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In the present study, we explore the effect of supplementing the DuT spin-component-
scaled double-hybrid density functional method with post-MP2 correlation terms. We find
that the inclusion of additional MP3 correlation energies has almost no effect on the
performance. Further addition of correlation effects from MP4 generally leads to a small
improvement in the performance. However, we find that the inclusion of the higher-order
perturbative correlation effects does not rectify some major shortcomings of DuT for more
challenging systems, and the use of MP4 in fact leads to a significant deterioration in the
performance in some cases. We also find that the use of correlation energies from CCSD(T)
instead of those from MP3 and MP4 does not lead to a substantial improvement over the
MP4-based method, both in general and in some difficult cases that we have examined. An
additional observation is that, for large systems that are dominated by non-covalent
interactions, DuT and the two MPn-based post-MP2 double-hybrid density functional
theory procedures all benefit from the inclusion of dispersion corrections. Overall, our
investigation suggests that the current generation of MP2-based double-hybrid density
functional theory methods may already be providing close to the optimal performance that
can be achieved with the double-hybrid methodology paired with spin-component-scaling.
Development of even better double hybrids is an active research field and we hope that our
study provides valuable insights. We recommend the continuing use of existing MP2-based
double-hybrid methods as a bridging level between hybrid density functional procedures

and high-level wave-function-based procedures.



1. Introduction

Kohn-Sham (KS) density functional theory (DFT)!! has without doubt become one of the
most important methodologies in modern quantum chemistry. It is in principle an exact
theory, but because the form of the ‘true’ functional remains unknown, we have to rely on
approximations to it, and over the past decades a ‘zoo’ of density functionals has emerged
(see for example References [2] and [3] for overviews). While systematic improvements in
the spirit of the well-known hierarchy of wave-function electron-correlation methods!*! are
difficult to achieve in DFT development, Perdew’s metaphoric Jacob’s Ladder scheme at
least allows the classification of functionals according to their expected accuracy and
computational effort, with those on a higher rung of the ladder expected to be closer to the
exact solution for a given system.[5] The currently two highest rungs (rungs 4 and 5) have
become particularly important in the field of computational thermochemistry. Rung 4
includes hybrid-functionals, in which parts of the DFT exchange functional are replaced by
a nonlocal Fock-exchange component, well known from Hartree-Fock (HF) theory.[®] Rung-
5 functionals include nonlocal correlation effects and therefore rely on information from
virtual KS orbitals. Numerous ways of including such nonlocal effects are possible, with
two of the most prominent representatives being random-phase-approximation (RPA)[7-10]

methods and double-hybrid density functionals (DHDFs).[11]

In the present study, we limit our focus to DHDFs of the form introduced by Grimme
with the B2-PLYP functional in 2006.1121 From a theoretical point of view, modern DHDFs
have brought wave-function-type and DFT methods a step closer to one another, with the
exchange and correlation terms including, respectively, a Fock-exchange component -as in
hybrid functionals- and a nonlocal correlation component obtained via second-order

Mgller-Plesset-type theory (MP2),[13] as shown in the general form for a DHDF in eq. (1):
EPHDF = (1 — ay)ERFT + a, EFF + (1 — ac)ERFT + a EMP? (D

The E¢// terms in eq. (1) are conventional exchange and correlation functionals,

HF

respectively, EfF is the Fock-exchange component, E¥P? the MP2-type correlation

contribution, and ax and a. are the mixing parameters for these nonlocal exchange and



correlation portions. A typical DHDF calculation consists of two steps. First, the self-
consistent-field (SCF) equations are solved for the hybrid portion of the functional
comprising the first three terms in eq. (1). Subsequently, the resulting KS orbitals are used

for the MP2 calculation.

Many DHDFs, such as B2-PLYP, employ Becke-88 (B88)!14! exchange and Lee-Yang-Parr

(LYP)[15]1 correlation. However, other combinations of ERFT

and EPFT have also been
explored; see References [11,16,17] for detailed reviews of these methods. The mixing
parameters ax and accan be derived on theoretical grounds (see for example, Reference
[18]), but DHDFs based on empirical parameter fits have been shown to be generally more
accurate and robust.[11191 The latest DHDF procedures provide computational chemists
with powerful tools that come close to the ‘chemical accuracy’ target of 4 k] mol-! for
reaction energies and barrier heights, and 0.4 k] mol-! for noncovalent interaction energies,
while still being applicable to systems of reasonable size.[1117.20.21] Moreover, they have

been shown to be more generally accurate than MP2-type wave-function procedures.[?1]

The use of MP2, which can be considered the most economical wave-function electron-
correlation method, undoubtedly has the advantage of being relatively computationally
efficient. In fact, for medium-sized systems of up to ~ 50 atoms, efficient implementations
of the resolution-of-the-identity (RI-MP2) techniquel?2] into most quantum-chemistry
codes make DHDFs a valuable alternative to conventional hybrid functionals because of
only a marginal increase in computational cost. In wave-function theory, the accuracy of
MP2 has been improved by either introducing separate, spin-dependent scaling factors for
the electron-pair correlation energies (e.g. SCS-MP2[23.24] and SOS-MP2[25]), by allowing
optimization of MP2 amplitudes and orbital rotations (00-MP2)[2627], or by mixing in

portions of higher-order MP terms (e.g. SCS-MP3,[281 MP2.5,[291 or MP3.5[301).

In the context of DHDFs, only the SCS-,[17-34] SOS-[20.351 and 00-MP2[36! ideas have been
tested, while the inclusion of higher-order terms has not yet been assessed. Before the
advent of DHDFs as defined in eq. (1), Truhlar and co-workers had introduced multi-
coefficient methods -sometimes termed “doubly hybrid” approaches- that mix hybrid

density functional results with wave-function contributions obtained at the MPn (n 2 2)



and coupled-cluster (CC) levels.[37.38] However, in these cases the wave-function
contributions were obtained conventionally with HF orbitals and energies. Higher-order
terms in a DFT framework have also been discussed in the context of “ab initio DFT”.[3]
However, to the best of our knowledge, no assessments have yet been made of DHDFs that
follow a definition similar to that of eq. (1) but that additionally contain higher-order

correlation terms that are obtained with the help of KS orbitals.

