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Abstract: In this paper, we present a trajectory based approach to discuss the
robustness of parameterized families of systems with disturbances with respect to
arbitrary closed sets in a normed space. Input-to-state stability (ISS) properties
are discussed. Our results are applicable to infinite-dimensional systems with

disturbances.
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1. INTRODUCTION

Robustness with respect to disturbances is one of
the central issues in control. The notion of input-
to-state stability provides a very useful frame-
work for robust stability analysis, as well as the
controller design, of nonlinear systems, which are
governed by ordinary differential equations, see
for instance (Sontag and Wang, 1995; Christo-
gists and Teel, 1996; Nesi¢ et al., 1999; Nesi¢ and
Teel, 2001; Teel et al., 2003; Sontag, 2005).

In practice, many systems are infinite-dimensional
as they are governed by partial differential equa-
tions or time delay equations (Curtain and Zwart,
1995; Christofides, 2002; Chen et al., 2003). In
order to achieve a practical theory for con-
trol design and analysis for a class of infinite-
dimensional systems, a natural way is to gener-
alize the results/concepts from classes of finite-
dimensional systems. For example, H ., techniques
have been extended from finite-dimensional sys-
tems to infinite-dimensional systems (Curtain and
Zwart, 1995). This paper extends the results in
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(Moreau et al., 2001) to a more general setting:
both the solutions of the system and disturbances
are in normed spaces, which may be infinite-
dimensional. In (Moreau et al., 2001), it was
shown that when an auxiliary system is (3,7)-
ISS, the solutions of parameterized family of sys-
tems is semiglobal practical (B3,7)-ISS if these
solutions can be made arbitrarily close to the
solutions of the auxiliary system. In this paper,
we first show that this result is also applicable to
infinite-dimensional systems. Such an extension,
though straightforward, provides a unified and
general framework for investigating robust stabil-
ity properties of parameterized family of infinite-
dimensional /finite-dimensional systems via their
simpler auxiliary systems and thus is applicable
to a range of different situations. There are many
possible applications, due to space limitation, we
just list several of them.

(1) Obviously, this framework can be directly ap-

plied to robustness analysis of finite-dimensional

systems. For example, robustness of finite-
dimensional systems via singular perturba-
tion and averaging theories discussed in (Teel
et al., 2003) is a special case of this frame-
work.



(2) This framework can be used to analyze
robustness of infinite-dimensional systems
with respect to disturbances when aver-
aging and singular perturbation theories
are employed in infinite-dimensional space
(Hale and Lunel, 1990; Bentsman and Hong,
1993; Lehman et al., 1994; Christogists and
Daoutidis, 1998a; Christogists and Daou-
tidis, 1998b). In this paper, an illustrative
example is provided to show how to use
this framework to analyze the stability prop-
erties of the moving average along the a
trajectory of a mnonlinear parabolic system
with Neumann boundary conditions from
its finite-dimensional average (Bentsman and
Hong, 1993).

(3) It will also provide a useful tool to investi-
gate the stability properties of sampled-data
infinite-dimensional systems from a much
simpler finite-dimensional approximation.

Our second result focuses on a special ISS prop-
erty: input-to-state exponential stability (ISES)
with a linear/nonlinear disturbance gain. Expo-
nential stability properties are most frequently
used in the control of infinite-dimensional systems
(Curtain and Zwart, 1995; Oostveen, 1999; Lo-
gemann et al., 2003). It is always desirable that
the solutions of parameterized family of systems
are ISES. Our second result states that when an
auxiliary system is ISES and a new “strong close-
ness of solutions” condition holds, the solutions
of parameterized family of systems are also ISES,
instead of practically ISES.

This paper is organized as follows. Preliminaries
are presented in Section 2. Main results are stated
in Section 3 followed by an example in Section 4.

