial frequency, and φ is the phase

of the sinusoid wave (Ringach, 2002). These parameters are fitted using the built-in
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MATLAB (version R2016b, MathWorks, MA, USA) function, lsqcurvefit, that efficiently

solves non-linear curve-fitting problems using a least-squares method. The fitting error is

defined as the square of the ratio between the fitting residual and RF.

However, some RFs have large fitting errors, which might give wrong implications

when using fitted parameters to represent RFs. In addition, RFs with centres outside

the field might also lead to incorrect fitting parameters. Therefore, to ensure that results

were only reported for RFs that were well fitted to Gabor functions, we excluded RFs for

which either (1) the synaptic fields had fitting error larger than 40% or (2) the center of

the fitted Gabor functions lay either outside the block, or within one standard deviation

of the Gaussian envelope of the block edge (Zylberberg et al., 2011). After applying these

two quality control measures, 140 out of 256 model cells remained for subsequent analysis.

2.3.8 Measuring the overlap index between ON and OFF sub-

regions

To investigate the extent of overlap between ON and OFF sub-regions, we used an overlap

index that was used in experimental studies (Martinez et al., 2005; Schiller et al., 1976a).

Similar to the method used in (Martinez et al., 2005), each ON and OFF excitatory

sub-region was fitted by an elliptical Gaussian function:

h(x, y;x0, y0, a, b, θ, γ) =
γ

2πab
e−

x′2
2a2
− y

′2

2b2 (2.14)

where γ is the amplitude, a and b are half axes of the ellipse, and x′ and y′ are the

transformed coordinates given by Eq. 2.13. If there are more than one ON (or OFF)

sub-regions for the simple cell, only the most significant sub-region was fitted by the

elliptic Gaussian. If either the ON or OFF sub-region of a simple cell has fitting error

larger than 40% or has the half axis, a, larger than 3 pixels, this simple cell is excluded.

92 simple cells remained for the analysis of overlap index.

The overlap index, Io, is then defined as

Io =
WON +WOFF − d
WON +WOFF + d

, (−1 < Io ≤ 1) (2.15)

where WON and WOFF are the half width measured at the point where the response is

30% of the maximal response, and d is the distance between the centers of ON and

OFF sub-regions. Smaller values of Io indicate more segregation between ON and OFF

sub-regions.
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2.3.9 Measuring the push-pull index

The push-pull effect of the model was measured by a push-pull index (Martinez et al.,

2005). First, for each simple cell, we recorded the membrane potential, P , when the

preferred input (the synaptic field) was presented to the model. Next, we recorded the

membrane potential, N , while presenting the opposite of preferred input to the model.

To make the measurement independent of the relative strength of different simple cells, P

and N were normalized by

P =
P

max(|P |, |N |)
and N =

N

max(|P |, |N |)
. (2.16)

The Push-pull index, Ip, is then defined as

Ip = |P +N |, (0 ≤ Ip ≤ 2). (2.17)

Smaller values of Ip indicate stronger push-pull effect.

2.3.10 Measuring contrast invariance of orientation tuning

The method in (Zhu and Rozell, 2013) was used to investigate contrast invariance of

orientation tuning and the procedure is as follows. First, an exhaustive search was

performed to find the preferred circular sinusoidal grating in the parameter space of the

following ranges: radius of the grating was between 1 pixel and 2.5 min(σx, σy) (smaller

than 8 pixels which is the maximum radius for a 16× 16 image patch) with the stepsize of

1 pixel ; spatial frequency was between 0.05 and 0.3 cycles/pixel with the stepsize of 0.05

cycles/pixel; orientation was between 0 and 180 degrees with the stepsize of 5 degrees;

phase was between 0 and 360 degrees with the stepsize of 30 degrees. Next, we measured

the mean response to the drifting grating with orientations between 0 and 180 degrees

with the stepsize of 5 degrees while varying the contrast of the stimuli from 0.2 to 1 in

increments of 0.2, where contrast is defined as the amplitude of the sinusoidal grating.

The orientation tuning curve for each contrast level was then fit to the Gaussian function

and the half-height bandwidth of the Gaussian fit was calculated. The slope of the linear

fit to half-height bandwidth vs. contrast for the cell was used to plot the population

statistics of contrast invariance (Alitto and Usrey, 2004). Since we measured contrast

invariance of orientation tuning, only oriented RFs inside the field were considered. After

screening, 68 model simple cells that have oriented RFs located well within the 16× 16

image patch were selected for the analysis.
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Figure 2.5: Synaptic fields (defined in Eq. 2.18) for 140 selected simple cells. Each block
is a 16× 16 image that represents the combined effects of ON and OFF LGN cells for a
simple cell in spatial domain. 140 cells are located on a 12× 12 grid. Values in each block
are normalized to the range [−1 1] when plotting this figure.

2.4 Results

After learning, synaptic weights between LGN and V1 display spatial structures similar

to those observed in recordings of neurons in V1, such as oriented Gabor-like filters and

non-oriented blobs. Since both excitatory and inhibitory connections from ON and OFF

LGN cells contribute to the responses of simple cells, we use the synaptic field (Sf) defined

as

Sf = (Au,+
ON + Au,−

ON)− (Au,+
OFF + Au,−

OFF) (2.18)

to visualize the overall synaptic weights from ON and OFF LGN cells. The synaptic fields

of 140 model simple cells that meet the two quality control measures (see the Materials

and Methods section) are shown in Figure 2.5, where each block represents the overall

effect of the feedforward connections from ON and OFF LGN cells to a simple cell. Note

that although Figure 2.5 displays spatial patterns that are similar to experimental RFs,

strictly they represent the synaptic weights from LGN cells to simple cells, which ignores

the early visual processing before LGN. However, the RFs of the model are systematically

investigated in the following sections.
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In the remaining results, we show that the synaptic weights exhibit several properties

that have been observed experimentally, including segregation of ON and OFF sub-regions,

push-pull effect, phase-reversed feedback, diverse shapes of simple cell RFs, and contrast

invariance of orientation tuning.

2.4.1 Segregated ON and OFF sub-regions

Hubel and Wiesel found that simple cells in cat striate cortex have spatially separated

ON and OFF sub-regions (Hubel and Wiesel, 1962), which was also confirmed by other

experimental studies (Jones and Palmer, 1987b; Hirsch et al., 1998; Martinez et al., 2005).

However, it is impossible for a model that combines ON and OFF LGN input into a single

linear input to explain this important phenomenon. Our model separates ON and OFF

LGN input and shows that the learned feedforward excitatory connections from ON and

OFF LGN cells to simple cells can account for the segregation of ON and OFF sub-regions

of simple cells.

ON and OFF excitatory regions of some example simple cells are displayed in Fig-

ure 2.6A. In our model, there are 256 ON LGN and 256 OFF LGN cells located evenly on

a 16× 16 image, so each block in Figure 2.6A represents 256 excitatory weights from ON

or OFF LGN cells to a simple cell. Figure 2.6A shows that these excitatory connections

form spatial patterns such as bars and blobs. Furthermore, a careful examination of the

patterns shows that excitatory connections from ON LGN cells are normally adjacent

to patterns of excitatory connections from OFF LGN cells, but the two patterns do not

overlap, as can be seen when contour plots for the ON and OFF excitatory regions are

overlaid in Figure 2.6B.

We quantified the segregation of ON and OFF sub-regions using the overlap index

(defined in the Materials and Methods section). The histogram of the overlap index for

simple cells in an experimental study (Martinez et al., 2005) is re-plotted in Figure 2.6C.

Consistent with the experimental data, 88 out of 92 model simple cells had an overlap

index smaller than 0.1 (Figure 2.6D), which indicates that the ON and OFF sub-regions

are well-separated in a large majority of the population. The synaptic fields of simple

cells whose overlap indices are larger than 0.1 are shown in Figure 2.6E, revealing that

most of them have low spatial frequencies.

2.4.2 Push-pull effect

Simple cells are also found to have push-pull responses; i.e., if one contrast polarity excites

a cell, the opposite contrast polarity tends to inhibit it (Jones and Palmer, 1987b; Ferster,

1988; Hirsch et al., 1998; Martinez et al., 2005). Even though this effect has been observed

in many experimental studies, to our knowledge there has not been a learning model
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Figure 2.6: Segregation of ON and OFF sub-regions. (A) Some examples of Au,+
ON and

Au,+
OFF. Each block is a 16× 16 image that represents 256 excitatory connections from ON

or OFF LGN cells to a simple cell. The color magenta represents excitatory connections.
(B) Red and blue contours represent excitatory connections from ON and OFF LGN cells,
respectively. Connections that are smaller than 20% of the maximal connection were
removed to only show the substantial weights. The number in each block indicates the
overlap index. (C) Histogram of the overlap index for simple cells in cat V1. Re-plotted
from Figure 3C in (Martinez et al., 2005). (D) Histogram of the overlap index for model
simple cells. (E) Synaptic fields of the four simple cells with overlap index larger than 0.1.

proposed that can explain how this effect emerges. Again, a model that separates ON and

OFF LGN input is necessary to investigate the emergence of the push-pull effect. In this

section, we show that the push-pull effect for simple cells naturally emerges as a result of

neural learning.

Some examples of ON excitatory and OFF inhibitory synaptic weights (Au,+
ON and

Au,−
OFF, respectively) are shown in Figure 2.7A. The patterns of Au,+

ON are similar to the

ones of Au,−
OFF and they are located at similar locations, as can be seen from the highly

overlapped contours in Figure 2.7B. However, the degree of overlap is different between

the examples.

Analogous results to the above also hold for learned excitatory connections from OFF

LGN cells, Au,+
OFF, and inhibitory connections from ON LGN cells, Au,−

ON (data not shown).
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Figure 2.7: Push-pull effect. (A) Some examples of Au,+
ON and Au,−

OFF. Each block on the
left is a 16 × 16 image that represents 256 excitatory connections from ON LGN cells
to a simple cell. Each block on the right represents inhibitory connections from OFF
LGN cells to a simple cell. The color magenta represents excitatory connections; the color
green represents inhibitory connections. (B) Red and blue contours represent excitatory
connections from ON LGN cells (Au,+

ON) and inhibitory connections from OFF LGN cells
(Au,−

OFF), respectively. Connections that are smaller than 20% of the maximal connection
were removed to only show substantial weights. The number in each block indicates
the push-pull index. (C) Histogram of the push-pull index for simple cells in cat V1.
Re-plotted from Figure 4B in (Martinez et al., 2005). (D) Histogram of the push-pull
index for model simple cells. (E) Synaptic fields of the six simple cells with push-pull
index larger than 0.2.

We then quantified the push-pull effect using push-pull index (defined in the Materials

and Methods section). Both the histograms of push-pull index for experimental data

(Figure 2.7C) and model simple cells (Figure 2.7D) peaked near zero and showed an

decreasing trend. Model simple cells showed even stronger push-pull index with more

simple cells having push-pull index close to zero. The synaptic fields of simple cells with

push-pull indices larger than 0.2 are shown in Figure 2.7E, showing that most of them

have low spatial frequencies.
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2.4.3 Phase-reversed feedback

The experimental study of Wang and colleagues suggests that the synaptic feedback from

V1 to LGN is phase-reversed with respect to the feedforward connections (Wang et al.,

2006). For example, the connection from a simple cell to an ON-center LGN cell will be

excitatory if the ON-center is aligned in visual space to the OFF sub-field of simple cell

(i.e., phase-reversed). Conversely, if the ON-center is aligned to the ON sub-field of the

simple cell, the connection will be inhibitory. Our learning model with separate ON and

OFF LGN cells enables us to investigate the feedback effect from simple cells to LGN

cells. In this section, we show that phase-reversed feedback arises in the structures of

learned connections.

Figure 2.8: Synaptic fields, Sf (defined in Eq. 2.18), vs. feedback to ON and OFF LGN
cells, Ad

ON and Ad
OFF. Sf is highly positively correlated with Ad

OFF (correlation coefficient
r = 0.90) and Sf is highly anti-correlated with Ad

ON (correlation coefficient r = −0.92).
When Sf is greater than zero, Ad

OFF tends to be greater than zero and Ad
ON tend to be

smaller than zero. On the contrary, Ad
OFF tends to be smaller than zero and Ad

ON tends
to be greater than zero if Sf is negative.

Feedback from simple cells to LGN cells occurs via both excitatory connections, Ad,+
x ,

and inhibitory connections, Ad,−
x , with the overall effect characterized by Ad

x = Ad,+
x +Ad,−

x ,

where x = ON or OFF depending on the type of LGN cell. Therefore, the overall feedback

to ON LGN cells, denoted as Ad
ON, can be represented by Ad

ON = Ad,+
ON + Ad,−

ON . Similarly,

Ad
OFF = Ad,+

OFF + Ad,−
OFF represents the overall feedback to OFF LGN cells.
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The ON and OFF sub-fields of simple cells receptive fields are characterized by the

positive and negative regions of the synaptic field defined in Eq. 2.18. The scatter plots

in Figure 2.8 show that relationship expected from phase-reversed feedback. Sf is highly

positively correlated with Ad
OFF (correlation coefficient r = 0.90), while Sf is highly

anti-correlated with Ad
ON (correlation coefficient r = −0.92). According to the figure,

wherever Sf is positive, indicating the ON sub-field, the feedback to ON LGN cells, Ad
ON,

is very likely to be negative and the feedback to OFF LGN cells, Ad
OFF, tends to be

positive; however, wherever Sf is negative, indicating the OFF-field, the converse is true:

the feedback to ON LGN cells, Ad
ON, is very likely to be positive and the feedback to OFF

LGN cells, Ad
OFF, tends to be negative. This corresponds to a phase-reversed feedback

from V1 to LGN.

Figure 2.9: ‖Au,+ + Ad,−‖2 and ‖Au,−+ Ad,+‖2 during pre-development when white noise
is used as the input. The difference between Au,+ and −Ad,− (blue line) decreases to zero
very quickly during learning. Similarly, the difference between Au,− and −Ad,+ (red line)
reduces to zero quickly, although somewhat slower than the blue line.

This phase-reversed feedback from V1 to LGN can be explained by the learning

dynamics of LGN and simple cells described in Eqs. 2.8. The learning rule shows that

Au,+ and Ad,− are updated with the same magnitude of synaptic change but opposite in

sign (and are normalized with the same norm l1). Similarly, Au,− and Ad,+ are updated

with the same magnitude of synaptic change but opposite in sign (and are normalized with

the same norm l2). These anti-symmetries are a consequence of having Hebbian learning

for the forward weights and anti-Hebbian learning for the feedback weights. In both cases

the magnitude of weight change is proportion to the production of pre- and post-synaptic

spike rates, but the sign of the change is opposite. The anti-symmetry arises because roles

of pre- and post-synaptic rates are interchanged in forward versus feedback directions, in

combination with the sign change. Simulation results show that Au,+ converges to −Ad,−

and Au,− converges to −Ad,+ even during pre-development when white noise is used as
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the input to the model, as illustrated in Figure 2.9.

2.4.4 The diversity of model receptive fields resembles that ob-

served experimentally for simple cells

In this section, we show that the range of spatial structures of RFs of our model have a

close resemblance to experimental data.

Figure 2.10: Receptive fields of example model cells. Values of each block are normalized
to the range [−1 1] when plotting the figure. (A) Synaptic fields of example model cells.
(B) Pre-whitened RFs of example model cells. The pre-whitening filter described in Eq. 2.9
was used to filter white noise stimuli. (C) Low-pass RFs of example model cells. The
low-pass filter described in Eq. 2.11 was used to filter white noise stimuli.

RFs were calculated from the model by simulating experiments in which Gaussian

white noise is presented as a visual stimulus, and the spike triggered average is used to

estimate RFs. As the presentation of white noise may cause adaptive effects in the early

stages visual system relative to natural images, we considered two versions of the model,

one with the standard pre-whitening filter (Eq. 2.9) modeling center-surround processing,

and a second without pre-whitening in which the filter is replaced by a low-pass filter (Eq.

2.11) with the same upper cut-off frequency as pre-whitening filter. We use pre-whitened

RFs and low-pass RFs to represent of simple cell RFs estimated using the pre-whitening

filter and low-pass filter.

Some examples of pre-whitened RFs, low-pass RFs and synaptic fields are shown in

Figure 2.10, which shows that pre-whitened RFs and low-pass RFs are similar to synaptic

fields. However, pre-whitened RFs tend to have more and thinner stripes, which indicates

a narrower tuning to a somewhat higher spatial frequency. For a simple cell tuned to very

low spatial frequencies (bottom right blocks), the RF recovered with pre-whitening was a

poor match to the original synaptic field, but for RF recovered with low-pass filtering it

was fair.

Early studies show that RFs of simple cells can be well-described by 2D Gabor functions

described in Eq. 2.12 (Jones and Palmer, 1987a; Ringach, 2002). For our model, most RFs
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Figure 2.11: (A) Histogram of Gabor fitting errors for pre-whitened RFs. (B) Pre-whitened
RFs that has fitting error larger than 40%. (C) Synaptic fields of the corresponding cells
in (B).

could be well-fitted by Gabor functions with suitable choices of parameters with small

fitting errors, as shown in Figure 2.11A. Note that although the fitting error of blob-like

RFs might be low, the parameter choices are not necessarily reasonable, in that they are

poorly constrained and the process of Gabor fitting imposes an a priori hypothesis that

the RF is a 2D-Gabor function even though it is clearly not Gabor-like. The pre-whitened

RFs with fitting errors larger than 40% (Figure 2.11B) are cells whose synaptic fields have

low spatial frequencies (Figure 2.11C), because pre-whitened RFs of these cells matched

poorly to the original synaptic fields (Figure 2.10B). Low-pass RFs of all 140 selected

model cells have fitting errors smaller than 40% with 132 of them having fitting errors

smaller than 20% (data not shown).

Using fitted parameters of Gabor functions, Ringach constructed a scatter plot of

nx = σxfs vs. ny = σyfs to analyze the spatial structures of RFs in V1 over the population

(Ringach, 2002). Such plots have subsequently been used by many researchers to investigate

the distributions of model simple cell RFs (Rehn and Sommer, 2007; Zylberberg et al.,

2011; Wiltschut and Hamker, 2009). nx and ny are the width and length of the Gabor

function measured in the number of cycles of the spatial frequency (i.e., across and along
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Figure 2.12: nx vs. ny. Comparison of RFs of the model with experimentally recorded
data for cat simple cells and monkey simple cells. Open circles: 25 cat simple cells from
Table 1 in (Jones and Palmer, 1987a) re-plotted in the (nx, ny) plane; red stars: 93 monkey
simple cells in (Ringach, 2002); blue dots: pre-whitened RFs using the pre-whitening
filter described in Eq. 2.9; green dots: low-pass RFs using the low-pass filter described in
Eq. 2.11. The axes on the top and right represent frequency and orientation bandwidths
of fitted Gabor functions computed using Eq. 2.19. Some examples of RFs are displayed in
the inset sub-plots. Data points of estimated RFs with fitting errors > 40% were excluded,
which gave 124 data points for pre-whitened RFs and 140 data points for low-pass RFs.

the stripes). Ringach noted that blob-like RFs are mapped to points near the origin, while

RFs with elongated sub-regions are mapped to points away from the origin (Ringach, 2002).

