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Abstract

Symmetric functions emerge in many fields of mathematics, serving as characters in representation
theory, polynomial representatives in the cohomology rings of varieties in algebraic geometry, and gener-
ating series in enumerative combinatorics, among others. Beyond these connections, the ring of symmetric
functions itself contains a rich combinatorial theory that propels their systematic study. This PhD thesis
explores the application of exactly solvable lattice models to symmetric functions in four distinct papers.

Paper 1: Vertex models of canonical Grothendieck polynomials and their duals
We study exactly solvable lattice models associated to canonical Grothendieck polynomials and their

duals. We derive inversion relations and Cauchy identities.

Paper 2: Crystals and integrable systems for edge labeled tableaux
We define an integrable five vertex model whose partition function is the generating function Eλ of

edge labeled tableau of shape λ. Using this, we prove a Cauchy-type identity. We give a crystal structure
on edge labeled tableau to give a positive Schur expansion of Eλ.

Paper 3: Littlewood–Richardson Coefficients of spin Hall–Littlewood Functions
We provide a combinatorial formula for the Littlewood–Richardson (LR) coefficients of spin Hall–

Littlewood functions, and factorial versions of them. This is achieved by representing these functions and
the LR coefficients as the partition function of a lattice model and applying the underlying Yang-Baxter
equation. Our combinatorial expression is in terms of generalised honeycombs; the latter were introduced
by Knutson and Tao for ordinary LR coefficients and applied to the computation of Hall polynomials by
Zinn–Justin.

Paper 4: Shuffle algebras, Lattice paths and Macdonald functions
We consider partition functions on the N ×N square lattice with the local Boltzmann weights given

by the R-matrix of the Ut(ŝl(n + 1|m)) quantum algebra. We identify boundary states such that the
square lattice can be viewed on a conic surface. The partition function ZN on this lattice computes the
weighted sum over all possible closed coloured lattice paths with n + m different colours: n “bosonic”
colours and m “fermionic” colours. Each bosonic (fermionic) path of colour i contributes a factor of zi
(wi) to the weight of the configuration. We show the following:

(i.) ZN is a symmetric function in the spectral parameters x1 . . . xN and generates basis elements of
the commutative trigonometric Feigin–Odesskii shuffle algebra. The generating function of ZN

admits a shuffle-exponential formula analogous to the Macdonald Cauchy kernel.
(ii.) ZN is a symmetric function in two alphabets (z1 . . . zn) and (w1 . . . wm). When x1 . . . xN are set

to be equal to the box content of a skew Young diagram µ/ν with N boxes the partition function
ZN reproduces the skew Macdonald function Pµ/ν [w − z].
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Introduction

Symmetric polynomials. We refer to a polynomial in n variables that remains unchanged under the
permutation of its variables as a symmetric polynomial. These polynomials play a crucial role in various
areas of mathematics, they appear as characters in representation theory, as polynomial representatives
of varieties in their cohomology ring, as generating series in enumerative combinatorics etc,.

Let Λ be the ring of symmetric polynomials. Among many interesting questions regarding symmetric
polynomials, we consider two questions. Suppose that (Fλ) (indexed by partitions λ) forms a basis for
Λ. Is there a Cauchy identity involving Fλ which takes the following form:∑

λ

Fλ(x1, . . . , xn)Gλ(y1, . . . , yn) =
∏

1≤i,j≤n

1

1− xiyj
,

where Gλ is a family of symmetric polynomials dual to (Fλ).
Secondly, since (Fλ) form a basis, is there a combinatorial formula for the coefficients cνλ,µ in the

following expansion?

Fλ(x1, . . . , xn)Fµ(x1, . . . , xn) =
∑
ν

cνλ,µFν(x1, . . . , xn).

The coefficients cνλ,µ are referred to as Littlewood–Richardson coefficients (LR). These coefficients have
various interpretations. For example, the LR coefficients of Schur polynomials appear in the represen-
tation theory of GL(n); they also appear in the cohomology of the Grassmannian. Meanwhile, the Hall
polynomials, which are the LR coefficients of Hall–Littlewood polynomials, count short exact sequences
of finite abelian p-groups.

In this thesis, we explore Cauchy identities and LR coefficients of many interesting families of symmetric
polynomials using exactly solvable lattice models.

Exactly solvable lattice models. In the past three decades, exactly solvable lattice models have been
extensively used to study symmetric polynomials. They have also seen broad applications in recent years
in various areas, with recent applications to the K-theory of the Grassmannian [22, 15, 16], alternating
sign matrices [18], Whittaker functions [6, 7], probability theory [3, 4], and symmetric functions [1, 5].

In a nutshell, symmetric polynomials are expressed as partition functions of a lattice model. A lattice
model is built from the so-called R matrices of Uq(ŝln). By leveraging the underlying Yang–Baxter
equation, one can derive many identities, such as branching formulae, Cauchy identities, Littlewood
identities, etc. The lattice model formulation of symmetric polynomials provides conceptually simpler
proofs.

While the R-matrices corresponding to Quantum algebra Uq(ŝl2) are enough to give a lattice model
formulation for a symmetric polynomial, one can not compute LR coefficients using them. In [36], Zinn-
Justin computed LR coefficients of Schur polynomials using lattice models. The key observation there is
that we need to consider a lattice model made up of the R matrices of Uq(ŝl3) to compute LR coefficients.
This approach was later used to compute the LR coefficients of Grothendieck polynomials [30], Hall–
Littlewood polynomials [38], Schubert polynomials [17] etc.
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Vertex models for Grothendieck polynomials and their duals. Symmetric (or stable) Grothendieck
polynomials (Gλ), a K-theoretic deformation of Schur polynomials, were first introduced by Fomin and
Kirillov in [13]. They are non-homogeneous polynomials where the terms of lowest total degree is Schur
polynomial. They are obtained as the limit of double Grothendieck polynomials, which were introduced
by Lascoux and Schützenberger as representatives for the structure sheaves of Schubert varieties in a flag
variety [20]. Building on the work of [13], Buch studied various combinatorial properties of symmetric
Grothendieck polynomials, including tableau definitions and a combinatorial interpretation of their LR
coefficients [8].

Dual Grothendieck polynomials (gλ) were introduced by Lam and Pylyavskyy in [19]. These polynomi-
als are defined as a generating series of reverse plane partitions and are dual to symmetric Grothendieck
polynomials under the Hall inner product. Since their introduction, there has been a significant amount of
research on these polynomials, including work by Yeliussizov on their properties, such as a determinantal
formula, a connection to last passage percolation, and a Cauchy identity [31, 32, 33, 34, 35].

In [13], Fomin and Kirillov first discovered the connection between Grothendieck polynomials and
quantum integrability. However, it was not until later that Grothendieck polynomials were reformulated
in the context of exactly solvable lattice models [37], where the connection to quantum integrability
became more explicit. In recent years, there has been a significant amount of research on exploring the
various applications of this connection [21, 22, 17, 9]. Similarly, there has been some recent attention on
the use of lattice models to study dual Grothendieck polynomials (gλ) [23].

In the first paper, we study two types of lattice models for both Gλ and gλ. These models appear to
be new. We derive Cauchy identities, Littlewood identities and inversion relations.

Crystals and integrable systems for edge labeled tableaux. Factorial Schur polynomials (sλ(x|a))
are a generalisation of Schur polynomials and serve as polynomial representatives of Schubert varieties
in the equivariant cohomology ring of the Grassmannian [?]. Thomas and Yong [27] provided a solution
to the LR coefficients of sλ(x|a) in terms of edge-labeled tableaux (ELT).

Schur polynomials are defined as a generating series of semistandard Young tableaux. Analogously, in
the second paper, we inquire about the properties of the generating series of ELT. By introducing Edge
Schur functions (Eλ(x|a)) as a generating series of ELT, we establish that they are symmetric functions
and prove that they satisfy a Cauchy identity with factorial Schur polynomials.

Another natural question in the study of Eλ(x|a) involves their expansion in terms of Schur polyno-
mials. We discover the existence of a Uq(sln)-crystal structure on edge-labeled tableaux by breaking the
tableau into diagonals. An immediate consequence is a positive Schur expansion of Eλ(x|a) through the
counting of the highest weight elements.

Littlewood–Richardson coefficients of spin Hall–Littlewood functions. Hall–Littlewood poly-
nomials are symmetric polynomials that interpolate between monomial symmetric polynomials and Schur
polynomials. They have been studied as partition functions of a lattice model [29, 28]. The LR coeffi-
cients of Hall–Littlewood polynomials are referred to as Hall polynomials. In [38], Zinn-Justin provided
a formula for Hall polynomials in terms of honeycombs, which were previously introduced as an LR rule
for Schur polynomials.

In [2], Borodin introduced spin Hall–Littlewood functions as a partition function of a lattice model.
Borodin proved many interesting properties of these functions, including the Cauchy identity, Pieri rule,
branching formulae, etc. These functions are a generalisation of Hall–Littlewood polynomials.

In the third paper, we derive a combinatorial formula for the LR coefficients of spin Hall–Littlewood
functions. This is achieved by considering a hexagonal Uq(ŝl3) lattice model. We prove that the partition
function of that lattice is equal to the product of two spin Hall–Littlewood functions. We show that,
through repeated application of the Yang–Baxter equation, the partition function of the same lattice is a
combinatorial object multiplied by a spin Hall–Littlewood function. Thereby generalising the honeycomb
formula for Hall polynomials by Zinn-Justin.
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In the same paper, we introduce another generalisation of Hall–Littlewood polynomials called factorial
Hall–Littlewood polynomials. These polynomials involve two sets of variables and the polynomials are
symmetric in only one set of variables. We derive a combinatorial formula for their LR coefficients as
well.

Shuffle algebras, lattice paths and Macdonald functions. The trigonometric Feigin–Odesskii shuf-
fle algebra, denoted as A [26, 12, 10, 24] is an algebra of symmetric rational functions with a non-
commutative multiplication. Within this algebra, there exists a commutative subalgebra [10], denoted as
A◦. Recently, a connection between the Feigin–Odesskii shuffle algebra A◦ and lattice partition functions
associated with the vertex model of Ut(ŝln) has been established [25, 14].

In the fourth paper, following [14], we investigate domain-wall boundary partition functions of vertex
models, with a special relationship between the spectral parameters. These partition functions are sym-
metric rational functions and satisfy the wheel conditions and hence they are elements of A◦. We also
realize the shuffle product of these elements as lattice partition functions.

As an application of this result, we compute vertex model partition functions on the cone with the
Boltzmann weights determined by the R-matrix of the Quantum super algebra Ut(ŝl(n+ 1|m)) algebra.
The generating function of these partition functions is given by the mixed Cauchy kernel [11], an object
similar to the Cauchy kernel in the Macdonald theory.

As a consequence of this, we get a lattice model formulation for skew Macdonald polynomials. Our
model for Macdonald polynomials is fundamentally different to the ones that exist in the literature.
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Vertex models for Canonical Grothendieck
polynomials and their duals

Ajeeth Gunna & Paul Zinn-Justin

Abstract We study exactly solvable lattice models associated to canonical Grothendieck poly-
nomials and their duals. We derive inversion relations and Cauchy identities.

1. Introduction
Grothendieck polynomials were introduced by Lascoux and Schutzenberger in [10]
as representatives of K-theoretic Schubert classes in flag varieties. Their connection
to quantum integrability was noticed as early as [3], though it took some time to
reformulate Grothendieck polynomials in the context of exactly solvable lattice models
[19], where quantum integrability is most explicit. Recently, a large literature has
developed around these ideas [2, 7, 13, 14, 15]. In this work we focus on symmetric
Grothendieck polynomials (also called stable Grothendieck polynomials), i.e. the ones
that are related to the K-theory of Grassmannians [1], though we expect many of our
ideas to be applicable to more general (partial) flag varieties. We also consider their
duals, in the sense of product/coproduct duality.(1) We propose some new formulations
of both Grothendieck and dual Grothendieck in terms of certain “bosonic” exactly
solvable lattice models.

Let Λ be the ring of symmetric functions. Even though the elements of Λ are not
polynomials, by abuse of language we shall refer to them as polynomials, identifying
a symmetric function F with the corresponding symmetric polynomial F (x1, . . . , xn).
Schur polynomials sλ (where λ runs over all partitions) form an orthonormal basis of
Λ under the Hall inner product. The involution map ω, which sends ek (elementary
symmetric polynomials) to hk (complete homogeneous symmetric polynomials), maps
sλ to sλ′ where λ′ is the transpose of λ. Let Λ̃ be the completion of Λ, which is
obtained by allowing infinite linear combinations of sλ.

Grothendieck polynomials Gλ are non homogeneous symmetric polynomials; with
the appropriate choice of variables, Gλ = sλ + higher order terms. When the number

Manuscript received 18th December 2020, revised 2nd March 2022, accepted 7th March 2022.
Keywords. Grothendieck polynomials, Exactly solvable lattice models.

(1)These should not be confused with the dual Grothendieck polynomials that are e.g. considered
in [15]. The latter are dual w.r.t. the natural scalar product of K-theory. In contrast, ours are dual
w.r.t. the Hall inner product.

ISSN: 2589-5486 http://algebraic-combinatorics.org/
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of variables grows, their degree grows, so they must be considered as elements of Λ̃.
The structure constants cν

λ,µ defined by

GλGµ =
∑

ν

cν
λ,µGν ,

satisfy cν′

λ′,µ′ = cν
λ,µ [4, Ex. 9.20]. However the image of Gλ under ω is not Gλ′ . This

implies that the family of polynomials ω(Gλ′) has the same structure constants as
Grothendieck polynomials. We shall not be dealing with structure constants in this
paper, reserving them for subsequent work [5] and only mention them as motivation
for what follows.

In [8], Lam and Pylyavskyy defined dual Grothendieck polynomials (gλ) as certain
generating functions of reverse plane partitions. These polynomials are dual to Gλ

under the Hall inner product, and are of the form gλ = sλ + lower order terms.
Similarly to Grothendieck polynomials, the image of gλ under the involution map is
not gλ′ .

In [16], Yeliussizov introduced a two parameter version of Grothendieck polynomi-
als and their dual, which he called canonical Grothendieck polynomials and dual stable
canonical Grothendieck polynomials. For more detailed combinatorial properties and
definitions we refer the reader to [16]. Canonical Grothendieck polynomials and their
dual satisfy the following relations:

ω(G(α,β)
λ ) = G

(β,α)
λ′ ω(g(α,β)

λ ) = g
(β,α)
λ′ .

In this paper, we shall study two types of vertex models, based on the way partitions
are encoded, for both G

(α,β)
λ and g

(α,β)
λ . We call a vertex model a row model (resp.

column model) when the partitions are encoded by row (resp. column) multiplicities.
Section 2 is devoted to the former, Section 3 to the latter. All the models studied in
this paper appear to be new (see also [14]).

We then introduce (Section 4) generalised Grothendieck polynomials which are ob-
tained by attaching additional variables to the vertical lines of the underlying lattice
model. Along the process, we recover the generalised dual Grothendieck polynomials
defined by Yeliussizov [18].

In Section 5, we show that the transfer matrices of these lattice models satisfy re-
markable inversion relations. These show a deep connection between row and column
lattice models, thus embodying the involution ω at the level of transfer matrices. This
should be reminiscent of similar relations satisfied by the usual free fermionic vertex
operators related to Schur functions (see e.g. [20], or [19] and references therein);
indeed, our transfer matrices can be thought of as deformations of these vertex oper-
ators.

Finally, in Section 6, we show how “quantum integrability” in the form of RLL
relations immediately implies the Cauchy identities∑

λ

G
(−α,−β)
λ (x1, x2, . . . , xm)g(α,β)

λ (y1, y2, . . . , yn) =
∏

1⩽i⩽m,1⩽j⩽n

1
1 − xiyj

(1)

∑
λ

G
(−β,−α)
λ′ (x1, x2, . . . , xm)g(α,β)

λ (y1, y2, . . . , yn) =
∏

1⩽i⩽m,1⩽j⩽n

(1 + xiyj)(2)

for (generalised) Grothendieck polynomials and their duals. By specializing α = 0
and β = 1, we recover the Cauchy identity for Grothendieck polynomials and its dual
[9, 17]. Throughout this paper, α and β are constants and our results hold for all
values, with some intricacies for β = 0.

The appendix contains proofs of the RLL relations.

Algebraic Combinatorics, Vol. 6 #1 (2023) 110
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2. Row Vertex Models
2.1. Definition of Physical space. Let V r be an infinite dimensional vector space
with basis indexed by collections of nonnegative integers (mi)i∈Z>0 such that only a
finite number of mis are nonzero; we view it as a subspace of

⊗∞
i=1 Vi where each

Vi = Span(|0⟩ , |1⟩ , . . .) has a basis indexed by a single nonnegative integer:
V r = Span {|m1⟩ ⊗ |m2⟩ ⊗ |m3⟩ · · · } mi ⩾ 0, i ⩾ 1.(3)

We shall identify partitions with basis elements of V r. Given a partition λ, which
we view as a Young diagram, let |λ⟩ be the basis vector with integers

mi(λ) = number of rows of size i of λ

(hence the superscript r). For example, we identify the partition λ = (4, 4, 4, 3, 1) with
the basis element |1⟩ ⊗ |0⟩ ⊗ |1⟩ ⊗ |3⟩ ⊗ |0⟩ . . . of V r:

m1 m2 m3 m4 m5 m6 . . .

All the vertex models studied in this paper follow a general template. In order to
not repeat ourselves, we shall study this model in detail and then skip the general
arguments in other models.

2.2. Row vertex model for canonical Grothendieck polynomials.

2.2.1. Conventions. We use the standard diagrammatic formalism to interpret lattice
models in terms of linear operators. We briefly review it here, and fix conventions.

All our lattice models are defined on some domain of the plane which consists of
edges and vertices of valency 4. Edges traverse vertices to form lines, which are given
a certain orientation: in all that follows, the domain is a (rectangular) region of the
square lattice, so that lines can be either horizontal (also called “auxiliary” lines), in
which case they are oriented left to right, or vertical (also called “physical” lines), in
which case they are oriented bottom to top.

To each line is associated a vector space, and juxtaposition of lines corresponds to
tensor product (the order of the factors is the order of the incoming external lines).
These vector spaces come equipped with a basis labelled by the various states that
edges of the lattice model carry. In our case, vertical lines are numbered 1, 2, . . . from
left to right, and vertical edges carry a nonnegative integer, so that to vertical line
numbered i we assign the vector space Vi (and collectively they form the “physical
space” V r). Horizontal edges can carry either labels 0, 1, in which case we call the
horizontal line fermionic and assign to it a space F ∼= C2 (possibly adding a subscript
to distinguish the various horizontal lines), or it can carry a nonnegative integer
(bosonic line), in which case we call the corresponding vector space W . Graphically,
when the auxiliary line is fermionic, we draw thin lines. When they are bosonic, we
draw thick lines.
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Finally, an important convention is that we transpose all linear operators in order
to facilitate reading expressions from left to right; this means that if incoming lines at
a vertex form A⊗B and outgoing lines form C ⊗D, then to the vertex is associated a
linear operator from C ⊗D to A⊗B. We hope that this does not cause any confusion.

2.2.2. Definition of the L matrix. In this subsection, the auxiliary line is fermionic. To
every vertex we assign a (Boltzmann) weight that depends on the local configuration
(i.e. states of the edges) around it. The weights are given as follows:

wx

 a c

b

d
 ≡ wx(a, b; c, d) = δa+b,c+d


x

1−αx when a = 1,
1+βx
1−αx when a = 0 and b ̸= 0,

1 a, b, c, d = 0,

(4)

where a, c ∈ {0, 1}, and b, d ∈ Z⩾0.
Let us now represent the vertices graphically with their Boltzmann weights written

below them.

(5)
0 0

0

0

1

0 0

m

m

1+βx
1−αx

0 1

m

m−1

1+βx
1−αx

1 0

m

m+1

x
1−αx

1 1

m

m

x
1−αx

The corresponding linear operator is the so-called L matrix; it acts on Fi ⊗ Vj ,
where Fi = span{|0⟩ , |1⟩}. Let us first define annihilation and creation operators, ϕj

and ϕ†
j , acting on the jth factor Vj of V r:

ϕj |m⟩ = |m − 1⟩ ϕ†
j |m⟩ = |m + 1⟩

ϕj |0⟩ = |0⟩ .

Then

Li,j(x) = 1
1 − αx

(
δ0,m(1 − αx) + (1 − δ0m)(1 + βx) (1 + βx)ϕj

xϕ†
j x

)
.(6)

We shall now define dual L matrices, L∗. We obtain L∗ by flipping the vertices
upside down and replacing 0′s with 1′s and vice versa on the horizontal edges.

1 1

0

0

1

1 1

m

m

1+βx
1−αx

1 0

m−1

m

1+βx
1−αx

0 1

m+1

m

x
1−αx

0 0

m

m

x
1−αx

(7)

Then define L∗ acting on Fi ⊗ Vj as follows:

L∗
i,j(x) = 1

1 − αx

(
x xϕ†

j

(1 + βx)ϕj δ0,m(1 − αx) + (1 − δ0m)(1 + βx)

)
.(8)

2.2.3. R-matrix and Yang–Baxter relations. Consider the vector spaces Fi, Fj where
i < j. Then we define a R-matrix which acts linearly on Fi ⊗ Fj as follows,

Ri,j(xi, xj) : |a⟩ ⊗ |b⟩ 7→
∑

c,d where a+b=c+d

Ra,d
b,c (xi, xj) |c⟩ ⊗ |d⟩ .
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Graphically, we represent the entry Ra,d
b,c as

a

cb

d
. We now give the R matrix

that underpins the integrability of the vertex model presented above. For convenience,
let us represent |0⟩ and |1⟩ of F as empty or occupied:

Ri,j(x, y) =



0 0 0

0 0

0 0

0 0 0


ij

=


1 0 0 0

0 0 (1+βx)
(1+βy)

y
x 0

0 1 1 − (1+βx)
(1+βy)

y
x 0

0 0 0 1


ij

∈ End(Fi ⊗ Fj).

(9)

One recognizes this as the R-matrix of the five-vertex model [6] with spectral param-
eter x

1−βx . It can be obtained as a limit of the R matrix of the stochastic six-vertex
model where the quantum parameter is sent to 0.(2)

Together with the Li,n and Lj,n matrices, Rij satisfies the RLL relation in End
(Fi ⊗ Fj ⊗ Vn):
(10)

Rij(x, y)Li,n(x)Lj,n(y) = Lj,n(y)Li,n(x)Rij(x, y)

 x

y
=

y

x

 .

We skip the proof of the above equation; it is best checked by computer with symbolic
calculation software.

2.2.4. Transfer matrices. We shall now build a vertex model based on the L-matrix
above. It is convenient to depict a single row of the model as in the following picture:

w({i1, i2, . . . }; {k1, k2, . . . }) = ∗ 0

i1

k1

i2

k2

i3

k3

· · ·

· · ·

where the ∗ on the left means that we are summing over all possible states. Even
though we are considering an infinitely large row of vertices, the weight is uniquely
defined. To see this, fix the labels on the top and bottom. Since there are only finitely
many non zero labels on top and bottom, sufficiently far to the right the horizontal
labels are constant, and we choose them to be 0s. Graphically, we show this by assign-
ing 0 to the horizontal edge on the far right. Then, when the bottom and top labels
are fixed, there is a unique configuration because of the local conservation around
every vertex.

We now define the corresponding transfer matrix T which acts linearly on V r as
follows,

T (x) : |i1⟩ ⊗ |i2⟩ ⊗ · · · 7→
∑

k1,k2...⩾0
w({i1, i2, . . . }; {k1, k2, . . . }) |k1⟩ ⊗ |k2⟩ ⊗ · · ·.(11)

(2)The L-matrices (6) and (8) can presumably be obtained as a similar limit of the R-matrix of
Uq(ŝl(2)) where the vertical space is a suitable Verma module representation [11].
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One can rewrite it in terms of the L-matrix as

(12) T (x) = lim
n→∞

⟨∗| L01(x)L02(x) . . . L0n(x) |0⟩

where the vector space attached to the horizontal line is labelled 0 by the subscript,
whereas the vertical lines are labelled 1, 2, . . .. Here |0⟩ is the basis vector of the hori-
zontal space, whereas ⟨∗| is the sum of basis vectors of the dual of the horizontal space.
The limit is entry-wise and is well-defined because of the aforementioned uniqueness
of the configuration.

Similarly, we can define the dual transfer matrices T ∗:

(13) T ∗(x) : |i1⟩⊗ |i2⟩⊗ · · · 7→
∑

k1,k2,···⩾0
w∗({i1, i2, . . . }; {k1, k2, . . . }) |k1⟩⊗ |k2⟩⊗ · · ·

where the right boundary is fixed to be 1:

w∗({i1, i2, . . . }; {k1, k2, . . . }) = ∗ 1

i1

k1

i2

k2

i3

k3

· · ·

· · ·
.

Equivalently,

(14) T ∗(x) = lim
n→∞

⟨∗| L∗
01(x)L02(x) . . . L∗

0n(x) |1⟩ .

Throughout this paper we use the same conventions to define transfer matrices.

2.2.5. Commutation relation of the transfer matrices. Observe that the sum of the
entries in a column of the R matrix is always 1. This means that the state which is
the sum of all possible states is an eigenvector of the R matrix with eigenvalue 1. This
property can reinterpreted as the fact that the partition function of a single vertex
with fixed boundaries on the right and free boundary on the left is always 1:

∗

∗y

x

=
∗

∗y

x

.

Consider the product of two transfer matrices, T (x) and T (y). Graphically, taking
the product amounts to stacking the two row to row transfer matrices one upon the
other. Observe that the boundary on the left is free and for sufficiently large n, the
boundary on the right is fixed. Recall that an edge with ∗ is a free boundary. Thus
T (x)T (y) is

∗ 0

∗ 0

i1

k1

i2

k2

i3

k3

i4

k4

i5

k5

...

...

x

y

.

Now multiply T (x)T (y) on the left by R(x, y), and apply the RLL relation finitely
many times:

∗
0∗
0

i1

k1

i2

k2

i3

k3

i4

k4

i5

k5

...

...

x

y
=

k1

i1

∗
0∗
0

k3

i3

k4

i4

k5

i5

...

...

=
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∗
0

0
0∗ 0

0
0

i1

k1

i2

k2

i3

k3

i4

k4

i5

k5 ...

......

...

y

x

= ∗
0

0∗ 0

0

i1

k1

i2

k2

i3

k3

i4

k4

i5

k5

...

...

y

x

.

Sufficiently far to the right, we are left with a cross where all edges are labelled 0:

0

00

0

y

x

=
0 0

0 0y

x

and the corresponding entry of the R matrix is 1. Thus we get T (y)T (x):

∗ 0

∗ 0

i1

k1

i2

k2

i3

k3

i4

k4

i5

k5

...

...

y

x

.

2.2.6. Canonical Grothendieck polynomials. Given that the transfer matrices com-
mute, the polynomials defined using them are invariant under permutation of the
variables. It is also easy to see that T (0) = 1, so that these polynomials satisfy the
stability property which makes them an element of Λ̃. We now prove that the poly-
nomials defined using T are canonical Grothendieck polynomials.

Before we prove it, let us recall the branching formula for G
(α,β)
λ from [16, Propo-

sition 8.8]. For a partition λ = (λ1, λ2, λ3, . . . ), denote λ̄ = (λ2, λ3, . . . ).
We have

G
(α,β)
λ (x1, . . . , xn, xn+1) =

∑
λ/µ hor. strip

G(α,β)
µ (x1, . . . , xn)G(α,β)

λ//µ (xn+1),(15)

and

G
(α,β)
λ//µ (x) =

(
x

1 − αx

)|λ/µ|(1 + βx

1 − αx

)r(µ/λ̄)
,(16)

where r(λ/µ) is the number of non zero rows of λ/µ. We shall take this branching
formula as the definition of G

(α,β)
λ .

Remark 2.1. In order to dispel any confusion, we point out that Gλ//µ(x1, . . . , xn)
polynomials are not the same as skew Grothendieck polynomials Gλ/µ. For a
simple counter example, observe that for any partition λ, we have G

(α,β)
λ//λ (x) =(

1 + βx

1 − αx

)r(λ/λ̄)
̸= G

(α,β)
λ/λ (x) = 1.
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Let us now look at an example to understand r(µ/λ̄). Consider the partitions
λ = (4, 3, 2, 1) and µ = (3, 2, 2, 1). Then λ̄ = (3, 2, 1) and r(µ/λ̄) = 2:

µ/λ̄ =

1 2 1 0 0

1 1 1 1 0

0 0 1 1 0 0

µ

λ

λ/µ =

.

We can alternatively formulate r(µ/λ̄) as the number of removable boxes of µ that
do not lie in the same column as any box of λ/µ.

As a consequence of recording partitions with row multiplicities, every vertex with
a non zero label on the bottom edge corresponds to a removable box of µ. If a box is
added to the ith column of µ, then the removable box corresponding to that vertex at
site i will be in the same column as the new box. So r(µ/λ̄) is precisely the number
of vertices with zero label on the left edge and a non zero label on the bottom edge.

Theorem 2.2. The canonical Grothendieck polynomials G
(α,β)
λ (x) are given by

G
(α,β)
λ (x1, . . . , xn) = ⟨0| T (x1) . . . T (xn) |λ⟩(17)

G
(α,β)
λ (x1, . . . , xn) = ⟨λ| T ∗(xn) . . . T ∗(x1) |0⟩(18)

where |λ⟩ =
⊗∞

i=1 |mi(λ)⟩, and similarly for the dual state ⟨λ|.

Proof. We shall prove (17), and (18) follows immediately as a consequence of the way
we defined the L∗ matrix. Fix λ, then we can just consider the finite transfer matrix
of size λ1. Inserting a complete set of states before the final transfer matrix, we have
the following branching formula

G
(α,β)
λ (x1, . . . , xn, x) =

∑
µ

⟨0| T (x1) . . . T (xn) |µ⟩ ⟨µ| T (x) |λ⟩ .

On comparing the branching formula for G
(α,β)
λ (eq. (15)), it is enough to show

G
(α,β)
λ//µ (x) = ⟨µ| T (x) |λ⟩. Recall that for a horizontal strip λ/µ, we have

G
(α,β)
λ//µ (x) =

(
x

1 − αx

)|λ/µ|(1 + βx

1 − αx

)r(µ/λ̄)
.

Based on the vertices that we used to define T , one easily observes that
⟨µ| T (x) |λ⟩ ≠ 0 if and only if λ/µ is a horizontal strip. The label 1 on the left
edge at site i amounts to adding a box in the ith column from the left. For every
such vertex, we get a factor of x

1−αx . From our previous analysis, we see that r(µ/λ̄)
is exactly the number of vertices with the label 0 on the left edge and a non zero
label on the bottom edge, where each such vertex has a weight of 1+βx

1−αx . □
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Example 2.3. For partition λ = (1, 0) we have the following two possible configura-
tions on the left, each with a unique configuration on the interior.

1
0 0

0

0
0 0

0

0

1

1

0

0

0

0

0

0

x1

x2

0
0 0

0

1
0 0

0

0

0

1

0

0

0

0

0

0

Therefore,

G
(α,β)
λ (x1, x2) =

(
x1

1 − αx1

)(
1 + βx2

1 − αx2

)
+
(

x2

1 − αx2

)
.

Example 2.4. For partition λ = (2, 0), we have the following configurations.

1
1 0

0

0
0 0

0

0

0

0

0

1

1

0

0

0

x1

x2

1
0 0

0

0
1 0

0

0

1

0

0

0

1

0

0

0

0
0 0

0

1
1 0

0

0

0

0

0

0

1

0

0

0

G
(α,β)
λ (x1, x2) =(

x1

1 − αx1

)2(1 + βx2

1 − αx2

)
+
(

x1

1 − αx1

)(
x2

1 − αx2

)(
1 + βx2

1 − αx2

)
+
(

x2

1 − αx2

)2

Example 2.5. For the partition λ = (1, 1), there is a unique configuration, where the
overall weight is the polynomial G

(α,β)
(1,1) (x1, x2).

1
0 0

0

1
0 0

0

0

1

2

0

0

0

0

0

0

x1

x2

G
(α,β)
λ (x1, x2) =

(
x1

1 − αx1

)(
x2

1 − αx2

)
.

2.3. Row vertex model for dual canonical Grothendieck polynomials. In
this section, we consider a similar vertex model as the one introduced in Section 2.2,
but with a bosonic auxiliary line. This means that that we shall associate an infinite
dimensional vector space to the values a horizontal line can carry. The Boltzmann
weights of the vertices are the following:

wx

 a c

b

d
 ≡ wx(a, b; c, d) = δa+b,c+d


(α + β)a−d−1(x + α)βd a > d,

βa−1x 0 < a ⩽ d,

1 a = 0,

(19)

where a, b, c, d ∈ Z⩾0.
Let W = Span{|j⟩}j∈Z⩾0 be an infinite dimensional vector space, and for 1 ⩽ i ⩽ n,

let Wi be a copy of W . Then we define an l matrix which acts linearly on Wi ⊗ Vj as
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follows:

li,j (xi) : |a⟩ ⊗ |b⟩ 7→
∑

c,d where a+b=c+d

wxi

(
a, b; c, d

)
|c⟩ ⊗ |d⟩ .(20)

Let w({i1, i2, . . . }; {k1, k2, . . . }) be the weight of single row of vertices.

w({i1, i2, . . . }; {k1, k2, . . . }) = ∗ 0

i1

k1

i2

k2

i3

k3

· · ·

· · ·
.

We define the transfer matrix t which acts linearly on V r as follows:

t(x) : |i1⟩ ⊗ |i2⟩ ⊗ · · · 7→
∑

k1,k2...⩾0
w({i1, i2, . . . }; {k1, k2, . . . }) |k1⟩ ⊗ |k2⟩ ⊗ · · ·.(21)

As the horizontal lines are bosonic, we represent the r-matrix as a cross of thick

lines


 . Consider the vector spaces Wi, Wj where i < j. Define an r-matrix

which acts linearly on Wi ⊗ Wj as follows:

ri,j(xi, xj) : |a⟩ ⊗ |b⟩ 7→
∑

c,d where a+b=c+d

ra,d
b,c (xi, xj) |c⟩ ⊗ |d⟩ .(22)

where the entries of r-matrix here are the following:

ra,d
b,c (x, y) =

a

cb

d
= δa+b,c+d



0 b > c

1 b = c = 0
y

x
b = c > 0(

1 − y

x

)(
1 − y

β

)a−d−1
b = 0, c ̸= 0(

1 − y

x

)(
1 − y

β

)a−d−1(
y

β

)
b > 0, b < c.

(23)

Together with matrices li,n and lj,n, rij satisfies the RLL relation in End (Wi ⊗
Wj ⊗ Vn) (see Appendix A.2):
(24)

rij(x, y)li,n(x)lj,n(y) = lj,n(y)li,n(x)rij(x, y)

 x

y
=

y

x

 .

Remark 2.6. Observe that the r matrix is not defined at β = 0. However, the weights
(19) for the l-matrix force all horizontal labels to be 0 or 1 as β is sent to zero, and
such entries of the r-matrix are well defined. We shall also study a different model for
g

(α,β)
λ polynomials when β = 0 in Section 3.4.

2.3.1. Eigenvector of the r-matrix. We proceed as in the previous section, showing
the state which is sum of all the possible states is an eigenvector of the r-matrix.
We show this by computing the partition function of a single vertex with fixed right
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boundary and free left boundary:

Z(c, d) =
∗

c∗

d

(where c, d are non negative integers) is constant and equal to 1.
We compute:

Z(c, d) =
c∑

i=0

c + d − i

ci

d

=
c + d

c0

d

+
c−1∑
i=1

c + d − i

ci

d

+
d

cc

d

=
(

1 − y

x

)(
1 − y

β

)c−1
+

c−1∑
i=1

(
1 − y

x

)(
1 − y

β

)c−i−1(
y

β

)
+ y

x

=
(

1 − y

x

)(
1 − y

β

)c−1
+ y

β

1 − y

x

1 − y

β

 c−1∑
i=1

(
1 − y

β

)i

+ y

x

=
(

1 − y

x

)(
1 − y

β

)c−1
+ y

β

1 − y

x

1 − y

β


(

1 − y

β

)(
1 −

(
1 − y

β

)c−1
)

1 −
(

1 − y

β

) + y

x

=
(

1 − y

x

)(
1 − y

β

)c−1
+
(

1 − y

x

)(
1 −

(
1 − y

β

)c−1
)

+ y

x

=
(

1 − y

x

)(
1 − y

β

)c−1
+
(

1 − y

x

)
−
(

1 − y

x

)(
1 − y

β

)c−1
+ y

x

= 1.

By repeating the same argument as in Section 2.2.5, we get the commutation
relation of the transfer matrices,

t(x)t(y) = t(y)t(x).

Therefore, the polynomials defined using t are invariant under permutation of vari-
ables.

2.3.2. Canonical dual Grothendieck polynomials. In order to formulate the branching
formula for g

(α,β)
λ , we need to establish some statistics on partitions.

For a skew-partition λ/µ, define

r(λ/µ) = number of non zero rows,
c(λ/µ) = number of non zero columns,
b(λ/µ) = number of connected components.
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Let us now recall the branching formula of g
(α,β)
λ from [16, Theorem 8.6]. For λ, µ,

we have
g

(α,β)
λ (x1, . . . , xn, xn+1) =

∑
µ⊆λ

g(α,β)
µ (x1, . . . , xn)g(α,β)

λ/µ (xn+1),(25)

where

(26) g
(α,β)
λ/µ (x) =

βr(λ/µ)−b(λ/µ)(α + β)|λ/µ|−r(λ/µ)−c(λ/µ)+b(λ/µ)xb(λ/µ)(α + x)c(λ/µ)−b(λ/µ)

whenever µ ⊆ λ and 0 otherwise.
We shall use this branching formula as the definition of g

(α,β)
λ . Let us compute

some examples to understand the above statistics.
λ/µ=(4,3,2,2,1)/(2,2,2) λ/µ=(4,3,3,2,1)/(2,2,2) λ/µ=(4,3,3,3,1)/(2,2,2)

r(λ/µ) = 4
c(λ/µ) = 4
b(λ/µ) = 2

r(λ/µ) = 5
c(λ/µ) = 4
b(λ/µ) = 2

r(λ/µ) = 5
c(λ/µ) = 4
b(λ/µ) = 1

0 3 0 0

1 2 1 1

2 1 2 1 0

µ

λ

0 3 0 0

1 1 2 1

2 1 3 1 0

µ

λ

0 3 0 0

1 0 3 1

2 1 4 1 0

µ

λ

Let us unpack the information contained at a vertex. Consider a vertex a c

b

d
 at site i. The label on the left edge a corresponds to adding a

boxes to the ith column of µ. The label d is the number rows of λ with size i. We
want to understand number of row of size i in λ/µ. There are three types of vertices,
b < c, b > d, and b = c. Let us look at the labels on the ith column of λ/µ in terms
of the Young diagrams.

case: b < c

b
c

a
d

case: b > c

b

c

a

d

case: b = c

b c

a d
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From the above pictures, it is evident that the number of non zero rows of size
i in λ/µ is min(a, d). Also observe that, in the last two cases, the skew diagram is
disjoint. Therefore, the number of connected components is the number of vertices
where b > c or b = c. Finally, the ith column of λ/µ is non zero if and only if some
boxes are added to it, i.e. when a ̸= 0.