In the present study, we aim to close this gap by systematically examining a series of
wave-function-type correlation procedures for their application in a DHDF framework. In
particular, we try to answer the question of whether the inclusion of such higher-order
terms improves current DHDFs -in a manner similar to the way in which higher-order
terms have significantly improved wave-function-based MP2- or if current DHDFs are
already close to the upper limit of accuracy for thermochemical applications. To this end,
we first describe the theoretical and computational details for the methods employed in the
present study. This is followed by analyzing the effect of the inclusion of MP3 and MP4
terms. In Section 3.3, we discuss basis-set effects for these additional post-MP2
components. In Section 3.4, the alternative of using higher-level CCSD(T)-type corrections
is investigated, while in Section 3.5 a comparison of our methods with analogous,
composite wave-function methods is presented. In Section 3.6, we discuss the inclusion of
dispersion effects in the post-MP2 procedures, and we end the discussion with an analysis

of larger systems and difficult cases.

We hope that our study provides useful insights regarding DHDFs, that it contributes to
our understanding of these procedures, and that it helps with the development of future
DFT approximations. In particular, we wish to address the question: how far should one go
beyond MP2 in DHDF procedures and still be able to justify the increased cost in terms of

improved performance.
2. Theoretical and Computational Details

The number of DHDF procedures has rapidly grown in recent years, and we carefully
choose the procedures on which to base our investigation. To establish possible benefits

from including higher-order terms in a double-hybrid methodology, it seems logical to start



our investigation with an appropriate and robust DHDF in general thermochemical
applications. Two important factors have to be considered in making this choice. Firstly,
the mixing parameter for Fock-exchange and nonlocal correlation can either be determined
empirically or from theoretical observations. While the latter approach can be insightful
from an academic point of view, it has generally been found that an empirical procedure is
overall more accurate and robust.[1119 Second, the inclusion of spin-component- or spin-
opposite-scaling has been shown to provide an improvement over the standard MP2
contribution.[17.20.3234] n particular, Kozuch and Martin’s DSD-functionals have been found
to represent a significant improvement over “first-generation” DHDFs that follow eq. (1).

DSD-functionals are described by eq. (2):[17:32.34]
EDSD—DF — (1 _ aX)E)l()FT + axE)I(-IF + CCEC[-)FT + COECQS—MPZ + CSECSS—MPZ + Edisp’ (2)

where c¢p and cs are new mixing parameters for the opposite-spin-scaled and same-spin-
scaled MP2 nonlocal correlation contributions, c¢ is the scale parameter for the DFT
correlation contribution, and E“s is a London-dispersion contribution. Note that unlike
DHDFs obeying eq. (1), the parameter cc in eq. (2) is fitted independently of the scaling
factors for the perturbative correlation contribution. However, the sum of cc and co is
usually close to unity,[1734] which indicates that the two parameters remain indirectly
coupled.l” The DSD functionals take into account the fact that DHDFs, like other common
DFT approximations, do not fully describe London-dispersion effects and therefore need
dispersion corrections.[11.20.21.40,41] = DSD functionals have employed Grimme’s additive
dispersion corrections of the DFT-D type (DFT-D2,[42] DFT-D3,[43] DFT-D3(B])44) during

the parameter optimization.

The first functional following eq. (2) employed B88 exchange and LYP correlation (DSD-
BLYP).[32] [n subsequent studies, Kozuch and Martin have tested various combinations of
DFT exchange and correlation, and they proposed the use of Perdew-Burke-Ernzerhof
(PBE) exchangel45] with Perdew-86 (P86) correlationl*6471 (DSD-PBEP86),1341 or PBE-hole
(PBEh) exchangel*8! with Becke-95 (B95) correlation!*?! (DSD-PBEhB95).[17] In particular,
these three functionals were validated against 11 benchmark sets and the anthracene-

dimerization reaction.l'’l Subsequently, Goerigk and Grimme analyzed these functionals



with their extensive GMTKN30 databasel20.501 of 30 benchmark sets for main-group
thermochemistry, kinetics and noncovalent interactions, and they concluded that the
average errors over the entire database are very similar for all three DSD-type methods.[11]
[t is noteworthy that Goerigk and Grimme’s study dealt with main-group compounds, while
Kozuch and Martin’s study also tested their methods for transition-metal systems.
Importantly, both studies agree that DSD-type functionals are superior to lower-rung
density functional approximations. In our current study, we base our investigation on a
single DSD-type method. However, it is likely that the effects of post-MP2 terms discussed
herein will apply equally to the other methods.

Another important consideration is the computational efficiency in relation to the basis-
set dependence, which is particularly important because of the use of the computationally
more demanding post-MP2 correlation procedures in the present study. To this end, we
note that the procedures in the DSD-family are typically parameterized with quadruple-(
(QZ)-type basis sets, which can be computationally very demanding in applications to
larger systems. Detailed studies on the basis-set dependence of DHDFs have concluded
that using a double- basis set does not lead to a better performance when compared with
that of hybrid functionals.[?1l However, for applications to larger systems use of a triple-(
(TZ)-type basis set for DHDFs seems to represent a reasonable compromise.[21.3351] [n this
context, it is worthwhile to note that DHDFs have a smaller basis-set dependence than the
related MP2 wave-function procedure. To try to remedy shortcomings associated with the
use of a TZ basis, Chan and Radom have proposed the DuT-D3 procedure,[33] which is a refit
of DSD-BLYP designed to be used with the moderate-sized A'VTZ+d basis setl>2] and
combined with Grimme’s DFT-D3 dispersion correction with “zero damping".[3 It has
been shown to perform as well as DSD-BLYP with a QZ-type basis set for over 800
thermochemical data points covering a diverse range of systems and properties,[33! and its
good performance has also been demonstrated in a number of other benchmark studies.[>3-
55]  We thus deem it to be the best compromise between accuracy and computational
efficiency, and we choose this method as our baseline method. The fitted parameters for

DuT are ax= 0.70, cc = 0.59, co = 0.47 and cs = 0.36.