In addition, nx and ny are directly related with the half-magnitude spatial frequency

bandwidth ∆f and orientation bandwidth ∆θ of the fitted Gabor function,

∆f := h(nx) = log2

(
1 +

√
2 ln 2
2πnx

1−
√
2 ln 2
2πnx

)
in octaves

∆θ := g(ny) = 2 arctan

(√
2 ln 2

2πny

)
in degrees.

(2.19)

Both h(nx) and g(ny) are monotonically decreasing functions; i.e., the larger nx and ny, the
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smaller ∆f and ∆θ. Note that h(nx) is not well defined when nx <
√

2 ln 2/2π (≈ 0.13),

i.e., when the lower half-magnitude frequency do not exist. This corresponds to the region

in which Gabor fitting gives ambiguous fits for parameters like spatial frequency and

orientation, because oriented RFs with low spatial frequency might lie in this region as

well.

We plot nx vs. ny and ∆f vs. ∆θ for RFs obtained from both the model and

experimental studies in Figure 2.12. However, the different pre-processing filters for white

noise stimuli have a dramatic influence on the distributions of nx vs. ny, shifting the

distribution for low-pass RFs to the left of pre-whitened RFs, in closer agreement to the

experimental data. As mentioned earlier, pre-whitened RFs tend to have more stripes

relative to the low-pass RFs, so they are mapped to points away from the origin compared

to low-pass RFs. In addition, the distribution of low-pass RFs is continuous from the

origin, while there is a gap between points near the origin and points away from the origin

for pre-whitened RFs. The inset sub-plots of Figure 2.12 show that data points near the

origin might be orientated RFs with low spatial frequencies and blob-like RFs might not

be necessarily mapped to points near the origin.

In general, oriented RFs are well described by Gabor functions and low-pass RFs

better resemble the distribution of experimental data compared with pre-whitened RFs.

2.4.5 Contrast Invariance of Orientation Tuning

Another important property of simple cells is contrast invariance of orientation tuning;

i.e., the width of the orientation tuning curve is maintained when the contrast of the

stimulus changes, as demonstrated in Figure 2.13A. The orientation tuning curves with

various stimulus contrasts for a model simple cell are shown in Figure 2.13B, where

the bandwidths of each curve remain the same while the responses become larger when

the stimulus contrast increases. For a study of contrast invariance of V1 population in

ferret, the histogram of the slope of the linear fit of half-width bandwidth vs. contrast

(Figure 2.13C) showed that most cells were contrast invariant with the slope close to zero

(Alitto and Usrey, 2004). Figure 2.13D shows that most model cells have the slope around

zero, which is consistent with experimental data.

Contrast invariance of orientation tuning for simple cells has also been explained by

models in two previous studies (Banitt et al., 2007; Kremkow et al., 2016). Banitt et al.

(2007) applied a neural adaptation in which thalamocortical synapse can depress as a

function of frequency and Kremkow et al. (2016) used a combination of synaptic depression

with push-pull inhibition that acts as a feedforward-like inhibition. The model designed

in this chapter introduces competition into the network by the feedforward-feedback loop,

adjusting and compressing the neuronal responses, which is similar to the function of

synaptic depression used in both these studies. In addition, the learned model displays
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Figure 2.13: Contrast invariance of orientation tuning. (A) Contrast invariant orientation
tuning curves of a simple cell in cat V1. Re-plotted from Figure 3A in (Skottun et al.,
1987). Different colors represent different contrasts. (B) Contrast invariant orientation
tuning curves of a cell in our model. c = 1 and c = 0.2 correspond to the high and low
contrast, respectively. (C) Histogram of the slope of half-height bandwidth vs. contrast
for V1 population in ferret. Re-plotted from Figure 3B in (Alitto and Usrey, 2004). (D)
Histogram of the slope of half-height bandwidth vs. contrast for model simple cells.

push-pull effect, which is similar to the feedfoward-like inhibition in Kremkow et al. (2016).

2.5 Discussion

2.5.1 Relationship with sparse coding

Sparse coding has been successful in modelling simple cell receptive fields (RFs) and has

been used by many researchers over the past years. Our model is based on an algorithm

that efficiently implements sparse coding (Rozell et al., 2008), and is therefore closely

related to the original concept of sparse coding (Olshausen and Field, 1996).

If we define A as a 2N × M matrix that represents the overall effect caused by
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excitatory and inhibitory connections from 2N LGN cells to M simple cells, we have

A = Au,+ + Au,−. The dynamics of simple cells described in Eq. 2.7 can be rewritten as

τCv̇C = −vC + AT (sL − sb) + sC. (2.20)

As illustrated in Figure 2.9, Au,+ → −Ad,− and Au,− → −Ad,+ during learning.

Therefore, we have Ad,− + Ad,+ = −Au,+ − Au,− = −A. The dynamics of LGN cells

described in Eq. 2.5 can be rewritten as

τLv̇L = −vL + x−AsC + sb. (2.21)

If the columns of A are seen as the basis vectors of a generative model, AsC can be seen

as the linear reconstruction of the input using learned basis vectors and thus x −AsC

represents the residual error, which is similar to r of the sparse coding formulation given

in Eq. 2.2. Therefore, the residual error used to update the basis vectors of the original

sparse coding model is represented by the responses of LGN cells in our model.

To incorporate Dale’s law, non-negative connections, Au,+, and non-positive connec-

tions, Au,−, are employed in our model to represent the positive and negative elements

of A. Au,+ and Au,− are not co-active in general, which suggests that Au,+ ≈ [A]+ and

Au,− ≈ [A]−, where [ · ]+ preserves the positive elements and sets negative elements to

zero and [ · ]− preserves the negative elements and sets positive elements to zero.

In other words, our model is essentially a variant of sparse coding that employs separate

connections to learn the positive and negative part of the overall connections.

2.5.2 Relationship with predictive coding

Our model is a hierarchical model with feedforward and feedback connections based on a

locally competitive algorithm (Rozell et al., 2008). The structure of our model is essentially

very similar to that of predictive coding models. To be more specific, the feedback from

the second-layer neurons reconstructs the input. The residual error is computed at the

first layer and then propagated to the second layer via feedforward connections.

Although our model presented here and the predictive coding model of Jehee and

Ballard (Jehee and Ballard, 2009) can explain phase-reversed feedback, the models differ

in several respects. First, sparse coding in our model is simply realized by the threshold

of the rectifying function of firing rates for simple cells and this simple mechanism leads

to simple neural circuits. Second, compared to the mechanism for determining simple

cell responses one by one in their model, our model computes the responses in parallel.

Third, our model generates diverse types of RFs that correspond well to experimental

data. Finally, the phase-reversed effect is simply accounted for by the special pattern

of learned connections, which also explains the segregation of ON/OFF sub-regions and
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push-pull effect for simple cells.

2.5.3 The Function of spontaneous activity

In the model proposed here, the dynamics of LGN cells described in Eq. 2.5 has the

background firing rate, sb, as part of the input to LGN cells. This spontaneous firing rate

introduces a shift of the operating point for LGN cells. Given the responses of simple cells,

sC, x−AsC in Eq. 2.21 represents the reconstruction residual error between the input

and reconstruction. The residual error gives the difference between the real input and the

representation produced by the model and it can be either positive or negative. To code

for the signed quantities (residual error), Ballard and Jehee carried out a case-by-case

study, leading to very complicated neural circuits (Ballard and Jehee, 2012). However, our

model has a straightforward method for the implementation of solving signed quantities.

The background firing rate, sb, in Eq. 2.5 increases the residual errors by sb. Therefore,

the membrane potential of LGN cell, vL, represents the residual error shifted up by sb.

The threshold function in Eq. 2.5 gives the firing rate of the LGN cell and it preserves

the residual error in the interval of [−sb, ∞], which preserves the information of whether

the model under-estimates or over-estimates the input stimuli and forces the connections

to evolve through learning in the correct direction. In Eq. 2.7, which describes simple cell

dynamics, the effect of the spontaneous firing rate, sb, is removed by vC
leak, a homeostatic

mechanism employed by simple cells to maintain resting membrane potentials when there

is no external input. The local learning rule described by Eq. 2.8 also eliminates the

effect of the spontaneous firing rate by subtracting it. The use of spontaneous firing rate

makes the model much simpler and offers a new approach for solving the problem of

signed quantities (residual errors). Experimental evidence shows that thalamocortical

neurons can fire with bursts of action potentials without any synaptic input (Kandel et al.,

2013), which suggests that the spontaneous firing activities might be used to encode the

difference between input and feedback information.

2.5.4 Pre-processing of the early visual system

Atick and Redlich suggest that the retinal goal is to whiten the visual input up to a

transition frequency such that input noise can also be suppressed (Atick and Redlich,

1992). The pre-whitening filter (Eq. 2.9) approximately whitens the natural scenes up to

the cut-off frequency.

However, for pre-processing white noise stimuli, two hypotheses are considered here.

First, the filtering process of the early visual system can be described by the pre-whitening

filter (Eq. 2.9) whether or not the visual stimuli are natural scenes. Second, the early

visual system is adaptive such that the visual stimuli are whitened up to a cut-off frequency.
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In this case, a low-pass filter (Eq. 2.9) should be used, because white noise stimuli are

already whitened across all frequencies. Our results suggest that estimated RFs using

low-passed white noise match the experimental data much better than estimated RFs

using pre-whitened white noise. Further investigation of how visual stimuli are processed

before they are fed to the visual cortex is needed to better understand the properties of

simple cells.

2.5.5 The role of l1 and l2

Each column of Au,+ and Ad,− is normalized to norm l1 and each column of Au,− and Ad,+

is normalized to norm l2. In other words, l1 represents the overall strength of feedforward

excitatory connections and feedback inhibitory connections while l2 represents the overall

strength of feedforward inhibitory connections and feedback excitatory connections. The

results shown in this chapter are based on l1 = 1 and l2 = 1; i.e., the strength of feedforward

excitatory connections is equivalent to feedforward inhibitory connections, which leads to

a strong push-pull effect in Figure 2.7D. If l2 is smaller than l1, the push-pull effect will

be weaker and the distribution of the push-pull index will shift to the right. In addition,

reducing l2 results in more blob-like receptive fields (data not shown).

2.5.6 Neural circuits

Biologically realistic neural models can provide deeper insights into how real neural circuits

function. The model proposed here contains a number of features that correspond to those

in its biological counterpart, namely in terms of ON and OFF channels for LGN cells,

positive neuronal responses, local computation, local learning rule, existence of feedback,

and obedience to Dale’s law.

In addition, our model incorporates inhibitory effects between LGN cells and cortical

simple cells. As pointed out in the Materials and Methods section, for simplicity, inhibitory

effects are implemented by direct inhibitory connections between two layers. However, in

reality, long-range inhibitory effects should be implemented via interneurons that have

inhibitory synapses. In this section, we will discuss several neural circuits of implementing

inhibitory connections of our model.

Possible neural circuits that may be used to implement long-range inhibition are

displayed in Figure 2.14. Assume that the overall inhibitory effects from LGN cells (with

activity sL) to cortical simple cells (with activity sC) can be represented by inhibitory

connections, A−, between populations. We also assume that the learning rule of A− is

local, i.e., that only depends on the responses of two populations (sL and sC). Long-range

inhibition in our model is implemented via direct inhibitory connections, which is not

biologically realistic (Figure 2.14A).
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Figure 2.14: Possible neural circuits for implementing long-range inhibition. Red and
green arrows represent excitatory and inhibitory connections. (A) Direct long-range
inhibition. (B) Circuit I. (C) Circuit II.

The circuit in Figure 2.14B implements inhibitory connections, A− (with non-positive

weights), via a population of interneurons that have inhibitory connections, A−, with

cortical simple cells. LGN cells are connected to interneurons via long-range identical

excitatory connections, I; i.e., the interneurons copy the responses of LGN cells. For

this structure, long-range excitatory connections, I, are fixed while A− are learned using

the same learning rule in Figure 2.14A. In this case, the learning rule of A− is still

local because the responses of interneurons are just sL and the model is still biologically

plausible in terms of the local learning rule. Furthermore, the RFs of interneurons in the

same layer as cortical simple cells should be LGN-like. Though V1 cortical cells with

blob-like RFs were found in different species (Jones and Palmer, 1987a; Ringach, 2002;

Chapman and Stryker, 1993; Hawken et al., 1988; Kretz et al., 1986; Muly and Fitzpatrick,

1992), we are not sure whether this neural circuit is the most likely candidate because the

fixed identical connection between LGN cells and the interneurons seems artificial unless

they can be learned.

Figure 2.14C shows another possible neural circuit for implementing A−. LGN Cells

are connected to interneurons via long-range excitatory connections, −A−. There is a

one-to-one mapping between interneurons and cortical simple cells. In this case, the overall

effect from LGN cells to simple cells is equivalent to A−. In addition, the RFs of inhibitory

interneurons should resemble simple cells and show orientation tuning since the learned

A− has spatial structures such as oriented bars, which is consistent with the smooth

simple cells found in cat V1 of the experimental study (Hirsch et al., 2003). The positive

connections −A− can be learned by Hebbian learning and the identical connections

between interneurons and cortical simple cells can be learned by anti-Hebbian learning.

Therefore, this neural circuit is more feasible than than the circuit in Figure 2.14B.
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2.5.7 Discrepancies between model and experimental data

Our model can capture the most significant features of experimental phenomena such as

the segregation of ON and OFF sub-regions, push-pull effect and contrast invariance of

orientation tuning. However, there are also discrepancies between the distributions of

model and experimental data. In general, the histograms of experimental data (Figure 2.6C,

Figure 2.7C and Figure 2.13C) are wider than model data (Figure 2.6D, Figure 2.7D

and Figure 2.13D), which shows that experimental data is more diverse. One possible

explanation is that model cells in this chapter are only a subset of the rich repository of

real cortical cells. Furthermore, choices of free parameters in the model might also lead to

different results.

2.6 Conclusion

In this chapter, we presented a biologically plausible model of LGN-V1 pathways to

account for many experimental phenomena of V1. We found that the segregation of

ON/OFF sub-regions of simple cells, push-pull effect, and phase-reversed cortico-thalamic

feedback can all be explained by the structure of learning connections when the model

incorporates ON and OFF LGN cells and is trained using natural images. Furthermore, the

model can produce diverse shapes of receptive fields and contrast invariance of orientation

tuning of simple cells, consistent with experimental observations.



Chapter 3

Can the principle of efficient coding

learn complex cells?

3.1 Introduction

About 60 years ago, Hubel and Wiesel identified two distinct types of cells in the primary

visual cortex (V1) of cat: simple cells and complex cells (Hubel and Wiesel, 1959, 1962).

They categorized simple cells as cells that have a receptive field (RF) with distinct light

(ON) and dark (OFF) regions, exhibit summation within ON and OFF regions and show

antagonism between ON and OFF regions. Simple cells respond primarily to oriented

edges with a strong preference for a particular orientation.

In contrast, complex cells exhibit significant non-linear spatial integration and do not

show the above characteristics of simple cells. One important feature of complex cells

is spatial phase invariance; i.e., they evoke strong responses to oriented bars with the

preferred orientation for a wide range of spatial phases. Spatial phase invariance is similar

to shift invariance or position invariance, which means that the response is generally not

sensitive to the relative position of the stimulus within the RF of a complex cell. Movshon,

Thompson and Tolhurst (1978a; 1978b) found that simple and complex cells have different

degrees of response modulation when presented with drifting gratings. Subsequently, the

degree of response modulation was defined by the ratio F1/F0 (De Valois et al., 1982),

where F1 is the component of the response to the drifting grating at the temporal drifting

frequency, and F0 is the DC component of the response, i.e., the mean response over

time to the drifting grating with spontaneous activity subtracted. Cells are identified as

complex if F1/F0 < 1 and simple if F1/F0 > 1. Skottun and colleagues found a bimodal

distribution of the F1/F0 ratio in the population of cells in both cat and monkey V1

(Skottun et al., 1991).

45
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3.1.1 Phenomenological models of complex cells

Simple cell responses can be described phenomenologically using a three-stage process

(Movshon et al., 1978b; Carandini et al., 2005; Carandini, 2006): first, the input image is

linearly filtered by a single filter whose weights represent the cell’s receptive field; second,

the feature contrast, the output of the first stage, is passed through a static nonlinearity

(usually one-sided, e.g., half-wave rectification) to obtain the firing rate; third, spike trains

are generated via a Poisson process. This is referred to a the linear-nonlinear-Poisson

model.

A similar model with the three-stage process can be used to describe responses

of complex cells, except that complex cells have multiple linear filters and the static

nonlinearity might be double-sided (e.g., squaring nonlinearity) (Movshon et al., 1978a;

Carandini et al., 2005; Carandini, 2006). One classical phenomenological model for

complex cells is the energy model, where the complex cell responses are the summation

of the squared outputs of two linear spatial-phase-shifted filters, as shown in Figure 3.1

(Adelson and Bergen, 1985; Carandini et al., 2005); the squaring nonlinearity brings

polarity invariance (non-selective to the polarity of the stimulus) and filters with different

spatial phases generate complex cells tuned to a wider range of spatial phases. Although

the energy model can capture the spatial phase invariance of complex cells, a recent

experimental study by Almasi and colleagues showed that complex cells in cat visual

cortex have great diversity and only a minority can be characterized by the energy model

(Cloherty and Ibbotson, 2014; Meffin et al., 2015; Almasi, 2017; Yunzab et al., 2019).

Figure 3.1: The energy model of a complex cell. Red and blue represent ON and OFF
sub-regions of the receptive field of a simple cell, respectively. The linear response of the
input convolved with the filter is passed to a two-side nonlinear function (a power function
is this case). The outputs of two nonlinear functions are then summed to generate the
response for the complex cell.
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3.1.2 Computational models of complex cells

Hierarchical, parallel and recurrent structures

Computational models of the underlying mechanism of the formation of complex cells can

be divided into three categories: hierarchical, parallel and recurrent (see Martinez and

Alonso, 2003 for a review). The notion of the hierarchical model was proposed by Hubel

and Wiesel (1962), where a complex cell pools the activities of simple cells of the same

orientation but with different spatial phase preferences so that it is orientation selective

but invariant to different spatial phases. The pooled simple cells form the subspace of

the complex cell and each pooled simple cell is a subunit in the subspace. This idea was

later supported by an experimental study conducted by Movshon et al. (1978a). From the

perspective of a hierarchical structure, the energy model can be understood as a complex

cell having convergent input from four simple cells with different spatial phase preferences;

i.e., the response of the complex cell is the weighted sum of four simple cells in a subspace

(Figure 3.2).

Figure 3.2: The equivalent hierarchical structure of the energy model of a complex cell.
The response of the complex cell sums over the responses of simple cells. The colors
red and blue represent ON and OFF sub-regions of the receptive fields of simple cells,
respectively.

The concept of the hierarchical structure has been challenged by parallel and recurrent

models. In the parallel model of Hoffmann and Stone (1971), it is proposed that both

simple and complex cells are generated by separate thalamocortical pathways in parallel.