Theorem 2.7. The dual canonical Grothendieck polynomials g
(α,β)
λ (x) are given by

g
(α,β)
λ (x1, . . . , xn) = ⟨0| t(x1) . . . t(xn) |λ⟩(27)

where |λ⟩ =
⊗∞

i=1 |mi(λ)⟩.

Proof. On comparing with the branching formula (25), it enough to show that for
µ ⊆ λ,

g
(α,β)
λ/µ (x) = ⟨µ| t(x) |λ⟩ .

Recall that for µ ⊆ λ, we have

g
(α,β)
λ/µ (x) =

βr(λ/µ)−b(λ/µ)(α + β)λ/µ−r(λ/µ)−c(λ/µ)+b(λ/µ)xb(λ/µ)(α + x)c(λ/µ)−b(λ/µ)
.

Let us study the exponent of β in ⟨µ| t(x) |λ⟩. Recall that the number of rows of
size i in λ/µ is min(a, d). The connected components are recorded by vertices where
b ⩾ c. Therefore, by assigning the weight βd when b < c and βa−1 whenever b ⩾ c,
we get the exponent of β in the overall weight as r(λ/µ) − b(λ/µ), which is precisely
the exponent of β in g

(α,β)
λ (x). Similarly, by doing the same for the other factors, one

recovers the Boltzmann weights. □

Example 2.8. For the partition λ = (1, 0) we have the following two configurations
corresponding to

1
0 0

0

0
0 0

0

0

1

1

0

0

0

0

0

0

x1

x2

0
0 0

0

1
0 0

0

0

0

1

0

0

0

0

0

0

g
(α,β)
λ (x1, x2) = x1 + x2.

Example 2.9. For the partition λ = (2, 0), we have

1
1 0

0

0
0 0

0

0

0

0

0

1

1

0

0

0

x1

x2

1
0 0

0

0
1 0

0

0

1

0

0

0

1

0

0

0

0
0 0

0

1
1 0

0

0

0

0

0

0

1

0

0

0

g
(α,β)
λ (x1, x2) = (x1 + α)x1 + x1x2 + (x2 + α)x2 = x2

1 + x1x2 + x2
2 + α(x1 + x2).

Example 2.10. For the partition λ = (1, 1), we have

2
0 0

0

0
0 0

0

0

2

2

0

0

0

0

0

0

x1

x2

1
0 0

0

1
0 0

0

0

1

2

0

0

0

0

0

0

0
0 0

0

2
0 0

0

0

0

2

0

0

0

0

0

0
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g
(α,β)
λ (x1, x2) = βx1 + x1x2 + βx2 = x1x2 + β(x1 + x2).

Example 2.11. For the partition λ = (2, 1), we have

2
0 0

0
1 0

0

2

1

0

0

1

x1

x2

1
0 0

1
1 0

0

1

1

0

0

1

1
1 0

1
0 0

0

0

1

0

1

1

0
0 0

2
1 0

0

0

1

0

0

1

2
1 0

0
0 0

0

1

1

0

1

1

g
(α,β)
λ (x1, x2) = βx1x2 + x1x2

2 + (x1 + α)x1x2 + (x2 + α)βx2 + (x1 + α)βx1.

3. Column Vertex Models
3.1. Definition of Physical space. Recall that we identify partitions with basis
elements of V r by recording row multiplicities. In this section, for the physical space,
we use the same vector space (V r) that we used in the earlier section. We shall denote
it by V c. Even though V c and V r are identical, we distinguish them by the way we
identify the partitions with the basis elements.

V c = Span {|mc
1⟩ ⊗ |mc

2⟩ ⊗ |mc
3⟩ · · · } mc

i ⩾ 0, i ⩾ 1.(28)

Given a partition, which we view as Young diagram, let |λc⟩ be the basis vector
with integers

mc
i (λ) = number of columns of size i of λ.

For example, we identify the partition λ = (5, 4, 4, 3) with the basis element |1⟩ ⊗
|0⟩ ⊗ |1⟩ ⊗ |3⟩ ⊗ |0⟩ . . . of V c:

m1

m2

m3

m4

m5

m6

...

It is useful to note that mc
i (λ) = mr

i (λ′).

3.2. Column vertex model for canonical Grothendieck polynomials.

3.2.1. Definition of L̃-matrix and R̃ matrix. The main difference of the model consid-
ered in this section from the row model of G

(α,β)
λ is that the horizontal line can now

carry any non negative integer. For every vertex, we assign the Boltzmann weights in
the following way:

(29) wx

 a c

b

d
 ≡ wx(a, b; c, d) = δa+b,c+d


(

x
1−αx

)a

b = c(
x

1−αx

)a ( 1+βx
1−αx

)
b > c

0 b < c
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where a, b, c, d are non negative integers. Let W = Span{|j⟩}j∈Z⩾0 be an infinite
dimensional vector space, and for 1 ⩽ i ⩽ n, let Wi be a copy of W . Let Vj

∼= W be
another copy. Then we define a L̃ matrix which acts linearly on Wi ⊗ Vj as follows:

(30) L̃i,j (xi) : |a⟩ ⊗ |b⟩ 7→
∑

c,d where a+b=c+d

wxi

(
a, b; c, d

)
|c⟩ ⊗ |d⟩ .

Let w({i1, i2, . . . }; {k1, k2, . . . }) be the weight of single row of vertices:

w({i1, i2, . . . }; {k1, k2, . . . }) = ∗ 0

i1

k1

i2

k2

i3

k3

· · ·

· · ·
.

We now define the transfer matrix T̃ which acts linearly on V c as follows,

T̃ (x) : |i1⟩ ⊗ |i2⟩ ⊗ · · · 7→
∑

k1,k2...⩾0
w({i1, i2, . . . }; {k1, k2, . . . }) |k1⟩ ⊗ |k2⟩ ⊗ · · ·.(31)

Consider the vector spaces Wi, Wj where i < j. Then we define an R-matrix which
acts linearly on Wi ⊗ Wj as follows,

R̃i,j(xi, xj) : |a⟩ ⊗ |b⟩ 7→
∑

c,d where a+b=c+d

R̃ad
bc (xi, xj) |c⟩ ⊗ |d⟩ ,(32)

where the entries are:

R̃a d
b c (x, y) =

a

cb

d
=


x

1 − αx
y

1 − αy


a


0 when b < c

1 when b = c
1

1 − αx
− x

(1 − αx)y otherwise.

Together with L̃i,n and L̃j,n matrices, R̃ij satisfies the RLL relation in End (Wi ⊗
Wj ⊗ Vn) (see Appendix A.1):
(33)

R̃ij(x, y)L̃i,n(x)L̃j,n(y) = L̃j,n(y)L̃i,n(x)R̃ij(x, y)

 x

y
=

y

x

 .

3.2.2. Eigenvector of the R̃ matrix. As in the previous section, we show that the
partition function with single vertex and fixed right boundary and free boundary
condition on the left

Z(c, d) =
∗

c∗

d
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(where c, d are nonnegative integers) is constant and equal to 1. We compute:

Z(c, d) =
d∑

i=0

i

cc + d − i

d

=
(

1
1 − αx

− x

(1 − αx)y

) d−1∑
i=0

(
x(1 − αy)
y(1 − αx)

)i

+
(

x(1 − αy)
y(1 − αx)

)d

=
(

y − x

y(1 − αx)

)
1 −

(
x(1 − αy)
y(1 − αx)

)d

1 −
(

x(1 − αy)
y(1 − αx)

)
+

(
x(1 − αy)
y(1 − αx)

)d

= 1.

By repeating the same argument as in Section 2.2.5, we get the commutation
relation of the transfer matrices:

T̃ (x)T̃ (y) = T̃ (y)T̃ (x).
Therefore, the polynomials defined using t are invariant under permutation of vari-
ables.

3.2.3. Canonical Grothendieck polynomials. Given that the transfer matrices com-
mute, the polynomials defined using T̃ are invariant under permutation of variables.
We now prove that the polynomials defined using T are canonical Grothendieck poly-
nomials.

Theorem 3.1. The canonical Grothendieck polynomials G
(α,β)
λ (x) are given by

G
(α,β)
λ (x1, . . . , xn) = ⟨0| T̃ (x1) · · · T̃ (xn) |λc⟩(34)

where |λc⟩ =
⊗∞

i=1 |mc
i (λ)⟩.

Example 3.2. Let us observe some examples to understand r(µ/λ̄).
λ/µ=(5,3,1)/(4,2) λ/µ=(5,4,1)/(4,2) λ/µ=(5,4,2)/(4,2)

r(µ/λ̄) = 2 r(µ/λ̄) = 1 r(µ/λ̄) = 0

2 2 0 0

2 2 1 0
1 1 1 0 0

µc

λc

2 2 0 0

1 3 1 0
1 2 1 0 0

µc

λc

2 2 0 0

1 2 2 0
1 2 2 0 0

µc

λc

Proof. Let us now understand the local configuration of vertices of this model. Con-

sider a vertex

 a c

b

d
 at site i. The label a corresponds to adding a boxes to

ith row of µ. By recording the left nodes, we get λ/µ. Then, in-order to get a hori-
zontal strip, the number of boxes that can be added to ith row should be at most b.
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When c < b, we have a removable box in ith row that is not in the same column with
any box of λ/µ. Therefore, r(µ/λ̄) is precisely the number of vertices where c < b.

Following the reasoning in Theorem 2.2, it is enough to show that ⟨uc| T̃ (x) |λc⟩ =
G

(α,β)
λ//µ for a horizontal strip λ/µ. Recall that for a horizontal strip, we have

G
(α,β)
λ//µ (x) =

(
x

1 − αx

)|λ/µ|(1 + βx

1 − αx

)r(µ/λ̄)
.

Observe that ⟨uc| T̃ (x) |λc⟩ ≠ 0 if and only if λ/µ is a horizontal strip. From the above
analysis and the way Boltzmann weights are defined, the proof is now immediate. □

Example 3.3. For the partition λ = (2, 0), we have

2
0 0

0

0
0 0

0

0

2

2

0

0

0

0

0

0

x1

x2

1
0 0

0

1
0 0

0

0

1

2

0

0

0

0

0

0

0
0 0

0

2
0 0

0

0

0

2

0

0

0

0

0

0

G
(α,β)
λ (x1, x2) =(

x1

1 − αx1

)2(1 + βx2

1 − αx2

)
+
(

x1

1 − αx1

)(
x2

1 − αx2

)(
1 + βx2

1 − αx2

)
+
(

x2

1 − αx2

)2
.

Example 3.4. For the partition λ = (1, 1), we have

1
0 0

0

0
1 0

0

0

1

0

0

0

1

0

0

0

x1

x2

G
(α,β)
λ (x1, x2) =

(
x1

1 − αx1

)(
x2

1 − αx2

)
.

3.3. Column vertex model dual canonical Grothendieck polynomials.

3.3.1. Definition of l̃-matrix and r̃-matrix. We consider the same vertex model as row
model of g

(α,β)
λ , but with different Boltzmann weights. For every vertex, we assign the

Boltzmann weights in the following way:

wx

 a c

b

d
 ≡ wx(a, b; c, d) = δa+b,c+d


(α + β)a−d−1β(x + α)d 0 < a > d

x(x + α)a−1 0 < a ⩽ d

1 a = 0,

(35)

where a, b, c, d ∈ Z⩾0. Let W = Span{|j⟩}j∈Z⩾0 be an infinite dimensional vector
space, and for 1 ⩽ i ⩽ n, let Wi be a copy of W . Let Vj

∼= Wi be a vector space. Then
we define a l̃-matrix which acts linearly on Wi ⊗ Vj as follows,

l̃i,j (xi) : |a⟩ ⊗ |b⟩ 7→
∑

c,d where a+b=c+d

wxi

(
a, b; c, d

)
|c⟩ ⊗ |d⟩ .(36)
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As usual, let w({i1, i2, . . . }; {k1, k2, . . . }) be the weight of single row of vertices.

w({i1, i2, . . . }; {k1, k2, . . . }) = ∗ 0

i1

k1

i2

k2

i3

k3

· · ·

· · ·
.

We now define the transfer matrix t which acts linearly on V c as follows:

t̃(x) : |i1⟩ ⊗ |i2⟩ ⊗ · · · 7→
∑

k1,k2...⩾0
w({i1, i2, . . . }; {k1, k2, . . . }) |k1⟩ ⊗ |k2⟩ ⊗ · · ·.(37)

Consider the vector spaces Wi, Wj where i < j. Then we define a r̃-matrix which
acts linearly on Wi ⊗ Wj as follows:

r̃i,j(xi, xj) : |a⟩ ⊗ |b⟩ 7→
∑

c,d where a+b=c+d

r̃a,d
b,c (xi, xj) |c⟩ ⊗ |d⟩ .(38)

where the entries are the following:

r̃k,l
i,j (x, y) =

k

ji

l

=



0 i < j

1 k = l = 0
x

y

(
y + α

x + α

)1−k

k = l > 0(
1 − x

y

)
k = 0

x

y

(
y + α

x + α
− 1
)(

y + α

x + α

)−k

k > 0.

(39)

Together with matrices l̃i,n and l̃j,n , r̃ij satisfies the RLL relation in End (Wi ⊗
Wj ⊗ Vn) (see Appendix A.3).
(40)

r̃ij(x, y)l̃i,n(x)l̃j,n(y) = l̃j,n(y)l̃i,n(x)r̃ij(x, y)

 x

y
=

y

x

 .

3.3.2. Eigenvector of the r̃ matrix. We proceed as in previous sections, computing the
partition function of a single vertex with fixed right boundary with the Boltzmann
weights of r̃ matrix. We claim that for any non-negative integers c, d,

Z(c, d) =
∗

c∗

d

the partition function is constant and is equal to 1. Let us first consider the case
where d = 0. Then there is a unique vertex as the bottom left entry should be greater
than or equal to c and also should satisfy the conservation. The weight of the unique
configuration is 1.

Z(c, 0) =
0

cc

0
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We now compute for the case where d > 0:

Z(c, d) =
d∑

i=0

i

cc + d − i

d

=
0

cc + d

d

+
d−1∑
i=1

i

cc + d − i

d

+
d

cc

d

=
(

1 − x

y

)
+ x

y

(
y + α

x + α
− 1
) d−1∑

i=1

(
x + α

y + α

)i

+ x

y

(
x + α

y + α

)d−1

=
(

1 − x

y

)
+ x

y

(
1 −

(
x + α

y + α

)d−1
)

+ x

y

(
x + α

y + α

)d−1

= 1.

Using the argument in Section 2.2.5, we get the commutation relation of the transfer
matrices,

t̃(x)t̃(y) = t̃(y)t̃(x).
Therefore, the polynomials defined using t̃ are invariant under permutation of vari-
ables.

3.3.3. Dual canonical Grothendieck polynomials. Recall that for a skew-partition λ/µ,
we have

r(λ/µ) = number of non zero rows,
c(λ/µ) = number of non zero columns,
b(λ/µ) = number of connected components.

We shall unpack the information contained at a vertex like we did in the case of

row model of g
(α,β)
λ . Consider a vertex

 a c

b

d
 at site i. The label on the left

edge a, corresponds to adding a boxes to the ith row of µ. The label d, is the number
columns of λ with size i. We want to understand number of columns of size i in λ/µ.
There are three types of vertices, b < c, b > d, and b = c. Let us look at the labels on
ith row of λ/µ in-terms of the Young diagram.

case: b < c

b a

c

d

case: b > c

b a

c

d

case: b = c

b a

c

d

It is evident from the pictures that the number of non zero columns of size i in
λ/µ is min(a, d). Also, observe that the vertices where b ⩽ c detect the number of
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connected components. The number of non empty rows in λ/µ is equal to the number
of vertices where a ̸= 0.

Theorem 3.5. The dual canonical Grothendieck polynomials g
(α,β)
λ (x) are given by

g
(α,β)
λ (x1, . . . , xn) = ⟨0| t̃(x1) . . . t̃(xn) |λc⟩(41)

where |λc⟩ =
⊗∞

i=1 |mc
i (λ)⟩.

Proof. Following the reasoning as in Theorem 2.2, it enough to show that for µ ⊆ λ,

g
(α,β)
λ/µ (x) = ⟨µc| t(x) |λc⟩ .

Recall that for µ ⊆ λ, we have

g
(α,β)
λ/µ (x) =

βr(λ/µ)−b(λ/µ)(α + β)λ/µ−r(λ/µ)−c(λ/µ)+b(λ/µ)xb(λ/µ)(α + x)c(λ/µ)−b(λ/µ)
.

Let us deal the β factor in in ⟨µ| t̃(x) |λ⟩. Observe that the β appears in a Boltzmann
weight of a vertex only when a ̸= 0 and b < c. From our previous analysis, we see
that such vertices precisely count r(λ/µ) − b(λ/µ). Similarly, we can check for all the
other factors in ⟨µ| t̃(x) |λ⟩. □

Example 3.6. For the partition λ = (2, 0), we have the following three configurations:

2
0 0

0

0
0 0

0

0

2

2

0

0

0

0

0

0

x1

x2

1
0 0

0

1
0 0

0

0

1

2

0

0

0

0

0

0

0
0 0

0

2
0 0

0

0

0

2

0

0

0

0

0

0

g
(α,β)
λ (x1, x2) = x1(x1 + α) + x1x2 + x2(x2 + α).

Example 3.7. For the partition λ = (1, 1), we have

1
1 0

0

0
0 0

0

0

0

0

0

1

1

0

0

0

x1

x2

1
0 0

0

0
1 0

0

0

1

0

0

0

1

0

0

0

0
0 0

0

1
1 0

0

0

0

0

0

0

1

0

0

0

g
(α,β)
λ (x1, x2) = βx1 + x1x2 + βx2.

3.4. Vertex model for j polynomials.

3.4.1. Definition of l matrix. In this subsection, the auxiliary line is fermionic. Let

li,j(x) =
(

1 ϕj

xϕ†
j x + δ0,m

)
(42)

be the l-matrix acting on Fi ⊗ Vj . Below we represent the entries of l graphically:
(43)

0 0

m

m

1

0 1

m

m−1

1

1 0

m

m+1

x

1 1

m

m

x

1 1

0

0

x + 1

.
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Similarly, we have the dual l∗ matrices,

l∗i,j(x) =
(

x + δ0,m xϕj

ϕ†
j 1

)
(44)

(45)

1 1

m

m

1

1 0

m

m+1

1

0 1

m

m−1

x

0 0

m

m

x

0 0

0

0

x + 1

.

The R matrix that makes this model integrable is same as (9) with β = 0. When
β = 0 we denote this matrix as R(y/x).

Rij(y/x) =


1 0 0 0
0 0 y

x
0

0 1 1 − y

x
0

0 0 0 1


ij

End(Fi ⊗ Fj).(46)

The R matrix together with matrices li and lj , satisfies the RLL relation in End
(Fi ⊗ Fj ⊗ Vn):
(47)

Rij(y/x)li,n(x)lj,n(y) = lj,n(y)li,n(x)Rij(y/x)

 x

y
=

y

x


3.4.2. Row-row transfer matrices. We now define the transfer matrix t which acts
linearly on V r as follows:

t(x) : |i1⟩ ⊗ |i2⟩ ⊗ · · · 7→
∑

k1,k2...⩾0
w({i1, i2, . . . }; {k1, k2, . . . }) |k1⟩ ⊗ |k2⟩ ⊗ · · ·,(48)

where w({i1, i2, . . . }; {k1, k2, . . . }) is the weight of the single of row of vertices.

w({i1, i2, . . . }; {k1, k2, . . . }) = ∗ 0

i1

k1

i2

k2

i3

k3

· · ·

· · ·
.

Remark 3.8. Observe that the transfer matrix t from row model of g
(1,0)
λ and t are

the same.

Similarly, we define the dual transfer matrix t∗ which acts linearly on V r as follows:

t∗(x) : |i1⟩ ⊗ |i2⟩ ⊗ · · · 7→
∑

k1,k2...⩾0
w∗({i1, i2, . . . }; {k1, k2, . . . }) |k1⟩ ⊗ |k2⟩ ⊗ · · ·,

(49)

where w∗({i1, i2, . . . }; {k1, k2, . . . }) is the weight of the single row of vertices made of
the vertices of l∗.

Algebraic Combinatorics, Vol. 6 #1 (2023) 129



Ajeeth Gunna & Paul Zinn-Justin

w∗({i1, i2, . . . }; {k1, k2, . . . }) = ∗ 1

k1

i1

k2

i2

k3

i3

· · ·

· · ·
.

3.4.3. j polynomials. Recall that we denote dual Grothendieck polynomials by gλ,
which is the α = 0 and β = 1 specialization of g

(α,β)
λ . Then the ω(gλ) polynomials are

called weak dual Grothendieck polynomials and we shall denote them by jλ:

jλ = ω(gλ) = ω(g(0,1)
λ ) = g

(1,0)
λ′ .

When β = 0, the branching formula of g
(α,β)
λ reduces to the following [17]:

jλ(x1, . . . , xn, xn+1) =
∑

µ

jλ/µ(xn+1)jµ(x1, . . . , xn),

where jλ/µ(x) is defined as follows,

jλ/µ(x) =
{

xc(λ/µ)(1 + x)|λ/µ|−c(λ/µ) λ/µ vert. strip,
0 otherwise.

Theorem 3.9. The dual weak Grothendieck polynomials jλ(x) are given by
jλ(x1, . . . , xn) = ⟨0| t(x1) . . . t(xn) |λc⟩(50)
jλ(x1, . . . , xn) = ⟨λc| t∗(xn) . . . t∗(x1) |0⟩(51)

where |λc⟩ =
⊗∞

i=1 |mc
i (λ)⟩, and similarly for the dual state ⟨λc|.

Proof. Before we prove (50), let us observe an example to understand the vertices.
For µ = (5, 4, 4, 3) and λ = (5, 5, 5, 3, 1, 1),

m1

m2

m3

m4

m5

m6

...

m1

m2

m3

m4

m5

m6

...

1 0 2 2 0 0

0 0 2 2 0 1

0 1 1 1 1 1 0

.

From the example above, observe that having 1 on the left horizontal edge at site
i amounts to adding a box in row i of the Young diagram of µ. The number of such

vertices amounts to the number of boxes added. The vertex 1 1

0

0

at site i can be
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read as adding a box in two successive rows in the same column. So every such vertex
amounts to |λ/µ| − c(λ/µ). Using similar reasoning as in Theorem 2.2 and with the
preceding analysis, the proof is immediate. □

4. Generalised polynomials
In this section, we shall generalise the polynomials by introducing additional variables
which are attached to the vertical lines of the underlying lattice model. In order to
do that, we need the R matrix that underpins the integrability of a lattice model
to satisfy the so-called difference property. Usually the difference property refers to
entries of the R matrix being invariant under translation of the spectral variables. In
this paper, we say that an R matrix satisfies the difference property when the entries
are invariant under scaling of the spectral parameters i.e. the non constant entries are
polynomials in ratio of the spectral variables.

4.1. Difference property of the R matrices. In this subsection, we study the
difference property of the various R matrices studied in this paper.

4.1.1. R matrices of Row models. Consider the R matrix ((9)) for canonical
Grothendieck polynomials. Observe that when β = 0, it satisfies the difference
property. It also satisfies the property for general α and β if we consider the spectral
variables to be x

1 − βx
instead of x.

R(y/x) = R(x, y) =


1 0 0 0

0 0 y

x
0

0 1 1 − y

x
0

0 0 0 1

(52)

In the case of g
(α,β)
λ , the r-matrix does not satisfy the difference property. It is also

not defined for β = 0. Hence, we studied a different model for the case where β = 0.
Observe that the R matrix for the vertex model of jλ = g

(1,0)
λ′ is the same as that

in (52).

4.1.2. R matrices of column models. The R̃ matrix of the column model of G
(α,β)
λ ,

R̃a d
b c (y, x) =


x

1 − αx
y

1 − αy


a


0 when b < c,

1 when b = c,
1

1 − αx
− x

(1 − αx)y when b > c

satisfies the difference property when α = 0. It also satisfies the difference property
in general, when we consider the spectral variables to be x

1+αx and y
1+αy instead of x

and y.
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The r̃-matrix of the column model of g
(α,β)
λ :

r̃k,l
i,j (x, y) =



0 i < j

1 k = l = 0
x

y

(
y + α

x + α

)1−k

k = l > 0(
1 − x

y

)
k = 0

x

y

(
y + α

x + α
− 1
)(

y + α

x + α

)−k

k > 0

(53)

satisfies the difference property when α = 0.

4.2. Generalised polynomials. To summarize, in the case of row models we can
only generalise G

(α,0)
λ and g

(α,0)
λ . Similarly, in the case of column models we can

generalise G
(0,β)
λ and g

(0,β)
λ .

We generalise the polynomials by assigning variables to vertical lines. Let us assign
the variable zi to the ith vertical line from the left. In any model, the weight of a vertex
formed with the intersection of ith horizontal line and jth vertical line is defined as
follows:

w̃(xi,zj)

 a c

b

d
 = w(

xi
zj

)(a, b; c, d).

Let us name these polynomials.
(i) We call Gα

λ = G
(0,−α)
λ generalised Grothendieck polynomials.

(ii) We call gα
λ = g

(0,α)
λ generalised dual Grothendieck polynomials.

(iii) We call Jα
λ = G

(−α,0)
λ′ generalised weak Grothendieck polynomials.

(iv) We call jα
λ = g

(α,0)
λ′ generalised weak dual Grothendieck polynomials.

When α = 1, we shall drop the superscript.

Example 4.1. For the partition λ = (1), the generalised Grothendieck polynomial
Gλ(x1, z1) is x1

z1
. For comparison, the double Grothendieck polynomial is x1+y1(1−x1)

[12]. We observe that these two generalisations of Grothendieck polynomials are not
the same.

Example 4.2. Let us look at a non trivial example. For the partition λ = (3, 1) we
have the following three configurations (edges with labels 0 suppressed):

2

2

2

1
1

1

x2

x1

1

1

1

1

2

2

3

3

2

0
1

1

G
(0,−1)
(3,1) (x1, x2) =(
x2

1
z1z2

)(
1 − x1

z1

)(
x2

z1

)2
+
(

x3
1

z2
1z2

)(
x2
z1

)
+
(

1 − x1

z1

)(
x1

z2

)(
x2

z1

)3
.
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Remark 4.3. Observe that by setting both α and β to 0, we get a generalised version
of Schur polynomials. Generalised Schur polynomials from the row model and the
column model are not the same. Let us denote the generalised Schur from the row
(resp. column) model by sr (resp. sc).

Example 4.4. For the partition λ = (3, 1), we have

sr
(3,1)(x1, x2; z1, z2, . . . ) =

(
x3

1
z1z2z3

)(
x2

z1

)
+
(

x2
1

z1z2

)(
x2

2
z1z3

)
+
(

x1

z1

)(
x3

2
z1z2z3

)

sc
(3,1)(x1, x2; z1, z2, . . . ) =

(
x2

1
z1z2

)(
x2

z1

)2
+
(

x3
1

z2
1z2

)(
x2
z1

)
+
(

x1

z2

)(
x2

z1

)3
.

sr
λ is a monomial multiple of sλ, where the monomial is obtained by recording the

columns of the Young diagram. Similarly, in the case of sc
λ the monomial is obtained

by recording the rows of the Young diagram.

5. Duality between Column and Row models
In this section, we shall study a relation between the transfer matrix of the row and
column model of G

(α,β)
λ . Let us recall the necessary notation from various sections.

The transfer matrices of the row model for G
(α,β)
λ are denoted by T , and those of the

column model are denoted by T̃ .

Proposition 5.1 (Inversion relation). The transfer matrices T̃ and T satisfy the fol-
lowing identity:

T (−x)T̃
(

x

1 + (α − β)x

)
= 1


∗ 0

∗ 0

u1

v1

u2

v2

u3

v3

u4

v4

T (−x)

T̃
(

x
1+(α−β)x

) ......

......


.

(54)

Proof. We shall prove the proposition for transfer matrices of size 1 and then apply
induction to the size of the transfer matrices. Assign weights of T (−x) for the vertex
at the bottom and the weights of T̃

(
x

1+(α−β)x

)
for the other vertex. Write z for the

vertical spectral parameter.
Observe that when b = d, there is a unique configuration with total weight 1. Now

assume b ̸= d

d−b 0
0 0

b

b

d

+
d−b−1 0

1 0

b

b+1

d

Algebraic Combinatorics, Vol. 6 #1 (2023) 133



Ajeeth Gunna & Paul Zinn-Justin

When b > 0,

=
(

1 − β
(

x
z

)
1 + α

(
x
z

))( x
z

1 − β
(

x
z

))d−b(
1 + α

(
x
z

)
1 − β

(
x
z

))+

(
− x

z

1 + α
(

x
z

))( x
z

1 − β
(

x
z

))d−b−1(
1 + α

(
x
z

)
1 − β

(
x
z

))
= 0.

When b = 0,

=
(

x
z

1 − β
(

x
z

))d

+
(

− x
z

1 + α
(

x
z

))( x
z

1 − β
(

x
z

))d−1(
1 + α

(
x
z

)
1 − β

(
x
z

))
= 0.

In order to apply the induction argument, we need to show that the transfer matrix
of size n + 1 can be written as a multiple of the transfer matrix of size n. Consider a
transfer matrix of size n + 1 where top and bottom labels are fixed.

∗ 0

∗ 0

u1

v1

u2

v2

u3

v3

u4

v4

v1

u1

∗
∗

0

0

u2

v2

u3

v3

u4

v4

=

v1

u1

∗ 0

∗ 0

u2

v2

u3

v3

u4

v4

.

Observe that when the left most boundary is fixed, then the contribution from
the first site is fixed. Therefore, we can move the free boundary condition across the
physical line at site 1. We then apply induction. □

Define T̃ ∗(x) ∈ End(V c) as the adjoint of T̃ (x):

⟨λc| T̃ ∗(x) |µc⟩ = ⟨µc| T̃ (x) |λc⟩ .

Then the inversion relation between T ∗ and T̃ ∗ follows from the definition of T̃ ∗ and
the inversion relation of T and T̃ :

T ∗(−x)T̃ ∗
(

x

1 + (α − β)x

)
= 1.(55)

In the case of g
(α,β)
λ , such an inversion relation does not exist for general α and β.

But there is an inversion relation in the case where α = 0 and β = 1. Since we are
concerned with g

(0,1)
λ , it is convenient to specialize the Boltzmann weights from the

column model of g
(α,β)
λ .

w(x,z)

 a c

b

d
 = w( x

z )(a, b; c, d) =
(x

z

)min(a,d)
.
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Finally, we recall that the transfer matrix t of g(1,0) from the row model and the
transfer matrix t of j polynomials are the same. Therefore, graphically we represent
t with fermionic auxiliary line.

Proposition 5.2. The transfer matrices of g
(1,0)
λ from the row model and transfer

matrices of g
(0,1)
λ from the column model satisfy the following relation:

t(−x)t̃(x) = 1


∗ 0

∗ 0

u1

v1

u2

v2

u3

v3

u4

v4

t̃(x)

t(−x)

......

......

.


Proof. The proof is similar to Proposition 5.1. We shall prove the statement for trans-
fer matrices of size 1. When b = d, there is a unique configuration with weight 1 and
when b ̸= d, we have two configurations which add up to 0.

0 0

d−b 0

b

b

d

+
1 0

d−1−b 0

b

b+1

d

(x

z

)d−b

+
(

−x

z

)(x

z

)d−1−b

= 0.

Assume b > 0, then for any fixed v, u, b, d the Boltzmann weights are fixed irrespective
of the right boundary.

v ∗

u ∗

b

d

We can then simply slide the free boundary condition. Special care needs to be
taken when b = 0. When b = 0, we have the following configurations:

0 0

d+c+1
c+1

0

0

d

=
(x

z

)d

1 0

d+c c+1

0

1

d

=
(

−x

z

)d+1

1 1

d+c c

0

0

d

=
(

1 − x

z

)(x

z

)d

.

Observe that in the case of the first configuration, there is a unique configuration
suggesting that the right boundary is not free. But we can get away with it by adding
the weight of the first configuration with the weight of the second configuration. Then
we obtain

(
1 − x

z

)(
x
z

)d times the transfer matrix of size n. □

6. Cauchy identities
In this section, we shall prove Cauchy identities involving G

(−α,−β)
λ and g

(α,β)
λ . We

shall prove them by using the commutation relations between various combinations
of the transfer matrices.
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Proposition 6.1. The transfer matrix T ∗(x) (eq. (13)) from the row model of
G

(−α,−β)
λ (x), and the transfer matrix t(y)(eq. (21)) from the row model of g

(α,β)
λ (y)

satisfy

(56) t(y)T ∗(x) = 1
1 − xy

T ∗(x)t(y).

Proof. Firstly, note that the product of T ∗ and t is well defined only when we as-
sume that the spectral variables satisfy |x| < 1 which ensures that the terms with
unbounded degree are equal to 0.

The proof is similar to the way we proved that the transfer matrices commute. The
R(x, y) matrix

R(x, y) ∈ End(F ⊗ W ), Rk,l
i,j =

k

ji

l

=



1 − xy j = k = 1, i = l = 0
xy k = l = 0, i = j = 1
1 − xβ k = 1
xβ k = 0
1 i = k = l = j = 0

(57)

where k, j ∈ {0, 1} and i, l ∈ Z⩾0, together with the L∗(x) matrix of G
(−α,−β)
λ (x) and

the l(y) matrix of g
(α,β)
λ (y) satisfies the RLL relation (see Appendix A.4):

(58)

R(x, y)L∗(x)l(y) = l(y)L∗(x)R(x, y) ∈ End(F ⊗W ⊗V )

 x

y
=

y

x

 .

Observe that the sum of all possible states is an eigenvector R.

∗

∗y

x

=
∗

∗y

x

.

Then after multiplying the R-matrix to T ∗(x)t(y) and repeatedly applying the RLL
relation we get the following equation:

∗
1∗

0

i1

k1

i2

k2

i3

k3

i4

k4

i5

k5

...

...

x

y
= ∗

0∗
1

i1

k1

i2

k2

i3

k3

i4

k4

i5

k5

...

...

y

x

.

Given below are the two possible configurations on the right hand side of the equation.

∗
1

0∗ 0

1

i1

k1

i2

k2

i3

k3

i4

k4

i5

k5

...

...

y

x

+ ∗
0

0∗ 1

1

i1

k1

i2

k2

i3

k3

i4

k4

i5

k5

...

...

y

x

.

The partition function of the first configuration has terms of unbounded degree and
hence is 0. Therefore, there is a unique configuration on the right hand side and the

Algebraic Combinatorics, Vol. 6 #1 (2023) 136



Vertex models for Canonical Grothendieck polynomials and their duals

entry corresponding to the cross is (1 − xy).

1

10

0

y

x

= (1 − xy)
1 1

0 0y

x

This implies the desired commutation relation:

T ∗(x)t(y) = (1 − xy)t(y)T ∗(x). □

Theorem 6.2. Canonical Grothendieck polynomials and their duals satisfy the follow-
ing Cauchy identity:∑

λ

G
(−α,−β)
λ (x1, x2, . . . , xm)g(α,β)

λ (y1, y2, . . . , yn) =
∏

1⩽i⩽m,1⩽j⩽n

1
1 − xiyj

.(59)

Proof. Let

G(x1, x2, . . . , xm, y1, y2, . . . , yn) = ⟨0| t(y1)t(y2) · · · · · · T ∗(x2)T ∗(x1) |0⟩ .

Then by Theorems 2.2 and 2.7 we get that

G(x1, x2, . . . , xm, y1, y2, . . . , yn) =
∑

λ

G
(−α,−β)
λ (x1, x2, . . . , xm)g(α,β)

λ (y1, y2, . . . , yn).

By repeatedly applying the commutation relation of Proposition 6.1, we obtain

G(x1, x2, . . . , xm, y1, y2, . . . , yn) =
∏

1⩽i⩽n,
1⩽j⩽m

1
1 − xiyj

⟨0| T ∗(x1)T ∗(x2) · · · t(y2)t(y1) |0⟩

=
∏

1⩽i⩽n,
1⩽j⩽m

1
1 − xiyj

. □

Remark 6.3. Recall that g
(α,β)
λ and G

(α,β)
λ were defined using the branching formulae

(see (15) and (25)). The Cauchy identity then implies that these two families are dual
with respect to the Hall inner product.

We can derive a skew version of the identity if we choose a different vector and
covector. Let

G(x1, x2, . . . , xm, y1, y2, . . . , yn) = ⟨µ| t(y1)t(y2) · · · · · · T ∗(x2)T ∗(x1) |λ⟩ ,

then using the same reasoning as in the above theorem we get the following identity:∑
ν

Gν//λ(x1, x2, . . . , xm)gν/λ(y1, y2, . . . , yn) =

∏
1⩽i⩽n,1⩽j⩽m

1
1 − xiyj

∑
ν

Gµ//ν(x1, x2, . . . , xm)gλ/ν(y1, y2, . . . , yn).

We can do the same for all identities in this section but for simplicity we shall stick
to the non-skew identities.

Corollary 6.4. Generalised weak Grothendieck polynomials and their duals satisfy
the following identity:

∑
λ

Jα
λ (x1, . . . , xm; z1, z2, . . . )jα

λ (y1, . . . , yn; 1
z1

,
1
z2

, . . . ) =
∏

1⩽i⩽m,1⩽j⩽n

1
1 − xiyj

.

(60)
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Proof. Observe that when β = 0, the non constant entries of R are xy and 1 − xy. If
we introduce the inhomogeneities as xz and y

z
, then the R matrix remains the same

and thereby gives the same commutation relation. Then the proof of the identity is
same as that of Theorem 6.2. □

We now prove the following Cauchy identity:∑
λ

G
(−β,−α)
λ′ (x1, x2, . . . , xm)g(α,β)

λ (y1, y2, . . . , yn) =
∏

1⩽i⩽m,1⩽j⩽n

(1 + xiyj).(61)

We can prove this identity by proving a commutation relation between T ∗ and t̃.
But we shall prove it using the inversion relation from (54).

Theorem 6.5. Canonical Grothendieck polynomials and their duals satisfy the follow-
ing Cauchy identity:∑

λ

G
(−β,−α)
λ′ (x1, x2, . . . , xm)g(α,β)

λ (y1, y2, . . . , yn) =
∏

1⩽i⩽m,1⩽j⩽n

(1 + xiyj).

Proof. By substituting −x for x in (56), we get the following relation.

t(y)T ∗(−x) = 1
1 + xy

T ∗(−x)t(y).

By multiplying T̃ ∗
(

x

1 + x(β − α)

)
on both sides and applying the inversion relation

(55), we get the following relation:

T̃ ∗
(

x

1 + x(β − α)

)
t(y) = 1

1 + xy
t(y)T̃ ∗

(
x

1 + x(β − α)

)
.