For the present study, we additionally include post-MP2 perturbative terms for our

“Higher-order Double-Hybrid Density Functional” (HDH-DF-MPn) in the following way:

EHDH—DF—MPTL

= 1_aX EDFT+a EHF+C EDFT+C EOS—MPZ +c ESS—MPZ 3
X X=X cH=c o~cC SsHC

+ 3 AEYMP3 + ¢, AEKP4,

where AE¥P3and AEYP* are the third- and fourth-order MPn contributions, with their
respective scale factors c3 and cs. Alternatively, we also define such a method with

coupled-cluster terms instead of MPn terms:

EHDH—DF—CC — (1 — aX)E)[()FT + axE)IEIF + CCECL?FT + COECQS—MPZ + CSEgS—MPZ

CcCSD (T (4)
+ CCCAEC +CTAEC )

where AESSPis the difference between the coupled-cluster singles-doubles contribution

and the MP2 correlation energy, and AEéT) is the perturbative triples correction used in
CCSD(T),58! with the scale parameters ccc and cr, respectively. The total energy according
to egs. (3) and (4) is obtained first by a standard hybrid-DFT calculation, involving the first
three terms. The nonlocal correlation contributions are subsequently obtained by using
the KS orbitals and amplitudes, according to Grimme’s DHDF idea.[!2] As already outlined
in the Introduction, Truhlar and co-workers previously investigated methods that
combined hybrid-DFT contributions with higher-order wave-function terms.[38! However,
the latter contributions were obtained with HF orbitals, and different basis sets were
employed for the various DFT and wave-function contributions. Thus, although higher-
order terms, such as coupled cluster, were for the first time connected with DFT energies in
this approach, it differs from the subsequent DHDF idea primarily because KS orbitals are
not used; differences and parallels between these concepts are discussed thoroughly in

Reference [11].

In our discussion, we include those higher-order terms in eqgs. (3) and (4) and examine
their effects. As the addition of higher-order excitation effects may significantly reduce the

need for the inclusion of a dispersion correction, we start our discussion with the



dispersion-uncorrected variant, namely DuT, as our baseline method. The effect of

dispersion corrections is discussed later in Section 3.6.

The DHDF calculations were carried out with Gaussian 09,0571 while all dispersion
corrections were obtained with Grimme’s standalone program.[>8] Geometries, zero-point
vibrational energies, thermal corrections for 298 K enthalpies, and benchmark total
energies that are used in the present investigation were taken from previous
studies.[2033,50,59.60]  Specifically, those for species in the subsets of the E3 test set were
taken from References 33, 59 and 60, while those for the subsets of GMTKN30 were taken
from References 20 and 50. In the present study, the parameters for the correlation energy
components in eq. (3) and (4) were fitted to the G2/97 training set.[61] A preliminary test
on larger systems did not change the overall trends in the values of the parameters, and we
decided to use the G2/97 set, which includes moderately-sized molecules and is well-
balanced in its composition. Following previous practice,[62-66] the optimization procedure
for the correlation energy terms involved minimizing the average of the mean absolute
deviation (MAD) from benchmark values and the standard deviation (SD) of these
deviations. Parameters for the dispersion correction were determined using a modified
version of the DFT-D3 training set (see Section 3.6 for more details).[43] All relative

energies are reported in k] mol-1.
3. Results and Discussion

3.1 The Use of An Additional MP3 Term. We begin our discussion with an analysis of the
effect of adding post-MP2 components to DuT. We will first focus on the use of the MP3
higher-order perturbative treatments. For the full G2/97 test set, the inclusion of MP3
correlation with an optimized coefficient c3 statistically yields a performance almost
identical to that of DuT, with an MAD from experimental values of 6.2 k] mol-! (Table 1,
column B), which may be compared with 6.3 k] mol-! for DuT alone (column A). We note
that the coefficient for the MP3 component is very small (c¢z = 0.0076). Therefore, the very

similar results obtained with and without the MP3 component are not surprising.



Table 1. Comparison of scale parameters and performance (mean absolute deviations
from experimental values, k] mol-1) for wave-function-type correlation components in DuT

and HDH-DF-MPn (eq. 3) procedures for the G2/97 test set and its subsets.

A B C D E
Methoda DuT DuT DuT(reopt)® DuT DuT(reopt)®

+ AMP3 + AMP3 + AMP3 + AMP3

+ AMP4 + AMP4

co 0.4737 0.4737 0.4690 0.4737 0.4273

Cs 0.3551 0.3551 0.3672 0.3551 0.5334

C3 - 0.0076 0.0091 0.0991 0.2658

C4 - - - 0.1386 0.2471
G2/97¢ 6.3 6.2 6.2 6.0 5.5
AHg 5.0 49 4.8 5.3 4.7
IE 8.2 8.2 8.2 7.5 6.9
EA 6.7 6.7 6.7 6.0 5.4
PA 4.7 4.7 4.8 4.6 5.7

a See eq. (3). P DuT(reopt) signifies DuT with ¢, and c¢; and post-MP2 coefficients all
reoptimized. ¢ AHf = heat of formation, IE = ionization energy, EA = electron affinity and PA

= proton affinity.

As the MP2 parameters in DuT are fitted to accurate experimental benchmark values,
the scaled MP2 components may already be approximating higher-order effects implicitly,
which may account for the small value for the MP3 component. To investigate such a
possibility, we have reoptimized the two MP2 coefficients, namely those for the opposite-
spin (OS) and same-spin (SS) components, together with the simultaneous fitting of the
MP3 coefficient. We find that the values for all three parameters do not change
substantially, with the MP3 coefficient remaining very small (column C). Furthermore, the
resulting MAD (6.2 k] mol-1) is also very similar to that of DuT itself. It thus appears that
the inclusion of MP3 correlation alone is unlikely to lead to a substantial improvement over

DuT.




3.2 The Inclusion of An MP4-Type Correlation Effect. When additional, higher-level
correlation effects at the MP4 level are also included, without reoptimization of the OS and
SS MP2 contributions, we again do not notice a substantial improvement in the
performance (MAD = 6.0 k] mol-1, Table 1, column D) over DuT itself (6.3 k] mol-1, column
A). We observe, however, that the contribution of the MP3 term becomes more significant,
with a scale parameter of c3 = 0.0991. The factor obtained for the MP4 component is even
larger with ¢4 = 0.1386. With the higher-order correlation effects now contributing
considerably to the total energy, there is a larger potential for interdependence between
the four wave-function-type correlation components. We therefore optimized the scale
factors for all of the MP20S, MP2SS, MP3 and MP4 terms (column E). The resulting method
has an MAD of 5.5 k] mol-1, which represents a more notable improvement over DuT and

the other three new methods discussed so far.

