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Moving Horizon Estimation for Linear Cascade Systems

Meichen Guo, Adair Lang, Michael Cantoni

Abstract— A structured approach to the problem of state
estimation for cascaded linear sub-systems is studied in terms
of minimizing a measure of the error relative to a model over a
moving horizon of past system input and output observations.
A quadratic programming formulation of this optimization
problem is considered and two approaches are explored. One
approach involves solving the Karush-Kuhn-Tucker conditions
directly, and the other is based on the alternating direction
method of multipliers. In both cases, the problem structure
can be exploited to yield distributed computations in the
following sense: Construction of the estimate for each sub-
system component of the state involves information pertaining
to the two immediate neighbours only. Numerical simulations
based on model data from an automated irrigation channel are
used to investigate and compare the computational burden of
the two approaches.

I. INTRODUCTION

Moving horizon estimation (MHE) involves the use of
observed data over a fixed moving time horizon to determine
the state of a system by solving an optimization problem. In
the literature, the MHE method has been applied to linear
stochastic systems and deterministic systems; e.g., see [1]-
[5]. Specifically, [3] focused on MHE for a class of determin-
istic unconstrained linear systems with knowledge of system
inputs and outputs. The authors included a prediction term in
the estimation cost function and gave an upper bound on the
estimate error. In [4], sufficient conditions for the stability
of MHE for linear constrained systems were derived.

When applied directly to networks of sub-systems, the
aforementioned MHE strategies lead to centralized observers
that lack the structure to enable distributed implementation.
More recent work considers the design of decentralized or
distributed MHE strategies. In [6], decentralized partition-
based MHE (PMHE) algorithms are developed for linear
large-scale systems. However, all-to-all data exchange is
required for the sub-computations associated with the com-
ponent of the state for each sub-system. The authors of [7]
improved the performance of PMHE but still required all-
to-all data exchange. In [8], a distributed MHE method is
proposed for unconstrained large-scale systems described by
sparse banded or sparse multibanded system matrices, which
can arise when linear dynamical systems are cascaded in
series. The approach is based on a Chebyshev approximation
of the centralized solution of the MHE problem. The hop
proximity of information required to compute the estimate
of each sub-system state grows with the time horizon.
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In this paper, MHE is considered for unconstrained linear
cascade systems; i.e., a string of sub-systems with spatially
directed flow of information, like an irrigation channel, vehi-
cle platoon, or supply chain. The problem is reformulated as
structured quadratic program, in which the initial prediction
error is treated as a decision variable, and the dynamics
are encoded as equality constraints. Instead of resolving
the dynamics, as done in previous work [8], structure in
the equality constraints is exploited in solving the quadratic
program. While this approach is similar to [9] and [10] where
the context is moving horizon control, there are distinctive
aspects of the MHE context here, as noted in subsequent
developments.

Two algorithms are developed to solve the aforementioned
structured quadratic program for MHE. One algorithm in-
volves direct solution of the Karush-Kuhn-Tucker (KKT)
conditions for optimality [11], and the other one is based
on the alternating direction method of multipliers (ADM-
M) [12]. The resulting algorithms are both highly struc-
tured. In particular, distributed computation can be achieved
in the sense that the estimate of a particular sub-system
component of the state can be determined from data that
is associated with the immediate neighbours only. The two
algorithms are applied in a simulation example and the
results are analysed and compared. The approach based on
direct solution of the KKT conditions involves sequential
computation of sub-system components of the state, which
leads to an overall computational time that scales linearly
with the number of subsystems, and cubically in the time
horizon. The information exchange between each step of the
sequential computation of the sub-system states is limited
to the neighbouring sub-systems in the cascade. Thus a
distributed implementation would also incur low commu-
nication overhead. The ADMM approach, by contrast, can
takes many iterations to converge. On the other hand, the
iterations for computing the sub-system components of the
states are amenable to parallelization, which leads to per
iteration computation time that remains constant with the
length of the cascade. However, as the number of iterations
required can be large, the overall computation time and
exchange of information may be excessive in a distributed
implementation.