Let

G(x1, x2, . . . , xn, y1, y2, . . . , ym) =

⟨0| t(y1)t(y2) · · · T̃ ∗
(

x1

1 + (β − α)x1

)
· · · T ∗

(
xn

1 + (β − α)xn

)
|0⟩ .

Then by Theorem 2.7 and the definition of T̃ ∗ we obtain

G(x1, x2, . . . , xn, y1, y2, . . . , ym) =
∑

λ

G
(−β,−α)
λ′ (x1, . . . , xn)g(α,β)

λ (y1, . . . , ym)

On the other hand by repeatedly applying the commutation relation we get that
G(x1, x2, . . . , xn, y1, y2, . . . , ym)

=
∏

1⩽i⩽n,
1⩽j⩽m

(1 + xiyj) ⟨0| T̃ ∗
(

x1

1 + (β − α)x1

)
· · · T ∗

(
xn

1 + (β − α)xn

)
t(y1)t · · · (ym) |0⟩

=
∏

1⩽i⩽n,
1⩽j⩽m

(1 + xiyj). □

Corollary 6.6. Generalised Grothendieck polynomials and generalised weak dual
Grothendieck polynomials satisfy the following identity:

∑
λ

Gλ(x1, . . . , xm; z1, z2, . . . )jλ(y1, . . . , yn; 1
z1

,
1
z2

, . . . ) =
∏

1⩽i⩽m,1⩽j⩽n

(1 + xiyj) .

(62)

Proof. Plug in β = 0 and α = 1 in Theorem 6.5 and use the inhomogeneous transfer
matrices. □
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Theorem 6.7. Generalised Grothendieck polynomials and their duals satisfy the fol-
lowing identity:

∑
λ

Gλ(x1, . . . , xm; z1, . . . , zm)gλ(y1, . . . , yn; 1
z1

, . . . ,
1

zm
) =

∏
1⩽i⩽m,1⩽j⩽n

1
1 − xiyj

.

(63)

Proof. Recall the commutation relation from Theorem 6.5:

T̃ ∗
(

x

1 + x(β − α)

)
t(y) = 1

1 + xy
t(y)T̃ ∗

(
x

1 + x(β − α)

)
.

In order to apply the inversion relation among the transfer matrices of the dual
Grothendieck polynomials, we need to specialize the above commutation relation with
α = 1 and β = 0. We then get the following relation:

T̃ ∗
(

x

1 − x

)
t(−y) = 1

1 − xy
t(−y)T̃ ∗

(
x

1 − x

)
.

We now multiply the above equation by t̃(y) and apply the inversion relation (Propo-
sition 5.2):

t̃(y)T̃ ∗
(

x

1 − x

)
= 1

1 − xy
T̃ ∗
(

x

1 − x

)
t̃(y).

The result then follows immediately from the definition of T̃ ∗, and Theorem 3.5. □

Proposition 6.8. Generalised Grothendieck polynomials satisfy

Gλ(z1, . . . , zm; z1, . . . , zm) = 1.

Proof. When α = 0 and β = −1, R̃ and L̃ are same. The R̃ matrix satisfies the
unitary relation (for a proof refer to Appendix A.1.5):

y

x

=
y

x

.

Recall that there are two types of vertices (crossing and elbow) in the column model
for Grothendieck polynomials:

c

b

b > c

b

c

b = c .

Consider the model with m rows i.e. Grothendieck polynomial in m variables. We
know that the number of variables restricts us to partitions with highest column
being less than or equal to m. So the only inhomogeneities are z1, . . . , zm.

Recall that the Boltzmann weight of a crossing has a
(

1 − x

z

)
factor. So, when we

set xi = zi, the contribution of a configuration to the partition function is non zero
only when the vertices along the diagonal are entirely elbows.
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z1

z1

z5

z5

z2

z2

z3

z3

z4

z4

=

z1

z1

z5

z5

z2

z2

z3

z3

z4

z4

= · · · =

z1

z1

z2

z2

z3

z3

z4

z4

Z5

z5

= 1

.

Then we get the desired result by repeatedly applying the unitary relation. □

As a consequence of the above proposition, we recover an identity for generalised
dual Grothendieck polynomials, which is proved by Yeliussizov in [18].

Corollary 6.9. Dual Grothendieck polynomials satisfy the following identity:∑
l(λ)⩽m

gλ(y1, . . . , yn; 1
z1

, . . . ,
1

zm
) =

∏
1⩽i⩽m,1⩽j⩽n

1
1 − ziyj

.

Proof. Set xi = zi in (63). □

Appendix A. RLL relations
A.1. RLL for the column model of G

(α,β)
λ . For convenience, let us recall the

Boltzmann weights of the column model of G
(α,β)
λ and the entries of the R̃ matrix.

wx

 a c

b

d
 ≡ wx(a, b; c, d) = δa+b,c+d


(

x
1−αx

)a

b = c(
x

1−αx

)a ( 1+βx
1−αx

)
b > c

0 b < c

(64)

where a, b, c, d are non negative integers.

R̃a d
b c (y, x) =

a

cb

d
=


x

1 − αx
y

1 − αy


a


0 when b < c

1 when b = c
1

1 − αx
− x

(1 − αx)y otherwise.

Let us try to understand the range of g. First observe that whenever a′ < g,
the summation is 0 because of the R̃-matrix. Based on the Boltzmann weights, the
contribution of the top vertex is non zero if and only if g + b − c ⩾ c′. Therefore, g on
LHS can at most be a′, and it has to be at least c′ + c − b. Similarly, on the RHS
we have a + a′ − d ⩽ c′.

a′∑
g=c+c′−b a′

a

b

d

c′

c

g+b−c

g

a+a′−g

=
c′∑

g=a+a′−d a′

a

b

d

c

c′

g+d−a

c+c′−g

g

.
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A.1.1. Assume b > c and d > a. Let us now compute the LHS.

LHS =
(

y − x

y(1 − αx)

)(
x(1 − αy)
y(1 − αx)

)a(
y

1 − αy

)d(
x

1 − αx

)c+c′−b(1 + βx

1 − αx

)
+(

y − x

y(1 − αx)

)(
x(1 − αy)
y(1 − αx)

)a(
y

1 − αy

)a+a′(
1 + βy

1 − αy

)(
1 + βx

1 − αx

)
 a′−1∑

g=c+c′−b+1

(
x(1 − αy)
x(1 − αx)

)g
+

(
x(1 − αy)
y(1 − αx)

)a(
x

1 − αx

)a′(
1 + βx

1 − αx

)(
y

1 − αy

)a(1 + βy

1 − αy

)
=
(

1 + βx

1 − αx

)2(
x

1 − αx

)a+c+c′−b(
y

1 − αy

)d−a

.

We compute the right hand side of the equation:

RHS =
(

y − x

y(1 − αx)

)(
x(1 − αy)
y(1 − αx)

)a+a′−d(
x

1 − αx

)a(1 + βx

1 − αx

)(
y

1 − αy

)a′

+ c′−1∑
g=a+a′−d+1

(
y − x

y(1 − αx)

)(
x(1 − αy)
y(1 − αx)

)g(
x

1 − αx

)a

(
1 + βx

1 − αx

)(
y

1 − αy

)a′(
1 + βy

1 − βy

))
+

(
x(1 − αy)
y(1 − αx)

)c′(
x

1 − αx

)a(1 + βx

1 − αx

)(
y

1 − αy

)a′(
1 + βy

1 − βy

)
=
(

1 + βx

1 − αx

)2(
x

1 − αx

)a+c+c′−b(
y

1 − αy

)d−a

.

A.1.2. Assume a < d and b = c. From the computation of the previous case, we can
get the LHS by multiplying 1 − αx

1 + βx
to the LHS of previous computation.

LHS =
(

1 + βx

1 − αx

)(
x

1 − αx

)a+c′(
y

1 − αy

)d−a

.

On the right hand side, there is only one case because of the global condition, a +
a′ + b = c + c′ + d.

RHS =
(

x

1 − αx

)a+c′(
1 + βx

1 − αx

)(
y

1 − αy

)a′−c′

=
(

x

1 − αx

)a+c′(
1 + βx

1 − αx

)(
y

1 − αy

)d−a

.

A.1.3. Assume a = d and b > c. RHS of the present case is a 1 − αx

1 + βx
multiple of the

RHS of the Appendix A.1.1.
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RHS =
(

1 + βx

1 − αx

)(
x

1 − αx

)a+c+c′−b(
y

1 − αy

)d−a

(
1 + βx

1 − αx

)(
x

1 − αx

)a+c+c′−b

.

For the LHS, there is just one valid configuration:

LHS =
(

x

1 − αx

)a(
y

1 − αy

)−a(
y

1 − αy

)a(
x

1 − αx

)a′(
1 + βx

1 − αx

)
=
(

x

1 − αx

)a+a′(
1 + βx

1 − αx

)
=
(

x

1 − αx

)a+c+c′−b(1 + βx

1 − αx

)
.

In the final step, we substitute a′ = c+c′ −b, which follows from the global condition.

A.1.4. Assume a = d and b = c. Recall from Appendix A.1.3 that when a = d, there
is a unique configuration on LHS. Similarly, recall from Appendix A.1.2 that there
is a unique configuration on RHS when b = c. We have already computed these two
configurations and they are equal.

A.1.5. Unitary relation for the R̃ matrix. The R̃ satisfies the unitary relation:

y

x

=
y

x

.

Consider the following configuration:

a′ b′

a b

.

When a = b and a′ = b′, there is a unique configuration with weight 1. Now let us
assume a ̸= b and a′ ̸= b′.

=
(

x

y

)a(
1 − x

y

)(y

x

)a+a′−b′

+
a′−1∑

g=b′+1

(
x

y

)a(
1 − x

y

)(y

x

)a+a′−g(
1 − y

x

)
+

(
x

y

)a(y

x

)a(
1 − y

x

)
=
(

1 − x

y

)(y

x

)a′−b′

+
(y

x

)a′−b′−1(
1 − y

x

)(
1 −

(
x

y

)a′−b′−1
)

+
(

1 − y

x

)
= 0.

Algebraic Combinatorics, Vol. 6 #1 (2023) 142



Vertex models for Canonical Grothendieck polynomials and their duals

A.2. RLL relation for row model of g
(α,β)
λ . We recall the Boltzmann weights

and r-matrix of the row model of g
(α,β)
λ :

wx

 a c

b

d
 ≡ wx(a, b; c, d) = δa+b,c+d


(α + β)a−d−1(x + α)βd a > d

βa−1x 0 < a ⩽ d

1 a = 0,

(65)

where a, b, c, d ∈ Z⩾0.
The entries of the r-matrix are the following:

ra,d
b,c (x, y) =

a

cb

d
=



0 b > c

1 b = c = 0
y

x
b = c > 0(

1 − y

x

)(
1 − y

β

)a−d−1
b = 0(

1 − y

x

)(
1 − y

β

)a−d−1(
y

β

)
b > 0.

(66)

a∑
g=0 a′

a

b

d

c′

c

d+c′−g

a+a′−g

g

=
c∑

g=0 a′

a

b

d

c

c′

a′+b−g

g

c+c′−g

.

Before we start proving the relation, let us analyze the cases we need to consider.
Firstly, from the LHS, the weight of bottom vertex is fixed based on whether b ⩽ c
or b > c. Similarly, on the RHS, the weight of the top vertex is fixed based on the
relation between a and d.

We now look at the cases that arise from considering the entries of the r matrix.
Firstly, the entries of the r matrix on LHS depends on whether a′ > 0 or a′ = 0.
Similarly, the entry of r matrix on RHS depends on whether c > 0 or c = 0.

In total, there are sixteen cases to consider. We shall divide these cases into four
categories based on the conditions on b, c and a, d. Then for each such case, we shall
consider four sub-cases by the conditions on a′ and c.

A.2.1. Assume b < c and d < a. Assume a′ > 0 and c > 0..
To ease up the computation, we break up the summation into two parts, 0 ⩽ g ⩽ d

and then d < g ⩽ a.
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Under the assumption that b < c, we have

d∑
g=0 a′

a

a′+a−g

g

d+c′−g

d

g c′

b

d+c′−g

a+a′−g c

+
a∑

g=d+1 a′

a

a′+a−g

g

d+c′−g

d

g c′

b

d+c′−g

a+a′−g c .

LHS =
(

1 − y

x

)(
1 − y

β

)a−1(
y

β

)
(α + β)c−b−1(x + α)βd+c′

+

d∑
g=1

(
1 − y

x

)(
1 − y

β

)a−g−1(
y

β

)(
βg−1y

)(
(α + β)c−b−1(x + α)βd+c′−g

)
+

a−1∑
g=d+1

(
1 − y

x

)(
1 − y

β

)a−g−1(
y

β

)(
(α + β)g−d−1

βd(y + α)
)

(
(α + β)c−b−1(x + α)βd+c′−g

)
+
(y

x

)(
(α + β)a−d−1

βd(y + α)
)(

(α + β)c−b−1(x + α)βd+c′−a
)

= (α + β)c+a−b−d−2β2d+c′−a(x + α)
(

y + α
y

x

)
.

We compute the right hand side: Assume that b < c.

c∑
g=0

a c+c′−g

a′+b−g

d

a′ g

b

a′+b−g c+c′−g

cg

c′

.

RHS

(α + β)a−d−1βd(x + α) =
(

1 − y

x

)(
1 − y

β

)c−1
βa′−1y+

b∑
g=1

(
1 − y

x

)(
1 − y

β

)c−g−1
y

β
βa′−1y+

c−1∑
g=b+1

(
1 − y

x

)(
1 − y

β

)c−g−1
y

β

(
(α + β)g−b−1(y + α)βa′+b−g

)
+

y

x

(
(α + β)c−b−1(y + α)βa′+b−c

)
=
(

1 − y

x

)
(α + β)c−b−1βa′+b−cy+

y

x

(
(α + β)c−b−1(y + α)βa′+b−c

)
RHS = (α + β)a+c−d−b−2βd+a′+b−c

(
y + α

y

x

)
(x + α)

= (α + β)a+c−d−b−2β2d+c′−a
(

y + α
y

x

)
(x + α).

Assume a′ = 0 and c > 0.
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LHS =
(

1 − y

x

)(
1 − y

β

)a−1
(α + β)c−b−1(x + α)βd+c′

+

d∑
g=1

(
1 − y

x

)(
1 − y

β

)a−g−1(
βg−1y

)(
(α + β)c−b−1(x + α)βd+c′−g

)
+

a+b−c∑
g=d+1

(
1 − y

x

)(
1 − y

β

)a−g−1(
(α + β)g−d−1

βd(y + α)
)

(
(α + β)c−b−1(x + α)βd+c′−g

)
=
(

1 − y

x

)(
1 − y

β

)c−b−1
(α + β)a−d−1(x + α)βd.

We compute the RHS:

RHS = (α + β)a−d−1βd(x + α)
((

1 − y

x

)(
1 − y

β

)c−1
+(

b∑
g=1

(
1 − y

x

)(
1 − y

β

)c−g−1
y

β

))

= (α + β)a−d−1βd(x + α)
(

1 − y

x

)(
1 − y

β

)c−b−1
.

Since we assumed b > c, we do not need to consider the cases where c = 0.

A.2.2. Assume b ⩾ c and d < a. Assume a′ > 0 and c > 0 .

LHS =
(

1 − y

x

)(
1 − y

β

)a−1(
y

β

)
xβa+a′−1+

d∑
g=1

(
1 − y

x

)(
1 − y

β

)a−g−1(
y

β

)(
βg−1y

)
xβa+a′−g−1+

a−1∑
g=d+1

(
1 − y

x

)(
1 − y

β

)a−g−1(
y

β

)(
(α + β)g−d−1

βd(y + α)
)

xβa+a′−g−1

+
(y

x

)(
(α + β)a−d−1

βd(y + α)
)

xβa′−1

=
(

y

β

)
(α + β)a−d−1βa′+d(x + α).

Since a < d and b ⩾ c, the Boltzmann weights from the vertices are fixed. When
we factor out the contribution from the overall sum, we are left with entries of the
r-matrix with fixed right boundary. Then from the fact that sum of all the possible
states is an eigenvector of the r matrix, we get that the overall sum of RHS is just
the product of the fixed Boltzmann weights.

RHS =
(
(α + β)a−d−1(x + α)βd

)(
βa′−1y

)
.

Assume a′ = 0.

LHS =
(

1 − y

x

)(
1 − y

β

)a−1
xβa−1+
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d∑
g=1

(
1 − y

x

)(
1 − y

β

)a−g−1(
βg−1y

)
xβa−g−1+

a−1∑
g=d+1

(
1 − y

x

)(
1 − y

β

)a−g−1(
(α + β)g−d−1

βd(y + α)
)

xβa+a′−g−1

+
(

(α + β)a−d−1
βd(y + α)

)
= (α + β)a−d−1βd(x + α).

For RHS, we again use the fact that the sum of all the possible states is an eigenvector
of the r-matrix to conclude that the RHS is just the product the Boltzmann weights.
Observe that the contribution from the bottom vertex is 1. So, the overall RHS is
just the Boltzmann weight of the top vertex.

RHS = (α + β)a−d−1(x + α)βd.

A.2.3. Assume a ⩽ d and b < c. Since we are assuming b < c, its follows that c > 0.
Assume a′ > 0.

LHS =
(

1 − y

x

)(
1 − y

β

)a−1(
y

β

)
(α + β)c−b−1(x + α)βd+c′

+

a−1∑
g=1

(
1 − y

x

)(
1 − y

β

)a−g−1(
y

β

)(
βg−1y

)(
(α + β)b−c−1(x + α)βd+c′−g

)
+

+
(y

x

)(
βa−1y

)(
(α + β)c−b−1(x + α)βd+c′−a

)
= (α + β)c−b−1(x + α)βd+c′

(
y

β

)
.

Given that b < c, we can get the RHS computation from Appendix A.2.1. The
only difference being the Boltzmann weight corresponding to the top vertex.

RHS = xβa−1(α + β)c−b−1βa′+b−c
((

1 − y

x

)
y + y

x
(y + α)

)
= (α + β)c−b−1βa′+b−c+a

(
y

β

)
(x + α)

= (α + β)c−b−1βd+c′
(

y

β

)
(x + α).

We do not need to consider the case where a′ = 0 as the global condition forces c′

to negative.
c′ =(a − d) + (b − c) < 0.

A.2.4. Assume a ⩽ d and b ⩾ c. Assume a′ > 0.

LHS =
(

1 − y

x

)(
1 − y

β

)a−1(
y

β

)
βa+a′−1x+

a−1∑
g=1

(
1 − y

x

)(
1 − y

β

)a−g−1(
y

β

)
βg−1yβa+a′−g−1x+

y

x
βa−1yβa′−1x

=
(

yβa′−1
)(

xβa−1).
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As a result of the assumptions, the Boltzmann weights are fixed. Using the fact that
sum of all the possible states is an eigenvector, we get that RHS is just the product
of the two fixed Boltzmann weights.

RHS =
(
xβa−1)(yβa′−1

)
.

Assume a′ = 0.

LHS =
(

1 − y

x

)(
1 − y

β

)a−1
βa−1x+

a−1∑
g=1

(
1 − y

x

)(
1 − y

β

)a−g−1
βg−1yβa−g−1x + βa−1x

= βa−1x.

On the RHS, it’s just the Boltzmann weight of the top vertex.

RHS = βa−1x.

A.3. RLL for the column model of g
(α,β)
λ . We recall the Boltzmann weights,

and the entries of r̃-matrix.

wx

 a c

b

d
 ≡ wx(a, b; c, d) = δa+b,c+d


β(α + β)a−d−1(x + α)d 0 < a > d

x(x + α)a−1 0 < a ⩽ d

1 a = 0.

(67)

r̃k,l
i,j (x, y) =

k

ji

l

=



0 i < j

1 k = l = 0
x

y

(
y + α

x + α

)1−k

k = l > 0(
1 − x

y

)
k = 0

x

y

(
y + α

x + α
− 1
)(

y + α

x + α

)−k

k > 0.

(68)

a+a′∑
g=a a′

a

b

d

c′

c

d+c′−g

a+a′−g

g

=
c+c′∑
g=c a′

a

b

d

c

c′

a′+b−g

g

c+c′−g

.

Firstly, on the LHS the Boltzmann weight of the bottom vertex is fixed based on the
relation between b and c. Similarly, from the RHS, we see that the weight of the top
vertex is determined by the relation between a and d. So, we need to assume certain
relations between b and c, and a and d. Furthermore, observe that entries of the r̃
matrix depends on whether the top left label is equal to or greater than 0.
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Therefore, in each subsection we assume some combination of relations between b
and c, and a and d, and a condition on c′.

A.3.1. Assume a > d and b ⩾ c. As a > d, we get that a > 0. Similarly, from the
bottom label of the top vertex on LHS, we get that c′ ̸= 0. Therefore, we only need
to consider the case where a > 0 and c′ > 0.

LHS =
(

x

y

)(
y + α

x + α

)1−a

β(α + β)a−d−1(y + α)dx(x + α)a′−1+

a+a′−1∑
g=a+1

(
x

y

)(
y − x

y + α

)(
y + α

x + α

)1−a

β(α + β)g−d−1(y + α)dx(x + α)a′+a−g−1

(
x

y

)(
y − x

y + α

)(
y + α

x + α

)1−a

β(α + β)a+a′−d−1(y + α)d

=
(

x

y

)
β(α + β)a−d−1(y + α)d−ax(x + α)a′+a−1

(
y − β

x − β

)
−(

x

y

)(
y − x

y + α

)
β(α + β)a+a′−d−1(y + α)d−a+1(x + α)a−1

(
β

x − β

)
.

We compute the RHS. Observe that we need assume a condition on c′. First, let us
assume that c′ > 0.

Observe that the label a′ + b − g has to be positive. Based on our assumptions and
the global condition, we conclude that

a′ + b − (c + c′) = d − a < 0.

Therefore, the range of g is from a to a′ + b.

RHS

β(α + β)a−d−1(x + α)d
=
(

x

y

)(
y + α

x + α

)1−c′

y(y + α)a′−1

+
b∑

g=c+1

(
x

y

)(
y + α

x + α

)1+g−c′−c(
y − x

y + α

)
y(y + α)a′−1

+
a′+b∑

g=b+1

(
x

y

)(
y + α

x + α

)1+g−c′−c(
y − x

y + α

)
β(α + β)g−b−1(y + α)a′+b−g

RHS =
(

x

y

)(
y − β

x − β

)
x(x + α)a+a′−1(y + α)d−aβ(α + β)a−d−1−(

x

y

)
(y − x)

(
β2

x − β

)
(y + α)d−a(x + α)a−1(α + β)a+a′−d−1.

A.3.2. Assume a ⩽ d and b ⩾ c. We now assume that a > 0 and c′ > 0.

LHS =
(

x

y

)(
y + α

x + α

)1−a

y(y + α)a−1x(x + α)a′−1+

d∑
g=a+1

(
x

y

)(
y − x

y + α

)(
y + α

x + α

)1−a

y(y + α)g−1x(x + α)a′+a−g−1+

a+a′−1∑
g=d+1

(
x

y

)(
y − x

y + α

)(
y + α

x + α

)1−a

β(α + β)g−d−1(y + α)dx(x + α)a′+a−g−1+
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(
x

y

)(
y − x

y + α

)(
y + α

x + α

)1−a

β(α + β)a+a′−d−1(y + α)d

=
(

x3

y

)(
y − β

x − β

)
(y + α)d−a(x + α)2a+a′−d−2−(

x

y

)(
y − x

x − β

)
β(α + β)a+a′−d−1(y + α)d−a(x + α)a−1.

RHS

x(x + α)a−1 =
(

x

y

)(
y + α

x + α

)1−c′

y(y + α)a′−1+

b∑
g=c+1

(
x

y

)(
y + α

x + α

)1+g−c′−c(
y − x

y + α

)
y(y + α)a′−1+

c+c′−1∑
g=b+1

(
x

y

)(
y + α

x + α

)1+g−c′−c(
y − x

y + α

)
β(α + β)g−b−1(y + α)a′+b−g+

(
1 − x

y

)
β(α + β)c+c′−b−1(y + α)a′+b−c−c′

RHS =
(

x3

y

)(
y − β

x − β

)
(y + α)d−a(x + α)2a+a′−d−2−(

x

y

)(
y − x

x − β

)
β(α + β)a+a′−d−1(y + α)d−a(x + α)a−1.

Assume a = 0 and c′ > 0.

LHS = x(x + α)a′−1 +
d∑

g=1

(
1 − x

y

)
y(y + α)g−1x(x + α)a′−g−1+

a′−1∑
g=d+1

(
1 − x

y

)
β(α + β)g−d−1(y + α)dx(x + α)a′−g−1+

(
1 − x

y

)
β(α + β)a′−d−1(y + α)d

= x(x + α)a′−d−1(y + α)d

(
x

y

)(
y − β

x − β

)
−(

1 − x

y

)
β(y + α)d(α + β)a′−d−1

(
β

x − β

)
.

Observe that, while computing RHS in the case where a ⩽ d, it is only in the final
step we multiply the Boltzmann weight of the top vertex. Here, the Boltzmann weight
of the top vertex is 1. Therefore,

RHS =
(

x

y

)(
y + α

x + α

)1+b−c−c′

(y + α)a′−1
(

(y − β)x
x − β

)
−

β(α + β)c+c′−b−1(y + α)d

(
β(y − x)
y(x − β)

)
=
(

x2

y

)(
y − β

x − β

)
(y + α)d(x + α)a′−d−1−(

1 − x

y

)(
β

x − β

)
β(y + α)d(α + β)a′−d−1.
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In the above computation we have assumed a′ > d. We now consider the case where
a′ ⩽ d.

LHS = x(x + α)a′−1 +
a′−1∑
g=1

(
1 − x

y

)
y(y + α)g−1x(x + α)a′−g−1+(

1 − x

y

)
y(y + α)a′−1

= y(y + α)a′−1.

On the RHS, the weights of the vertices are fixed for all g. Since the right boundary
of the cross is fixed and the fact that sum of all possible states is an eigenvector, we
get that RHS = y(y + α)a′−1.

A.3.3. Assume a > d and b < c. As a > d, we will have a > 0. Also c′ > 0, otherwise
we get contradiction on the range of g.

LHS =(
x

y

)(
y + α

x + α

)1−a

β(α + β)a−d−1(y + α)dβ(α + β)a′+a−d−c′−1(x + α)d+c′−a+

d+c′∑
g=a+1

(
x

y

)(
y + α

x + α

)1−a(
y − x

y + α

)
β(α + β)g−d−1(y + α)dβ(α + β)a+a′−d−c′−1(x + α)d+c′−g

=
(

x

y

)
β2(α + β)a+c−b−d−2(y + α)d+1−a(x + α)d+c′−1+(

x

y

)(
y − x

y + α

)
β2(α + β)a+b−c−d−1(y + α)d+1−a

(x + α)d+c′−1


1 −

(
α + β

x + α

)d+c′−a

x − β

.

We compute the RHS:

RHS =(
x

y

)(
y + α

x + α

)1−c′

β(α + β)a−d−1(x + α)dβ(α + β)c−b−1(y + α)a′+b−c+

a′+b∑
g=c+1

(
x

y

)(
y − x

y + α

)(
y + α

x + α

)1+g−c−c′(
β(α + β)a−d−1(x + α)d

)
(

β(α + β)g−b−1(y + α)a′+b−g
)

=
(

x

y

)
β2(α + β)a+c−b−d−2(y + α)d−a+1(x + α)d+c′−1+(

x

y

)(
y − x

y + α

)
β2(α + β)a+c−b−d−1(y + α)d−a+1(x + α)d+c′−1
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
1 −

(
α + β

x + α

)d+c′−a

x − β

.

A.3.4. Assume a ⩽ d and b < c. Assume a > 0 and c′ > 0.
Recall that we have the global condition a + a′ + b = c + c′ + d. Observe that,

because of the assumptions, the range of g on the LHS is a to d + c′.
On the RHS, we have a′ + b − c − c′ = d − a ⩾ 0. Therefore, the range of g is from

c to c + c′

LHS =
(

x

y

)(
y + α

x + α

)1−a

y(y + α)a−1β(α + β)c−b−1(x + α)d+c′−a+

d∑
g=a+1

(
x

y

)(
y − x

y + α

)(
y + α

x + α

)1−a

y(y + α)g−1β(α + β)c−b−1(x + α)d+c′−g+

d+c′∑
g=d+1

(
x

y

)(
y − x

y + α

)(
y + α

x + α

)1−a

β(α + β)g−d−1

(y + α)dβ(α + β)c−b−1(x + α)d+c′−g

=
(

x2

y

)
β(α + β)c−b−1(y + α)d−a(x + α)a+c′−1

(
y − β

x − β

)
−(

x

y

)
β2
(

y − x

x − β

)
(α + β)c+c′−b−1(y + α)d−a(x + α)a−1.

RHS

x(x + α)a−1 =
(

x

y

)(
y + α

x + α

)1−c′

β(α + β)c−b−1(y + α)a′+b−c+

c+c′−1∑
g=c+1

(
x

y

)(
y + α

x + α

)1+g−c′−c(
y − x

y + α

)
β(α + β)g−b−1(y + α)a′+b−g+(

1 − x

y

)
β(α + β)c+c′−b−1(y + α)a′+b−c−c′

RHS =
(

x2

y

)
β(α + β)c−b−1(x + α)a+c′−1(y + α)a′+b−c−c′

(
y − β

x − β

)
−(

x

y

)
β2(α + β)c+c′−b−1(y + α)a′+b−c−c′

(x + α)a−1
(

y − x

x − β

)
.

Assume a = 0 and c′ > 0.

LHS = β(α + β)c−b−1(x + α)d+c′
+

d∑
g=1

(
1 − x

y

)
y(y + α)g−1β(α + β)c−b−1(x + α)d+c′−g+

d+c′∑
g=d+1

(
1 − x

y

)
β(α + β)g−d−1(y + α)dβ(α + β)c−b−1(x + α)d+c′−g

=
(

x

y

)
β(α + β)c−b−1(y + α)d(x + α)c′

(
y − β

x − β

)
−
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(
1 − x

y

)(
β2

x − β

)
(α + β)c′+c−b−1(y + α)d.

Observe when a = 0, the only difference in the RHS from the earlier case is the
weight of the Boltzmann weight of the top vertex.

RHS =
(

x

y

)
β(α + β)c−b−1(y + α)d(x + α)c′

(
y − β

x − β

)
−(

1 − x

y

)(
β2

x − β

)
(α + β)c+c′−b−1(y + α)d.

Assume a = 0 and c′ = 0.

LHS = β(α + β)c−b−1(x + α)d+c′
+

d∑
g=1

(
1 − x

y

)
y(y + α)g−1β(α + β)c−b−1(x + α)d−g+

= β(α + β)c−b−1(y + α)d.

On the RHS, there is a unique configuration.

RHS = β(α + β)c−b−1(y + α)a′+b−c

= β(α + β)c−b−1(y + α)d

 a′

0

b

d

c

0
a′+b−c

c

0


.

Assume a > 0 and c′ = 0.

LHS =
(

x

y

)(
y + α

x + α

)1−a

y(y + α)a−1β(α + β)c−b−1(x + α)d+c′−a+

d∑
g=a+1

(
x

y

)(
y − x

y + α

)(
y + α

x + α

)1−a

y(y + α)g−1β(α + β)c−b−1(x + α)d+c′−g+

= β(α + β)c−b−1(y + α)d−ax(x + α)a−1.

Just like in the previous case, we have a unique configuration.

RHS = x(x + α)a−1β(α + β)c−b−1(y + α)a′+b−c

= x(x + α)a−1β(α + β)c−b−1(y + α)d−a.

A.4. RLL for the Cauchy identity. We prove a relation between L∗, the dual L

matrix of row model of G
(−α,−β)
λ , and l, from the row model of g

(α,β)
λ .

For convenience let us recall all the characters of the play:

1 1

0

0

1

1 1

m

m

1−βx
1+αx

1 0

m−1

m

1−βx
1+αx

0 1

m+1

m

x
1+αx

0 0

m

m

x
1+αx
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wx

 a c

b

d
 ≡ wx(a, b; c, d) = δa+b,c+d


(α + β)a−d−1(x + α)βd a > d

βa−1x 0 < a ⩽ d

1 a = 0,

(69)

where a, b, c, d ∈ Z⩾0.
The R matrix ∈ End(F ⊗ W ):

Rk,l
i,j =

k

ji

l

=



1 − xy j = k = 1, i = l = 0
xy k = l = 0, i = j = 1
1 − xβ k = 1
xβ k = 0
1 i = k = l = j = 0

(70)

where k, j ∈ {0, 1} and i, l ∈ Z⩾0,

0

00

0

1

1

10

0

1 − xy

0

11

0

xy

1

ji

l

1 − xβ

0

ji

l

xβ

(71)

together with L∗ and l satisfy the RLL relation. We shall prove the following equation:

a′

a

b

d

c′

c

b−c

0

a+a′

+
a′

a

b

d

c′

c

b+1−c

1

a+a′−1

=
a′

a

b

d

c

c′

d−a

c+c′

0

+
a′

a

b

d

c

c′

d+1−a

c+c′−1

1

.

Based on the entries of the R-matrix, we shall assume certain condition on a, a′

and c, c′. We shall divide the conditions of a, a′ into three cases, a + a′ = 0,a + a′ = 1
and a + a′ > 1. We do the same with the conditions on c, c′. Therefore, we shall have
a total of 9 cases to consider.

A.4.1. Assume a+a′ = 0 and c+c′ = 0. Observe that, because of the global condition,
b is equal to d. So each side will have a unique configuration with identical weight.

A.4.2. Assume a + a′ = 0. When a + a′ = 0, there is a unique configuration on LHS.
On the RHS we use the fact that sum of all the possibles states is an eigenvector
of the R matrix to conclude that the weight of RHS is just the product of the
Boltzmann weights.

A.4.3. Assume a = 0 and a′ = 1 and c + c′ = 0.

LHS = (xβ)y
(

x

1 + αx

)
+ (xy)

(
1 − βx

1 + αx

)
= xy

1 + αx


b

b

b+1

0

0
01

1
0 +

b

b+1

b+1

0

1
01

0
0

.
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RHS =
(

x

1 + αx

)
(y)



b+1

b+1

b

1
0

00
0

0
.


A.4.4. Assume a = 0 and a′ = 1 and c′ = 0 and c = 1. When b > 0:

LHS = (xβ)y
(

x

1 + αx

)
+ xy

(
1 − βx

1 + αx

)
= xy

1 + αx


b

b−1

b

0

0
11

1
0 +

b

b

b

0

1
11

0
0

.

When b = 0, only the second configuration from the left is a valid configuration.

LHS = xy

When b > 0, we have:

RHS =


b

b+1

b

1
0

00
1

1
+

b

b

b

1
1

00
0

1


=
(

x

1 + αx

)
y(1 − xy) +

(
x

1 + αx

)
y(xy)

= xy

1 + αx
.

When b = 0,

RHS =
(

x

1 + αx

)
y(1 − xy) + x

1 + αx
(y + α)(xy)

=
(

xy

1 + αx

)
(1 − xy + xy + αx)

= xy.

A.4.5. Assume a = 0 and a′ = 1 and c + c′ ⩾ 1 and c′ ̸= 0.

LHS = (xβ)y
(

x

1 + αx

)
+ xy

(
1 − βx

1 + αx

)
= xy

1 + αx


b

b−c

b−c−c′+1

0

0
c1

1
c′

+

b

b−c+1

b−c−c′+1

0

1
c1

0
c′

.
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RHS =


b−c−c′+1

b−c−c′+1

b

1
c+c′

c′0
0

c
+

b−c−c′+1

b−c−c′+2

b

1
c+c′−1

c′0
1

c


=
(

x

1 + αx

)
y(xβ) +

(
x

1 + αx

)
y(1 − xβ)

= xy

1 + αx
.

A.4.6. Assume a = 1 and a′ = 0 and c + c′ = 0.

LHS =


b

b

b+1

1

0
00

1
0 +

b

b+1

b+1

1

1
00

0
0


= (1 − xβ)y

(
x

1 + αx

)
+ (1 − xy)

(
1 − βx

1 + αx

)
= 1 − βx

1 + αx
.

RHS =
(

1 − βx

1 + αx

)


b+1

b

b

0
0

01
0

0

.

A.4.7. Assume a = 1 and a′ = 0 and c = 1 and c′ = 0. When b > 0, we have

LHS =

b

b−1

b

1

0
10

1
0 +

b

b

b

1

1
10

0
0

= (1 − xβ)y
(

x

1 + αx

)
+ (1 − xy)

(
1 − βx

1 + αx

)
= 1 − βx

1 + αx
.

When b = 0, only the second configuration from the left is valid.
LHS = (1 − xy).

When b > 0, we have

RHS = (xy)
(

1 − βx

1 + αx

)
+ (1 − xy)

(
1 − βx

1 + αx

)
= 1 − βx

1 + αx


b

b−1

b

0
1

01
0

1
+

b

b

b

0
0

01
1

1

.
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When b = 0, only the second configuration is valid.

RHS = 1 − xy.

A.4.8. Assume a = 1 and a′ = 0 and c + c′ ⩾ 1 and c′ ̸= 0. When b − c − c′ + 1 ⩾ 1,
we have

LHS = (1 − xβ)y
(

x

1 + αx

)
+

(1 − xy)
(

1 − βx

1 + αx

)
= 1 − βx

1 + αx


b

b−c

b−c−c′+1

1

0
c0

1
c′

+

b

b−c+1

b−c−c′+1

1

1
c0

0
c′


.

When b − c − c′ + 1 = 0, we have

LHS = (1 − xβ)(y + α)
(

x

1 − αx

)
+ (1 − xy)

(
1 − βx

1 + αx

)
= (1 − xβ).

When b − c − c′ + 1 ⩾ 1, we have

RHS = (xβ)
(

1 − βx

1 + αx

)
+ (1 − xβ)

(
1 − βx

1 + αx

)
=
(

1 − βx

1 + αx

)


b−c−c′+1

b−c−c′

b

0
c+c′

c′1
0

c
+

b−c−c′+1

b−c−c′+1

b

0
c+c′−1

c′1
1

c

.

When b − c − c′ + 1 = 0, only the second configuration survives.

RHS = (1 − xβ).

A.4.9. Assume a + a′ > 1 and c + c′ = 0.

b

b

a+a′+b

a

0
0a′

a+a′

0
+

b

b+1

a+a′+b

a

1
0a′

a+a′−1
0

.

When a = 0,

LHS = (xβ)yβa′−1
(

x

1 + αx

)
+ (xβ)yβa′−2

(
1 − βx

1 + αx

)
= (xy)βa′

(
x

1 + αx

)
+ xyβa′−1

1 + αx
− (xy)βa′

(
x

1 + αx

)
= xyβa′−1

1 + αx
.
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When a = 1,

LHS = (1 − xβ)yβa′
(

x

1 + αx

)
+ (1 − xβ)yβa′−1

(
1 − βx

1 + αx

)
= (1 − xβ)yβa′−1

(
xβ

1 + αx
+ 1 − βx

1 + αx

)
= (1 − xβ)y

(
βa′−1

1 + αx

)
.

