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Abstract

It is well-known that for a class of minimum-phase relative degree one linear-time-invariant (LTI) systems, with a unit feedback
control structure, overshoot necessarily happen if the plant transfer function has poles at origin or unstable poles. This work
aims to overcome this overshoot performance limitation (OPL) by using a novel reset controller, which has a generalized first
order reset element (GFORE) structure. By tuning parameters of this reset controller carefully, the non-overshoot performance
can be ensured. Furthermore, the implementation of the proposed reset controller with a high-pass filter is provided. Parameter
tuning guidelines are also provided and, finally, the proposed design is verified with a simulation example.
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1 Introduction

The concept of reset control was first proposed by Cleg-
g in [1] who introduced the so-called Clegg integrator: a
linear integrator and a reset mechanism which resets the
state of the integrator to zero when its input and out-
put have opposite sign. This reset mechanism provides
a describing function of the Clegg integrator similar to
the frequency response of a linear integrator but with
only 38.1◦ phase lag. It was suggested by Clegg that this
property could overcome some of the fundamental per-
formance limitations of linear control, but it was not un-
til 1990s that this idea was confirmed by an example in
[2]. The Clegg integrator was generalized in [3], where
the first order reset elements (FORE) was introduced
together with a systematic design procedure. The early
work on reset control was summarized in [4].

Since the late 1990s, there has been a renewed interest
in reset control systems. Various stability analysis and
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transient performance improvement results are reported
in the literature [5–8], and several experimental applica-
tions of reset control such as regulation of exhaust gas
recirculation (EGR) valve [9], process control [10] and
networked control systems [11] are also presented. The
majority of the above-mentioned literature has focused
on the stability analysis of the reset control systems as
resetting might lead to unstable performance, and the
“zero crossing” reset models were used.

In [12], different from FORE, a new reset model was pro-
posed under hybrid systems framework [13], and a clock
variable was introduced to avoid the Zeno phenomenon.
This model allows flows and jumps on more complicated
closed sets, which results in more favourable properties
of reset systems [14–19]. For instance, the L2 stability
analysis of reset systems was first presented in [14], expo-
nential stability analysis results with explicit Lyapunov
functions and piecewise quadratic Lyapunov functions
were given in [17]. Recently, a novel FORE model was
proposed in [15], and for this latter a strictly decreasing
Lyapunov functions at jumps can be constructed. The
performance improvement of reset control systems has
been addressed in [18], in [19] L2 disturbance attenua-
tion performance of linear systems was reported. More
analysis and synthesis results for reset control systems
can be found in the recent survey paper [20].

Although reset control is well-known for its ability to
overcome the performance limitation of linear controller
for linear systems, as demonstrated in a few examples
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[2],[21],[22], there is no systematic procedures to design
reset laws with a specific objective.

This paper focuses on proposing new reset control laws
that can overcome the overshoot performance limitation
(OPL) without sacrificing the stability. This is motivat-
ed from engineering applications in which overshoot is
unacceptable. Classic examples in flight control are the
landing and taking off maneuvers, in which an overshoot
of the pitch angle can have a disastrous effect. In order to
overcome OPL, the tracking error cannot change its sign
during the transient response. Hence the reset control
law will depend on the tracking error e(t) and its deriva-
tive ė(t). This leads to a novel reset control algorithm
which is a generalized form of FORE. The main result of
this paper shows that through a careful selection of the
parameters, the proposed reset controller can overcome
OPL and achieve semi-global practical asymptotic sta-
bility. When the derivative of the tracking error is not
directly measurable, a high-pass filter is introduced to
approximate ė(t). The tuning guideline of the proposed
reset controller, as well as the design trade-off are also
provided. The effectiveness of the proposed reset con-
troller is demonstrated through a numerical example.

The rest of this paper is organized as follows. Prelimi-
naries and problem formulation are given in Section 2.
A GFORE is proposed in Section 3. Section 4 presents
the main results including practical stability and non-
overshoot performance, and the implementation of the
proposed reset controller. Section 5 presents a system-
atic parameter tuning procedure. Section 6 provides an
illustrative example and Section 7 concludes this paper.

Notation: The set of real (integer) numbers is denoted
as R (N). sup{S} denotes the supremum of a set S. |x|
denotes the Euclidean norm of x. Given a state variable x
with jumps, its derivative with respect to time is denoted
as ẋ. At jump instants, we denote the value of state after
the jump by x+, and the value of the state before the
jump simply by x. B denotes the closed unit ball in a
Euclidean space of a given dimension. For a set S ∈ Rn,
denote |x|S := infy∈S |x − y|. sgn(·) denotes the sign
function. dom(x) denotes the domain of x.

2 Preliminaries and Problem Formulation

Fig. 1. Unit feedback control structure.

In this work, we are interested in a class of single-input-
single-output (SISO) LTI systems with closed-loop
structure shown in Figure 1. The plant and controller
are represented by transfer functions G(s) and C(s)
respectively. u is the control input and y is the plant
output. The reference set-point is denoted as r, which
is assumed to be constant. Assuming that C(s) can

stabilize the loop, the following performance index is
introduced to characterize the transient performance of
the closed-loop system in Figure 1.

