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Abstract A heterogeneous cascade of stable linear time-invariéasystems is stud-
ied in terms of the spatial and temporal propagation of bamdonditions. The
particular context requires constant spatial boundarylitioms to be asymptotically
matched by the interconnection signals along the string.,(&0 match supply to
demand in steady state). Furthermore, the transient respessociated with a step
change in the spatial boundary condition must remain bodirdeoss space in a
string-length independent fashion. With this in mind, afinite cascade abstraction
is considered. A corresponding decentralized stringi#tabertificate for the de-
sired behaviour is established in terms of the subsysienmorms, via Lyapunov-
type analysis of a two-dimensional model in Roesser formifigation of the certifi-
cate implies uniformly bounded interconnection signalgesisponse to the following
system inputs(i) a square-summable (across space) sequence of initialtioorsi
and(ii) a uniformly-bounded (across time) finite-energy input &abhs the spatial
boundary condition (e.qg., finite duration on-off pulse)elecentralized nature of the
certificate facilitates subsystem-by-subsystem desidpoal controllers that achieve
string-stable behaviour overall. This application of thelgsis is explored within
the context of a scalable approach to the design of dis&bdistant-downstream
controllers for the sections of an automated irrigatiomcted.

1 Introduction

Aspects of temporal and spatial stability are investig&teuhfinite cascades of stable
linear time-invariant (LTI) systems. Specifically, intermections of the kind shown
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in Figure[1 are studied. Such models arise in various agfgitaomains, such as
vehicle platoons [16]8,111/6/9,23]12], 13], air traffic coh28/1], supply chains [10,
7], and automated irrigation channeld [2, 26], for example.
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Fig. 1 Cascade of heterogeneous dynamical systems.

In Figure[d, the interconnection signal 1 at the output of subsysteim 0 is re-
lated to the interconnection signalat the corresponding input, according to an LTI
dynamic input-output relationshig,; 1 = Gju;. The corresponding spatial boundary
condition isug = d(t), whered(t) is a time-dependent input signal. The constant
valuew(i) is an input associated with non-zero initialization of aestspace realiza-
tion for G;. As such, the sequendev(0),w(1),...} constitutes a space-dependent
temporal boundary condition for a state-space realizatibthe cascade. An im-
portant aspect of such system interconnections is the nagtibinal propagation of
information in both space, from right to left as shown in Figld, and in time.

Many papers in the literature consider the propagation ahdary disturbances
and/or initial conditions along a chain or string of dynaatigubsystems. Early work
in this direction was carried out within the context of opginerror control for a
platoon of vehicled [16]. In ]3], “stability of a string” isedined in terms of requiring
bounded position error fluctuations that also tend to zesteady state, in response
to bounded initial conditions for all vehicles. Seel[13]&mecent overview of various
definitions of string-stability.

In this paper, cascades of the kind described above areestdidim the per-
spective olL,-to-L., string-stability. That is, in terms of desiring uniformlpbnded,
across time and space, interconnection signals in resgorismunded finite-energy
spatial and temporal boundary conditions. Limiting atigmto finite-energy bound-
ary conditions is motivated by the finite duration of typicmatial boundary in-
puts and the finite extent of cascades in practice. The iafiralscade abstraction
is nonetheless relevant, as uniformity requirements wishich a context translate to
time- and space-horizon independent bounds, which is itapbwithin the context
of long chains.

The main result is a decentralizég-to-L., string-stability certificate applicable
to heterogeneousascades, subject to the requirement that constant spatiald-
ary conditions are asymptotically matched by the interewtion signals along the
chain of subsystems. This is motivated by the operation wimated irrigation chan-
nels, where a steady-state objective at each flow regulatingture is to match the
downstream load, as may also arise in other application dmrghe string-stability
certificate involves verification of the location indepentigroperty that thél, norm
of the interconnection-signal transfer function of eachsystem be no greater than
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unity. This is more amenable to design and synthesis thanlgapgesponse based
certificates, which ensure a related but more stringemigsstability property([26,
25]. The main result extends earlier work reported in[[1R, tvhere the stability of
homogeneouplatoons of vehicles are studied in a similar fashion, viagynov-
based stability analysis (see eld. [8]) of a two-dimendi(@#D) Roesser model for
the cascade, although an analog of the steady-state mgiteljnirement is not con-
sidered explicitly therein.