When a = 0,

RHS =
(

x

1 + αx

)
yβa′−1



a+a′+b

a′+b

b

a′

0

0a
0

0


.

When a = 1,

RHS =
(

1 − βx

1 + αx

)
yβa′−1.

A.4.10. Assume a + a′ > 1 and c = 1 and c′ = 0.

b

b−1

a+a′+b−1

a

0
1a′

a+a′

0
+

b

b

a+a′+b−1

a

1
1a′

a+a′−1
0

.

When a = 0 and b > 0

LHS = (xβ)
(

x

1 + αx

)
yβa′−1 + (xβ)

(
1 − βx

1 + αx

)
yβa′−2

= xyβa′−1

1 + αx
.

When a = 0 and b = 0

LHS = xβ(yβa′−2)

= xyβa′−1.

When a = 1 and b > 0

LHS = (1 − xβ)
(

x

1 + αx

)
yβa′

+ (1 − xβ)
(

1 − βx

1 + αx

)
yβa′−1

=
(

1 − βx

1 + αx

)
yβa′−1.

When a = 1 and b = 0

LHS = (1 − xβ)yβa′−1.
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a + a′ + b − 1

a′+b−1

b

a′
1

0a
0

1
+

a + a′ + b − 1

a′+b

b

a′
0

0a
1

1
.

When a = 0 and b > 0

RHS = (xy)
(

x

1 + αx

)
yβa′−1 + (1 − xy)

(
x

1 + αx

)
yβa′−1

=
(

xyβa′−1

1 + αx

)
.

When a = 0 and b = 0

RHS = (xy)
(

x

1 + αx

)
(y + α)βa′−1 + (1 − xy)

(
x

1 + αx

)
yβa′−1

= xyβa′−1.

When a = 1 and b > 0

RHS = (xy)
(

1 − βx

1 + αx

)
yβa′−1 + (1 − xy)

(
1 − βx

1 + αx

)
yβa′−1

=
(

1 − βx

1 + αx

)
yβa′−1.

When a = 1 and b = 0

RHS = (xy)
(

1 − βx

1 + αx

)
(y + α)βa′−1 + (1 − xy)

(
1 − βx

1 + αx

)
yβa′−1

= (1 − βx)yβa′−1.

A.4.11. Assume a + a′ > 1 and c + c′ ⩾ 1 and c′ ̸= 0.

b

b−c

a+a′+b−c−c′

a

0
ca′

a+a′

c′

+

b

b−c+1

a+a′+b−c−c′

a

1
ca′

a+a′−1
c′

=

a+a′+b−c−c′

a′+b−c−c′

b

a′

c+c′

c′a
0

c
+

a+a′+b−c−c′

a′+b−c−c′+1

b

a′

c+c′−1

c′a
1

c
.
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When a = 0 and b − c − c′ ⩾ 0

LHS = (xβ)
(

x

1 + αx

)
yβa′−1 + (xβ)

(
1 − βx

1 + α

)
yβa′−2,

RHS = (xβ)
(

x

1 + αx

)
yβa′−1 + (1 − xβ)

(
1 − βx

1 + αx

)
yβa′−1.

When a = 1 and b − c − c′ ⩾ 0,

LHS = (1 − xβ)
(

x

1 + αx

)
yβa′

+ (1 − xβ)
(

1 − βx

1 + α

)
yβa′−1,

RHS = (xβ)
(

1 − βx

1 + αx

)
yβa′−1 + (1 − xβ)

(
1 − βx

1 + αx

)
yβa′−1.

When a = 0 and b − c − c′ = −1,

LHS =(xβ)
(

x

1 + αx

)
(y + α)βa′+b−c−c′

+ (xβ)
(

1 − βx

1 + αx

)
(yβa′−2),

RHS =(xβ)
(

x

1 + αx

)
(y + α)βa′+b−c−c′

+ (1 − βx)
(

x

1 + αx

)
yβa′−1.

When a = 1 and b − c − c′ = −1,

LHS =(1 − xβ)
(

x

1 + αx

)
(y + α)βa′

+ (1 − xβ)
(

1 − βx

1 + αx

)
(yβa′−1),

RHS =(xβ)
(

1 − βx

1 + αx

)
(y + α)βa′−1 + (1 − βx)

(
1 − βx

1 + αx

)
yβa′−1.

When a = 0 and a′ − 1 > a′ + b − c − c′,

LHS =(xβ)
(

x

1 + αx

)
(α + β)c′+c−b−1(y + α)βa′+b−c−c′

+

(xβ)
(

1 − βx

1 + αx

)
(α + β)c′+c−b−2(y + α)βa′+b−c−c′

,

RHS =(xβ)
(

x

1 + αx

)
(α + β)c′+c−b−1(y + α)βa′+b−c−c′

+

(1 − xβ)
(

x

1 + αx

)
(α + β)c′+c−b−2(y + α)βa′+b−c−c′+1.

When a = 1 and b − c − c′ < −1,

LHS =(1 − xβ)
(

x

1 + αx

)
(α + β)c′+c−b−1(y + α)β1+a′+b−c−c′

+

(1 − xβ)
(

1 − βx

1 + αx

)
(α + β)c′+c−b−2(y + α)βa′+b−c−c′+1,

RHS =(xβ)
(

1 − βx

1 + αx

)
(α + β)c′+c−b−1(y + α)βa′+b−c−c′

+

(1 − xβ)
(

1 − βx

1 + αx

)
(α + β)c′+c−b−2(y + α)βa′+b−c−c′+1.
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In all the cases, we have assumed that the vertex 1 1

0

0

does not appear. Let

us now study the conditions on the nodes where such a vertex can occur.
Observe that it can appear in the second configuration of LHS when b = 0 and c =

1. Similarly, it can appear in the second configuration of RHS when a+a′+b−c−c′ = 0
and a′+b−c−c′+1 = 0, which reduces to the conditions a = 1 and a′+b−c−c′ = −1.

When a = 0, b = 0 and c = 1,

LHS = (xβ)(α + β)c′−1(y + α)βa′−1−c′


0

0

a′−1−c′

0

1
1a′

a′−1
c′


.

RHS =

a′−1−c′

a′−c′−1

0

a′

c′+1

c′0
0

1
+

a′−1−c′

a′−c′

0

a′

c′

c′0
1

1

=(xβ)
(

x

1 + αx

)
(α + β)c′

(y + α)βa′−c′−1

+ (1 − xβ)
(

x

1 + αx

)
(α + β)c′−1(y + α)βa′−c′

=x(α + β)c′−1(y + α)βa′−c′
.

When a = 1 and b = 0 and c = 1,

LHS = (1 − xβ)(α + β)c′−1(y + α)βa′−c′


0

0

a′−c′

1

1
1a′

a′

c′


.



a′−c′

a′−c′−1

0

a′

c′+1

c′1
0

1
+

a′−c′

a′−c′

0

a′

c′

c′1
1

1


.
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RHS =(xβ)
(

1 − βx

1 + αx

)
(α + β)c′

(y + α)βa′−c′−1+

(1 − βx)
(

1 − βx

1 + αx

)
(α + β)c′−1(y + α)βa′−c′

=(1 − βx)(α + β)c′−1(y + α)βa′−c′
.

When a = 1 and a′ + b − c − c′ = −1,

LHS =

b

b−c

0

1

0
ca′

a′+1
c′

+

b

b−c+1

0

1

1
ca′

a′

c′

= (1 − xβ)
(

x

1 + αx

)
(α + β)a′

(y + α)+

(1 − xβ)
(

1 − βx

1 + αx

)
(α + β)a′−1(y + α)

=(1 − xβ)(y + α)(α + β)a′−1.

RHS = (1 − xβ)(α + β)a′−1(y + α)



0

0

b

a′

c+c′−1

c′1
1

c


.

When we combine both the conditions, b = 0 and c = 1, and a = 1 and a+b−c−c′ =
−1, we get a = 1 and a′ = c′ for which we have already computed LHS and RHS.
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Crystals and integrable systems for edge labeled
tableaux

Ajeeth Gunna*1 and Travis Scrimshaw†2

1School of Mathematics and Statistics, University of Melbourne, Parkville, Victoria, Australia
2OCAMI, Osaka City University, 3–3–138 Sugimoto, Sumiyoshi-ku, Osaka 558–8585, Japan

Abstract. We define an integrable five vertex model whose partition function is the
generating function Eλ of edge labeled tableau of shape λ. Using this, we prove a
Cauchy-type identity. We give a crystal structure on edge labeled tableau to give a
positive Schur expansion of Eλ.

Keywords: edge labeled tableau, integrable system, crystal

1 Introduction

Consider the Lie group G = GLn(C), and fix a maximal torus T of the diagonal matri-
ces with B being the corresponding Borel of upper triangular matrices. The (complex)
Grassmannian Gr(k, n) is a very important object in algebraic geometry, which can be
described as the set of k dimensional hyperplanes in Cn or as G/P, where P is the max-
imal parabolic of k× (n− k) block upper triangular matrices. To study its T-equivariant
cohomology ring H•T(Gr(k, n)), the approach of Schubert calculus is to study the Schu-
bert varieties Xλ, which are Zariski closures of the decomposition of Gr(k, n) into (left)
B orbits. In the nonequivariant case, there is an isomorphism from H•(Gr(k, n)) to sym-
metric functions modulo the ideal (sλ(x) | λ ̸⊆ (n − k)k), where (n − k)k denotes a
k× (n− k) rectangle and sλ(x) is the Schur function and the image of the cohomology
class [Xλ] for Xλ. In H•T(Gr(k, n)), the factorial Schur function sλ(x|a) represents [Xλ].

The Littlewood–Richardson (LR) coefficients are the structure coefficients for Schur
functions sλ(x)sµ(x) = ∑ν cν

λµsν(x) (when a = 0), which have a classical combinatorial
description as certain semistandard tableaux of shape ν/λ. The problem is more subtle
to compute the LR coefficients for the factorial Schurs with a manifestly positive formula.
An initial solution given by Molev and Sagan [12], but it is not described in terms of skew
tableaux like the usual LR rule. A skew tableau rule was given by Thomas and Yong [17]
by introducing edge labeled tableaux of shape ν/λ with certain conditions.

Another natural problem is to compute the dual basis ŝλ(x|a) to the factorial Schur
functions under the Hall inner product, where ⟨sλ(x), sµ(x)⟩ = δλµ. We can motivate this

*agunna@student.unimelb.edu.au
†tcscrims@gmail.com. Partially supported by Grant-in-Aid for JSPS Fellows 21F51028.
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geometrically with an alternative way to construct the ring of symmetric functions using
the homology

⊕
1≤k≤n H•(Gr(k, n)), where the product corresponds to the induced map

from the direct sum of two Grassmannians [9, Sec. 1.1]. In order to get a deformation of
symmetric functions from equivariant cohomology desired by Knutson and Lederer [9],
we can only use a single circle S1 action. It was shown in [10, Theorem 8.12] that the
Schubert classes correspond to ŝλ(x; t), which equals ŝλ(x|a) with ai = 0 for i ≤ 0 and
ai = t for i > 0, by utilizing back stable Schubert calculus. We remark that ŝλ(x|a) was
first studied by Molev [11] and shown to be the generating function of certain tableaux
with the weights being rational functions.

Dual bases must satisfy the Cauchy identity [16, Lemma 7.9.2]. Our first main result
is that the dual basis ŝλ in finitely many variables, up to a simple overall factor of
∏m

j=1 ∏m+λ1
k=1 (1 + akyj)

−1, is given by the generating function Eλ(x|a) of edge labeled
tableaux, which we coin the edge Schur functions.

Theorem 1.1. Denote an := (ai−n−1)i∈Z>0 . For N ≥ m + λ1, we have

∑
λ

ℓ(λ)≤min(n,m)

sλ(xn|−a) ∏
1≤k≤N
1≤j≤m

(1 + akyj)
−1Eλ(ym|an) = ∏

1≤i≤n
1≤j≤m

1
1− xiyj

. (1.1)

Note that the weight is different than in [17] and is reminiscent of the refined weights
for refined symmetric Grothendieck polynomials [4] from the K-theory of Gr(k, n). For
our proof, we introduce an integrable lattice model such that the commutation of trans-
fer matrices with the model for factorial Schur functions yields the Cauchy identity in
finitely many variables. A consequence of this is Eλ(x|a) is a symmetric function.

The next natural question in studying Eλ(x|a) is to determine how they expand in
terms of Schur functions. We compute this by utilizing our second main result (Theo-
rem 4.1), there exists a Uq(sln)-crystal structure on edge labeled tableaux by breaking
the tableau into diagonals (as opposed to rows or columns as detailed in [6, 13]). An
immediate consequence is a positive Schur expansion of Eλ/µ(x|a) by counting high-
est weight elements. We also provide an uncrowding algorithm and conclude this is a
crystal isomorphism by properties of RSK following [2, 6, 13, 14, 15].

This extended abstract is organized as follows. In Section 2, we give the background
on the requisite tableaux and generating functions. In Section 3, we give the lattice
model proving Theorem 1.1. In Section 4, we describe the crystal structure on edge
labeled tableaux and the corresponding uncrowding algorithm.

After this was submitted, we learned that our lattice model for edge Schur func-
tions (3.1) and the corresponding R-matrix (Proposition 3.2) had previously appeared in
the preprint of Gorbounov and Korff [5]. We thank the referee for noting this.
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1 2 3 · · · n1 2 3 n− 1

Figure 1: Crystal B(Λ1) of the natural representation for Uq(sln).

2 Tableaux generating functions

Fix a positive integer n, and let [n] := {1, . . . , n}. A partition λ is a weakly decreasing
finite sequence of positive integers, and we draw the Young diagram of λ using English
convention. We identify partitions λ with 01-sequences by a 1 for every vertical step and
0 for every horizontal step, read from bottom-left to top-right. Boldface letters will de-
note an countably infinite sequence of indeterminates unless otherwise stated and a sub-
script indicates finitely many variables; e.g., x = (x1, x2, . . .) and xn = (x1, . . . , xn, 0, . . .).
We make one main exception of a := (. . . , a−1, a0, a1, . . .).

Following [18], an edge labeled tableau is a filling of the Young diagram by Z>0 and
finite subsets of Z>0 on horizontal edges such that rows weakly increase (not including
the edges) and vertical edges strictly increase, where for any set A on an edge, an entry
above is less than min A and an entry below is greater than max A. We consider the top
of the partition to extend infinitely far to the right, which can also hold edge labels. For
skew shapes, we do not allow edge labels only on the top row of boxes that have been
skewed out. The set of semistandard tableaux of (skew) shape λ/µ, denoted SSYT(λ/µ),
is the set of edge labeled tableaux of shape λ/µ such that no entry appears on any edge.

The factorial Schur functions and edge Schur functions are defined as

sλ/µ(x|a) = ∑
T∈SSYT(λ/µ)

∏
α∈T

(xα − aα+j−i), Eλ/µ(x|a) = ∑
T∈ELT(λ/µ)

∏
α∈T

xα ∏
ℓ∈ET

xℓaj−i,

where the product over α ∈ T (resp. ℓ ∈ ET) is all boxes (resp. edge labels in the upper
edge of boxes) in T, where the box is in the i-th row and j-th column. When a = 0, then
sλ/µ(x) = Eλ/µ(x; 0) are the usual skew Schur functions.

We recall the crystal structure for sln, the special linear Lie algebra of traceless n× n
matrices (over C). We use the standard identification of partitions such that ℓ(λ) ≤
n with elements in the dominant weight lattice P+ = Zn

≥0 by λ ↔ ∑n
i=1 λiϵi, where

{ϵi | i ∈ [n]} is the standard basis of Zn. A crystal graph will be an edge-colored
by [n − 1] colors, weighted, directed graph. A highest weight crystal will be a (weakly)
connected component of crystal graph for a tensor power of the crystal B(Λ1) given in
Figure 1. We define B = B(Λ1)

⊗k as the crystal graph with vertices B(Λ1)
k and an edge

bk ⊗ · · · ⊗ b1
i−→ b′k ⊗ · · · ⊗ b′1 by the signature rule: Replace each i and i + 1 with − and

+ respectively, and successively deleting any (+−)-pairs (in that order) until obtaining
a sequence − · · · −+ · · ·+. Let j− be the index for the rightmost − remaining, and set

b′k ⊗ · · · ⊗ b′j− ⊗ · · · ⊗ b′1 = bk ⊗ · · · ⊗ i + 1 ⊗ · · · ⊗ b1,
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where there is no edge if there is no such −. Define the weight of an element b ∈ B as
∏n

i=1 xai
i , where ai is the number of entries equal to i. Our tensor product convention

follows [3], which is opposite of [7, 8]. See [3] for additional information on crystals.
A highest weight element is a source of the crystal graph. For a highest weight crystal,

there exists a unique λ ∈ P+ such that wt(b) = xλ, which is the crystal basis of a
quantum group Uq(sln) module V(λ) [8]. Moreover, the character of a crystal B is

chB := ∑
b∈B

wt(b).

It is a classical fact that ch B(λ) = sλ(xn). Hence, we can identify elements of B(λ) with
SSYT(λ) with max entry n under admissible reading words [7, Theorem 7.3.6], where for
any fixed box b, we read every box to its northeast after b. We will use a nonstandard
reading word by reading along diagonals from bottom-to-top, where along each diago-
nal we read from bottom-to-top. This gives us an injection rwd: B(λ/µ)→ B(Λ1)

⊗|λ/µ|.
Example 2.1. Under the reading word described above, we have

1 2 3

4 5 6

7 8 9

10

7−→ 10 ⊗ 7 ⊗ 8 ⊗ 4 ⊗ 9 ⊗ 5 ⊗ 1 ⊗ 6 ⊗ 2 ⊗ 3 .

3 Lattice model

A state in a five vertex model is a (potentially infinite) square grid with vertices a subset
of Z2 and labels {0, 1} on each edge such that around each vertex satisfies one of five
possible configurations. We can assign a Boltzmann weight to each possible vertex, and the
Boltzmann weight of a state is the product of the Boltzmann weights of each vertex. The
partition function of a vertex model is the sum of the Boltzmann weights of all possible
states. This assignment of Boltzmann weights to vertices is called an L-matrix (we can
consider the Boltzmann weight of the other local configurations to be 0). We can realize
L-matrix at position (i, j) as a linear map in End(Hi ⊗ Vj), where Hi

∼= C2 is the i-th
quantum space and Vj

∼= C2 is the j-th physical space. For more information, we refer
the reader to [1].

We will now give a lattice model on [n]×Z whose partition function is Eλ/µ(xn; a).
The L-matrix Lij at position (i, j) is defined as

0 0

0

0

1 + ajxi

0 0

1

1

1

1 1

0

0

xi

0 1

1

0

1

1 0

0

1

xi

(3.1)
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Next, we describe the boundary conditions, where the top and bottom edges are the 01-
sequence for the partitions λ and µ, respectively. To see that the partition function is
Eλ/µ(xn; a), it is sufficient to consider a single row, which is equivalent to restricting to
at single letter, say x1. We identify diagonals of the tableau with the vertical lines in the
lattice model. We note that there is a unique state in this model, every vertex outside of
the [−ℓ(λ), λ1 − 1] vertical lines are fixed, and the placement of edge labels correspond
to the choice of monomial in (1 + ajxi).
Example 3.1. We restrict to the finite lattice [1]× [−4, 4], which means we set ai = 0 for
all i > 4. For the partitions λ = (3, 3, 1) and µ = (3, 2), the only possible state is

a−4

a−3

a−2

a−1

a0

a1

a2

a3

a4

a−4 a−3 a−2 a−1 a0 a1 a2 a3 a4

ν−−−−−→

−−−−−→
µ

The Boltzmann weight of this state is (1 + a−1xi)(1 + a3xi)(1 + a4xi)x2
i . To translate this

to edge labeled tableaux, note that we can add an i to the edges along the diagonals with
index −1, 3 and 4, which are also the upper edges of boxes with those contents.

i

i

i

i
i

i

i

i
i

i

i

i
i

i

i

i
i

i i

i

i

i

i

i

i i

i

i

i

Note that we have the same partition function with the lattice [1]× [−k, 4] for any k ≥ 3.
The lattice model perspective also makes it clear how to derive the notion of edge

labeled tableau for skew shapes so that we have the branching rule

Eλ/µ(x, y|a) = ∑
µ⊆ν⊆λ

Eλ/ν(y|a)Eν/µ(x|a).

This model is integrable, which means the following holds.
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Proposition 3.2 ([5]). There exists an R-matrix given by

Ri,j(xi, xj) =



0 0 0

0 0

0 0

0 0 0


ij

=


1 0 0 0

0 0 xi
xj

0

0 1 1− xi
xj

0

0 0 0 xi
xj


ij

∈ End(Hi ⊗ Hj).

satisfying the Yang–Baxter equation: for any fixed boundary, the partition functions are equal:

xi

xj
=

xj

xi (
Rij(xi, xj)Li,n(xi)Lj,n(xj) = Lj,n(xj)Li,n(xi)Rij(xi, xj)

)
.

A consequence of Proposition 3.2 is Eλ(x|a) is a symmetric function by repeatedly
using the Yang–Baxter equation (this is known as the train argument).

To prove Theorem 1.1, we need a model whose partition function is the factorial
Schur function sλ(x| − a). We will use the model from [19], which is also integrable,
with the l-matrix

li,j =



0 0 0

0 0

0 0

0 0 0


ij

=


1 0 0 0

0 0 1 0

0 1 xi + aj 0

0 0 0 1


ij

∈ End(Hi ⊗Vj).

In this model, we use Z≥0 × [n] with the left boundary all being 1.
The goal is to attach the vertex model for sλ(x|−a) with a vertex model for Eλ(x|a),

pass them through each other by the train argument, and then be able to easily com-
pute the resulting partition function. However, we cannot use the “natural” model for
Eλ(x|a). Instead we use a “dual” model, whose L∗-matrix is formed by rotating the ver-
tices 180 degrees and interchanging 0↔ 1 along the quantum space (horizontal edges):

0 0

0

0

xi

1 1

1

1

1

1 1

0

0

1 + ajxi

1 0

0

1

1

0 1

1

0

xi
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For this model, we note that when we restrict to any sufficiently large [−N, N]× [n], the
left and right boundary conditions are all 1.

We call a single row of a vertex model a transfer matrix (with no boundary conditions),
and denote the transfer matrix using the L∗-matrix (resp. ℓ-matrix) by T∗ (resp. t). Unlike
more classical cases of vertex models, our model for Eλ/µ(x|a) depends on the number
of ai ̸= 0 for i > 0. We also will make a technical assumption that |xj| < 1 so that no
infinite products can occur. This yields the following key relation.

Proposition 3.3. Let ai = 0 for all i≫ 1 and |x| < 1. Then T∗(y)t(x) = (1− xy)t(x)T∗(y).

The proof is essentially the existence of a solution of the Yang–Baxter equation with

R(x, y) =



0 0 0

0 0

0 0

0 0 0


ij

=


y 0 0 0

0 0 y 0

0 1 1− xy 0

0 0 0 1


ij

∈ End(H ⊗ H∗).

Multiplying by the R-matrix, the train argument yields equal partition functions for

1

11

0

i1

k1

i2

k2

i3

k3

i4

k4

i5

k5

...

...

y

x =
1

01

1

i1

k1

i2

k2

i3

k3

i4

k4

i5

k5

...

...

x

y

On the left side, as the weight of the R-matrix is 1, we have T∗(y)t(x). The right side
has potentially two possible configurations:

1
1

01
0

1

i1

k1

i2

k2

i3

k3

i4

k4

i5

k5

...

...

x

y
+

1
0

01
1

1

i1

k1

i2

k2

i3

k3

i4

k4

i5

k5

...

...

x

y

However, from our assumptions, we note that the Boltzmann weight of for any state of
the left configuration must be 0. The claim follows from the weight of the R-matrix.

To finish the proof of Theorem 1.1 is repeatedly applying Proposition 3.3 and noting
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there is a unique state on one side that contributes a factor of ∏1≤k≤N ∏1≤j≤m(1 + akyj):

· · ·

· · ·

xn. . .
x1

y1...
ym

=

· · ·

· · ·

y1

...
ym

xn

...
x1

4 Crystal structure

We define our crystal structure on edge labeled tableaux by extending the reading for a
box b with an entry b and a set A = {a1 < · · · < ak} on the edge below b as

b
A

⇐⇒ ak ⊗ · · · ⊗ a1 ⊗ b ⇐⇒ b a1 · · · ak
T

.

We read the tableau following the reading word rwd using this description for each box.
We define the crystal structure by using the signature rule with this reading word.

This generally gives a valid edge labeled tableau with the following exception:

i i
p

i−−−−→
i
p p ,

where p = i + 1. Note that normally we would change the left i to and i + 1, which
would not be an edge-labeled tableau. It is straightforward to see that this is the same
operation after taking the reading word, which yields the following.

Theorem 4.1. The set of edge labeled tableau of shape λ/µ is a highest weight Uq(sln)-crystal.
Moreover, the function Eλ/µ(xn|a) is Schur positive.

Example 4.2. Let λ = (3, 2). For any n ≥ 3, we have

E32(xn|a) = s32(xn) + (a−2 + a−1 + a0 + a1)s321(xn) + a1s33(xn) + ∑
i>1

ais42 + HOT.
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We have the following crystals for the coefficients a−1, a0, and a1 for n = 3:

1 1 1

2 2
3

1 1 2

2 2
3

1 1 3

2 2
3

1
2

1 3

3 3

1
2

1 1

3 3

1
2

1 2

3 3

1
2

2 2

3 3

1
2

2 3

3 3

1

1 1

1

2

2 2

2

1 1 1

2
2
3

1 1 2

2
2
3

1 1 3

2
2
3

1 1 3

3
2
3

1 1 1

3
2
3

1 1 2

3
2
3

1
2 2 2

3 3

1
2 2 3

3 3

1

1 1

1

2

2 2

2

1 1 1
2

2 3

1
1
2 2

2 3

1
1
2 3

2 3

1
1
2 3

3 3

1 1 1
2

3 3

1
1
2 2

3 3

2
1
2 2

3 3

2
1
2 3

3 3

1

1 1

1

2

2 2

2

1 1 1
2

2 2

1 1 1
3

2 2

1 1 1
3

2 3

1 1 1
3

3 3

1 1 2
3

2 2

1 1 2
3

2 3

1 2 2
3

3 3

1 1 2
3

3 3

1 2 2
3

3 3

2 2 2
3

3 3

1

1

1

1

1

12

2

2

2

2

2

Next, we construct an analog of the uncrowding bijection in analogy to [2, 6]. In this
case, given our reading word, we will perform the uncrowding along diagonals, which
requires a little more care. For simplicity, we index the diagonals so the first diagonal
has content 1− ℓ(λ).

Definition 4.3 (Uncrowding algorithm). We proceed along diagonals starting from the

lower-left box. Start with (P0, Q0) = (∅, ∅). For the i-th diagonal Di, let Pi = Pi−1
RSK←−−

rwd(Di) denote the RSK insertion (see, e.g., [16, Ch. 7]). We construct the recording
tableau Qi as the skew shape µ(i)/ν(i), where µ(i) is the shape of Pi and ν(i) are the boxes
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of λ up to the i-th diagonal (counted from the lower-left box) and slid up into a straight
shape. The entries of Qi are those of Qi−1 shifted appropriately and then any remaining
empty cells are filled with an i.

Example 4.4. Consider the edge labeled tableau

T =

1 1 2
45

2 2 6

3 3
4

4
5

5

Under the uncrowding algorithm, we have

(P0, Q0) = ∅, ∅ RSK←−− 54 =
4

5
,
·
1

RSK←−− 53 =

3 5

4

5

,
· ·
·
1

RSK←−− 432

=

2 3

3 4

4 5

5

,

· ·
· ·
· 3

1

RSK←−− 21 =

1 2

2 3

3 4

4 5

5

,

· ·
· ·
· ·
· 3

1

RSK←−− 61

=

1 1 6

2 2

3 3

4 4

5 5

,

· · ·
· ·
· ·
· ·
1 3

RSK←−− 542 =

1 1 2 4

2 2 5

3 3 6

4 4

5 5

,

· · · 6

· · ·
· · 6

· ·
1 3

= (P6, Q6).

Now we need to describe the inverse algorithm; in particular, we need to describe
which which cells to remove as we will use inverse RSK at each step. We proceed by
removing the diagonals in reverse order but starting with the cell at the bottom of the
corresponding column. We also remove any cell labeled by i if we are at the i-th diagonal
from the bottom, the result of which becomes an edge label and can be placed in a unique
way such that the result is an edge labeled tableau.

We let E(λ/µ) denote the set of recording tableaux obtained by applying the un-
crowding algorithm. We do not currently have a characterization of these tableaux other
than they will have shape λ/µ. We leave this as an open question.

Theorem 4.5. Uncrowding Υ : ELT(λ)→ ⊔
µ⊆λ SSYT(µ)×E(λ/µ) is a crystal isomorphism,

where the crystal operators on the image act only on SSYT(µ).
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This gives an alternative proof of Theorem 4.1. It would be good to describe this using
a formulation analogous to the alternative descriptions for uncrowding given in [14, 15].
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LITTLEWOOD–RICHARDSON COEFFICIENTS FOR SPIN HALL–LITTLEWOOD

FUNCTIONS

AJEETH GUNNA, MICHAEL WHEELER AND PAUL ZINN-JUSTIN

Abstract. We provide a combinatorial formula for the Littlewood–Richardson (LR) coefficients of
spin Hall–Littlewood functions, and factorial versions of them. This is achieved by representing these
functions and the LR coefficients as the partition function of a lattice model and applying the underlying
Yang-Baxter equation. Our combinatorial expression is in terms of generalised honeycombs; the latter
were introduced by Knutson and Tao for ordinary LR coefficients and applied to the computation of
Hall polynomials by Zinn–Justin.

1. Introduction

1.1. Spin Hall–Littlewood functions. In [Bor14], Borodin introduced spin Hall–Littlewood func-
tions (Fλ) which are symmetric rational functions. They depend on two parameters, q and s. At s = 0,
they reduce to Hall–Littlewood polynomials[Mac98]. Hall–Littlewood polynomials are themselves a
generalization of the well-known Schur polynomials. In this paper, we derive a combinatorial formula
for the coefficients Cν

λ,µ from the following equation:

FλFµ =
∑
ν

Cν
λ,µFν .

Such coefficients are usually referred to as Littlewood–Richardson coefficients (LR). These coeffi-
cients have various interpretations. For example, the LR coefficients of Schur polynomials appear in
the representation theory of GL(n); they also appear in the cohomology of the Grassmannian. Mean-
while, the Hall polynomials, which are the LR coefficients of Hall–Littlewood polynomials, count short
exact sequences of finite abelian p-groups. Therefore, the LR coefficients of Fλ are a generalisation of
Hall polynomials.

1.2. Exactly solvable lattice models. In the past two decades, exactly solvable lattice models have
been widely used to study the theory of symmetric functions. In a nutshell, symmetric functions are
initially represented as partition functions of a lattice model. By leveraging the underlying Yang–
Baxter equation, one can derive many identities, such as symmetry, branching formulas, Cauchy
identities, Littlewood identities, etc.

Although the R-matrices corresponding to Uq(ŝl2) are sufficient to provide a lattice model for-
mulation for a symmetric polynomial, one cannot compute LR coefficients using the same. In the
work by Zinn-Justin [ZJ08], LR coefficients of Schur polynomials were computed using lattice mod-
els. The key observation is that we need to consider a lattice model composed of the R matrices

of Uq(ŝl3) to compute LR coefficients. This approach was later used to compute the LR coefficients
of Grothendieck polynomials [WZJ19], Hall–Littlewood polynomials [WZJ16a, ZJ19], and Schubert
polynomials [KZJ20], among others.

1.3. Layout of the paper. In section 2, we establish our notations and recall the Bosnjak–Mangazeev
general solution for the Yang–Baxter equation [BM16]. We define the wave functions of the six-vertex
model and inhomogeneous spin Hall–Littlewood functions (Fm) where m is a tuple of positive integers.
These inhomogeneous spin Hall–Littlewood functions are symmetric rational functions in two sets of

1
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variables, and Spin Hall–Littlewood functions and factorial Hall–Littlewood polynomials are obtained
as its specializations.

In section 3, we describe our three theorems. Our theorem computes a puzzle formula for the
LR coefficients of the wave functions of the six-vertex model, spin Hall–Littlewood functions, and
Hall–Littlewood polynomials.

In section 4, we introduce our hexagonal lattice made up of the R-matrices of Uq(sl3). We demon-
strate that the partition function of this lattice equals the product of two spin Hall–Littlewood func-
tions. Subsequently, the partition function of the same lattice provides the desired combinatorial
objects multiplied by a spin Hall–Littlewood function. Our technique in this paper appears to be new
and is reminiscent of the standard arguments used to prove Cauchy identities using the Yang–Baxter
equation. In the next section, section 5, we consider the most general hexagonal lattice model to
derive the following equation:

Fm(x1, . . . , xn; y1, . . . , yP ; q
−L1 , . . . , q−LP )Fl(x1, . . . , xn; z0, z1, . . . , zN ; q−M0 , q−M1 , . . . , q−MN )

=
∑
k

Ckl,m(y1, . . . , yP ; z0, z1, . . . , zN ; q−L1 , . . . , q−LP ; q−M0 , q−M1 , . . . , q−MN )

Fk(x1, . . . , xn; y1, . . . , yn; q
−L1 , . . . , q−LP ) (1.1)

Finally, in section 6, we make certain substitutions in the above equation to obtain our main
theorems.

2. Preliminaries

2.1. Lattice model. We consider a lattice model made up of horizontal lines, which are oriented from
left to right, and vertical lines, oriented from bottom to top, with their intersections forming vertices.
We attach variables to both vertical and horizontal lines.

We decorate the edges with labels, typically a non-negative integer or a tuple of non-negative
integers, depending on the context. We refer to the labelling of the edges of all vertices in a lattice
as a configuration. We attach a weight to each vertex depending on its respective row and column.
These weights are non-zero only when the conservation is satisfied i.e., the sum of the labels entering
from the bottom and left is equal to the sum of the labels on the top and right. A configuration is
only valid when the conservation is satisfied at each vertex. For every such configuration, we get its
weight by multiplying the weight of each of the vertices. A partition function of a lattice model with
a fixed boundary is defined as a summation of the weights of all possible configurations.

Graphically, we draw a vertex as a tile, with particles entering from the bottom and the left, and
exiting through the top and right. Below is an example of a vertex with labelled edges.

3

2

4

1

2.2. Yang–Baxter equation. We recall the Bosnjak–Mangazeev solution of the Yang–Baxter equa-

tion. Here, m denotes the rank of the quantized affine algebra Uq(ŝlm+1), and L, M, N be positive
numbers that denote the spin of a line, and x, y, z be the variables attached to lines. For an m-tuple
of non-negative integers A, we denote |A| as the sum of all the coordinates of A. For a vertex of the
type:
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B D

A

C

(y, M)

(x, L)

= WL,M

(
x

y
; q;A,B,C,D

)

where A,B,C,D are m-tuples of non-negative integers are said to satisfy the Yang–Baxter equation
when

∑
C1,C2,C3

WL,M

(
x

y
; q;A2,A1,C2,C1

)
WL,N

(x
z
; q;A3,C1,C3,B1

)
WM,N

(y
z
; q;C3,C2,B3,B2

)
=

∑
C1,C2,C3

WM,N

(y
z
; q;A3,A2,C3,C2

)
WL,N

(x
z
; q;C3,A1,B3,C1

)
WL,M

(
x

y
; q;C2,C1,B2,B1

)
.

(2.1)

where A1,A2,A3,B1,B2,B3 are fixed m-tuple of non-negative integers, and the summation on both
sides of the equation is over triples of m-tuples C1,C2,C3 of non-negative integers. For vertices where
|A|, |C| > M or |B|, |D| > L, the weights are identically zero.

Theorem 2.1 ( [BM16]). For any two tuples λ, µ such that λi ≤ µi for all 1 ≤ i ≤ m , we define the
functions

Φ(λ, µ;x, y) :=
(x; q)|λ|(y/x; q)|µ−λ|

(y; q)|µ|
(y/x)|λ|

(
q

∑
i<j

(µi−λi)λj
) n∏

i=1

(
µi

λi

)
q

.

Then the weights defined as

WL,M(x; q;A,B,C,D) = 1A+B=C+Dx|D−B|q|AL−DM|

×
∑
P

Φ(C−P,C+D−P; qL−Mx, q−Mx)Φ(P,B; q−L/x, q−L) (2.2)

where the summation is over m-tuples P = (P1, . . . ,Pm) such that 0 ≤ Pi ≤ min(Bi,Ci), satisfy the
Yang–Baxter equation.

2.3. Six vertex model and its wave functions. In this subsection, we consider weights of the
following type:

b d

a

c

(y, 1)

(x, 1)

= W1,1

(
x

y
; q; a, b, c, d

)

where each of a, b, c, d is either 1 or 0. Graphically, we use ( ) to indicate that the corresponding edge
label 1 and a ( ) when the edge label is zero. Then there are six vertices where the conservation is
satisfied:
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(2.3)

Definition 2.2. For two binary strings m and w where m has n more particles than w, we define the
rational function Hm/w(x1, . . . , xn) as partition function of

Hm/w(x1, . . . , xn) :=

x1
...

xn

m1

m2

..
.

w1

w2

..
.

(2.4)

with the following weights:

x

1 1
1− x

1− qx

q (1− x)

1− qx

(1− q)x

1− qx

(1− q)

1− qx

(2.5)

When w is entirely holes, we denote it by Hm. As a consequence of the Yang–Baxter equation,
these rational functions are invariant under permutations of the variables. These functions have been
extensively studied in the literature.

Remark 2.3. At q = 0, we recover symmetric Grothendieck polynomials. They are symmetric
polynomials arising from the K-theory of Grassmanians. In the recent literature, many papers have
explored the application of lattice models to the study of these polynomials. In [WZJ19], Wheeler
and Zinn-Justin derived puzzles for the structure constants of these polynomials using solvable lattice
models.

2.4. Higher spin vertex model. In this subsection, we define functions by considering weights of
the following type:

b d

a

c

(y, 1)

(x, L)

= WL,1

(
x

y
; q; a, b, c, d

)
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where each of a, c is either 1 or 0 and b, d are positive integers bounded by L. Then there are four
types of vertices where the conservation is satisfied:

1

m

1

m

0

m

1

m−1

1

m

0

m+1

0

m

0

m (2.6)

Definition 2.4. Fix positive integers P and n. Let m = (m1, . . . ,mP ) be a P -tuple of non-negative

integers such that
∑P

i=1mi = n. We define Fm(x1, . . . xn; a1, . . . , aP ; s) as the partition function of

m1

m2

..
.
..
.

mPaP

..
.
..
.

a2

a1

x1

. . .
xn

(2.7)

with weights:

A

B

C

D

x

a

1

m

1

m

0

m

1

m−1

1

m

0

m+1

0

m

0

m

1− qmxa

x− s

1− qm

x− s

(1− qmas)x

x− s

x− qms

x− s

(2.8)

These functions are symmetric in x variables. Similar to many families of symmetric functions they
satisfy many interesting identities like Cauchy identity etc. In this paper, we focus on the structure
constants for certain specialisations of definition 2.4.