Definition 1 Define the error e(t) = r − y(t), then,
the steady-state error ess of the closed-loop system in
Figure 1 is defined as the difference between the reference
r and the output y(t) as t → ∞

ess = r − y(∞). (1)

Remark 1 In this work, we assume that e(t0) (t0 de-
notes the initial time) is known and it is non-zero. In the
context of overcoming overshoot performance limitation,
this assumption is very natural. As pointed out in [23],
if e(t0) = 0, overshoot always appears.

Definition 2 The overshoot of the closed-loop system
in Figure 1 is defined as the maximum value by which the
output exceeds its final set-point value

yos = sup
t≥t0≥0

{−e(t)sgn(e(t0))} . (2)

2.1 Fundamental limitations of linear control

According to [24], the performance of the closed-loop
system in Figure 1 will exhibit some fundamental limi-
tations as summarized in the following propositions.

Proposition 1 [24] (Open-Loop Integrators) Suppose
that the closed-loop system in Figure 1 is BIBO stable 1 ,
and r ∈ R is the reference signal. Then the following
statements hold.

(a) If lim
s→0

sG(s)C(s) = c1, where c1 is a non-zero con-

stant, then
∫∞
0

e(t)dt = r
c1
.

(b) If lim
s→0

s2G(s)C(s) = c2, where c2 is a non-zero con-

stant, then
∫∞
0

e(t)dt = 0.

Moreover, both cases ensure zero steady-state error. ◦
Remark 2 When there exists a single open-loop inte-
grator, integral equality in item (a) does not imply the
existence of the overshoot of the step response y. How-
ever, according to [2, Proposition 1], when the rise time
tr > (2/c1), the step response y necessarily overshoots.
When there exist double open-loop integrators, equation
(2) and integral equality in item (b) ensure that the step
response y overshoots.

Proposition 2 [24] (Open-Loop Unstable Real Poles)
Suppose that G(s) has a real pole at s = p, p > 0 and
r ∈ R is the reference signal. If the closed-loop is BIBO
stable, then∫ ∞

0

exp(−pt)e(t)dt = 0,

∫ ∞

0

exp(−pt)y(t)dt =
r

p
. (3)

1 [24], Section 1.2. BIBO stable means that a bounded input
produces a bounded response.
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Remark 3 If the plant G(s) has an unstable real pole,
the error e will have a change of sign. This implies that
the step response y will overshoot.

It is worthwhile to highlight that the main focus of this
paper is non-overshoot tracking performance. We might
have to sacrifice some other performance requirements,
such as the zero steady-state error. However, the achieve-
ment of non-overshoot tracking performance and arbi-
trarily small steady-state error is also limitation of linear
control.

Corollary 1 (OPL of Linear Systems) Suppose that the
closed-loop system in Figure 1 satisfies the conditions in
Proposition 1 or Proposition 2, and that the closed-loop
is BIBO stable. Then, for the following two cases:

(a) There exists an integrator in G(s)C(s) and the rise
time tr > (2/c1);

(b) There exist integrators in G(s)C(s), or G(s) has a
real pole at s = p such that p > 0.

For any given δss > 0, there does not exist controllerC(s)
such that yos = 0 and ess ≤ δss hold simultaneously.

Proof: From the results of Proposition 1 and Proposi-
tion 2, yos = 0 cannot be achieved by any LTI controller
C(s) in the case of (a) or (b), so, yos = 0 and ess ≤ δss
cannot hold simultaneously. 2

2.2 Minimum-phase relative degree one plant

We assume that the plantG(s) has minimum-phase with
a relative degree one. This class of plants can be con-
trolled through controlling a first-order subsystem, be-
cause based on the well-known concept of zero dynam-
ics [25, Chapter 4.3], there exists a special state-space
representation for G(s) resulting as follows [25]:

P :

{
ż = Azz +Bzyy,

ẏ = apy + bpu+ Czz.
(4)

where y ∈ R is the output dynamics, z ∈ R(np−1) is the
zero dynamics, and u ∈ R is the control input.

Note that the plant (4) is minimum-phase, hence Az is
Hurwitz, bp is a non-zero constant and without loss of
generality we assume bp > 0. Once G(s) is known, we
can obtain (Az, Bzy, Cz, ap, bp) [25].

In this paper, we consider the unit feedback control
structure with the minimum-phase relative degree one
plant (4). The objective is to achieve non-overshoot out-
put tracking performance when the plant possesses inte-
grators or unstable real poles. However, due to the per-
formance limitations presented in Corollary 1, such per-
formance specification cannot be achieved by linear con-
trol, but possibly by reset control. The proposed reset
control structure is shown in Figure 2 and our objective
is to design it to achieve non-overshoot output tracking
and overcome the performance limitations presented in
Corollary 1.

Fig. 2. Closed-loop control system with reset control (RC).

3 Reset Controller Design

Several types of reset controllers exist in literature and
majority of them contain a FORE. Thus it is instructive
to revisit the main FORE models before introducing the
proposed reset controller.