The main result is also distinct from similar conditionslie fiterature in that the
correspondindd..-norm bound condition imon-strict as required to accommodate
the aforementioned steady-state matching requiremeliteithe strict norm-bound
conditions presented in [24[6, 5] for various notions ahsfistability. It is interesting
to note that the non-strict certificate developed here igsgary for the different no-
tion of string stability considered ih [21]. Indeed, thisselvation is presented in [21]
as a motivation for using bi-directional information exolga in vehicle platoons, as
it is not possible to achieve the necessary condition wiikdinectional information
flow. Bi-directional information exchange would be disadtzgges within the con-
text of irrigation channels, and other distribution netlsrin view of the typically
limited availability of downstream storage. It is also oft@that results of the kind
considered in[[155], which are also applicable to intercatioas of heterogeneous
subsystems, do not directly yield the unifotry bounds on the system response to
boundary conditions, as required here.

The decentralized nature of the string-stability certtficdeveloped in this pa-
per can facilitate the design of cascades on a subsystesmimystem basis. This
scalability aspect of the result is explored within the esthbf so-called distributed
distant-downstream control architectures for automategiation channels. Within
this context, it is desirable from an engineering perspedtr each distributed com-
ponent of the controller to be designed using only the moéiéh® corresponding
section of the channel dynamics. This can be advantagedesirs of the tractabil-
ity of systematic approaches to controller synthesis astegy maintainability.

The paper is structured as follows. Secfibn 2 sets some baition and prelim-
inary technical results. A 2-D Roesser model is then dewgldpr a heterogeneous
cascade in Sectign 3. The maiprto-L., string-stability analysis results, including the
aforementioned decentralized certificate, are present&détior{ #. Sectionl 5 con-
tains an application of the analysis within the context afation channel control-
system design. Some final remarks are provided in a condgdiation.

2 Notation and Preliminaries

The symbolZ. denotes the subsét € Z : i > 0} of the integersZ, R, denotes
the subseft € R : t > 0} of the real numberR, andC_ denotes the subsézr e C :
O(z) < 0} ofthe complexnumbeS = {a+ jB : a,B € R}, where[l(z) denotes the
real parta of z= a + jB andj := /—1. The symboR" denotes the linear space of
column vectors witn real-valued entriesFP*™ denotes the linear spagerow-by-
m-column matrices with entries ifi € {R,C}. A superscript denotes the (complex
conjugate) transpose of a matrix or column vector consilasearm x 1 matrix.
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Given a vectox = (Xq,...,%)* € R", [x|2 1= (z{‘zlxiz)% and |X|e := max{|x| :
i=1,2,...,n}. Note that|X|» < |X|]2 = v/X*x for all x € R". GivenA € RP*™ with
elementsyj € R, [|All2—2 1= SUp..o|AX2/|X|2 and|[Al|e—c = SUB..0 [AXw/[X|e =
max ¥ j &j. The set of eigenvalues éfis denoted by (A) = {A € C : Ax=AX, X#
0}. Clearly,A € 0(A) & —A € 0(—A) andA € 0(A) < (1+A) € (I + A), where
| denotes the identity matrix.

A symmetric matrixP = P* € R™" has eigenvalues that are real ahghx(P)
(resp.Amin(P)) denotes the maximum (resp. minimum) eigenvalue. It is Baibe
positive definite (resp. semi-definite)xfPx > cx*x (resp.x*Px > 0) for all x e R"
and some > 0, which is denoted bf > 0 (respP > 0). Also,P <0< —P > 0 and
P <0< —P > 0. Note thatP > 0 < Apin(P) > 0 andP < 0 & Apax(P) < 0. Given
P > 0, there exists a unique matrix0OP2 = (P%)* € R™N such thaP = P2P3.