A closer inspection of the four newly-fitted coefficients of the optimized MP4-type
method reveals a curious result. In DuT, DSD-BLYP, SCS-MP2 and the SCS-MP2-related
composite method G4(MP2)-6X, the MP20S parameters are larger than the corresponding
MP2SS counterparts. Such a qualitative ordering has been attributed[23! to the systematic
underestimation of OS-type correlation effects by unscaled MP2, and a corresponding
overestimation of SS correlations. However, in the optimized MP4-based DHDF procedure

(column E), the MP20S coefficient is smaller than the MP2SS coefficient.

Such a contrasting observation may seem unphysical for the new MP4-type procedure,
and one might suspect that this could be a result of "overfitting" of the four parameters.
However, we note that the G4(MP2)-6X procedure contains a total of twelve parameters,
with six being scale parameters for the correlation components. As mentioned before, the
relative size of the SCS-MP2-type parameters in G4(MP2)-6X is similar to that of SCS-MP2
itself. We therefore deem it not necessarily be the case that the optimized parameters in
the MP4-type DHDF procedure are unphysical, and feel that they simply reflect the nature
of the combination of the MP2, MP3 and MP4 components. Presumably, the higher-order
MP4 excitations have an excessive effect in the opposite direction to that of MP2SS

correlations, and as a result the MP2SS parameter is adjusted to become larger than that
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for MP20S. The elucidation of the exact nature of their behavior, however, is beyond the

scope of the present study.

3.3 Basis-Set Effect for the MP3 and MP4 Components. So far, the results discussed are all
based on calculations using a single triple-{ basis set, namely A'VTZ+d. The use of such a
basis set for MP3 and (especially) MP4 represents a significant increase in the demand for
computational resources over that for the MP2-based DuT. It is noteworthy that many
useful wave-function-type composite procedures, such as the G4(MP2)-6X method
mentioned before, employ progressively smaller basis sets for higher-order terms. In
order to minimize the impact of including post-MP2 effects on the computational efficiency,
we have examined the use of the smaller A'VDZ+d basis set for the calculation of these

terms (Table 2).

To obtain the “composite” DHDF energy, we have carried out two computations for each
species. These include the DuT calculation using the default A'VTZ+d basis set, and an
analogous MP3- and MP4-type DuT calculation in which the post-MP2 terms were
calculated with the A'VDZ+d basis set. In these cases, the coefficients for the MP3 and MP4
components were reoptimized together with simultaneous refitting of the MP20S and
MP2SS parameters. For the optimized MP3-type (columns B and C) and MP4-type
(columns D and E) methods, it can be seen that the use of the smaller basis set for the MP3
and MP4 components does not lead to a significant change in the performance. Thus, in our
subsequent investigation into the effect of adding even more costly coupled-cluster-type

correlation terms to DuT, we calculate the higher-order terms with the A'VDZ+d basis set.
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Table 2. Comparison of scale parameters and performance (mean absolute deviations
from experimental values, k] mol-1) for DuT and HDH-DF-MPn procedures [eq. (3)] using
A'VDZ+d or A'VTZ+d basis sets for the post-MP2 terms for the G2/97 test set and its

subsets.
A B C D E

Method? DuT DuT(reopt)® DuT(reopt)> DuT(reopt)® DuT(reopt)®

+ AMP3 + AMP3 + AMP3 + AMP3

+ AMP4 + AMP4

post-MP2 A'VTZ+d A'VDZ+d A'VTZ+d A'VDZ+d
basis set
co 0.4737 0.4690 0.4706 0.4273 0.4307
Cs 0.3551 0.3672 0.3643 0.5334 0.5302
C3 - 0.0091 0.0101 0.2658 0.2464
C4 - - - 0.2471 0.2356
G2/97¢ 6.3 6.2 6.2 5.5 5.5
AHs 5.0 4.8 4.8 4.7 4.6
IE 8.2 8.2 8.2 6.9 6.9
EA 6.7 6.7 6.7 5.4 5.6
PA 4.7 4.8 4.7 5.7 5.4

a See eq. (3). P DuT(reopt) signifies DuT with ¢, and c¢; and post-MP2 coefficients all
reoptimized. ©AHf= heat of formation, IE = ionization energy, EA = electron affinity and PA

= proton affinity.

3.4 The Use of CCSD(T)-Type Corrections. We now explore the addition of even higher-
order excitation terms to DuT, namely the difference between the MP2 contributions and
CCSD (ACCSD) and the additional perturbative triples correction A(T) [see eq. (4)]. Table 3
contains the results for DuT (column A), the related composite MP3- and MP4-type
methods (B and C) as defined in the previous section, and the new composite CCSD- and
CCSD(T)-based DHDF protocols (D and E). In each case, the coefficients of the MP2 terms,

as well as the post-MP2 terms, are optimized. We can see that, in terms of the performance
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for the G2/97 test set, the use of coupled cluster does not lead to an improved performance
compared with MP4. This comes about as a result of the better performance of the CCSD-
type procedures for AHr and PA but worse performance for IE and PA. Interestingly, the
inclusion of the perturbative triples corrections does not appear to have a noticeable effect,
despite the optimized coefficient for the A(T) term being reasonably significant and

comparable in magnitude to that for the ACCSD term.

Table 3. Comparison of scale parameters and performance (mean absolute deviations
from experimental values, k] mol-1) for DuT and post-MP2 DuT-type composite protocols

using MPn [eq. (3)] and coupled-cluster procedures [eq. (4)] for the G2/97 test set and its

subsets?ab

A B C D E
Method? DuT DuT(reopt)® DuT(reopt)> DuT(reopt)® DuT(reopt)®

+ AMP3 + AMP3 + ACCSD + ACCSD
+ AMP4 +A(T)

co 0.4737 0.4706 0.4307 0.4585 0.4625
Cs 0.3551 0.3643 0.5302 0.4436 0.4066
C3 - 0.0101 0.2464 - -
C4 - - 0.2356 - -
ccc - - - 0.0714 0.0564
cr - - - - 0.0722
G2/97¢ 6.3 6.2 5.5 5.6 5.6
AHg 5.0 4.8 4.6 4.2 4.4
IE 8.2 8.2 6.9 7.7 7.7
EA 6.7 6.7 5.6 5.9 5.8
PA 4.7 4.7 5.4 49 4.8

a See egs. (3) and (4). ® DuT(reopt) signifies DuT with ¢, and ¢s and post-MP2 coefficients
all reoptimized. ¢ AH¢ = heat of formation, IE = ionization energy, EA = electron affinity and