This is supported by the discovery that some complex cells receive direct input from

the thalamus (Hoffmann and Stone, 1971). However, some studies show that most

complex cells do not receive direct input from the thalamus (Callaway, 2001; Martinez

and Alonso, 2001; Martin, 2002). The idea of the recurrent model is strongly supported
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by the experimental evidence that cortical cells mainly receive excitatory input from

other cortical areas instead of the thalamus (Peters and Payne, 1993). Therefore, the

response of cortical cells should be primarily determined by recurrent cortical inputs

(Martin, 2002). Nevertheless, thalamocortical connections have many features to make

them strong although they only account for a small fraction of excitatory synapses made

by cortical cells (Martinez and Alonso, 2003).

Existing learning models of complex cells with a hierarchical structure

In this chapter, we focus on the hierarchical structure between simple and complex cells,

namely that complex cells receive feedforward input from simple cells, as supported by

experimental results (Van Kleef et al., 2010).

Given simple cells with RFs of different orientation and spatial phase preferences,

there are two distinct mechanisms of pooling simple cells to construct complex cells:

indiscriminate pooling and selective pooling.

Indiscriminate pooling means simply pooling all local simple cells from a narrow

region of the map. If simple cells with similar orientation but different spatial phases are

located in the local region, complex cells will be spatial-phase-invariant by indiscriminate

pooling of these simple cells. Orientation maps are prevalent among monkey, cat and

ferret V1 (Bartfeld and Grinvald, 1992; Ohki et al., 2006; Chenchal Rao et al., 1997), and

some models were designed to describe complex cells based on the orientation topography

of simple cells (Hyvärinen and Hoyer, 2001; Ma and Zhang, 2007; Antolik and Bednar,

2011). However, there are also rodent species, such as mouse and rat, that do not have

orientation maps but still have complex cells in V1 (Bonin et al., 2011; Ohki et al., 2005).

Selective pooling means pooling simple cells according to certain criteria. For

example, only simple cells with receptive fields (RFs) of the same orientation but different

spatial phase preferences can be pooled. Selective pooling seems to be a common principle

for constructing complex cells by pooling simple cells. Nevertheless, the questions remain

unclear of how to pool simple cells, which simple cells should be pooled and how strong the

pooling weights should be, and most existing models overlook many details of biological

reality.

Hyvärinen and Hoyer proposed a model called independent subspace analysis (ISA)

using the principle of independent component analysis (ICA) (Comon, 1994) to find

independent feature subspaces of natural images (Hyvärinen and Hoyer, 2000). After

training the model using static natural images, the subunits in each subspace are linear

filters with similar orientation but different spatial phases, and the response of each

subspace is invariant to spatial phase and position changes. Their model assumes a

squaring nonlinearity and the weights for each subunit are pre-fixed; the learned subspace

resembles the energy model if the number of subunits in each subspace is set to two
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(Hyvärinen and Hoyer, 2000). If the subspace and subunits within ISA represent a complex

cell and simple cells pooled by this complex cell, there are two significant problems if the

model is implemented in a biological neural system: 1) the squaring nonlinearity in ISA is

unrealistic for a neuron to have such a firing mechanism; 2) the fixed weights connecting

subunits of ISA are biologically unrealistic unless the value of fixed weights can be learned

via a biologically plausible learning rule.

Berkes and Wiskott used slow feature analysis (SFA) to investigate temporal slowness as

a learning principle for RFs, an algorithm that determines functions that can extract slowly

varying component from the input (Berkes and Wiskott, 2005). In order to incorporate

temporal information from static images, the model was trained using translated sequences

of static images as the input. After training, the functions determined by the algorithm

could explain many complex cell properties (Berkes and Wiskott, 2005). However, SFA

does not specify any direct biological realization. First, the focus of SFA is not biological

plausibility. Second, SFA algorithm only solves an optimization problem and implies no

Hebbian plasticity between units of a network. Furthermore, the functions have the square

computation and assume the model units have a squaring nonlinearity to implement it,

which is not realistic for the firing mechanism of biological neurons.

Einhäuser et al. (2002) designed a model with a learning rule inspired by the trace

rule (Földiák, 1991), a principle that the response is determined by the trace (history)

of activities, to learn the weights between simple and complex cells. After the model

was trained on natural videos, model complex cells could pool simple cells with similar

orientations but different positions, which gave complex cells spatial phase invariance

(Einhäuser et al., 2002). However, the fact that only a winner can learn in each iteration

is artificial because it requires the network to have global information to detect the

winning neuron and incorporate a mechanism that shuts down the learning process of

other synapses not connected with the winner. Furthermore, the ratio of simple to complex

cells, 60 : 4, is much larger than experimental evidence that complex cells are at least as

prevalent as simple cells in V1 (Hubel and Wiesel, 1968). In addition, the learned RFs of

simple cells do not match well with experimental results.

Hosoya and Hyvärinen (2016) applied strong principle component analysis (PCA)

dimension reduction to pooling simple cell RFs trained on natural images using standard

ICA. Their approach can pool reasonable subunits for complex cells, but the weights

connecting simple and complex cells are not learned and thus it is not clear how this

model can be implemented in a biological system.

3.1.3 Aim of this chapter

The principle of efficient coding finds an efficient representation of the sensory input

by minimizing the average activity of model units (details in Section 2.3) and has been
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successful in generating simple cell RFs (Olshausen and Field, 1996, 1997; Rehn and

Sommer, 2007; Wiltschut and Hamker, 2009; Zylberberg et al., 2011). When more

biological constraints are incorporated to build a more biologically plausible model of the

LGN-V1 pathway based on efficient coding, the model can account for other experimental

phenomena, such as the segregation of ON and OFF sub-regions, the push-pull effect and

phase-reversed feedback (Chapter 2, Lian et al. (2019)). However, whether complex cells

can be learned in a biologically plausible model based on efficient coding is still not clear.

Here, we investigate whether efficient coding can be used to learn connections between

simple and complex cells.

3.2 Methods

This model is based on the principle of efficient coding that finds a linear representation

of the input using a small number of model units (see Chapter 2 for details).

3.2.1 Structure of the model

A four-layer model was built to describe the activities of lateral geniculate nucleus (LGN)

cells (first layer), V1 simple cells (second layer), intermediate cells (third layer), and V1

complex cells (fourth layer). The intermediate cells take simple cell responses and provide

input for complex cells, which separates the computations of simple and complex cells,

and helps us investigate efficient coding for complex cells much easier. However, the model

implies no structure of biological neural circuits. Model symbols and parameters used

throughout the chapter are given in Table 3.1.

The bottom two layers implement the two-layer model (graphical representation shown

in Figure 3.3A) that is biologically plausible and can account for many experimental

phenomena (see Chapter 2, Lian et al. (2019)). This two-layer model is a variant of sparse

coding and incorporates many biological constraints such as Dale’s Law, non-negative

firing rates and separate connections. The dynamics of LGN cells and simple cells are

given by

τLv̇L = −vL + xL + (Ad,+ + Ad,−)rS + rb,L

rL = max(vL, 0),
(3.1)

and

τSv̇
S =− (vS − vS

leak) + Au,+
ON

T
rLON + Au,−

ON

T
rLON

+ Au,+
OFF

T
rLOFF + Au,−

OFF

T
rLOFF + rS

rS = max(vS − λS, 0),

(3.2)

where xL = [xL
ON

T
,xL

OFF
T

]T , vL = [vL
ON

T
,vL

OFF
T

]T , rL = [rLON
T
, rLOFF

T
]T , Au,+ = [Au,+

ON Au,+
OFF],
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Figure 3.3: (A) Graphical representation of the bottom two-layer model. (B) Graphical
representation of the top two-layer model. I is the identity matrix that represents
self-excitation. Red and green arrows represent excitatory and inhibitory connections,
respectively. Upward and downward arrows are for feedforward and feedback pathways.
Notation defined in the main text.

Au,− = [Au,−
ON Au,−

OFF], Ad,+ = [Ad,+
ON Ad,+

OFF], Ad,− = [Ad,−
ON Ad,−

OFF], τL and τS are the time

constants of the membranes of LGN cells and simple cells, rb,L is the background firing

rate for LGN cells, and λS is the threshold of the rectifying function of firing rates. vS
leak

represents the change of membrane potential caused by leakage currents. Details of the

bottom two layers can be found in Chapter 2 (Lian et al., 2019)).

Similarly, the top two layers (graphical representation shown in Figure 3.3B) implement

a second efficient coding model, but for complex cells receiving inputs from simple cells.

The dynamics of the top two layers are given by

τIv̇
I = −vI + xI + AI

CrC + rb,I1

rI = max(vI, 0),
(3.3)

and

τCv̇C =− (vC − vC
leak) + AC

I

T
rI + rC

rC = max(vC − λC, 0),
(3.4)

where τI, xI, vI, rI and rb,I are the time constant, input, membrane potential, firing rate,

and background firing rate of intermediate cells in the third layer, 1 is a vector whose

elements are all 1, τC, vC, rC and λC are the time constant, membrane potentials, firing

rates and firing threshold for complex cells in the fourth layer. vC
leak represents the change

of membrane potential for complex cells caused by leakage currents. AC
I represents the
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feedforward connection from intermediate cells to complex cells. Weights AC
I are taken

to be excitatory here so there are no inhibitory connections from intermediate cells to

complex cells. The inputs to intermediate cells are the responses of simple cells so the

excitatory connections between intermediate cells and complex cells indicate which simple

cells are pooled for complex cells and how they are weighted. Introducing intermediate

Description Symbol

Input stimuli to LGN/intermediate cells xL / xI

Input stimuli to ON/OFF LGN cells xL
ON / xL

OFF

Membrane time constant of LGN/simple/intermediate/complex cells (10 ms) τL / τS / τI / τC

Membrane potentials of LGN/simple/intermediate/complex cells vL / vS / vI / vC

Membrane potentials of ON/OFF LGN cells vL
ON / vL

OFF

Firing rates of LGN/simple/intermediate/complex cells rL / rS / rI / rC

Firing rates of ON/OFF LGN cells rLON / rLOFF

Spontaneous firing rate of LGN/intermediate cells (0.5 Hz) rb,L / rb,I

Leakage voltages of simple/complex cells vS
leak / vC

leak

Excitatory connection: all LGN cells to simple cells Au,+

Excitatory connection: ON/OFF LGN cells to simple cells Au,+
ON / Au,+

OFF

Inhibitory connection: all LGN cells to simple cells Au,−

Inhibitory connection: ON/OFF LGN cells to simple cells Au,−
ON / Au,−

OFF

Excitatory connection: simple cells to all LGN cells Ad,+

Excitatory connection: simple cells to ON/OFF LGN cells Ad,+
ON / Ad,+

OFF

Inhibitory connection: simple cells to all LGN cells Ad,−

Inhibitory connection: simple cells to ON/OFF LGN cells Ad,−
ON / Ad,−

OFF

Excitatory connection: intermediate to complex cells AC
I

Excitatory connection: complex to intermediate cells (0) AI,+
C

Inhibitory connection: complex to intermediate cells AI,−
C

Sparsity level of simple / complex cells (both 0.1) λS / λC

Upper bounds of LGN-simple/simple-complex connections (both 0.3) a1,max / a2,max

Learning rates of LGN-simple/simple-complex connections (3 and 0.5) η1 / η2

Weight regulation constants of LGN-simple/simple-complex connections γ1 / γ2

Table 3.1: Model symbols and parameters in Chapter 3.
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cells separates the process of computing simple and complex cell responses so that we

can simply investigate efficient coding for complex cells. AI
C represents the feedback

connection from complex cells to simple cells; i.e., AI
C = AI,+

C + AI,−
C , where AI,+

C are the

excitatory connections from complex cells to simple cells and AI,−
C represent the inhibitory

connections.

3.2.2 Input

We examine two different types of input to the model: static natural images and natural

images with temporal information that simulates natural movement. Temporal information

is prevalent in movements or videos of the real world, so it is important to consider this.

The data set used in this chapter consists of 50 selected 1024 × 1536 pixel images of

calibrated natural scenes from van Hateren’s dataset (Van Hateren and Van Der Schaaf,

1998).

Static natural images

An M ×M image patch chosen randomly from one selected 1024× 1536 natural image is

used as the input to the model. The responses of simple cells are then used as the inputs

to the intermediate cells that feed into complex cells; i.e., xI = rS.

Natural images with jitter

For natural visual stimuli with temporal information, such as videos, the changing content

between subsequent frames in one fixed region over a very short time period is very similar

except for some translations or shifts in position, as it results from the movement of an

object. Therefore, the temporal information in a natural video is similar to the temporal

information in sequences of translated images, as used by Berkes and Wiskott (2005) to

investigate temporal slowness. In this chapter, we simply use natural images with jitter

to incorporate temporal information. The way of doing this is using sequences of random

patches of an image region. The idea behind this is similar to it of using natural videos

and sequences of translated images because images patches around the same location tend

to have similar features except for translations or shifts.

We take N random image patches around a location to represent the image patches

of temporal stimuli in one location over a short time period. More specifically, for a

1024× 1536 natural image from the data set, a random location, (ix, iy), is chosen and

then N image patches of size M ×M whose centers are within the 0.4M pixel distance

of (ix, iy) are randomly selected. For the chosen N image patches, the bottom two-layer

model generates N sets of simple cell responses. Since the N image patches contain similar

features with shifts (phase differences), the neural activities of simple cells in response to
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the N image patches will also contain phase information. Using the concept of the trace

rule where the response is determined by the current and past responses (Földiák, 1991),

the average of N sets of simple cell responses is then used as the input to the complex

cells; i.e., xI = 〈rS〉.
Since the image patches around the same location, (ix, iy), tend to have similar features

but differ slightly in orientation, position, and size, the average responses of simple cells

for these adjacent image patches integrate invariance and pass it to complex cells. Note

that the input of static natural images is a special case (N = 1) in this scenario.

Pre-processing of natural stimuli

The input patches are first pre-whitened to mimic retinal processing before visual pro-

cessing. This process is described as filtering the input image by ganglion cells whose

RFs are characterized as divisively normalized difference-of-Gaussian filters (Tadmor and

Tolhurst, 2000; Ratliff et al., 2010). The pre-whitened pixel intensity (I) at point (x, y)

can be calculated by

I(x, y) =
I0(x, y)− I1(x, y)

Id(x, y)
(3.5)

where I0, I1, and Id are responses measured by three unit-normalized Gaussian filters:

center filter (g0), surround filter (g1), and divisive normalization filter (gd), where gd

captures the local adaptation of ganglion cells (Troy et al., 1993). Images are convolved

with g0, g1, and gd. The standard deviation (SD) of the center filters is set to 1 pixel. The

SD of surround filters is chosen to be 1.5 pixels or 1.5 times the center filter SD, which

is consistent with previous measurements (Borghuis et al., 2008). The SD of gd has the

same size as g1 (Ratliff et al., 2010).

The pre-whitened images are then multiplied with a 2D Gaussian windowing filter with

SDs of 3 pixels in both vertical and horizontal directions. The purpose of this step is the

same as the Gaussian synaptic distribution defined in Linsker’s (1986) study and it puts

more emphasis on the central part of the image patch to make the learned simple RFs

more centralized in the 2D image domain. This step also assumes that model complex

cells pool local simple cells that have RFs in the same region.

Pre-processed images are then fed into LGN cells in the first layer. If the pixel intensity

is positive, it is set as the input to the ON LGN cell while the input to the corresponding

OFF LGN cell is set to zero; if the pixel intensity is negative, the absolute value of the

intensity is set as the input to the OFF LGN cell while the input to the corresponding

ON LGN cell is set to zero.
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Figure 3.4: Pre-processing natural stimuli. The M ×M image patch was pre-whitened
by filters described by Eq. 3.5 and convolved with a 2D Gaussian filter to emphasize the
central part of the image patch.

3.2.3 Learning rule

Learning LGN-simple cell connections

Connections between LGN and simple cells are learned based on Hebbian or anti-Hebbian

plasticity; i.e., the changes of synaptic weights only depend on pre- and post-synaptic

activities. The learning rule is from efficient coding and similar to (Chapter 2, Lian et al.

(2019)), given by

∆Au,+ = η1

(
〈(rL − rb,L)rS

T 〉 − γ1Au,+
)

∆Au,− = η1

(
〈(rL − rb,L)rS

T 〉 − γ1Au,−
)

∆Ad,+ = −η1
(
〈(rL − rb,L)rS

T 〉 − γ1Ad,+
)

∆Ad,− = −η1
(
〈(rL − rb,L)rS

T 〉 − γ1Ad,−
)
,

(3.6)

where η1 is the learning rate, 〈·〉 is the ensemble average operation over some samples,

rL − rb,L is the vector such that each element of vector rL is reduced by scalar rb,L,

(rL − rb,L)rS
T

is the matrix given by the outer product of vectors rL − rb,L, rS, and γ1

is the weight regulation constant that prevents weights from growing without bound.

Au,+ and Ad,+ are kept non-negative while Au,− and Ad,− are kept non-positive during

learning. In addition, the absolute value of each weight is limited to an upper bound,

a1,max, that represents the maximal synaptic efficacy. The only difference between the

previous learning rules of simple cells (Chapter 2, Lian et al. (2019)) and this study is that

weight normalization is replaced by the combination of self-regulation terms in Eq. 3.6

and the upper bound of connection weights.

Learning simple-complex cell connections

The top two layers implement a similar model to the bottom two layers. The connections

between simple and complex cells are implemented via intermediate cells. The learning
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rule comes from efficient coding and is similar to Eq. 3.6 and given by

∆AC
I = η2

(
〈(rL − rb,I)rI

T 〉 − γ2AC
I

)
∆AI,+

C = −η2
(
〈(rL − rb,I)rI

T 〉 − γ2AI,+
C

)
∆AI,−

C = −η2
(
〈(rL − rb,I)rI

T 〉 − γ2AI,−
C

)
,

(3.7)

where η2 and γ2 are the learning rate and weight regulation constant, respectively. In

addition, the maximal synaptic weight allowed is a2,max.

3.2.4 Training

Input patches of size 16× 16 (M = 16) are used in our model, similar to previous studies

(Zylberberg et al., 2011; Zhu and Rozell, 2013; Lian et al., 2019), resulting in 256 ON and

256 OFF LGN cells. We use 100 simple cells and 100 intermediate cells in the second and

third layers, respectively. For the number of complex cells in the fourth layer, two different

values, 100 and 25, are used to investigate that whether the number of complex cells in

the network is critical to learning complex cells. The time constants, τL, τS, τI, and τC,

are taken to be 10 ms, which is physiologically plausible (Dayan and Abbott, 2001). The

background firing rates, rb,L and rb,I, are chosen to be 0.5 Hz; however, different values

lead to similar results because the background firing rates only provide a working point

for the dynamical model, as discussed in Section 2.5 (Lian et al., 2019). The dynamical

system of the model described by Eq. 3.1-3.4 is numerically solved by the first-order Euler

method. There are 20 iteration steps, with the integration time step of 4ms, for calculating

the responses for both simple and complex cells. The models described in this chapter are

implemented in MATLAB (version R2016b, MathWorks, MA, USA) using my own codes.

