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MODULARITY OF LOGARITHMIC PARAFERMION VERTEX ALGEBRAS

JEAN AUGER, THOMAS CREUTZIG, AND DAVID RIDOUT

ABSTRACT. The parafermionic cosets, = Com(H, Lk(sl2)) are studied for negative admissible levik]sas
are certain infinite-order simple current extensi@sof Cx. Under the assumption that the tensor theory
considerations of Huang, Lepowsky and Zhang applggoirreducibleCy- andBk-modules are obtained from
those ofLk(sl2). Assuming the validity of a certain Verlinde-type formulkelwise gives the Grothendieck
fusion rules of these irreducible modules. Notably, theeeamly finitely many irreducibleB,-modules. The
irreducible Cy- andBy-characters are computed and the latter are shown, whetesugmted by pseudotraces,
to carry a finite-dimensional representation of the modgtaup. The natural conjecture then is that Byeare
Cy-cofinite vertex operator algebras.

1. INTRODUCTION

Logarithmic conformal field theory is of significant intet@s both mathematics and physics. From its
earliest appearances, ], it has found applications in both statistical physics atrthg theory whilst its
characteristic feature, reducible but indecomposableutesver a vertex operator algebra, poses signifi-
cant (but rewarding) challenges to representation thisois with the more familiar rational case, there are
certain logarithmic theories that may be regarded as somahzhetypal ] including symplectic fermions
[4], the triplet model §—7], bosonic ghostsd] and admissible-level Wess-Zumino-Witten modéls1[1].

It is of fundamental importance to develop a theory of goaghtithmic conformal field theories. One
very natural class consists of those that @gecofinite [12] (or lisse), meaning that the corresponding
vertex operator algebra only possesses finitely many (isphigm classes of) irreducible modules. It seems
plausible that the representation category G§aofinite vertex operator algebra is a so-called log-madula
tensor categoryl[3, 14], a mild non-semisimple generalisation of the modular ¢ercsitegories that arise
when restricting to the rational case5. We would like to gain better intuition about log-modulansor
categories. Unfortunately, the only really well understesamples o€,-cofinite vertex operator algebras
are the triplet algebrad §,17] and their close relatived B,19. In particular, the other archetypes mentioned
above are ndE,-cofinite, so there is an obvious need for more examples.

The picture advocated ir2(, 21] for constructing new examples is as follows:

extension

Lk(g) Bk = @oes 0(Lk(g))
cose coset (1.1)
extension
Ck = Com(H, L(g)) Bk = Com(V, Ex).

Here,g is a simple Lie algebrd (g) is the corresponding simple affine vertex operator algetaaagative
admissible levek, andV, is a lattice vertex operator algebra extending the Heisgnbertex operator
algebraH associated to the Cartan subalgebrg.ofThe vertex operator algebEs is a simple current
extension ofLy(g) by the images of the vacuum module under a subg®wb spectral flow functors
(see Sectior?). By is then an extension of the parafermion vertex operatorbaig€ governed by an
abelian intertwining algebra. The results &fl] suggest that botltx and Bk have a good chance to be
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2 JEAN AUGER, THOMAS CREUTZIG, AND DAVID RIDOUT

Co-cofinite. However, the former has the undesirable proptbiy its conformal weights are unbounded
below, a property that is not shared by the lattde if O.

Parafermionic cosetsy with k € Z~q were introduced independently in the physi2g P3] and mathe-
matics literaturef4,25]. Despite the fact that physicists have long regarded thasgfermions as textbook
examples of rational conformal field theories, the naturéaefunderlying vertex algebra84-cofinite and
rational) has only recently been rigorously establisti&#-28]. More recent work 21, 29 indicates that
the traditional methods employed by physicists to analgsafprmions can also be made rigorous and that
these methods should also be applicable to the logarithamgf@rmions that arise at admissible levels.

We mention that the physicists’ parafermion chiral algskaetually correspond to generalised vertex
operator algebras obtained as finite-order simple curséahsions of theC, cosets withk € Z>1. In par-
ticular, the generating fields (the parafermions themsglfigr g = sl, are Virasoro primaries of conformal
weightn(1—{), wheren=1,... .k—1. Whenk = 1, the parafermion theory is trivial. Whén= 2, it
follows that the parafermion chiral algebra is the free flemwhile C; is the Ising model vertex opera-
tor algebra. (This generalisation from the free fermiomisaict the reason for the name “parafermions”.)
There are, of course, other finite-order simple currentresiems ofCy, k € Z>1, that areCy-cofinite ver-
tex operator (super)algebras. However, these are rationbtherefore have a very different flavour to the
admissible-level infinite-order extensioBg that we study here.

For k admissible, the simplest case is, of courge; sl, for which L(sl,) is fairly well understood
[30-33]. Our objective is to better understand the extended parédasBy in the case wherk is also
negative. In this article, we will determine (conjectuyall) the irreducibleB,-modules, as well as a few
reducible but indecomposable ones, and establish the mugghdperties of their characters. The results are
consistent with thé3y, beingCy-cofinite, but non-rational, vertex operator algebras. ubsequent work,
we plan to prove thi€-cofiniteness and study further properties of these venpexaior algebras with the
motivation being to gain a better understandin@gfcofinite vertex operator algebras in general.

We mention two natural extensions of our study. First, onalditike to understand the parafermions of
L_»,1/n(sl2) for positive integrah. These are non-admissible levels, but the affine vertexadpealgebras
allow for large extensions that relate to the triplet algeabvia quantum hamiltonian reductio®4]. We
suspect that their parafermionic cosets also allow for@sting and possiblZ,-cofinite vertex operator
algebra extensions. Second, one has the closely relatafepaionic cosets dfy(osp(1]2)) at admissible
levels, also known as graded parafermidsts B6]. For general admissible levels,(osp(1|2)) is currently
under investigationd7, 38]. The more familiar positive integer cases, together wlthirt parafermionic
cosets, are addressed 8%], see also40].

1.1. Schur-Weyl duality for Cx. Here, we summarise the relevant results2i concerning the Heisen-
berg coseCx = Com(H,L(g)), whereg is a simple Lie algebra. We are mainly interested in how the
decomposition of ¢ (g) into H® Cx-modules allows us to determine the structures ofGkenodules and,
consequently, those of thg-modules.

We note the following assumption that we consider to be indahroughout this paper.

Assumption 1. The vertex tensor category theory of Huang, Lepowsky andgld] may be applied to
the Cx-module categories that we study below.

We remark that the validity of41] has been verified for the category of ordinary module&gfl,) at

admissible levek in [42] and for the Heisenberg vertex operator algerian [21]. Determining the ap-
plicability of [41] beyondC,-cofinite vertex operator algebras is in general a very ingmiopen problem.
The key conditions to prove are the closure of a given suoayeunder thé?(z)-tensor product and the
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convergence of products and iterates of intertwining dpesa Work on the latter condition fdty is un-
derway.
We now recall how the results a2{] apply to our setting.

Result 1.1. As anH ® Cx-module, the simple affine vertex operator algebgéy) decomposes as

Lk(g)l = P Fr © €y, 1.2)
AeQ

whereQ denotes the root lattice @f Here,¥F, denotes the Fock spaceldfwith highest weighh and the
@, are irreducibleCyx-modules.

Result 1.2 ([21, Thms. 2.6 and 3.1])Cp is the vacuum module of the simple vertex operator alg€hra
and theC, are simple currents whose fusion rules include

€A D, Cu = Ca iy (1.3)

Throughout, we understand thafwsion rulerefers to the original definition used by physicists, namely
the decomposition of the fusion product of two modules ismnorphism classes of indecomposables.
The multiplicities with which these indecomposables apjrea given fusion product are called thesion
multiplicities

Result 1.3. For k < 0, the decompositio(lL.2) is multiplicity-free, meaning tha€, 2 €, whenevei # .

This last result followsZ1, Sec. 3.2.1] from the fact that the conformal weightsdf) are bounded below.
In fact Resultl.3is also true forL(sl2) with k > 0 andk ¢ Z, by the criterion of 21, Sec. 3.2.2]. We are
neglecting the positivk cases as the convergence of the coset module charactezs isither subtle.

Result 1.4. If M is an indecomposablg(g)-module on whicld acts semisimply, then its restriction to an
H ® C,-module is

M= P FueDy, (1.4)
Hea+Q
for somea € C ®z Q. Moreover, this decomposition is structure-preservingM has socle serie C

Mt c .- c M7t ¢ M and we defin€,-modulesD}, by
M= P FuoD), i=1...60-1, (1.5)
Hea+Q

then0 C Dy, C --- C Dyt C Dy is the socle series &b, for all u € a +Q.

Result 1.5. Given an indecomposab{&-moduleD, there exist&x € C ®z Q such that the induction
(‘TIJ®D)T: Lk(g) ®H®Ck (§N®D) (1.6)

is an (untwisted)(g)-module if and only ift € o + Q'.

Here, Q' denotes the dual lattice @ with respect to the bilinear form defined by the operator pood
expansions of the generating fieldstbf This form isk times the Killing form ofg, where we normalise
the latter so that the length squared of the highest root is 2.

We mention that wheff, ® D does lift to anLy(g)-module, as in the previous result, the lift will be
irreducible if and only ifD is irreducible (by Result.4).

Given a latticel C C®z Q, there is a simple current extensign of H satisfying

Vil =P (1.7)

AeL
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This extension is a vertex operator algebra (superalgébamd only if V| is Z-graded %Z-graded) by
conformal weight 25]. A theorem of Li 43] now implies thaitCy has an extensioBy satisfying

Bl = @Pe, (1.8)

AeL
as aCx-module. MoreoverBy is a vertex operator algebra (superalgebra) if and only i i-graded
(3Z-graded) by conformal weight.
We now ask whether a giveiy-moduleD lifts to an untwistedB-module

DI =By @, D. (1.9)

Assuming thaBy is Z-graded for simplicity, the answer is that it lifts if and grl the monodromy ofC,
andD is trivial for all A € L [20,44,45]. When these monodromies are scalars, which happens foreza
when EndD 2 C, this triviality is decided by conformal weight considéoais alone. We record this simple
conclusion for later use.

Result 1.6. If By is Z-graded by conformal weight, then the lifitT of a C,-moduleD with EndD == C is
an (untwistedBg-module if and only if it isZ-graded. Moreover, ifD is irreducible as aCx-module and it
lifts, thenDT is irreducible as aBy-module.

We remark that the second statement above is quite genetahust be interpreted with care when working
with simple current extensions of vertex operator supetaigs. Then, the statement fails if one is working
overZy-graded modules (as one customarily does in this situat®mcific counterexamples may be found
by considering th& = 1 superconformal minimal model of central charge 1 whosem2dsimple current
extension is th& = 2 superconformal minimal model of level 1.

Finally, to compute the (Grothendieck) fusion rule<@fandBy, we also need the fact that the induction
functorT is a tensor functor of vertex tensor categories. This is thimtineorem of29] and was previously
conjectured for simple current extensions4][ For this computation, we need a further assumption.

For k admissible, there is a categagy of finite-lengthLy(sl»)-modules that we define explicitly be-
low after Remark.8. If ¥ is closed under fusion products and fusing with any modufmes an exact
endofunctor on it, then fusion descends to a product on tlmeh@&ndieck group of# (in which a mod-
ule is identified with the sum of its composition factors). ¥fell refer to the decomposition of a given
Grothendieck fusion product into images of irreduciblea &othendieck fusion ruland to the multiplic-
ities of said irreducibles asrothendieck fusion coefficients

Assumption 2. For k admissible, the Grothendieck fusion rulesgfare well defined and the Grothendieck
fusion coefficients are computed by gtandard Verlinde formulaf [46,47].