The rest of the paper is organised as follows. In Section
I, the MHE problem is formulated into a quadratic program.
Section III develops two structured solvers. In Section IV,
an automated irrigation channel example is considered and
the simulation results are analyzed. Finally, some concluding
remarks are given in Section V.



II. PROBLEM FORMULATION

Consider a linear cascade system consisting of N € N
sub-systems. Each sub-system ¢ for ¢ = 1,..., N has discrete
time dynamics

l‘i(t +1) = A;z;(t) + Biu;(t) + Eil‘l;l(t),
yi(t) = Cixi(t), (1)

where the system state xz;(t) € R™, input u;(t) € R™,
output y;(t) € RY for time instant ¢ € N, and F; = 0.
Using the MHE method, at each time an estimate of the
state is constructed over a given finite past time horizon
based on input and output observations over that window
of time; i.e., observations of the system output y;; = [y](t —
T),...,y;(t)]" and input wy; = [ul(t = T),...,ul(t —1)]",
are known for given time horizon T" € N. That is to say,
at each ¢t = T,T + 1,..., the objective is to find the best
(in some sense) estimate &y; = [&1;(t — T),..., &1, (t)]" for
xy = [xl(t = T),...,2}(t)]". As problem data, in addition
to yz; and wuy;, a prediction Zy;(t — T'), defined as

iti(t — T) = Azi'(t—l)z(t —1- T) + Bluz(t —1- T)
+ Eii(t—l)(i—l)(t -1-T),

is also used. This prediction is the estimate Z(;_1);(t — T)
at stage ¢t — 1.

More specifically, the MHE method involves solving the
following optimisation problem, in a receding horizon fash-
ionfort=T,T+1,....

Problem 2.1: Given Zy;(t — T'), Y4, and uy;, find &; and

0y for i =1,..., N that minimize the cost function
1 ¢
o=y 2o sl + 32 k) - Cta®I?]. @
i=1 k=t—T

with @ > 0, subject to the constraints

Ty (k+ 1) = AiZpi(k) + Biui(k) + Eidyi—1)(k),
k=t—T,. . . t—1,
Tt —T) =Ty (t = T) + 64y 3)

fori=1,...,N.

Remark 2.1: The system dynamics is encoded explicitly
as the equality constraint (3). In principle, the estimates
Zyi(t—T+1),...,24(t) in the cost function can be resolved
using the system dynamics, and &;(t —T") becomes the only
decision variable in a problem with little structure; see [3].
Instead, in this work the structure of the equality constraints
in Problem 2.1 is exploited to devise a solution method that
is amenable to distributed computation. |

Remark 2.2: The cost function includes é;; as a decision
variable, which is constrained to be the difference between
the estimate of x;(¢ — T) at current stage and its prediction
from the previous stage. The parameter p represents our
confidence in the prediction from the previous stage. |

Assumption 2.1: The pair (fl, C‘) is observable over time

horizon T' where C' = diag(C4,...,Cy) and
(A, 0 - eer 0]
By A, :
A=1o
: .. .. . 0
0 - 0 Ey Ax]

As shown in [3, Proposition 1], if either ;1 > 0 or
Assumption 2.1 is satisfied, Problem 2.1 has a unique so-
lution. Moreover, as noise is not considered in this work, the
solution will asymptotically converge to the true states.

To facilitate exploitation of the cascade structure in (1), the
cost function and constraints can be reformulated as follows

1 1 _— _—
Jyi = 5#5;‘5& + §(yn‘ — Ciyi) (yei — Cittr), (4
— Aiyi + Eily(i1) + Kibi + i = 0 (5)

vghere El =0,¢4 = Biuti—i—fﬁ, Lf’ti_: [f{i(t_T)? 0,... ,O]T,
B; =[0,...,0;diag(B;, ..., B;)], C; = diag(C3, ..., Cy),

I, 0 - ... 0

2
I

(=)
=
I

0 - 0 E 0
III. EXPLOITING THE CASCADE STRUCTURE

In this section, Problem 2.1 is solved using two methods,
and the cascade structure is exploited to obtain distributed
algorithms.