Simple cells

The bottom two layers of the network are trained first. Since during the course of the

training Au,+ approaches −Ad,− and Au,− approaches −Ad,+, as described in Section 2.4

(Lian et al., 2019), we simply set Au,+ = −Ad,− and Au,− = −Ad,+ at the beginning of

training. The upper bound of connection weights between LGN and simple cells, a1,max, is

set to 0.3; i.e., the excitatory weights cannot exceed 0.3 and inhibitory weights cannot be

less than −0.3. The sparsity level of simple cells, λS is set to 0.1. In addition, the learning

rule (Eq. 3.6) used a batch that contained 100 randomly selected 16× 16 image patches

that have no temporal information in every epoch to accelerate the learning process. The

weight regulation constant, γ1, is set to 0.0001 and the learning rate, η1, is 3. 100, 000

epochs are used in the training process. After the training process for simple cells, the

connections between LGN and simple cells, Au and Ad, are fixed.
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Complex cells

After the bottom two layers have been trained, the top two layers are then trained to

learn complex cells. The natural images are used as the input to the first layer and simple

cell responses generated in the second layer are the input to the top two layers where a

rule based on efficient coding is used to learn the subspace of complex cells. Similarly,

in accord with Section 2.4 (Lian et al., 2019), the feedforward excitatory (or inhibitory)

connections converge to the opposite of the feedback inhibitory (or excitatory) connection,

so it can be reasonably assumed that AI,−
C = −AC

I and AI,+
C = 0 given that AC

I is taken

to be excitatory here. The maximal weight allowed for connections between simple and

complex cells (via intermediate cells), a1,max, is 0.3. The learning rate, η2, and the weight

regulation constant, γ2, are set to 0.5 and 0.0001, respectively. The sparsity level of

complex cells, λC, is first set to 0.1 and then to 0 for a comparison. The learning process

for complex cells runs for 100, 000 epochs.

Static natural images: The natural input is presented to the model and the

responses of simple cells are then used as the input to intermediate cells; i.e., xI = rS.

Similar to learning simple cells, a batch of 100 randomly selected image patches is used in

every epoch.

Natural images with jitter: N = 20 random 16× 16 image patches whose centers

are within the 0.4M distance of (ix, iy) are chosen. For each of the 20 image patches, the

model generates corresponding simple cell responses. The average of simple cell responses

over 20 image patches is used as the input to intermediate cells; i.e., xI = 〈rS〉.

3.2.5 Spatial Phase invariance

Spatial Phase invariance, or partial invariance, is one of the most important features of

complex cells. Here, sinusoidal gratings with different spatial phases are used as input

to the trained model to examine whether model complex cells are invariant to different

spatial phases.

Spatial phase tuning curve: First, an exhaustive search for each model complex

cell was conducted to find the preferred orientation, spatial frequency, and spatial phase

of the sinusoidal grating that evokes the maximal response in the following parameter

space: orientation was varied between 0 and 180 degrees with steps of 15 degrees; spatial

frequency was varied between 0.05 and 0.5 cycles/pixel with steps of 0.05 cycles/pixel;

spatial phase was varied between 0 and 360 degrees with steps of 15 degrees. Then, a

sequence of sinusoidal gratings was generated with the preferred orientation and spatial

frequency and spatial phases spanning over 0 to 360 degrees with a step of 3.6 degrees

(100 different spatial phases). This sequence of sinusoidal gratings is similar to the drifting

sinusoidal gratings used in experimental studies. For each complex cell, the sequence of

gratings with different spatial phases is used as the input to the model one after another,
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while a sequence of responses for each grating is recorded. Therefore, a plot of responses

vs. spatial phases can be plotted as the spatial phase tuning curve for each complex cell.

A complex cell that is completely phase-invariant will have a flat spatial phase tuning

curve, while a cell that is phase selective will have a bell-shaped spatial phase tuning

curve.

F1/F0 ratio: Using cell activities in response to sinusoidal gratings, the ratio F1/F0

is used as a quantitative measure of spatial phase invariance (Skottun et al., 1991). F1/F0

ratio is defined as the ratio between the amplitude of Fourier Component of sinusoidal

gratings at the drift rate and the amplitude of DC component of the gratings. In our case,

the length of response and grating sequence is 100. The 1000-point FFT of the response

sequence is first calculated, denoted as R[k] where k = 1, 2, · · · . The F1/F0 ratio can be

computed by

F1/F0 = 2
|R[100]|
|R[0]|

, (3.8)

where R[0] and R[100] are the 1st and 101st elements of sequence R[k]. The proof of

Eq. 3.8 can be found in the Appendix A. A complex cell that is completely phase-invariant

will have F1/F0 = 0, while cells that are selective to a small range of spatial phases

will have F1/F0 ratios close to 2. Smaller values of F1/F0 indicate more spatial phase

invariance.

3.2.6 The default linear model

After learning, the values of elements in the weight matrix AI
C indicate how simple cells

are pooled by complex cells. In order to investigate the subspace pooled by each model

complex cell, a control model of complex cells that linearly sums over the responses of

pooled simple cells using learned connections is used, as given by

rC = AC
I

T
rS. (3.9)

The control model will be called the default linear model throughout this chapter.

The default linear model uses the connection weights learned by our efficient coding

model, but it uses a different method, linear summation, of computing complex cell

responses compared with the efficient coding model. Two important questions that arise

here are (1) does the subspace contain simple cells that are similar to those observed

experimentally and that have similar orientations but different spatial phases and (2) does

the principle of efficient coding reduce spatial phase invariance for complex cells?
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3.3 Results

After training the connection weights in the first two layers, similar to Section 2.4 (Lian

et al., 2019), we used the synaptic field (Sf) defined as

Sf = (Au,+
ON + Au,−

ON)− (Au,+
OFF + Au,−

OFF) (3.10)

to visualize the overall effect of all connections between ON and OFF LGN cells and

simple cells. Figure 3.5 shows the synaptic fields for 100 model simple cells. Compared

with synaptic fields in Figure 2.5, the Sf here were more centralized in the 16× 16 image

region, as a consequence of introducing a 2D Gaussian window (illustrated in Figure 3.4)

to emphasize the central part of input images.

Figure 3.5: Synaptic fields (defined in Eq. 3.10) for 100 simple cells. Each block is a
16× 16 image that displays the overall effects of LGN cells and simple cells. 100 cells are
located on a 10× 10 grid. Values in each block are normalized to the range [−1 1].

3.3.1 Efficient coding trained on static natural images fails to

pool simple cells to form the subspace of complex cells

Hyvärinen and Hoyer (2000) applied efficient coding (ICA) to find the subspace that

is able to generate complex cell properties. However, their model has two important

assumptions that are unrealistic for the biological neural network: (1) a two-sided power

nonlinearity and (2) fixed weights between the model complex cell and the units in its

subspace. We removed these two assumptions in our model and trained the model on

static natural images. Our simulation results show that efficient coding for complex cell
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cannot pool simple cells to form the subspace of complex cells who are phase invariant,

if the model incorporates more biologically constraints and is trained on static natural

images that have no temporal information.

After training the model with λc = 0.1 and 100 complex cells, many weights of the

connection between simple and complex cells reduce to small values around zero, while

some weights are significant. Each weight of feedforward connection, AC
I , represents how

strongly a simple cell is pooled by a complex cell.

Figure 3.6: Complex cell subspace with λc = 0.1 and 100 complex cells. C represents
complex cell and the followed number is the index of the complex cell. Each block is a
16× 16 synaptic field (defined in Eq. 3.10) of simple cells that have a feedforward weight
larger than 0.1 in the subspace of a complex cell. Values in each block are normalized to
the range [−1 1] when plotting the figure. The figure only shows up to 16 subunits.

Figure 3.6 shows the subspace of 35 randomly selected complex cells (a full subspace

of model complex cells can be seen in Figure B.1 of Appendix B). Each block in any

subspace of the complex cell represents the 16× 16 synaptic field of a simple cell that has

a feedforward weight larger than 0.1, which means that only significant simple cells are

displayed here. The figure shows that most complex cells have more than 8 simple cells in
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the subspace. The average number of simple cells in the subspace among all complex cells

is 12.3 (with standard deviation 3.27), indicating that each complex cell normally pools

many simple cells.

Furthermore, most model complex cells in Figure 3.6 pool simple cells with a wide range

of orientations, suggesting that the learned subspaces are not selective to orientations,

which contradicts with orientation tuning of complex cells. We next show the spatial

phase tuning curves for a few examples of model complex cells.

The complex cell that pools simple cells with similar orientations Complex

cell C34 (Figure 3.6 and 3.7) has 7 simple cells in the subspace. Apart from the last

simple cell in Figure 3.7A, pooled simple cells have similar orientations. However, this type

of model complex cells is very rare, as can be seen from the subspaces shown in Figure 3.6.

Figure 3.7B displays the spatial phase tuning curve of complex cell C34 and shows an

interesting fact that spatial phase tuning curves of simple cells are largely overlapped and

only cover a limited region of the spatial phase. As a result, the model complex cell is

only invariant to a small region of spatial phase. A large value of F1/F0 = 1.76 also shows

that the model complex cells C34 is actually simple-cell like. The spatial phase tuning

curve for the default linear model is similar to C34 except the curve is shifted above due

to simple cell S13. The shift of tuning curve is not observed for C34, because efficient

coding model brings competition and the responses are suppressed compared to a linear

model (Olshausen and Field, 1997).

The complex cell that pools simple cells with various orientations Complex

cell C74 (Figure 3.6 and 3.8) has 16 significant simple cells (weights larger than 0.1) in the

subspace and pooled simple cells have many orientations: horizontal, vertical and diagonal

orientations, suggesting that the model fails to selectively pool simple cells with similar

orientations. This kind of model complex cells is a majority, as seen from the subspaces

shown in Figure 3.6. The spatial phase tuning curve of complex cell C74 (Figure 3.8B)

shows two interesting phenomena: (1) for a preferred sinusoidal gratings with a fixed

orientation, simple cells with different orientations contribute to spatial phase invariance

for that orientation, but the contribution is little (seen from the relatively small amplitudes

of tuning curves); (2) the tuning curves of the default linear model is very different from

model cell C74, where default linear model covers a much wider region of spatial phase

than the efficient coding model.

Problems of the current model

Above all, the current efficient coding model for complex cells trained on natural images

have several problems. First, pooled simple cells in the subspace show almost no similarity

in orientation, which contradicts with orientation selectivity of complex cells; in other words,

the current model fails to pool simple cells with similar orientations into the subspace of
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Figure 3.7: Complex cell C34. (A) Each block in subplot A is a 16 × 16 synaptic field
(defined in Eq. 3.10) for simple cells in the subspace and the number on the right is the
feedforward weight connected with complex cell C34. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Spatial phase tuning curves. Solid lines
are for simple cells in the subspace. Dots represent the firing rates of the complex cell
in response to different spatial phases. The dashed line is for the default linear model
for the complex cell C34. S represents simple cell and the following number is the index
of the simple cell. C-L represents the control model of complex cells that linearly sums
simple cell responses weighted by the connection weights.

complex cells. Second, the principle of efficient coding suppresses cell responses compared

with the default linear model.

For the first problem, one reason is that model complex cells tend to be inactive; i.e., in

response to a stimulus, only a small portion of complex cells will have non-zero responses.

In our simulation, the percentage of model complex cells having non-zero responses during

training is 8.1%, which means on average only a few complex cells are trying to represent

simple cell activities in response to each stimulus. As a consequence, those complex cells

must pool many different simple cells to account for the diversity of simple cell responses,

which means that complex cells fail to selectively pool simple cells. According to the

model dynamics, the sparsity level of complex cells, λC, controls the sparseness of complex

cells. Therefore, reducing λC will increase the percentage of complex cells being active

and encourage complex cells to pool simple cells selectively.

For the second problem, it is also related to the choice of λC. Larger λC indicates that

a smaller percentage of complex cells will be active, so the complex cell responses will be

largely suppressed.

Therefore, combining the causes of the two problems mentioned above, it is natural to

reduce λC in order to solve the issues of the current model. In the next section, results of

model complex cells with λC will be analyzed.
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Figure 3.8: Complex cell C74. (A) Each block in subplot A is a 16 × 16 synaptic field
(defined in Eq. 3.10) for simple cells in the subspace and the number on the right is the
feedforward weight connected with complex cell C74. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Spatial phase tuning curves. Solid lines
are for simple cells in the subspace. Dots represent the firing rates of the complex cell in
response to different spatial phases. The dashed line is for the default linear model for
the complex cell C74. S represents simple cell and the following number is the index of
the simple cell. C-L represents the default linear model of the complex cell that linearly
sums simple cell responses weighted by the connection weights. Up to 7 simple cells in
the subspace are displayed.
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Setting sparsity level to zero

The sparsity level of complex cells, λC, is the firing threshold and the minimum value

allowed is zero. In this section, results were generated using the same model except that

λC was set to zero. We show that even with the smallest possible value of λC, efficient

coding for complex cells trained on static natural images still fails to account for the

spatial phase invariance of complex cells.

Learned subspace: After learning, most connection weights between simple and

complex cells reduce to very small values around zero, with only a few significant weights.

Each weight of feedforward connection, AC
I , represents how strongly a simple cell is pooled

by a complex cell. Figure 3.9 shows the subspace of 35 randomly selected complex cells

(a full subspace of model complex cells can be seen in Figure B.2 of Appendix B). Most

complex cells have two or three simple cells in the subspace. The average number of

simple cells in the subspace among all complex cells is 2.16 with the standard deviation

of 0.60. Each block in any subspace of the complex cell represents the 16× 16 synaptic

field of a simple cell that has a feedforward weight larger than 0.1, which means that only

significant simple cells are displayed here.

Figure 3.9: Complex cell subspace with λc = 0 and 100 complex cells. C represents
complex cell and the followed number is the index of the complex cell. Each block is a
16× 16 synaptic field (defined in Eq. 3.10) for simple cells in the subspace of a complex
cell. Values in each block are normalized to the range [−1 1] when plotting the figure.

Compared with the model with λC = 0.1 in the previous section, simple cells in the

learned subspace are less and have similar orientations (at most two distinct orienta-

tions), indicating that the model can now selectively pool simple cells. Furthermore, the
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percentage of model complex cells being active is now 45.4%.

As seen in Figure 3.9, there is a wide range of subspaces for complex cells. For example,

complex cell C5 and complex cell C30 only have one significant simple cell in the subspace,

while other complex cells have two or more. In addition, the simple cells in the subspace

of some complex cells have similar orientation, such as complex cell C18 and complex

cell C42, while the simple cells in the subspace of some other complex cells have distinct

orientations, such as complex cell C4 and complex cell C74.

Some example complex cells are examined in detail to show that the learned subspace of

complex cells using static natural images is insufficient to explain spatial phase invariance

of complex cells. These examples are chosen because they are representative of the

diversity of model complex cells with more than two subunits.

Figure 3.10: Complex cell C34. (A) Each block in subplot A is a 16 × 16 synaptic
field (defined in Eq. 3.10) for simple cells in the subspace and the number below is the
feedforward weight connected with complex cell C34. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Spatial phase tuning curves. Solid lines
are for simple cells in the subspace. Dots represent the firing rates of the complex cell in
response to different spatial phases. The dashed line is for the default linear model for
the complex cell. S represents simple cell and the following number is the index of the
simple cell. C-L represents the control model of complex cells that linearly sums simple
cell responses weighted by the connection weights.

The complex cell Pools simple cells that have the same orientation but

different spatial phase preferences: Figure 3.10 shows complex cell C34 where the

simple cells in the subspace have similar orientations but around π/2 radians spatial

phase difference. By pooling simple cells with similar orientations but different preferred

spatial phases, complex cell C34 becomes more invariant to spatial phase. However, the

diversity in spatial phase tuning of simple cells in the subspace is limited and insufficient

to generate spatial phase invariance for the complex cell. F1/F0 = 1.71 indicates that the

model complex cell is highly selective to phase and behaves like real simple cells. The
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tuning curve of the default linear model is similar to our model with a large value of

F1/F0 (1.6).

The complex cell pools simple cells that have similar orientation and

spatial phase tuning but differ in positions: Figure 3.11 shows an example of

complex cell, C9, whose subspace has simple cells with similar orientation tuning and

spatial phase tuning. There are two simple cells in the subspace, but the first synaptic

field is slightly shifted to the right compared with the second one. Figure 3.11B shows

that the two simple cells have similar spatial phase tuning with a preferred spatial phase

at around 2π radians. Therefore, the complex cell has similar spatial phase preference and

does not display spatial phase invariance, which can also be observed from the large value

of F1/F0 (1.83). The F1/F0 ratio for the default linear model is also very large (1.64),

indicating that the simple cells in the subspace are not sufficient to produce spatial phase

invariance for this complex cell.

Figure 3.11: Complex cell C9. (A) Each block in subplot A is a 16 × 16 synaptic
field (defined in Eq. 3.10) for simple cells in the subspace and the number below is the
feedforward weight connected with complex cell C9. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Spatial phase tuning curves. Solid lines
are for simple cells in the subspace. Dots represent the firing rates of the complex cell in
response to different spatial phases. The dashed line is for the default linear model for
the complex cell C9. S represents simple cell and the following number is the index of the
simple cell. C-L represents the control model of complex cells that linearly sums simple
cell responses weighted by the connection weights.

The complex cell pools simple cells that have distinct orientation prefer-

ences: Figure 3.12 shows another example of complex cell, C74, that has simple cells

with distinct orientations in the subspace of the complex cell. The simple cell with distinct

orientation in the subspace can also contribute to spatial phase invariance for the complex

cell. Though simple cells in the subspace have different spatial phase preferences, the

tuning curve of model complex cell C74 is narrower than the union of tuning curves of

simple cells in the subspace, which can also be seen from a larger F1/F0 ratio (1.67) of
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the C74 compared with the F1/F0 rato of default linear model (1.42).

Figure 3.12: Complex cell C74. (A) Each block in subplot A is a 16 × 16 synaptic
field (defined in Eq. 3.10) for simple cells in the subspace and the number below is the
feedforward weight connected with complex cell C74. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Spatial phase tuning curves. Solid lines
are for simple cells in the subspace. Dots represent the firing rates of the complex cell in
response to different spatial phases. The dashed line is for the default linear model for
the complex cell. S represents simple cell and the following number is the index of the
simple cell. C-L represents the control model of complex cells that linearly sums simple
cell responses weighted by the connection weights.

Pooled simple cells that have similar orientations: Figure 3.13 shows complex

cell C1 with all three simple cells in the subspace with similar orientations, which brings

more spatial phase invariance to the complex cell. However, the complex cell is still highly

selective to spatial phase with a large value of the F1/F0 ratio (1.7). The F1/F0 ratio

(1.53) of the default linear model is smaller than model complex cell, but it is still large

and indicates limited spatial phase invariance.

After examining some examples of model complex cells, distributions of F1/F0 ratio

for experimental complex cells, model complex cells, and the default linear models will be

shown next to illustrate that current model fails to explain spatial phase invariance of

complex cells.