With this highly non-trivial assumption, the Grothendidagion coefficients ok (sl,) have been computed
in [31,32], see also SectioR.3 The results are consistent with the fusion rules that haenltomputed
[9,11]for k= —‘g‘ and— % We remark that this assumption is actually a theorem focéitegory of ordinary
Lk(sl2)-modules, fok admissible, by42, Cor. 7.7].

With this assumption, we can compute the Grothendieck fusites forCy andBy from those oL y(s[y)
using the following result.

Result 1.7. For any Cx-modulesD and €, choosed, € € C ®z Q such thatFs @ D) T and (T @ &) T are
Lk(g)-modules. Then,

(Fs2D)1 By (g) (Fe® 2 (Fse®(D ®¢, ent. (1.10)
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Moreover, if bothDT and &1 are B,-modules, then

Dl g 1= (Do, &)T. (1.11)

1.2. Outlineand results. We begin in Sectio2 with a detailed review of the admissible-level simple ver-
tex operator algebrdx(sl,), their representation theories (categérgnd beyond), and their Grothendieck
fusion rules. This serves to fix notation and conventions el & collect the various results that will be
needed for what follows. We adopt here the language ostéwedard module formalisifstandard, typical
and atypical) introduced for logarithmic conformal fieleetnies in fi6,47]. As it is also convenient for
describing the representation theory of the parafermiahextended parafermion coset vertex operator
algebras, we use this language throughout.

The parafermion cose€, with k admissible and negative, are analysed in Se@&iofve first determine
the decompositions of the standard and irreducible atypigal,)-modules a# ® Cy-modules, thereby
deducing the characters of the standard and irreducibpécathCy-modules (Propositiord.1and3.3). The
Grothendieck fusion rules of the irreducilflg-modules are then presented (Propositi®®and3.11). We
conclude this section with a brief discussion of three “shealamples. After recalling tha_; > andC_4/3
have been previously identifiedd, 49 with the singlet vertex operator algebi&s, andS; 3, respectively,
we concentrate 0@ _5/3 and find that it is isomorphic to the bosonic orbifold of tNe= 1 supersinglet
vertex operator superalgets® 3 introduced by Adamovi¢ and Milad §].

Section4 then addresses the extended parafermion c@&etagain assuming thdtis admissible and
negative. ldentifyindgBx as an infinite-order simple current extension(@f we show that the former has
only finitely many irreducible modules (Remadkd). After reporting on the Grothendieck fusion rules
(Propositiongl.5and4.6) and noting thaB_; », B_4/3 andB_5 3 coincide with certain explicitly described
orbifolds of the (super)tripletd/1 o, W1 3 andsW1 3, respectively, we compute the irreduciBlg-characters
(Propositiongt.7and4.11and Remarld.12).

We conclude with a detailed investigation of the modulaiperties of theBy-characters. Those of the
standard modules are easily deduced (Propos#ign whilst those of the atypical irreducibles are much
more subtle. Our main result here is Theorérh7 which states that the parts of the atypical irreducible
characters of modular weight 1 define a finite-dimensionatorevalued modular form. It also gives an
explicit upper bound for the dimension that we believe igghas the remaining parts may be expressed
as linear combinations of standard characters, it folldvas the irreducibld3,-characters and the objects
obtained by multiplying the weight 1 parts of the atypicaé@ucible characters by the modular parameter
T, together span a finite-dimensional representation of tha@utar group. We expect that the latter objects
correspond to pseudotraces. As this is precisely how tleelugible characters of @-cofinite vertex
operator algebrab[)] behave under modular transformations, we conjecturetiied® areC,-cofinite for
all k admissible and negative (noting that this is already knoovrkf= —%, —% and—%). We intend to
prove thisC,-cofiniteness in a sequel.
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2. THE SIMPLE VERTEX OPERATOR ALGEBRAL(sl5)

In this section, we review those aspects of the admissésletivertex operator algebrag(sly) that
will be required for our analysis of the corresponding panaiion cosets. Our main sources for this are
[30, 32,33 to which we refer for additional details and references.

2.1. Representation theory. Recall the standard basis, h, f} of sl, in which the Cartan subalgebbas
spanned by. The non-zero commutators are specified by

[h,e] = 2e, [e f]=h, [h, f] = —2f (2.1)
and the Killing form is normalised so that
(h,h) =2, (e, f)=1 (2.2)

The affine Kac-Moody algebr%z is then defined to be the universal central extension of tbp &dgebra
5[2®(C[x,x‘l]. We choose generatoeg, h, and f, in E[z, for n € Z, such that they project on®x X",
h@x"andf @ X", respectively, upon quotienting by the centre. The certerhent is denoted by and its
eigenvalue is the levéd

Fix k € C and consider the Verma moduleﬁﬁ whose highest weight i&k — A)ap + A wy, for some
A € C, whereay and w, are the fundamental weights. Its irreducible quotient wél denoted b)@j.
WhenA € Z>o, we shall also denote this irreducible quotientby, ; to emphasise that its ground states
(the states of minimal conformal weight) form a finite-dirsemal subspace of dimensidgn+ 1. The
irreduciblesAlz-moduIeD+ = L1 is well known to carry the structure of a simple vertex oparalgebra,
which we denote by (sl2), provided thak = —2. We exclude thisritical level from considerations.

We recall certain properties of the simple vertex operdtgelaral «(sl>) and its modules, when the level
k is admissible

Kt2—t— \—‘j UEZsp, VEZoy, god{uv)=1. (2.3)

We shall also define, for later convenienee= —kv = 2v— u. The levelk being admissible is equivalent
to the levelk universal vertex operator algebra associate&ztd)eing non-simple. The central charge of
Lk(s[z) isc=3— t§

Theorem 2.1 (Adamovic-Milas B0] and Dong-Li-Mason$1]). Letk=—2+ d be an admissible level and
let

Then, the highest-weight(slz)-modules are exhausted, up to isomorphism, by those dithel, . 1,
forr=1,...,u—1,and the‘Dﬁs:"DL, forr=1,...,.u—lands=1,...,v—1.

Remark 2.2. The weights(k— A;s)ap + Arswy, forr =1,...,u—1ands=0,...,v—1, are the highest
weights of the admissible Ievklg[z—modules, as defined by Kac and Wakima®@][ This original defini-
tion of admissibility was motivated by the observation ttiegtse irreducible modules admit a generalisation
of the Weyl-Kac character formula for integrable modules.

The conformal weight of the ground states of each of thededsigweight «(sl,)-modules is determined
by its highest weight, hence by the parameteasds. Specifically, the conformal weight of each ground
state ofD{s is given by

(r—ts)?—1 (vr—us?—v2

Brs= 4t - v (25)

wherer =1,...,.u—1ands=0,...,v— 1. We note the symmetries

)\u—r,v—s = */\r,s - 2; Au—r,v—s = Ar,s- (2-6)
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It turns out that for non-integer admissible levels, thesmd those withv > 1, it is not sufficient to
consider only highest-weight modules. Instead, one iseii®, 11] to broaden the class of modules to
include, in particular, theelaxedhighest-weight modules. These are defined as modules thgeaerated
by a relaxed highest-weight vector, this being a weightaettiat is annihilated by every mode with positive
index. ForsAlz, this means an eigenstatehgf (of definite level) which is annihilated by the positive mede
en, hy and fy, n > 0. A normal highest-weight vector f(fr[z is therefore a relaxed highest-weight vector
that happens to be also annihilateddgy

Before presenting the classification of irreducible rethkéghest-weighty(sl>)-modules, we recall
that the Cartan subalgebra-preserving automorphisrﬁg define an infinite group, isomorphic & x Z,
of invertible functors acting ohy(sl»)-modules. This action is callgwvisting by the automorphism. This
group is isomorphic to the affine Weyl group, but the free phauld actually be identified with translations
by the dual of the root lattic§ rather than the coroot lattic&J§]. The torsion part of this group has a
generatow calledconjugationthat may be identified with the generator of the Wey! grouplgf Twisting
by conjugation therefore negatds-weights but leaves conformal weights (and the level) unged.

Consider now an irreducible weight module owérthat is neither highest- nor lowest-weight. Identi-
fying sl, with the horizontal subalgebra sf,, we extend this to a module over the subalgebra generated
by the modes of non-negative index by requiring that itsllev& and that the positive modes Elfz act
trivially. Inducing to ansl,-module now results in a relaxed highest-weight moduleithdetermined by
the classA wy + Q of its sl,-weights, moduld, and the conformal weightt of its ground states, which is
fixed by the eigenvalue of the quadratic Casimir on the oalgimeducible weight module.

We shall identify the root lattic&® of sl with 2Z throughout and will frequently abuse notation by
identifyingA € C with A wy € b*. It follows that the levek relaxed highest-weight module just constructed
is parametrised by +Q € h*/Q = C/2Z andA € C. Let ,., denote the unique irreducible quotient
of this relaxed highest-weight module so tigty = Eya if A = p (Mod Q). It is likewise a relaxed
highest-weight module.

Theorem 2.3 (Adamovic-Milas B(], see also 33]). Let k= —2+ ¢ be an admissible level. Then, the
irreducible relaxed highest-weighf(sl,)-modules are exhausted, up to isomorphism, by the folloligihg

e Thel,, forr=1,...,u—1;

e TheD/ forr=1,...,u-lands=1,...,v—1;

e The conjugate®, ;= w(D/y), forr=1,...,u—lands=1,...,v—1;

e The€yp  forr=1,...,u-1,s=1...,v—1landA e h* withA # A5, Au_ryv—s (Mod Q).

Apart from the identification§, s = €., s that follow trivially from (2.6), and €.a, ( = Epa,, if
A =u (modQ), the modules in this list are all mutually non-isomorphic.

Remark 2.4. The caveat thad # Ars,Au—_rv—s (Mod Q) in the classification of the irreducible relaxed
highest-weighty(sl2)-modules arises from the fact that &rtype module with paramete(a; s; Ars) or
(Au—rv—s:Ors) must be reducible. Indeed, the irreducible weiglatmodule from which we induced must
have either a highest- or lowest-weight vector. Of course may also induce from reducible weight
slr-modules. For each=1,....u—1ands=1,...,v—1, one thereby arrives at two distinct relaxed
highest-weighty(sl2)-modules, both reducible but indecomposable, by quotigrttie induced module
by the (unique) maximal proper submodule whose interseetith the space of ground states is zero. We
denote thesey(slp)-modules b)ﬁfjs =&f andé =&, noting that they are characterised, up to

Arsibrs ArsiBrs’
isomorphism, by the following non-split short exact sequean

0— 3??5 - Eﬁs — Dy ry-s—0, 0—Drs—&s— Dqu—r,v—s —0. (2.7)
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These exact sequences were originally state@3h A rigorous justification will appear ind4].

Remark 2.5. We observe thatthé,, r =1,...,u— 1, are self-conjugatev(L,) = L;. The conjugates of
the relaxed highest-weight(slz)-modules are given by (€., ;) = E_xa, ¢ andw(E%jS) =&l

While Theoren?.3classifies the irreduciblieg(sl2)-modules in the category of relaxed highest-weight
s?[z-modules, it is still easy to construct irreducililgsl>)-modules that are not isomorphic to those intro-
duced so far. This construction uses the free part of theraarohism grou., x Z, the elements of which
are calledspectral flowautomorphisms. We choose the generataf the free part as in32, 33 so that
wo = o~ 1w and the following isomorphisms hold.