2. PRELIMINARIES

A function v : R>9 — Ry is of class-G if it is
zero at zero, continuous and nondecreasing. It is
of class K if it is of class-G and strictly increasing.
A function B : RZO X RZO — RZO is of class-K L if
for each fixed value of ¢ > 0 the function 5(-, %) is a
class-IC function and for each fixed value of s > 0
it is decreasing to zero. X and W are normed
spaces with norms ||-|| y and ||-||;;, respectively. For
any z € RP, |z| is the Euclidean norm of z. Given a
measurable function w : R>g — F C W, we define
its infinity norm ||wl| := esssup;> ||w(t)|y . If
we have [lw|| , < 0o, then we write w € L. Given
an arbitrary nonempty closed subset of X, i.e.,
A C X, we define the distance of a point z € X
to the subset A as ||z 4 := 51.1615t |z — s x-

3. MAIN RESULTS

3.1 Semiglobal practical input-to-state stability

In this part, semiglobal practical input-to-state
stability is first discussed. We consider two sys-
tems that are defined in a normed space X: one

is parameterized by a set of parameters while the
other is generated by a simple auxiliary system
that is independent of the parameters.

For the sake of generality, the results in this sec-
tion are stated for general flows parameterized by
the initial state x, € X, disturbance w(t) € F, V¢
and a true parameter 6 € © (a subset of RP such
that the origin either belongs to the boundary of
the set or to the set itself). Such a flow, which is
a subset of functions defined on intervals of the
form [0,T) where T € [0, 0] (T does not need to
be the same for each element of the flow) taking
values in X, is denoted S(zo,w(-),d). We use the
following definitions:

Definition 1. A parameterized set S of functions
defined on intervals of the form [0,7) with T' €
[0, 0] is said to be a flow if for all z, € X, the
following holds

1. z(+) € S(xo,w(+),0) implies z(0) = xo;
2. z(-) € S(zo,w(-),0) and t; € domain(x(-))
imply z(t1 + ) € S(z(t1),w(t1 +-),0). o

Definition 2. Let A C X be a nonempty closed
set, 0 € KL and v € G. The flow S is said to be
semiglobally practically (8,~)-ISS with respect to
A if for each pair of strictly positive real numbers
(6,7), there exists a strictly positive real number
6* such that for all § € © with |0 < 6%, for
all [w||,, < r and z, € X with [|zo|| 4 < 7,
and for all ¢ € [0, co0) each element z(-) of the
flow S(zo,w(-),0) exists and satisfies ||z()]| , <
max{([|zoll 4 5 1), Y([[wlloo)} + 0. °

Definition 3. Let A C X be a nonempty closed
subset, 8 € KL and v € G. The flow S is said to
be semiglobally practically (3,~)-1SS with respect
to A on finite time intervals if for each triple of
strictly positive real numbers (7, , ), there exists
a strictly positive real number * such that for all
6 € © with |0 < 6%, for all ||w||, < r,and z, € X
with [|2,|| , <7, and for all ¢ € [0, T] each element
z(+) of the flow S(zo,w(+),0) exists and satisfies

()]l 4 < max{B(|lzoll 4 1), Y(lwlloo)} +0. o

With the above definitions, the following proposi-
tion indicates that semiglobal practical ISS with
disturbance gain - on compact time intervals im-
plies semiglobal practical ISS with disturbance
gain 7 on the semi-infinite interval.

Proposition 1. The flow S(zo, w(+), 0) is semiglob-
ally practically (3,~)-ISS with respect to A on
finite time intervals if and only if it is semiglobally
practically (3,~)-ISS with respect to A. o

Proof: The proof is identical to the proof showed
in (Moreau et al., 2001, Theorem 1) and it is
omitted. ]

Our first result states that if the elements of
the parameterized flow can be made arbitrarily
weakly close (see, Definition 5) on arbitrary com-



pact time intervals to the elements of another
flow that is (3, v)-ISS then the parameterized flow
is semiglobally practically (3,~)-ISS. The utility
of this result is that the weak closeness of solu-
tions result may be evident from the regularity
hypotheses of the system generating the flow and
the ISS property for the auxiliary flow may be
easy to check while the (semiglobal practical) ISS
property for the parameterized flow may be diffi-
cult to check directly.