A. Directly solving the KKT conditions

In this subsection, we obtain and directly solve the KKT
conditions for Problem 2.1. Since the problem is a quadratic
program with no inequality constraints, the KKT conditions
are a system of linear equations characterizing optimality,
and there is no need for Newton iterations to solve them.

Using (4) and (5) the KKT condition for Problem 2.1 can
be written as

CiCitri — Ajpri + B 1pe(ieny — Clyn = 0,
s + Kipy = 0,
— Ay + Eiiﬁt(i—l) + K0t + ¢y = 0, (6)

for ¢ = 1""1N’ where p;; € R™ is the dual variable,
Z7; =0, and En4; = 0. Assuming that o > 0, we can use



Oy = —,u_lKiT Dy to eliminate d¢;. Then, for each sub-system
i=1,..., N, (6) becomes
DiGri + YiGim1) + Tip1Giirr) = Vi (N
where (i = [&1;, Py
_leici -4 _[o o] [Clyu
Dz— 71[17; /’LlK’LKI:l’Tl_ |:E1 0],%1— l:cti .
Stacking equations (7) for all e = 1,..., N gives the overall
KKT conditions as
Dy T 0 o 0] Ce1 (%)
TQ Do Tg . <t2 77[}t2
0 Yy . 0 =l ®
. DN—l T}V :
0 - 0 YTy Dy Lan YeN

The block tridiagonal structure of (8) facilitates computa-
tion of the solution.
Lemma 3.1: The unique solution to (8) is given by

Bes = (N fori =N
ti — -1 7 .
Vi — Y Sy fori=N-—1,...,1
G = Eflizjﬂ fort=1 ©)
ST W - YiGory) fori=2,...,N,
where
D fori =N
Si=10" e iy S (10)
D =Y, ¥ Tipyn fori=N-—1,...,1

In particular, the inverse of XJ; can be expressed as X -
57,5, where

Ir, 0
S’i - |: O _Az—lj| )
0, — Ri(In, + QiR;)™* I,
’ (In, + QiR;) ™" —(In, + QiR;)1Q;
0s = @v@v . i fori = N
"\ CIC — Bl (Sit1)a9 Biyr fori=1,...,N—1’

- Ri(In, + QiRi>_1Qi:|

n; = m(T + 1), and Rz = ‘Ll,ilAi;lKlKIA;T for 1 =
1,...,N.

Proof: The backward-forward substitution is used to
obtain the solution (9) [13]. First, using ¥y = D, and
@N = Yy to solve the last block of (8) gives (;y =
Sy (@n + YnCv-1y). Next, this solution is used with
Y n—1 and ZZNJN_l to solve (y(n—1). This process is repeated
until the first block is reached, to yield the solution described
by (9) and (10).

Note that matrix ¥; can be expressed as

| Qs —Aj
5, = |:_Ai Rk (11

Moreover,

5 = 5,387 = [? _I’;é} (12)

is congruent to ¥;. Denoting ; = % ! gives that b 1=
STy LS, = SIS, |

Remark 3.1: The block tridiagonal system (8) can also be
solved by using iterative consensus methods, such as the ones
developed in [14]-[16]. In this case, every computing agent,
one for each sub-system, maintains iterates of all variables,
and inter-iterate exchange of information is limited to neigh-
bouring agents. However, the number of iterations required
for these methods cannot be bounded a priori. Moreover, the
rate of convergence decreases, and therefore the number of
iterations and amount of information exchange to converge
increase, as the cascade length increases. In particular, it is
known that the rate of convergence of the consensus methods
is related to the second smallest eigenvalue A2(L) of the
graph Laplacian, which tends to 0 as the length of a cascade
increases. |

B. An ADMM approach

Following the approach in [10], define the splitting vari-
able Z4; = &y(;—1) for i = 2,..., N. Then then constraints
in Problem 2.1 can be re-written as