Definition 2.5. We define the spin Hall–Littlewood functions by setting ai = t, a formal parameter,
in the F :

Fl(x1, . . . , xn; t, s) = Fl(x1, . . . , xn; t, . . . , t; s). (2.9)

This definition of spin Hall–Littlewood function is not as in the literature [Bor14]. However, we
can recover it by simply setting t = s. By setting t = s = 0, we recover the lattice model for
Hall–Littlewood polynomials introduced in [WZJ16b], with inverted spectral variables.

Remark 2.6. The spin Hall–Littlewood functions considered in this paper reduce to weak dual
Grothendieck polynomials (jλ in the notation of [GZJ20]) upon setting s = q = 0. We leave the
details to the interested reader.

Definition 2.7. We define the factorial Hall–Littlewood polynomials by setting s = 0 in F :
Pl(x1, . . . , xn; a1, . . . , aP ) = lim

s→0
Fl(x1, . . . , xn; a1, . . . , aP ; s). (2.10)

In this paper, we derive combinatorial formulae in terms of puzzles for the structure constants for
the spin Hall–Littlewood functions and factorial Hall–Littlewood polynomials.
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3. Main Theorems

3.1. Puzzles for the wave functions of the six vertex model. Consider the following tiles. Every
tile has a weight associated with it.

0 1 1 1 1

0 1 1 1 1

0 1 q −1 −q

(3.1)

In this paper, a puzzle is a tiling of a rectangular region with the above tiles while ensuring the
continuity of red and blue lines. In these puzzles, red particles enter from the left and bottom, while
blue particles enter only from the left. The red particles exit through the upper boundary and the
blue particles exit through the right. Let P be the breadth of the puzzle and n be the number of red
particles entering from the left. In other words, the left boundary of a puzzle is a binary string of red
and blue particles, and the right boundary is a binary string of blue particles and holes. We give three
examples to illustrate puzzles.

Theorem 3.1. For positive integers P , N and n, consider binary strings m, k ∈ { , }P and w, l ∈
{ , }N where l has exactly n more particles than w. Then we have:

Hm(x1, . . . , xn)Hl/w(x1, . . . , xn) =
∑
k

Ck,w
l,mHk(x1, . . . , xn) (3.2)



LITTLEWOOD–RICHARDSON COEFFICIENTS FOR SPIN HALL–LITTLEWOOD FUNCTIONS 7

where

Ck,w
l,m =

ω1

λ1

µ1 κ1

..
.

..
.

...

...

ω2

λ2

µ2 κ2

..
.

..
.

...

...

ω3

λ3

µ3 κ3

..
.

..
.

...

...

µP κP

ωN

λN

(3.3)

λi =

{
if li =

if li =
ωi =

{
if wi =

if wi =

µi =

{
if mi =

if mi =
κi =

{
if ki =

if ki =

Furthermore, Ck,w
l,m are polynomials in q with positive coefficients, up to an overall sign.

Below, we provide two examples to illustrate the theorem mentioned above.

Example 3.2. For P = 5, N = 3 and n = 1. The product H{0,1,0,0,0}H{1,0,1}/{0,1,0} has the following
expansion:

H{0,1,0,0,0}H{1,0,1}/{0,1,0} = H{0,1,0,0,0} − (1 + q + q)H{0,0,1,0,0} + (q + q2 + q)H{0,0,0,1,0} − q2H{0,0,0,0,1}

= H{0,1,0,0,0} +


+ +


H{0,0,1,0,0}

+


+ +


H{0,0,0,1,0} + H{0,0,0,0,1}
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Example 3.3. For P,N = 4 and n = 2, we compute

H{1,1,0,0}H{1,1,0,0} = H{1,1,0,0} − qH{1,0,1,0} − q2H{0,1,0,1} + q3H{0,0,1,1}

=



H{0,0,1,1} +



H{0,1,0,1}

+



H{1,0,1,0} +



H{1,1,0,0}

3.2. Puzzles for spin Hall–Littlewood functions and factorial Hall–Littlewood polynomi-
als. To give a formula for the structure constants for spin Hall–Littlewood functions, we need to
consider a slightly modified version of the puzzles presented in the previous subsection. Let us begin
with the description of the tiles necessary to construct these puzzles. Every edge of a tile is decorated
with an ordered pair of non-negative integers.

(a1,a2)

(b1,b2)

(c1,c2)

(d1,d2)

(3.4)

We take the weight of such tiles to be identically zero whenever either a1+ b1 ̸= c1+d1 or a2+d2 ̸=
b2 + c2. In other words, the first particles (red particles) enter from the left and bottom, exiting
through the top and the right edge, while the second particles (blue particles) enter from the bottom
and the right, exiting through the left and the top edge.

Analogous to the previous subsection, a puzzle is a tiling of a rectangular region with the above-
mentioned tiles. For a positive integer k, we write k and k to denote (k, 0) and (0, k).

For three compositions l = (l1, . . . , lN ), m = (m1, . . . ,mN ), and k = (k1, . . . , kN ) such that
∑

i li =∑
imi =

∑
i ki = n, we consider puzzles of the following type:

mP+mP

..
.

m3+m3

m2+m2

m1+m1

kP

..
.

k3

k2

k1

lN . . . l2 l1

(3.5)

Graphically, we can interpret the boundary conditions of the puzzle as follows: the blue particles
enter only from the right and exit through the left boundary while moving upwards and to the left,
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while the red particles enter from the left and exit through the top while moving upwards and to the
right. Before we state our theorem, let us pause to give an example.

Theorem 3.4. We have the following product rule for spin Hall–Littlewood functions:

Fm(x1, . . . , xn; t, s)Fl(x1, . . . , xn; t, s) =

(
N∏
i=1

(q; q)li
(ts; q)li

)∑
k

Ckl,m(t, s)Fk(x1, . . . , xn; t, s) (3.6)

where

Ckl,m(t, s) =


mP+mP

..
.

m3+m3

m2+m2

m1+m1

kP

..
.

k3

k2

k1

lN . . . l2 l1


(3.7)

with weights:

WL,M

 (a1,a2)

(b1,b2)

(c1,c2)

(d1,d2)


= 1a1+b1=c1+d11a2+d2=b2+c2q

d1+b2−d2−b1(−t)d2−d1(−t)−c2

(q−1; q−1)b2−b1

(q−1; q−1)d2−d1

∑
0≤p1≤min(b1,c1)

0≤p2≤c2

qd1(c2−p2)qp1+p2+p2(b1−p1)

∏p1+p2
i=1 (1− q−1tsqi−1)∏p1+p2+b2−b1
i=1 (ts− q1−i)

(
1c1+c2−p1−p2≤d2−d1

c1+c2−p1−p2∏
i=1

(
1− qi

) d2−d1−c1−c2+p1+p2∏
i=1

(
1− qq1−i

)

+1c1+c2−p1−p2>d2−d1

c1+c2−p1−p2∏
i=c1+c2−p1−p2−d2+d1+1

(
1− qi

)
(
c1 + d1 − p1

c1 − p1

)
q

(∏c2−p2
i=1 (ts− qi−d2)

(q; q)c2−p2

)(
b1
p1

)
q

(∏p2
i=1(ts− qi−b2−p2)

(q; q)p2

)

(3.8)

Example 3.5. For l = (1, 2, 0), m = (2, 1, 0) and k = (0, 1, 2), we have three puzzles with non-trivial
weight. We list the puzzles with their weights given below.
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(q + 1)t
(
1− q2st

)
1− st

t(1− q2st)

1− st

(1 + q)t(1− qst)2

(1− st)2

Remark 3.6. It is worth noticing that even though spin Hall–Littlewood functions are rational func-
tions, the expansion of their product as a linear combination of them is finite.

Theorem 3.7. We have the following product rule for factorial Hall–Littlewood polynomials:

Pm(x1, . . . , xn; a1, . . . , aP )Pl(x1, . . . , xn; b1, . . . , bN )

=

(
N∏
i=1

(q; q)li

)∑
k

Ckl,m(a1, . . . , aP ; b1, . . . , bN )Pk(x1, . . . , xn; a1, . . . , an) (3.9)

where

Ckl,m(a1, . . . , aP ; b1, . . . , bN ) =


(aP )

..
.

(a3)

(a2)

(a1)

(bN ) . . . (b2) (b1)

mP+mP

..
.

m3+m3

m2+m2

m1+m1

kP

..
.

k3

k2

k1

lN . . . l2 l1



(3.10)
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with weights:

WL,M

 (a1,a2)

(b1,b2)

(c1,c2)

(d1,d2)

b

a

 = 1a1+b1=c1+d11a2+d2=b2+c2q
d1+b2−d2−b1(−1)d2−d1(−a)−c2

(q−1; q−1)b2−b1

(q−1; q−1)d2−d1

∑
0≤p1≤min(b1,c1)

0≤p2≤c2

qd1(c2−p2)qp1+p2+p2(b1−p1) 1∏p1+p2+b2−b1
i=1 (−q1−i)

(
1c1+c2−p1−p2≤d2−d1

c1+c2−p1−p2∏
i=1

(
a− bqi

) d2−d1−c1−c2+p1+p2∏
i=1

(
a− bqq1−i

)

+1c1+c2−p1−p2>d2−d1

c1+c2−p1−p2∏
i=c1+c2−p1−p2−d2+d1+1

(
a− bqi

)
(
c1 + d1 − p1

c1 − p1

)
q

(∏c2−p2
i=1 (−qi−d2)

(q; q)c2−p2

)(
b1
p1

)
q

(∏p2
i=1(−qi−b2−p2)

(q; q)p2

)

(3.11)

Below is an example of puzzles that compute the structure constants for factorial Hall–Littlewood
polynomials:

Example 3.8. For l = (2, 1, 0), m = (2, 0, 1) and k = (0, 2, 1), we have three puzzles with non-trivial
weight. We list the puzzles with their weights given below.

a3(a3 − b1) (1 + q)a3(a2 − qb1) (1 + q)a1a3

4. Proof

To prove 3.1, we study a lattice model built from the weights of Uq(ŝl3). We use two types of vertices
WL,M(x; q;A,B,C,D) where L = M = 1; and L = 1 with generic M. When L = 1 and M is generic, we fill
the vertex with gray. We begin by considering the Yang–Baxter equation illustrated below. We prove
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our main theorem by computing the partition functions of both sides of (4.1).

n ←−
w

←−
l

←−m

A

B

CC

(x1,1)

(x2,1)

...

(xn,1)

(z0,M)(zN ,1) . . . (z1,1)

(yP ,1)

(yP−1,1)

. .
.

(y2,1)

(y1,1)

n

P

=

n ←−
w

←−
l

←−m E

D

F

(z0,M)(zN ,1) . . . (z1,1)

(x1,1)

(x2,1)

...

(xn,1)

(qyP ,1)

(qyP−1,1)

. .
.

(qy2,1)

(qy1,1)

(4.1)

Before we proceed further, we establish/recall the necessary notation and conventions. We use a red
particle ( ) to denote (1, 0), a blue particle ( ) for (0, 1), and a white particle (also referred as a hole)
( ) for (0, 0), and n to denote (n, 0). We denote the partition function of a region by Z, using the
name of the region as a subscript.

We select m to be a P -tuple made up of blue particles and holes, where the number of blue particles
equals P −n. As a result, only blue particles enter A. At the bottom boundary of B, we have (n, 0) at
the leftmost edge, which can be thought of as a reservoir of red particles. Moreover, w and l are binary
strings of red particles and holes where l has exactly n more red particles. We begin by computing
the partition functions for each region.

4.1. Region B. We begin by analyzing the consequences of the boundary of A. Observe that only
blue particles enter A. These particles can enter B or C.
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If they enter C, they cannot exit because the top and right boundaries do not contain blue particles.
Let us recall that we have P number of blue particles that enter A, which is equal to the number of
rows of B. Hence, the left boundary of B is fixed as shown in the picture above. All these particles
entering B have to exit through the right boundary, which freezes the entire region. To see this, observe
that a blue particle has to exit from the last row. Since no blue particles are entering from below,
the blue particle entering from the left must exit from the last row. Additionally, the red particles
entering from below cannot turn right, since the horizontal edges in B can contain almost one particle.
By applying the same argument to each row, we can conclude that the whole B is frozen, as shown in
the picture below.

←−
w

←−
wn

n

We have:

ZB =

P∏
i=1

1− q−1z0y
−1
i

1− qM−1z0y
−1
i

P∏
i=1

N∏
j=1

1− q−1zjy
−1
i

1− zjy
−1
i

(4.2)

4.2. Region A. From the discussion above, it is clear that four boundaries of A are fixed. Blue
particles enter from the bottom boundary which combines with the particles from the left and they
exit through the right boundary.

ZA = ←− m (4.3)
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Then the weight of A is the partition function of the above lattice with the tiles given below:

1 1
1− xy−1q−1

1− xy−1

q
(
1− xy−1q−1

)
1− xy−1

q−1(1− q)xy−1

1− xy−1

(1− q)

1− xy−1

(4.4)
We claim that

ZA = Hm(x1, . . . , xn; y1, . . . , yP ) (4.5)

where m is obtained by complementing the edge labels i.e., by replacing every blue particle with a
white particle and vice-versa. To prove this, we redraw the vertices and the lattice concerning A by
complementing the particles. We then have:

ZA =

←− m

(4.6)

with the following weights:

1 1
1− xy−1q−1

1− xy−1

q
(
1− xy−1q−1

)
1− xy−1

q−1(1− q)xy−1

1− xy−1

(1− q)

1− xy−1

(4.7)
From definition 2.2, we conclude that

ZA = Hm(x1, . . . , xn; y1, . . . , yP ). (4.8)

4.3. Region C. We observe that the left and bottom boundaries of C are fixed. As B is completely
frozen, the bottom boundary of C remains the same as that of B. As no particles from A enter C, the
left boundary is fixed to all holes.

←−
w

←−
l

n

(4.9)
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Observe that n red particles enter from the bottom of the first column and none exit through the
top edge of it. Given that there are n rows, a particle has to turn right in every row, as shown in the
picture below.

←−
w

←−
l

(4.10)

With the fixed weight of the first column, we get that:

ZC =
(q; q)n∏n

i=1(1− qMz0x
−1
i )
×

←−
w

←−
l

(4.11)

We denote the partition function of the remaining lattice of C as H̃l/w(x1, . . . , xn; z1, . . . , zN ). To

compare H and H̃, it is convenient to give an alternate presentation for H̃ by complimenting the
particles on horizontal edges.

H̃l/w(x1, . . . , xn; z1, . . . , zN ) =

←−
w

←−
l

(4.12)

with the following vertices:

1 q
1− qzx−1

1− zx−1

1− qzx−1

1− zx−1

(1− q)zx−1

1− zx−1

1− q

1− zx−1

(4.13)

We now explore the relationship between H and H̃. To the weights above, multiply by q−1 when the
left edge is occupied with a red particle, and apply a negative sign to the last two vertices. And then
rotate them by 90◦ anti-clockwise. For convenience, let us reproduce the vertices after applying these
operations.
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1 1
q(1− q−1xz−1)

1− xz−1

(1− q−1xz−1)

1− xz−1

(1− q)

1− xz−1

(1− q)xz−1q−1

1− xz−1

(4.14)
These weights are identical to the weights used in evaluating ZA eq. (4.7). We then deduce that:

(−1)nq
−

N∑
i=1

(i−1)(li−wi)
H̃l/w(x1, . . . , xn; z1, . . . , zN ) = Hl/w(x1, . . . , xn; z1, . . . , zN ). (4.15)

Finally, we get:

ZC =
(−1)nq

N∑
i=1

(i−1)(li−wi)
(q; q)n∏n

i=1(1− qMz0x
−1
i )

Hl/w(x1, . . . , xn; z1, . . . , zN ) (4.16)

4.4. Region D. We have n blue particles entering from the left boundary of D. As these particles can
either enter F and E, we have many non-trivial configurations. However, we make certain assumptions
that restrict the particles from entering E. Consequently, F is frozen with a trivial weight.

Before proceeding, we need to appropriately normalise the weights within E. Observe that, as we
are interested in the structure constants, we need to divide the right side of (4.1) with ZB. This is

equivalent to saying that the weights of the Region E are normalized such that the weight of
(a,b)

and
(a,b)

(weights of these vertices are independent of the bottom and the top label) is 1. With this

normalization, the weight of is
1− zjy

−1
i

1− q−1zjyi
. Suppose that, for a large enough P , there exists a

positive integer t such that mi = for all i ≥ t.
Suppose a blue particle from D enters E in column j from the left. This action causes the blue

particles entering from the left of E to turn upwards. We count the number of vertices that

appear. Let us consider the worst-case scenario where no such vertices occur. In the last row of E, the
particle entering from the left turns upwards in a column to the left of the j-th column. Similarly, in
the (P − 1)th row, the particle from the left must turn upwards in a column preceding the column in
which the blue particle, from P th row, entered. Since there are only a finite number of columns, the
particle entering from the (P −N)th row has to turn upwards in the first column. This implies that

there are at least (P −N − t) vertices.

Assume that

∣∣∣∣ 1− zjy
−1
i

1− q−1zjyi

∣∣∣∣ < 1. As we take P →∞, the assumption implies that the overall weight

of such a configuration is 0.
Next, we need to determine which configurations survive as we let P → ∞. Based on the above

analysis, all blue particles from D must enter F. Now, let us examine the right boundary of E. Suppose
there is a hole (white particle) on the right boundary in the jth row, and there are k blue particles
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entering F from rows 1 to j. This white particle can only exit through the top boundary of F. This

means there must be at least k number of


 vertices.

Similar to the previous analysis, we assume that

∣∣∣∣1− xy−1q−1

1− xy−1

∣∣∣∣ < 1. This implies that as P →∞,

there can only be a finite number of particles entering F through the rows preceding the row with a
white particle on the right boundary.

Therefore, in the limit P → ∞, the overall weight of a configuration is non-zero only when there
exists a positive integer t such that the right boundary of E in all the rows below row t is a particle,
as shown in the picture below.

4.5. Region F . As all the blue particles from D enters F, this freezes the bottom boundary (or south-
west boundary of F in eq. (4.1)). This forces the right boundary to be a binary string of blue particles
and holes with exactly n holes. For a fixed k, we have:

ZF = ←− k . (4.17)

Using similar reasoning as in (4.5), we conclude that:

ZF = Hk(x1, . . . , xn; y1, . . . , yP ). (4.18)

4.6. Final equation. Let x = (x1, . . . , xn), y = (y1, . . . , yP ) and z = (z1, . . . , zN ). Putting all
together, the original equation eq. (4.1) gives us the following:

(
(q; q)n∏n

i=1(1− z0x
−1
i )

)(−1)nq
N∑
i=1

(i−1)(li−wi)

Hl/w(x; z)Hm(x;y) =
∑
k

Zk,w
l,m (y; z)Hk(x;y) (4.19)
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where

Zk,w
l,m (y; z) =

(
P∏
i=1

1− qM−1z0y
−1
i

1− q−1z0y
−1
i

) P∏
i=1

N∏
j=1

1− zjy
−1
i

1− q−1zjyi




(qyP ,1)

..
.

(qy3,2)

(qy2,1)

(qy1,1)

(z0,M)(zN ,1). . .(z2,1)(z1,1)

mP

..
.

m3

m2

m1

kP

..
.

k3

k2

k1

n wN . . . w2 w1

lN . . . l2 l1



(4.20)

4.7. Main theorem. Our theorem 3.1 is obtained by specializing (4.19). We set yi = q−1, zi = q−1

for all i ≥ 1, and z0 = 0. Let us first analyze the consequences of these specializations on the first

column of the lattice component of Zk,w
l,m .

n

mP

..
.

m3

m2

m1

(4.21)

Firstly, recall that m has n holes and P − n blue particles, and we have n red particles entering from
the bottom and none exiting from the top. This implies that every right edge has to contain a red or

a blue particle. Observe that the weight of the vertex
(a,b)

, which is equal to
z0(1− qa)qb

z0qM − yq
, vanishes

when z0 = 0. This prevents the blue particles from moving upwards. Therefore, we have:

n

mP

..
.

m3

m2

m1

m′
P

..
.

m′
3

m′
2

m′
1

= (q; q)n (4.22)
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where m′
k =

{
if mk =

if mk =
. The tiles of the lattice corresponding to the puzzles and their weights,

after the specializations, are given below:

0 1 q −1 −q

(4.23)

It remains to show that the factor
(
(−1)nq−

∑
i>0(i−1)(li−wi)

)
can be incorporated into the puzzle

weights. Observe that when a red particle exits through the ith column from the right, it implies that
there are N − i tiles with that red particle on the right edge. We can conclude that:

−

(∑
i>0

(i− 1)li

)
= # − n(N) + n.

Using the observation above, we can incorporate the factor into the puzzle weights with the following
operations.

(i) If the right edge contains a red particle, multiply the weight by q,
(ii) If the left edge does not contain a blue particle, multiply the weight by q−1 which gives an

overall factor of q−n(N), and
(iii) If the top edge contains a red particle, multiply the weight by −q; if the bottom edge contains

a red particle, divide the weight by −q which gives an overall factor of (−q)n.

We list the tiles with their weights after performing the above-mentioned operations:



20 AJEETH GUNNA, MICHAEL WHEELER AND PAUL ZINN-JUSTIN

0 1 1 1 1

0 1 1 −1 −1

0 1 q 1 q

(4.24)

Finally, to get the tiles eq. (3.1) multiply each weight with (−1) whenever there is a blue particle
on the top edge, and also whenever there is a blue particle on the bottom edge. As n blue particles
enter from the right and exit through the left, this operation does not alter the partition function of
a puzzle.

4.8. Positivity. To see positivity, we work with weights (4.23). We argue that for a fixed boundary,
all puzzles have the same overall sign. This follows as a consequence of the weights of the tiles with
identical labels on all edges being 0 (i.e., tiles in the first column (4.23)). We make the following
observation.

For convenience, we draw holes as black particles. We refer to the tiles in the first column of eq. (4.23)
as a vertices, those in the second and third columns as b vertices, and those in the fourth and fifth
column as c vertices. Pick a particle entering from the left and a particle entering from the bottom.
These two particles exit from specific positions. Then in all the configurations, the number of b
type vertices involving the strings corresponding to these two particles is always either odd or even,
as shown in the picture below. As the weights of the a vertices are 0, this implies that for a fixed
boundary all the configurations have either an odd number or an even number of c tiles.
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5. Puzzles for spin Hall-Littlewood functions

We follow the same argument in deriving the puzzles for the spin Hall–Littlewood functions as we
did in the previous section. We shall only focus on the modifications and keep our explanations to a
minimum to avoid repeating ourselves.

5.1. Notation. Recall that positive integers L, M are associated with the spin of the lines attached to
the variables y, z. We use a white bullet to denote (0, 0), for a positive integer k, we write k to denote
(k, 0), and k to denote (0, k). For this section, we depict all vertices without any shading. There are
three types of vertices that we use to construct the lattice model based on the spin. It is evident from
the graphical notation to see the spin of the lines.

5.2. Lattice model. We consider the following higher spin Uq(ŝl3) lattice model:

L

L

L

L

L

L

n

A

B

CC

l1. . .lN

L−
m

1L−
m

2L−
m

3

. .
.

L−
m

P
−
1

L−
m

P

(x1,1)

(x2,1)

...

(xn,1)

(z0,M)(zN ,M) . . . (z1,M)

(yP ,L)

(yP−1,L)

. .
.

(y2,L)

(y1,L)

n

P

=

n

L

L

L

L

L

L

E

D

F

l1. . .lN

L−m1

L−m2

L−m3

. .
.

L−mP−1

L−mP

(z0,M)(zN ,M) . . . (z1,M)

(x1,1)

(x2,1)

...

(xn,1)

(qyP ,L)

(qyP−1,L)

. .
.

(qy2,L)

(qy1,L)

(5.1)
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where
∑P

i=1mi =
∑N

i=1 li = n.

5.3. Region A. Only blue particles enter A through the left and bottom boundaries. Given the
boundary of C, they all have to enter B. In total, there are LP blue particles entering the A. Recall
that the horizontal edges in A and B can carry almost L particles. This implies that L number of
particles exit from A through every row. A typical configuration in A is given below.

L−m1

L−m2

..
.

L−mP L

..
.

L

L

A

By complementing the particles on the vertical edges with L, and swapping 1 to 0 and vice versa on
the horizontal edges, we get the following:

ZA(x1, . . . , xn; y1, . . . , yP ; q
−L) =

m1

m2

..
.

mP

A (5.2)

with weights:

A

B

C

D

x

q

yqL

1

m

1

m

0

m

1

m−1

1

m

0

m+1

0

m

0

m

1− qmxy

(−yqL)(x− y−1q−L)

1− qm

(−yqL)(x− y−1q−L)

(1− qm−L)x

x− y−1q−L

x− qmy−1q−L

x− y−1q−L

(5.3)
Suppose that the spin of the lines attached to y variables are all different. Then the function ZA is

dependent x variables, y variables and also in q−Li . This makes it possible to take different limits.

P∏
i=1

(−yiqLi)
∑P

j=i mjZA = Fm(x1, . . . , xn; y1, . . . , yP ; q
−L1 , . . . , , q−LP ) (5.4)

5.4. Region B. From the discussion concerning A, both left and right boundaries are fixed and are
identical. We show that the entire region is frozen. To see this, we begin with the last row. In the
last row, we have L blue particles entering from the left and the same exiting through the right. As no
other blue particles are entering from the bottom, we get that those blue particles that entered are the
ones that exit. As each of the vertical edges can carry almost L particles, we get that the entire last
row is frozen. Using the same reasoning from every row, we conclude that the entire region is frozen.
The weights of the vertex where the vertical labels are both (0, L), then the weight is independent of
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the top and bottom labels. We chose the normalisation so that the weight of B is trivial and equal to
1.

n

n

5.5. Region C. As B is frozen, the bottom boundary of C is the same as the bottom boundary of
B. Recall that particles from A do not enter C, this fixes the labels on the vertical edges of the left
boundary of C to be (0, 0). This implies that in C we only have red particles. Therefore, n red particles
enter C from the bottom boundary of the first column. An example of a typical configuration is given
below.

←−
l

Then we can compute ZC as partition function:

ZC(x1, . . . , xn; z0, . . . , zN ; q−M) =

l1l2. . .lN

n

xn

..
.

x1

z0 zN

. . .
z1

(5.5)
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with weights:

A

B

C

D

z

x

m

0

m

0

m

0

m−1

1

m

1

m+1

0

m

1

m

1

(−zqM)(1− qmxz−1q−M)

x− z

(1− qm)x

x− z

(−zqM)(1− qm−M)

x− z

x− zqm

x− z

(5.6)
By choosing the spin of the lines attached to z variables to be all different, we define the following

function:
N∏
i=1

(−z−1
i q−Mi)

∑N
j=i ljZC = Gl(x1, . . . , xn; z0, z1, . . . , zN ; q−M1 , . . . , q−MN ) (5.7)

5.6. Region D. We assume that

∣∣∣∣1− qLyz

1− yz
· (1− xy)

1− xyqL

∣∣∣∣ < 1. With these assumptions and applying

the same argument as in section 4.4, we conclude that D is entirely frozen, where all the blue particles
travel across into F, with a trivial weight.

5.7. Region F . Let us begin by analysing the boundaries of F. As a consequence of D being frozen,
the bottom boundary of F is fixed i.e., a blue particle enters from the bottom boundary in every
column. Observe that L particles exit from every row through the right boundaries. This implies that
the labels of the edges of the left boundary are of the form (0, L− ki) where

∑
i ki = n. Observe that

these boundaries as precisely the same as the boundaries of A. As the weight used in A and F are
same, we conclude that:

P∏
i=1

(−yiqLi)
∑P

j=i kjZF = Fk(x1, . . . , xn; y1, . . . , yP ; q
−L1 , . . . , , q−LP ) (5.8)

5.8. Region E. Finally, we are left with E. All boundaries are fixed except for the right boundary.
However, this boundary is the same as the left boundary of F. For an arbitrary boundary k, E is of
the following:

L−mP

..
.

L−m3

L−m2

L−m1

L−kP

..
.

L−k3

L−k2

L−k1

n

lN . . . l2 l1

(5.9)
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where
∑

i ki = n. As usual, it is convenient to redraw the lattice by complementing particles on both
horizontal and vertical edges with their corresponding spins. Finally, we get that:

ZE(y1, . . . , yP ; z0, z1, . . . , zN ; q−L1 , . . . , q−LP ; q−M0 , q−M1 , . . . , q−MN )

=
∑
k


(q1−Lpy−1

P ,LP )

..
.

(q1−L3y−1
3 ,L3)

(q1−L2y−1
2 ,L2)

(q1−L1y−1
1 ,L1)

(z0,M0) . . . (z1,M1)

mP

..
.

m3

m2

m1

kP

..
.

k3

k2

k1

n

lN . . . l2 l1



(5.10)

with the following weights:

WL,M

 (a1,a2)

(b1,b2)

(c1,c2)

(d1,d2)

z

y−1q−L+1


= 1a1+b1=c1+d11a2+d2=b2+c2q

d1+b2−d2−b1zd2−d1qLc2q−M(d1−d2)

(q−1; q−1)b2−b1

(q−1; q−1)d2−d1

∑
0≤p1≤min(b1,c1)

0≤p2≤c2

qd1(c2−p2)qp1+p2+p2(b1−p1)

∏p1+p2
i=1 (1− q−1zyqi−1)∏p1+p2+b2−b1
i=1 (yz − q1−i)

(
1c1+c2−p1−p2≤d2−d1

c1+c2−p1−p2∏
i=1

(
y − q−M+1z−1qi−1

) d2−d1−c1−c2+p1+p2∏
i=1

(
y − q−M+1z−1q1−i

)

+1c1+c2−p1−p2>d2−d1

c1+c2−p1−p2∏
i=c1+c2−p1−p2−d2+d1+1

(
y − q−M+1z−1qi−1

)
(
c1 + d1 − p1

c1 − p1

)
q

(∏c2−p2
i=1 (q−L − qi−d2)

(q; q)c2−p2

)(
b1
p1

)
q

(∏p2
i=1(q

−L − qi−b2−p2)

(q; q)p2

)

(5.11)

5.9. Final equation. The Yang–Baxter equation eq. (5.1), gives the following relation among the
partition functions of various regions:

ZA
ZC

ZD
=
ZE

ZB
ZF (5.12)
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By plugging in the actual functions in the above relation, we get the following equation which governs
the product of two functions:

Fm(x1, . . . , xn; y1, . . . , yP ; q
−L1 , . . . , q−LP )Gl(x1, . . . , xn; z0, z1, . . . , zN ; q−M0 , q−M1 , . . . , q−MN )

=
∑
k

P∏
i=1

(−yiqLi)
∑P

j=i mi

P∏
i=1

(−yiqLi)−
∑P

j=i ki

N∏
i=1

(−z−1
i q−Mi)

∑N
j=i lj

Ckl,m(y1, . . . , yP ; z0, z1, . . . , zN ; q−L1 , . . . , q−LP ; q−M0 , q−M1 , . . . , q−MN )Fk(x1, . . . , xn; y1, . . . , yn; q
−L1 , . . . , q−LP )

(5.13)

where

Ckl,m(y1, . . . , yP ; z0, z1, . . . , zN ; q−L1 , . . . , q−LP ; q−M0 , q−M1 , . . . , q−MP ) =
(q1−Lpy−1

P ,LP )

..
.

(q1−L3y−1
3 ,L3)

(q1−L2y−1
2 ,L2)

(q1−L1y−1
1 ,L1)

(z0,M0)(zN ,MN ). . .(z2,M2)(z1,M1)

mP
..
.

m3

m2

m1

kP

..
.

k3

k2

k1

n

lN . . . l2 l1



(5.14)

with weights eq. (5.11).

5.10. Conjugation. We show that the factor

N∏
i=1

(−z−1
i q−Mi)

∑N
j=i lj

P∏
i=1

(−yiqLi)
∑P

j=i mj−kj . (5.15)

in eq. (5.13) can be incorporated into the weights eq. (5.11). We show that the partition function of
the lattice

mP

..
.

m3

m2

m1

kP

..
.

k3

k2

k1

n

lN . . . l2 l1

(5.16)
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with weight of a vertex in ith row and jth column:

(a1,a2)

(b1,b2)

(c1,c2)

(d1,d2) = (−z−1
j q−Mj )d2−d1(−y−1

i q−Li)c2 (5.17)

is equal to
∏P

i=1(−yiq−Li)
∑P

j=i ki−mi
∏N

i=1(−ziq−Mi)
∑N

j=i lj .
Consider a column in the above lattice. Then the summation of (d2 − d1) of all the vertices in that

column is the difference between the number of blue particles and the of red particles on the right
boundary of that column. In the first column, we have precisely n red and n blue particles, and hence
we do not have any contribution of (−z−1

0 )q−M0 . Similarly, let us look at the right boundary of the ith

column from the right whose top label is li. On the right boundary of this column, we have n blue
particles and n−

∑i−1
i=1 li =

∑N
j=i li red particles.

On the other hand, let us look at the overall factor of ith row from the bottom. Recall that the left
and the right boundary are mi and ki. The bottom i rows can be interpreted as

∑P
j=i ki blue particles

enter from the right while
∑P

j=imi particles exit through the left. Then the number of particles on

the top edge is precisely
∑P

j=i ki −mi. Therefore by recording the blue particles on the top edge of

ith row from the bottom is (−yiq−Li) is
∏P

i=1(−yiq−Li)
∑P

j=i ki−mi .
After this conjugation, we can rewrite eq. (5.13) as follows:

Fm(x1, . . . , xn; y1, . . . , yP ; q
−L1 , . . . , q−LP )Gl(x1, . . . , xn; z0, z1, . . . , zN ; q−M0 , q−M1 , . . . , q−MN )

=
∑
k

Ckl,m(y1, . . . , yP ; z0, z1, . . . , zN ; q−L1 , . . . , q−LP ; q−M0 , q−M1 , . . . , q−MN )

Fk(x1, . . . , xn; y1, . . . , yn; q
−L1 , . . . , q−LP ) (5.18)

where

Ckl,m(y1, . . . , yP ; z0, z1, . . . , zN ; q−L1 , . . . , q−LP ; q−M0 , q−M1 , . . . , q−MP ) =
(q1−Lpy−1

P ,LP )

..
.

(q1−L3y−1
3 ,L3)

(q1−L2y−1
2 ,L2)

(q1−L1y−1
1 ,L1)

(z0,M0)(zN ,MN ). . .(z2,M2)(z1,M1)

mP

..
.

m3

m2

m1

kP

..
.

k3

k2

k1

n

lN . . . l2 l1



(5.19)
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with weights:

WL,M

 (a1,a2)

(b1,b2)

(c1,c2)

(d1,d2)

z

y−1q−L+1


= 1a1+b1=c1+d11a2+d2=b2+c2q

d1+b2−d2−b1(−1)d2−d1(−y)−c2

(q−1; q−1)b2−b1

(q−1; q−1)d2−d1

∑
0≤p1≤min(b1,c1)

0≤p2≤c2

qd1(c2−p2)qp1+p2+p2(b1−p1)

∏p1+p2
i=1 (1− q−1zyqi−1)∏p1+p2+b2−b1
i=1 (yz − q1−i)

(
1c1+c2−p1−p2≤d2−d1

c1+c2−p1−p2∏
i=1

(
y − q−M+1z−1qi−1

) d2−d1−c1−c2+p1+p2∏
i=1

(
y − q−M+1z−1q1−i

)

+1c1+c2−p1−p2>d2−d1

c1+c2−p1−p2∏
i=c1+c2−p1−p2−d2+d1+1

(
y − q−M+1z−1qi−1

)
(
c1 + d1 − p1

c1 − p1

)
q

(∏c2−p2
i=1 (q−L − qi−d2)

(q; q)c2−p2

)(
b1
p1

)
q

(∏p2
i=1(q

−L − qi−b2−p2)

(q; q)p2

)

(5.20)

6. Limits

In this section, we take certain limits of eq. (5.18) to obtain a product formula for the functions of
interest. We begin by deriving a relation between F and G.

6.1. Limits corresponding to F . For convenience, let us recall the definition of F from the previous
section. Recall that:

Fm(x1, . . . , xn; y1, . . . , yP ; q
−L1 , . . . , q−LP ) =

m1

m2

..
.

mP

A (6.1)
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with weights:

A

B

C

D

x

q

yqL

1

m

1

m

0

m

1

m−1

1

m

0

m+1

0

m

0

m

1− qmxy

(x− y−1q−L)

1− qm

(x− y−1q−L)

(1− qm−L)x

x− y−1q−L

x− qmy−1q−L

x− y−1q−L

(6.2)

To obtain the functions definition 2.4, we need to take the following limits: q−Li 7→ sai and yi 7→ ai.
Let us reproduce the weights:

A

B

C

D

x

q

yqL

1

m

1

m

0

m

1

m−1

1

m

0

m+1

0

m

0

m

1− qmxa

x− s

1− qm

x− s

(1− qmas)x

x− s

x− qms

x− s

(6.3)

6.2. Limits corresponding to G. As a first step, we take z0 = 0 in the definition of G.

Gl(x1, . . . , xn; z0, . . . , zN ; q−M0 , . . . , q−MN ) =

l1l2. . .lN

n

xn

..
.

x1

z0 zN

. . .
z1

(6.4)

with weights:

A

B

C

D

z

x

m

0

m

0

m

0

m−1

1

m

1

m+1

0

m

1

m

1

(1− qmxz−1q−M)

x− z

(1− qm)x

x− z

(1− qm−M)

x− z

x− zqm

x− z

(6.5)

Observe that n particles enter through the first column and none exit through it. As there are n rows,
this enforces that a particle turns right in every row of the first column. Therefore, as we set z0 = 0,
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the overall weight of the first column is (q; q)n.

Gl(x1, . . . , xn; 0, z1, . . . , zN ; q−M0 , . . . , q−MN ) = (q; q)n ×

l1l2. . .lN

xn

..
.

x1

zN

. . .
z1

(6.6)

Let us redraw the above lattice by complementing the particles on the horizontal edges. Then

Gl(x1, . . . , xn; 0, z1, . . . , zN ; q−M0 , q−M1 , . . . , q−MN ) = (q; q)n ×

l1l2. . .lN

xn

..
.

x1

zN

. . .
z1

(6.7)

with weights:

A

B

C

D

z

x

m

1

m

1

m

1

m−1

0

m

0

m+1

1

m

0

m

0

(1− qmxz−1q−M)

x− z

(1− qm)x

x− z

(1− qm−M)

x− z

x− zqm

x− z

(6.8)

Similar to the earlier case, we take the following limits: q−Mi = bis and zi = s which we denote as
G(x1, . . . , xn; a1, . . . , aP ; s). Let us reproduce the weights:

A

B

C

D

z

x

m

1

m

1

m

1

m−1

0

m

0

m+1

1

m

0

m

0

(1− qmxb)

x− s

(1− qm)x

x− s

(1− qmbs)

x− s

x− sqm

x− s

(6.9)
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6.3. z0 = 0 limit for the puzzles. We argue that setting z0 = 0 in eq. (5.19) results in the first
column freezing with weight (q; q)n. To show this, we explicitly compute the weights for the type of
vertices in the initial column of the puzzles. We prove that when a blue particle entering from the
right turns upwards, the weight of such a vertex has the factor zα0 for some α > 0. Subsequently, by
setting z0 = 0, the weight of such vertices vanishes. Therefore, the first column freezes, with all blue
particles traversing across, see the picture below.