PA = proton affinity.
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In relation to the comparable performances for the CCSD- and CCSD(T)-type protocols, it
is of interest to more closely examine the optimized scale parameters. We can see that the
coefficients for the MP20S components for the two methods are quite similar. However,
the MP2SS and the ACCSD parameters for the CCSD(T)-based method (E) are notably
smaller than the corresponding ones for the CCSD-type method (D). Thus, it appears that
within this test set, the effect of perturbative triples is approximated reasonably in the
CCSD-type protocol by a combination of scaled-up MP2SS and ACCSD terms. It is
noteworthy that the MP20S coefficients for the CCSD- and CCSD(T)-type methods are
larger than the respective MP2SS parameters. This is in contrast to the corresponding
relative magnitudes for the MP4-based procedure (column C), but is consistent with typical
MP2-based DHDF methods (e.g., column A) as well as the MP3-type protocol (column B).
Thus, while AMP4 has an effect that appears to be opposite to that for MP2SS as discussed

earlier, ACCSD and A(T) seem to augment MP2 in a more balanced manner.

We also note that, when compared with the standard DuT calculation for the relatively
modest-sized C¢HsMe** radical cation (relative CPU time = 1.0 unit), the composite
approach with the inclusion of up to fourth-order perturbative contributions using the
small A'VDZ+d basis set already more than doubles the relative computer time (2.4 units).
For this molecule, the composite approach with the inclusion of CCSD(T) correlation is
approximately three times more expensive than DuT itself (3.2 units). As we will discuss in
Section 3.6 below, for the larger systems that we examine in the present study, the severe

scaling of CCSD(T) has rendered their computations unfeasible in some instances.

3.5 Comparison with the G4(MPZ2)-6X Wave-Function-Only Composite Procedure. The
CCSD(T) composite DuT-type procedure discussed in the previous section is, in spirit,
similar to wave-function-type composite procedures, which often contain a CCSD(T)
component calculated using a small basis set to augment lower-level methods computed in
conjunction with larger basis sets. In these composite methods, the MP2 procedure is a
fairly popular choice as the low-level method, or one of the low-level methods. For
instance, the critical part of the total composite energy for the G4(MP2)-6X procedure is

defined as:
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E[G4(MP2)-6X] = HF/CBS
+ Ecorr[SCS-MP2/G3MP2LargeXP]
+ AEcore[scaled-CCSD/6-31G(d)]
+ AEcorr[scaled-(T)/6-31G(d)]
+ HLC

The sum of the terms HF/CBS and Ecor[SCS-MP2/G3MP2LargeXP] can be considered to be
an approximation of an SCS-MP2 energy at the complete-basis-set (CBS) limit. The
additional scaled CCSD and (T) components are added in order to include higher-order
post-MP2 correlation effects but with the smaller 6-31G(d) basis set. The HLC (higher-level

correction) is an empirical term intended to compensate for remaining deficiencies.

The CCSD(T) DuT-type procedure is thus similar to G4(MP2)-6X in two principal ways:
(1) it has an SCS-MP2 component obtained with a triple-( basis set, and (2) the SCS-MP2
energy is supplemented with a CCSD(T) energy obtained with a double- basis set, with the
CCSD and (T) components scaled separately. Some major differences between the two
methods are: (3) the use of a Hartree-Fock reference wave function in G4(MP2)-6X versus
the use of hybrid-DFT in the post-MP2 DHDF, (4) the lack of a CBS component in the DHDF,
(5) a somewhat different approach for the scaling of the CCSD(T) components, and (6) the
lack of an HLC in the composite double-hybrid scheme. Of these similarities and
differences, it has been shown already that the HF/CBS component in the G4 procedure,
which is related to G4(MP2)-6X, has an effect of approximately 0.5 k] mol-1 on the
performance. The effects of (5) and (6) on G4(MP2)-6X can be examined straightforwardly,
and these will be considered in this section in order to make a more clear-cut comparison

with the CCSD(T) DuT-type method.

When the raw G4(MP2)-6X energies without the scaling of the components and the HLC
(Table 4, column A) are used, there are large discrepancies for the G2/97 set of heat of
formation (AHg) values, with an MAD of 63.7 k] mol-1. The MADs for the ionization energies
(IEs, 12.7 k] mol-1) and electron affinities (EAs, 12.8 k] mol-1) are also quite substantial.
The standard G4(MP2) procedure (B) includes the HLC, and this largely remedies the

deficiency in the underlying composite energies, with an MAD of 4.4 k] mol-! for the
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complete test set. Columns C and D show the performance of alternative composite
approaches when the HLC is not included, but instead with scaled correlation components.
Both of these approaches lead to fairly good performance, with the one having more
flexibility in its parameterization (D, 5.1 k] mol-1) slightly outperforming the other one
(column C, 6.6 k] mol-1). The G4(MP2)-6X procedure, which utilizes both the HLC and the

scaling of all six correlation energy components, performs the best (column E, 4.1 k] mol-1).

Table 4. Comparison of the mean absolute deviations (k] mol-1) from experimental values
for the G2/97 test set for G4(MP2)-6X (column E) and the related protocols (columns A-D),
and for the CCSD(T)-type DHDF (DuT) procedures (columns F and G).