Histogram of F1/F0 implies that the learned subspace is not able to pro-

duce spatial phase invariance for complex cells found in the experiment:

Figure 3.14 shows that the histograms of F1/F0 have similar distributions of F1/F0 ratio

for experimental complex cells, model complex cells and the default linear model. For

the experimental complex cells, cells with F1/F0 < 1 in the study (Ringach et al., 2002)

are included because a generally accepted classification of complex cells is that they have

and F1/F0 ratio smaller than 1 (Skottun et al., 1991). Figure 3.14A shows that the

distribution of F0/F1 ratio for experimental complex cells spreads over the interval [0 1]

but skews toward zero. However, the distribution of F1/F0 ratios for model complex cells
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Figure 3.13: Complex cell C1. (A) Each block in subplot A is a 16 × 16 synaptic
field (defined in Eq. 3.10) for simple cells in the subspace and the number below is the
feedforward weight connected with complex cell C1. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Spatial phase tuning curves. Solid lines
are for simple cells in the subspace. Dots represent the firing rates of the complex cell in
response to different spatial phases. The dashed line is for the default linear model for
the complex cell. S represents simple cell and the following number is the index of the
simple cell. C-L represents the default model of complex cells that linearly sums simple
cell responses weighted by the connection weights.

(Figure 3.14B) is centered around 1.5 and only covers the interval [1 2], suggesting that

most model complex cells are not spatial phase invariant like simple cells. The distribution

for the default linear model (Figure 3.14C) is similar to model complex cells, suggesting

that the simple cells in the learned subspace are not sufficient to provide spatial phase

invariance for complex cells.

Figure 3.14: Histograms of F1/F0 with λc = 0 and 100 complex cells. (A) Experimental
complex cells (Ringach et al., 2002). (B) Model complex cells. (C) default linear model of
complex cells.

Problems of the current model: The above results indicate that our efficient

coding model with λC = 0 can pool simple cells with similar orientation but different

spatial phases when the model is trained on simple cell responses using static natural

images. Because of the reduced value of λC, the two problems of our model with λC = 0.1
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are resolved: (1) learned complex cells can pool simple cells with selective orientations; (2)

responses of model complex cells are not severely suppressed compared with the default

linear model (seen from a similar distribution of F1/F0 ratios in Figure 3.14B and C).

However, there is still a problem with the current model: pooled simple cells are

not sufficient to cover a wider region of spatial phase. The squaring nonlinearity in ISA

naturally introduces spatial phase with π difference (Hyvärinen and Hoyer, 2000), but

our model will need to pool simple cells with various spatial phase preferences to form

the subspace of complex cells such that the total region of spatial phase contributed by

simple cells could be much larger.

To solve this problem, each model complex cell should pool more simple cells with

similar orientations but different spatial phase preferences. In previous studies of modeling

complex cells (Einhäuser et al., 2002; Hyvärinen and Hoyer, 2000), the number of model

complex cells is much smaller than the number of simple cells. Especially for the study

of Einhäuser et al., the numbers of complex cells and simple cells are 60 and 4 so that

each complex cell can pool many simple cells. Therefore, we further change the number

of complex cells to 25 instead of 100 to investigate whether our model of efficient coding

for complex cells can account for spatial phase invariance after learning. The results are

analyzed in the next section.

Using less model complex cells

If we set the number of model complex cells to 25 (100 model simple cells) and trained the

model on static natural images, following results demonstrate that dramatically reducing

the number of model complex cells does not help the model learn spatial phase invariant

complex cells.

Learned subspaces: After learning, most connection weights between simple and

complex cells reduce to very small values around zero, with only a few significant weights.

Each weight of feedforward connection, AC
I , represents how strongly a simple cell is pooled

by a complex cell. Figure 3.9 shows the subspace of all 25 model complex cells. Each

block in any subspace of the complex cell represents the 16× 16 synaptic field of a simple

cell that has a feedforward weight larger than 0.1, which means that only significant

simple cells are displayed here. Most complex cells have four or more simple cells in

the subspace. The average number of simple cells in the subspace among all complex

cells is 5.52 with the standard deviation of 1.71. Compared with the model that has 100

complex cells in the previous section, the current model has pooled more simple cells in

the subspace. However, we will next show that this does not make the model learn spatial

phase invariance of complex cells.

One complex cell that pools simple cells with the same orientation and

similar spatial phase preferences: Figure 3.16A shows a complex cell that pools 5
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Figure 3.15: Subspace of all 25 model complex cells with λc = 0 and 25 complex cells. C
represents complex cell and the followed number is the index of the complex cell. Each
block is a 16× 16 synaptic field (defined in Eq. 3.10) for simple cells in the subspace of a
complex cell. Values in each block are normalized to the range [−1 1] when plotting the
figure.

significant simple cells with the same orientation. However, pooled simple cells have very

similar spatial phase preferences so that the model complex cell is highly selective to one

spatial phase and displays no invariance, which can also be seen from a large F1/F0 ratio

(1.68).

One complex cell pools simple cells with the same orientation but various

spatial phase preferences: Figure 3.17 shows a complex cell that pools 6 significant

simple cells with the same orientation except for the last simple cell. The spatial phase

tuning curves in Figure 3.17B demonstrate that simple cells with the vertical orientation

nearly cover the whole region of the spatial phase. Therefore, the F1/F0 ratio of the default

linear model (0.698) is smaller than one, indicating that simple cells in the subspace

are sufficient to produce spatial phase invariance for the complex cell. However, F1/F0

ratio of the model complex cell is still larger than 1, suggesting that the response of the

model complex cell is suppressed so that the model complex cell becomes less invariant to

spatial phase. However, this type of model complex cells is rare as can be seen from the

distribution of F1/F0 shown below (Figure 3.18B and C).

Histogram of F1/F0 implies that using less model complex cells does not

help the model learn spatial phase invariance of complex cells found in the

experiment: Figure 3.18 shows the distributions of F1/F0 for experimental complex cells,

model complex cells, and the default linear model. Seen from Figure 3.18C, the distribution
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Figure 3.16: Complex cell C25. (A) Each block in subplot A is a 16× 16 synaptic field
(defined in Eq. 3.10) for simple cells in the subspace and the number on the right is the
feedforward weight connected with complex cell C25. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Spatial phase tuning curves. Solid lines
are for simple cells in the subspace. Dots represent the firing rates of the complex cell in
response to different spatial phases. The dashed line is for the default linear model for
the complex cell. S represents simple cell and the following number is the index of the
simple cell. C-L represents the default model of complex cells that linearly sums simple
cell responses weighted by the connection weights.

Figure 3.17: Complex cell C11. (A) Each block in subplot A is a 16× 16 synaptic field
(defined in Eq. 3.10) for simple cells in the subspace and the number on the right is the
feedforward weight connected with complex cell C11. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Spatial phase tuning curves. Solid lines
are for simple cells in the subspace. Dots represent the firing rates of the complex cell in
response to different spatial phases. The dashed line is for the default linear model for
the complex cell. S represents simple cell and the following number is the index of the
simple cell. C-L represents the default model of complex cells that linearly sums simple
cell responses weighted by the connection weights.
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of F1/F0 for the default linear model has slightly shifted to low values compared with

Figure 3.14C, indicating that having less complex cells helps model complex cells pool

simple cells with various spatial phase preferences, though default linear model of complex

cells with F1/F0 < 1 is only a minority. Figure 3.14B shows that the distribution of

F1/F0 for model complex cells is still highly skewed towards 2 (shifted to the right of the

distribution for the default liner model), which indicates that the efficient coding model

of complex cells slightly suppresses model activities compared with a linear model.

Figure 3.18: Histograms of F1/F0 with λc = 0 and 25 complex cells. (A) Experimental
complex cells (Ringach et al., 2002). (B) Model complex cells. (C) default linear model of
complex cells.

Problems with the current model: Having 25 model complex cells and 100 simple

cells is not biologically plausible, because complex cells are the most common cell in

V1 (Hubel and Wiesel, 1968). Though reducing the number of model complex cells to

one-fourth of the simple cells, the efficient coding model of complex cells trained on static

natural images fails to learn the property of spatial phase invariance and most model

complex cells should be categorized as simple cells because of large values of F1/F0 ratio

(Figure 3.14B). The current model can pool simple cells with more diverse spatial phase

preferences that contribute to a small F1/F0 for the default linear model. However, the

distribution of F1/F0 for the default linear model is dominant by values larger than 1.

Furthermore, the fact that the distribution of F1/F0 for the efficient coding model is

shifted right compared with the default linear model suggests the current model suppresses

model cell activities even though the sparsity level of complex cells, λC, is set to zero.

After smaller values of λC and number of model complex cells are used, efficient coding

model of complex cells trained on static natural images still fails to pool simple cells with

diverse spatial phase preferences such that the union of spatial phase tuning can account

for spatial phase invariance.

Next, the results of the model trained on natural images with temporal information

will be analyzed.
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3.3.2 Efficient coding for complex cells trained on natural im-

ages with jitter fails to explain complex cells properties

Based on the results in previous sections, a model with the sparsity level of complex cells,

λC, setting zero, and 100 model complex cells (the same as simple cells) is trained on

natural images with jitter. Simulation results show that efficient coding model of complex

cells can pool simple cells with similar orientations but a wide range of spatial phase

preferences, but the network dynamics of efficient coding suppresses model cell responses

so that spatial phase invariance cannot be generated.

After training the model using natural images with jitter, most connection weights

reduce to small values while only a few weights are significant, i.e., with values larger than

0.1. Similar to Figure 3.9, the subspaces of 35 randomly selected complex cells trained

on images with temporal information are displayed in Figure 3.19 (full subspaces can be

found in Figure B.3 of Appendix B). Figure 3.19 shows that most complex cells have more

than 5 simple cells (average number of simple cells in the subspace among all complex

cells: 6.68). Figure 3.19 shows a wide range of subspaces: some have simple cells with

the same orientations (e.g., complex cell C31); some have simple cells with two distinct

orientations (e.g., complex cell C22); and some have simple cells with similar but different

orientations (e.g., complex cell C5).

Figure 3.19: Complex cell subspace with λc = 0 and 100 complex cells trained on natural
images with jitter. C represents complex cell and the following number is the index of the
complex cell. Each block is a 16× 16 synaptic field (defined in Eq. 3.10) for simple cells
in the subspace of a complex cell. Values in each block are normalized to the range [−1 1]
when plotting the figure.



CHAPTER 3. CAN EFFICIENT CODING LEARN COMPLEX CELLS? 74

Examples of model complex cells

In this section, we show examples of model complex cells trained on simple cell responses

using natural images with temporal information. We demonstrate that even though

efficient coding can pool simple cells with different spatial phase preferences that are

sufficient to contribute to the spatial phase invariance, the model complex cells display no

spatial phase invariance. The following examples account for the diversity observed in the

population of model complex cells.

A complex cell that pools simple cells that have the same orientation but

different phase preferences: Figure 3.20 shows the subspace of complex cell C86

where the simple cells in the subspace have the same orientation but different spatial

phases. Unlike Figure 3.10, where simple cells only cover a limited region of spatial

phase, simple cells in the subspace of complex cell C86 span over all possible spatial

phases, suggesting that the subspace should generate spatial phase invariance. However,

the spatial phase tuning curve of complex cell C86 does not show much spatial phase

invariance with F1/F0 = 1.1. Nevertheless, the default linear model exhibits spatial phase

invariance with a small value of F1/F0 (0.224).

Figure 3.20: Complex cell C86. (A) Each block in subplot A is a 16× 16 synaptic field
(defined in Eq. 3.10) for simple cells in the subspace and the number on the right is the
feedforward weight connected with complex cell C86. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Spatial phase tuning curves. Solid lines
are for simple cells in the subspace. Dots represent the firing rates of the complex cell in
response to different spatial phases. The dashed line is for the default linear model for
the complex cell. S represents simple cell and the following number is the index of the
simple cell. C-L represents the control model of complex cells that linearly sums simple
cell responses weighted by the connection weights.

A complex cell that pools simple cells with two distinct orientations: Fig-

ure 3.21 shows an example of complex cell, C22, where the simple cells in the subspace have
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two distinct orientations. As seen from Figure 3.21B, different simple cells are tuned to

different spatial phases when sinusoidal gratings with preferred orientation and frequency

are used as the input stimuli to the model. The subspace has two orientations, with the

first (S64), third (S69), and fifth (S20) simple cells being more dominant as seen from their

much stronger spatial phase tuning curves than the second (S75) and fourth (S99) simple

cells. Though simple cells in the subspace do not cover all 2π radians) region of spatial

phase, they contribute to a large extent of spatial phase invariance as can be seen from the

spatial phase tuning curve of the default linear model that has F1/F0 = 0.742. However,

the model complex cell exhibits very limited spatial phase invariance with F1/F0 = 1.56.

Figure 3.21: Complex cell C22. (A) Each block in subplot A is a 16× 16 synaptic field
(defined in Eq. 3.10) for simple cells in the subspace and the number on the right is the
feedforward weight connected with complex cell C22. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Spatial phase tuning curves. Solid lines
are for simple cells in the subspace. Dots represent the firing rates of the complex cell
in response to different spatial phases. The dashed line is for the default linear model
for the complex cell. S represents simple cell and the following number is the index of
the simple cell. C-L represents the control model of complex cells that linearly sums up
simple cell responses weighted by the connection weights.

A complex cell that pools simple cells with similar orientations: Figure 3.22

shows another example of complex cell, C5, that lies between the first and second examples:

the simple cells in the subspace have different but similar orientations. As seen from

Figure 3.22B, for the sinusoidal gratings with preferred orientation and frequency and

different spatial phases, these simple cells in the subspace have different spatial phase

tuning curves with different spatial phase preferences, which cover almost the whole 2π

radians region of spatial phase. Therefore, the F1/F0 ratio is 0.416 for the default linear

model, which indicates that the subspace is sufficient to generate spatial phase invariance.

However, the spatial phase tuning curve of the model complex cell is limited to a subset
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of 2π with F1/F0 = 1.39.

Figure 3.22: Complex cell C5. (A) Each block in subplot A is a 16 × 16 synaptic field
(defined in Eq. 3.10) for simple cells in the subspace and the number on the right is the
feedforward weight connected with complex cell C5. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Spatial phase tuning curves. Solid lines
are for simple cells in the subspace. Dots represent the firing rates of the complex cell
in response to different spatial phases. The dashed line is for the default linear model
for the complex cell. S represents simple cell and the following number is the index of
the simple cell. C-L represents the control model of complex cells that linearly sums up
simple cell responses weighted by the connection weights.

Histogram of F1/F0 implies that efficient coding makes model complex cells

‘simple’

The histogram of F1/F0 for the default linear model (Figure 3.23C) is closer to experimental

data (Figure 3.23A) and shows a distribution centered at around 0.6 with most values

smaller than 1, suggesting that the learned subspace of the model complex cell is actually

sufficient to generate spatial phase invariance if the model is just a weighted linear

summation of simple cell responses. However, the distribution for the model complex cells

(Figure 3.23B) is skewed toward 2, indicating that most model complex cells are actually

categorized as simple cells according to their values of F1/F0. Therefore, efficient coding

makes model complex cells ‘simple’ by the principle of efficient coding itself because of

suppressing model cell activities.

The above indicates that efficient coding on simple cell responses using natural

images with temporal information can pool simple cells to form the subspace of complex

cells. However, the competition between complex cells brought about by efficient coding

suppresses complex cell responses such that they do not show spatial phase invariance.
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Figure 3.23: Histograms of F1/F0 with λc = 0 and 100 complex cells trained on natural
images with jitter. (A) Experimental complex cells (Ringach et al., 2002). (B) Model
complex cells. (C) default linear model of complex cells.

Problems of the current model

Apparently, the current model has the problem of suppressing model cell responses such

that model complex cells become spatial phase selective. Possible reasons are discussed in

the next section and a model that solves this problem is proposed in Chapter 4.

3.4 Discussion

The efficient coding model used in this chapter comes from the variant of sparse coding

that incorporates some biological constraints. However, different models of implementing

efficient coding should lead to similar results irrespective of the details of how it is

implemented.

3.4.1 Static natural images vs. natural images with jitter

The results presented here suggest that static natural images are not sufficient to learn

the subspace with simple cells that have diverse spatial phase tuning properties, while

natural images with jitter help the model pool more simple cells with different spatial

phase tuning preferences. As discussed earlier in the Methods Section, natural images

with jitter have similar features to those with shift and other translations, which is similar

to the temporal information contained in natural videos, so the temporal information is

key for the model to selectively pool simple cells with similar orientations but various

spatial phase preferences.

Efficient coding enables a model to find the efficient representation of the input, which

also reduces the average activities of model units. Therefore, the learning rule of efficient

coding helps model units capture the underlying features of the input, such as Gabor-

like filters for natural images (Olshausen and Field, 1996, 1997; Van Hateren and Van

Der Schaaf, 1998; Wiltschut and Hamker, 2009; Lian et al., 2019). For a simple cell, its

response represents how strongly a feature, such as an orientated bar with preferred spatial
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phase, is present in the input. Therefore, for a static natural image patch, responses

of different simple cells represent the existence of different features, Gabor filters with

different orientations, spatial frequencies, and spatial phases. However, in a natural

image patch, Gabor filters with similar orientations but different spatial phases tend

not to be co-active because oriented textures in one natural image patch only have one

preferred spatial phase. Specifically, two simple cells with opposite spatial phase tuning

properties (i.e., the difference between preferred spatial phases is π in radians) can never

be co-active. Furthermore, corners and curves are prevalent in natural images, so some

simple cells with RFs of different orientations will be simultaneously active. Because

the principle of efficient coding pools co-active simple cells to efficiently represent simple

cell responses, the learned subspace consists of simple cells with limited spatial phase

invariance (Figure 3.11 and 3.10) different orientations (Figure 3.12), or a mixture of

similar orientations (Figure 3.13).

In contrast, natural images with jitter contain more spatial phase information than

static images because patches around a location tend to have similar patterns but shifted

spatial phases. Therefore, the average activity of a simple cell will be comparable to other

simple cells with similar orientations. As a result, efficient coding pools co-active simple

cells into the subspace, which consequently has more diversity in spatial phase tuning.

3.4.2 The trade-off between selectivity and competition

The principle of efficient coding and its associated learning rule helps the model units

learn features, which also makes model units highly selective to their preferred features.

The competition brought about by efficient coding is indispensable for achieving selectivity

and diversity of response, either through feedback (Wiltschut and Hamker, 2009; Lian

et al., 2019) or lateral connections (Rozell et al., 2008; Zylberberg et al., 2011). However,

competition might also be very strong, as can be seen from Figure 11 of Olshausen and

Field (1997), where the feedforward response is much stronger than the response in the

efficient coding model. Different model complex cells may pool the same simple cell,

but complex cells might lose the spatial phase invariance brought by the simple cell

when complex cells are competing with each other to represent the simple cell response.

Therefore, the spatial phase tuning curves of such model complex cells are much narrower

than the default linear model, which implies that efficient coding help model complex

cells selectively pool simple cells, but that the competition introduced by efficient coding

suppress model cell responses such that they behave like simple cells.

Why does zero sparsity level still introduce strong competition?