L1 denotes the space of functionsR ; — R with ||x]|2 := (/& [x(t)[2dt)Z < co,
The space of functions: Ry — R" such that|X||. := sup |X(t)|« < ® is denoted
by L. Similarly, ¢5 and/g, denote the subspaces of sequences, — R" such that
IX]]2 = (T X(i )|2)2 < 00 and||X||e := sup |X(i)]e < o, respectively. The dimen-
sionn of the function value is often suppressed for convenience.

The following technical lemma, a version of which can be fim[13] for ex-
ample, is used subsequently in Lyapunov type analysis oDaRbesser model for
heterogeneous cascades.

Lemmal Let,Vs: Ry x Zy — R.IfV4(t,i) > 0, V(t,i) > 0and
Aft,i) = %(t,i)Jer(t,i +1)—Vs(t,i) <0

forall (t,i) e Ry x Z,, then
%Vttk<20\/tOk+/VSr0dr and ()

/Vsrldr</vsr0dr+zo\/tOk ?)

forall (t,i) e Ry X Zy.

Proof SinceA(t,i) <O forall (t,i) e Ry,
ot i t .
oszO/o A(T,k)dr:kZO(\/t(t,k)—\/t(O,k))+/() (Ve(T,1) — Ve(T,0))dIT,

Therefore,

i\/t(t,k)+/tvs(r,i)dr< i;\/t(o,k)—k/tVS(T,O)dr
K= 0 K= 0

whereby[(1) and{2) hold becauggt,i) > 0 andVs(t,i) > 0. O
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The following non-strict version of the so-called BoundegbRLemma plays a
role in subsequently establishing a decentralized sstadility certificate for hetero-
geneous cascades of stable LTI subsystems with ratiomasfenafunctions.

Lemma 2 Let G(s) = C(sl — A)~1B be a state-space realization of a strictly-proper
matrix transfer function, with & R™" Hurwitz (i.e.a(A) C C_).The following are
equivalent:

(D) [|Gllew := SUR (550 [G(S)[l2-2 = SURyer |G(j W) (|22 < 1;
(i) there exists a unique real matrix % X* > 0 such that

A X+ XA+ XBBX+C'C=0 3)
ando(A+BB'X) c C_UjR.
Proof |G|l < 1is equivalent to
P(jw) =1 - G'(jw)G(jw)

_C* i _ A1
:[B*(—ij—A*)ll][ %Cﬂ [(J"" A B} >0 (4)
Applying [31, Lemma 13.17]p(jw) > 0 for all w > 0 is equivalent to the existence

of a unique rea¥ = Y* < 0 such that
AY +YA-YBBY-C'C=0

ando(A—BB*Y) € C_ U jR. By taking X = —Y, this is in turn equivalent to the
existence oKX > 0 such that[(B) holds witr(A+BB*X) € C_ U jR. O

In the case that additional hypotheses on the state-spaltzatéon ofG hold, an
eigenvalue upper bound for the solution of (3) follows as marised below. This
bound also plays a role in subsequent analysis.

Lemma 3 Let G(s) = B(sl— A)~C, with Ac R™" Hurwitz, (A, B) controllable and
(C,A) observable; i.e(A,B,C) is a minimal realization of G). If |G|~ < 1, then
the unique positive semi-definite solution[df (3) such thgk+ BB*X) € C_U JR
also satisfies X> 0. MoreoverAmax(X) < 1/Amin(P), where P=P* ¢ R™" > 0is
the unique solution of

AP+ PA* + BB* = 0. (5)

Proof Since||Gl|» < 1, there exists a uniqué = X* > 0 such that[(3) holds with
o(A+BB"X) € C_ U jR by Lemmd®. Note thafC,A) observable implieX > 0.