(a) The first one is taken from [3] and is described by
the following equations{

ẋr = acxr + bcur, ur ̸= 0,

x+
r = 0, ur = 0,

(5)

where ac and bc are respectively the pole and input
gain of the FORE, and xr ∈ R and ur ∈ R are
respectively the state and input.

(b) A second FORE model was proposed in [12], which
allows resets on more complicated sets and a tun-
ing parameter ρ is introduced to prevent Zeno be-
haviour.

τ̇ = 1,

ẋr = acxr + bcur,

}
If urxr ≥ 0 or τ ≤ ρ,

τ+ = 0,

x+
r = 0,

}
If urxr ≤ 0 and τ ≥ ρ. (6)

(c) The model (6) is further extended in [15]

τ̇ = 1,

ẋr = acxr + bcur,

}
If εu2

r + 2urxr ≥ 0

or τ ≤ ρ,

τ+ = 0,

x+
r = 0,

}
If εu2

r + 2urxr ≤ 0 and τ ≥ ρ. (7)

where the tuning parameter ε ∈ R is introduced
to tilt the boundary between the flow set and the
jump set. The extra design parameter ε provides
more flexibility in selecting Lyapunov functions.

Note that only stabilization or set-point tracking were
considered with the above FOREs. In order to achieve
non-overshoot performance, a new FORE model is p-
resented next. The non-overshoot performance requires
that the tracking error cannot change sign [23]. Thus,
besides the tracking error e(t), its derivative information
is also needed to design an appropriate reset rule. This
new reset controller is a generalization of the FORE and
we named it GFORE. More precisely, unlike the FORE
that possesses a single input, the GFORE input includes
two signals: (v1, v2). These signals are defined as:

v1 = e, v2 = ė (8)

3
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where e is the tracking error (e = r−y) and ė its deriva-
tive. The flow set F and the jump set J are defined as
follows

F := {(xr, v1, v2) ∈ R× R× R|εv21 − 2v1v2 ≥ 0},
J := {(xr, v1, v2) ∈ R× R× R|εv21 − 2v1v2 ≤ 0}.

(9)

Similar to (7), the parameter ε > 0 is a small constant
that is used to tilt the boundary between the flow set
and the jump set. This leads to the following GFORE,

τ̇ = 1
ẋr = acxr + bcv1

}
If (xr, v1, v2) ∈ F or τ ≤ ρ,

τ+ = 0

x+
r =

1

bp
(v2 − α) + xr

 If (xr, v1, v2) ∈ J
and τ ≥ ρ,

(10)

where bp is the input gain from (4). In the GFORE (10),
(ac, bc, ε, ρ, α) are tuning parameters and the output is
xr. The role of (ac, bc) is similar to that in (7): ac is
the pole and bc is the input gain of the GFORE. The
parameter α plays an important role in achieving non-
overshoot performance, and it is used to change the sign
of ė(t) at jumps. From this part over, and without loss
of generality, we assume the following.

Assumption 1: The initial condition v1(t0) > 0.

Remark 4 As discussed in Remark 1, the initial error
e(t0) must be known, and we set the parameter α to have
the same sign as this initial error.

Fig. 3. Flow and jump sets.

Figure 3 shows the flow and jump sets defined in (9). A
sample trajectory starting from the flow set (black dot)
is given to show the dynamic behavior.

Remark 5 The GFORE (10) uses a different choice of
v1 and v2 than other FOREs. In particular, letting v1 =
e, v2 = −bpxr, α = 0 and ε̃ = ε/bp, we have x+

r = 0 and
εv21 − 2v1v2 ≥ 0 ⇔ ε̃e2 + 2exr ≥ 0. In this case, the
GFORE (10) is the same as the FORE (7). If we further
let ε = 0, the GFORE (10) is the same as the FORE (6).
This shows that (10) is a generalized FORE and the α
parameter provides extra freedom to overcome OPL.

4 Main Results

4.1 Stability and non-overshoot performance

The plant (4) and GFORE (10) are interconnected with
u = xr, e = r−y and (8). The arising closed-loop system
can be written in the following form

τ̇ = 1

ẋ = Ax+Br

}
If x ∈ F or τ ≤ ρ,

τ+ = 0

x+ = Arx+Brα

}
If x ∈ J and τ ≥ ρ,

y = Cx

(11)

where x := [zT y xr]
T ∈ Rn, C = [0 1 0] and

F = {x ∈ Rn|(x− Er)
TM(x− Er)− 2ap(x− Er)

TEr ≥ 0}
J = {x ∈ Rn|(x− Er)

TM(x− Er)− 2ap(x− Er)
TEr ≤ 0}

A =


Az Bzy 0

Cz ap bp

0 −bc ac

 , B =


0

0

bc

 , Ar =


In−2 0 0

0 1 0

−Cz
bp

−ap

bp
0

 ,

Br =


0

0

− 1
bp

 , Er =


0

r

0

 ,M =


0 −CT

z 0

−Cz ε− 2ap −bp

0 −bp 0

 .