Consider the general vertex
(a1,a2)

(b1,b2)

(c1,c2)

(d1,d2)

. For a vertex appearing in the first column, we have

b1 = 0. Using eq. (5.9), we conclude that d1 = d2 for all the vertices in the first column. For the vertex
at the bottom of the first column, we have a2 = 0. We show that the weight of the bottom vertex
vanishes as z0 = 0 unless c2 = 0. Using this fact, we can assume that a2 = 0 for every other vertex

in the first column. In conclusion, we need to show that the weight of the
(a,0)

(0,b)

(c1,c2)

(d,d)

vanishes as

z0 = 0 unless c2 = 0. To further simplify the computations, we can take the limit q−M0 7→ 0. This
does not affect any other regions: B and D are normalised so that the weights of the vertices in the
first column are 1 and C remains unaffected which can be seen from the discussion in section 6.2. Let
us recall the weights in their general form eq. (5.19):
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WL,M

 (a1,a2)

(b1,b2)

(c1,c2)

(d1,d2)

z

y−1q−L+1


= 1a1+b1=c1+d11a2+d2=b2+c2q

d1+b2−d2−b1(−1)d2−d1(−y)−c2

(q−1; q−1)b2−b1

(q−1; q−1)d2−d1

∑
0≤p1≤min(b1,c1)

0≤p2≤c2

qd1(c2−p2)qp1+p2+p2(b1−p1)

∏p1+p2
i=1 (1− q−1zyqi−1)∏p1+p2+b2−b1
i=1 (yz − q1−i)

(
1c1+c2−p1−p2≤d2−d1

c1+c2−p1−p2∏
i=1

(
y − q−M+1z−1qi−1

) d2−d1−c1−c2+p1+p2∏
i=1

(
y − q−M+1z−1q1−i

)

+1c1+c2−p1−p2>d2−d1

c1+c2−p1−p2∏
i=c1+c2−p1−p2−d2+d1+1

(
y − q−M+1z−1qi−1

)
(
c1 + d1 − p1

c1 − p1

)
q

(∏c2−p2
i=1 (q−L − qi−d2)

(q; q)c2−p2

)(
b1
p1

)
q

(∏p2
i=1(q

−L − qi−b2−p2)

(q; q)p2

)

(6.10)

To the weights above, we take q−M 7→ 0:

WL,M

 (a,0)

(0,b)

(c1,c2)

(d,d)

z

y−1q−L+1


= 1a=c1+d1d=b+c2q

b(−y)−c2 (q
−1; q−1)b
(q; q)c2

(
c1 + d

c1

)
q

c2∏
i=1

(q−L−qi−d)

q
2c2−d+d2

2 (−1)d+c2

c2∑
p2=0

(−1)−p2q
(c2−p2)(c2−p2−1)

2

∏p2
i=1(1− q−1zyqi−1)∏p2+d−c2
i=1 (1− yzqi−1)

(
(q; q)c2

(q; q)c2−p2(q; q)p2

)

(6.11)
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By applying the binomial theorem, we get:

= 1a=c1+d1d=b+c2q
b(−y)−c2 (q

−1; q−1)b
(q; q)c2

(
c1 + d

c1

)
q

c2∏
i=1

(q−L − qi−d)

q
2c2−d+d2

2 (−1)d+c2

(∏c2
i=1 q

i−2yz
)

(yz; q)d

(q; q)d
(q; q)d−c2

(6.12)

= 1a=c1+d1d=b+c2

(q−1; q−1)b
(q; q)c2

(
c1 + d

c1

)
q

c2∏
i=1

(q−L − qi−d)

q
2c2−d+d2

2
+b(−1)dzc2

(∏c2
i=1 q

i−2
)

(yz; q)d

(q; q)d
(q; q)d−c2

(6.13)

Therefore, the weight of the vertices in the first column vanishes as z0 = 0 unless c2 = 0. When
c2 = 0, we get that b = d and c1 = a− d and the weights reduce to:

= 1a1=c1+d1d=b
(q; q)a
(q; q)a−b

1

(yz; q)b
(6.14)

As we set z0 the weight, by telescoping, of the first column is (q; q)n.

6.4. Relations between F and G. In order to get a product rule from eq. (5.18), we need find
a relation between F(x1, . . . , xn; a1, . . . , aP ; s) and G(x1, . . . , xn; a1, . . . , aP ; s). A relation for general
secondary variables is not possible. However, in some special cases, they are equal up to a factor.

6.4.1. Limit to the spin Hall–Littlewood functions. After setting ai = bi = t in the weights eq. (6.9)
and eq. (6.3), we get that

Fm(x1, . . . , xn; t, s) = Fm(x1, . . . , xn; t, . . . , t; s) =
N∏
i=1

(q; q)li
(ts; q)li

G(x1, . . . , xn; t, . . . , t, s) (6.15)

We can then perform the same limits in (5.18) to get the product rule for spin Hall–Littlewood
functions:

Fm(x1, . . . , xn; t, s)Fl(x1, . . . , xn; t, s) =

(
N∏
i=1

(q; q)li
(ts; q)li

)∑
k

Ckl,m(t, s)Fk(x1, . . . , xn; t, s) (6.16)

where

Ckl,m(t, s) =


mP+mP

..
.

m3+m3

m2+m2

m1+m1

kP

..
.

k3

k2

k1

lN . . . l2 l1


(6.17)
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with weights:

WL,M

 (a1,a2)

(b1,b2)

(c1,c2)

(d1,d2)


= 1a1+b1=c1+d11a2+d2=b2+c2q

d1+b2−d2−b1(−t)d2−d1(−t)−c2

(q−1, q−1)b2−b1

(q−1, q−1)d2−d1

∑
0≤p1≤min(b1,c1)

0≤p2≤c2

qd1(c2−p2)qp1+p2+p2(b1−p1)

∏p1+p2
i=1 (1− q−1tsqi−1)∏p1+p2+b2−b1
i=1 (ts− q1−i)

(
1c1+c2−p1−p2≤d2−d1

c1+c2−p1−p2∏
i=1

(
1− qi

) d2−d1−c1−c2+p1+p2∏
i=1

(
1− qq1−i

)

+1c1+c2−p1−p2>d2−d1

c1+c2−p1−p2∏
i=c1+c2−p1−p2−d2+d1+1

(
1− qi

)
(
c1 + d1 − p1

c1 − p1

)
q

(∏c2−p2
i=1 (ts− qi−d2)

(q; q)c2−p2

)(
b1
p1

)
q

(∏p2
i=1(ts− qi−b2−p2)

(q; q)p2

)

(6.18)

6.4.2. Limit to the factorial Hall–Littlewood polynomials. After setting s = 0 in the weights eq. (6.9)
and eq. (6.3), we get the following relation:

Pm(x1, . . . , xn; a1, . . . , aP ) = lim
s→0
Fm(x1, . . . , xn; a1, . . . , aP ; s) =

N∏
i=1

(q; q)li lims→0
G(x1, . . . , xn; a1, . . . , aP ; s)

(6.19)
As earlier, by performing the necessary limits, we get the following product rule for factorial Hall–

Littlewood polynomials;

Pm(x1, . . . , xn; a1, . . . , aP )Pl(x1, . . . , xn; b1, . . . , bN )

=

(
N∏
i=1

(q; q)li

)∑
k

Ckl,m(a1, . . . , aP ; b1, . . . , bN )Pk(x1, . . . , xn; a1, . . . , an) (6.20)
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where

Ckl,m(a1, . . . , aP ; b1, . . . , bN ) = 
(aP )

..
.

(a3)

(a2)

(a1)

(bN ) . . . (b2) (b1)

mP+mP

..
.

m3+m3

m2+m2

m1+m1

kP

..
.

k3

k2

k1

lN . . . l2 l1



(6.21)

with weights:

WL,M

 (a1,a2)

(b1,b2)

(c1,c2)

(d1,d2)

b

a


= 1a1+b1=c1+d11a2+d2=b2+c2q

d1+b2−d2−b1(−1)d2−d1(−a)−c2

(q−1, q−1)b2−b1

(q−1, q−1)d2−d1

∑
0≤p1≤min(b1,c1)

0≤p2≤c2

qd1(c2−p2)qp1+p2+p2(b1−p1) 1∏p1+p2+b2−b1
i=1 (−q1−i)

(
1c1+c2−p1−p2≤d2−d1

c1+c2−p1−p2∏
i=1

(
a− bqi

) d2−d1−c1−c2+p1+p2∏
i=1

(
a− bqq1−i

)

+1c1+c2−p1−p2>d2−d1

c1+c2−p1−p2∏
i=c1+c2−p1−p2−d2+d1+1

(
a− bqi

)
(
c1 + d1 − p1

c1 − p1

)
q

(∏c2−p2
i=1 (−qi−d2)

(q; q)c2−p2

)(
b1
p1

)
q

(∏p2
i=1(−qi−b2−p2)

(q; q)p2

)

(6.22)
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Paper IV: Shuffle algebras, Lattice paths and
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SHUFFLE ALGEBRAS, LATTICE PATHS AND MACDONALD FUNCTIONS

ALEXANDR GARBALI AND AJEETH GUNNA

Abstract. We consider partition functions on the N×N square lattice with the local Boltzmann weights

given by the R-matrix of the Ut(ŝl(n + 1|m)) quantum algebra. We identify boundary states such that
the square lattice can be viewed on a conic surface. The partition function ZN on this lattice computes
the weighted sum over all possible closed coloured lattice paths with n+m different colours: n “bosonic”
colours and m “fermionic” colours. Each bosonic (fermionic) path of colour i contributes a factor of zi
(wi) to the weight of the configuration. We show the following:

i) ZN is a symmetric function in the spectral parameters x1 . . . xN and generates basis elements of the
commutative trigonometric Feigin–Odesskii shuffle algebra. The generating function of ZN admits a
shuffle-exponential formula analogous to the Macdonald Cauchy kernel.

ii) ZN is a symmetric function in two alphabets (z1 . . . zn) and (w1 . . . wm). When x1 . . . xN are set to
be equal to the box content of a skew Young diagram µ/ν with N boxes the partition function ZN

reproduces the skew Macdonald function Pµ/ν [w − z].

1. Introduction

Lattice partition functions with Yang–Baxter (YB) integrable Boltzmann weights have been widely
used in a variety of problems in integrability. These include diagonalization and correlation functions in
XXZ type Hamiltonians [3, 28, 41, 39, 29, 42, 26, 31], applications to symmetric functions [12, 22, 43,
25, 8, 11, 35, 23, 10, 9], integrable probability [13, 6, 30, 7, 1] and other areas of mathematical physics.
More recently it was shown that the Feigin–Odesskii shuffle algebra A◦ can be realized using lattice

partition functions associated to the vertex model of Ut(ŝln) [38, 24]. In the present work we find further
connections between this shuffle algebra and lattice partition functions.

Following [24] we consider domain-wall boundary partition functions of vertex models with a special
relation between the spectral parameters. These partition functions are symmetric rational functions
in the spectral parameters which satisfy the wheel conditions of the shuffle algebra A◦, an algebra of
symmetric functions with a special product called the shuffle product. Therefore the domain-wall partition
functions represent certain elements of A◦. We use them as building blocks to design lattice partition
functions which realize shuffle products of elements of A◦. As an application of this result we compute
vertex model partition functions on the cone with the Boltzmann weights determined by the R-matrix of

the Ut(ŝl(n + 1|m)) algebra. The generating function of these partition functions is given by the mixed
Cauchy kernel [15], an object similar to the Cauchy kernel in the Macdonald theory. We then specialize
the spectral parameters to particular values and obtain a lattice path formula for the skew Macdonald
functions.

In our construction the appearance of the Macdonald symmetric functions as lattice partition func-
tions is quite different in spirit from the existing lattice constructions of symmetric functions which we
mentioned above. It is analogous to the computation of the off-shell Bethe vectors (the mixed Cauchy
kernel) in integrable models by means of the algebraic Bethe Ansatz and computation of the eigenvectors
(Macdonald functions) by demanding that the spectral parameters satisfy Bethe equations. For example,
in [16] the mixed Cauchy kernel was used as the off-shell Bethe vector in the diagonalization problem of
the integrable model associated to the quantum toroidal gl1 algebra.

1.1. Conic partition function. Consider a cone pointing upwards and the square lattice drawn on it.
More specifically, we draw N directed parallel lines which wrap around the tip of the cone and then

1
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self-intersect:

(1.1)

On this square lattice, we draw closed coloured paths where the colours are labelled by 1 . . . n+m and
the label 0 is associated to the absence of a path. A path is drawn as follows: pick a colour i and an
intersection point of any two lines, and start drawing a path of colour i from this intersection point in
any of the two directions indicated by the arrows. By repeating the same process, we draw a continuous
path. For such a path to be closed, it has to end where it started and for that it has to wrap around the
cone. After a closed path is drawn one can continue drawing other coloured paths, ensuring that no two
paths share the same edge, although they can occupy the same vertex.

x4qx4 x3qx3 x2qx2 x1qx1 (1.2)

Such configurations C carry a weight WC which is computed by multiplying the values of all local
Boltzmann weights1:

x

y

: i

i

0

0 0

0

i

i i i

0

0

0 0

i

i

0 0

0

0

i

i

j

j j

j

i

i i i

j

j

j j

i

i

i i

i

i

1− t

1− tx/y

(1− t)x/y

1− tx/y

t(1− x/y)

1− tx/y

1− x/y

1− tx/y

 1 i ≤ n
x/y − t

1− tx/y
i > n

(1.3)

where red “i” and green “j” can be replaced by any pair of colours such that the condition i < j is
preserved. In our conventions “0” is considered as the greatest colour. The vertices in the second row
and last column are interpreted as two paths of colour i ∈ {0 . . . n + m} touching each other but not
intersecting. The weight of this vertex depends on the colour label i and for this reason we distinguish
“bosonic” (i ≤ n) and “fermionic” paths (i > n). The collection of all global configurations on the N

by N lattice (1.1) with such bosonic and fermionic paths is denoted by Ω
(n,m)
N . In addition to the local

1These Boltzmann weights correspond to the super-symmetric R-matrix of the algebra Ut(ŝl(n+1|m)) which was computed
in [4]. Our convention for the weights correspond to [43, 1].
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weights (1.3) each global path configuration is multiplied by a factor which accounts for the loop content
of the configuration. The partition function is defined by:

ZN =
∑

C∈Ω(n,m)
N

z
N−Λ(C)
0

n∏
i=1

z
Λi(C)
i

m∏
i=1

(−wi)
Λn+i(C) ×WC (1.4)

where Λ(C) denotes the total number of loops in C and Λj(C) denotes the total number of loops of
colour j in C. Therefore the new variables zi count bosonic loops of colours i and the variables wi count
fermionic loops of colours n+i. The factor z0 can be viewed as counting the “empty” loops cycling around
the cone. The loop content can be conveniently represented by two non-negative integer compositions
κ = (κ1 . . . κn) and λ = (λ1 . . . λm) in which κi counts the number of loops of colour i = 1 . . . n and λi
counts the number of loops of colour i = n+ 1 . . . n+m. Therefore we can write:

ZN =
∑

κ,λ: |κ|+|λ|≤N

z
N−|κ|−|λ|
0 zκwλZN,κ,λ (1.5)

where zκ = zκ1
1 · · · zκn

n , |κ| denotes the total number of loops in κ and similarly for λ. Therefore ZN,κ,λ

is the conic partition function with the loop content given by κ and λ. Let us consider an example. Set
N = 4, n = 1,m = 1 and suppose “red colour = 1” and “green colour = 2”, then (1.2) represents a valid
configuration and we can compute its contribution to the partition function Z4:

z20z1w1 ×

(
1− 1

q

)
(1− t)6t2

(
1− x2

qx3

)(
1− x1

qx4

)(
1− x4

qx2

)
q4
(
1− tx3

qx2

)(
1− tx4

qx1

)(
1− tx4

qx2

)(
1− tx4

qx3

)∏
i∈3,4

∏
j∈1,2,3

(
1− txj

qxi

)
We find that the partition function ZN can be computed for an arbitrary choice of n,m in terms of the
shuffle product ∗. For two symmetric functions F (x1 . . . xk) and G(x1 . . . xl) we have:

F (x1 . . . xk) ∗G(x1 . . . xl) =
∑

S⊆[1...k+l]
|S|=k

F (xS)G(xSc)
∏
i∈S
j∈Sc

ζ

(
xi
xj

)
(1.6)

where Sc denotes the complement of the subset S and |S| = k means that the sum runs over subsets of
length k; the function ζ is given by:

ζ(x) :=
(1− qx)(1− t−1x)

(1− x)(1− qt−1x)
(1.7)

We define the shuffle-exponential: exp∗(A) := 1 +A+ 1
2!A ∗A+ 1

3!A ∗A ∗A+ · · · .

Theorem 1.1. The generating function:

Z(v) =

∞∑
N=0

vNZN (1.8)

is given by:

Z(v) = exp∗

(∑
k>0

vk

k

(
m∑
i=1

wk
i −

n∑
i=1

zki − qk − tk

1− tk
zk0

)
Lk

)
(1.9)

where Lk = Lk(x1 . . . xk) is a two-colour (one bosonic and one fermionic) conic partition function which
can be defined by a formula similar to (1.4) but with a different loop counting weight:

Lk :=
∑

C∈Ω(1,1)
k : Λ(C)=k

(−1)Λ2(C)Λ2(C)×WC (1.10)
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This result implies that ZN is symmetric in (z1 . . . zn) and separately in (w1 . . . wm) since the depen-
dence on z’s and w’s in the exponent in (1.9) is given by the power sum symmetric functions pk(z) and
pk(w). The dependence of ZN on the spectral parameters (x1 . . . xN ) enters through the shuffle product
of the functions Lk(x1 . . . xk) in the view of the definition of exp∗. Thus (1.9) allows us to express the

partition function ZN (which is associated to the vertex model of Ut(ŝl(n+1|m)) in terms of the partition

functions Lk (which is associated to the vertex model of Ut(ŝl(1 + 1|1)). The function Lk in turn can be
decomposed further:

Lk =
k∑

j=0

(−1)jjZb
k−j ∗ Z

f
j (1.11)

where Zb
k and Zf

k are the six vertex bosonic and fermionic domain-wall partition functions. The functions
Lk admit an explicit symmetrization formula:

Lk =
−(1− q)k(1− t)k

(1− qk)(q − t)k
Sym

 ∑k−1
j=0(q/t)

jxj+1/x1∏k−1
j=1 (1− (q/t)xj+1/xj)

∏
1≤i<j≤k

ζ(xi/xj)

 (1.12)

where Sym is defined in (3.5). This symmetrization formula appeared in [36] as an explicit expression for
a family of elements of A◦ which are in some sense analogous to the power sums symmetric functions.
Because of this connection Z(v) in (1.9) can be viewed as a generalized mixed Cauchy kernel (see [15]).

1.2. Skew Macdonald functions. The algebra A is well studied and has several representations [14,
40, 19, 36]. Consider a skew Young diagram of µ/ν (in the English convention) with k boxes □ ∈ µ/ν
which are labelled by 1 . . . k in the reading order. We identify □ = (a, b) where a is the column index and
b is the row index of the box □ ∈ µ/ν. Let χ□ = qa−1t1−b be the content of the box □ ∈ µ/ν and denote
by χ1 . . . χk the contents of all k boxes. The algebra A has a matrix representation f 7→ M in which an
element f(x1 . . . xk) is mapped to a matrix M whose non-zero matrix elements Mµ,ν are those for which
µ/ν represents a skew Young diagram with k boxes and:

Mµ,ν = f(χ1 . . . χk)

This representation of the shuffle algebra is intimately related to the theory of Macdonald functions Pλ.
Using this representation we obtain the following connection between ZN and Macdonald functions.

Theorem 1.2. Let µ/ν be a skew Young diagram with N boxes and ZN (x1 . . . xN ; z, w) be the partition
function defined by (1.4) then:

ZN (χ1 . . . χN ; z, w) = a−1
µ,νPµ/ν

[
w − z − q − t

1− t
z0

]
(1.13)

where we used the plethystic notation (6.10) and aµ,ν is a combinatorial coefficient given in (6.13). When
zi = 0 the above formula implies:

Pµ/ν(w1 . . . wm) = aµ,νZN (χ1 . . . χN ; 0, w) (1.14)

This theorem connects the lattice partition function on the cone ZN and the skew Macdonald functions.
We may ask for a conic partition function with a fixed colour content of the paths. This amounts to asking
for the coefficient of a specific monomial in z’s and w’s in (1.4). Set zi = 0 and for a non-negative integer
composition λ = (λ1 . . . λm) denote Zλ := ZN,∅,λ. We obtain a lattice partition function representation
of the monomial expansion of the skew Macdonald functions:

Pµ/ν(w1 . . . wm) = aµ,ν
∑

λ: |λ|=N

wλZλ(χ1 . . . χN ) (1.15)
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Let us consider an example (see Section 6.3). We compute P(2,1)/(1)(w1, w2) with the above formula:

a−1
(2,1),(1)P(2,1)/(1)(w1, w2) = Z(2,0)(q, t

−1)w2
1 + Z(0,2)(q, t

−1)w2
2 + Z(1,1)(q, t

−1)w1w2

Each of the monomial coefficients corresponds to specific loop configurations. We represent them using
planar diagrams which are equivalent to the diagrams on the cone2:

a−1
(2,1),(1)P(2,1)/(1)(w1, w2) =


0 0

0

0

+

0 0

0

0

w2
1 +


0 0

0

0

+

0 0

0

0

w2
2

+


0 0

0

0

+

0 0

0

0

+

0 0

0

0

+

0 0

0

0

w1w2

Using the Boltzmann weights (1.3), with n = 0 and the appropriate choice of the spectral parameters,
and the coefficient a(2,1),(1), given in (6.16), we recover the skew Macdonald function P(2,1)/(1)(w1, w2):

P(2,1)/(1)(w1, w2) = w2
1 +

(1− t)(2 + q + t+ 2qt)

1− qt2
w1w2 + w2

2

1.3. Overview of the paper. In Section 2 we give the background on the theory of symmetric functions.
In Section 3 we review some aspects of the trigonometric Feigin–Odesskii shuffle algebra. In Section 4

we compute the conic partition for the six vertex model which is based on the R-matrix of Ut(ŝl(2)). In

Section 5 we extend the results of Section 4 to the case of Ut(ŝl(n + 1|m)). In Section 6 we apply our
results to the problem of computing the skew Macdonald functions.

2. Background on symmetric functions

In this section we recall some basic facts from the theory of symmetric functions which will be required
in the rest of the paper. All of the background material in this section can be found in [32].

2.1. Partitions. Let λ = (λ1, λ2, . . .), s.t. λi ≥ λi+1 for all i, be an integer partition of N and write
λ ⊢ N . The length of λ is equal to the number of non-zero parts of λ and is denoted by ℓ(λ). The sum of all
parts λi of λ ⊢ N is denoted by |λ| and is equal to N . The multiplicity vector m(λ) = (m1(λ),m2(λ) . . .)
is composed of integers mk(λ) which count how many parts of λ are equal to k. In the context of
integer sequences the notation kl means the sequence k . . . k which has l repeats of k. We can write
λ = (λ

mλ1
1 . . . 2m2 , 1m1), where mk = mk(λ). Integer partitions can be partially ordered using the

dominance ordering: λ ≥ µ when λ1 + · · ·+ λk ≥ µ1 + · · ·+ µk for all k > 0.
A partition λ is identified with the Young diagram where rows of boxes are placed horizontally and

are non-increasing from top to bottom. By λ′ we denote the dual partition to the partition λ which
corresponds to the Young diagram which has rows and columns exchanged compared to λ. A box of a
Young diagram is denoted by □ and is identified with its coordinate □ = (i, j), where the row index i
increases downwards and column index j increases rightwards. The arm and leg functions aλ(□), lλ(□)
are defined by

aλ(□) = λi − j, lλ(□) = λ′j − i

The summations or products over □ ∈ λ mean that □ runs over all the boxes in the Young diagram of
the partition λ. For two partitions λ and µ such the λi ≥ µi, for all i, we define the skew partition λ/µ
and the corresponding Young diagram.

2If we rotate the planar pictures by 135 degrees counterclockwise we can place them on the lattice drawn on the cone (1.1).



6 ALEXANDR GARBALI AND AJEETH GUNNA

2.2. Basic symmetric functions. Let q, t be two formal variables and consider the ring Λ of functions
which are symmetric in the alphabet (x) = (x1 . . . xk), for a fixed k ≥ 0, with coefficients in F := Q(q, t).
A basic family of symmetric functions in this ring is the set of monomial symmetric functions mλ(x)
which are labelled by integer partitions λ:

mλ =
∑
α

xα (2.1)

where the sum runs over all distinct permutations α of λ, xα :=
∏ℓ(λ)

i=1 x
αi
i . As in (2.1) we will often

drop the explicit dependence on the alphabet. Another important family is the power sums symmetric
functions:

pr =
k∑

i=1

xri , pλ = pλ1 · · · pλℓ(λ) (2.2)

The two families mλ and pλ form bases in the ring Λ. Using the power sums we can generate new families
of symmetric functions via exponential generating functions of the form:

exp

(∑
r>0

crv
rpr

)
for some choices of coefficients cr. For our purposes we will need to consider three such families of
functions ej , gj and g∗j , with j = 0, 1, 2 . . .:

∞∑
j=0

vjej = exp

(∑
r>0

(−1)r+1

r
vrpr

)
(2.3)

∞∑
j=0

vjgj = exp

(∑
r>0

1

r

1− tr

1− qr
vrpr

)
(2.4)

∞∑
j=0

vjg∗j = exp

(
−
∑
r>0

1

r

1− tr

1− qr
vrpr

)
(2.5)

These formulas define the elementary symmetric functions ej and two symmetric functions gj and g
∗
j (see

[32, Ch.VI, §2]). By expanding the exponentials we can write explicit expansions of ej , gj and g∗j in the
power sums basis:

ej =
∑
λ⊢j

(−1)j+ℓ(λ)

λ!

∏
r∈λ

1

r
· pλ, gj =

∑
λ⊢j

1

λ!

∏
r∈λ

1

r

1− tr

1− qr
· pλ, g∗j =

∑
λ⊢j

(−1)ℓ(λ)

λ!

∏
r∈λ

1

r

1− tr

1− qr
· pλ

where λ! := m1(λ)!m2(λ)! · · · and the products over r ∈ λ run over the parts of λ. The symmetric
functions ej , gj and g∗j can be used to write new bases:

eλ = eλ1 · · · eλℓ(λ), gλ = gλ1 · · · gλℓ(λ), g∗λ = g∗λ1
· · · g∗λℓ(λ)

(2.6)

2.3. Macdonald functions. Define the scalar product using the power sums basis:

⟨pλ, pµ⟩q,t = λ!
∏
r∈λ

r
1− qr

1− tr
· δλ,µ (2.7)

Recall [32, Ch.VI, §4] that the Macdonald functions Pλ are the unique symmetric functions in Λ that
satisfy the following conditions:

Pλ(x; q, t) = mλ +
∑
µ<λ

cλ,µmµ, ⟨Pµ, Pν⟩ = 0, for µ ̸= ν
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where cλ,µ ∈ F are some coefficients and µ < λ in the sense of the dominance partial ordering. The
Macdonald functions are self-dual w.r.t. the scalar product (2.7) up to a constant:

⟨Pµ, Qλ
⟩ = δµ,λ, Qλ := bλPλ, (2.8)

where the coefficient bλ ∈ F is defined in terms two other coefficients cλ and c′λ:

bλ :=
cλ
c′λ
, cλ :=

∏
□∈λ

(1− qaλ(□)tlλ(□)+1), c′λ :=
∏
□∈λ

(1− qaλ(□)+1tlλ(□)) (2.9)

Consider Pλ with the Young diagram of λ given by a single column, in this case it is known that:

P(1k) = ek (2.10)

We will require the following Pieri formula [32, Ch.VI, §6] for Macdonald functions:

ejPµ =
∑
λ

ψ′
λ/µPλ (2.11)

where the summation runs over λ such that the skew partitions λ/µ are all vertical strips with j boxes
(i.e. λ/µ does not contain more than one box in a single row). The expansion coefficients ψ′

λ/µ are defined

by:

ψ′
λ/µ :=

∏
i,j

(1− qµi−µj tj−i−1)(1− qλi−λj tj−i+1)

(1− qµi−µj tj−i)(1− qλi−λj tj−i)
(2.12)

where the product is taken over all i, j such that i < j and λi = µi, λj = µj + 1.
Next we recall [32, Ch.VI, §7] the Littlewood–Richardson coefficients fµλ,ν = fµλ,ν(q, t) and the skew

Macdonald functions Pµ/ν . The Littlewood–Richardson coefficients are the expansion coefficients of PλPν

in the Macdonald basis:

PλPν =
∑
µ

fµλ,νPµ (2.13)

With these coefficients we can define the skewMacdonald functions which are symmetric functions labelled
by skew partitions:

Pµ/ν =
∑
λ

bλbν
bµ

fµλ,νPλ (2.14)

2.4. Cauchy kernel. Consider two alphabets (x) = (x1 . . . xk) and (y) = (y1 . . . yl) and define the
Macdonald Cauchy kernel [32, Ch.VI, §2]:

Π(x, y) := exp

(∑
r>0

1

r

1− tr

1− qr
pr(x)pr(y)

)
(2.15)

For any pair of bases uλ and u∗λ which are dual w.r.t. the scalar product (2.7), i.e. ⟨uλ, u∗µ⟩q,t = δλ,µ, we
have:

Π(x, y) =
∑
λ

uλ(x)u
∗
λ(y) (2.16)

An important role in our paper is played by two pairs of dual bases. One pair is given by mλ and gλ and
the other one by the Macdonald functions Pλ and Qλ:

Π(x, y) =
∑
λ

mλ(x)gλ(y) =
∑
λ

Pλ(x)Qλ(y) (2.17)
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3. The shuffle algebra

In this section, we introduce the trigonometric Feigin–Odesskii shuffle algebra [40, 19, 14, 36] which
we denote by A. This is an algebra of symmetric rational functions with a multiplication which is non-
commutative in general. The algebra A contains a commutative subalgebra [14], which we denote by A◦.
We will focus on this commutative subalgebra. We present several examples of families of elements of A◦

which were considered in the literature in various contexts. Among these examples we have the elements
(completely factorized products) which were used in [14] for computations related to the commutative
algebra A◦ and the elements (Izergin-type determinants) which are related to domain-wall partition
functions as discussed in Sections 4 and 5. In this section we recall a particular representation of the
algebra A [40, 19, 14] which gives rise to an isomorphism between A◦ and the ring of symmetric functions
Λ. This isomorphism is a key tool which will help us to relate the conic partition function ZN (1.4) with
the skew Macdonald functions in Section 6.

In this section it will be convenient to use three parameters which are related to q and t:

q1 = q, q2 = t−1, q3 = tq−1 (3.1)

3.1. Definition of the shuffle algebra A. The shuffle algebra A is a vector space whose elements are
symmetric rational functions. Their properties are determined by the function:

ζ(x) :=
(1− qx)(1− t−1x)

(1− x)(1− qt−1x)
(3.2)

Definition 3.1. Consider the vector space of symmetric rational functions:

V =
⊕
k≥0

F(x1 . . . xk)Sk (3.3)

Endow V with an algebra structure given by the shuffle product ∗. For F (x1 . . . xk) ∈ V and G(x1 . . . xl) ∈
V we have:

F (x1 . . . xk) ∗G(x1 . . . xl) =
1

k!l!
Sym F (x1 . . . xk)G(xk+1 . . . xk+l)

∏
i∈1,...k

j∈k+1,...k+l

ζ

(
xi
xj

)
(3.4)

where:

Sym P (x1 . . . xk) =
∑
σ∈Sk

P (xσ(1) . . . xσ(k)) (3.5)

The shuffle algebra A ⊂ V is defined as the set of rational functions of the form:

F (x1 . . . xk) =
f(x1 . . . xk)∏

1≤i ̸=j≤k(xi − qt−1xj)
, f(x1 . . . xk) ∈ F[x±1

1 . . . x±1
k ]Sk (3.6)

where f(x1 . . . xk) satisfies the wheel conditions:

f(x1 . . . xk) = 0 if (xi, xj , xk) = (x, qt−1x, t−1x) or (xi, xj , xk) = (x, qt−1x, qx) (3.7)

The shuffle product (3.4) is such that the product F ∗G satisfies the wheel conditions if F and G do.
Note that (3.4) can also be written using a sum over subsets:

F (x1 . . . xk) ∗G(x1 . . . xl) =
∑

S⊆[1...k+l]
|S|=k

F (xS)G(xSc)
∏
i∈S
j∈Sc

ζ

(
xi
xj

)
(3.8)

where the condition |S| = k fixes the size of the subsets, Sc ⊆ [1 . . . k+ l] refers to the subset complement
to S and its size must be equal to l. The algebra A is graded by the number of arguments A =

⊕
k≥0Ak,
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F (x1 . . . xk) ∈ Ak. Consider a subalgebra A◦ ⊂ A of the elements F ∈ Ak for which the two limits:

lim
ξ→0

F (ξx1 . . . ξxr, xr+1 . . . xk) (3.9)

lim
ξ→∞

F (ξx1 . . . ξxr, xr+1 . . . xk) (3.10)

exist and coincide for all fixed r = 1 . . . k. This subalgebra splits into components of fixed degree in the
same way as A: A◦ =

⊕
k∈Z≥0

A◦
k. We have the following Proposition due to [14].

Proposition 3.2. The algebra (A◦, ∗) is commutative and the dimension of the graded subspace A◦
k is

equal to p(k), the number of partitions of k.

3.2. Basic elements of A◦. Let us define the elements Sk of A◦ which play the same role as the power
sums in the ring of symmetric functions. These functions were introduced and studied in [36].

Definition 3.3. Define Sk = Sk(x1 . . . xk) ∈ A◦
k:

Sk :=
(1− q)k(1− t−1)k

(t− q)k(1− t−k)
Sym

 ∑k−1
j=0(q/t)

jxj+1/x1∏k−1
j=1 (1− (q/t)xj+1/xj)

∏
1≤i<j≤k

ζ(xi/xj)

 , k = 0, 1, 2, . . . (3.11)

Definition 3.4. Define Ek(qa) = Ek(qa;x1 . . . xk) ∈ A◦
k:

Ek(qa) :=
∏

1≤i<j≤k

(xi − qaxj)(xi − q−1
a xj)

(xi − qt−1xj)(xi − tq−1xj)
, a = 1, 2, 3 (3.12)

We note that Ek(t/q) = 1 but as an element in A◦
k it has to be viewed as a function of k arguments

x1 . . . xk. The factorized elements Ek(qa) and their elliptic generalizations were proposed in [18]. Since
Ek(qa) are completely factorized they are very useful for computational purposes (see [14]). In particular,
it is easy to check that Ek(qa) ∈ Ak. Such factorized elements also play important roles in other
commutative shuffle algebras [20, 17].

Definition 3.5. Let (a, b, c) be a permutation of (1, 2, 3), define Hk(qa) = Hk(qa;x1 . . . xk) ∈ A◦
k:

Hk(qa) := (qaqt
−1)k(k−1)/2

∏
1≤i,j≤k(xi − qbxj)(xj − qcxi)∏
1≤i ̸=j≤k(xi − xj)(xi − qt−1xj)

det
1≤i,j≤k

1

(xi − qbxj)(xj − qcxi)
(3.13)

The elements Hk(qa) where discussed in [24] in connection with coloured lattice models. From Defini-
tion 3.5 one can see that these element are members of Ak by expanding the determinant and applying
the wheel conditions (3.7). Alternatively one can express Hk(qa) in terms of Ek as in (3.18) below. All
families of functions listed in Definitions 3.3-3.5 are members of A◦ and thus they mutually commute
with respect to the shuffle product. Therefore they can be shuffle multiplied and ordered and thus give
bases in A◦. For λ ⊢ n, a ∈ {1, 2, 3}, we have:

vλ = vλ1 ∗ vλ2 ∗ · · · ∗ vλℓ(λ)
, v = S,E(qa), H(qa)

In order to exponentially generate elements of A◦ we introduce the shuffle version of the exponential
function:

exp∗(A) := 1 +A+
1

2!
A ∗A+

1

3!
A ∗A ∗A+ . . . (3.14)

Define the generating functions:

E(v; qa) :=
∞∑
k=0

vkEk(qa), H(v; qa) :=
∞∑
k=0

vkHk(qa) (3.15)
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Lemma 3.6. Let a ∈ {1, 2, 3}. The generating functions Ek(qa) and Hk(qa) are equal to shuffle-
exponentials:

E(v; qa) = exp∗

(∑
r>0

(−1)r+1

r

1− qra
1− qr

(t− q)r

(1− qa)r
vrSr

)
(3.16)

H(v; qa) = exp∗

(∑
r>0

1

r

1− qra
1− qr

(t− q)r

(1− qa)r
vrSr

)
(3.17)

Proof. The generating function E(v; p) was computed and written in the exponential form (3.16) in [37].
The generating function H(v; qa) follows from the quadratic identity:

Hk(qa) =
k∑

r=0

qk−r
c

(
1− qb
1− qbqc

)k−r ( 1− qc
1− qbqc

)r

Ek−r(qb) ∗ Er(qc) (3.18)

where (a, b, c) is a permutation of (1, 2, 3). We prove (3.18) in Appendix A. By summing (3.18) over k
with vk we obtain a product of two shuffle-exponentials on the right hand side of the resulting equation.
These exponentials combine and produce the r.h.s. of (3.17). □

3.3. Evaluation representation of the shuffle algebra A. Recall that □ = (a, b) denotes a box in
the Young diagram of λ ⊢ k located in the a-th column and b-th row. Define χ□ to be the content of the
box □:

χ□ = qa−1t1−b, □ ∈ λ (3.19)

Consider an example of λ = (532) and in each box of the Young diagram of λ write its content:

1 q q2 q3 q4

t−1 qt−1 q2t−1

t−2 qt−2

(3.20)

Definition 3.7. Let λ ⊢ k be a partition, we say that □ ∈ λ is the i-th box of λ if □ is located on the
i-th position in the reading order3. For a function f(x1 . . . xk) we define evaluations evλ:

evλ : f(. . . xi . . . ) 7→ f(. . . χ□ . . . ) (3.21)

which means that each xi is replaced with the content of the i-th box of λ.