To see this, suppose to the contrary tha{Xer~ {0} and observe the following: (a)
ker(X) C ker(C), which can be seen by left and right multiplyig (3) ¥yandx, to
yield Cx= 0 whenevek € ker(X); and (b)Aker(X) C ker(X), which can be seen by
right multiplying (3) byx € ker(X) so that using (a) it follows that Ax= 0 and thus,
Axe ker(X). In particular, (b) implies there exists#®x € ker(X) andA € o(A) C C_
such thatAx = Ax. Moreover,Cx= 0 by (a), which contradicts the hypothesis that
(C,A) is observable. As such, k&) = {0}, wherebyX > 0 as claimed.
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Now, letZ = X1 > 0. Using [3) yields
AZ+ZA + BB +ZC'CZ=0 (6)
and
A(Z—P)+(Z—P)A*+ZC'CZ=0, @)

whereP = P* is the unigue solution of{5), which satisfiés- 0 becausé is Hurwitz
and(A,B) is controllable; see [31, Lemma 3.18(iii)]. SinC&C > 0, it follows from
(@ thatA(Z — P) + (Z — P)A* < 0, wherebyl[31, Lemma 3.18(ii)] implied— P >
0. As such, X X 1—-p= X*%(I —X%PX%)X*%, which is equivalent to & | —
XZPX2Z. In particular, 0< Amin(l = XZPX2) = 1— Anax(XZPX2) = 1— Amax(XP),
whereAmax(X) > 0 or Amax(P) > 0 can be used to establish the last equality. The
inequality Amin(P)Amax(X) < Amax(XP), which holds by[[2l7, Theorem 2] & > 0
andP > 0, thus leads to the bourghax(X) < 1/Amin(P). O
Remark 1In Lemmal3, if(A,B,C) is also a balanced realization Gf so thatP =

diag g1, -+ ,0n) is a diagonal matrix of the Hankel singular value§adh descending
ordergy > --- > 0n > 0 andPA+ A"P + CC* = 0, thenAmax(X) < 1/0n.

3 A 2-D Roesser Model for Heterogeneous Cascades

Recall the cascade of heterogeneous LTI systems shownumeFlg Let
Gi(s) = C(i)(sl - A(i)) 'B(i)

be a state-space realization for the transfer function bégstem € Z., . In the fre-
guency domain,

Uit1(s) = Gi(s)Ui(s) + Hi(s)w(i) (8)

fori € Z, with Up(s) = D(s) andH;(s) := C(i)(sl — A(i)) %, whereU;(s) andD(s)
denote the Laplace transformsgfandd, respectively . In the time domain,
Xi(t) = A()xi(t) +B(i)ui(t),

Uia(t) = C(i)xi(t), )
with initial statex;(0) = w(i) and spatial boundary conditiam(t) = d(t). Defin-
ing the semi-statex (t,i) := x(t) andXs(t,i) := ui(t) yields the following mixed-
continuous-discrete spatially-varying 2-D Roesser m¢skst [30]):

%(t0) | _ [A®) B(i)| [x(ti) (10)

Xs(t,i+1) C(i) 0 | |xs(t,i)]’
with boundary condition(0,-) = w(-) andXs(-,0) = d(:). The evolution of the
semi-states given boundary conditiogf0, .) € ¢, andxs(.,i) € L» N L« is of partic-
ular interest in this paper.

Before proceeding, it is instructive to note that the afarationed steady-state
matching requirement considered in this paper simply tedes to the requirement
that lims_oG;j(s) = 1 for alli € Z... It is for this reason that sufficient conditions for
string-stability which need thE, norm of eachG; to be strictly less than unity (see
e.g. [24]) do not apply directly. This is overcome via thelgsia developed below.



Title Suppressed Due to Excessive Length 7

4 String-Stability Analysis

Consider the cascade shown in Figlure 1. Getlenote the rational transfer function
from the input signali; to the output signal;_ 1, at the LTI subsystem labelléd Z..,
which has initial statev(i).