The model trained on natural images with jitter has the zero sparsity level for complex

cells (λC = 0), but the model cell responses are highly suppressed compared with the
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default linear model (Figure 3.23). Why does λC still introduce competition into the

network? There are two reasons: (1) though λC = 0, the firing mechanism is still a one-side

nonlinearity that rectifies negative values, which means model cells need to compete to be

positive in order to represent the input; (2) The efficient coding model implemented here

has the same form as predictive coding that was shown to have a similar structure to the

competition model (Spratling, 2008), so the model naturally introduces competition.

3.4.3 Why other efficient coding models of complex cells can

achieve spatial phase invariance?

Hyvärinen and Hoyer (2000 and 2001) used efficient coding to learn a subspace that can

achieve spatial phase invariance of complex cells. However, these models require some

biologically unrealistic assumptions. First, the quadratic pooling function (double-sided

nonlinearity) assigns the subspace with polarity invariance (π spatial phase invariance).

Therefore, their models learn spatial phase invariant subspace using static natural images.

Second, the dynamics of their model cells is a local computation that linearly sums

responses of subunits, but the learning process uses global information from other model

cells.

Therefore, when we add these biological constraints and apply efficient coding on

complex cells, we failed to achieve spatial phase invariance.

3.5 Conclusion

In this chapter, a model of complex cells was investigated to see if it could explain spatial

phase invariance of complex cells using the principle of efficient coding, where simple cell

responses were used as the input to the complex cells. We found that the model could not

pool simple cells with different spatial phase tuning to form the subspace of a complex cell

trained on static natural images. When natural images with jitter that contain features

of temporal information were used to train the model, the learned subspace of complex

cells consisted of simple cells with different spatial phase tuning properties that were

covered a wide range of spatial phases, as would be expected for phase invariant complex

cells. However, the principle of efficient coding suppressed complex cell responses to many

spatial phases, with the result that complex cell responses did not show the expected

range of spatial phase invariance.



Chapter 4

Learning receptive field properties of

complex cells

4.1 Introduction

In this chapter, learning by complex cells in a biologically plausible model within the

hierarchical structure is further investigated. Pooled simple cells form the subspace of the

complex cell and each pooled simple cell is a subunit in the subspace.

The results of Chapter 3 indicated that temporal information is important for pooling

the simple cells into the subspace of a complex cell in primary visual cortex (V1), but that

efficient coding failed to produce complex cell properties because the strong competition

suppressed the response to some units in the subspace of complex cells.

In contrast, another learning rule - the Bienenstock, Cooper and Munro (BCM)

plasticity rule (Bienenstock et al., 1982; Cooper and Bear, 2012) - can also learn underlying

features from the input through a competitive process that arises from the thresholding

mechanism that is part of the BCM learning rule, but the BCM plasticity is designed for

single unit and does not introduce any competition between network units that receive the

same visual input. Law and Cooper (1994) applied the BCM plasticity rule to a network

using natural images as input stimuli and showed that this learning rule can learn simple

cell-like receptive fields (RFs). However, since the BCM plasticity rule is the same for every

neuron in the network, the learned features of the network tend to be similar (Willmore

et al., 2012). By incorporating contrast normalization, namely where the response of a cell

is normalized by responses of other cells in the network Heeger (1992), a “soft” form of

competition is introduced to the network. Furthermore, increasing experimental evidence

has been found to support the hypothesis that normalization operates throughout the

visual system, from the retina to the visual cortex (see Carandini and Heeger (2012) for

a review). By incorporating BCM plasticity and normalization, Willmore et al. (2012)

showed that normalized BCM (NBCM) can learn different simple cell-like RFs when the

80
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model is trained on natural images. However, the BCM and NBCM plasticity rules ignore

some biological constraints such as positive neuronal response and Dale’s Law.

In this chapter, a biologically plausible learning model for complex cells to pool simple

cells using the modified version of the BCM plasticity rule is proposed demonstrating that,

when the model is trained on natural images, model complex cells can pool simple cells

with various spatial phase preferences into a subspace that can account for the spatial

phase invariance of experimental complex cells. However, the subspaces of different model

complex cells are highly repetitive. To overcome this problem, it is shown that a modified

version of the BCM rule, namely the normalized-BCM (NBCM) rule, can learn different

complex cells and so respond to different features of visual input. Further analysis on

model complex cells shows that the proposed model can account for the diversity of

receptive field (RF) properties of complex cells found in a recent experimental study

(Almasi, 2017).

4.2 Methods

4.2.1 Structure of the model

The proposed three-layer network of rate-based neurons models the activities of lateral

geniculate nucleus (LGN) cells (first layer), V1 simple cells (middle layer) and V1 complex

cells (top layer), respectively, as shown in Figure 4.1. A summary of the parameters of

the model that will be used throughout this chapter is given in Table 4.1.

The bottom two layers implement the two-layer model that is biologically plausible

and can account for many experimental phenomena (Chapter 2, Lian et al. (2019)). The

dynamics of LGN cells and simple cells are given by (the same as Eq. 3.1 and 3.2)

τLv̇L = −vL + xL + (Ad,+ + Ad,−)rS + rb,L

rL = max(vL, 0),
(4.1)

and

τSv̇
S =− (vS − vS

leak) + Au,+
ON

T
rLON + Au,−

ON

T
rLON

+ Au,+
OFF

T
rLOFF + Au,−

OFF

T
rLOFF + rS

rS = max(vS − λS, 0).

(4.2)

Details of the model of the bottom two layers can be found in Chapter 3 (Section 3.2).

The dynamics of the complex cells is simply the linear summation of simple cells they

connect, as given by

rC = AC
S

T
xC (4.3)



CHAPTER 4. LEARNING COMPLEX CELLS 82

Figure 4.1: Graphical representation of the model. I is the identity matrix that represents
self-excitation. Red and green arrows represent excitatory and inhibitory connections,
respectively. Upward and downward arrows are for feedforward and feedback pathways.
Parameters defined in Table 4.1.

where AC
S is a non-negative matrix that represents excitatory connections between simple

and complex cells and xC is the input to the complex cell.

4.2.2 Input and pre-processing procedure

It was shown in Chapter 3 that the input of natural images with jitter can integrate

temporal information that helps complex cells pool simple cells with various spatial phase

preferences. Therefore, the input to the model used in this chapter is natural images with

jitter, where N patches around an image region are used as the input to simple cells and

the average activity of simple cells in response to these N image patches is the input

to complex cells (see details in Section 3.2). xC is the average activity of simple cells

that incorporates the temporal information in the input stimuli; i.e., xC = 〈rS〉, where 〈·〉
denotes the ensemble average, i.e., the average over multiple trials. The pre-processing

procedure in this chapter is the same as Chapter 3 (see details in Section 3.2).

4.2.3 Learning rule for LGN-simple cell connection

Connections between the LGN and simple cells are learned based on Hebbian or anti-

Hebbian plasticity, as described in Chapter 3 (Section 3.2). The learning rules (the same
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Table 4.1: Model symbols and parameters in Chapter 4.

Description Symbol

Input stimuli to LGN/complex cells xL / xC

Input stimuli to ON/OFF LGN cells xL
ON / xL

OFF

Membrane time constant of LGN/simple cells (10 ms) τL / τS

Membrane potentials of LGN/simple cells vL / vS

Membrane potentials of ON/OFF LGN cells vL
ON / vL

OFF

Firing rates of LGN/simple/complex cells rL / rS / rC

Firing rates of ON/OFF LGN cells rLON / rLOFF

Spontaneous firing rate of LGN (0.5 Hz) rb,L

Leakage voltages of simple cells vS
leak

Excitatory connection: all LGN cells to simple cells Au,+

Excitatory connection: ON/OFF LGN cells to simple cells Au,+
ON / Au,+

OFF

Inhibitory connection: all LGN cells to simple cells Au,−

Inhibitory connection: ON/OFF LGN cells to simple cells Au,−
ON / Au,−

OFF

Excitatory connection: simple cells to all LGN cells Ad,+

Excitatory connection: simple cells to ON/OFF LGN cells Ad,+
ON / Ad,+

OFF

Inhibitory connection: simple cells to all LGN cells Ad,−

Inhibitory connection: simple cells to ON/OFF LGN cells Ad,−
ON / Ad,−

OFF

Excitatory connection: simple cells to complex cells AC
S

Sparsity level (0.1) λS

Upper bounds of LGN-simple/simple-complex connection weights (0.3 and 5) a1,max / a2,max

Learning rate of LGN-simple connection weights (3) η1

Learning rate of weights and thresholds (resp.) for complex cells (0.001 and 0.01) ηa / ηθ

Weight regulation constants of LGN-simple/simple-complex connections (both 10−4) γ1 / γa

Parameters of normalization of complex cells (0.01 and 12) α / β

as Eq. 3.6) are given by

∆Au,+ = η1

(
〈(rL − rb,L)rS

T 〉 − γ1Au,+
)

∆Au,− = η1

(
〈(rL − rb,L)rS

T 〉 − γ1Au,−
)

∆Ad,+ = −η1
(
〈(rL − rb,L)rS

T 〉 − γ1Ad,+
)

∆Ad,− = −η1
(
〈(rL − rb,L)rS

T 〉 − γ1Ad,−
)

;

(4.4)
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the details can be found in Section 3.2.

4.2.4 Learning rule for simple-complex cell connections

Connections between simple and complex cells are learned based on the BCM rule, a form

of Hebbian plasticity where the efficacy change depends not only on pre- and post-synaptic

activities but also on the slow varying values of the history of post-synaptic activities

(Bienenstock et al., 1982).

For the synaptic weight between simple cell i and complex cell j, ai,j, BCM learning

rule updates the weight according to not only pre- and post-synaptic activities, xCi and

rCj , but also a learned threshold for complex cell j, θj:

∆ai,j = ηax
C
i r

C
j (rCj − θj)

∆θj = ηθ
(
(rCj )2 − θj

)
,

(4.5)

where ηa and ηθ are the learning rates that determine the rates of change for the synaptic

weight and threshold. Original BCM rule allows weight ai,j to change sign.

Modified BCM rule

For the modified BCM rule, the synaptic weight between simple cell i and complex cell j,

ai,j, is updated by the learning rule:

∆ai,j = ηa
(
xCi r

C
j (rCj − θj)− γaai,j

)
∆θj = ηθ

(
(rCj )2 − θj

)
,

(4.6)

where γa is the weight regulation constant. In addition, the connections between simple

and complex cells are excitatory in the model, so ai,j is kept non-negative during learning.

The upper bound of the connection weights is explicitly constrained to be a2,max.

Note that the modified BCM (Eq. 4.6) learning rule differs from the original BCM

(Eq. 4.5) learning rule in three ways. First, the original BCM rule allows weights to change

signs, which is not permitted in the modified BCM rule. Second, ai,j is constrained by the

maximal weight, a2,max. Third, the original BCM rule does not have the weight regulation

term, −γaai,j . This term is added to prevent weights from growing without bound and to

push unimportant weights to zero.

Modified NBCM rule

The original NBCM rule proposed by Willmore and colleagues shows that this learning

rule can learn different RFs for neurons in a network (Willmore et al., 2012). NBCM

incorporates the response normalization model proposed by Heeger (1992). For the model,
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the response of complex cells, rCj , is normalized and the normalized response, rCj,N , is then

used to update the synaptic weight and threshold, as given by NBCM learning rule is

given by

rCj,N =
βrCj

α +
√∑

k

(rCk )2

∆ai,j = ηax
C
i r

C
j,N(rCj,N − θj)

∆θj = ηθ
(
(rCj,N)2 − θj

)
,

(4.7)

where k represents any possible index of complex cells in the network and α and β are

constants that determine the strength of the normalized response, rCj,N , compared with

response, rCj .

The modified NBCM learning rule introduces more constraints on the weights and

is given by

rCj,N =
βrCj

α +
√∑

k

(rCk )2

∆ai,j = ηa
(
xCi r

C
j,N(rCj,N − θj)− γaai,j

)
∆θj = ηθ

(
(rCj,N)2 − θj

)
,

(4.8)

where γa is the weight regulation constant. Additionally, maximal value of the connection

weights is explicitly constrained to be a2,max. As above, the modified NBCM learning

rule (Eq. 4.8) differs from the original NBCM learning rule (Eq. 4.7) in three ways: ai,j is

kept non-negative during learning, ai,j is constrained by the maximal connection weight,

a2,max, and there is a weight regularization term.

It should be mentioned that the normalization equation in Eq. 4.8 is not obviously

physiologically plausible because it uses the global information of other neuron activities to

calculate normalized responses of the post-synaptic neuron. However, such normalization

is consistent with a lot of experimental data (Carandini and Heeger, 2012). Furthermore,

how this normalization can arise in a biologically plausible fashion has been shown in

the supralinear stabilized network model through lateral connections with physiologically

realistic neural dynamics involving recurrent connections within V1 (Rubin et al., 2015).

4.2.5 Training

Natural images of size 16× 16 pixel are used as the input. The training process for simple

cells (bottom two layers) is the same as Chapter 3 (Section 3.2). After the first two layers

are learned, connection weights between LGN and simple cells are fixed and the process

of learning complex cells starts. The models described in this chapter are implemented in

MATLAB (version R2016b, MathWorks, MA, USA) using my own codes.
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Applying modified BCM rule for complex cells

For the modified BCM rule, there are 106 epochs in the training process. The learning

rates for weights and threshold are ηa = 0.001 and ηθ = 0.01, respectively, similar to

values in Willmore et al. (2012). The weight regularization constant, γa, is set to 0.0001

and the maximal connection weight, a2,max, is 5. The number of image patches, N , is

taken to be 20.

Applying the modified NBCM rule for complex cells

For the modified NBCM rule, there are 106 epochs in the training process. The learning

rates for weights and threshold are 0.001 (ηa) and 0.01 (ηθ), respectively. The parameters

for the divisive normalization in Eq. 4.8 are α = 0.01 and β = 12. Similarly, the weight

regularization constant, γa, is chosen to be 0.0001 and the maximal connection weight,

a2,max, is set to 5. The number of image patches, N , is taken to be three different values:

5, 10 and 20.

4.2.6 Determining the level of repetition among model complex

cells

After learning, each model complex cell selectively pools some simple cells with different

weights. In order to investigate whether the model learns different complex cells, several

measurements are used.

First, simple cells that have pronounced weights (> 2, the maximal weight allowed is 5)

are investigated. The mean, standard deviation, and maximum of the number of complex

cells that have pronounced connection weights with each simple cell are calculated. The

number of simple cells that have no pronounced connection with any complex cells are

also recorded.

Then, a k-mean clustering algorithm with k = 25 is used to cluster complex cells into

25 groups based on the connections weights of each complex cell. Similar complex cells

should be clustered into the same group by this algorithm. If there are many complex

cells in the same group, it indicates that the learned complex cells are highly repetitive.

4.2.7 Measuring spatial phase invariance

Similar to Chapter 3 (Section 3.2.5), the spatial phase invariance for model complex

cells is investigated using the spatial phase tuning curve and F1/F0 ratio when sinusoidal

gratings with the preferred orientation and frequency but different phases are presented

as the input stimuli to the model. Details can be found in Section 3.2 and Appendix A.
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4.2.8 Measuring orientation tuning

Sinusoidal gratings, with preferred frequency and all possible phases spanning 0 to 360

degrees with step size of 3.6 degrees, were presented to the model. The maximal response,

rk, to the gratings with all possible phases and orientation φk is recorded. The orientations

φk range from 0 to 360 degrees with a step size of 3.6 degrees. Therefore, there are 100

pairs of rk and φk for each model complex cell, which generates the orientation tuning

curve.

Circular variance: The first measure of orientation tuning is circular variance that

provides a robust bounded index ranging from 0 to 1 (Mardia, 1972; Batschelet, 1981;

Ringach et al., 2002). The circular variance, Cv, is calculated as

Cv = 1− |R|, where R =

∑
k rk e

i2φk∑
k rk

, (4.9)

where k represents any possible discrete index of orientations. Note that the unit of

orientation, φk, should be converted to radians when computing Cv in Eq. 4.9. If a cell has

no orientation selectivity, namely that the cell responds equally to different orientation,

the circular variance is 1. However, the other extreme is that this cell only responds to a

specific orientation, where the circular variance is 0. Therefore, highly orientation-selective

cells are mapped to Cv close to 0 and weakly orientation-selective cells are mapped to Cv

close to 1.

Half-bandwidth: The second measure of orientation tuning is the half-bandwidth

at 1/
√

2 height of the orientation tuning curve. This measure is similar to the standard

deviation of a Gaussian distribution, indicating how widely the cell is tuned to the preferred

orientation. Half-bandwidth was also used in previous experimental studies (Schiller et al.,

1976b; Ringach et al., 2002).

4.2.9 Analyzing complex cells using nonlinear input model

Nonlinear input model

The nonlinear input model (NIM) proposed by McFarland et al. (2013) was used to reveal

how underlying inputs might contribute to a neuron’s response and to compare with

experimental data. Almasi and colleagues applied NIM to experimental data of cat V1

(Almasi, 2017) to analyze RF properties of complex cells and found that there is a wide

range of complex cell response types in cat V1. Therefore, NIM is also used here to

analyze RF properties of model complex cells so that a comparison between model and

experimental data can be conducted.

Figure 4.2 shows the structure of NIM. NIM assumes a hierarchical structure, where

the response is a nonlinear function of the sum of responses of different filters. The
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response of the filter is determined by the corresponding linear filter and nonlinearity. The

filters and upstream nonlinearities are fit non-parametrically, and the spiking nonlinearity

is a monotonically increasing threshold function with the form

y(x) =
α

β
log(1 + eβ(x−θ)), (4.10)

where α, β, and θ are the parameters to be estimated. It should be mentioned that

filters of NIM are not necessarily the simple cells (subunits) pooled by a complex cell,

because simple cells are combined to form filters and nonlinearities of NIM. The fitting

routine is done using maximum likelihood of the model parameters given the stimulus

and response. Overall, NIM fitting only assumes a hierarchical structure and a form of

spiking nonlinearity, while other components are determined by the stimulus (input) and

response (output).

Figure 4.2: The structure of nonlinear input model (NIM). The filter and upstream
nonlinearity determine how it responds to the visual input. The sum of responses of all
filters are then passed to a spiking nonlinear function to generate the response of the
model.

In the experimental study of Almasi (2017), responses of V1 cells were recorded while

the anaesthetized cat was presented with images of white noise (pixel intensities randomly

chosen according to a Gaussian distribution) and NIM was then applied onto pairs of

images and responses to analyze RF properties. Therefore, in order to fit complex cells of

the trained model using NIM in a similar fashion, 32× 32 pixel images of white noise are

generated, pre-processed, and input to the model and then responses of model complex

cells are collected. Next, pairs of images and model responses are used in NIM fitting. It is

assumed that the 32× 32 pixel image is equivalent to 10 degrees of the visual field. In this

way, the unit of spatial frequency of the model can be translated from cycles/pixel into
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experimental unit, cycles/degree. The fitting routine1 fits filters, upstream nonlinearities,

and spiking nonlinearity simultaneously. For the purpose of comparing model results to

complex cells that have two filters in the experimental study Almasi (2017), the number

of filters is set to two when using the fitting routine for model complex cells.