For example, if we need to compute evλ (f(. . . xi . . . )) with λ = (532) ⊢ 10 we first assign x’s to the
boxes as follows:

x1 x2 x3 x4 x5

x6 x7 x8

x9 x10

(3.22)

and then substitute for x’s the values of the contents of their boxes. We would like to apply evλ to
symmetric functions in A, however, due to the poles at xi = qt−1xj in (3.6) we need to take extra care.
This can be realized using an intermediate step:

evλ(f(x1 . . . xk)) = evy (evxλ(f(x1 . . . xk))) , λ ⊢ k (3.23)

3Since we will be working with symmetric functions f(x1 . . . xk) the order in which we associate xi with a particular □ in λ
does not matter but it is convenient to fix it.
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where

evxλ(f(x1 . . . xk)) = f(y1, qy1 . . . q
λ1−1y1, y2, qy2 . . . q

λ2−1y2 . . . yℓ(λ), qyℓ(λ) . . . q
λℓ(λ)−1yℓ(λ) (3.24)

evy(g(y1 . . . yj)) = g(y, t−1y . . . tj−1y) (3.25)

Note that for F ∈ Ak, evxλ(F (x1 . . . xk)) will produce a function of y1 . . . yℓ(λ) which has no poles at

yi = t−1yj due to the wheel conditions (3.7). The evaluation maps (3.21), (3.24) and (3.25) can be
extended to the skew diagrams λ/µ, s.t. |λ| − |µ| = k:

evλ/µ : f(. . . xi . . .) 7→ f(. . . χ□ . . . ) (3.26)

and in the skew analogue of (3.22) x’s are distributed in the reading order similar to (3.22).
Let o(λ) and i(λ) be the sets of coordinates of boxes corresponding to outer and inner corners of a

Young diagram of λ respectively. In order to explain this more precisely we consider an example with
λ = (532). The locations of the o(λ) boxes and i(λ) boxes are indicated on the left and on the right
pictures respectively:

o(λ) :
•

•
•

i(λ) :

•
•

•
•

In this example we have o(λ) = {(2, 6), (3, 4), (4, 3)} and i(λ) = {(1, 6), (2, 4), (3, 3), (4, 1)}.

Definition 3.8. Define a combinatorial factor dλ/µ:

dλ/µ :=

(
(1− q)(1− t−1)

1− qt−1

)|λ/µ| ∏
□∈λ/µ

∏
□′∈o(λ)(1− χ□′/χ□)∏
□′∈i(λ)(1− χ□′/χ□)

Let us turn to the evaluation representation [19, 40, 37] of the shuffle algebra A on a graded vector
space F whose basis vectors (assumed to be orthonormal) are labelled by integer partitions and the
grading is determined by the weight of partitions.

Proposition 3.9. To F (x1 . . . xk) ∈ Ak we associate an infinite dimensional matrix whose rows and
columns are labelled by partitions λ and µ:

⟨λ|F (x1 . . . xk) |µ⟩ = δ|λ/µ|=k dλ/µevλ/µ(F (x1 . . . xk)) (3.27)

We set the right hand side of (3.27) to zero if λ/µ is not a skew partition. The map from Ak to such
matrices defines a representation of A.

Let us sketch the proof of this statement. We need to show that:

⟨λ|F (x1 . . . xk) ∗G(x1 . . . xl) |µ⟩ =
∑
ν

⟨λ|F (x1 . . . xk) |ν⟩ ⟨ν|G(x1 . . . xl) |µ⟩ (3.28)

Due to (3.27) the summation on the r.h.s. of (3.28) contains non-zero terms only for such partitions ν
that both λ/ν and ν/µ correspond to skew Young diagrams with k and l boxes respectively. In order to
see that the same summation occurs on the l.h.s. write the shuffle product in the form (3.8) and consider
the map evλ/µ applied to each summand:

evλ/µ (F (x1 . . . , xk) ∗G(x1 . . . , xl)) =
∑

S⊆[1...k+l]
|S|=k

evλ/µ

F (xS)G(xSc)
∏
i∈S
j∈Sc

ζ

(
xi
xj

) (3.29)
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Fix an S ∈ [1 . . . k + l] and compute the corresponding term on the r.h.s. of (3.29). The evaluation of ζ
factors reads:

evλ/µζ

(
xi
xj

)
= ζ

(
χ□i

χ□j

)
= ζ

(
qai−aj tbj−bi

)
= 0 if

{
aj − ai = 1 bi = bj

bj − bi = 1 ai = aj
, i ∈ S, j ∈ Sc

where □i = (ai, bi) and □j = (aj , bj) are the i-th and j-th boxes of λ/µ respectively. This means that if
the boxes □i and □j are located in the same row (bi = bj) and are bordering each other then □i must be
on the right to □j for the ζ factor not to vanish. It also means that if the boxes □i and □j are located
in the same column (ai = aj) and are bordering each other then □i must be on the bottom to □j for the
ζ factor not to vanish. Together these conditions mean that, if the x’s are distributed over the boxes of
λ/µ in the reading order, the non-zero terms of evλ/µ(F ∗ G) are such that the sets S and Sc split the
boxes of λ/µ into two regions whose boundary defines another partition ν. For λ = (442) and µ = (31),
k = 3 and l = 3 an example of a term, on the r.h.s. of (3.29), which gives a non-zero contribution under
evλ/µ is:

x1

x2 x3 x4

x5 x6

S = {3, 4, 6}, Sc = {1, 2, 5} (3.30)

where in the diagram we shaded those x’s which correspond to the set Sc. The partition ν corresponding
to this term is ν = (421). Continuing with (3.29) in this particular case we have:

ev(442)/(31) (F (x1, x2, x3) ∗G(x1, x2, x3)) = · · ·+ ev(442)/(31)

F (xS)G(xSc)
∏
i∈S
j∈Sc

ζ

(
xi
xj

)+ · · ·

= · · ·+ ev(442)/(421) (F (x1, x2, x3)) ev(421)/(31) (G(x1, x2, x3)) ev(442)/(31)

∏
i∈S
j∈Sc

ζ

(
xi
xj

)+ · · ·

In order to verify (3.28) it remains to check that:

evλ/µ

∏
i∈S
j∈Sc

ζ

(
xi
xj

) =
dλ/νdν/µ

dλ/µ

3.4. Isomorphism of A◦ and Λ. Let us now restrict our attention to A◦ and derive a graded algebra
isomorphism between A◦ and Λ [19]. The representation (3.27) allows us to construct the vector space
F as a module starting from the vacuum vector |∅⟩. By (3.27) we have:

G(x1 . . . xk) |∅⟩ =
∑
λ⊢k

dλevλ(G(x1 . . . xk)) |λ⟩ , G ∈ A◦
k (3.31)

By choosing a basis in A◦
k we can write p(k) such equations whose left hand sides would be linearly

independent from each other. Thus we can solve this system for |λ⟩ in terms of the elements of A◦
k. In

other words there exists an element Fλ ∈ A◦
k such that:

Fλ(x1, . . . , xk) |∅⟩ = |λ⟩ , λ ⊢ k (3.32)

Applying the dual vector ⟨µ| to this equation and using (3.27) gives us:

evµ(Fλ(x1, . . . , xk)) = δλ,µ
1

dλ
(3.33)
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In particular, these equations can be used to compute Fλ. From (3.31) and (3.32) it follows that for any
element of A◦

k we have the expansion in the basis of Fλ:

G(x1 . . . xk) =
∑
λ⊢k

dλevλ(G(x1 . . . xk))Fλ, G ∈ A◦
k (3.34)

Recall the coefficients ψ′
λ/µ and cλ from (2.12) and (2.9) respectively and define:

n(λ) :=

ℓ(λ)∑
i=1

(i− 1)λi (3.35)

We have the following two Lemmas [19].

Lemma 3.10. The shuffle product Ek(q) ∗ Fµ expands in the basis of Fλ as follows:

Ek(q) ∗ Fµ =
∑
λ

ϕλ/µFλ, (3.36)

where the summation runs over λ such that the skew partitions λ/µ are all vertical strips with k boxes
and

ϕλ/µ := (1− t)kqn(λ
′)−n(µ′) cµ

cλ
ψ′
λ/µ (3.37)

Let us sketch the proof of this statement. Due to (3.32) showing (3.36) is equivalent to showing:

Ek(q) |µ⟩ =
∑
λ

ϕλ/µ |λ⟩ (3.38)

By (3.27) we have:

ϕλ/µ = dλ/µevλ/µ (Ek(q)) (3.39)

Recall that ev is computed in two steps (3.24) and (3.25). Compute evxλ/µ:

evxλ/µ

 ∏
1≤i<j≤k

(xi − qxj)(xi − q−1xj)

(xi − qt−1xj)(xi − tq−1xj)

 = 0 if ∃ □,□′ ∈ λ/µ, s.t.: χ□/χ□′ = q

This implies that the skew partition λ/µ cannot contain more than one box in a single row and thus is a
vertical strip. This determines that the summation set over λ in (3.38) and (3.36) must be given by the
set of all vertical strips with k boxes. Computing evλ/µ of Ek(q) gives:

evλ/µ (Ek(q)) = t−k(k−1)/2 (1− qt−1)k

(1− q)k

∏
□,□′∈λ/µ

1− qχ□′/χ□

1− qt−1χ□′/χ□
(3.40)

In order to complete the proof one needs to multiply the expression on the r.h.s. in (3.40) by dλ/µ and
compare it with the definition of ϕ from (3.37).

Lemma 3.11. We have an isomorphism ι of algebras A◦ and Λ given by matching Fλ with Macdonald
functions Pλ:

ι : Fλ 7→ cλ
qn(λ′)(1− t)|λ|

Pλ (3.41)

Proof. We consider (3.41) to be a linear map and show that it is an isomorphism. A particular case of
the map (3.41) is when λ = (1k). In this case the Macdonald function coincides with the elementary
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symmetric function P(k) = ek. Consider (3.36) with µ = ∅, in this case the r.h.s. of (3.36) contains a

single term with λ = (1k). By (3.32) we have F∅ = 1 and computing ϕ(1)k/∅ gives:

F(1k) =

k∏
i=1

1− ti

1− t
Ek(q) (3.42)

Therefore a special case of the map (3.41) is:

ι : Ek(q) 7→ ek (3.43)

where the factors depending on t in (3.42) canceled with the factors from (3.41). Next we compute:

ι (Ek(q) ∗ Fµ) =
∑
λ

ϕλ/µι (Fλ) =
cµ

qn(µ′)(1− t)|µ|

∑
λ

ψλ′/µ′Pλ =
cµ

qn(µ′)(1− t)|µ|
ekPµ = ι (Ek(q)) ι (Fµ)

where we used (3.36), (3.37) and (3.41) in the third equality we used the Pieri formula (2.11). Consider
an expansion of Eλ(q) in the basis Fµ and let Cλ,µ denote the expansion coefficients, then compute using
linearity of ι and the above equation:

ι (Ek(q) ∗ Eλ(q)) =
∑
µ

Cλ,µ ι (Ek(q) ∗ Fµ) =
∑
µ

Cλ,µ ι (Ek(q)) ∗ ι (Fµ)

= ι (Ek(q)) ∗ ι

(∑
µ

Cλ,µFµ

)
= ι (Ek(q)) ι (Eλ(q))

From this we have ι(Eλ(q)) 7→ eλ and by dimensionality argument we have an isomorphism. □

Corollary 3.12. For the functions Sk, Ek(t
−1), Hk(t

−1) we have:

ι : Sk 7→ (1− q)k

(t− q)k
pk (3.44)

ι : Ek(t
−1) 7→ (1− q)k

(1− t−1)k
gk (3.45)

ι : Hk(t
−1) 7→ (1− q)k

(1− t−1)k
g∗k (3.46)

Proof. The first map (3.44) follows from (3.43) and matching the generating function of Ek(q) and the
generating function (2.3) of the elementary symmetric functions ek:

ι (E(v; q)) = exp

(∑
r>0

(−1)r+1

r
vrpr

)

Due to (3.16) and the fact that ι is an isomorphism it implies (3.44). The two other maps (3.45) and (3.46)
can be verified by applying ι−1 to the generating functions of Ek(t

−1) and Hk(t
−1) and then comparing

the result with the generating functions (2.4) and (2.5) of gk and g∗k. □

In Lemma 3.11 and Corollary 3.12 we omitted the dependence of symmetric functions of Λ on the
alphabet. This will be important in a later section. Consider a pair F ∈ A◦ and f ∈ Λ such that
ι(F ) = f and let Λ be the ring of symmetric function in the alphabet (z) = (z1 . . . zl), then we will write:

ιz(F ) = f(z1 . . . zl)
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4. Six vertex model and the shuffle algebra A◦

In this section we explain one of the main results of the paper using the example of the six vertex model.

We start with the Boltzmann weights of the fundamental R-matrix of Ut(ŝl(2)) and consider the associated
square lattice partition functions. The configurations of these partition functions involve lattice paths of
a single colour, labelled “1”. The conic partition function, which is discussed in the introduction, can be
expressed as a sum of planar partition functions with identified boundary conditions. In the algebraic
language the conic partition function equals to the trace of a product of R-matrices. We use the notion
of the F -basis to rewrite this trace as a symmetrization, w.r.t. the spectral parameters x1 . . . xN , of a
fixed partition function with ordered labels on the boundaries. This produces a shuffle product formula
for the conic partition function and leads us to a proof of Theorem 1.1 in the special case of m = 0 and
n = 1.

4.1. The six vertex model. We consider a grid made up of a finite number of horizontal lines oriented
from right to left and the same number of vertical lines oriented from top to bottom. We attach spectral
the parameter xi(yi) to each ith horizontal (vertical) line counting from the top (left):

xN

x2

x1

y1 y2 yN

(4.1)

We are interested in the special case yi = qxi, however, the more general case which involves the y
parameters will be useful for computational purposes. We refer to an intersection of a horizontal and
vertical line as a vertex. In this section every edge of a vertex can be labelled either 0 or 1 and to the
edges carrying the label 1 we will associate a red path. Specifying the boundary conditions in (4.1)
means assigning labels to the 4N external edges. To every vertex, depending on the local configuration,
we attach a Boltzmann weight:

x

y

: 1

1

0

0 0

0

1

1 1 1

0

0

0 0

1

1

1 1

1

1

0 0

0

0

1− t

1− tx/y

(1− t)x/y

1− tx/y

t(1− x/y)

1− tx/y

1− x/y

1− tx/y
1 1

(4.2)

and the Boltzmann weights of all other local path configurations being zero. The leftmost vertex in
(4.2) with oriented lines and unspecified edge labels represents the collection of all vertices with their
Boltzmann weights and will be referred to as the graphical representation of the Ř-matrix of the six
vertex model. When the values of the external edges of the graphical Ř-matrix are specified we will
identify them with the corresponding Boltzmann weights in (4.2). We can join edges of several graphical
Ř-matrices together in which case we will assume that the values at the joined edges are summed over.
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Consider an example of (4.1) with N = 2 and a choice of boundary conditions:

x1

x2

y1 y2

1

1

1

0

1 0

1 1

=
1

1

1

0

1 0

1 1

+
1

1

1

0

1 0

1 1

(4.3)

=
t (1− x1/y2) (1− x2/y1) (1− t)x2/y2
(1− tx1/y2) (1− tx2/y1) (1− tx2/y2)

+
(1− t)3x1/y2 x2/y1

(1− tx1/y1) (1− tx1/y2) (1− tx2/y1)

In this case, if we sum over all possible labels of the internal edges on the l.h.s. of (4.3) we will find two
configurations with non-zero Boltzmann weights which we computed using (4.2) in the second line.

Definition 4.1. Let α, β, γ, δ ∈ {0, 1}N be collections of 0’s and 1’s. The six vertex partition function

Zβ,δ
α,γ(x; y) := Zβ,δ

α,γ(x1 . . . xN ; y1 . . . yN ) is defined as the rational function in the spectral parameters equal
to the weighted sum over all possible six vertex configurations with the boundary conditions as specified
below:

Zβ,δ
α,γ(x; y) =

β1 β2 βN

δ1

δ2

δN

x1

x2

xN

y1 y2 yN

α1

α2

αN

γ1 γ2 γN

(4.4)

Let us turn to the algebraic picture. We define the six vertex Ř-matrix:

Ř(x/y) :=


1 0 0 0

0
(1− t)x/y

1− tx/y

1− x/y

1− tx/y
0

0
t(1− x/y)

1− tx/y

1− t

1− tx/y
0

0 0 0 1

 (4.5)

This matrix acts in Vy ⊗ Vx with Vy, Vx ≃ C2. Let P be the permutation matrix acting in C2 ⊗ C2 by
swapping the basis vectors, then we define the R-matrix:

R(x) = PŘ(x) (4.6)

Let |0⟩ = (1, 0)T and |1⟩ = (0, 1)T denote the standard basis in C2 and |i1 . . . iN ⟩, with i1, . . . , iN ∈ {0, 1},
its generalization to the N -fold tensor product of C2. Define similarly the dual basis, then we have:

Ř(x/y) =
∑

a,b,c,d=0,1

 x

y

c

a d

b

 |a, c⟩ ⟨b, d| (4.7)
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Let id be the identity matrix in C2 then Ř acts in ⊗N
i=1Vxi by:

Ři(xi+1/xi) := id⊗ · · · ⊗ id︸ ︷︷ ︸
i−1

⊗Ř(xi+1/xi)⊗ id⊗ · · · ⊗ id︸ ︷︷ ︸
N−i−1

(4.8)

and similarly we define Ri(xi+1/xi) ∈ End
(
⊗N

i=1Vxi

)
and the permutation matrix Pi. We have the

Yang–Baxter equation:

Ři(z/y)Ři+1(z/x)Ři(y/x) = Ři+1(y/x)Ři(z/x)Ři+1(z/y) (4.9)

and the unitarity relation:

Ři(x/y)Ři(y/x) = id⊗ id (4.10)

The graphical notation associated to the matrix Ři(xi+1/xi) is:

Ři(xi+1/xi) : · · ·
xi+1xi · · ·

i− 1 N − i− 1

(4.11)

where the rotation of the cross compared to (4.2) does not present an ambiguity due to the presence of
the arrows. The arrows also help us to keep track of the ordering of operators: moving forward w.r.t.
the orientation of a line is reading an expression right to left. With this convention the graphical version
of the Yang–Baxter equation (4.9) reads:

x y z

=

x y z

Using the correspondence of the Ři-matrix in (4.8) and its graphical counterpart in (4.11), we can view
the (rotated counterclockwise by π/4) object in (4.1) as a tensor. In what follows, we define three such
tensors: ZN (x; y),WN (x; y) and WN (x), where WN (x) is a special case of WN (x; y) which in turn is a
projection of ZN (x; y). The reason for this is that we will be interested in the matrix elements of WN (x)
and will require their properties, which can be determined from the more general objects ZN (x; y) and
WN (x; y).

Definition 4.2. For two sets of parameters (x) = (x1 . . . xN ) and (y) = (y1 . . . yN ) we define the following
tensors:

ZN (x; y) := ŘN (xN/y1)ŘN−1(xN−1/y1)ŘN+1(xN/y2) · · · ŘN (x1/yN ) (4.12)

WN (x; y) :=
(〈
0N
∣∣⊗ ·

)
ZN (x; y)

(∣∣0N〉⊗ ·
)

(4.13)

WN (x) :=W (x1 . . . xN ; qx1 . . . qxN ) (4.14)

The graphical representation for the matrix elements of ZN (x; y) follows from Definition 4.1:

ZN (x; y) =
∑

α,β,γ,δ

Zβ,δ
α,γ(x; y) |α, γ⟩ ⟨β, δ| (4.15)

By setting W δ
γ (x; y) := Z

(0N ),δ

(0N ),γ
(x; y) and W δ

γ (x) :=W δ
γ (. . . xi . . . ; . . . qxi . . .) we also have:

WN (x; y) =
∑
γ,δ

W δ
γ (x; y) |γ⟩ ⟨δ| , WN (x) =

∑
γ,δ

W δ
γ (x) |γ⟩ ⟨δ| (4.16)
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and the graphical representations of W δ
γ (x; y) and W δ

γ (x) are given by (4.4) but with the specialized

labels αi = 0 and βi = 0 and parameters yi = qxi in the case of W δ
γ (x).

Lemma 4.3. For i = 1 . . . N − 1, the tensor ZN (x; y) satisfies the following exchange relations:

Ři(xi+1/xi)ZN (x; y) = ZN (. . . xi+1, xi . . . ; y)ŘN+i(xi+1/xi) (4.17)

ZN (x; y)Ři(yi/yi+1) = ŘN+i(yi/yi+1)ZN (x; . . . yi+1, yi . . .) (4.18)

The tensor WN (x; y) satisfies:

WN (x; y) =WN (. . . xi+1, xi . . . ; y)Ři(xi+1/xi) (4.19)

WN (x; y) = Ři(yi/yi+1)WN (x; . . . yi+1, yi . . .) (4.20)

and for WN (x) we have:

Ři(xi+1/xi)WN (x) =WN (. . . xi+1, xi . . .)Ři(xi+1/xi) (4.21)

Proof. The two equations (4.17) and (4.18) are well-known exchange relations which are a consequence
of the Yang–Baxter equation (4.9) (see e.g. [24]). The exchange relations for WN (x; y) (4.19) and (4.20)
follow from (4.17) and (4.18) by applying the projection in (4.13) and using:〈

0N
∣∣ Ři(x) =

〈
0N
∣∣ , Ři(x)

∣∣0N〉 = ∣∣0N〉
After relabelling the vector spaces N+i→ i we get (4.19) and (4.20). The last equation (4.21) is obtained
by equating the right hand sides of (4.19) and (4.20), swapping xi ↔ xi+1:

WN (x; y)Ři(xi/xi+1) = Ři(yi/yi+1)WN (. . . xi+1, xi . . . ; . . . yi+1, yi . . .)

multiplying both sides by Ři(yi+1/yi) on the left and by Ři(xi+1/xi) on the right, using the unitarity
property (4.10) and then setting yi = qxi for all i. □

4.2. The F -matrix and transformed tensors. In this section we introduce the F -matrix [33, 2],
following the conventions of [7]. Then we will use it to transform the tensors ZN (x; y),WN (x; y) and
WN (x) and establish their properties.

Definition 4.4. The 2-site F -matrix reads:

F2(x1, x2) =


1 0 0 0
0 1 0 0

0 (1−t)x2/x1

1−tx2/x1

1−x2/x1

1−tx2/x1
0

0 0 0 1

 (4.22)

This matrix satisfies the property:

F2(x1, x2) = PF2(x2, x1)Ř(x2/x1) (4.23)

The 2-site F -matrix and the property (4.23) are associated to the vector space Vx1 ⊗ Vx2 . The N -site
F -matrix and the analogue of (4.23) correspond to ⊗N

i=1Vxi . This generalization is done with the help of

the matrices Řσ and Rσ for σ ∈ SN . Consider σ ∈ SN and its decomposition into simple transpositions.
For some i and σ′ ∈ SN we can write:

σ = siσ
′ (4.24)

Define recursively the matrices Řσ and Rσ:

Řid = 1, Řσ = Ři(xσ′(i+1)/xσ′(i))Řσ′ (4.25)

Rid = 1, Rσ = Rσ′(i),σ′(i+1)(xσ′(i+1)/xσ′(i))Rσ′ (4.26)
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where the two-index notation Ri,j(x) is defined by setting Ri,i+1(x) = Ri(x) and Ri,j+1(x) = PjRi,j(x)Pj .
Next we consider an explicit decomposition σ = sik · · · si1 and define:

Pσ = Pi1 · · ·Pik (4.27)

With these definitions we have Pσ = Rσ|x1=···=xN and the relation:

Řσ = Pσ−1Rσ (4.28)

Definition 4.5. For k, l ∈ {0, 1} and r = 1 . . . N , let E
(kl)
r ∈ End

(
⊗N

i=1Vxi

)
be the matrix acting non-

trivially on the r-th tensor space Vxr by the two by two unit matrix E(kl). The N -site F -matrix reads:

FN (x1 . . . xN ) =
∑
σ∈SN

∑
(k1...kN )∈Jσ

N∏
i=1

E
(kiki)
σ(i) Rσ (4.29)

where the set Jσ is defined by:

Jσ =
{
0 ≤ k1 ≤ · · · ≤ kN ≤ 1 : ki < ki+1 if σ(i) > σ(i+ 1)

}
(4.30)

This matrix satisfies the property:

FN (x1 . . . xN ) = PσFN (xσ(1) . . . xσ(N))Řσ (4.31)

Lemma 4.6. The F -matrix has the properties:〈
0N−k1k

∣∣∣FN (x) =
〈
0N−k1k

∣∣∣ , FN (x)
∣∣∣1k0N−k

〉
=

k∏
i=1

N∏
j=k+1

xi − xj
xi − txj

∣∣∣1k0N−k
〉

(4.32)

These are known properties which are a consequence of the explicit form of the F -matrix (4.29) (for
more details see e.g. [34]).

Definition 4.7. Introduce transformed tensors Z̃N (x; y), W̃N (x; y) and W̃N (x):

Z̃N (x; y) := (FN (x)⊗ FN (y))ZN (x; y)
(
F−1
N (y)⊗ F−1

N (x)
)

(4.33)

W̃N (x; y) := FN (y)WN (x; y)F−1
N (x) (4.34)

W̃N (x) := FN (x)WN (x)F−1
N (x) (4.35)

The definition of W̃N (x; y) is consistent with (4.13) because of the property (4.32) at k = 0, in other
words we have:

W̃N (x; y) =
(〈
0N
∣∣⊗ ·

)
Z̃N (x; y)

(∣∣0N〉⊗ ·
)

(4.36)

Due to the conjugation by the F -matrices the tensors Z̃N (x; y), W̃N (x; y) and W̃N (x) obey new exchange
relations.

Proposition 4.8. For i = 1 . . . N − 1, the tensor Z̃N (x; y) satisfies the following exchange relations:

PiZ̃(x; y) = Z̃(. . . xi+1, xi . . . ; y)PN+i (4.37)

Z̃(x; y)Pi = PN+iZ̃(x; . . . yi+1, yi . . .) (4.38)

the tensor W̃N (x; y) satisfies:

W̃N (x; y)Pi = W̃N (. . . xi+1, xi . . . ; y) (4.39)

PiW̃N (x; y) = W̃N (x; . . . yi+1, yi . . .) (4.40)

and W̃N (x) satisfies:

PiW̃N (x) = W̃N (. . . xi+1, xi . . .)Pi (4.41)



20 ALEXANDR GARBALI AND AJEETH GUNNA

Proof. Consider two permutations σ, τ ∈ SN and their decompositions into simple transpositions, denote
xσ = (xσ(1) . . . xσ(N)) and yτ = (yτ(1) . . . xτ(N)), then we have:(

Řσ(x)⊗ Řτ (y)
)
ZN (x; y) = ZN (xσ; yτ )

(
Řτ (y)⊗ Řσ(x)

)
(4.42)

This follows from the recursive definition of Řσ and repetitive application of (4.17) and (4.18). Multiply
both sides of (4.42) on the left and on the right by F -matrices as follows:

(FN (xσ)⊗ FN (yτ )) (4.42)
(
F−1
N (y)⊗ F−1

N (x)
)

and use (4.31) and (4.33), the outcome is:

(Pσ−1 ⊗ Pτ−1) Z̃N (x; y) = Z̃N (xσ; yτ ) (Pτ−1 ⊗ Pσ−1) (4.43)

where on the r.h.s. we used (4.31) in a rearranged form:

Řσ(x)F
−1
N (x) = F−1

N (xσ)Pσ−1

Clearly (4.43) is equivalent to the pair of equations (4.37) and (4.38). The remaining equations (4.39),

(4.40) and (4.41) are special cases of the above due to (4.36) and W̃N (x) = W̃N (. . . xi . . . ; . . . qxi . . .). □

In the remaining part of this subsection we compute the matrix elements of W̃N (x; y). The formula
which we obtain is a product consisting of several building blocks of fully factorized terms and a domain-
wall partition function:

DM (x; y) :=W
(1M )

(1M )
(x1 . . . xM ; y1 . . . yM ). (4.44)

The following Lemma is a well-known result about the six vertex domain-wall partition function [28, 27].

Lemma 4.9. DM (x; y) is the six vertex domain-wall partition function which can be computed using a
determinant formula:

DM (x; y) =

∏M
i,j=1(xi − yj)∏

1≤i<j≤M (xi − xj)(yj − yi)
det

1≤i,j≤M

(1− t)xi
(xi − yj)(yj − txi)

(4.45)

Proposition 4.10. Fix k ∈ {0 . . . N} and let α, β ∈ {0, 1}N be the labels of the matrix elements W̃ β
α (x; y)

of W̃N (x; y) both having k number of 1’s. Let P, S ⊆ [N ] denote the positions of 1’s in α and β respectively,
then:

W̃ β
α (x; y) = Dk(xS ; yP )

∏
i∈S

∏
j∈Sc

xi − txj
xi − xj

∏
i∈P

∏
j∈Sc

yi − xj
yi − txj

(4.46)

Proof. The proof is based on the properties (4.39) and (4.40) which imply that for a fixed k it is sufficient

to compute any one matrix element W̃ β
α (x; y). There exists a choice of α and β for which the matrix

element W̃ β
α (x; y) can be easily shown to be of the form (4.46). Let us explain this in detail.

Consider two permutations σ, τ ∈ SN such that α = σ−1(0N−k1k) and β = τ−1(0N−k1k) where the
action of permutation on a string is by permuting the entries of the string. We can represent the vectors
⟨α| and |β⟩ as follows:

⟨α| =
〈
0N−k1k

∣∣∣Pσ−1 , |β⟩ = Pτ

∣∣∣0N−k1k
〉

therefore:

W̃ β
α (x; y) = ⟨α| W̃N (x; y) |β⟩ =

〈
0N−k1k

∣∣∣Pσ−1W̃N (x; y)Pτ

∣∣∣0N−k1k
〉

=
〈
0N−k1k

∣∣∣ W̃N (xτ ; yσ)
∣∣∣0N−k1k

〉
= W̃

(0N−k1k)

(0N−k1k)
(xτ ; yσ)

where in the second line we used the properties (4.39) and (4.40) of W̃ β
α (x; y) (cf. (4.43)). This shows

that computing one matrix element of W̃N (x; y) with a fixed number of 1’s is sufficient to recover all of
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them. Consider next the matrix element W̃
(1k0N−k)

(0N−k1k)
(x; y) and write it in terms of W

(1k0N−k)

(0N−k1k)
(x; y) using

(4.34):

W̃
(1k0N−k)

(0N−k1k)
(x; y) =

〈
0N−k1k

∣∣∣FN (y)WN (x; y)F−1
N (x)

∣∣∣1k0N−k
〉

=
k∏

i=1

N∏
j=k+1

xi − txj
xi − xj

×
〈
0N−k1k

∣∣∣WN (x; y)
∣∣∣1k0N−k

〉
=

k∏
i=1

N∏
j=k+1

xi − txj
xi − xj

×W
(1k0N−k)

(0N−k1k)
(x; y)

where in the second line we used the properties (4.32) of the F -matrix. The matrix elementW
(1k0N−k)

(0N−k1k)
(x; y)

can be evaluated as follows. For demonstration, we choose N = 4 and k = 2. The graphical depiction of

the partition function W
(1100)
(0011) (x; y) shows several regions which are frozen and one region with domain-

wall configurations (enclosed in the dotted square below):

W
(1100)
(0011) (x; y) =

0 0 0 0

1

1

0

0

x1

x2

x3

x4

y1 y2 y3 y4

0

0

0

0

0 0 1 1

1 1

1 1

0 0 0

0 0 0

0 0

0 0

0

0

0

0

0

0

=
∏

i={3,4}

∏
j={3,4}

yi − xj
yi − txj

×

0 0

1

1

x1

x2

y3 y4

0

0

1 1

=
∏

i∈{3,4}

∏
j∈{3,4}

yi − xj
yi − txj

D2(x1, x2; y3, y4) (4.47)

In the first line of the above equation we observed that the left half of the lattice must have only trivial
local configurations corresponding to the last vertex in (4.2) whose weight is equal to 1; the bottom right
2 × 2 region contains four local configurations all given by the 4-th vertex in (4.2) and therefore they
contribute four factors appearing in the second line; finally the top right region, enclosed in the dotted
square, equals to the partition function D2(x1, x2; y3, y4) (4.44). The labels of x’s and y’s which appear
in (4.47) in D2(x1, x2; y3, y4) are determined by the locations of 1’s on right and bottom boundaries
respectively while the labels of x’s and y’s in the product appearing in (4.47) are determined by the
positions of 0’s on the right boundary and positions of 1’s on the bottom boundary respectively. Thanks
to the property:

W̃
τ−1(0N−k1k)

σ−1(0N−k1k)
(x; y) = W̃

(0N−k1k)

(0N−k1k)
(xτ ; yσ)

one needs to keep track of the positions of 1’s to be able to assign the correct labels to x’s and y’s. This
explains the labelling by the sets S and P given in the statement of the proposition. □

4.3. Trace of WN (x) and the shuffle product. In this section, we define the partition function TN (x)
as the trace of the matrix WN (x). Because of the cyclicity of the trace we will be able to replace

WN (x) with W̃N (x) since they are related by a conjugation (4.35). The trace represents a summation

over indices of the matrix W̃N (x), using the exchange relation (4.41) we can replace this summation by

a symmetrization over the parameters x1 . . . xN acting on specific diagonal elements of W̃N (x). These
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diagonal elements can be computed via the connection with W̃N (x; y). The result of this computation,
summarized in Theorem 4.13, gives a formula for TN (x) in terms of the shuffle product of A◦.

Definition 4.11. Let z0, z1 be two indeterminates. Define the following function:

TN (x; z0, z1) :=
∑

α∈{0,1}N
zα1 · · · zαN ⟨α|WN (x) |α⟩ (4.48)

Note that WN (x) is block diagonal with blocks labelled by the number of 1’s in α and β in the matrix

elements W β
α (x). This means that TN (x; z0, z1) is the trace of WN (x) where the monomials in z0, z1

parameterize different blocks of WN (x). We can write TN (x; z0, z1) in terms of the matrix elements of
WN (x):

TN (x; z0, z1) =
∑

α∈{0,1}N
zα1 · · · zαNW

α
α (x) (4.49)

and using the graphics (4.4) we interpret TN (x; z0, z1) as the following lattice partition function:

TN (x; z0, z1) =

0 0 0

x1

x2

xN

qx1 qx2 qxN

0

0

0

(4.50)

If we rotate this picture by 135 degrees counterclockwise we can match it with the lattice drawn on the
cone in (1.1). Therefore TN (x; z0, z1) coincides with the partition function ZN from the introduction (1.4)
where we need to choose n = 1 and m = 0.

Lemma 4.12. The function TN (x; z0, z1) is symmetric in (x1 . . . xN ).

Proof. We can rewrite (4.21) in the form:

WN (. . . xi+1, xi . . .) = Ři(xi+1/xi)WN (x)Ři(xi/xi+1)

Using this equation we compute:

TN (. . . xi+1, xi . . . ; z0, z1) =
∑

α∈{0,1}N
zα1 · · · zαN ⟨α|WN (. . . xi+1, xi . . .) |α⟩

=
∑

α∈{0,1}N
zα1 · · · zαN ⟨α| Ři(xi+1/xi)WN (x)Ři(xi/xi+1) |α⟩

=
∑

α∈{0,1}N
zα1 · · · zαN ⟨α| Ři(xi/xi+1)Ři(xi+1/xi)WN (x) |α⟩

=
∑

α∈{0,1}N
zα1 · · · zαN ⟨α|WN (x) |α⟩ = TN (x; z0, z1)

where we also used the cyclicity of the trace and the unitarity (4.10). □

Theorem 4.13. The function TN (x; z0, z1) can be written as a shuffle product:

TN (x; z0, z1) =

N∑
k=0

zN−k
0 zk1

(1− t−1)k

(1− qt−1)k
Hk(t

−1) ∗ EN−k(tq
−1) (4.51)
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Proof. Let us use the relation (4.35) between WN (x) and W̃N (x) in Definition 4.11 of TN (x; z0, z1):

TN (x; z0, z1) =
∑

α∈{0,1}N
zα1 · · · zαN ⟨α|F−1

N (x)W̃N (x)FN (x) |α⟩

Using the cyclicity of the trace we get:

TN (x; z0, z1) =
∑

α∈{0,1}N
zα1 · · · zαN W̃

α
α (x) (4.52)

We can rewrite the summation over α ∈ {0, 1}N as a sum over k = 0 . . . N and a sum over permutations
of (0N−k1k):

TN (x; z0, z1) =

N∑
k=0

1

k!(N − k)!
zN−k
0 zk1

∑
σ∈SN

W̃
σ(0N−k1k)

σ(0N−k1k)
(x) (4.53)

The division by the factorials compensates the over-counting when σ permutes 0’s or 1’s. In the above
formula the trace from (4.52) is written as a sum over permutations σ acting on the indices of the matrix
elements of WN (x), below we will show that this action can be transferred to the action of σ which

instead permutes the spectral parameters. The diagonal elements W̃α
α (x) in (4.53) can be computed with

the help of Proposition 4.10 in which we set yi = qxi:

W̃α
α (x) = Dk(xS)

∏
i∈S

∏
j∈Sc

xi − txj
xi − xj

qxi − xj
qxi − txj

= Dk(xS)
∏
i∈S

∏
j∈Sc

ζ(xi/xj) (4.54)

where Dk(x) := Dk(x1 . . . xk; qx1 . . . qxk), the subset S ⊆ [N ] records the positions of 1’s in α, Sc ⊆ [N ]
is the complement subset to S and thus it records the positions of 0’s in α. The domain-wall partition
function Dk(x) can be computed as a determinant using Lemma 4.9 in the special case yi = qxi. The
determinant formula for Dk(x) matches with the definition of Hk(t

−1) in (3.13) up to a factor:

Dk(x) =
(1− t−1)k

(1− qt−1)k
Hk(t

−1) (4.55)

Inserting (4.55) into (4.54) and then inserting the result into (4.53) produces:

TN (x; z0, z1) =

N∑
k=0

zN−k
0 zk1

(1− t−1)k

(1− qt−1)k

1

k!(N − k)!