A Ba C D Eb Fe G

Method G4(MP2), G4(MP2) G4(MP2), G4(MP2), G4(MP2) DuT+ DuT+

no HLC no HLC, no HLC, -6X,i.e., ACCSD ACCSD

4 scale 6 scale G4(MP2), +A(T), +A(T),

coeffs coeffs 6 scale 4 scale 6 scale

coeffs coeffs  coeffs

Reference HF HF HF HF HF DFT DFT

HLC X v X X v X v

Scaling of correlation energy components

SCS-MP2/sm X X X v v X v
SCS-MP2/l1g X X v v v v v
ACCSD, A(T) X X v v v v v

Mean absolute deviations

G2/97 31.7 4.4 6.6 5.1 4.1 5.6 5.0
AHs 63.7 3.6 5.5 3.4 3.0 4.4 4.0
IE 12.7 4.8 7.5 6.1 4.7 7.7 6.9
EA 12.8 5.3 8.6 6.6 5.3 5.8 5.0
PA 2.4 3.1 2.8 3.3 2.8 4.8 4.6

For the five methods considered in Table 4 so far, the one in column C is closest in its

formulation to the CCSD(T) DuT-type procedure (column F). We can see that the DuT-type
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protocol (G2/97 MAD = 5.6 k] mol-1) somewhat outperforms the pure-wave-function-type
counterpart (column C, 6.6 k] mol-1). One might thus reasonably expect that, if we include
additional flexibility and a fully-optimized HLC in the formulation of this composite DHDF,
we could arrive at a method that outperforms G4(MP2)-6X. However, we find this not to be
the case in general (column G, 5.0 k] mol-1). We have also attempted to further improve the
performance of the composite DHDF method by incorporating an additional term for the
effect of using a larger quadruple-( basis set for the underlying DFT component. However,
this only leads to a marginal improvement of 0.1 k] mol-! in the overall MAD. Presumably,
the deviations for the wave-function-type method are more systematic in relation to the
specific form of the HLC, and this may be the reason for the larger improvement in the

performance in comparison with the DuT-type composite protocol.

3.6 Inclusion of a Dispersion Correction. So far we have only discussed systems for which
London-dispersion interactions are small and we primarily focused on the effects of adding
higher-order terms to the underlying DuT method. However, London-dispersion effects do
play a crucial role for larger systems, not only in the description of noncovalent interaction
energies but also for general thermochemical problems. In 2007, Schwabe and Grimme
pointed out that DHDFs still require dispersion corrections, albeit to a smaller extent than
conventional DFT approximations, due to their nonlocal correlation component.[#%! Various
dispersion corrections for DFT methods have been published, see e.g. References [67-69]
for reviews. Here we use Grimme’s established and accurate DFT-D3 approach with Becke-
Johnsonl70-72]1 damping [DFT-D3(B])],[*4l which has been shown to provide accurate
noncovalent-interaction energies, thermochemistry and geometries.[2141,4469.73-75] [t is an

atom-pairwise approach of the form:

AB
EDFT-D3(B)) — _1 Z S Cr
2 n n?
A#B n=6,8 CAB (5)
Rip +|ay | 7® cAB Tz
6

where R4p is the distance between two atoms A and B, with n = 6 taking into account the
long-range and n = 8 the medium-range behavior of the dispersion energy scaled by the

factors s,. The dispersion coefficients C4Z are based on first principles, while a; and az are
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parameters influencing the dispersion contribution at short distances at which the energy

contribution from the specific density functional approximation also plays a role.

For conventional DFT approximations, ss adopts a value of unity to ensure the correct
asymptotic long-range behavior. A method that includes a proper description of London-
dispersion would have ss = 0. A double-hybrid includes a scaled-down perturbative
correlation contribution and its ss is typically between 0.4 and about 0.8.111 Goerigk and
Grimme suggested a procedure for estimating this contribution from accurate rare-gas
dimer interaction energies?? and we follow the same scheme here for the two composite
procedures containing either the AMP3 correction or the AMP3 + AMP4 correction.
Because of computational limitations, we were not able to carry out CCSD(T) calculations
that are necessary for the determination of the D3(BJ) parameters for the CCSD(T)-based
approach at this stage. However, we expect that our findings for the two related methods
can be transferred to this approach. The resulting ss values are shown in Table 5 and they
are 0.45 (for AMP3) and 0.42 (for AMP3 + AMP4). Table 5 also shows the ss for Dut-D3(B]J),
which was determined for our current study. It is slightly higher, with ss = 0.50. Thus,
higher-order contributions, when added in the way we do it here, do not remove the
dispersion problem of the DFT approximation. It is therefore expected that these methods

still need a dispersion correction in applications to larger systems.
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Table 5. Optimized values for the DFT-D3(B]) dispersion coefficients and mean absolute
deviations (MADs in k] mol-1) from benchmark values for some noncovalent-interaction benchmark

sets for DuT-D3(BJ])/A'VTZ+d and the two composite HDF-DH-MPn procedures.?

A B C
Method DuT DuT (reopt)b DuT (reopt)b
+ AMP3 + AMP3
+ AMP4
o 0.4737 0.4706 0.4307
Cs 0.3551 0.3643 0.5302
C3 - 0.0101 0.2464
C4 - - 0.2356
S6 0.50 0.45 0.42
a; 0.0 0.0 0.0
Sg 0.4753 0.4517 0.6999
a 7.3518 7.0805 8.1296

Mean absolute deviations

ACONF 0.8 (1.5) 0.7 (1.5) 0.8 (1.2)
SCONF 1.4 (1.9) 1.3(1.9) 0.5 (0.7)
CYCONF 0.3 (0.6) 0.2 (0.6) 0.3 (0.4)
RG6 0.1 (1.4) 0.0 (1.4) 0.1 (1.3)
ADIM6 2.1(7.2) 1.9 (7.1) 1.8 (5.4)
$22¢ 1.0 (2.8) 1.1(2.8) 1.2 (1.7)
$22(H-bonds)d 0.8 (1.4) 0.9 (1.4) 1.3 (0.8)
$22(dispersion)e 1.6 (4.4) 1.7 (4.5) 1.7 (2.7)
$22(mixed)t 0.7 (2.5) 0.7 (2.5) 0.7 (1.5)
S22+ 0.7 (1.9) 0.7 (1.9) 0.8 (1.2)

a Values in parentheses are MADs for the dispersion-uncorrected approaches. P DuT(reopt)
signifies DuT with ¢, and c¢s and post-MP2 coefficients all reoptimized. ¢ Two systems were not
included because of computational limitations (see SI). 4 Hydrogen-bonded dimers. ¢Dispersion-

bound dimers. Dimers that bind due to hydrogen bonds and dispersion.
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The parameters aj, ss, and az are the only empirical parameters in eq. (5) and usually
they are fitted to a set of around 140 relative energies. This set is made up of the following
benchmark sets: ACONFI7¢] for alkane conformations, SCONFI[50.77] for sugar conformations,
CYCONFI78] for cysteine conformations, PCONFI79] for tripeptide conformations, RG6[43] for
rare-gas dimers, ADIM6[43] for alkane dimers, S22[8081] for noncovalently-bound dimers of
various types, and S22+[43] for the same systems as S22, only at longer, non-equilibrium
distances between the monomers. Because of computational limitations, we had to put to
one side the PCONF set, and we carried out the least-squares fitting procedure for the
remaining systems. The values for the resulting parameters are shown in Table 5 for the
underlying DuT procedure and the two composite HDH-DF-MPn approaches. It turns out
that in all three cases, the parameter a;is zero, which parallels findings for other DHDFs

that include an SCS-MP2 contribution.[17]