The auxiliary flow is denoted by Ss(yo,w(-)),
where y, € X and [Jw||,, < r. We will assume
that this flow has the following property:

Definition 4. Let A C X be a nonempty closed
subset, let § € KL and let v € G. The flow Ss
is said to be (8,v)-ISS with respect to A if, all
elements y(-) of the flow are defined on [0, c0) and
satisfy the bound

Iyl 4 < max {B([yoll 4+ 1), v(lwll0)} » VE =0,

for all yo € X and |Jw||,, < 7. o

Definition 5. We say that the solutions of the
flows Sy (xo,w(+),0) and Sa(yo,w(-)) can be made
arbitrarily weakly close on compact time intervals
if the following holds. For each triple (T,6,r)
of strictly positive real numbers, there exists a
strictly positive real number 8* such that, for each
6 € © with |0 < 6%, 2, € X with ||z.]| , <7, w €
Lo (1), each element z(-) of the flow Sy (zo, w(-), 8)
is defined for all t > 0 and there exists an y, € X
and an element of y(-) of the flow Sa(y., w(+)) such
that

ly(s) —x(s)llx <4, (1)
for all s € [0,¢]. o

Theorem 1. Let A C X be a nonempty closed set.
Assume that the following conditions hold:

1. The flow S2(yo,w(-)) is (8, )-ISS with respect
to A;

2. The solutions of the flows S;(zo,w(:),6) and
S2(yo, w(+)) can be made arbitrarily weakly close
on compact time intervals.

Then the flow S; is semiglobally practically (3, )-
ISS with respect to A. o

Proof: The proof is identical to the proof showed
in (Moreau et al., 2001, Corollary 1) and it is
omitted. ]

Remark 1. Theorem 1 is an extension of (Moreau
et al., 2001, Corollary 1) since X and W are
arbitrary normed spaces as opposed to Euclidean
finite dimensional spaces considered in (Moreau
et al., 2001). Obviously, the result in (Moreau
et al., 2001, Corollary 1) is a special case of
Theorem 1 and belongs to our framework. Such
an extension provides a useful tool to analyze
the robustness of the systems in normed spaces,

including the infinite-dimensional spaces. Similar
results appeared in literature, for example, in
(Lehman et al., 1994, Theorem 2.1), it was shown
that the solutions of parameterized family systems
governed by differential delay equations (infinite-
dimensional systems disturbances free) are weakly
close to their simpler average systems if parame-
ters are tuned properly. It also shown that in such
a situation, the parameterized family of systems
and their averaged system have the same stability
properties.

Remark 2. It is natural to extend “strong/weak
averaging” techniques (Nesi¢ and Teel, 2001),
which discuss the robustness of averaging methods
with respect to disturbances for finite-dimensional
systems, to address the robustness of averag-
ing methods in infinite-dimensional systems. Our
framework will provide a useful tool under such
circumstances.

Remark 3. Theorem 1 provides a sufficient con-
dition, which is “weak closeness of solutions” on
compact time intervals, to obtain the stability
properties of the parameterized flow from stabil-
ity properties of another flow. In practice, finite-
dimensional systems are often used to approx-
imate the behavior of the infinite-dimensional
systems when the weak closeness of two solu-
tions on compact time interval can be estab-
lished. For example, by applying (Lax and Richt-
myer, 1956, Lax Richtmyer Equivalence Theo-
rem), the solution of the approximation model
(a finite-dimensional system) can be made arbi-
trarily weakly close to the solution of an abstract
differential equation (an infinite-dimensional sys-
tem) on compact time intervals if the numerical
approximation is stable 2 . Example 1 also demon-
strates how to use our framework to show stabil-
ity properties of parameterized family of infinite-
dimensional systems from their auxiliary systems
when the weak closeness of the solutions condition
is given.