Proposition 2.6 ([32)). Fix an admissible level k -2+ § and assume that» 1. Then, we have

o(Ly) =D o YL =Dy

- “u-ryv->_ u—ryv—1

o (D)) =Dy

u—ryv—1-s

r=1,...,u—1,
(2.8)
r=1...,u—-1 s=1...v—-2
Together with the isomorphisms of Remark these generate a complete set of isomorphisms among twists
of theL(sl2)-modules introduced above.

Remark 2.7. Whenv = 1, so thak is a non-negative integer, the list of irreducible relaxgghbst-weight
Lk(sl2)-modules in Theorer.3collapses to just thé,, withr =1,...,u—1=k+ 1. The corresponding
conformal field theories are the rational Wess-Zumino-8¥itthodels describing strings 61/ (2) [55]. In
this case, the isomorphisms involving spectral flow are gad byo (Lr) 22 Ly_r.

Because twisting by an automorphism is an invertible funétpreserves structure. In particular, twist-
ing an irreducible module results in another irreducibledme. Moreover, since these automorphisms lift
to automorphisms of the affineertex algebrait is easy to see that each twist oflai{s(,)-module results in
anothetLy(sl2)-module. Spectral flow therefore gives us an infinite set of meeducibleLy(s(;)-modules
for each of the irreducibley(slz)-modules listed in Theoreth 3

Remark 2.8. Fix an admissible levek = —2+ § and assume that> 1. Then, the irreducibléy(slz)-
modules of interest in this paper consist of the following:

e Theo!(D/y), with/ € Z,r=1,...,u-lands=1,...,v—1;
e Theo!(Exp ), Withl€Z,r=1,...,u—1,5=1,....,v—1andA € (R/2Z)\ {Ars,Au_ry-s}.
Again, aside fromo’(€y.5,,) = 0" (Ex.a, 1ys) = T (Epn,s), WhereA =y (mod Q), the modules in this

list are all mutually non-isomorphic. The restriction takel, weights inR/2Z = by /Q is physically
motivated and confirmed by modular consideratidgis 32].

We shall suppose throughout that we are working in the fldtategorya of Lx(s(2)-modules in which
the simple objects are the irreducibles of Renfaand every object is a subquotient of the (iterated) fusion
product of a finite collection of simple objects. This, of ceel presupposes that these fusion products are
sufficiently nice (for instance, we believe that they all &édinite composition length) and that each of
their irreducible subquotients is isomorphic to one of theducibles introduced above. For the admissible
levelsk = —‘3‘ and—%, the explicit fusion calculations reported i L 1] lead us to expect that this niceness
continues to hold for all admissible levels (see SecH@for some relevant results in this direction).

As discussed inZ0], the categoryg is interesting because it is expected to contain the priggect
covers of the irreducibléy(slz)-modules. Whilst rigorously identifying these projectivevers remains
out of reach here (as is the case for almost all logarithmitexeoperator algebras), the corresponding
subcategory for th&V(p)-triplet algebras does contain all of the indecomposaligeptives, according to
[56,57].
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Remark 2.9. Fork admissible and non-integral, there are irreduciil@l,)-modules besides those listed
in Theorem?2.3 and their spectral flows. In particular, there are the Wkéttetype modules constructed in
[58]. However, they seem to play no role in the modular propemie[32] and, being non-weight, they

cannot appear in fusion products of the irreducibles of Tém®.3[59). We shall therefore ignore these
non-weight modules in what follows.

2.2. Charactersand modularity. The character of asi,-moduleM is defined to be the following formal

power series ity, zandq:
ch[M] (y,2,q) = tr,, y<2og-o~%/24, (2.9)

At the level of characters, twisting ai,-moduleM by conjugation or spectral flow yields
chw(M)] (v.z.q) =ch[M] (v.z %.a).  ch[o(W)] (v.z.q) = ch[M] (yZd'/%.zd/2.q),  (2.10)

assuming, of course, thaf has finite-dimensional weight spaces (so that charactésg.ex
Foru,v € Z-5 coprime, letM(u, v) denote the Virasoro minimal model vertex operator algebcaotral

charge 1- G(VU;V“)Z and, forr=1,...,u—1ands=1,...,v—1, let(r,s) denote the irreducibl&(u,v)-
module whose ground states have conformal weight
Muy) _ (Vr—u9? — (v—u)?
A(r,s) = a0 . (2.11)

The character of this module will be denoted)q'\)’}g"’)(q). For completeness, we give an explicit formula:

Xg\élé;;,v) (Q) _ . 2‘q) EZ [q(2uvn+vr—us)2/4uv7 q(2uvn+vr+us)2/4uv} ) (2_12)
ne

Proposition 2.10. Fix an admissible level k —2+ d and assume that¥ 1. Then, we have the following
character formulae:

Y2k A (o)

ch[o’(Exas)] = @2 ue;Qz“q“‘/% (2.13a)
K2/ 4y M(UY)
ch[o’(&9)] :yk T Xog (@ qH/2, (2.13b)
" n(a)?
HEArs+Q
v—1 )
cho'(L)] = 5 (-1 Y (ch[o®™s+ (/)] —ch[o®™v-<+(er | )]),  (2.130)
=1 m=0
v—1
ch[a" (D] = 5 (~)¥ = teh[o® = (g/,)] + (—1)" " Sch[o" > (Ly1)]. (2.13d)
g=s+1

If k < O, then the infinite sum ifR.139 converges in the sense of formal power series in z, meandt¢iié
coefficient of each power of z converges to a meromorphigiamof q (for|g| < 1).

Remark 2.11. The character formulae given in Equatio2s1@3h to (2.139 were originally derived in
[32, Prop. 4 and Prop. 8], whil&(133 was stated without proof. Recently, a proof for genericigalofA,
r andswas given in 58 using an explicit construction of the modules. A full praafl appear in p4].

Remark 2.12. Itis easy to check that ¢’ (€;)] = ch[o’ (€[ ,, )] using @.7) and the exactness of the
spectral flow functor.

Remark 2.13. In the standard module formalism introduced #8,[47], the irreducibless®(€,., ) are
thetypical Lx(sl)-modules. The reducible but indecomposable modaFeééﬁfS) are examples dditypical
Lk(slz)-modules. Together, these two classes formdatamdardmodules ofLy(sl). The af(iDﬁs) are
likewise atypical, but are not standard: their charactezseapressible as infinite linear combinations of
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(atypical) standard characters. However, these charfactaulae only converge as formal power series if
k < 0. The question of what this means for- O will not be addressed here.

Remark 2.14. The character formulae given above for the irreducible iaglp were deduced from the
following resolutions 32:

RN O-3V71(8+ ) NN O.2V+2(8:rz) N O.2V+l(8+ )

rv—1 rl
— Uzv_l(gjfr,v—l) T 0V+2(Ea——r,2> - U\H—l(g[lthl)
— 0 ) 0%(E) — (e — & — 0, (2148

0—s O'V_S(Lu_r) . O.V—l—S(8+

2
r,vfl) — e 05(E]

rsi2) —— 0(82'%1) — Dfs—0. (2.14b)
Fors=v—1, the latter resolution reduces to the isomorphisti., ) = D/s. One can obtain other
resolutions by applying the conjugation and/or contragprediual functors to4.14) and these may lead to
somewhat different looking character formulae. For examgbnjugatingZ.143 leads to

v—1

ch[o®(&r)] = Sz

=1 m=0

(71>§7l i (Ch[o.fzmvngrZ((ojfsl)} 7Ch[o.72(m+l)v+§+é(€air,v7s/)])

r)

v—1 )

using Remark®.5and2.12

2.3. Fusion. The fusion rules of the admissible-le\gl(s(;)-modules have only been (partially) computed
fork= —g [9] andk = —% [11,53]. However, theGrothendiecKusion rules are known for ak [31, 37,
subject to two assumptions. The first is that fusing with aeducibleLy(sl2)-module defines an exact
functor on the module categoryi (see Sectior2.1), so that the fusion product induces a ring structure on
the Grothendieck group afi. The second is that the structure constants of the Grotaekélision product
are computed by thetandard Verlinde formulaf [46, 47], which we understood first in the example of
Vi (gl(1]1)) [3,60. We shall assume that these Grothendieck fusion rulesaareat, hence that the fusion
rules are known up to ambiguities involving non-trivial @xsions. This was the content of Assumptin
as stated in Sectioh.1

In general, we letz,, denote the fusion product of a given vertex operator algébiand X,, its
Grothendieck fusion product. The image of anoduleM in the Grothendieck ring 0¥ shall be denoted
by [M].

Before stating the.(sl2) fusion rules, it is convenient to introduce some notatiantfie fusion rules
of the Virasoro minimal model vertex operator algebdéu,v). Let | (r.s") denote the fusion

(r,S) (rlvsl)] M(U,V)
coefficient involving the irreducibl®(u,v)-moduleq(r,s), (r’,s') and(r”,s”), so that

, o) |
r,s ® v r ,S/ = |: 1
( S) M(u,v) ( ) (T/G/Z) (I’, S) (r ;S') M(u,v)

Here, the direct sum runs over the irreducidéu, v)-modules(r”,s”) in the Kac table

{4,...,u—1}x{1,...,v—1}
(r,s) ~(u—r,v—s) '

(", <. (2.16)

Kac(u,v) =

(2.17)

In what follows, sums indexed by irreduciti&(u, v)-modules will always be assumed to run over Kag).
Note that becaud®é(u, V) is rational, its fusion rules and Grothendieck fusion ruescide.



MODULARITY OF LOGARITHMIC PARAFERMION VERTEX ALGEBRAS 11

Proposition 2.15 ([32, Props. 14, 15 and 18]Fix an admissible level k —2+ ¥ and assume that» 1.
Given Assumptio8, the fusion rules of the irreduciblg(slz)-modules with ther (L) are then

u-1r q
0" (L) ©, (a1, o’ (L) =P (r"’l) ot (L), (2.18a)
=1 _(r7 1) (r 71)_ M(u,v)
u-1r
08 0y ' D =@ | Y oty (2180)
’ =1 _(r7 1) (r 71)_ M(U,V) ’
u-1r n 1
( ~ (r",1) v
(L )®L [ (EA, Ay ) = o (8r71+A’;Ar” ) (218C)
k(s ) s =1 _(r7 1) (r/7 1)_ M(U V) o

s

When = 1, the fusion rules are instead given (8,183 alone.

Remark 2.16. Becausg1,1) and(u—1,1) are simple currents df1(u,v), it follows from these fusion
rules that theo!(£1) ando’(Ly_1) are simple currents of tHe(sl>)-module categorys, for all ¢ € Z.