Table 5 also shows the MADs from benchmark values for the various sets that were part
of the training set; the values in parentheses are the results for the dispersion-uncorrected
methods. For all three approaches and for all the benchmark sets, we see the clear benefit
from adding the dispersion correction, as the deviations are reduced by 50% or more; for
CYCONF and RG6 the final deviations are even within the uncertainty range of the ab initio
reference values. The S22 set is divided into three subsets with dimers that are either
stabilized by hydrogen bonds, dispersion interactions or a mixture of both. Table 5 shows
the MADs for the three separate groups. For the hydrogen-bonded dimers, adding a
dispersion correction improves the MADs of the DuT and the DuT+AMP3 approaches from
1.4 to 0.8 and 0.9 k] mol-l, respectively, while adding a dispersion correction to
DuT+AMP3+AMP4 leads to an increase in the MAD (from 0.8 to 1.3 k] mol-1). To better
understand this behavior, it is instructive to also analyze the mean deviations (MDs). The
first two methods strongly underbind the dimers, with MDs of -1.4 k] mol-! when not
dispersion corrected. Adding the fourth-order correction already leads to an overbinding
tendency (MD = 0.7 k] mol-1), which is further enhanced by adding the dispersion
correction. The same behavior is not observed for the purely dispersion-bound and mixed
complexes. In all cases, the MDs are negative and the MADs are larger than for the

dispersion-corrected systems.
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However, when comparing the three different approaches with one another, no
substantial improvement is generally observed from adding the post-MP2 corrections. The
only exception is the SCONF data set, for which the method that includes a AMP4
contribution reduces the DuT deviation by more than 50%. In fact, the MAD of 0.5 k] mol-1
is the best value yet reported for this benchmark set. Thus, we can conclude that the post-
MP2 procedures benefit from dispersion corrections, but that, with one exception, they do
not generally lead to better performance than that of standard DHDFs for relative energies
in noncovalently-bound dimers or conformers. In the next section, we will investigate

these methods for some additional thermochemical problems.

3.7 Evaluation for larger systems/difficult cases. So far, we have established that adding
higher-order correlation terms to the DuT method according to either eq. (3) or eq. (4) only
has a marginal effect on thermochemical properties of small molecules and on noncovalent
interaction energies in small to medium-sized systems. Two more aspects need to be
addressed before we can draw our final conclusions. First, we need to test how these
methods behave for thermochemical problems involving larger systems, and second, we
need to analyze if outliers in a benchmark set are treated better, i.e. if the deviation range is

lowered by adding higher-order terms.

For this purpose, we take some examples from the large GMTKN30 database for general
main-group thermochemistry, kinetics and noncovalent interactions.[?050] [n fact, the
benchmark sets for noncovalent interaction energies discussed in the previous section are
part of this compilation. However, GMTKN30 also contains a range of benchmark sets for
reaction energies and we have investigated three of those that we regard as challenging for
a computational method. The first benchmark set we discuss is the DC9 set,[1250,82-87]
which contains nine “difficult cases” (see SI or Reference [50] for more details). Due to the
size of some of the systems, we had to reduce the set to five systems (DC5) for the coupled-
cluster-based approaches. MADs from benchmark values for DC9 and DC5 are shown in
Table 6 for DuT/A'VTZ+d (column A), the composite approach containing a AMP3
correction obtained at the double-C level (column B), the composite approach with an

additional AMP4 correction (column C), the approach containing a ACCSD correction
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(column D) and finally the approach that additionally includes the A(T) correction (column

E). The results in columns A-C are dispersion-corrected (see previous section).

While adding just the AMP3 correction has a minimal effect on the results for both DC9
and DC5 when compared with DuT-D3(B]J), adding the fourth-order AMP4 correction
actually increases the MADs by up to 5 k] mol-l. The two main reasons for this are an
increase in the absolute deviation for the cage-to-bowl isomerization of C2o from 3 k] mol-1
for DuT-D3(BJ) (column A) to 34.4 k] mol-! (column C), and to a smaller extent for the
decomposition of Sg into four S; molecules, with an increase from 7.1 to 15.7 k] mol-1. As
the Czo isomerization is not included in DC5, the increase in the MADs (2.5 k] mol-1) is not
as high as for DC9. The coupled-cluster-based approaches show similar results to DuT-

D3(B]J) for DC5.

The second test set is a set of 43 radical stabilization energies (RSE43).271 As can be
seen from Table 6, none of the post-MP2 methods improve on the original DuT-D3(B]J)
result; all MADs are between 3.6 and 4.0 k] mol-1. The final benchmark set taken from
GMTKN30 is the DARC set containing 14 Diels-Alder reactions.®®8 MADs for DuT-D3(B]J) and
the dispersion-corrected, composite HDH-DF-MPn methods are also included in Table 6.
Only a small improvement is observed when adding the AMP4 correction, with the MAD

decreasing from 7.5 to 7.1 k] mol-1.
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Table 6. Mean absolute deviations (MADs in k] mol-1) from benchmark values for four
benchmark sets, and signed deviations for total atomization energies of two systems for

DuT-D3(BJ)/A'VTZ+d, the two composite HDF-DH-MPn procedures and the two composite