3.2 Input-to-state exponential stability

Exponential stability is the most desirable type of
stability in control of infinite-dimensional systems
(Oostveen, 1999). The following definition is stan-
dard for systems described by abstract differential
equations without disturbances.

Definition 6. The flow S(z,) is said to be expo-
nentially stable if there exist positive constants
K > 1 and A > 0 such that the following holds
()] x < Kexp(=As) [|zollx ,

for all s > 0. o

2 Stability of the numerical method in the numerical anal-
ysis literature means that the numerical approximation is
uniformly bounded on a compact time interval.



In order to investigate the robustness of infinite-
dimensional systems with respect to disturbances,
our attention is focused on a special case of (3, )-
ISS properties: input-to-state exponential stabil-
ity, where the (§ function takes the form of an
exponentially decaying function. We will show
in Theorem 2 that when the auxiliary system is
ISES, under the condition of “strong closeness of
solutions”, the parameterized family of systems
also have ISES properties. To the best of our
knowledge this is the first result that shows pa-
rameterized family of systems can achieve ISES
from ISES properties of the auxiliary systems un-
der a condition of “strong closeness of solutions”.
Two corollaries (Corollary 1 and Corollary 2) are
also stated for disturbance free systems.

For simplicity, we now consider the stability prop-
erties without considering the nonempty closed
subset A. The stability properties with respect to
A can be extended easily.

Definition 7. Let v € G. The flow S(zo,w(+),0) is
said to be ISES with disturbance gain ~ if there
exists a strictly positive real number 6* such that
for all § € © with |§] < 6%, for all w(t) € F
and z, € X, and for all ¢ € [0, 00) each element
x(+) of the flow S(xo, w(+), #) exists and there exist
positive constants K, A such that the following
holds

[z(s)ll x < max{K exp(=As) [[zolx 7 ([wllo)}

for all s > 0. o

Definition 8. Let v € G. We say that the solu-
tions of the flow S(z,,w(-),d) are input-to-state
bounded, with disturbance gain v on compact
time intervals, uniformly in small 6 if the following
holds. For any ¢ > 0 there exits L > 0 and 6* > 0
such that for 8 € ©, 10| < 6%, for all w(t) € F and
o € X, x(s) € S1(xo,w(-),0), we have

le(s)llx < max{L ||zo]x 7 (lwlloo)}

for all s € [0,¢]. o

An auxiliary flow Sy, which starts from the
same initial condition z, of Sp, is denoted as
Sz (o, w(+)), for all w(t) € F.

Definition 9. Let v € G. We say that the solutions
of the flows S (zo, w(+),0) and Sz(yo, w(-)) can be
made arbitrarily strongly close on compact time
intervals with disturbance gain v if the following
holds. For any ¢t > 0 and any § > 0, there exist
constant 6* > 0 such that for all § € 9, |0] < 6%,
for all w(t) € Fand z, € X, z(s) € S1(zo, w(-), )
and y(s) € Sa(xo,w(+)), we have that

ly(s) — 2()l < max{s [lzo | . v(lwlo)}-

Remark 4. Let us compare “weak closeness solu-
tions” (Definition 5) and “strong closeness solu-
tions” (Definition 9). Note that for any distur-

bance w € Lo (r) and any z,, weak closeness
indicates that the distance between the flow Sy
and the flow Sy can be made arbitrarily small
by choosing appropriate initial condition ¥y, and
the parameter 6. Strong closeness implies that
that the distance between two solutions (S and
Sy) starting from the same initial condition is a
function of the initial condition and the infinity
norm of the disturbance. This distance cannot
made arbitrarily small by choosing an appropriate
parameter #. In the definition of strong closeness
of the solution, it is required that two flows have
to start from the same initial condition. There
may some cases that the flow S starts from a
finite-dimensional subspace of X, while the initial
value of the flow &; is in the infinite-dimensional
space X. Under such a situation, the strong close-
ness cannot be ensured. Moreover, when there is
no disturbance w, strong closeness of solutions
is a special case of weak closeness solutions. We
will show in Theorem 2 that a stronger stability
properties are obtained (ISES, instead of practical
ISES) under the condition of strong closeness of
solutions.