—AiZy + EiZy + Kb + ¢ = 0,

Zti — Zyi—1) = 0. (13)
Denoting &, = [&};,..., T8 2t = [Ela, -, 2in]s O =
01, -, 0in]", & = [21,07]", and ¢, = [cfy,...,cin]" gives

the constraints as

Fiy+G& —é, =0 (14)
where
_A PRl [-a
F= G = o= 7
[‘I’] |:If Oﬁxﬁ:| “ |:0ﬁ><1:|
Vo= L0, A = deg(n. Ay, B =
diag(E1, - - -, EN)[Ojr41) 58 nijsens (041 Lrg ) 528 n ]
o= (T + DY 2 = YN n. and
K = diag(Ki,...,Ky). Then Problem 2.1 can be

reformulated as follows.
Problem 3.1: With the notation defined above, for a cas-
cade system composed of sub-systems (1),

min

min f(@n) + (&)

subject to FZ;+G& — ¢ =0 (15)

= Ty - Ci)(yy — C#y),

/ C Sn(HEG)(HE), v = [yh.--uinl’
C = diag(Cy,...,Cn), and H = [0, I,].

To solve this problem, define the augmented Lagrangian

where  f (&)
1
2

9g(§) =

Lpt(%4, &, \) = f(24) + g(&)

+ 2Fa+ e~ e+ N3 (16)



where p; is a penalty parameter and ); is the scaled dual
variable. The ADMM algorithm involves the following iter-
ations [12]:
#7 = argmin Ly (&, ¢/, M),
Tt
J+1
t

= argmin Lpt( 7§t7 )\7)
&t

MY =N 4oy (Fal ™ +Gel™ — &) 17)

for 7 € N where oy > 0 is the step size for the dual
update. Slnce @] and ¢/ minimize L,(2,&],\]) and
L (@t ¢, )\J) respectively, the iterations are given by
(CTC + p FTF) il = —p FT(GE] — &+ X)) + CTyy,
(pG"G + pH H)EM = —pGT(Fa]™ — ¢, + ),
N =N + o(Fa]™ + GET — ).

Note that,
C"C + p F'F = diag(®y,...,Dy),
E'FE+ piln nETK
GG+ uH H=|" P
PGt nK'E  p KK+ ul,
where ®; = CTC; + ps ATA; + pI fori=1,...,N — 1 and

oy = C’ Cn + ptAT Ap. It can be verlﬁed that FK =
K'E = 0. As such, p,G"G + pH™H = dlag(ptETE +
pedz, (pe+p)I7). Therefore, both matrices C’TCerfFTF and
ptG'G + pH"H are block diagonal, symmetric, and positive
definite, yielding the following lemma.

Lemma 3.2: The iterations (17) are uniquely defined.

Remark 3.2: Typically the function f(&;) is convex but
not strongly convex since CTC can be singular. However,
both matrices F' and G in the constraints have full column
rank. So according to [17, Theorem 3.1], the subproblems
for z; and & are strongly convex, and the algorithm (17)
converges linearly to the optimal solution if the step size
oy 1s sufficiently small. This matches the simulation results
in Section IV, where o = 1. It is of note that different split
reformulations of Problem 2.1 do not as readily lead to these
important properties and the well-posedness result of Lemma
3.2. ]

C. Computational Overheads

In this subsection, the computational overhead of the two
algorithms, including exchanges between the computational
stages associated with the estimate of each sub-system, is
discussed.

When the KKT conditions are solved directly, for each
sub-system ¢ = 1,..., N — 1, the calculation of Vi requires
the vector 1/;,&(2-“) pertaining to sub-system ¢ + 1, and for
each sub-system ¢ = 2, ..., N, the calculation of (;; requires
the vector (y;_1) pertaining to sub-system ¢ — 1. Therefore,
there is a computational dependence up the cascade and
then down the cascade, respectively. Overall, to construct
the estimate for each sub-system ¢ = 2,... , N — 1, there
is a computational dependence of the component of the
estimate for sub-system ¢ and its two immediate neighbours.
Thus, the calculations are sequential and the number of

exchanges is bounded by 2N. The computational time is
N times the computational time for one sub-system, which
scale cubically with T