The reset controller design consists of two steps: (1)
Design parameters (ac, bc, ε, ρ

∗ 2 ) such that for any ρ ∈
(0, ρ∗], the closed-loop system with α = 0, r = 0 is expo-
nentially stable; (2) Design parameter α such that the
non-overshoot tracking performance can be ensured for
sufficiently small ρ ∈ (0, ρ∗].

The next proposition (similar to [15, Theorem 3]) shows
that with α = 0, r = 0 and appropriate (ac, bc), expo-
nential stability of the closed-loop system conditionally
to hierarchically small (ε, ρ) 3 can be achieved.

Proposition 3 Let α = 0 and r = 0. For any Hurwitz
matrix Az in (4), there exits a parameter pair (ac, bc)
and a positive constant ε∗ such that for each ε ∈ (0, ε∗]
there exists ρ∗ such that for any ρ ∈ (0, ρ∗], the solutions
of the reduced system

τ̇ = 1
ẋ = Ax

}
If xTMx ≥ 0 or τ ≤ ρ, (12)

τ+ = 0
x+ = Arx

}
If xTMx ≤ 0 and τ ≥ ρ.

satisfy the following inequality:

|x(t, j)| ≤ m|x(t0, 0)| exp(−lt), ∀(t, j) ∈ dom(x). (13)

2 ρ∗ is a design parameter that denotes an upper bound for
ρ. How to choose ρ∗ is discussed in Proposition 3.
3 For the definition of “exponentially stable conditionally to
hierarchically small (ε, ρ)”, see [15, Definition 1].
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where x(t0, 0) is defined on hybrid time domain 4 , and
(m, l) are positive constants. That is the origin of the
system (12) is exponentially stable conditionally to hier-
archically small (ε, ρ).

Next semi-globally practically asymptotically stable
(SGP-AS) properties are provided for the hybrid system
in (11).

Definition 3 [27] A compact set A is said to be SGP-
AS for the closed-loop system (11) as α → 0, if there
exists β ∈ KL and for each µ > 0 and ν > 0 there exists
α∗ > 0 such that, for each α ∈ (0, α∗], each solution x of
(11) that satisfies |x(t0, 0)|A ≤ µ also satisfies

|x(t, j)|A ≤ β(|x(t0, 0)|A, t) + ν, ∀(t, j) ∈ dom(x).

In this work, the compact set (or attractor) A has the
following form, which is obtained by lettingAx+Br = 0
and noting that the corresponding tracking error e is 0.

A :=

{
x ∈ Rn|x =

[
−(A−1

z Bzyr)
T r 0

]T}
(14)

What follows is the first main result of the paper.

Theorem 1 (SGP-AS) Consider the closed-loop system
(11). Let r ∈ R. Suppose that the compact set A defined
in (14) is exponentially stable for the reduced system (12)
with respect to β ∈ KL. Then, the compact setA is SGP-
AS as α → 0.

Define λ =
[
01×(n−2) 1 0

]T
, we have λTx ≤ r ⇔ v1 ≥

0 ⇔ r − y ≥ 0. The next theorem states that the non-
overshoot output performance can be achieved with the
proposed reset controller.

Theorem 2 (Non-overshoot performance) Consider
the closed-loop system (11). Suppose that Assumption 1
holds, and the parameters (ac, bc, ε, ρ

∗) are such that the
reduced system (12) is exponentially stable with respect
to β ∈ KL. Then, there exists α∗ > 0 such that for each
α ∈ (0, α∗], there exists sufficiently small ρ ∈ (0, ρ∗]
such that A is SGP-AS as α → 0 and the following set

Sv := {x ∈ Rn|λTx ≤ r} (15)

is positively invariant 5 . That is the output response y
tracks the reference r without overshoot.

Remark 6 It is known from Proposition 3 that the re-
duced system (12) is exponentially stable for any ρ ∈
(0, ρ∗], where ρ∗ is an upper bound for ρ. Hence, once

4 A hybrid time domain is a subset of R≥0 × N, and it is
the union of finitely/infinitely many intervals of the form
[tj , tj+1]×{j}, with the last one possibly of the form [tj ,∞)×
{j}. More details about hybrid systems can be found in
[15],[26].
5 A set S ⊂ Rn is positively invariant if for all x(t0, 0) ∈ S,
x(t, j) ∈ S for all (t, j) ∈ dom(x).

ρ∗ is known, the parameter ρ can be arbitrarily adjusted
in the range ρ ∈ (0, ρ∗] while preserving exponential sta-
bility. This property provides an extra degree of freedom
that can be used to achieve non-overshoot performance
as shown in Theorem 2.

In many engineering applications, the differential signal
v2 = ė = v̇1 is usually not available for feedback, how-
ever, a high-pass filter (approximate differentiator) can
be used to estimate ė as presented in the next section.

4.2 Implementation with high-pass filter

Fig. 4. Implementation of the reset controller with a GFORE
(10) and a high-pass filter (16).