Definition 1 The cascade in Figufé 1 is calleg-to-L., string-stable if there exists
finite constant®$1;, M», M3 > 0 such that the bound

[[Uilleo < Mg1]|d]]2+ M2||d]|e + M3]|W||2

holds for alli € Z, and arbitrary boundary conditiong =d € L,N L, andw =
{w(0),w(1),...} € £2.

The following theorem provides a sufficient condition fgrto-L., string-stability
in terms of appropriate state-space realizatioh§),B(i),C(i)) of the subsystem
transfer functionss; and the corresponding 2-D Roesser mofe] (10). This is used
subsequently to establish another sufficient, but impdstatecentralized, string-
stability certificate for the cascade.

Theorem 1 Given (A(i),B(i),C(i)) for i € Z, consider the spatially-varying 2-D
Roesser moddl (10). Suppose the following exist:

1. finite constant§,y,A,k > 0 such that, for all ic Z,,
IB()[leoen < B, IC(0) o0—o <y, @ND||€D|eor < k€A WE € RY;

2. positive-semi-definite matrix sequend®y0) =R (0)*,R(1)=R(1)*,...} and
{Ps(0) =Ps(0)*,P5(1) =Ps(1)*,...}, and finite constantas, Ay > 0 such that for
alli e Z.,

(@) Amin(Ps(i)) = As, Amax(R(i)) < Ay and 3 .
(b) Q(i) :==A(i)*R(i) + R(I)A() +A(i)"Ps(i + 1)A(1) — R(i) <0,
where
Ai) = {ég:g Bg)], B(i) = {Héi) g} and  Byi) = [8 Ps((’i)]. (11)

Then there exist finite constantg Ml,, M3 > 0 such that
X(t,1)|eo < Ma[[%(0,)]I2 +M2|[Xs(+, 0) (|2 + M3 Xs(+, 0) [|eo

for all (t,i) € Ry x Z; and arbitrary boundary conditionss§,0) € L, N L. and
xt(O,-) S 82.
Proof Let i (t,i) := x (t,i)*R(i)x(t,i) andVs(t,i) := xs(t,1)*Ps(i)Xs(t,i) for (t,i) €
R, x Z. . Using [10) and hypothesis 2(b), it follows that
T )+ Velti +2) V)
= x(t,1)* (AG) R () +RHAG) +AG)* Pu(i + DAG) — Pu(i))x(t, 1)
=X(t,)*Q(i)x(t,i) <0 forall (t,i) e Ry x Z. (12)
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Since\;(t,i) > 0 andVs(t,i) > 0, the inequality[(12) implie${2) holds by Lemia 1.
Combining this with the properties &(i) > 0 andR (i) > 0 identified in hypothesis
2(a) yields

t
/Oxs(r|)xsr|dr<—/vsr|

VrOdr+— VOk
_)\s/ s As & H(0.k)

)\1/xs(r 0)*Py(O)s(T, 0)o|r+Ai % (0.K) "R (K)% (0.K)
s s &
< 2RO s 0+ 1% 0. (13)

Now bearing in mind hypothesis 1, and noting t&0, -) € £ implies|x (0,i)|e <
[%(0,i)|2 < ||%(0,-)||2 for alli € Z, it follows that
[%(t,)|0 = +/ fOEDB(1)xs(T,1)dT|w

ke (0, .>|w+Ksup||B<>||M/‘e (T, 1)t

1

SKHXt(O,')II2+KB(/( At=1)\2q7)3 /|xS 1,i)2dr)? (14)

1—e 2)\t
< K% (0, 2+ KB ([ et (15)

< K|[%(0 ||2jL \//XSTIXSTI

< (02 + oo | 2 e 0B+ % @18 (16)
B\/_ KB+/Amax(Ps(0))
= %02+ el O an

forall (t,i) € Ry x Z.. In particular, [I%) holds by the Cauchy-Schwartz inedquali
(@I3) holds becauges(T,i)|» < |Xs(T,i)|2 and [I6) holds in view of(13).
Finally, note thaks(t,i +1) = C(i)x(t,i) by (I0). Hence,