Proposition 2.17 ([32, Props. 13 and 18])Fix an admissible level¥& —2+{ and assume that 1. Given

Assumptior?, the Grothendieck fusion rules involving the atypicanéDﬁjs) and the typicalef(SA;Arvs)
then include

[G[(E)\;Ar,s)] lXLk(s[z) [Gél(eA/;Ar’,s’)]

— [ (r".8" } ([GH”H(E/\HLk-A )}JF[GHH_l(E/\qu-A )D
(3 (r,S) (r/,S/) M(u,v) -l AT

( ¢! S”) ( o S”) /
+(r”Zs”)<|:( s)(r',s — 1)] * [(r,s) (r, s’+1)} Mo )) [0 (Erin, o)) (219
(r// S’) /
r”zs’/ |:(r7 S) (r, S+ 1):| M(u) [ ZJFZ (8)\+)\ o of By 5//)]

(r",s") (40 +1
" 508 T APl @130

[GZ(EA:ALS)] X (st) [of (D;;s')] =

If s+ < v, then we have in addition

L+ N [ (r",8") e
[U (Dr,s)] ng(slz) [G (Dr/’s'ﬂ = (rZ’) (1,9) (I”,S’)] M) [O' (EAr”.srs'H?Ar//‘s//)]
u— "
(I’ ’1) ] €+€’ +
N Dy 2.19¢
r/zzl L(r,1)(r',1) M(u,v)[ (Dr SJVS')} ( )

while if s+ > v, then we have instead

‘(D (Dt = (r",s”) (041
[U (Dr,s)] ng(slz) [G (Dr/’s'ﬂ = (rZs”) (r,s+1) (1,8 +1) Moy [0 ( )‘r”.s+s'+1;Ar//‘su>]
u-1r (rll 1) :| o
+ J glti+1 @+ , (2.19d)
=1 -(r7 1) (r/al) (U,V)[ ( 1" s+5— V+l)}

3. THE PARAFERMION COSETCy

In this section, we study the parafermion vertex operagggladaCy = Com(H, Li(sl2)), whereH denotes
the Heisenberg vertex operator subalgebra generated figlthl(z) € Ly(sl») and the levek is admissible
and negative. We first decompose the characters of ti;)-modules given in PropositioR.10into
characters oH ® Cx-modules. This relies on the Schur-Weyl duality result swarised in Resull.4. We
also obtain (Grothendieck) fusion rules for tigmodules, illustrating the results with examples.
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3.1. Decomposing characters. We start by recalling that the irreducible modules of thesdeberg vertex
operator subalgebta are the Fock spaceg,, u € C. Including the level, and identifying the Heisenberg
weight with thesl-weight, the characters of the Fock spaces are given by
2/4k

ch[,] (%:2,0) = % (3.1)
wheren is Dedekind’s eta function. As the central chargéla$ 1, that of the parafermion vertex operator
algebraCy is€=2— f’. Denoting the Virasoro zero mode 6f, by Lo (which in the coset realisation is
identified withLo — 4:h3), the character of &-moduleM is defined to be

ch[M] (q) = tr,, go~¢/24. (3.2)

Since all the irreducible modules afi may be resolved in terms of the standasds(;)-modules
05(8,\;&5) and 05(8{5), the first natural step is obtain the “coefficients” of the kEgpace characters in
the Schur-Weyl decomposition of these standards.

Proposition 3.1. Given Assumptiofi, the standard «(sl;)-modules decompose intb® C-modules as

d(Eradl® B Fura®Cirs A #Asrryvs (ModQ)), (3.3a)
HEA+Q
d'&9l2 P FTuu®Clhs  ENZ P Furw®Cpus (3.3b)
IJEAr‘s‘i’Q HE)\u—r,v—s+Q

where the@ﬁ;r,s are irreducible highest-weighix-modules and thé?fj;nS are length2 indecomposabl€-
modules. Their characters are given by

gAY )

ch[ef; ] (a) = ch[C ] (a) = ’7(((;;> : (3.4)

Proof. Schur-Weyl duality (Result.4) immediately implies that

(C")\iAr.s~L = @ 97/»1 ® eﬁ;r,sa (35)
HEA+Q

where thee’ﬁ;nS are irreducibleCg-modules. We obtain the parafermion characters by decomgp(133
(with £ = 0):

e @) N A B T )

chle,. — n+A _
G =g 27 T2 T @ na)
q—(2n+)\ )2/4k Xg\r/l SJ,V) ()
=Y ch|F ’ ) 3.6
ne% [ 2n+)\] n(q) ( )

The desired result now follows by identifying2- A with y e A +2Z =X +Q.

Analogous decompositions hold for tbé(E,\;Arrs), so it remains to show that the parafermion modules
appearing in these decompositions may be identified witl@ﬂ;}g. This follows from the lifting condition
(Resultl.5). Indeed, this condition guarantees that there efstsQ ®7 C = C such thatF, ® Gﬁ;rys lifts
to anLy(slz)-module if and only ifv € B + Q, whereQ' = KZ is the dual lattice oR = 2Z (with respect
to the natural bilinear fornfh, h) = 2k induced by the operator product expansiorm() andh(w)). As
(Fu®Clirs) T = Exa,. is anLy(slp)-module, we may takg = p.

It follows that for any/ € Z, the lift (F .0 ® Gﬁ;r,S)T =@puer Fprk® Gﬁ;,’s is anlLg(slz)-module and
it is irreducible becaus@ﬁmS is (by Schur-Weyl duality). A calculation very similar t8.6) shows that this
irreducible module has the same character 4, Ars)» hence they are isomorphic. This therefore estab-
lishes the decompositio (39 for all £ € Z. The results for the atypical standard modeé(SEﬁfS) follow
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using similar arguments, the main difference being thaigtmorphisms follow from the indecomposables
being completely characterised by their Loewy diagrames étktension groups are 1-dimensional). m

Remark 3.2. We point out that this result used the fact that the irrededip(sl,)-modules are determined
(up to isomorphism) by their characters. The same is unfiaitly not true for characters derived above
for the standard-modules. For exampleﬁﬁ;r,s and Gﬁw’s share the same character, despite being non-
isomorphic (foru # 0). We can see this inequivalence as follows. Firstf a® Gﬁ;ns lifts to the L(sl)-
moduleé ;a, ¢, the lifting condition (ResultL.5) says that the tensor produt} ® Gﬁ;ns lifts to anLg(sl)-
module if and only ifv € u+ Q. If (‘Zﬁ;r,s and (‘f“;ns were isomorphic, then there would have to exist
Ve (H+Q)N(—p+Q’) whichis empty unlessi2e Q'. It follows thatC, s ande® ,, ; are notisomorphic

if 2u ¢ Q. But, if 2u € Q' = kZ, theny = —p + ¢k, for somel € Z, and any isomorphisrlii’]ﬁmS o wa’s
would lead to

8IJ;Ar,s = (S:IJ ® eé‘ )T = (S:IJ & 68 )T = (9:—1.1+fk® eé[,l;r,s)T = aé(E*IJiAr.s)v (37)

wr,s —ur,s

which is a contradiction unlegs= 0, henceu = 0.

Combining this result with the character formulae giventfa atypical irreducibles in Propositi@10
and/or the resolutions of Rema2kl4, we deduce the latter’s decompositions ifitb Cx)-modules and
character formulae for the resulting parafermion modules.

Proposition 3.3. Given Assumptiof, the atypical irreducible.y(sl2)-modules decompose intdl ® C)-
modules as

o'l B Fuu®Crn  I(DIIE D Fuu®Crrs (3.8)
HeEA0+Q HEALsTQ

where the(?ﬁ;r and G;?:r,s are irreducible highest-weighi-modules characterised by the following resolu-
tions:

B e:—(SV—l)k;r,v—l T e:—(2v+2)k;r,2 - e:—(2v+l)k;r,l
- GZ—(Zv—l)k;u—r,v—l T e:—(v+2)k;u—r,2 - e:—(v+1)k;u—r,l
— e;_(v_l)k;w_l — = G € g — Cir — 0, (3.92)
L D
0— Ck’,u—(v—s)k;u—r - ezf(vflfs)k;r,vfl - e:—Zk;r,s+2 - e:;—k;r,s—»—l - eu;r,s — 0. (3-9b)
Their characters are given by
L < 1X('\r/|$’v>(q) - (p—sk+-2wm)?/4k (p-+sk+2w(m+1))2/4k
chlCrrl(a) = (1) ——=—— q \HoSKrawWmT/aK_ g S , (3.10a)
€@ = 3 0T S )
M(u,v)
v-1 Xrg) (@)
D §—s-1(rs) —(u—(g—-9)k)2/4k —1- L
ch(€yrs)(a) :S/Z l(*l) ® qu (=597 1 (—q)vt ch[C) ( gkur)- (3.10D)
=s+

Remark 3.4. It is easy to check from these formulae tlﬁiﬁr,vfl and Gf;_k;u_r have the same character,

consistent with the fact that the€g-modules are isomorphic (b8.0b with s=v—1).

Remark 3.5. As an alternative to the resolution3.9), we present the following non-split short exact
sequences that characterise the atypical standandodules:

0— s — Clrs — Chipres — 0 (s#1), (3.11a)
0— e/?Jrk;ufr,vflfs - e;:;r,s - e;?;ufr,vfs —0 (s#v-1). (3.11b)
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Whens =1, the rightmost module of the first sequence should be replh;z(?ﬁ+k;r. Similarly, the leftmost

module of the second sequence should be replac@ﬁp,){ufr whens=v—1.

Remark 3.6. If we had started with the resolution obtained from Equafiht4d by conjugating, then we
would have instead arrived at the following character fdemu

Xy @) @ ) )
ch[Gﬁ;,] (q) = Zl(_l)s-l(;)T zo(q—(u+sk+2vkm) /4K _ g (u—skr2vk(m+-1)) /4k). (3.12)
S= m=

Replacingu by —u and comparing with3.10g, we conclude thaﬁfj;r ande“w have the same character,

despite being non-isomorphic (far# 0). The reason is exactly the same argument as in Regark

The natural category df-modules to consider is thus the full subcategory whoselsiigjects are the
irreducibles2,, €1y s andCi, s and whose objects are all realised as subquotients of thenfpeoduct of
a finite collection of simple objects. We shall assume thaiunier irreducibleCg-modules are generated
as subquotients of such fusion products, hence that thégeogt does indeed exist. It shall be denoted by
Cgk.

Remark 3.7. We do not claim that th€,, C’rs and €5, s exhaust the irreduciblé,-modules because
of the Whittaker-typd (s(z)-modules mentioned in Rema®9. IndeedH acts non-semisimply on these
Lk(sl2)-modules, so we cannot use Reslid to easily check if decomposing intd @ Cy-modules gives
anything new.

For future convenience, we collect the conformal weightthefground states of the§g-modules. For
the Cy-module denoted b, (for appropriates andx), this weight will be denoted bgj;., .

Proposition 3.8. The conformal weights of the ground states of@henodules introduced above are

12

Ofirs=Oprs=Drs— e (3.13a)
2
Ar,O* a, if |I~l| < )\r,O,
55 = K i (3.13b)
Ar,O*%*F% if|l~l|2)\r,0,
2
Bis— b it < Ars,
Srs= N R (s#v—1). (3.13c)
7 H o H—Ars
= ' >
JAVE K + > if 4> Ars,
For s=v— 1, we have instead,, , ; =&, . by Remarid.4

Proof. These results follow easily from the observation that aatestf minimal conformal weight in am-
eigenspace of asl,-module will be a highest-weight vector for both the Heisengand parafermion vertex
operator subalgebras. The conformal weight of such a statie respect toCy, is then itssl, conformal
weight minus its Heisenberg conformal weight. ]

3.2. Fusion. Recall that we only know the (Grothendieck) fusion ruled pfsl,) up to the validity of
Assumption2. To deduce the (Grothendieck) fusion rules@ffrom those ofLy(sl>) using Resultl.7
and Proposition8.1 and 3.3, we also need Assumptioh namely that the categorgi of Cx-modules
forms a vertex tensor category. We recall that this assumyiiin force throughout.
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To illustrate the method, consider the(slz) fusion rule €.183. Applying Proposition3.3 and Re-
sult1.7, we deduce that

u-1 "
(50€50)" iy (05 ) 1= B 0y, (59 )T

//71

- (§u+u'® (Guf®ck M “))T = (g " @ [ (rl’ 1)] M(uy )Gﬁ”;r”>T’ G194

=1
whenever =r—1 (modQ), p’=r'—1 (mod Q) andu” =r”—1 (mod Q). It follows that theH ® Cy-
modules being induced on the left- and right-hand side8 dff appear as direct summands of the same
Lk(sl2)-module upon restricting tbl @ Cx. As these direct summands are completely determined by thei
Heisenberg weights, we can read off thefusion rule by identifyingu” with 1+ p'.