A high-pass filer s
σs+1 (see Figure 4) is used to estimate

the signal v2. The estimate ṽ2 satisfies the following re-
lation:

σ ˙̃v2 = −ṽ2 + v̇1 = −ṽ2 + v2 (16)

where σ > 0 tunes the filter bandwidth. Replacing v2
with ṽ2, we have the following new flow set and jump set

F̃ := {(xr, v1, ṽ2) ∈ R× R× R|εv21 − 2v1ṽ2 ≥ 0},
J̃ := {(xr, v1, ṽ2) ∈ R× R× R|εv21 − 2v1ṽ2 ≤ 0}.

(17)

Then, the reset controller GFORE (10) and the high-
pass filter (16) can be represented as

τ̇ = 1
ẋr = acxr + bcv1

σ ˙̃v2 = −ṽ2 + v̇1

 If (xr, v1, ṽ2) ∈ F̃ or τ ≤ ρ,

τ+ = 0

x+
r =

1

bp
(ṽ2 − α) + xr

ṽ+2 = ṽ2

 If (xr, v1, ṽ2) ∈ J̃
and τ ≥ ρ.

(18)

The set of tuning parameters for (18) is {ac, bc, ε, α, ρ, σ}.
The closed-loop system consisting of (4) and (18) can
be written in the following form

τ̇ = 1

ẋ = Ax+Br

σ ˙̃v2 = −ṽ2 + L2x

 If (x, ṽ2) ∈ F̃ or τ ≤ ρ,

τ+ = 0

x+ = Arx+Brα

ṽ+2 = ṽ2

 If (x, ṽ2) ∈ J̃ and τ ≥ ρ.

(19)
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where L2 =
[
−Cz −ap −bp

]
and A,B,Ar, Br are de-

fined in (11).

Remark 7 Note that when σ is very small, system (19)
can be considered as a singularly perturbed hybrid system
[28,29], with a constant disturbance on the jump map.

The singularly perturbed hybrid system (19) has an ex-
tra parameter σ compared to (11). Definition 3 can be
easily generalized for (19) showing that the compact
set A is SGP-AS as (α, σ) → 0. The next theorem
shows that though the signal ṽ2 is obtained physically,
the SGP-AS and non-overshoot performance can still be
achieved.

Theorem 3 (stability and non-overshoot performance)
Consider the closed-loop system (19). Assume that As-
sumption 1 holds and the parameters (ac, bc, ε, ρ

∗) are
such that the compact set A is exponentially stable for
the reduced system (12) with respect to β ∈ KL. Then,
for each µ > 0 and ν > 0, there exists α∗ > 0 such
that for each α ∈ (0, α∗], there exists sufficiently small
ρ ∈ (0, ρ∗] such that for ρ, there exists σ∗ > 0 such that
for any σ ∈ (0, σ∗], we have

(1) The solution x of the closed-loop system (19) with
|x(t0, 0)|A ≤ µ satisfies the following inequality:

|x(t, j)|A ≤ β(|x(t0, 0)|A, t) + ν, ∀(t, j) ∈ dom(x).

(2) The following set is positively invariant.

Sv := {x ∈ Rn|λTx ≤ r} (20)

The above result implies that the output response y
tracks the reference r without overshoot and the steady-
state error ess can be made arbitrarily small. We con-
clude that the limitations of linear feedback control in
Corollary 1 can be overcome by the proposed reset con-
trol design.

Remark 8 Theorem 3 shows that by carefully selecting
the parameters α, ρ, σ, the attractor A is SGP-AS for
(19). It should be noted that SGP-AS indicates that the
steady-state error is non-zero, more precisely, the non-
overshoot performance is achieved at the cost of non-zero
steady-state error. Hence, there is a performance trade-
off between zero steady-state error and non-overshoot.

Remark 9 The role of α is to ensure non-overshoot per-
formance. When the reset condition (17) is satisfied and
v1 > 0, if α is set to be zero in the jump dynamics, it
leads to v+2 = v̇+1 = v2 − ṽ2. That is, v1 decreases right
after jump if v2 − ṽ2 < 0. However, because v1 > 0, v1
cannot cross 0 immediately, and we can tune parameters
σ, ρ such that when v1 converges to a small neighbour-
hood of 0 the reset condition is satisfied, α is then used
to guarantee that v1 moves away from 0 right after jump
and overshoot does not occur.

Based on this idea, a nonlinear mapping s(·) can be used
to provide a possibility to reduce the steady-state error,

and the reset conditions and the jump dynamics of xr in
(18) are modified as follows

x+
r =

1

bp
(ṽ2 − α) + xr

If εv21 − 2v1ṽ2 ≥ 0 and τ ≤ ρ and 0 ≤ v1 ≤ s(α),
(21a)

x+
r =

1

bp
ṽ2 + xr

If εv21 − 2v1ṽ2 ≤ 0 and τ ≥ ρ and v1 > s(α). (21b)

where s(·) is class K function. If the xr dynamics in (18)
is substituted for (21), it has the potential to achieve
a smaller steady-state error with appropriate s(α) (the
role of s(α) is to avoid overshoot), because with the jump
dynamics in (18), the error v1 moves away from zero each
time right after jump, however, with the jump dynamics
(21), only when 0 ≤ v1 ≤ s(α), the error v1 moves away
from zero right after jump.