Figure 4.3: Illustration of an example 2-D feature spectrum spanned by the two filters
fitted by NIM.

Feature phase bandwidth, orientation breadth, spatial frequency breadth, and

spatial phase breadth

After NIM fitting, each complex cell has two filters (features) and two corresponding

upstream nonlinearities. Then a 2-D feature spectrum (shown in Figure 4.3) is used to

represent the space spanned by the two filters. By varying the feature phase, any point in

the feature spectrum represents a feature composed by a linear combination of the two

filters.

In order to investigate the tuning properties of spatial phase, orientation, and spatial

frequency for a population of complex cells, feature phase bandwidth, orientation breadth,

spatial frequency breadth, and spatial phase breadth are four quantitative measurements2

used to analyze model data.

Feature phase bandwidth is the extent of the feature phase domain where the cell

has responses larger than a threshold, and its value can vary between 0 to 2π. As feature

1The fitting routine was kindly provided by Almasi, A., Ibbotson, M., and Meffin, H. at National
Vision Research Institute in Melbourne, Australia.

2These methods were developed by Almasi, A., Ibbotson, M., and Meffin, H. at National Vision
Research Institute in Melbourne, Australia.
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phase varies from 0 to 2π, the NIM model predicts the response for each feature phase.

Feature phase bandwidth is just the sum of all the phase intervals where the responses are

above the threshold. The threshold, rθ, is taken to be 0.5(rmax− rbase) + rbase, where rmax

and rbase are maximum and background responses respectively. Feature phase bandwidth

is determined by the upstream nonlinearities. If the nonlinearities of the two filters are

both quadratic functions, feature phase bandwidth will be close to 2π radians (360 degrees)

because the response is always large as feature phase varies from 0 to 2π.

Orientation breadth, spatial frequency breadth and spatial phase breadth

measure the range of variation in these three characteristics determined by the NIM model.

For each feature phase, there is one unique interpolated feature with characteristics of

orientation, spatial frequency and spatial phase. As feature phase varies from 0 to 2π,

distributions of orientation, spatial frequency and spatial phase can obtained. However,

only feature phases that invoke response larger than the threshold, rθ, are used to generate

the distributions of orientation, spatial frequency and spatial phase of the NIM model.

Then orientation breadth, spatial frequency breadth and spatial phase breadth are just

the extent of the domains that corresponding distributions cover. The maximal values of

orientation breadth, spatial frequency breadth and spatial phase breadth were considered

to be 180◦, 0.8cpd (circles per degree) and 360◦, respectively. In practice, the characteristics

are discretised to get empirical values of the above measurements.

Large values of orientation breadth indicate that the cell shows invariance to per-

turbations in orientation. If a cell has two filters with distinct orientations, orientation

breadth will be relatively large. Large values of spatial frequency breadth indicate the cell

is invariant to a wider range of spatial frequencies. Since the values of spatial frequency

depend on the size (in degrees) of the visual field that correspond to the input image,

spatial frequency breadth only provides a qualitative rather than quantitative comparison

between model and experimental data. Large values of spatial phase breadth indicate

strong spatial phase invariance. For the classical energy model, spatial phase breadth will

be close to 2π in radians (360 degrees).

4.3 Results

4.3.1 The model based on the modified BCM rule

The model can learn the subspaces of complex cells

Two examples of model complex cells, C3 and C96, are displayed in Figures 4.4 and

4.5 to illustrate that the model can learn spatial phase invariance while still keeping

orientation selectivity. In order to show which simple cells provide pronounced input to

each complex cell, only simple cells with connection weights larger than 2 (the maximal
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value of the weight is 5) are displayed. These will be referred to as the pronounced simple

cell inputs. Note that the firing rates of complex cells are divided by a2,max in order to

show the responses of simple and complex cells in the similar range (Figure 4.4B,C and

Figure 4.5B,C). Figures 4.4 and 4.5 show that, for each complex cell, the pronounced

simple cell inputs have similar orientations but widely different spatial phases, which

makes the model cells invariant to spatial phase but still selective to orientation.

Figure 4.4: Complex cell C3. (A) Each block in subplot A is a 16 × 16 synaptic field
(defined in Eq. 3.10) for simple cells in the subspace and the number on the right is the
feedforward weight connected with complex cell C3. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Orientation tuning curves. (C) Spatial
phase tuning curves. Solid lines are for simple cells in the subspace. Dotted line is for
complex cell C3. S represents simple cell and the following number is the index of the
simple cell.

Figure 4.5: Complex cell C96. (A) Each block in subplot A is a 16 × 16 synaptic field
(defined in Eq. 3.10) for simple cells in the subspace and the number on the right is the
feedforward weight connected with complex cell C96. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Orientation tuning curves. (C) Spatial
phase tuning curves. Solid lines are for simple cells in the subspace. Dotted line is for
complex cell C96. S represents simple cell and the following number is the index of the
simple cell.
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Many model complex cells are similar

Figures 4.4 and 4.5 show results from two representative model cells that are invariant

to spatial phase but selective to orientation. However, the model complex cells are not

diverse but instead have similar subspaces (full subspaces are displayed in Figure B.4 of

Appendix B). The scatter plot of simple-complex cell connections is shown in Figure 4.6

where each dot indicates that the connection weight between the simple and complex

cell has a pronounced weight (> 2). As seen in Figure 4.6, many complex cells have

pronounced connections with the same simple cells, so dots in the scatter plot form

some vertical lines. However, some simple cells have no pronounced connection with any

complex cell.

For 100 simple cells in the modified BCM rule model, each simple cell is pooled by

on average 10.2 complex cells with standard deviation 18.6. Furthermore, 56 simple cells

are not connected to any complex cells, while the maximum number of complex cells

connected with the same simple cell is 76. Therefore, complex cells learned by the BCM

plasticity rule are highly repetitive by having the same simple cells in the subspace. In

addition, after k-means clustering with k = 25 is performed to cluster 100 model complex

cells into 25 different groups based on the connections weights with simple cells, one

cluster has 48 complex cells, indicating that these complex cells are very similar.

Figure 4.6: Scatter plot of simple-complex cell connections for the model based on modified
BCM rule. The dots in each row represent the indices of simple cells that have pronounced
weights (> 2) with the complex cell.

4.3.2 The model based on the modified NBCM learning rule

Different subspaces of complex cells are learned

In comparison with model complex cells learned by the modified BCM rule, the modified

NBCM rule helps the model to learn different complex cells with different orientations
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such that there is little overlap and repetition in pronounced simple cell inputs across the

complex cell population (full subspaces can be found in Figure B.5 of Appendix B). The

scatter plot of simple-complex cell connections is shown in Figure 4.7, which shows that

simple-complex connections are more diverse than given by the modified BCM learning

rule (Figure 4.6). Dots in the figure are more random and there are no vertical lines that

appear in Figure 4.6 that indicate many connections from individual simple cells to many

complex cells.

Figure 4.7: Scatter plot of simple-complex cell connections for the model based on learning
with the modified NBCM rule. The dots in each row represent the indices of simple cells
that have pronounced weights (> 2) with the complex cell.

For 100 simple cells in the modified NBCM rule model, each simple cell is pooled

by on average 8.8 complex cells with standard deviation 4.8. The standard deviation is

much smaller than that of the modified BCM rule. Furthermore, only 1 simple cell is

not connected with any complex cells compared with 56 unconnected simple cells for the

modified BCM rule. The maximum number of complex cells connected to the same simple

cell is only 20, which is much smaller than 76 for the modified BCM rule. In addition,

after k-means clustering with k = 25 is performed to cluster 100 model complex cells into

25 different groups based on the connections weights with simple cells, the largest cluster

has 8 complex cells. Above all, the model complex cells learned by the modified NBCM

rule tend to be more diverse.

Number of image patches determines the level of spatial phase invariance of

model complex cells

In this section, I first show some population statistics of F1/F0, circular variance, and

half-bandwidth using three different values for the number of image patches, defined as

N , (N = 5, 10, and 20) for the modified NBCM rule model with parameters given in
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Table 4.1. The model responses and are derived from simulations of drifting gratings (see

Section 4.2.7 and 3.2.5 and for details).

Intuitively, the larger N is, the more spatial phase invariant the model complex cells

will be because more image patches are taken into consideration and so more spatial

phases of the same features will be sampled. This is consistent with the simulation results,

as can be seen in Figure 4.8, which shows that the distribution of F1/F0 skews towards

zero when N increases, indicating greater spatial phase invariance.

Figure 4.8: Histograms of F1/F0. (A) Experimental complex cells. Model complex cells
with (B) N = 5, (C) N = 10, and (D) N = 20.

Figure 4.9 shows scatter plots of F1/F0 vs. Cv (defined in Methods 4.2) for experimental

complex cells and model complex cells. The mean values of Cv for experimental simple

cells (F1/F0 > 1) and experimental complex cells (F1/F0 < 1) are 0.49 and 0.60 (Ringach

et al., 2002), respectively. Figure 4.9 shows that values of Cv for experimental complex

cells in Ringach et al. (2002) are mostly above 0.5 and have a wide coverage, while the

values of Cv for model complex cells are mostly below 0.5 (mean 0.45, 0.42, and 0.45 for

N = 5, 10, and 20, respectively). The mean Cv for model complex cells are even smaller

than experimental simple cells, indicating model complex cells are selective to orientation.

Figure 4.10 shows the scatter plots of F1/F0 vs. half-bandwidth for experimental and

model data. The bandwidths for models with different values of N are similar, with
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Figure 4.9: Scatter plots of F1/F0 vs. circular variance (CV ). (A) Experimental complex
cells (Ringach et al., 2002). Model complex cells with (B) N = 5, (C) N = 10, and (D)
N = 20.

means 27.3◦, 25.2◦, and 25.9◦ for N = 5, 10, and 20, respectively, which are similar to

experimental complex cells that have mean half-bandwidth 30.6◦.

Compared with the data for complex cells in an experimental study (Ringach et al.,

2002) shown in Figure 4.8A, the histogram of F1/F0 for N = 10 (Figure 4.8C) is the

most similar because it has more diversity for cells with F1/F0 < 1 compared with N = 5

and N = 20. The circular variances of most complex cells in the study of Ringach et al.

(2002) are larger than model complex cells. For half-bandwidth of orientation tuning

curves, model data is similar to the experimental study (Ringach et al., 2002) but with

less variability. Given the better match to experimental data, the data set of N = 10 is

used for further analysis in the following section. The discrepancies between model and

experimental data are discussed in Discussion section 4.4.
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Figure 4.10: Scatter plots of F1/F0 vs. half-bandwidth. (A) Experimental complex cells
(Ringach et al., 2002). (B) N = 5. (C) N = 10. (D) N = 20.

Examples of model complex cells

Some examples of complex cells are given in Figure 4.11 to demonstrate the diversity

of model complex cells and the resemblance to experimental complex cells. In order to

compare model complex cells with experimental complex cells (Almasi, 2017) investigated

by NIM fitting, this method is also used to analyze model complex cells. After simulating

the model responses to white noise, the model complex cell is fitted using NIM to find the

spiking nonlinearity, filters, and upstream nonlinearity for the two filters (see Methods 4.2

for details).

Complex cell that is invariant to all spatial phases Figure 4.11 shows a

complex cell that is invariant to all spatial phases. This complex cell has pronounced

simple cell inputs with similar but not identical orientations (Figure 4.11A), and spatial

phase tuning curves covering all phases, which leads to spatial phase invariance for the

model complex cell with a very small ratio of F1/F0 = 0.181 (Figure 4.11C). The model

complex cell is highly selective to one orientation as seen from Figure 4.11B. Figure 4.11D

shows the spiking nonlinearity, filters, upstream nonlinearity for the two filters. The

filters have almost the same orientation but different phases. In addition, both filters
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Figure 4.11: Complex cell C58. (A) Each block in subplot A is a 16× 16 synaptic field
(defined in Eq. 3.10) for simple cells in the subspace and the number on the right is the
feedforward weight connected with complex cell C58. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Orientation tuning curve. (C) Spatial
phase tuning curves. Solid lines are for simple cells in the subspace. Dotted line is for
complex cell C58. S represents simple cell and the following number is the index of the
simple cell. (D) NIM fitting of complex cell C58. The filter, upstream nonlinearity (NL),
and spiking NL are all fitted.

have a two-sided nonlinear function that is similar to the quadratic function in the energy

model (Figure 3.1), which also explains spatial phase invariance in Figure 4.11C. The

feature phase bandwidth, orientation breadth, spatial frequency breadth, and spatial phase

breadth for cell C64 are 235◦, 10◦, 0.16 cycles/degree and 225◦, respectively. Though

the upstream nonlinearities of both filters are two-sided, they are not perfect quadratic

functions as for the ideal energy model. Therefore, feature phase bandwidth and spatial

phase breadth are large but not very close to 360◦. The pooled simple cells have similar

orientations, which leads to a small orientation breadth (10◦). Qualitatively similar cells

are observed when the NIM model is fitted to recorded responses in cat primary visual

cortex (Almasi, 2017).

Complex cell that is invariant to a limited range of spatial phase Fig-
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Figure 4.12: Complex cell C27. (A) Each block in subplot A is a 16× 16 synaptic field
(defined in Eq. 3.10) for simple cells in the subspace and the number on the right is the
feedforward weight connected with complex cell C27. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Orientation tuning curve. (C) Spatial
phase tuning curves. Solid lines are for simple cells in the subspace. Dotted line is for
complex cell C27. S represents simple cell and the following number is the index of the
simple cell. (D) NIM fitting of complex cell C27. The filters, upstream nonlinearity (NL)
and spiking NL are all fitted.

ure 4.12 shows a complex cell that has pronounced simple cell inputs with similar ori-

entation. As seen from Figure 4.12C, the simple cells in the subspace have different

spatial phase preferences, so the complex cell is more invariant to spatial phase than

the pronounced simple cell inputs. However, this complex cell is only invariant to a

limited region of spatial phase because the spatial phase tuning curves of the simple

cells do not collectively cover the whole region of spatial phase. Figure 4.12B shows that

the complex cell is selective to the vertical orientation. Figure 4.12D shows the spiking

nonlinearity, filters, and the upstream nonlinearity for the two filters. The filters have

the same orientation but different spatial phases. Compared to the complex cell in the

previous example, the upstream nonlinearities have a different form, with the nonlinearity

of the first filter being a one-side function, similar to a threshold-linear function, while

the second nonlinearity is almost a linear function. These upstream nonlinearities are
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far from a two-sided nonlinear function such as a quadratic function, which explains the

partial invariance of the spatial phase tuning properties in Figure 4.12C. The feature phase

bandwidth, orientation breadth, spatial frequency breadth, and spatial phase breadth for

cell C27 are 165◦, 5◦, 0.14 cycles/degree, and 155◦, respectively. The pooled simple cells

have almost the same orientation, so the orientation breadth (5◦) is small. Since the cell

is only invariant to a limited region of spatial phase, the spatial phase breadth (155◦) is

moderate. Similar cells are observed when the NIM model is fitted to recorded responses

from the experimental study of cat primary visual cortex (Almasi, 2017).

Figure 4.13: Complex cell C61. (A) Each block in subplot A is a 16× 16 synaptic field
(defined in Eq. 3.10) for simple cells in the subspace and the number on the right is the
feedforward weight connected with complex cell C61. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Orientation tuning curve. (C) Spatial
phase tuning curves. Solid lines are for simple cells in the subspace. Dotted line is for
complex cell C61. S represents simple cell and the following number is the index of the
simple cell. (D) NIM fitting of complex cell C61. The filters, upstream nonlinearity (NL)
and spiking NL are all fitted.

Complex cell that shows invariance to perturbations in orientation Fig-

ure 4.13 shows a model complex cell that has two major orientations in the subspace: one

horizontal and another diagonal (Figure 4.13A). As a result, the orientation tuning curve

(Figure 4.13B) has a wider bandwidth compared with other examples. Similar to complex
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cell C1 (Figure 4.12), complex cell C61 is only invariant to a limited region of spatial phase

because the spatial phase tuning curves of simple cells in the subspace only cover a subset

of 2π region, as seen in Figure 4.13C. Figure 4.13D shows NIM fitting of complex cell C61,

which shows that the first filter has a somewhat different orientation from the second

filter and these two orientations are consistent with the two major orientations of simple

cells in the subspace (Figure 4.13A). Filters with different orientations give the model

complex cell nonlinear invariance to perturbations in orientation, as seen from a wider

orientation tuning curve in Figure 4.13B. For the upstream nonlinearity, one is a two-sided

function similar to the quadratic function while the other is almost a linear function,

which makes complex cell C61 less invariant to spatial phase compared to complex cell

C58 (Figure 4.11). The feature phase bandwidth, orientation breadth, spatial frequency

breadth, and spatial phase breadth for cell C61 are 147◦, 25◦, 0.34 cycles/degree, and 80◦,

respectively. The pooled simple cells have two distinct orientations, so the orientation

breadth (25◦) is larger than the previous examples. Similar cells that have filters with

different orientations are also observed when the NIM model is fitted to recorded responses

of cat primary visual cortex (Almasi, 2017).

Complex cell that is invariant to orientation but not spatial phase Fig-

ure 4.14 shows an example cell that is invariant to orientation (Figure 4.14B) but not

to spatial phase (Figure 4.14C). Figure 4.14A shows that simple cells in the subspace

have various orientations from horizontal and diagonal to vertical orientations, even with

non-oriented simple cells. Figure 4.14D shows that NIM fitting of this cell recovered one

non-oriented filter and one ill-structured filter. The first filter with nearly one-sided nonlin-

earity can explain orientation invariance and polarity selectivity. The second ill-structured

filter is caused by the overall effect of pooled simple cells with different orientations and

shapes. The feature phase bandwidth, orientation breadth, spatial frequency breadth,

and spatial phase breadth for cell C14 are 217◦, 22.5◦, 0.12 cycles/degree, and 135◦,

respectively.

Population statistics compared with experimental data

After showing some example model cells above, population statistics are analyzed using the

four measurements described in the Methods section: feature-phase bandwidth, orientation

breadth, spatial frequency breadth, and spatial phase breadth. Comparisons between

model and experimental data (Almasi, 2017) are shown in Figure 4.15.

Figure 4.15A shows that model data covers similar regions compared with experimental

data. The distributions of model and experimental data are similar except that model

data has a higher percentage of cells with feature phase bandwidth close to 180 degrees.

Figure 4.15B shows that most cells for both model and experimental data cover a

small region of orientation, but experimental complex cells have a somewhat broader
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Figure 4.14: Complex cell C14. (A) Each block in subplot A is a 16× 16 synaptic field
(defined in Eq. 3.10) for simple cells in the subspace and the number on the right is the
feedforward weight connected with complex cell C14. Values in each block are normalized
to the range [−1 1] when plotting the figure. (B) Orientation tuning curve. (C) Spatial
phase tuning curves. Solid lines are for simple cells in the subspace. Dotted line is for
complex cell C14. S represents simple cell and the following number is the index of the
simple cell. (D) NIM fitting of complex cell C14. The filter, upstream nonlinearity (NL)
and spiking NL are all fitted.

distribution of orientation breaths than the model complex cells.