Proposition 3.9. Given Assumptions and 2, the fusion rules of the irreduciblg,-modules with th@fj;r
are

L, ®c €5, = u@l [ D ey (3.15a)
i O " |
H G =1 _(I’, 1) (r/’l)- M(u,v) Hew
u-1 r "
r’.1) D
GL_ (24 GD g = ( ’ C "o (315b)
e i, ) _(I’, 1) (r/,l)_ M(uv) p+p e g
u-1 "
r’.1) e
e, ©c CF = (r? e " (3.15¢0)
wr e ulhr, bt 1(r,1) (r';1) ] M(u,v) pHt s

Remark 3.10. Note that theﬁﬁ;l with u € Q and the@f&w1 with 1 € u+ Q are all simple currents in the
Ck-module categorgy. The vacuuntCy- module@é1 is the fusion unit, as expected. Excluding the vacuum
module, the simple currents of minimal conformal weight anttaer@iz , Orone ofGOu , and (‘Zilu 1
according as to whetheris even or odd, respectively. These minimal conformal wisigine

(u—2)v o (u—=2)v v
4 ’ 6il;u—l - 4 E\ﬂ

\'
Oy =1+ v Oy 1= (3.16)

by Propositior3.8 (recall thatw = 2v— u). The order of@&u_l is 2, assuming that > 2, whilst the other
(non-vacuum) simple currents all have infinite orders.

Proposition 3.11. Given Assumptionsand?2, the Grothendieck fusion rules involving the atypi(ﬁjﬁ’s
and the typical€5 s include

e e (r",s") 3 e
el B Cwal = 3 [(r, 9(r'.9) M(u.,v>([eu+u ]+ o))
(r",s") ] [ (r",s") } £
+ + Co s 3.17a
(r//ZS//) < {(r, S) (I”,S’ - 1) M(u,v) (ra S) (r,,s, + 1) M(u,v) [ KR ’SI} ( )
e D B (r//7sl/) e
[6“?33} Me, [eu’:f’ﬁ'] a (r”Zs'/) [(L s)(r',s+1) M(u,v) [e“ﬂl/ " s”]

OAIC
(uv)

+ ’ "ot
(r”ZS//) |:(r,S) (r/asl) M(u H+H ki SI

]. (3.17b)

If s+ < v, then we have in addition

D D _ (r",s" €
[Gu rs} IXCk [Gu’;r’,s’] - (rZ./) [(n S) (rlvsl):| My )[G;H—u —k;r” s’/}
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N Uil |: (I’”v:l;) :| [e®+ - S+Sl]7 (317C)
=1 (rvl) (r ’1) M(u,v) HHET
while if s+ > v, then we have instead
" S”)
GD X G',‘D// == |: (r ’ :| GS I Yep!t
[ u,r,s} Cx [ i ,s’] (r”Zs”) (rver 1) (r/’S/Jrl) M(u,v)[ pAp —kir ,s’}

)

u-1 (I’" 1 R
, ' ku : 17
+ r/Z:l [(n 1) (r, 1)] M(uy) [elJ-HJ —ku—r ,s+§—v+l] (3.17d)

Remark 3.12. One can also determine the modular transformations of theackters of the irreducible
Cx-modules and check that the standard Verlinde formula rkpres the Grothendieck fusion rules given
here. These modular properties may either be computediglicec more easily, from the known modular
properties of the irreduciblg(s(,)- andH-modules. We will not pursue these straightforward comipurta
here. Instead, we shall study the much more interesting raoguoperties of an infinite-order simple
current extension of, in Sectiord.

3.3. Examples. The parafermion coset construction for the leveils —% andk = —% has already been
discussed in detailg, 49 with the result being that _; , andC_4,3 may be identified as the well known
singlet vertex operator algebr&s, andS; 3 of central charges = —2 andc’= —7, respectively. The
decomposition ok (sl2)-modules intdC-modules is given very explicitly i1, Sec. 4] and singlet fusion
rules have been computed (within the conjectural standamdute formalism) in 47,62, 63]. A rigorous
computation of certain fusion coefficients for the= 2 singlet has also recently appearéd][ All these
computations are consistent with the (Grothendieck) fusites reported here. We add that for these levels,
much is known about the categadey of Cx-modules. In particular, it is a vertex tensor category fues
that aC;-cofiniteness condition and a finite Jordan-Holder lengiidition hold, seed5, Thm. 17].

An important family of parafermion cose€s are those wittk = —r%, forne Zs,. Sinceu=n+1
andv = nin these cases, the Virasoro characters appearing in taéepaion characters and the Virasoro
fusion coefficients appearing in the parafermion fusiorsure those of the unitary Virasoro minimal
models. One reason for this importance is their relatioh&overtex operator superalgebias(s((2|1))
with k' a positive integerg6]. We intend to report on this in the near future. A secondegas that it is
also expected th&,-cofinite extensions of orbifolds of this family of paraféom coset<y coincides with
certain cosets of the minimw-algebras ofoy (1) at level zero §7].

Here, we list the inequivalent irreducible ,_1)/,-modules explicitly, recalling Remark 4
o theCy, withr =1,...,nandp € 2Z +r—1;

o theCrswithr =1,...,n,s=1,....,n—2andu+ £ € 2Z+r+s—1;

. the(‘iﬁ;r,swith eitherr=1,...,5,s=1,...,n—landu+ 2 ¢ 2Z+r+s—1,if nis even, or
r=1,...ns=1...%! andu+S¢2Z+r+s-1,ifnis odd.

Interms of conciseness, it would be convenientto repla:e:@ﬁh by the@ﬁ’;ryn_1 in the above list. However,

we prefer to distinguish thé-type modules explicitly as they include all the simple emts (including the

vacuum module).

The first membem = 2, of this family of vertex operator algebras is, as was noemil above, the singlet
C_1/2 = S12. The above list recovers the knowfi] module spectrum. Specifically, there are two series of
L-type module@é“m;1 and(?ﬁmﬂ;z, m € Z, which are all simple currents, no (inequivalehttype modules
and one series d-type module@ﬁ;lﬁl, UEZ+ % The minimal conformal weight i&; 1 = —é.
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A more interesting (and less familiar) examplenis: 3, thusk = —2 and¢’= —3. This central charge
matches that of thél = 1 logarithmic superconformal minimal mod#lM(1,3) [68-70]. Up to isomor-
phism, we now have six families of irreducible atypicals

~ D ~ D L~ ED
e2m 1= e2m 2/3;32 e2m+l 2 62m+1/3 22 e2m3 GZm 2/3;1,2
o o o (meZ) (3.18a)
ezm+2/3 11 Com- 1/3;21 62m+2/3 31
and three families of typicals
e
Cl 1_6“32 (2 1_6’“22 Gusl—eylza (3.18b)

wherep ¢ 27+ 3, i ¢ 27+ % andp ¢ 27+ 2, respectively. The simple currents are g, ; and€y.5;
their conformal weights ar&); ; = 3|m|(|m|+1), &5 = 3(Im|+3)2+ 3, if m# 0, anddy, = 3.

The conformal weight} simple curren = Gé“;g has order 29 ®c,2/3 G = C_y/3. As the dimension of
the space of ground states®fs 1, the corresponding simple current extensiof of 3 contains precisely
one copy of the vertex operator superalgedifd (1,3). We denote this extension B¢ 5 3 so that

sC 23l =2C 238 8. (3.19)

The character of this extended parafermionic vertex opemtperalgebra is easy to determine using
(3.108:

ch[sC_z3] (a) = ch[€g,] (a) +ch[€gg] (a)

M(4,3) M(4,3) w
_ X (a) X2 (a) [q3(2m+2/3)2/8 _ q3(2m+4/3)2/8}
n(a) =0
_ 1 193 1 q Z [ (3m+1)2/6 3m+2)2/6} (3.20)
n(a)

:q—c/24<1+q3/2+q + 20524 2P +3q7/2+4q4+5q9/2+6q5+---).

This shows tha¢C_5 3 2 sLM(1, 3) because the coefficients g?/2 andq? in the latter’s character are only
1. However, this extra state of conformal we@”iteads us to the decomposition

ch[sC 23] ( Z Xams11)(@) = ch[sS13] (q), (3.21)

wherexf;mi";’;(q) denotes the character of the irreducifll® (1, 3)-module whose highest-weight vector

has conformal Welghf;mﬁ‘?) 2m(3m+ 2) andsSy 3 denotes thé&l = 1 singlet vertex operator superal-

gebra L9, 71] of central chargeg.

It is now straightforward to verify, with the aid of a compuytéhat the operator product algebras of
the bosonic orbifold of théN = 1 supersinglesS; 3 and the parafermion vertex operator algefirg, 3
coincide. Since both vertex operator algebras are simpdy, must be isomorphic. We therefore identify
the parafermion vertex operator algelira, 3 as the bosonic orbifold of thd = 1 supersingle$S; 3 and
its simple current extensiait_, /3 assSy 3.

We conclude this example by considering the inductio@.of;3-modulesM to (twisted)sC_5/3-modules
via

Ml =sC o0, M — (M)l =Me (9 ®Oc_ys M) (3.22)
Whether the resulting module is twisted or not (Ramond oredeS8chwarz) depends only on the difference
mod Z of the conformal weights oM and§ ®c,2/3 M. Noting that the fusion rules of Propositi@?9
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specialise to

L D ’EGD

L ~ ~ &
9 ®C,2/3 eu;r = eu;4—rv 9 ®C,2/3 eu;r,l Wid—r,1 S ®C,2/3 =C

&
¢ AT L

ol (3.23)

it easy to check that this differencefjs(mod Z). The nine families of irreducibl€ _,/3-modules listed in
(3.18 therefore lift to six families of irreducibleC_5/3-modules in the Neveu-Schwarz sectoodd), three
of which are just parity-reversed copies of the other thaee,three families of irreducibk _, 3-modules
in the Ramond sector gven), each of which is isomorphic to its parity reversal.

Remark 3.13. In the early W-algebra literature, the vertex operator saigebrasSy 3 is referred to as
the N = 1 superW3 algebra because the additional fields of conformal Weiéhiﬂd 3 naturally form a
superfield generalising the weight 3 field of the Casimir \§ehlra ofslz. It was one of the first examples
found of an “exotic” W-algebra, meaning that it only exists & discrete set of central charges, in this
case—g and%) [72]. The latter central charge received much attention, 8&eghd references therein, as
it corresponds to a unitary value for both tNe= 1 superconformal minimal models and the Casimir W-
algebras ofil3. However, we are not aware of any detailed study of the nataiyr(and in fact logarithmic)
c= —g supers algebra in the literature.