HDH-DF-CC procedures.2b

A B C D E

Method DuT DuT(reopt)c DuT(reopt)c DuT(reopt)c DuT(reopt)c
+ AMP3 + AMP3 + ACCSD + ACCSD
+AMP4 +A(T)
co 0.4737 0.4706 0.4307 0.4585 0.4625
Cs 0.3551 0.3643 0.5302 0.4436 0.4066
C3 - 0.0101 0.2464 - -
C4 - - 0.2356 - -
cee - - - 0.0714 0.0564
cr - - - - 0.0722
Mean absolute deviations
DC9 11.1 10.9 16.2 - -
DC5 6.7 6.5 9.2 6.8 7.0
RSE43 3.6 3.6 3.8 3.7 4.0
DARC 7.5 7.0 7.1 - -
Signed deviations for total atomization energies

anthracence 35.6 34.7 2.1 -3.1 2.7
adamantane -7.5 -6.7 -21.3 -31.1 -32.4

a2 DCY9 and DC5 represent nine and five difficult cases for DFT, RSE43 are 43 radical
stabilization energies, DARC is a database of Diels-Alder reaction energies. b The values in
columns A-C are dispersion corrected, the values in columns D-E are not. ¢ DuT(reopt)

signifies DuT with ¢, and ¢; and post-MP2 coefficients all reoptimized.
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We conclude our analysis with the discussion of the atomization energies of anthracene
and adamantane. Goerigk and Grimme included these two systems as part of their
parameter training set for the optimized oTPSS[>% meta-GGA and the PWPB95[20] double-
hybrid functionals and they argued that these two systems pose difficult cases for DFT
approximations. The total atomization energies are of the same order of magnitude
(between 11,200 and 12,400 k] mol-1). However, none of the tested DFT approximations
were found to perform well for both systems at the same time.[5%] Also, even the best
DHDFs were found to describe only one of the systems adequately, while they have a larger
error for the other.20] Therefore, it is worthwhile to examine here whether post-MP2

corrections can provide a more balanced description of both systems.

Inspection of Table 6 shows that the signed deviation from the benchmark atomization
energies for the DuT-D3(BJ]) method is moderate for adamantane (-7.5 k] mol-1) but is
large for anthracene (35.6 k] mol-'). The AMP3 correction (column B) does not
significantly change the DuT-D3(B]) values. However, when the AMP4 correction (column
C) is included, the deviation for anthracene is reduced considerably from 35.6 k] mol-! to
2.1 k] mol-1. Unfortunately, the opposite effect is observed for adamantane: inclusion of
the AMP4 correction leads to a larger underestimation (21.3 k] mol-1) than DuT-D3(B]J) (-
7.5 k] mol-1). The use of CCSD(T) correlation energies (columns D and E) leads to still
larger deviations for adamantane. Thus, we conclude that this challenging problem of
simultaneously obtaining reasonable atomization energies for anthracene and adamantane
still persists, and that for these systems adding higher-order correlation terms to the DHDF

does not provide any additional robustness.

Overall, the results in Tables 3-6 suggest that the inclusion of post-MP2 correlation
components that go beyond MP4 may not justify the associated cost. This contrasts with
the case of wave-function-type procedures based on a Hartree-Fock reference, where the
performance of CCSD(T) is notably and almost-universally better than that of MP4. We
note in this regard that DHDF procedures are affected by the deficiencies in the underlying
exchange functional. Although the contribution of this factor to the results of the present

study is not entirely clear, it undoubtedly hinders the potential for systematic
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improvement of DHDFs in their current form, when one focuses only on the correlation

component.

4. Conclusions

In the present study, we have explored the effect of supplementing the DuT double-hybrid

density functional (DHDF) method with post-MP2 correlation terms. Several key findings

emerge from our investigation.

1.

The inclusion of additional correlation energy from MP3 has almost no effect on the
performance of the DuT method. Consistent with this observation, we also find that
the optimized coefficient for the AMP3 term is very small, regardless of whether the

MP2 parameters are refitted or not.

Further addition of MP4 correlation effects to the MP3-based method, with both the
AMP3 and AMP4 coefficients fitted in conjunction with the default MP2 parameters,
leads to a small improvement in the performance for the G2/97 set. A more notable
improvement can be seen when all four MPn parameters (for MP20S, MP2SS, AMP3
and AMP4) are optimized. The magnitudes of the fitted parameters appear to suggest
that the correlation effects captured by the AMP4 term in this scheme oppose those
represented by the MP2SS component.

The post-MP2 terms can be included using the aug'-cc-pVDZ+d basis set, which is less
computationally demanding than the aug'-cc-pVTZ+d basis set used for the underlying
density functional and MP2 components, without a significant deterioration in the

performance. This requires refitting of the coefficients for the MPn terms.

Using the ACCSD and A(T) correlation energies from a CCSD(T) calculation with the
Kohn-Sham orbitals instead of the AMP3 and AMP4 terms does not lead to any notable
improvement over the MP4-based method for the G2/97 set. We note that the
performance of this CCSD(T)-based DHDF is somewhat better than an analogous wave-
function composite procedure, namely G4(MP2)-6X without its empirical correction

terms. However, when empirical higher-level corrections are included in both the
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density-functional-based and wave-function-based protocols, the wave-function

method shows a better performance.

5. We find that, for large systems that are dominated by non-covalent interactions, DuT
and the two MPn-based post-MP2 DHDF procedures all benefit from the inclusion of
D3(BJ]) dispersion corrections. The performance of the non-dispersion-corrected
methods, and progression of the optimized ss parameter for the MP2-, MP3- and MP4-
based methods, indicate that the inclusion of higher-order correlations do lead to a
(minor) progressive improvement in the description of dispersion interactions, but not
sufficient for a sole-reliance on the electronic structure method alone. We also note
that the inclusion of the MP4 term leads to an overestimation of binding in hydrogen-

bonded dimers.

6. An examination of the performance of the post-MP2-type DHDF methods shows that
the inclusion of higher-order correlation effects, in general, does not rectify some of the
major shortcomings of DuT for more challenging systems. The use of MP4 in fact leads

to a significant deterioration in performance in some cases.

Overall, our investigation suggests that the current generation of MP2-based DHDF
methods may already yield close to the optimal performance that can be achieved by
mixing density-functional and wave-function components using the general methodology
introduced by Grimme in B2-PLYP. The inclusion of post-MP2 perturbative correlation
effects may lead to a slight overall improvement, but it can also result in significant
deterioration in the performance in some cases. The use of coupled-cluster terms is more
robust than stopping at the MP4 level. However, its higher-cost and, more importantly, its
seemingly less good performance than analogous wave-function-type composite methods
such as G4(MP2)-6X, does not make it an attractive choice. DHDF development is still an
active field of research and we hope that our study provides important insights into the
addition of higher-order terms. We recommend the continuing use of existing MP2-based
DHDF methods (including SCS- or SOS-MP2 contributions) as a bridging level between

hybrid-DFT procedures and wave-function-based composite procedures.
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