∑
σ∈SN

Hk(t
−1;xσ(N−k+1) . . . xσ(N))

N−k∏
j=1

N∏
i=N−k+1

ζ(xσ(i)/xσ(j)) (4.56)

After reordering the summation over σ we can match the expression in the second line with the shuffle
product (3.4) of Hk(t

−1) and EN−k(tq
−1) which verifies (4.51). □

Corollary 4.14. Consider the generating function of TN (x; z0, z1):

T (v; z0, z1) =

∞∑
N=0

vNTN (x; z0, z1) (4.57)

We have:

T (v; z0, z1) = exp∗

(∑
r>0

1

r

1− tr

1− qr

(
−zr1 −

qr − tr

1− tr
zr0

)
vrSr

)
(4.58)
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Proof. We compute T (v) using (4.51):

∞∑
N=0

vNTN (x; z0, z1) =
∞∑

N=0

vN
N∑
k=0

zN−k
0 zk1

(1− t−1)k

(1− qt−1)k
Hk(t

−1) ∗ EN−k(tq
−1)

=
∞∑
k=0

(vz1)
k (1− t−1)k

(1− qt−1)k
Hk(t

−1) ∗
∞∑
l=0

(vz0)
lEl(tq

−1)

= exp∗

(
−
∑
r>0

1

r

1− tr

1− qr
vrzr1Sr

)
exp∗

(
−
∑
r>0

1

r

qr − tr

1− qr
vrzr0Sr

)

= exp∗

(∑
r>0

1

r

1− tr

1− qr

(
−zr1 −

qr − tr

1− tr
zr0

)
vrSr

)
where in the second line we reordered the two summations and in the third line we used the exponen-
tial generating functions (3.16) and (3.17) for Hk(t

−1) and Ek(tq
−1) and finally we combined the two

shuffle-exponentials into a single shuffle-exponential. The last step is possible because of the shuffle-
commutativity of Hk(t

−1) and Ek(tq
−1). □

5. The sl(n+ 1|m) vertex model and the shuffle algebra A◦

The aim of this section is to prove Theorem 1.1 in the full generality. We will follow the same logic
as in Section 4. The main input in Section 4 is the six vertex R-matrix. In this section, we will replace

it with the R-matrix of Ut(ŝl(n + 1|m), a supersymmetric algebra whose representations are given by
Z2 graded vector spaces. The grading splits vectors into two categories which graphically correspond to
having bosonic and fermionic lattice paths. In this sense a red path in the six vertex model case is a
bosonic path and these paths contribute the Hk(t

−1) part in the formula (4.51). In this section we will
obtain a generalization of the formula (4.51) which, in addition to the bosonic contributions Hk(t

−1), will
have fermionic contributions of Ek(t

−1).

5.1. Coloured lattice models. We use the same diagrammatic formalism as in Section 4. Consider
a square lattice as in (4.1) where every edge of a vertex is labelled by 0 . . . n +m where 0 denotes the
absence of a path, i > 0 stands for a coloured path of colour “i”. If i ≤ n then the path is called bosonic
and if i > n the path is called fermionic. Specifying the boundary conditions in (4.1) means assigning
labels to the 4N external edges which take values in {0 . . . n+m}. For colours i < j and “0” being the
greatest colour, we list all the possible types of vertices with their corresponding Boltzmann weights:

x

y

: i

i

0

0 0

0

i

i i i

0

0

0 0

i

i

0 0

0

0

i

i

j

j j

j

i

i i i

j

j

j j

i

i

i i

i

i

1− t

1− tx/y

(1− t)x/y

1− tx/y

t(1− x/y)

1− tx/y

1− x/y

1− tx/y

 1 i ≤ n
x/y − t

1− tx/y
i > n

(5.1)
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The weights of all the other vertices are set to 0. Note that the difference between fermionic and bosonic
paths shows in the last vertex in (5.1), i.e. when two paths of the same colour touch each other.

Consider an example of (4.1) with N = 2 with one bosonic (red) and one fermionic (green) path and
a choice of boundary conditions:

x1

x2

y1 y2

1

2

0

2

0 2

1 2

=
1

2

0

2

0 2

1 2

+
1

2

0

2

0 2

1 2

(5.2)

=
(1− t)x1/y1 (1− x2/y1) t (1− x1/y2) (x2/y2 − t)

(1− tx1/y1) (1− tx2/y1) (1− tx1/y2) (1− tx2/y2)
+

(1− t)4x1/y1 x2/y1 x1/y2
(1− tx1/y1) (1− tx2/y1) (1− tx1/y2) (1− tx2/y2)

Summing over all possible labels of the internal edges on the l.h.s. of (5.2) gives two possible configurations
with non-zero Boltzmann weights which are computed with (5.1) and presented in the second line.

Definition 5.1. Let α, β, γ, δ ∈ {0, 1 . . . n + m}N (cf. Definition 4.1). The supersymmetric coloured

partition function Zβ,δ
α,γ(x1 . . . xN ; y1 . . . yN ) is defined as the rational function in the spectral parameters

equal to the weighted sum over all possible configurations computed with (5.1) and the boundary conditions
specified below:

Zβ,δ
α,γ(x; y) =

β1 β2 βN

δ1

δ2

δN

x1

x2

xN

y1 y2 yN

α1

α2

αN

γ1 γ2 γN

(5.3)

The supersymmetric Ř-matrix acts in Vy ⊗ Vx with Vy, Vx ≃ Cn+m+1. Let |0⟩ = (1, 0 . . . 0)T and
|i⟩ = (0 . . . 0, 1, 0 . . . 0)T , with 1 being on the i-th position, denote the standard basis in Cn+m+1 and
|i1 . . . iN ⟩, with i1, . . . , iN ∈ {0, 1 . . . n+m+1}, its generalization to the N -fold tensor product of Cn+m+1.
Define similarly the dual basis, then we have:

Ř(x/y) =
∑

a,b,c,d=0,1...n+m+1

 x

y

c

a d

b

 |a, c⟩ ⟨b, d| (5.4)

where the explicit form of the matrix elements is given by the Boltzmann weights (5.1). The permutation
matrix P acts in Cn+m+1 ⊗ Cn+m+1. The supersymmetric R-matrix is defined as before:

R(x) = PŘ(x) (5.5)

Let id be the identity matrix in Cn+m+1 then Ř, R and P act in ⊗N
i=1Vxi by Ři(xi+1/xi), Ri(xi+1/xi) and

Pi respectively (see e.g. (4.8)). For these matrices we have the Yang–Baxter equation (4.9) and the same
unitarity relation as before (4.10). We will also use the same graphical representation for Ři(xi+1/xi) as
before.
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The tensors ZN (x; y),WN (x; y) and WN (x) in the sl(n+1|m) case are defined algebraically by (4.12),
(4.13) and (4.14) respectively and their matrix elements are

Zβ,δ
α,γ(x; y), W δ

γ (x; y) and W δ
γ (x)

with the indices α, β, γ, δ ∈ {0, 1 . . . n + m}N . The graphical interpretation of these matrix elements
is given by Definition 5.1 and appropriate specialization of the indices and parameters in the case of
W δ

γ (x; y) and W
δ
γ (x). We have the analogue of Lemma 4.3.

Lemma 5.2. For i = 1 . . . N − 1, the tensor ZN (x; y) satisfies the following exchange relations:

Ři(xi+1/xi)ZN (x; y) = ZN (. . . xi+1, xi . . . ; y)ŘN+i(xi+1/xi) (5.6)

ZN (x; y)Ři(yi/yi+1) = ŘN+i(yi/yi+1)ZN (x; . . . yi+1, yi . . .) (5.7)

The tensor WN (x; y) satisfies:

WN (x; y) =WN (. . . xi+1, xi . . . ; y)Ři(xi+1/xi) (5.8)

WN (x; y) = Ři(yi/yi+1)WN (x; . . . yi+1, yi . . .) (5.9)

and for WN (x) we have:

Ři(xi+1/xi)WN (x) =WN (. . . xi+1, xi . . .)Ři(xi+1/xi) (5.10)

This Lemma is based on the same algebraic identities as Lemma 4.3.

5.2. The sl(n+1|m) F -matrix and transformed tensors. In this section we introduce the supersym-
metric sl(n + 1|m) F -matrix [44]. This matrix satisfies the same properties as the six vertex F -matrix

therefore we will immediately get the transformed tensors Z̃N (x; y), W̃N (x; y) and W̃N (x) with the desired
properties establishes in Section 4.2.

Definition 5.3. For k, l ∈ {0 . . . n+m} and r = 1 . . . N , let E
(kl)
r ∈ End

(
⊗N

i=1Vxi

)
be the matrix acting

non-trivially on the r-th tensor space Vxr by the (n+m+1)× (n+m+1) unit matrix E(kl). The N -site
supersymmetric sl(n+ 1|m) F -matrix reads:

FN (x1 . . . xN ) =
∑
σ∈SN

∑
(k1...kN )∈Jσ

 ∏
1≤i<j≤N
ki,kj>n

xσ(i) + xσ(j)

xσ(i) − txσ(j)

 N∏
i=1

E
(kiki)
σ(i) Rσ (5.11)

where Rσ is defined as before (4.26) but based on the sl(n+ 1|m) R-matrix and the set Jσ is defined by:

Jσ =
{
0 ≤ k1 ≤ · · · ≤ kN ≤ n+m : ki < ki+1 if σ(i) > σ(i+ 1)

}
(5.12)

The F -matrix (5.11) satisfies the property:

FN (x1 . . . xN ) = PσFN (xσ(1) . . . xσ(N))Řσ (5.13)

We note that the F -matrix in the supersymmetric case is modified compared to (4.29) by the additional
rational function in (5.11). Each factor of this rational function is associated to a pair of fermionic labels,
therefore if m = 0, this factor disappears and one recovers the standard sl(n+ 1) F -matrix.

Lemma 5.4. Fix a composition of non-negative integers (l0, l1 . . . ln+m) such that N = l0 + · · · + ln+m.
For every such composition we define two ordered compositions λ− and λ+:

λ− := (0l01l1 . . . (n+m)ln+m), λ+ := ((n+m)ln+m . . . 1l10l0) (5.14)
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The supersymmetric F -matrix has the properties:〈
λ−
∣∣FN (x) =

〈
λ−
∣∣ ∏
1≤i<j≤N

λ−
i ,λ−

j >n

xi + xj
xi − txj

, FN (x)
∣∣λ+〉 = fN (x)

∏
1≤i<j≤N

λ+
i ,λ+

j >n

xi + xj
xi − txj

∣∣λ+〉 (5.15)

where fN (x) is a rational function define by:

fN (x) :=
∏

0≤i<j≤N

λ+
i ̸=λ+

j



xi − xj
xi − txj

if λ+j = 0

t
xi − xj
xj − txi

if λ+i , λ
+
j > n

t
xi − xj
xi − txj

else

(5.16)

Definition 5.5. Let FN be the supersymmetric F -matrix (5.11). Introduce transformed tensors Z̃N (x; y),

W̃N (x; y) and W̃N (x):

Z̃N (x; y) := (FN (x)⊗ FN (y))ZN (x; y)
(
F−1
N (y)⊗ F−1

N (x)
)

(5.17)

W̃N (x; y) := FN (y)WN (x; y)F−1
N (x) (5.18)

W̃N (x) := FN (x)WN (x)F−1
N (x) (5.19)

Proposition 5.6. For i = 1 . . . N − 1, the tensor Z̃N (x; y) satisfies the following exchange relations:

PiZ̃(x; y) = Z̃(. . . xi+1, xi . . . ; y)PN+i (5.20)

Z̃(x; y)Pi = PN+iZ̃(x; . . . yi+1, yi . . .) (5.21)

the tensor W̃N (x; y) satisfies:

W̃N (x; y)Pi = W̃N (. . . xi+1, xi . . . ; y) (5.22)

PiW̃N (x; y) = W̃N (x; . . . yi+1, yi . . .) (5.23)

and W̃N (x) satisfies:

PiW̃N (x) = W̃N (. . . xi+1, xi . . .)Pi (5.24)

The proof of this proposition is the same as the proof of Proposition 4.8 since the algebraic properties
of the more general objects are the same as in the six vertex case. In the remaining part of this subsection

we compute the matrix elements of W̃N (x; y) generalizing the result of Proposition 4.10. The formula is
again a product consisting of fully factorized terms and domain-wall partition functions:

D
(k)
M (x; y) :=W

(kM )

(kM )
(x1 . . . xM ; y1 . . . yM ). (5.25)

When the label k is fermionic (i.e. k > n) the domain-wall partition function becomes the fermionic
version of the six vertex domain-wall partition function and is known to have a factorized formula [21].

We summarize the formulas for D
(k)
M (x; y) for different k in the following Lemma.

Lemma 5.7. D
(k)
M (x; y) is the domain-wall partition function associated to the label k:

D
(k)
M (x; y) =


1 k = 0

DM (x; y) 0 < k ≤ n

(−1 + t)M
∏M

i=1 xi
∏M

j=i+1(xj − txi)(yi − tyj)∏M
i,j=1(txi − yj)

n < k ≤ n+m

(5.26)

where DM (x; y) is defined in (4.44).
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Proposition 5.8. Fix a composition of non-negative integers (l0, l1 . . . ln+m) such that N = l0+· · ·+ln+m.
Let α, β be two permutations of (0l01l1 . . . (n + m)ln+m) and P (k), S(k) ⊆ [N ] be pairs of compositions
which record the positions of k’s in α and β respectively, then:

W̃ β
α (x; y) =

n+m∏
k=0

D
(k)
lk

(xS(k), yP (k))×
n+m∏
k1=0

n+m∏
k2=k1+1

∏
j∈S(k1)

∏
i∈S(k2)

xi − txj
xi − xj

·
∏

j∈S(k1)

∏
i∈P (k2)

yi − xj
yi − txj

(5.27)

n+m∏
k1=n+1

n+m∏
k2=k1+1

∏
i∈P (k1)

∏
j∈P (k2)

yi + yj
yi − tyj

·
∏

i∈S(k1)

∏
j∈S(k2)

xi − txj
xi + xj

×
n+m∏
k=n+1

∏
i,j∈P (k)

i<j

yi + yj
yi − tyj

·
∏

i,j∈S(k)
i<j

xi − txj
xi + xj

Proof. The proof is analogous to the proof of Proposition 4.10. Define two compositions λ±:

λ− := (0l01l1 . . . (n+m)ln+m), λ+ := ((n+m)ln+m . . . 1l10l0)

For two permutations σ, τ ∈ SN let α = σ−1(λ−) and β = τ−1(λ−). Represent the vectors ⟨α| and |β⟩ as
follows:

⟨α| =
〈
λ−
∣∣Pσ−1 , |β⟩ = Pτ

∣∣λ−〉
Different matrix elements W̃ β

α (x; y) are related to each other by appropriately permuting the spectral
parameters:

W̃ β
α (x; y) = ⟨α| W̃N (x; y) |β⟩ =

〈
λ−
∣∣Pσ−1W̃N (x; y)Pτ

∣∣λ−〉 = 〈λ−∣∣ W̃N (xτ ; yσ)
∣∣λ−〉 = W̃ λ−

λ− (xτ ; yσ)
(5.28)

where we used the properties (5.22) and (5.23) of W̃ β
α (x; y). Consider next the matrix element W̃ λ+

λ− (x; y)

and write it in terms of W λ+

λ− (x; y) using (5.18):

W̃ λ+

λ− (x; y) =
〈
λ−
∣∣FN (y)WN (x; y)F−1

N (x)
∣∣λ+〉

=
1

fN (x)

∏
1≤i<j≤N

λ+
i ,λ+

j >n

1− txj/xi
1 + xj/xi

∏
1≤i<j≤N

λ−
i ,λ−

j >n

1 + yj/yi
1− tyj/yi

×W λ+

λ− (x; y) (5.29)

where in the second line we used the properties (5.15) of the supersymmetric F -matrix. The matrix

element W λ+

λ− (x; y) can be evaluated in a similar way as the matrix element W
(1k0N−k)

(0N−k1k)
(x; y) in the proof

of Proposition 4.10. For demonstration we choose N = 6, m = n = 1 and l0 = l1 = l2 = 2. The graphical

depiction of the partition function W
(221100)
(001122) (x; y) shows several regions which are frozen and two regions

which contain domain-wall type configurations which we enclosed in the dotted squares for the reference:

W
(221100)
(001122) (x; y) =

0 0 0 0 0 0

2

2

1

1

0

0

x1

x2

x3

x4

x5

x6

y1 y2 y3 y4 y5 y6

0

0

0

0

0

0

0 0 1 1 2 2

0

0

0

0

0

0

0

0

0

0

1

1

0

0

1

1

0

0

2

2

2

2

2

2

2

2

0 0 0 0 0

0 0 0 0 0

0 0 1 1

0 0 1 1

0 0 0 0

0 0 0 0
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=
∏

i∈{3,4,5,6}

∏
j∈{5,6}

yi − xj
yi − txj

∏
i∈{5,6}

∏
j∈{3,4}

t
yi − xj
yi − txj

×

0 0

1

1

x3

x4

y3 y4

0

0

1 1

×

0 0

2

2

x1

x2

y5 y6

0

0

2 2

=
∏

i∈{3,4,5,6}

∏
j∈{5,6}

yi − xj
yi − txj

∏
i∈{5,6}

∏
j∈{3,4}

t
yi − xj
yi − txj

×D
(1)
2 (x3, x4; y3, y4)D

(2)
2 (x1, x2; y5, y6) (5.30)

The partial freezing of the last two columns in the graphical representation given in the first line in (5.30)
is due to the fact that the 2’s on the right boundary must take either left or down steps and drop to
the bottom boundary in the last two columns. This leaves us with domain-wall configurations in the
intersections of the first two rows and last two columns. The remaining part of the lattice is of the form

(4.47). As a result we need to evaluate two domain-wall partition functions D
(1)
2 and D

(2)
2 as indicated

in the second line in (5.30) and take into account various factors coming from the vertices:

0 0

1

1

0 0

2

2

1 1

2

2

where the first two are of the fourth type in (5.1) and the third one is of the third type in (5.1) (recall
that 0 is considered the highest colour label).

Let us view the lattice configurations in the first line in (5.30) as a block matrix. The example of
(5.30) shows that the anti-diagonal blocks must have domain-wall configurations, above the anti-diagonal
the configurations are trivial with all edges labelled 0 and below the anti-diagonal we have blocks with

vertices of type four and type three in (5.1). The latter blocks can be expressed in terms of Zα,β
α,β with

α = (iM ) and β = (jM ) for some i, j and evaluated:

Z
(iM ),(jM )

(iM ),(jM )
(x; y) = tδj>iM

2
M∏

a,b=1

ya − xb
ya − txb

(5.31)

We can write W λ+

λ− (x; y) in terms of such block matrix:

W λ+

λ− (x; y) =
∏
a,b


1 . . . 1 . . . Wm+n
...

...
... . .

. ...
1 . . . Wk . . . Wk,m+n
... . .

. ...
...

...
W0 . . . W0,k . . . W0,m+n


a,b

(5.32)

where we shortened the notations:

Wk = D
(k)
λk

(x(k), y(k)), Wi,j = Z
(iM ),(jM )

(iM ),(jM )
(x(i), y(j)) (5.33)

and (x(k)) and (y(k)) denote a pair of λk spectral parameters xa and yb with a and b such that λ+a = k
and λ−b = k for all a, b. By evaluating the product in (5.32) we get:

W λ+

λ− (x; y) = tλ0(N−λ0)
n+m∏
k=0

D
(k)
λk

(x(k), y(k))
∏

0≤i<j≤n+m

Z
(iM ),(jM )

(iM ),(jM )
(x(i); y(j)) (5.34)
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This expression allows us to compute W̃ λ+

λ− (x; y) using (5.29) and by (5.28) we get the final expression

(5.27) for all matrix elements W̃ β
α (x; y). □

5.3. Trace of WN (x) and the shuffle product. In this section we define the supersymmetric par-
tition function TN (x) as the trace of the matrix WN (x). We show that the trace can be rewritten as

a symmetrization over the parameters x1 . . . xN acting on specific diagonal elements of W̃N (x). These
diagonal elements can be computed using Proposition 5.8. The result of this computation, summarized
in Theorem 5.11, gives a formula for TN (x) in terms of the shuffle product of A◦.

Definition 5.9. Let z0, z1 . . . zn and w1 . . . wm be two sets of indeterminates. Define the following func-
tion:

TN (x; z, w) :=
∑

α∈{0,1...n+m}N

n∏
i=0

zαi

m∏
i=1

(−wαn+i) ⟨α|WN (x) |α⟩ (5.35)

The graphical counterpart of (5.35) is given by (4.50) with vertices interpreted as in (5.1). Using this
we can see that the function TN (x; z, w) is equal to the conic partition function ZN (x; z, w) which was
defined in the introduction (1.4) using lattice paths. The matrix WN (x) is block diagonal with blocks
labelled by a collection of non-negative integers (l0, l1 . . . ln+m) where lk is the number of k’s in α and β

in the matrix elements W β
α (x). This means that TN (x; z, w) is the (graded) trace of WN (x) where the

monomials in z and w parameterize different blocks of WN (x).

Lemma 5.10. The function TN (x; z, w) is symmetric in (x1 . . . xN ).

The proof follows the same lines as the proof of Lemma 4.12. We arrive at the main theorem of this
section.

Theorem 5.11. The function TN (x; z, w) can be written as a shuffle product:

TN (x; z, w) =
∑

l0...ln+m≥0
l0+···+ln+m=N

n∏
i=0

zlii

m∏
i=1

(−wi)
ln+i

(1− t−1)N−l0

(1− qt−1)N−l0

Eln+m(t
−1) ∗ · · · ∗ Eln+1(t

−1) ∗Hln(t
−1) ∗ · · · ∗Hl1(t

−1) ∗ El0(tq
−1) (5.36)

Proof. By the same arguments leading to (4.53) we convert the trace in (5.35) into a summation over the
symmetric group:

TN (x; z, w) =
∑

l0...ln+m≥0
l0+···+ln+m=N

1

l0! · · · ln+m!

n∏
i=0

zlii

m∏
i=1

(−wi)
ln+i

∑
σ∈SN

W̃
σ(λ−)
σ(λ−)

(x) (5.37)

where λ− = (0l01l1 . . . (n+m)ln+m). Let us show that the summation over σ can be written as a shuffle

product. The diagonal elements W̃α
α (x) in (5.37) can be computed with the help of Proposition 5.8 in

which we set yi = qxi:

W̃α
α (x) =

n+m∏
k=0

D
(k)
lk

(xS(k))×
n+m∏
k1=0

n+m∏
k2=k1+1

∏
j∈S(k1)

∏
i∈S(k2)

xi − txj
xi − xj

qxi − xj
qxi − txj

(5.38)

where D
(k)
M (x) := D

(k)
M (x1 . . . xM ; qx1 . . . qxM ) and S(k) ∈ [N ] is the subset that records the positions of

k’s in α. The factors D
(k)
lk

(x) are the domain-wall partition functions from Lemma 5.7 in the special case
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yi = qxi. We can match these partition functions with the shuffle algebra functions:

D
(k)
M (x) =


EM (tq−1) k = 0

(1− t−1)M

(1− qt−1)M
HM (t−1) 0 < k ≤ n

(1− t−1)M

(1− qt−1)M
EM (t−1) n < k ≤ n+m

(5.39)

where we remind that EM (tq−1) = 1 but considered to be a function in (x1 . . . xM ). By inserting (5.39)
into (5.38) and recalling the definition of ζ in (3.2) we get:

W̃α
α (x) =

(1− t−1)N−l0

(1− qt−1)N−l0
El0(tq

−1;xS(0))
n∏

k=1

Hlk(t
−1;xS(k))

n+m∏
k=n+1

Elk(t
−1;xS(k)) (5.40)

n+m∏
k1=0

n+m∏
k2=k1+1

∏
i∈S(k1)

∏
j∈S(k2)

ζ(xj/xi)

Inserting this formula for W̃α
α (x) into (5.37) gives an expression which can be rewritten using the shuffle

product (3.4). Note that the positions of the variables xj and xi in ζ(xj/xi) decide the order in which
the shuffle product is taken: the functions (H or E) which depend on S(k) with higher values of k should
be placed on the left. This explains the reason for the ordering of the factors in the shuffle product in
(5.36). □

Corollary 5.12. Consider the generating function of TN (x; z, w):

T (v; z, w) =
∞∑

N=0

vNTN (x; z, w) (5.41)

We have:

T (v; z, w) = exp∗

(∑
k>0

1

k

1− tk

1− qk

(
m∑
i=1

wk
i −

n∑
i=1

zki − qk − tk

1− tk
zk0

)
vkSk

)
(5.42)

Proof. We first note that the elements Ek(t
−1), Hk(t

−1) and Ek(tq
−1) belong to the commutative shuffle

algebra A◦. The proof of (5.42) follows by writing (5.41) with TN given by (5.36). Then summing over
N produces a shuffle product of m generating functions of Ek(t

−1), n generating functions of Hk(t
−1)

and a single generating function of Ek(tq
−1) where all generating functions have different generating

parameters. Then we can use the exponential generating functions (3.16) and (3.17) which allows us
to rewrite T (v; z, w) in the form given in (5.42). The last step is possible because we are dealing with
commutative elements. □

The partition function TN (v; z, w) is equal to ZN from the introduction (1.4). In Theorem 1.1 we wrote
ZN in terms of yet another conic partition function LN . This result follows from (5.45) below.

Definition 5.13. Consider the matrix WN (x) associated to Ut(ŝl(2|1)) vertex model, i.e. in the matrix
elements W δ

γ (x), with γ, δ ∈ {0, 1, 2}N , the label 1 denotes the bosonic colour and 2 denotes the fermionic
colour. We define LN (x) to be the following partition function:

LN (x) :=
∑

α∈{1,2}N
(−1)m2(α)m2(α) ⟨α|WN (x) |α⟩ (5.43)

where m2(α) is the multiplicity of the fermionic index 2 in α.
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Using the same methods as in the proof of Theorem 5.11 we can write LN (x) in terms of a shuffle

product of HM (t−1) and EM (t−1) which by (5.39) are equal to D
(1)
M and D

(2)
M up to a factor. Therefore

the partition function LN (x) can be expressed as a combination of the fermionic and bosonic six vertex
domain-wall partition functions:

LN (x) =

N∑
j=1

(−1)jjD
(1)
N−j ∗D

(2)
j (5.44)

The following proposition provides a lattice path realization of the shuffle algebra elements SN ∈ A◦
N .

Proposition 5.14. The partition functions LN (x) and the elements SN ∈ A◦
N are equal up to a factor:

LN (x) =
1− tN

1− qN
SN (x) (5.45)

Proof. Consider TN (x; z0, z1, w1), i.e. the case n = m = 1 of TN . Set z0 = 0, z1 = 1 and w1 = w. We
compute TN (x; 0, 1, w) using the definition (5.35) of TN :

TN (x; 0, 1, w) =
∑

α∈{1,2}N
(−w)m2(α) ⟨α|WN (x) |α⟩ (5.46)

By comparing (5.43) with (5.46) we see that the functions LN (x) and TN (x; 0, 1, w) are related by:

LN (x)) = lim
w→1

∂

∂w
TN (x; 0, 1, w) (5.47)

Using (5.42) we compute the exponential generating function of TN (x; 0, 1, w):

∞∑
N=0

vNTN (x; 0, 1, w) = exp∗

(∑
k>0

1

k

1− tk

1− qk

(
wk − 1

)
vkSk

)
(5.48)

Next we take the sum over N on both sides in (5.47) with vN and compute the derivative and the limit
on the r.h.s. using (5.48). As a result we get (5.45). □

6. Skew Macdonald functions and lattice paths

In this section we derive the connection between the trace elements TN and the skew Macdonald
functions Pµ/ν . This connection is based on the mixed Cauchy kernel K(x;w), which is defined by
applying the isomorphism ιz to the Cauchy kernel Π(z, w) (see [15]). Under the evaluation map evµ/ν
the mixed Cauchy kernel K(x;w) reproduces the skew Macdonald functions Pµ/ν(w). Finally we relate
the mixed Cauchy kernel with the generating function T (v; z, w).

6.1. The mixed Cauchy kernel. Let us recall the commuting shuffle algebra elements Fλ ∈ A◦ and the
evaluation map (3.26) from Section 3. The functions Fλ = Fλ(x1 . . . xk), with λ ⊢ k, have an important
property:

evµ(Fλ) = δλ,µ
1

dλ
Let us compute the evaluations evµ/ν of Fλ.

Lemma 6.1. We have the product rule:

Fλ ∗ Fν =
∑
µ

qn(µ
′)−n(λ′)−n(ν′) cλcν

cµ
fµλ,νFµ (6.1)

and evaluations:

evµ/ν (Fλ) = qn(µ
′)−n(λ′)−n(ν′) cλcν

cµdµ/ν
fµλ,ν (6.2)
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Proof. We recall the product rule for Macdonald functions (2.13) :

PλPν =
∑
µ

fµλ,νPµ

and apply the isomorphism ι−1 to the l.h.s. and to the r.h.s. of this equation separately:

ι−1 (PλPν) =
qn(λ

′)+n(ν′)(1− t)|λ|+|ν|

cλcν
Fλ ∗ Fν∑

µ

fµλ,νι
−1 (Pµ) =

∑
µ

qn(µ
′)(1− t)|µ|

cµ
fµλ,νFµ

By comparing the two equations above and noting that |λ|+ |µ| = |ν| by the degree argument we verify
(6.1). In order to prove (6.2) we act with (6.1) on |∅⟩ and recall (3.32) that Fν |∅⟩ = |ν⟩:

Fλ |ν⟩ =
∑
µ

qn(µ
′)−n(λ′)−n(ν′) cλcν

cµ
fµλ,ν |µ⟩

This equation allows us to compute the matrix elements ⟨µ|Fλ |ν⟩:

⟨µ|Fλ |ν⟩ = qn(µ
′)−n(λ′)−n(ν′) cλcν

cµ
fµλ,ν

and combining this with (3.27) leads to (6.2). □

Next we define the mixed Cauchy kernel K(x; z) which we will expand in Fλ(x) and apply to it the
evaluation map evµ/ν using the result (6.2) of the above Lemma.

Definition 6.2. Let (z) and (w) be two alphabets and Π(z, w) the Cauchy kernel (2.15). Define the
mixed Cauchy kernel:

K(x;w) := ι−1
z (Π(z, w)) (6.3)

Remark 6.3. For K(x;w) we have the analogues of the exponential formula (2.15) as well as bases
expansions (2.17) for Π(z, w):

K(x;w) = exp∗

(∑
r>0

1

r

1− tr

1− qr
(t− q)r

(1− q)r
pr(w)Sr

)
(6.4)

K(x;w) =
∑
λ

(1− t−1)|λ|

(1− q)|λ|
mλ(w)Eλ(t

−1) (6.5)

K(x;w) =
∑
λ

qn(λ
′)(1− t)|λ|

c′λ
Pλ(w)Fλ (6.6)

Proof. The exponential formula (6.4) is obtained by inserting the exponential formula (2.15) for the
Cauchy kernel in (6.3) and applying ιz to the power sums (3.44). The monomial expansion (6.5) is a
consequence of (2.17) and the isomorphism formula (3.45)4. The Macdonald expansion (6.6) follows from
(2.17), (2.9) and the isomorphism formula (3.41). □

Lemma 6.4. Let µ/ν be a skew partition and k = |µ|−|ν|. The mixed Cauchy kernel K(x;w) reproduces
the skew Macdonald function Pµ/ν(w) under evµ/ν :

Pµ/ν(w) = ãµ,νevµ/ν (K(x;w)) , ãµ,ν :=
qn(ν

′)−n(µ′)c′µdµ/ν

(1− t)kc′ν
(6.7)

4The monomial expansion of K(x; z) was studied in [15] in relation with the tableaux formula for the Macdonald functions.
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Proof. We first note that the evaluation map evµ/ν acts on F ∈ A◦
j and gives zero unless j = k, the

number of boxes in µ/ν. We apply evµ/ν to K(x;w) written in the form (6.6):

evµ/ν (K(x;w)) =(1− t)k
∑
λ⊢k

qn(λ
′)

c′λ
Pλ(w)evµ/ν (Fλ)

=(1− t)k
qn(µ

′)−n(ν′)cν
cµdµ/ν

∑
λ⊢k

bλf
µ
λ,νPλ(w)

=
(1− t)kqn(µ

′)−n(ν′)c′ν
c′µdµ/ν

Pµ/ν(w)

where in the second line we computed evµ/ν(Fλ) using (6.2) and then used the definition of bλ (2.9). To
get the result in the third line we recalled the formula for the skew Macdonald functions (2.14):

Pµ/ν =
∑
λ

bνbλ
bµ

fµλ,νPλ

This computation proves (6.7). □

6.2. The trace elements and the skew Macdonald functions. The elements of the shuffle algebra
Sr ∈ A◦

r are mapped to the power sums (3.44) under ι, therefore the exponential generating function
T (v; z, w) given in (5.42) is related to the Cauchy kernel (2.15) under this isomorphism.

The generating function T (v; z, w) (5.42) is a symmetric function in two alphabets (w) = (w1 . . . wm)
and (z) = (z1 . . . zn) and can be written in terms of the power sums:

T (v; z, w) = exp∗

(∑
r>0

1

r

1− tr

1− qr

(
pr(w)− pr(z)−

qr − tr

1− tr
zr0

)
vrSr

)
(6.8)

Therefore it is given by the mixed Cauchy kernel K(x;w) to which one needs to apply the following
transformation:

πw,z : pr(w) → pr(w)− pr(z)−
qr − tr

1− tr
zr0 (6.9)

The map πw,z is a plethystic substitution and for a function f(w) from the ring of symmetric functions Λ
in the alphabet (w) it is common to write:

πw,z (f(w)) = f

[
w − z − q − t

1− t
z0

]
(6.10)

By comparing (6.8) with (6.4) we find:

T (cv; z, w) = πw,z (K(x;w)) , c =
t− q

1− q
(6.11)

This identity together with Lemma 6.4 leads to the following result:

Theorem 6.5. Let µ/ν be a skew partition and N = |µ| − |ν|, we have the identity:

Pµ/ν

[
w − z − q − t

1− t
z0

]
= aµ,νevµ/ν (TN (x; z, w)) , (6.12)

where

aµ,ν :=
(t− q)N

(1− q)N (1− t)N
qn(ν

′)−n(µ′)c′µdµ/ν

c′ν
(6.13)
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6.3. Example. In this section we show how to compute P(2,1)/(1)(w1, w2; z0) using Theorem 6.5. In this
case we have N = 2, n = 0 and m = 2, so according to Theorem 6.5 we need to calculate:

a−1
(2,1),(1)P(2,1)/(1)(w1, w2; z0) = ev(2,1)/(1) (T2(x1, x2; z0, w1, w2)) = T2(q, t

−1; z0, w1, w2)

where T2(q, t
−1; z0, w1, w2) is the partition function of lattice path configurations with two fermionic

colours and boundary conditions as in (4.50). Let the two colours be red and green where red corresponds
to the smaller label and the local configurations are given by the Boltzmann weights of the R-matrix of

Ut(ŝl(1|2)), given in (5.1). We can find all possible configurations in T2(q, t
−1; z0, w1, w2) and write:

a−1
(2,1),(1)P(2,1)/(1)(w1, w2; z0) =

0 0

q

t−1

q2 qt−1

0

0

(6.14)

=


0 0

0

0

 z20 +


0 0

0

0

+

0 0

0

0

+

0 0

0

0

 z0w1

+


0 0

0

0

+

0 0

0

0

+

0 0

0

0

 z0w2

+


0 0

0

0

+

0 0

0

0

w2
1 +


0 0

0

0

+

0 0

0

0

w2
2

+


0 0

0

0

+

0 0

0

0

+

0 0

0

0

+

0 0

0

0

w1w2

By substituting the Boltzmann weights (5.1) we compute the coefficients in front of each monomial:

P(2,1)/(1)(w1, w2; z0) =a(2,1),(1)

(
z20 +

(1− t)(2 + q + t+ 2qt)

(1 + q)(1 + t)(t− q)
(z0w1 + z0w2) (6.15)

+
(1− t)

(
1− qt2

)
(1 + q)(1 + t)(q − t)2

(w2
1 + w2

2) +
(1− t)2(2 + q + t+ 2qt)

(1 + q)(1 + t)(q − t)2
w1w2

)
where the coefficient a(2,1),(1) reads:

a(2,1),(1) =
(1 + q)(1 + t)(q − t)2

(1− t)(1− qt2)
(6.16)
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Therefore we computed P(2,1)/(1)(w1, w2; z0). By setting z0 = 0 in (6.15) we recover the standard skew
Macdonald polynomial P(2,1)/(1)(w1, w2):

P(2,1)/(1)(w1, w2) = w2
1 +

(1− t)(2 + q + t+ 2qt)

1− qt2
w1w2 + w2

2

Appendix A. A shuffle product identity

The determinant formula (3.13) for Hk(t
−1) is known as the Izergin determinant. This determinant

satisfies various summation identities. For our purposes a useful identity is given by a subset formula
from [5]: ∏k

i,j=1(xi − yj)∏
1≤i<j≤k(xi − xj)(yj − yi)

det
1≤i,j≤k

(1− t)xi
(xi − yj)(yj − txi)

=
k∑

r=0

(−1)rtr(r−1)/2
∑
S⊆[k]
|S|=r

∏
i∈S

∏
j∈Sc

xj − txi
xj − xi

∏
i∈S

k∏
j=1

yj − xi
yj − txi

(A.1)

When we set yi = qxi the left-hand side above matches with the formula (3.13) for Hk(t
−1) up to a factor.

This leads to a summation formula for Hk(t
−1):

Hk(t
−1) =

(1− qt−1)k

(1− t−1)k

k∑
r=0

(−1)rt−r(r+1)/2
∑
S⊆[k]
|S|=r

∏
i∈S

∏
j∈Sc

xi − t−1xj
xi − xj

∏
i∈S

k∏
j=1

xi − qxj
xi − qt−1xj

(A.2)

The sum over subsets S has the structure of the shuffle product (3.8). To see this we split the product
over j in the last factor in (A.2) into two products: j ∈ S and j ∈ Sc. The second product can be
combined with the first factor in (A.2) giving:∑

S⊆[k]
|S|=r

∏
i∈S

∏
j∈Sc

xi − t−1xj
xi − xj

∏
i∈S

k∏
j=1

xi − qxj
xi − qt−1xj

=
∑
S⊆[k]
|S|=r

∏
i∈S

∏
j∈Sc

xi − t−1xj
xi − xj

xi − qxj
xi − qt−1xj

∏
i,j∈S

xi − qxj
xi − qt−1xj

=
(1− q)r

(1− qt−1)r
tr(r−1)/2

∑
S⊆[k]
|S|=r

Er(q;xS)
∏
i∈S

∏
j∈Sc

ζ(xj/xi) =
(1− q)r

(1− qt−1)r
tr(r−1)/2Ek−r(tq

−1) ∗ Er(q)

where in the second line we used (3.2), Definition 3.4 of Er(q) and Ek−r(tq
−1) (which is equal to 1) and

the formula for the shuffle product (3.8). As a consequence the element Hk(t
−1) admits the formula:

Hk(t
−1) =

(1− qt−1)k

(1− t−1)k

k∑
r=0

(−t)−r (1− q)r

(1− qt−1)r
Ek−r(tq

−1) ∗ Er(q) (A.3)

We can derive analogously the identities for Hk(q) and Hk(tq
−1) and summarize all three formulas by:

Hk(qa) =
k∑

r=0

qk−r
c

(
1− qb
1− qbqc

)k−r ( 1− qc
1− qbqc

)r

Ek−r(qb) ∗ Er(qc) (A.4)

where (a, b, c) is a permutation of (1, 2, 3).
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