4. THE EXTENDED PARAFERMION COSETBy

We now study a larger vertex operator algeBgeas a coset of an extensionlgf(sl,) or, as advocated
in (1.1 of the introduction, as a simple current extensiorCpf As we shall show, th8y are not ratio-
nal, because they admit reducible but indecomposable rasdolt have a finite number of irreducibles,
up to isomorphism. Moreover, the characters of the irrddads,-modules will be shown to define a
finite-dimensional vector-valued modular form. We therefoonjecture that thBy areC,-cofinite. As in
the previous section, the levklwill be assumed throughout to be admissible and negativeoutdout,
Assumptionsl and2 are understood to be in force.

4.1. By asa coset and a simple current extension. Recall that the vacuum module bf(sl) is £, and
that its imageso(£1) under spectral flow are simple currents. We consider the tea@y._, 0% (L1),
wherea € Z. It is easy to check that this simple current extensiomgkl,) will be a vertex operator
algebra if and only if it isZ-graded, which happens if and onlyk&i® € 4Z. This implies thata needs
to be an integer multiple of and a convenient choice that works for all admissible leisets = 2v. We
thus define the vertex operator algeBgaas the simple current extension which decomposeslik(iy)-
modules as follows:

Exl =P o? (La). (4.1)

LeZ
We remark that because the conformal weight&r6fC,) are not bounded below whenevéf > 2, the
vertex operator algebi is notZxq-graded by its conformal weights.
Inserting the decomposition of Propositi8r8, Equation 4.1) becomes
Eil 2 D D Furane © . (4.2)
(eZ ueQ
Consider the lattice vertex operator algebra

VL= %, (4.3)

AeL



MODULARITY OF LOGARITHMIC PARAFERMION VERTEX ALGEBRAS 19

wherelL = —2vkZ = wQ (recall thatw = —vk = 2v— u). By considering the modules witha = 0, we see
that @.2 may be rewritten as

Bl =D Vui®Ch= @ Van® |DCr, ] (4.4)
HEQ Ael’/L ueL

whereV, ,, denotes th&/| -module@ .y F ;om With A € L' = \—1,Z. Note thatl’ is the dual lattice of.
with respect to the normalisatigh, h) = 2k induced from the operator product expansioh@ andh(w).
The coset construction applied Y@ C Ex now defines the vertex operator algeBja= Com(V , Ey)

whose decomposition intGg-modules takes the form
Bl =Peg,. (4.5)

ueL
Foruel, theeﬁ;l = ng;l with ¢ € Z are simple currents (PropositiGr), so we conclude thady is also

a simple current extension &f.

Remark 4.1. By Proposition3.8, the conformal dimension of the ground state(;?@gw;l and@fgllw;l are
Oipr = (V—u)(v+1) and &, =2(v—u)(2v+1)> 25, (4.6)

It follows that the primary field of(‘ii4w;1 appears in the regular terms of the operator product algebra
obtained by extending the strong generator§,oby the primary fields oBiZW;l. Generalising this obser-
vation, we see that this extended set strongly geneBates

This development completes the picture described in thredottion and summarised in the diagram
(1.2). The aim of the rest of this section is to identBg-modules, compute their characters and fusion
rules, and then prove the modularity of the irreducible abtars: their linear span extends to a finite-
dimensional representation of the modular group.

Remark 4.2. The choicex = 2v, leading toL = 2vkZ = 2wZ, is not always minimal. For instance, when
k= —g‘, the constrainka? € 47 is satisfied bya = v = 3, which would lead td. = wZ = 47 instead of &.
The upshot is that the extensi@n 4,3 studied here has an order two simple current of integer corgb
weight. Indeed, Propositiadh8gives the conformal weight of this simple currem%g =5—theresulting
simple current extension &_4 /3 is, of course, the = —7 triplet vertex operator algebk& 3.

Given the decompositior(5), it is now straightforward to lift &Cx-moduleM to a (possibly twisted)
Bk-moduleM T using the fusion rules of Propositi@9. Indeed,

Ml =Bk, M =  Mhl=dey, oM (4.7)
A€eL

If EndM = C, then this lift will be an (untwistedB,-module if and only if it isZ-graded (Result.6). This
condition is obviously satisfied for all irreducibles as kel the atypical standards.

Let us illustrate the procedure by using the fusion r@la%q to analyse the lift of a typicaly-module
Chrswithr =1,...,.u—1,5=1,....v—1andy # Ars, Au_rv—s (Mod Q):

Ble:r,s =Bk ®¢, eﬁ;r,s’ Bﬁ;r,sl = @ e)%;l ®e, eﬁ;r,s = @ C’f;r,s' (4.8)
AeL Aeu+L

Proposition3.8 makes it easy to check that this lift will be untwisted if anulyoif p e L' = \—1,Z, assum-
ing thatu # Ars,Au—rv—s (Mod Q). It is also simple, by Result.6. We note tha\‘Bf\:;r,s coincides with
3)§;ufr,vfs andBf, s whenA = u (modL).

Applying this same procedure to the atypical standard aedircibleC,-modules gives the decomposi-
tions of the resultindd,-modules.
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Proposition 4.3. Given Assumption$ and 2, the typicaICk-moduIes(EﬁmS lift to irreducible highest-
weightBy-modules, denoted W, s, only if u € L'. The atypical irreducibleCy-modulesC;, and €}y s
always lift to irreducible highest-weigi®.-modules, denoted b&ﬁ;r andBE;,’S, respectively. The atypical
standarde—modulesﬁﬁ;r,s likewise always lift to lengtR indecomposablBg-modules, denoted
The corresponding decompositions@smodules take the unified form

B;.J;*lg @ G;\;*v (4.9)
Aeu+L

+
uirs

for appropriatee andx, and we havé3. = Bj., whenA = pu (modL).

Remark 4.4. Note that the isomorphism classes of the typBgimodules are parametrised byands,
which take finitely many values, as well as (a subset of) thieefiquotientL’ /L. Similarly, those of the
atypical irreducibles are parametrisedrhg and the finite quotien®/L. We conclude that thBg-module
category%y obtained frontsi by simple current extension héisitely many simple objects, up to isomor-
phism. It is not, however, clear B has finitely many irreducible modules, up to isomorphismvexthe-
less, we are confident that this is so (see Conjectur@below).

4.2. Fusion. Recall that in this work we are assuming that themodule categoryi can be given the
structure of a vertex tensor category. Combining Rekilvith Propositions8.9and3.11therefore imme-
diately leads to the following (Grothendieck) fusion rules

Proposition 4.5. Given Assumptionsand?2, the fusion rules of the irreducibBy-modules with th&fj;r
are

c
|
i
1

(r",1)

BLE @, BY,, BE (4.10a)
KB T =1 _(r,l)(r’,l)_ M(u,v) HAHT
u-1 "
r;1)
B, @, BD = (%, B (4.10b)
e P s =S 0D (D ey P
u-1r "
r;1)
BL ®. BE. (s BE o (4.10c)
wr =B T’ o L(r,1)(r",1)] M(uy) pAprs

In particular, the%ﬁ;l with 1 € Q/L and the%ﬁ;uf1 with 4 € u+ Q/L are all simple currents in the
Bk-module categony.

Proposition 4.6. Given Assumptions and 2, the Grothendieck fusion rules involving the atypicBﬁ,,S
and the typical$, s include

B B, (Bl = 3 [ D09 1 (e 4[5 )
HES Bi Wir's (rT8") (r,S) (r,75,> M(u,v) wrp s LA

% X% .
+(r”§,><[<r7s> <rcs—1>]wu,v> s <rcs+1>]M<u,v>> Buierrg) (4112

(r//,sl/)

e D e
[Blis] Mg, [Byrwrs] = (r”%’/) [(r, s)(r',s + 1)} M(uy) P
(r//7sl/) :| e
+ % ! SUR-~AN 4-11b
(r’%”) |:(ra S) (r/asl) M(u,v) [ HEHkr ’S,} ( )

If s+ < v, then we have in addition

D D _ (r",s") e
[Bu;r.s] Isz [Bu';r/,s/] - (ré/) [(n S) (I",S’) M(uy) [B;H—u'—k;r”,s’/]
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u-1 (rll 1) .
+ : BY i sis ] 4.11¢
rZ=l [(r’ 1) (r/7 1):| M(u,v) [ HeEp ’S—Fsl} ( )
while if s+ > v, then we have instead
" s//)
39 . B‘D// B |: (r 7 :| Bg ! _kr! &'
[ IJ,r,S] By [ i ,s’] (r”Zs”) (r,s+ 1) (rl’sl + 1) M(u,v)[ U+ —kr ,5/]
u-1 (rll 1) .
: I_ku—r" . 4.11
2 [(r, (v, 1>} iy B ks (4.11d)

4.3. Examples. As noted in Sectior8.3, the parafermion cosét_; , is isomorphic to the singlet vertex
operator algebrd; ». It is therefore not surprising that the extensi®n, /, is isomorphic to the triplet
Wy . This is consistent with = 27 and 5f2;1 = 3; for more detail, se€sfl]. We also recalled tha_4/3
is isomorphic to the singled; 3. However,B_, 3 is notWy 3: as discussed in Remark?, it is rather a
Zy-orbifold of W1 3.

Consider the extended parafermion cd3eb,s, remembering tha€_, 3 has been identified with the
bosonic orbifold of the supersinglet vertex operator salgetbrasS; 3. Sincel = 4Z andc‘ijil;1 =9,B_ 23
is not the bosonic orbifold of the supertriplet vertex operauperalgebraW; 3 [19). Indeed,B_,/3 has
three simple current§§;3, Bﬁ;l and 35“;3 whose spaces of ground states have dimensions and conformal
weights 1 ancg, 2 and2, and 2 and 3, respectively. Under fusion, they form (alortg tie vacuum module
Bg.,) a group isomorphic td, & Z:

L I3 L
B ®B,2/33p';r' =B w1 (mod 4 (u, ' € {0,2},r,r' € {1,3}). (4.12)

The simple current extension 8f /3 by this group of simple currents is a vertex operator sugetat
with strong generating fields of conformal dimensichs2, 3, 3, 3, 3, 3 and 3. This vertex operator
superalgebra and the supertriplé 3 are thus extensions of the same vertex operator superalgfeby
with same type of strong generators. We expect that one caprave that they have to coincide by using
the Jacobi identity to show thab; 3 admits at most one such extension. We omit this long comiputat
and refer to the proofs ob[/, Thm. 3.1] and T4, Lem. 8.2] for similar arguments.

We shall instead demonstrate this coincidence of vertesabpesuperalgebras by proving that the simple
current extension oB_,/3 is a subalgebra ofW; 3. Since both vertex operator algebras have the same
type of minimal strong generating set, they must thereforeaide. We noted in Sectioa.3thatB§;3 is
contained insS; 3. Hence, we only need find one other generator of the groupnmblsi currents inside
sW13. We will now show that indee®., is contained irsW1 3.

For this, we use the notation afJ], while the spirit of the proof is closer to the arguments@i][ Let
F be the vertex superalgebra of a single free fermion. ConsidelatticeaZ & BZ, with a? = -2 =3
andaf = 0. ThesWq z-algebra is definedlf] as the kernel of a screening operafpacting on the tensor
product ofF and the lattice vertex operator alge©gy:

sW1 3 =kelg(Vaz ® F) = Pkerg(Fra @ F). (4.13)
nez
In particular, it is a subalgebra ®, 7.5z © F.