Remark 5. Arbitrary “closeness of solutions” (ei-
ther strong or weak) on compact time intervals
plays an important role in obtaining the sta-
bility properties of infinite-dimensional systems
from their simpler auxiliary systems. As indi-
cated in Remark 3, the solutions of numeri-
cal approximation (finite-dimensional) are always
shown to be arbitrarily weakly /strongly close to
the solutions of an abstract differential/infinite-
dimensional equation. Therefore, our result will
provide a very useful tool to design a con-
troller /robust controller for classes of infinite-
dimensional systems by their finite-dimensional
approximations, as long as “closeness of solutions”
is ensured.

The second main result is presented as follows.

Theorem 2. Suppose that the following conditions
hold:

(1). The flow Sa(z0, w(-)) is ISES with disturbance
gain 7;

(2). The solutions of the flows &1 (o, w(+),d) and
Sa (26, w(+)) can be made arbitrarily strongly close
on compact time intervals with disturbance gain

V2-

(3). The solutions of the flow & (z,,w(-),6) are
input-to-state bounded with disturbance gain
on compact time intervals, uniformly in small 6;

Then, there exists positive constants K, A; and
~3 € G such that the following holds.

l[#(s)llx < max {Kyexp(=Ais) [|lzo || x s v3([[wll)}

for all s > 0. o



Proof: Let ¢ € (0,1) and 6 € (0,c¢) be arbi-
trary. Let K and A come from the item (1) of

the theorem. Let At := %ln (% and let this
At and the given § determine 67 > 0 via the
item (2) of the theorem. Let this At generate
L and 0% from the item (3) of the theorem and
define 0* = min{67,65}. Consider now an ar-
bitrary € 0,]0] < 0*, v, € X and z(s) €
S1 (20, w(+),8). Suppose that z(At) is defined for
all At > 0. Introduce now a sequence of times
At; := 1At where i = 0,1,2,... and consider the
solution x(At;41, 2,). Because of the second prop-
erty of the flow, we can write that x(At;41) =
2(Atir1,xo,w()) = (A, z(At;), w(:)). At each
At;, we reinitialize the flow Sy with x(At;).

Then, we can write for all At;, x(At;) € X and
(s) € Si(x(ti), w(-),0):

e(Atip)llx = ll2(AL 2(At), w())] x
< lly(At, z(AL;), w(-))l| x
+ly(At, z(AL), w(-) — 2(At, 2(Ak), w())|| x
< Kexp(=AAL) [2(At:)] x +7 (lwllo)
+6 [lz(At:)] x + 72 ([wll)
(¢ =) [lz(At)] x + v (lwl)
+6 [lz(At:)] x + 72 ([wll)
= clle(At)llx +75 (vl

where 4 = v + 2. Moreover, we can write that

lz(At)llx < ¢ llzollx + Y17 (lwlle)
k=1

<exp(—A1AL) [zl x + 17_6’7 (lwll)

where A1 = In(1/¢). Finally, using the item (3)
of the theorem, we can write that for all s €
[Ati, Ati+1} we have:

lz(s)llx < Lllz(At)l x +m ([[wlls)
< Lexp(=MAt) [lzo] x +m ([wllo) + 1227 (Iwlloo)
= Lexp(Ai(s — At;)) exp(—Ars) [|lzo | x

L
7 (lwllee) + =27 (lwlls)

< Lexp(A1At) exp(—A18) [|zo|

L
ic’Y(Hw“oo)

<max { K7 exp(—=A15), 73 ([[w] )}

+m ([wllo) +

which completes the proof with Ky := 2L exp(A\1 At)
and 73(-) := 22 (v() +72() +271()- u
When a disturbance free case is considered, the

following two corollaries are obvious. The first one
is a special case of Theorem 1

Corollary 1. Assume that the following condi-
tions hold:

1. The flow Sa(z,) is exponentially stable;

2. The solutions of the flows Si(z.,0) and
S2(yo) can be made arbitrarily weakly close
on compact time intervals.

Then &1 (o, 0) is exponentially practically stable.
That is, for any 6 > 0, 6* > 0, K1 > 0and Ay > 0
such that for all # € ©, |0] < 6%, all z, € X,
z(s) € S1(xo,0) and y(s) € Sa(x,), the following
holds

[2(s)llx < Kyexp(=Ais) [|zollx + 6.