5 Parameter Tuning

The following procedure presents the tuning guidelines
for the selection of parameters {ac, bc, ε, α, ρ, σ}. Step 1
and step 2 are taken from [15], while the last two steps
are novel and present the selection of parameters α, ρ, σ.

Step 1: If the plant (4) includes one or more integra-
tors (respectively, does not include integrators), select
(ac, bc) (respectively, ac = 0, bc) such that at least one
of the following conditions holds.

1). There exist γz > 0, γv > 0 and symmetric positive
definite matrices Pz ∈ R(n−2)×(n−2), Ps ∈ R2×2

such that the following conditions are satisfied.[
PzAz +AT

z Pz + I −PzBzy

∗ −γ2
z

]
< 0 (22a)PsÃs + ÃT

s Ps +

[
1 0

0 0

]
PsB̃s

∗ −γ2
v

 < 0 (22b)

γzγv||acCz − CzAz|| < 1 (22c)

where Az, Bzy, Cz are from (4), B̃s =
[
0 1

]T

Ãs =

[
0 1

−bpbc − apac + CzBzy ap + ac

]
(23)

2). There exist γz > 0, Pz > 0 such that (22a) is
satisfied, and a sufficiently large bc such that
2
√
bpbc + apac − CzBzy + ap + ac > 0 is satisfied.

Step 2: Select ε > 0 and the corresponding ρ∗ such that
for any ρ ∈ (0, ρ∗], the stability result Proposition 3
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holds.

Step 3: Select α > 0 such that SGP-AS in Theorem 3
holds.

Step 4: Select sufficiently small ρ and small enough σ∗

such that for any σ ∈ (0, σ∗], the non-overshoot perfor-
mance is achieved.

Remark 10 Inequality (22b) is always feasible if Ãs is
Hurwitz, and by selecting an appropriate pair (ac, bc),
inequalities (22a)-(22c), or the conditions in 2) of Step
1 can be guaranteed.

Remark 11 Theorem 3 has shown that if the reduced
system (12) is exponentially stable with parameters
(ac, bc, ε, ρ

∗), theoretically, for a given initial condition,
it is always possible to select α and a sufficiently small ρ
and σ to achieve non-overshoot performance. However,
in practical applications, it is usually hard to find these
parameters, and trial and error method might be used.

Moreover, the design procedure is based on parametric
models, which may be difficult to obtain in real appli-
cations. In the future, we will focus on extending the
proposed technique to non-parametric models.

6 An Illustrative Example

Consider the following minimum-phase relative degree
one plant

G(s) =
(s+ 1)(s2 + s+ 1)

s(s− 2)(s2 − 2s+ 5)
, (24)

which can be represented in the state space form (4) as

ż =


0 1 0

0 0 1

−1 −2 −2

 z +


0

0

1

 y,

ẏ = 6y + u−
[
6 1 19

]
z.

(25)

The plant includes an integrator, an unstable real pole
and unstable complex conjugate poles. Therefore, the
fundamental limitations reported in Corollary 1 are sat-
isfied.

Suppose that the set-point reference r = 1. Then, we se-
lect the parameters of reset controller (18) by the tuning
procedure in Section 5. First, we choose ac = −10, bc =
81 to place the eigenvalues of Ãs at (−2± 6i), such that
the conditions in 2) of Step 1 are satisfied. For zero ini-
tial conditions, the tuning parameters are selected as
ε = 0.1, α = 0.1, ρ = 0.0005, σ = 0.001. Simulation re-
sults are shown in Figure 5, where we can appreciate the
non-overshoot performance and non-zero steady-state
error.

We compare our findings with the FOREs in [15] and
[17], tuned with ac, bc, ε as in this work and λr = −5, k =
81 respectively. Note that the FOREs in these literature
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Fig. 5. Top: plant output y(t). Bottom: plant input u(t).

are parameterized, and the simulation is given with only
one group of parameters due to space limitation. Other
state trajectories are possible by selecting different pa-
rameters, but the non-overshoot performance cannot be
achieved because the derivative of the error e(t) was not
considered in [15],[17]. From the comparison results, the
non-overshoot output performance is achieved with the
proposed reset controller, and it is explicitly shown that
the OPLs of linear systems presented in Corollary 1 are
overcome.

In order to reduce the steady-state error, while preserv-
ing the non-overshoot performance, the modified con-
troller jump dynamics (21) are substituted into reset
controller (18) with s(α) = 0.1α, while the other con-
troller parameters remain unchanged. The simulation
results are shown in Figure 6, where a much smaller
steady-state error is achieved compared to Figure 5.
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7 Conclusion

This paper investigates the problem of overcoming over-
shoot performance limitations of linear feedback control
using reset control. We focus on a class of minimum-
phase relative degree one LTI plants under unit feedback
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control structure. A novel GFORE is proposed with the
goal of overcoming the OPLs of linear systems present-
ed in Corollary 1. Systematic reset control design proce-
dures and an implementation of the proposed reset con-
troller with a high-pass filter are given. Finally, an illus-
trative example is presented to verify the effectiveness
of the proposed generalized reset rule.