We denote the vertex operator corresponding to the highestht vector of the Fock modut&,q , mg
by e"@*+™_The odd triplet fields of conformal weiglgtare denoted b, H andF in [19] and they belong
to o ®F, Fo®F andJF_4 ® F, respectively. NowsWy 3 is simple [L9, Cor. 10.1], so it admits a non-
degenerate invariant bilinear formd] and thus every field of conformal weighimust possess a conjugate
field of same conformal weight such that their operator pcb@dpansion involves the identity field. For
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the super-triplet fieldE, the only possibility for the conjugate field ¥ so we have

a 0

E(2)F (w) ~ Z=wp + —w)

2+ (4.14)

for some non-zera. We rescalée and/orF so thata = —%.

Define now the field®(z) = E(2)e® € F,, 5 ® F and f(2) = F(2)e P € F_,_ ® F whose conformal
weights are botr% - % = 1. Leth(z) be the Heisenberg field &f;, normalised such that

h(z)e(w) ~ %, h(z) f (w) ~ %(WW) sothat  h(z)h(w) ~ (2_4\/,\,:;2'

(4.15)

Then, the fields, h and f generate an affine vertex operator algeKraith g = sl, and levelk = —%.
Suppose thaX is not simple, hence that it has a non-trivial proper idedlet v be a vector of minimal
conformal weight inl. Applying the zero-modes & or f if necessary, we may assume thvatass(,-
weight zero and hence belongs to the commutant of the Hegsgrileldh in X. However, we identified
this commutant as the simple supersinglet algebia in Section3.3, which obviously has no non-trivial
proper ideals. This contradiction proves tias simple, hence that = L_5/3(sl2).

We thus have the following inclusion of vertex operator alge:
L,2/3(5[2) - kerQ(V(a+B>Z ® F) (4.16)

Here, we have noted th@ annihilates botle and f. Decomposing the lattice vertex operator algebra into
Fock spaces now gives

kerQ(V(aH;)Z ®F) = @kerQ(anMnB & F) = @ kerQ(Cﬂw, QF)® Fon, (4.17)

nez nezZ
whilst the decomposition of the affine vertex operator atgeftoH @ C_5/3-modules is

L_23(sl2) = @D Csr1 ® Fon. (4.18)

nez

It follows that@ﬁn;l C kerg(Fng ® F), forall n € Z, and so the simple curre@tg;1 satisfies
Bri= P € CEPCo1 C Perg(Fna ®F) =Wy, (4.19)
ne2Z+1 nez nez
by (4.13. This proves that the simple current extensio8op 3 introduced above is isomorphic £dV 3,
as claimed.

We conclude by noting that the spectrum of irreduciBle, 3-modules comprises 6 di-type, 6 (in-
equivalent) ofD-type and 24 of -type. Summing over the orbits of the group of simple cusewe arrive
at 2, 2 and 8 inequivalestV; 3-modules (not accounting for global parities) whose propsrare sum-
marised in the following table:

L L D D & & & & & & & &
eO;l e1:2 e2/3;1,1 e5/3;2,1 eO;l;l e1/3;1;1 el;l;l e5/3;1_1 e0;2‘1 e2/3:21 e1;2,1 e4/3;2‘1
A 0 15 1 _L _1 _1 5 _1 -5 1 13 1
16 2 16 6 8 24 8 48 16 48 16

Sector| (NSNS (RR) | (NSNS (RR) | (NSNS (NSR) (RR) (NSR) (RNS (RNS (RR) (RNS

Here,A denotes the conformal weight of the ground states and “8Begites theN = 1 and supeld/3 sec-
tors as an ordered pair.

Finally, let us remark that our construction nicely compatie the very recent study ob§, Sec. 8].
There, thesW1 3 vertex operator superalgebra was realized as a cosetfaB superconformal algebra
which is itself a simple current extensionlof; 3(slz) [32]. While our construction is instead to first take
the coset and then perform the simple current extensiometiissations are otherwise the same.
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4.4, Standard Bg-characters and modularity. Given the decompositiong ), we can clearly sum the
characters3.4) of the standardy-modules to obtain those of the stand&idmodules.
Proposition 4.7. Given Assumptionsand?2, the characters of the standaRk-modules are
M(u,v)
X(I‘,S) (q) in 2/4k
@ &

To investigate the modularity of these characters, we dhtce the following theta functions associated
to the latticel:

ch[By;s] (a) = ch[Bj ] (a) = (4.20)

a2
Suza)= Y Zgt/* (uel). (4.21)
Aep+L

Writing z= ¢2%¢ andq = ¢2" as usual, the modular S-transforms of these theta functiengiven by

— __omikZ?
%ﬁw > e HKG, L] T). (4.22)
Ael’/L
To compare with characters, we shall need todset 0 (z= 1) and will then drop (or 2) from the
list of arguments. With this convention, it is obvious tHag theta functions are invariant under reflection
about zerog_,,;| (1) = J,4L(7), and translations ih. We shall refer to these properties as the affine Weyl
symmetry of the theta functions. Moreover, if we pet %|L’/L| = vw, then @.22 becomes

L ({/T]-1/1) =

2p-1

—iT —i : -
/; e ném/pgé/w_l_(r) = \/—1'[/208216195/\,“_(1'), (4.23)

V2p £
,/2—1pcosipm if £ € pZ,

S0, = (4.24)
\/% cos™M  otherwise

FmpvrL(—1/7) =

where

p
and we may restrianto 0,1, ..., p.

Since the standary-characters4.20 can be written in the form

M(u,v)(_[>

Xirs
h[Bﬁ rs} ( ) = (h)(T)

it is now easy to obtain their modular S-transforms. We ldbalt the S-matrix of the Virasoro minimal
modelM(u,v) is

19IJ+|_(T), (4.25)

M(uy) 3 _q\rs+r's vrurr’ urtss
S(r,s)(rf,s')— 2\/uv( 1) sin—— " sm—v (4.26)

where the entrieér,s) and(r’,s) run over the irreducibl®l(u, v)-modules of the Kac table Kéa,v), see
(2.17). As before, sums indexed B(u,v)-modules will always be assumed to run over Kag).

Proposition 4.8. Given Assumptionsand2, the modular S-transforms of the stand&gcharacters are

oh[ By (~1/7) = Z;)S 0 ) Sy CN[B e ] (T). (4.27)

Remark 4.9. Note that the S-matrix appearing i4.22 is symmetric whilst that of4.24) is not. This is
not unexpected because the standgrdharacters, as we have defined them, are not linearly imadiep.

4.5. Atypical Bg-characters. In principle, the decompositions of Propositiér8 also yield character for-
mulae for the irreducible atypicaBk-moduIesﬁfj;r and Bffms. For example, substituting the resolution
formulae from 8.10 results in the following expression for the former:

V-1 Xt (q) o
ch[Bﬁ.r] _ Z (_1)5—1 (rs) <q—()\+2mw—sk)2/4k_q—()\+2(m+l)w+sk)2/4k). (4.28)
' = @ & io
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Consider the double sum in this expression, rewritten irfdha

o 2 2
;Z Z <q—(u—sk+2w(€+m)) /4k7q—(u+sk+2w(2+m+l)) /4k). (4.29)
S

This sum is clearly not absolutely convergent, so we must take in how we manipulate its terms.

Note first that the left-hand side of.28 is invariant undep — —u, by Remark3.6and Propositiod.3.
The same must therefore be true for the right-hand side.aRieg cHB ;| by 3 (ch[Bj] +ch[B% ., ])
transforms the double sum infd A, sk(q) +A_,1sk(0)), where

A, (Q) :;Z Z (q (A —2w(¢+m)) /4k7q (A+2w(l+m+1)) /4k). (4.30)
€7, m=0

This will be identified (see Lemmad.10below) with a linear combination of the theta functiofig, | ,
u €L/, of (4.21) and their derivatives

Z0 -~ i 2
;&+L(ZaQ):*E;’9u+L(ZaQ):*%VSHA—L(LQ)JF/Z (2H 2wl g (H—2wh)7/ Ak (4.31)
€L

As usual, we may omit (or ¢) from the argument of these theta functions, understantthagit is then
evaluated ax= 1 (or { = 0). These specialised derivatives are affine Weyl-antisgirim beingL-periodic
and anti-invariant under reflectio?’ | (q) = -9/, (0).

We record the following easily proven identities for the ramthat follows:

8,.1(q) = %(q—(u—ZWz)ka_’_q—(u+2w(£+1))2/4k)7 (4.32a)

- (—2we)2 _ 2 w2
it (@) =~ B @)+ 3 (¢ 1) (q 2T g T 5 q 2T (a.320)

Lemma 4.10. ForanyA € L/, we have

A
M) =25} 0@ + (145 ) 910 (.39

Proof. Consider first the partial sum
(o] 0 B B 2 B 2
A;((Q) :/% Z (q (A —2w(f-+m)) /4k_q (A+2w(L+m1)) /4k). (4.34)
=0m=0

Replacingn by n = £+ mand swapping the order of summation gives

[

—(A— 2 _ 2
Ay (@) = 3 (1) (o -2wm/ak g 2wt 2)%/4)
n=

= 8]0 @) + O (@) + Y a2 (4.35)
n=0
by (4.32h).
Sending/ to —¢ — 1 and settingn = n+ 2¢ + 1 in the complementary partial sum
202 2 2
A (q) = g Zm WZO (q,(,\ —2w(+m))?/4k _ q-(A+2w(t+m+D) /4k) , (4.36)

we instead arrive at

o0 -1

A (q) = AL (q) +,ZD ; (q—u —2w(€+n))2/4k_q—()\+2w(2+n+1))2/4k). (4.37)
=0n=—-2/—-1
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Noting that for fixed¢, the summand indexed byprecisely cancels that indexed by2¢ — 1 —n, we see
that only then = —2¢ — 1 summand contributes. We conclude that

A5 (@) = AL (0) + 85 1 () —2 Izoq-“-w“k, (4.38)
by (4.323. SinceA, (q) = A (q) +A; (), the proof is complete. ]

Recalling that9,,,, and 19;, 4 are Weyl-symmetric and Weyl-antisymmetric, respectivelg can use
this result to express the character formudl28 as follows.

Proposition 4.11. Given Assumptionsand2, we have

v-1 X0 (q)
ch[Bz,](a) = ;(1)5_1%{ skl (@) =gk ()
— (v—9)k — 9k
K @ - YKy, i@ @)

forallr=1,...,u—landu =Ap=r—1 (modQ).

Remark 4.12. Equation 8.109 and Propositiort.3 imply that the characters of the remaining atypical
irreducibleBg-modules are given by

v—1

ch[B2s] (a) = slizsﬂ(_l)gfsflCh[Bﬁ_(sf_s)k;r,s'] (a) + (_1)V71750h[3ﬁ—(v—s)k;u—r} (a).  (4.40)

We shall not try to simplify this expression. As the standBgetharacters close on themselves under mod-
ular transformations, those of tHe-type By-characters will transform as a linear combination of stadd
andL-type Bx-characters if thé -type Bg-characters do. We therefore only need to demonstrateatidtr
for L-typeBg-characters.