On the other hand, Corollary 2 is a special case
of Theorem 2.

Corollary 2. Assume that the following condi-
tions hold:

1. The flow Sa(z,) is exponentially stable;

2. The solutions of the flow S; (2., #) are bounded
on compact time intervals, uniformly in small
0;

3. The solutions of the flows S;(z.,6) and
Sa(x,) can be made arbitrarily strongly close
on compact time intervals.

Then S (z.,0) is exponentially stable.

4. AN ILLUSTRATIVE EXAMPLE

In this section we will show an example on how
to apply Corollary 1 to obtain new results in
literature where “weak closeness of solution” was
already established in the literature.

Ezample 1. In (Bentsman and Hong, 1993), the
following nonlinear parabolic system is consid-
ered:

U = AUyy + Bug + C(u) + Cl(f(t)vu)v

with boundary condition u,(0,t) = wu.(1,t)
0, u(z,0) = ug(x) for all t > 0 and C; : R™ x
R™ — R™ and C(u) = C(u,\) where A € R™
is a vibratile parameter. f(t) is a T-periodic as
f(t) = Lo(L), where ¢(-) is a periodic vector
function with the average value that equals to
zZero.

(3)

It is assumed that the system is well-posed in
the Sobolev space H™(0,1) of vector functions
v(z) = [v1(2),- -, vn(z)]" with components v;(z)
in L9(0,1) which have the first distributional

(2) derivative. The Sobolev space H™(0,1) is a

normed space with the following norm:

1/2

1
A
o 2 ([ @pato) + o) owpte) @
0
The system (3) is difficult to analyze since it
is time-varying. However when ¢ is sufficiently
small, then the trajectories of (3) with a T-
periodic function f(t) are usually composed of



a fast oscillatory part and a slow “evolutionary”
part. A time-invariant moving average along the
trajectory u(t) = u(x,t,up(x),0) of system (3) is
defined as follows.

T
a(t) 2 %/t u(z, s, up(x),0)ds.

This moving average is used to approximate the
slow part of the system (3). Therefore the be-
havior of this time-invariant moving average will
reveal the global “evolutionary” part of the sys-
tem (3) without the fast oscillatory component.
An ordinary differential equation is considered for
the fast part:

é = (¢(t)’ C)v

with a general solution {(t) = h(t, ¢) where ¢ € R™
is a constant uniquely defined for every pair of
initial conditions ({p,tp). The average of its solu-

- 1 (7
tion h(t,-) is defined h(-) 2 lim —/ h(s,-)ds,
_ _ T—>OOT 0
where h : R — R™ h(-) is a time-invariant
function.

Substituting the fast part into the system (3) with
u(z,t) = h(t,v(z,t)) yields

vy = F1(t,0) + Fa(t,v) + F3(t,v),

with the following parabolic averaged equation? .

zt = P1(2) + Pa(z) + Ps(2),

with boundary condition z,(0,t) = z,(1,t) = 0,
z(x,0) = zo(z),Vt > 0. Here z : R(0,1) x Ry —
R™. We have the following result:

Corollary 3. u(t) is practically exponentially sta-
ble provided that the time-invariant map h(z(t))
is exponentially stable

Sketch of proof. Applying Theorem 1 in (Bentsman
and Hong, 1993), we can obtain the weak closeness
of solutions with respect to the norm defined in (4)
between @(t) and h(z(t)) on finite time intervals
[0, At] by tuning e sufficiently small. The result
holds true by applying Corollary 1. ]
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