Figure 4.15C shows that model data has similar coverage of spatial frequencies as

experimental data except that the model data has more complex cells with small spatial

frequency breadth. It is important to mention that the spatial frequency of the model was

calculated based on the assumption that the input image is equivalent to 10 degrees of

the visual field. Therefore, different sizes of the visual field will scale the spatial frequency,

which might bring the model data closer to the experimental data.

Figure 4.15D shows that both model and experimental data cover a wide range of

spatial phase except that the model data has more complex cells with spatial breadth

around 180 degrees.

Overall, the model can account for the diversity of complex cells found in a recent
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Figure 4.15: Comparison between experimental data (Almasi, 2017) (1st column) and
model data (2nd column). (A) Feature phase bandwidth (degrees). (B) Orientation
breadth (degrees). (C) Spatial frequency breadth (circles per degree). (D) Spatial phase
breadth (degrees).

experimental study (Almasi, 2017). Despite some discrepancies in the histograms of these

four measurements, the model can capture the trend of the distributions.

4.4 Discussion

Both the modified BCM and modified NBCM plasticity rules can learn complex cells that

are spatial phase invariant and orientation selective, but the modified BCM rule failed to

learn different complex cells compared with the modified NBCM rule. The similarities

between the distributions of experimental and model data (learned by the modified NBCM
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rule) suggests that the modified NBCM rule can explain complex cell properties well and

that complex cells can be learned in a biologically plausible neural network.

Normalization in this model, defined previously as

rCj,N =
βrCj

α +
√∑

k

(rCk )2
, (4.11)

is important for the model to learn different complex cells because it introduces competition

to the network. Without normalization, model complex cells tend to be similar, without

the diversity seen in experimental data. Normalization of responses in Eq. 4.8 was first

proposed by Heeger (1992) and is suggested to be a canonical neural computation, for

which there is increasing evidence (Carandini and Heeger, 2012). Rubin et al. (2015)

suggested that normalization can be implemented by the cortex using the stabilized

supralinear network that employs recurrent connections. The results presented in this

study indicate that the model can learn complex cells using a hierarchical structure,

but this does not rule out the importance of the recurrent structure because recurrent

connections might be important to implement normalization in the neural circuits.

As discussed in Chapter 3, efficient coding, implemented as a sparse coding model,

can learn the subspace of complex cells by finding an efficient representation of natural

stimuli with temporal information. However, the introduced competition suppresses

responses of model complex cells such that they behave like simple cells that are very

selective to spatial phase. However, the model proposed in this chapter can learn receptive

properties of complex cells. The modified BCM rule can learn useful representations

and the normalization introduces competition to the network. In terms of competition,

normalization is much softer than efficient coding because efficient coding pushes the

activity of many cells to zero while normalization only adjusts the levels of activities.

Therefore, the soft competition introduced by normalization helps the model learn different

complex cells.

The model proposed in this chapter can pool simple cells into the subspace of complex

cells and can account for the diversity of complex cells in a recent experimental study

Almasi (2017). However, although the main features of the model agree qualitatively with

the experimental data, some discrepancies between model and experimental data do exist

and remain to be explored.

The experimental data shows more diversity in orientation bandwidths and circular

variance than model data. As discussed in Willmore et al. (2012), the normalization

constants in NBCM will affect the results. Furthermore, the values of learning rates and

other parameters might also lead to different result sets. Another reason for differences

in orientation bandwidths and circular variance between the model and experimental

data might be related to the visual stimuli. In the experimental study that measured
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orientation selectivity in macaque V1 (Ringach et al., 2002), drifting sinusoidal gratings

were used as the visual stimuli. The cortical cells might have some temporal dynamics of

neuronal responses related to the drifting gratings. However, when calculating the spatial

phase tuning properties of model cells, steady state responses to each spatial phase of

the drifting gratings were used. In addition, the current model does not incorporate the

temporal dynamics of cells. The investigation of the model that incorporates temporal

dynamics and compares different values of parameters is left for future research.

The model can account for the diversity of complex cells in the cat visual cortex

reported by Almasi, but some differences do exist in the distributions of the population

statistics. This may be because model cells in this chapter are only a subset of the rich

repertoire of real cortical cells, and choices of free parameters in the model might also

lead to different results. Furthermore, filters recovered by NIM fitting in the experimental

study of Almasi (2017) tended to have fewer stripes than the model. A possible reason is

that Almasi’s study used data from cat primary visual cortex, while receptive fields of

monkey V1 tend to have more stripes (Ringach, 2002).

Another group recently presented a modeling work of complex cells based on predictive

coding (Franciosini et al., 2019). The difference from the model proposed here is that

their model uses symmetric connections and max pooling to learn a topographical map

of simple cells such that model complex cells pool local simple cells that are similar to

achieve phase invariance.

4.5 Conclusion

In this chapter, a plausible learning model with a hierarchical structure of complex cells is

proposed. After training, the model pools simple cells into the subspaces that can account

for the diversity of receptive field properties of complex cells in experimental studies.

The close match of the main features of the population statistics between model and

experimental data (Almasi, 2017) provides strong support for the hierarchical structure in

the cortex. However, recurrent connections are also expected to play an important role

through their ability to implement normalization, which helps the model learn different

complex cells.
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Conclusion

5.1 Contributions

In this thesis I investigated how the primary visual cortex processes visual information by

designing computational models that incorporate biological constraints that have previously

been largely neglected, such as a local learning rule and Dale’s Law. This research provides

insights for better understanding how the brain processes visual information and potentially

uncovers some of the more general principles of how the brain functions, particularly in

sensory areas.

I proposed biologically-constrained models for simple cells and complex cells. After

the models were trained on natural images, I compared the properties of model receptive

field (RF) properties with experimental data. Three major contributions were made in

this thesis:

• I developed a computational model of simple cells based on efficient coding that

incorporates biological constraints such as local learning rule and Dale’s law, and

showed that the model can account for various experimental phenomena such as

the separation of ON and OFF sub-regions of simple cell receptive fields, push-pull

effect of simple cells, phase-reversed cortico-thalamic feedback, contrast invariance

of simple cells, and diversity of simple cell receptive fields. The model suggests that

sparse coding can be implemented using simple neural circuits with biologically

plausible architecture.

• I investigated the efficient coding model of complex cells with biological constraints.

When biological constraints are incorporated, results demonstrate that visual input

with temporal information is necessary for the model complex cell to learn the

subspace with various spatial phase preferences. However, the competition introduced

by the principle of efficient coding suppresses responses of model complex cells such

that they fail to account for spatial phase invariance of experimental complex cells.
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• I developed a model of complex cells based on Bienenstock, Cooper and Munro

(BCM) plasticity rule while incorporating biological constraints. The results here

demonstrate that this model can learn complex cells and that they have similar

properties to those found in a recent experimental study of cat V1. Results showed

that model complex cells can capture the population statistics of orientation, spatial

phase and spatial frequency for experimental complex cells.

Computational models of primary visual cortex proposed in this thesis bring neural

models closer in their response properties to those in the real biological system. This is

crucial to understanding how the brain works because (1) previously proposed artificial

models ignore many constraints that are important for the biological system, (2) the

biologically plausible model proposed here is a more realistic model that can investigate

various aspects of the brain and explain more experimental phenomena, and (3) the model

developed here provides a framework upon which future studies can be built to uncover

more detailed properties of the brain.

Properties of V1 cells in the model are a direct result of learned connections between

populations, suggesting that plasticity plays a key role in building the network structure

that underlies the observed neuronal activity. The learning ability of the model is very

important because the neural circuits of the brain are not pre-wired and brain functions

are highly dependent upon the plasticity of synaptic connections.

The hierarchical structure in the model is crucial to learning RF properties of simple

and complex cells. Recurrent connections are also important to implement the model in

neural circuits, which may provide insights into more general principles of how the brain

functions. The biological neural circuits of the brain have a clear hierarchical structure,

where more complicated features are processed in higher areas, but the brain also employs

a large amount of lateral and recurrent connections. Models proposed in this thesis suggest

that the framework with the hierarchical structure and recurrent connections is a potential

approach to investigate many higher level brain functions.

Finally, the work presented in this thesis helps us to better understand vision, with

implications for deep learning techniques in artificial intelligence.

5.2 Future work

The research presented in this thesis has some limitations that could be addressed in

future work. Chapter 2 provides a biologically plausible model of LGN-V1 pathways,

but the neuron model is rate-based and does not incorporate spiking dynamics of the

sort required for a more detailed neuronal model. Although, there exist different types of

excitatory and inhibitory neurons in V1, the current model does not incorporate neuron

types. How the inhibitory connections between LGN and simple cells can be implemented



CHAPTER 5. CONCLUSION 107

in the model is not described in this thesis in detail. Incorporating the above features

into a model will lead to more specific microcircuits that are closer to the real biological

system and may help with the understanding of brain function in greater detail.

Secondly, the model of complex cells takes natural images that have temporal infor-

mation as the input, which is implemented using the average activity of simple cells in

response to image patches in nearby regions. However, real cortical cells have a mechanism

of responding to temporal stimuli. Therefore, a more detailed model with the temporal

dynamics of simple and complex cells would better describe the properties of V1 neurons.

Furthermore, the learning rule of model complex cells utilizes response normalization.

Normalization is found to be an important principle for many visual areas, but the model

proposed in this thesis does not have a specific realisation of normalization. Though

some neural circuits are proposed to implement normalization, it is still not clear what

neural circuit carries out this function in the real biological system. A more biologically

plausible model that combines learning and the neural circuits of normalization will likely

provide more insights into the microcircuits of the brain and potentially explain various

experimental phenomena.

Additionally, the work presented in this thesis can be extended to investigate the effects

of different weight normalization techniques and different choices of model parameters. In

addition, it would be interesting to explore the relationship between the non-linearities

introduced in the model by sparsity of neuronal activity.

Finally, the work presented here focused on area V1. V1 is only the first cortical

area that processes visual information and there are numerous higher areas in the visual

pathway, such as V2 and V4, that process more complicated visual features. A biologically

plausible model that explains how higher areas of the brain process visual information is

clearly an important area of ongoing and future research.

In summary, future work remains to be done to build a more detailed model of brain

networks that incorporates temporal dynamics, different types of neurons and neural

circuits for implementing normalization. Hopefully, the work presented in this thesis forms

part of the basis upon which future studies can extend the analysis to investigate higher

areas in the cortex, in order to help unveil the secrets of the brain.



Appendix A

Computing the F1/F0 ratio for a

sequence of cell activities in response

to sinusoidal gratings

A.1 Theoretical Procedure

The temporal stimulus used here is drifting sinusoidal grating in a circular window. The

process of measuring F1/F0 of a cell is as follows:

1. Find the preferred sinusoidal grating for this cell.

Search for the sinusoidal grating with certain orientation, phase, spatial frequency,

center and the radius of the circle that gives the maximum firing rate. Assume the

preferred sinusoidal grating has the following form:

g = sin (2πfx[(x− x0) cos θ + (y − y0) sin θ] + φ) (A.1)

where fx is the spatial frequency, θ is the orientation, φ is the phase and (x0, y0)

is the center of the grating. We denote R as the optimal radius (the size) of the

sinusoidal grating in a circular window.

2. Display the drifting sinusoidal grating.

The drifting sinusoidal grating has the following form:

g(t) = sin (2πfx[(x− x0) cos θ + (y − y0) sin θ] + φ− 2πftt) (A.2)

where ft is the temporal frequency.

3. Record the firing rates r(t) of the cell when drifting sinusoidal grating is presented.
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4. F1/F0 is just the ratio between the amplitude of the first harmonic of r(t) and the

mean spike rate.

r(t) can be written into the sum of harmonic series:

r(t) = A0 +
∞∑
k=1

Ak cos(2πkftt+ φk)

= A0 +
∞∑
k=1

ak cos(2πkftt) + bk sin(2πkftt),

(A.3)

where Ak =
√
a2k + b2k and φk = arctan(bk/ak).

Then,

F1/F0 =
|A1|
|A0|

. (A.4)

A.2 Real Application in Discrete Time Domain

The procedure in mentioned above is always carried out in discrete time, so we explain

how the theoretical procedure shall be used in real application to measure F1/F0.

First we denote fs as the sampling frequency.

1. Find the preferred sinusoidal grating for this cell.

2. Display the drifting sinusoidal grating in discrete time domain.

The sampled discrete drifting sinusoidal grating has the following form:

g[n] = g(
n

fs
) = sin

(
2πfx[(x− x0) cos θ + (y − y0) sin θ] + φ− 2π

ft
fs
n

)
(A.5)

3. Record the firing rates r[n] of the cell when drifting sinusoidal grating is presented.

4. Computing F1/F0.

Perform discrete Fourier transform (DFT) on r[n]. Denote f0 as the magnitude of

DFT at DC frequency. Denote f1 as the magnitude of DFT at (or near) frequency

of ft.

Then

F1/F0 = 2
f1
f0
. (A.6)
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A.3 Equation A.6 comes from Equation A.4

A.3.1 Compute F1/F0 from harmonic series

From Eq. (A.3), r[n] can be written into

r[n] = A0 +
∞∑
k=1

Ak cos

(
2πk

ft
fs
n+ φk

)
= A0 +

∞∑
k=1

ak cos

(
2πk

ft
fs
n

)
+ bk sin

(
2πk

ft
fs
n

)
.

(A.7)

Denote fd = ft/fs. Assume that we have sampled N data points for a period T (1/ft).

Then, we can get that

N−1∑
n=0

cos(2πkfdn) = 0

N−1∑
n=0

sin(2πkfdn) = 0, for k larger than 0

(A.8)

Therefore,

N−1∑
n=0

r[n] =
N−1∑
n=0

A0 +
∞∑
k=1

N−1∑
n=0

ak cos(2πkfdn) +
∞∑
k=1

N−1∑
n=0

bk sin(2πkfdn)

= NA0

(A.9)

i.e.

A0 =
N−1∑
n=0

r[n]/N.

In addition,

N−1∑
n=0

r[n] cos(2πfdn) = A0

N−1∑
n=0

cos(2πfdn)+

∞∑
k=1

N−1∑
n=0

ak cos(2πkfdn) cos(2πfdn)+

∞∑
k=1

N−1∑
n=0

bk sin(2πkfdn) cos(2πfdn)

=
N−1∑
n=0

0.5 ∗ a1 = N ∗ a1/2,

(A.10)
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i.e.

a1 = 2/N
N−1∑
n=0

r[n] cos(2πfdn).

Similarly, we can get

b1 = 2/N
N−1∑
n=0

r[n] sin(2πfdn).

Therefore,

F1/F0 =
|A1|
|A0|

=

√
(a21 + b21)

A1

=

2
N

√(
N−1∑
n=0

r[n] cos(2πfdn)

)2

+

(
N−1∑
n=0

r[n] sin(2πfdn)

)2

1
N

∣∣∣∣N−1∑
n=0

r[n]

∣∣∣∣
=

2

√(
N−1∑
n=0

r[n] cos(2πfdn)

)2

+

(
N−1∑
n=0

r[n] sin(2πfdn)

)2

∣∣∣∣N−1∑
n=0

r[n]

∣∣∣∣

(A.11)

A.3.2 Compute F1/F0 from discrete Fourier transform

Now we take a M -point DFT of r[n], i.e.

R[m] =
N−1∑
n=0

r[n]e−j
2πmn
M

R[m] =
N−1∑
n=0

r[n] cos

(
2πmn

M

)
− j

N−1∑
n=0

r[n] sin

(
2πmn

M

) (A.12)

for m = 0, 1, · · · ,M − 1.

We can get R[0] =
N−1∑
n=0

r[n]. The magnitude response at DC is

f0 = |R[0]| =

∣∣∣∣∣
N−1∑
n=0

r[n]

∣∣∣∣∣ .
Assume that there exist an integer p such that p/M = fd = ft/fs. Then

R[p] =
N−1∑
n=0

r[n] cos

(
2πpn

M

)
− j

N−1∑
n=0

r[n] sin

(
2πmn

M

)

=
N−1∑
n=0

r[n] cos (2πfdn)− j
N−1∑
n=0

r[n] sin (2πfdn)

(A.13)
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The magnitude response at the frequency of ft is

|R[p]| =

√√√√(N−1∑
n=0

r[n] cos(2πfdn)

)2

+

(
N−1∑
n=0

r[n] sin(2πfdn)

)2

.

Therefore,

2f1
f0

=
2|R[p]|
|R[0]|

=

2

√(
N−1∑
n=0

r[n] cos(2πfdn)

)2

+

(
N−1∑
n=0

r[n] sin(2πfdn)

)2

∣∣∣∣N−1∑
n=0

r[n]

∣∣∣∣
=

2|A1|
|A0|

,

(A.14)

which means Eq. A.6 computes the right F1/F0 ratio. If we take M = 1000 and fs = 100ft,

we will have p = 100 and

F1/F0 = 2
|R[p]|
|R[0]|

, (A.15)

which is Eq. 3.8.



Appendix B

Full subspaces of model complex

cells

Figure B.1: Subspace of all 100 model complex cells using efficient coding with λC = 0.1
on static natural images (in Chapter 3). C represents complex cell and the followed
number is the index of the complex cell. Each block is a 16× 16 synaptic field (defined in
Eq. 3.10) of simple cells that have a feedforward weight larger than 0.1 in the subspace of
a complex cell. Values in each block are normalized to the range [−1 1] when plotting the
figure. The figure only shows up to 16 subunits.
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Figure B.2: Subspace of all 100 model complex cells using efficient coding with λC = 0 on
static natural images (in Chapter 3). C represents complex cell and the followed number
is the index of the complex cell. Each block is a 16× 16 synaptic field (defined in Eq. 3.10)
of simple cells that have a feedforward weight larger than 0.1 in the subspace of a complex
cell. Values in each block are normalized to the range [−1 1] when plotting the figure.
The maximum number of subunits is 5 and thus the figure only shows up to 5 subunits.
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Figure B.3: Subspace of all 100 model complex cells using efficient coding with λC = 0 on
natural image with jitters (in Chapter 3). C represents complex cell and the following
number is the index of the complex cell. Each block is a 16× 16 synaptic field (defined
in Eq. 3.10) for simple cells in the subspace of a complex cell. Values in each block are
normalized to the range [−1 1] when plotting the figure. The figure only shows up to 8
subunits.
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Figure B.4: Subspace of all 100 model complex cells based on modified BCM rule (in
Chapter 4). There are 25 rows and each row has the subspace for four complex cells. The
simple cells in each subspace have connection weight larger than 2. If a complex cell has
more than seven simple cells in the subspace, only the top seven significant simple cells
are displayed. Values in each block are normalized to the range [−1 1] when plotting the
figure.
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Figure B.5: Subspace of all 100 model complex cells based on modified NBCM rule (in
Chapter 4). There are 25 rows and each row has the subspace for four complex cells. The
simple cells in each subspace have connection weight larger than 2. If a complex cell has
more than seven simple cells in the subspace, only the top seven significant simple cells
are displayed. Values in each block are normalized to the range [−1 1] when plotting the
figure.
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