For ADMM, the block diagonal structure enables parallel
computation of the iterations for each sub- system. After
updating Z7; for all i = 1,..., N, the estimate Z7; is used to
compute z] fori+1, each t=1,..., N —1. After updating
z], fori=2,..., N, the estimate th is used to compute the
estimate 77, 1 for 1 — 1. Note that an infinity norm stopping
criterion can be tested in a decentralized way. Thus, relative
to the direct KKT method, given N processors, the per-iterate
computation time of ADMM is independent of the length
of the cascade. However, since it is difficult to bound the
the number of iterations required for ADMM to converge
a priori, the total time and number of exchanges cannot be
bounded as in the case of the direct KKT method.

When the KKT conditions are solved directly, it is noted
that matrices 3; for ¢ = 1,..., N are independent of the
input and output data at each time stage. Therefore, the
calculation of X 1 can be done at stage t = T then stored
for future use. This will save some computational time
in the subsequent stages; when this is done only the first
stage incurs computation that scales cubically in the time
horizon. Similar action can be taken for ADMM as ®; for
i =1,..., N are independent of the measurements.

IV. NUMERICAL EXAMPLE

In this section, we apply the algorithms developed in
the previous section to an automated irrigation channel.
Simulation results are illustrated and analyzed to evaluate
the performance of the developed algorithms. A comparison
between the two algorithms is given in Subsection IV-B.

A. Simulation results

In the simulation, the irrigation channel consists of a string
of pools linked by two adjacent flow regulators. As shown
in [18], for channels that operate under decentralised distant-
downstream control, each pool can be described by a sub-
system in the form of (1). For each sub-system, the control
input u;(t) is the water level reference and the output y; ()
is the water level. Each sub-system has 4 states including 2
for the water level dynamics and 2 for the PI-type feedback
controller that sets the upstream inflow on the basis of the
measured downstream water level error. The MHE problem
involves using the most recent measurements of the water
level reference and water level over a certain time horizon
to estimate the full state of each pool.

In the simulation, we use the model data from [19] for
the pools, the distributed controllers, and the discretisation
sample-period. The many pool channels used in the simula-
tion are constructed by concatenating sections of the channel
considered in [19]. For each sub-system i = 1,..., N in the
form of (1), n; = 4, m; = 1, and v; = 1. The other model
parameters are non-uniform along the channel.

The ADMM algorithm is applied by choosing penalty
parameter p; = 0.5 and dual update step size a; = 1. The



primal residual rp and dual residual rp are defined as
rp=Fi] + G — &, rp=plFTGET —€])]. (18)

To get comparable estimation results between directly solv-
ing KKT and using ADMM, we choose the stopping cri-
teria for the iterations in ADMM as ||rp|e < 107° and
lpllee < 107°. However, this tolerance makes the number
of iterations required for convergence of ADMM extremely
large. To speed up the convergence, we choose an equivalent
state-space representation of the channel model obtained
by pre-scaling the system. It is noted that, this change
also reduces the estimate error when the KKT conditions
are directly solved, but does not have much impact on its
computational time. This highlights the sensitivity of ADMM
to system setup.

Figure 1 illustrates the normalised computational time of
solving the KKT conditions directly and the normalised com-
putational time required for the iterations to converge when
ADMM is implemented without parallelism; i.e., the iterates
associated with each sub-system are computed sequentially
on a single processor. In the simulation, the cascade length
N and time horizon length 7" vary from 5 to 100, and the
figure is in log-log scale.

It can be observed from Figure 1 that, when the KKT
conditions are directly solved, the computational time scales
linearly in N when T is fixed and exhibits cubic scala-
bility in 7" when N is fixed. In the case that N = T,
the computational time scales as NT°. When ADMM is
used, the simulation results show that the computational
time needed for the iterations to converge scales linearly
in N. With an increasing 7', the computational time has
a scalability between linear and quadratic. The normalised
computational time per iteration with growing N and T is
illustrated in Figure 2. It shows that within one iteration,
the computational time scales linearly in both NV and 7. For
further analysis, Figure 3 illustrates the number of iterations
needed for convergence with different initial conditions. It
can be seen that, the number of iterations remains constant in
the length of N and scales sub-linearly in 7'. Under different
initial conditions, the number of iterations also shows sub-
linear scalability in 7", but is considerably less than the other
case.