Xs(t, i +1)]eo < SliJDHC(i)Hoo—»ooIXt(t,i)|oo < Y(Ha[%(0,-)]l2+ Kallxs(+, 0)|2)
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for all (t,i) € R} x Z., where [[I¥) and hypothesis 1 have been used. Moreover,
Xs(+,0) € Lo NLe implies |xs(t,0)|o < ||Xs(+,0)||- As such, it follows that
IX(E,1) e = Max{|X (t,1)]o, [Xs(t, 1) |eo }
< max{ H|x(0,-)[|2+ HzlXs(+, 0) |2,
max{y(H[% (0, -)[[2+ Hzl|Xs(+, 0)[2), [Xs(+, 0)[[eo } }
< max{1,y}ua[x(0,-)ll2 + max{1, y} Hz[|xs(-, 0) |2+ [[Xs(+, 0) [0
forall (t,i) € Ry x Z, as claimed. O

Theoreni and the following lemma lead to the main decemgdlstring-stability
certificate summarised in Theoréin 2 below.
Lemma 4 For all i € Z.., suppose that @s) := C(i)(sl — A(i))"1B(i) with A(i) €
R"0>n0) Hurwitz, and that| Gi||. < 1. Then there exist positive-semi-definite matrix
sequence$R (0)=R(0)*,R(1)=R(1)*,...} and{Ps(0)=Ps(0)*,Ps(1) =Ps(1)*,...}
such that

Qi) :=A()*R(i) + B()A®I) + Al Py(i + DA(I) — P(i) <0 (18)

for all i € Z,, whereA(i), R(i) and Ps(i) are as defined if{11). Specifically, take
Ps(i) =1and R(i) = R(i)* > 0 to be the unique solution of

A()R(1) +R()A(I) +R(1)B(I)B(i)*R (i) + C(i)*C(i) = 0 (19)
that satisfiesr(A(i) + B(i)B(i)*R(i)) € C_U jR.

Proof In view of Lemmd2, there exists a real matkxi) = X*(i) > 0 such that

XMHAG) + A1) X (1) 4+ X(i)B(i)B(i)*X(i) + C(i)*C(i) = 0. (20)
Applying the Schur complement to {20) gives
X(HA®) +A()*X (i) +C(i)*C(i) X(i)B(i
[ (AG) B((Ii))*x((li)) (°CO0) X (n)} <o 1)

Note that withR (i) = X (i) andPs(i) =,
. XA +AG)*X (i) +C(i)*C(i) X(i)B(i)
Qi) = [ B(Y*X (1) 2 } !
whereby[(211) implied(18). O

Theorem 2 Consider a cascade of stable LTI systems, as shown in Figutetl
Gi(s) = C(i)(sl — A(i))*B(i), with Ai) € R")>*"() Hurwitz, be a minimal balanced
realization for subsystemd Z., and suppose that the following hold:

1. there exists a constagt> 0 such that the minimum Hankel singular value of G
satisfieso,;) > ¢ foralli € Z...
2. there exist finite constanfs y, A, k > 0 such that

IB(0)[|eo—e0 < B, [C(1) ][00 < y aNd||€]|eo.co < k&M for all (t,1) €Ry X Zy..
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If ||Gi||l < 1foralli € Z,, then the cascade isto-L.., string-stable in the sense of
Definition[d.