Appendix

Proof of Proposition 3: Consider the closed-loop sys-
tem (12). Define x̃ = [zT v1 v2]

T and recalling that
v1 = −y, v2 = v̇1, we have

x =


z

y

xr

 =


In−2 0 0

0 −1 0

−Cz

bp

ap

bp
− 1

bp



z

v1

v2

 = T x̃, (26)

where the matrix T ∈ Rn×n is invertible. Then, the
transformed system can be written as

τ̇ = 1
˙̃x = Ãx̃

}
If x̃T M̃x̃ ≥ 0 or τ ≤ ρ, (27a)

τ+ = 0

x̃+ = Ãrx̃

}
If x̃T M̃x̃ ≤ 0 and τ ≥ ρ, (27b)

where

Ã =


Az −Bzy 0

0 0 1

acCz − CzAz −bpbc − apac + CzBzy ap + ac



Ãr =


In−2 0 0

0 1 0

0 0 0

 , M̃ =


0n−2 0 0

0 ε −1

0 −1 0


The closed-loop system (27) can be viewed as the inter-
connection of two subsystems as follows

(1) A stable linear subsystem of the form

ż = Azz −Bzy[1 0]x̃s = Azz +Bzyy (28)

(2) A planar reset control system of the form

τ̇ = 1
˙̃xs = Ãsx̃s + B̃sd̃s

}
If x̃T

s M̃sx̃s ≥ 0 or τ ≤ ρ,

τ+ = 0

x̃+
s = Ãsrx̃s

}
If x̃T

s M̃sx̃s ≤ 0 and τ ≥ ρ, (29)

where x̃s =
[
v1 v2

]T
, d̃s = (acCz − CzAz)z, Ãs, B̃s are

defined in (23) and Ãsr =
[
1 0
0 0

]
, M̃s =

[
ε −1
−1 0

]
.

Note that the system (27) has the same form as [15,
(14)] with different system matrices. Hence, the follow-
ing proof follows from the proof of [15, Theorem 3]. To
show exponential stability of the x-subsystem in reduced
system (12), we use the following lemma which is similar
as the results of [15, Theorem 2], so its proof is omitted
due to space limitation.

Lemma 1 Consider the closed-loop system (27). Let Az

be Hurwitz and bp > 0. Then, the following statements
are true.

(1) If there exist (ac, bc), γz > 0, γv > 0 and symmetric
positive definite matrices Pz, Ps such that the con-
ditions in (22) are satisfied, then, the origin of the
x dynamics is exponentially stable conditionally to
hierarchically small (ε, ρ) .

(2) If there exists γz > 0 and positive definite matrix Pz

such that the condition (22a) is satisfied, then, the
origin of the x dynamics is exponentially stable con-
ditionally to large bc and hierarchically small (ε, ρ).

Because Az is Hurwitz, there exists Pz such that (22a) is
satisfied with a finite γz > 0. Consider a pair of parame-
ters (ac, bc), if the conditions in item 1) of Lemma 1 are
not satisfied, we can always pick sufficiently large bc such
that the conditions in item 2) of Lemma 1 are satisfied,
then, we can conclude that there exist a pair of param-
eters (ac, bc) and positive constant ε∗ such that for each
ε ∈ (0, ε∗] there exists ρ∗ such that for any ρ ∈ (0, ρ∗],
the solutions of the system (12) satisfy

|x(t, j)| ≤ β(|x(t0, 0)|, t), ∀(t, j) ∈ dom(x)

with β(s, t) = ms exp(−lt) for a positive pair (m, l).
In other words, there exist (ac, bc) such that the origin
of x dynamics is exponentially stable conditionally to
hierarchically small (ε, ρ). 2

Proof of Theorem 1: Perform the change of coordinate
x 7→ x̂ := x− x∗ for the closed-loop system (11), where
x∗ is a vector that satisfiesAx∗+Br = 0, Cx∗ = r where
C = [01×(n−2) 1 0]. Then, the arising dynamics results

τ̇ = 1
˙̂x = Ax̂

}
If x̂TMx̂ ≥ 0 or τ ≤ ρ,

τ+ = 0

x̂+ = Arx̂+Brα

}
If x̂TMx̂ ≤ 0 and τ ≥ ρ, (30)

which coincides with the system (12) with r = 0, and an
extra constant disturbance proportional to α acting on
the jump equation. Then, based on Proposition 3, the
origin of x̂ dynamics is exponentially stable conditionally
to hierarchically small (ε, ρ) when α = 0. From x̂ =
x−x∗, we deduce that the compact setA = {x ∈ Rn|x =
x∗ = [−(A−1

z Bzyr)
T r 0]T } is exponentially stable and

the following inequality holds

|x(t, j)|A ≤ β(|x(t0, 0)|A, t), ∀(t, j) ∈ dom(x). (31)
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When α ̸= 0, Brα can be viewed as a constant distur-
bance, and (30) can be thought as an inflated system of
the form