4.6. Interlude: linear dependences. Now that we have the characters of tBéf;r in terms of theta func-
tions and their derivatives, it is in principle straightfi@rd to determine their modular S-transforms. To
this end, we shall analyse certain linear dependencesribatia the terms that appear in these characters.
We first note that we may restrict attention to the terms thatlive the theta function derivatives in the
character formula4.39 — the other terms may be expressed in terms of starBlagcharacters and these
S-transform into one another, by PropositiaB. We isolate these terms in the following definition:
e (6) = HHWM [
2 @

Note that these terms constitute the part of the atypicalutleocharacters of modular weight 1. The re-
maining part has modular weight O so there can be no (noiafirlinear dependences between the parts.

ikl (@ =3 g (@], p=r—1 (modQ).  (4.41)

Lemma4.13. Givenr=1,...,u—landuy =r—1 (modQ), we have
r[.l;l’ = ru+2w;r7 r/,l;r = rfu;n r/,l;r = (—1)Vilrw+/.1;ufr; r[.l;l’ = (—1)V71rwfp;ufr7 (4-42)
where we recall that w= —vk=2v—u.
Proof. The first two identities reflect the affine Weyl-antisymmaetfythe theta function derivatives. The
third uses, in addition, the Kac symmetry of the Virasoroimil model characters:
M(u,v)
sl Xpe ()
Cur(@) =3 (-1)° 1% ll+sk+L(Q)*79[1_sk+L(Q)}

v=1



26 JEAN AUGER, THOMAS CREUTZIG, AND DAVID RIDOUT

M(u,v)

= Xevoo @1, /
N V;(_l)V787l(r]T [BLH— (v— s)k+L(q) - 19;1—(v—s)k+L(Q)}
= X (@)
— (—1v? Z(*l)s—lw (9w e (@)~ skt ()] (4.43)

Note thaty =r —1 (mod Q) implies thatu +w=r—-1+2v—u=u—-r—1 (modQ), as required. The
fourth is obtained by combining the second and third. [

The first two relations 0f4.42) allow us to restricju to a fundamental domain of the affine Wey! group
Zo x 2WZ. We choose & p < w, remembering thgt must matchr — 1 in parity. Next, the fourth relation
states that we can always exchamder u—r, hence we may impoge< 3. If uis odd, then we are done.
If uis even, however, then we can slightly refine the analysisdting that whem = 4, the fourth relation
lets us exchangg for w— i, hence we may insist that < ¥ in this case (note that even implies thawv
is also even).

Consider the vector spadg spanned by thé& ,;, withr =1,...,u—1andy =r—1 (modQ). The
assertions above allow us to significantly reduce this siparset.

Proposition 4.14. A spanning set ofMs given by the elemenls,; with

uodd: p=0,1,...,w, r=12...,3u-1,
u=0,1,...,w, r=12...,3u-1 and
u even: W )
“:0717 '757 rizu,

subjecttoy =r—1 (mod Q).
We letB denote the set of pailg;r) satisfying these conditions.

(u-

1(w+1) if u is odd,
uw—3(v—1—u) ifuiseven.

Corollary 4.15. dim¢ Vg < |Bg| = {

N N

Remark 4.16. We believe that the spanning §&t,;r : (u;r) € By} of Propositiord.14is actually a basis,
hence that the upper bound of Corollaryl5is actually an equality. However, we have not tried to prove
this as it is not needed for the modularity result that fodow

4.7. Modularity of atypical By-characters. We turn now to the modular properties of the weight 1 terms
I";r of the characters of tlﬁﬁ;r, first determining the S-transform of the theta function\ddives

! d(

prl(C 7)) = *mﬁuﬂ(f | T). (4.44)

This is easily derived by differentiating Equatich22 with respect taZ, resulting in

Q)T | =1/1) = e 2k

ke @l0-Soaein]. @

IL"/L| AEDL
Specialising ta = 0 andu = m/v therefore gives
- _
vt (—1/T) = \/— /Zo mﬁm/pﬁé/vﬂ( —iT) 3/2; S us (T) (4.46)

where we recall thap = vw = v(2v— u) and have set

Sy =1+/= sm— (4.47)
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Because?é/v+L( ) =0, for¢ =0 or p, it is natural to restrict the range éfto 1,...,p— 1. However, the
S-matrix entries §, are 0 for botlY = 0 and/ = p, so these values may be included in the summation range
when convenient.

Theorem 4.17. Given Assumption$ and 2, the elements of Mlefine a finite-dimensional vector-valued
modular form with

Fur(=1/0) ==t 5 Sy T (1), [ (T+1) = 20O €297 . (1), (4.48a)
(W'5r7)€By

Whereéff;r was given in(3.13h,€=2— ?, By was given in Propositiod.14and

1 ifr'=Yandy’ € wz,
2A .y r’ )
St = e sin " cos"“k“ A =142 ifr'#Yandy’ ¢ wz, (4.48b)
1 otherwise.

Proof. The behaviour under the modular T-transform- 7 + 1 follows immediately from the relation
betweer ;;;r and the character d%ﬁ;,, noting that the conformal weights of the latter match thm‘s@ﬁ;,
(up to an integer) which were given in Propositi®8. We therefore turn to the S-transform.

From the definition4.41) of the weight 1 parts of the atypical characters, we deduat t

M(u,v) M(u,v)

v-1 Z(r’.s’)S ' X1 (T) _2 21 s
M (=1/1) = —i1 § (—1)s 122 09 0 AS) 27 e THMSINT20] ., (1), (4.49)
IJ,I’( / ) ;\( ) r’(.[.) \/Z) /; Z/VJrL( )

where the modular S-matrix &fl(u,v) was given in 4.26 and we have used the first equality df46).
The sum ovesis easily evaluated:

Y 1)rssm(ms's)sm—fs—v " cogm(r’ — 1)8) sin(— mtls) sin T3
2 2 v
v—1 s
= lem rr)\r/s,s)sm—
v—1

_ % 5. [cos v —£/v)) —cot v 4499

{i\—zl if E/V: :l:Ar/7$l (mOd Q),

(4.50)

0 otherwise.

We mention that the casg'v= Ay ¢ (modQ) and//v= —A ¢ (modQ), which would give 0 for this
sum, does not occur because it would require that2c Q, hence thaus € 2vZ, hences' € VZ.
The contribution td™;; (—1/7) from the/ satisfying//v= Ay ¢ (mod Q) is therefore
2p-1 XM(U,V)(T>
— 1) —imp/w2(S) 27 gr
uw Z /Z) sin/ e N I (T)- (4.51)
Z/V—A /=S/ (mod Q)
As the summands are manifestlp-periodic in/, the /-sum is over a full period — this is the reason we
use @.46 above instead of4(47). Writing //v=r'—1—ts =r'—1—ks (modQ), we setu’ = ¢/v+ks
so thaty’ =1’ —1 (mod Q) andp’ is 2w-periodic. The contribution4.51) now becomes
M(u,v)
_ L muu//kM :
UW Z Z ) s (T), (4.52)

w'=r l (mon)

where we have noted that 1)''e K = (—1)(H-1s = _(—1)S-1 sincey =r—1 (mod Q).
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For the contribution from thé satisfying//v= —A, ¢ (modQ), we likewise writey’ = ¢/v—ks so
that againu’ = —r'+1=r'"—1 (modQ) andp’ is 2w-periodic. This contribution now evaluates to the
same form as4.52 but multiplied by—1, because of the sign i®.60, and Withﬁ,ﬂugkﬂ replaced by
9y skiL- We therefore conclude that

M
X (1)

n(r)

2w—1 l‘

D= S S (- e

u'=r'-1 mon)

skt (1) = gy (D) |-

(4.53)
Suppose now thatis odd. Then, thér’,s')-sum over the Virasoro Kac table Kagv) may be expressed
as a double sum wheréranges from 1 to%(u — 1) ands ranges from 1 to — 1. In this case,

2 hant tﬂuu’/k
M (—1/1) = \/_ Zl Z sm [y (T). (4.54)
w=r'— (mod Q)
We can write this as a sum over the spanningBiebf Proposition4.14 by combining the terms with
p # O,wusingl s = o, Which follows from the first two identities ofi{42). This gives the values
of A and the modular S-transform of the theoremdadd.

If uis even, s is odd, then thér’,s')-sum may be expressed as the sum of two contributions, the firs
being a double sum with' ranging from 1 to — 1 ands' ranging from 1 tov— 1 while the second is a
single sum withr’ fixed aty ands' ranging from 1 to‘%l. The contribution fromr’ < 3 is analysed as in
theu odd case with the same result (the upper limit ofttheum is nows — 1).

The analysis of the contribution from = § is a little more intricate. First, note thatifis even, then
this contribution vanishes because(sir’t =) = 0. We may therefore assume thas odd, hence that
is even. We now compare tie= 5 contribution to .53 from a givens' to that fromv—s'. The latter is
M(u,v)

2w—1 ) , X (T)
s _q\v-s-1gj TV iy’ kA (u/2,v=5) / _ 9,
1T\/UW“Z=0( ) sin 2 ¢ n(r) [19H+V— )k+L(T) 19;1 —(v—s’)k+L(T)}
W'=u/2-1 (mod Q)
M(uv)
P \d-la, TV inuu//kX(U/ZS’)(T) ! Y,
= 1T —UWIJZ:O( 1) Sin 2 e 7’7(1_) |: “/+W+slk+L(T) 19[1/+W7$’k+L(T)i|
t'=u/2—1 (mod Q)
2w-1 M(uv) (1)
= —iT—— _qy¥-tgin MY gimu X (w/2s) / Y
- lT*/_UW“Z:o( 1)>~“sin 2 € na) [ kL (T) 79y’—s’k+L(T>}v (4.55)

w'=u/2-1 (mod Q)
where we have used the following factg:is odd,w and  are even, the theta function derivatives are
2w-periodic, and thet’-sum is over a full period. The contributions frasnandv — §' therefore coincide
forr odd and’ = 3. Ther’ = 3 contribution tol ;;r (—1/7) is then half that obtained by summiggirom
1tov—1. It therefore has exactly the same form as the genericrtaé¢ analysed above except for the
additional factor of}. n

An obvious consequence of this result is that the vectoresppanned by thie,;; and—itl ,; carries a

representation of the modular group. Recasting the chartmmimula of Propositiod.11in the form
vl —(v—9)k +(v—9)k
ch[‘Bﬁ;r] =Tr+ ) (“ -9 ch[B;; ] u

s=1

&
u+skrsl T 2w h[Bu skrs]) (4.56)
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and recalling Remar&.12 we conclude that the direct sum of this vector space anddidue af the standard
characters c[‘iBﬁ;r,s}, with p € L'/L and (r,s) € Kac(u,v), contains the characters of all the irreducible
Bi-modules and carriesRSL (2;Z)-representation.

Coroallary 4.18. Given Assumptions and 2, it follows that the characters of the irreducibBx-modules
are modular: they generate a representatiorP8L (2;Z) of dimension fu— 1)(v— 1) + 2dimVy < c.

Conjecture4.19. The vertex operator algebmy is C,-cofinite.

Remark 4.20. The C,-cofiniteness of triplet and super-triplet algebras is kngs, 19]. Moreover orb-
ifolds by finite abelian groups @,-cofinite vertex operator algebras are also known t€heofinite [76].

It follows thatC,-cofiniteness is established fBr1/, because is it isomorphic to the triplét; 5, B_4/3
because it is isomorphic toZ-orbifold of Wy 3, andB_5/3 because it is isomorphic toZz, & Z,-orbifold
of sWy 3 (assuming that the main result o7q] also holds for appropriate vertex operator superalgg¢bras
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