Proof Let ||Gi|l» <1 foralli € Z,, so that in view of Lemm@&l2, Lemnia 3, Remftk 1
and hypothesis 1 above, the unique solutioff) > 0 of (I9) such that (A(i) +
B(i)B(i)*R(i)) € C_U R also satisfie& (i) > 0 andAmax(R (i)) < 1/¢foralli € Z,.
Using Lemmd# and hypothesis 2, it follows that Theofdm 1 iappb yield the
required bound on the semi-state evolution of the corredipgr2-D Roesser model
(I0), given boundary conditiong(-,0) = d € Lo N L, andx (0,-) =w € ¢». As such,
the result holds since (t) = xs(t,i). O

5 Distant-Downstream Control of Irrigation Channels

| |
| |
| |
: C(y) 1< Fi(s) [ :
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| ki |
| - |
| s |
| |
| |
| |
Ui | 1 Vi
-« ! > — > < |
- I g e +U_‘ |
| |
| |
| |

Fig. 2 Section (pool) of an irrigation channel under decentrdlidistant-downstream control.

Irrigation channels are used around the world to distrilneteh water for agricul-
ture. The channels are typically sectioned into pools thrateh between gates that
can be adjusted to locally impose gravity-powered flow ddreasn and at supply
points. Figurd 2 shows the block diagram for a section of aoraated irrigation
channel that has a so-called distant-downstream conthbitaecture([4,22,29,20,17,
19/25]. The local feedback controll€r(s) is used to regulate the water-lewglat
the downstream gate, which reflects the capacity of theasetdisupply flow locally
and downstream, under the power of gravity. This is achiev@@djustment of the
inflow u; at the upstream gate, in response to variation of the outibaa ;. The
controlled inflowy; is a load on the upstream section. A correspondingly auteenat
irrigation channel is therefore a cascade of subsystentsadkind shown in Figurigl 2.
Importantly, the distant-downstream control architeetwanslates to demand-driven
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Table 1 Pool model and controller parametens- 0,1,2,--- .

Pool Model Parameters

Controller Parameters

Pool numberij time-delay(;) ki Ki pi Z
5n+1 8 1/22414 | 101.25 ¥87  1/77
5n+2 3 1/11942 | 329.74 350 1/30
5n+3, n+4 ntb 16 1/43806 | 65 /152 1/128

release of water from upstream storage, which has merit fnowperations perspec-
tive in light of the limited availability of storage in the ahnels.

In this section, a heterogeneous channel of pools with fipatidbns as in Tablel 1
are considered, where the pool delay and integrator coretadenoted by, andk;,

respectively, and Pl controller is representeds) = K (5+2) for gach pool.

s(s+pi)

The conventional decentralized distant-downstream obatrchitecture corre-
sponds toF;(s) = 0 in Figure[2. For a homogeneous channel and integral action
in identical decentralized controlle€s), transient flow peaks produced along the
channel in response to a step increase in downstream flovanapéifiedas these
propagate upstrearn [18,2]. Indeed, it is not possible toeaeh| G|l < 1, where

G= C(s)k/s

TIc(9ke 575 is the transfer function from outflowto inflow u. Even in the case
of heterogeneous channels, under a purely decentraliztantidownstream con-
trol architecture transient water flow peaks can be amplifisdshown in Figurgl 3
for the channel and controller data summarised in Table 1e lthmat in this case,

|Gyl = 1.66,

Go|e = 2.16,

Gsllew = [|Gal|e = || Gs||c = 1.836, and so on.

200

Deviation from nominal flow at upstream gates (mslmin)

-150 -

100 200

300 400 500
Time (min)

600 700 800

900

Fig. 3 Response of channel under decentralized distant-dovanstoentrol — i.e.F(s) = 0 andCi(s) =