Since only the water level of each pool is measured in the
simulation, the function f(#;) in Problem 3.1 is convex but
not strongly convex. However, as mentioned in the previous
section, the subproblems for each Z; and &, are strongly
convex and linear convergence rate can be guaranteed. The
convergence rates of the primary residual rp with different
penalty parameter p, are illustrated in Figure 4 and compared
with the cases where f(;) is strongly convex, i.e., all the
four states of each pool are measured. It can be observed
that, whether f(Z;) is strongly convex or not, the asymptotic
convergence rates are linear. The residuals converge faster in
the beginning of the iterations when all states are measured.
However, when it comes to the asymptotic phase of the
iterations, measuring all the states does not always give
higher convergence rates. For instance, in Figure 4, when

Iogm(NormaIised Time)
o
o

ADMM: Fixed N=50 (Slope — 1.5)

= ==~ ADMM: Fixed T=50 (Slope — 1)
ADMM: N=T (Slope — 2.5)

a5k —o6— Direct KKT: Fixed N=50 (Slope — 3)

—%— Direct KKT: Fixed T=50 (Slope — 1.0)

Direct KKT: N=T (Slope — 4)

I
1.2 1.4 1.6 1.8 2
Iogm(N orT)
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Fig. 1. Normalised computational time with respect to growing N and 7.
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N=T (Slope — 2)

Iogm(NormaIised Time Per lteration)

0.6 0.8 1 1.2 1.4 1.6 1.8 2
Iogm(N orT)

Fi

g. 2. Normalised computational time per iteration using ADMM.

p+ = 0.5, the residual converges faster when only the water
level is measured.

B. Discussion

In this subsection, we discuss the performance of the two
algorithms and some comparisons between them.

In theory, directly solving the KKT conditions in the way
shown in (10) and (9) leads to an overall complexity of
NT?3, which matches the simulation result in Figure 1. For
ADMM, an interesting observation is that the number of
iterations needed for convergence scales in 7" but not in N.
The reason behind this is not clear for now and is part of the
ongoing work. However, it can be concluded from Figure 3
that the system dynamics have a great effect on the number
of iterations.

Comparing the simulation results of the two algorithms,
we can see that in the setting of this work, directly solving
the KKT conditions is computational advantageous. Since
this work considers linear cascade systems without inequality
constraints, the KKT conditions are linear and can be solved
in 1 iteration while the ADMM algorithm needs a number
of iterations to approach the solution. However, as the
simulation is conducted using only one core in Matlab, the
result cannot show the parallel computation of ADMM. If
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each subsystem is equipped with a processor to compute
in parallel, the overall computation time of ADMM can be
reduced by a factor of INV. Nonetheless, it can be seen from
Fig. 1, the point of intersection where ADMM computation
time would be for large N, and the overall inter-iteration
information exchange overhead would be very high. Mean-
while, as mentioned in the previous subsection, ADMM is
more sensitive to system setup, and the number of iterations
needed for convergence is not bounded. In other words, when
the problem is not well conditioned, directly solving KKT
can render satisfying results while ADMM cannot or takes
an extremely long time to reach convergence.

V. CONCLUSION

This work concerns the MHE of a class of unconstrained
linear cascade systems. By exploiting the structure in the
equality constraints that encode the system dynamics, two
algorithms are developed for computing the solution. The
resulting algorithms are amenable to distributed computation.
Comparisons in terms of computational overheads, including
data exchange between computational stages associated with
each sub-system, are made. A simulation example based
on the application of these algorithms to the dynamics of
an automated irrigation channel is presented. Future work

includes the consideration of strings in which there is bi-
directional flow of information in the dynamics, and the
inclusion of constraints.
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