τ̇ = 1
˙̂x = Ax̂

}
If x̂TMx̂ ≥ 0 or τ ≤ ρ,

τ+ = 0

x̂+ ∈ Arx̂+Br |α|B

}
If x̂TMx̂ ≤ 0 and τ ≥ ρ. (32)

The constant disturbance leads to practical asymptotical
stability, in particular, according to [26, Theorem 17],
for each µ > 0, ν > 0 there exists α∗ > 0 such that for
any α ∈ (0, α∗], the solutions of the closed-loop system
(32) with |x(t0, 0)|A ≤ µ satisfy

|x(t, j)|A ≤ β(|x(t0, 0)|A, t) + ν, ∀(t, j) ∈ dom(x), (33)

which implies that the compact setA is SGP-AS as α →
0 according to Definition 3. 2

Proof of Theorem 2: The SGP-AS implies that the
steady-state error ess can be made arbitrarily small. It
is known from Remark 6 that ρ can be further adjust-
ed in the range (0, ρ∗] while preserving stability. Next,
consider α > 0 and v1(t0, 0) > 0 and the set Sv = {x ∈
Rn|λTx ≤ r} which is equivalent to Sv = {x ∈ Rn|v1 ≥
0}. Note that the output overshoots if v1 changes sign.
We show next that v1 does not cross zero by selecting
sufficiently small ρ ∈ (0, ρ∗].

Because v1(t0, 0) > 0, there are two possible cases:

Case 1: v1 never reaches zero, and because the system is
SGP-AS, v1 converges to a neighbourhood of the origin
without zero-crossing.

Case 2: Suppose that T0 is the first time instant when
v1 is zero, that is v1(T0, j) = 0 for some j ∈ N.
(a) If there is no jumps during t ∈ [t0, T0), then,

there exists a ρ1 = T0 − t0 > 0 such that for each
ρ ∈ (0, ρ1] the reset map of (10) is activated when
v1 = 0, which implies that the jump occurs when
v1(T0, j) = 0.

(b) If there are jumps during t ∈ [t0, T0), assume that
t = T−1 is the time associated to the last jump.
From the reset map of (10) and (4), it can be derived
that v2(T−1, j) = α. Then, according to v2 = v̇1,
it implies that v1 will increase after this jump and
escaping from the origin. Then, because α > 0 is
constant, and the base system ((11) without jumps)
is linear, it will take v1 finite time to return to the
origin again, which implies that the existence of a
sufficiently small ρ2 such that T0−T−1 ≥ ρ2. Then,
for any ρ ∈ (0, ρ2] the reset map of (10) is activated
when v1 = 0, which implies that the jump occurs
when v1(T0, j) = 0.
In both cases (a) and (b), the jump occurs when

v1(T0, j) = 0, and it can be derived that v2(T0, j +
1) = α > 0, which implies that v1 will increase
after jump and has no zero-crossing at T0. When

t > T0, it follows from the above analysis that there
exists sufficiently small ρ3 > 0 such that for any
ρ ∈ (0, ρ3], the jump occurs each time when v1 = 0
and v+2 = α > 0 is satisfied at jumps.

Based on the above results, we can conclude that if ρ ≤
min{ρ1, ρ2, ρ3, ρ∗},the reset occurs whenever v1 = 0.
Hence, it can be seen that v1 has no zero-crossing for
∀t ≥ 0, that is the set Sv is positively invariant, which
also implies that the output response y tracks the refer-
ence r without overshoot. 2

Proof of Theorem 3: We present a sketch of the proof
due to space limitations, and the complete proof can
be obtained following the proofs of Theorem 1, Theo-
rem 2 and the singular perturbed hybrid systems re-
sults in [28],[29]. Performing the change of coordinate
x 7→ x̂ := x− x∗ for (19), where x∗ is a vector that sat-
isfies Ax∗ + Br = 0, Cx∗ = r. We obtain a system that
can be regarded as a singularly perturbed hybrid system
with sufficiently small σ. The reduced system is (12) and
he boundary layer system is given by

τ̇ = 0, ˙̂x = 0

˙̃v2 = −ṽ2 + L2x̂

}
x̂TMx̂+ 2L1x̂(L2x̂− ṽ2) ≥ 0

or τ ≤ ρ.

Then, according to the temporal regularization proper-
ty [15], it can be shown that an inflated version of (12)
can be obtained, and the solutions to the singularly per-
turbed hybrid system are contained in the solutions of
the inflated system. Then, according to [26, Theorem 17],
the SGP-AS of the inflated system implies the SGP-AS
of the x̂ dynamics. Moreover, it follows from the proof
of Theorem 2 that the non-overshoot property can still
be achieved with sufficiently small σ. 2
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[12] L. Zaccarian, D. Nešić, and A. R. Teel. First order reset
elements and the Clegg integrator revisited. In 51th IEEE
Conference on Decision and Control, pages 6825–6830, Maui,
Hawaii, USA, December 2012.

[13] R. Goebel and A. R. Teel. Solutions to hybrid inclusions
via set and graphical convergence with stability theory
applications. Automatica, 42(4):573–587, 2006.
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