- (st7)
s(stpi)-
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As first considered in[26,25], the local feed-forward coliér F(s) provides
scope for shaping the transfer functi@y(s) from v; to u; for each section of the
automated channel, as desired. Of course, there is a pripaytothe steady-state
offset in water-level relative to a constant reference fetep increase in flow load
becomes non-zero. For a given Pl controlgs) (i.e., givenK;, z, p; > 0), a desired
stable strictly-proper transfer functi@ (s), which must satisf{s;(0) = 1 to ensure
steady-state matching of inflow to outflow, can be achievesdting
_ ki ) —STj Gi (S)
=3 (1-Gi(s)e ®1) c© (22)
Note that (s) is stable, becausg (s) is stable(1— Gj(s)e ") has at least one zero
ats= 0 and the zero ofi(s) has negative real part. Note that it is also reasonable
to use a rational approximation of the delay transfer fuomo#~S%, provided the er-
ror is sufficiently small up to the loop-gain crossover freqay, as the closed-loop
behaviour is insensitive to such modeling uncertainty.éx@mple, the Padé approx-
imation(1—st1;/2)/(1+ sti/2) is acceptable provided the controller g&rand cor-
responding loop-gain crossover frequency are sufficiesttigll, which is necessary
to achieve reasonable control performance and robustngssg [17].

Fi(s)

Deviation from nominal flow at upstream gates (malmin)

400 500
Time (min)

Fig. 4 Response of channel under decentralized distant-dovanstomntrol withF(s) set as in[(2R) so
thatGi(s) = 1/(20s+1),Gz(s) = 1/(10s+ 1),Gz(s) = Ga(s) = Gs(s) = 1/(40s+1), - .

By TheoreniP, choosinB;(s) to achieve||Gi||. < 1 for each pool would imply
Lo-to-L., string-stability of the automated channel. That is, umiftyrbounded flow
peaks in response to finite-duration step-changes of flod. loae possible choice
is Gi(s) = 1/(Tis+ 1) for some time-constarf > 0; noteG;(0) = 1. In this case,
llgill1:= [y |gi(t)|dt < 1, whereg;(-) denotes the impulse response associated with
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the transfer functior; (i.e. gi(t) = e /T here). In fact,gi[|1 < 1, which implies
||Gillo <1 (in general), is a condition that ensures non-amplificatib peaks as
these propagate; sele [26]. This is illustrated in Fidure Mere again a 17#min
step change in the outflow of the bottom pool is considered.

With F(s) selected to achiev@; (s) = 0.03/(s?4-0.28s5+0.03), Go(s) = 0.06/ (s
+0.355+ 0.06), and Gz(S) = G4(s) = Gs(s) = 0.01/(s> + 0.15s+ 0.01), one has
Gi(0) = 1 and||Gj||» = 1 for all i. Thus,L,-to-L., stability would be achieved by
Theoreni2. The controlled flow responses to a 4/min step change in the outflow
at the bottom pool are shown in Figuigs 5 and 6. It can be segnwhile there is
amplification of flow peaks as these propagate along the togtmols, this does not
persist and the peak flows remain uniformly bounded alonghla@nel as expected.

Deviation from nominal flow at upstream gates (ma/min)

0 100 200 300 400 500 600 700 800 900
Time (min)

Fig. 5 Response of channel under decentralized distant-dovanstoantrol withF (s) set as in[(2R) so
that |G|l = 1.

6 Conclusion

An Ly-to-L. string-stability property is defined and analyzed for a tegeneous
cascade of stable LTI subsystems, subject to the requireiragrihe interconnection
signals match the constant spatial boundary conditionseimdy state. A sufficient
condition is established in terms of state-space reatizatior the subsystems. This
is subsequently used to develop a decentralized striflistzertificate, which sim-
ply involves a location independent bound on the norm of the transfer function
relating the interconnection signals associated with satisystem. An application
of this is explored within the context of scalable distanwdstream controller design
in irrigation channels. It would be of interest to understé#rthe H., norm condition
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Deviation from nominal flow at upstream gates (mslmin)

Time (min)

Fig. 6 Response channel under decentralized distant-downstreatrol with F(s) set as in[(2R) so that
||Gillee = 1(zoomed in).

is necessary fok,-to-L., stability of homogeneous cascades. The robustness prop-
erties of the presented local feed-forward approach tefgatg the decentralized
string-stability certificate within the context of irrigah channel control-system de-
sign also requires further investigation.
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