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1 Introduction

A typical principal-agent situation under moral hazard is usually modelled in
the following way: the agent must manage some form of assets while receiving
a salary to do so. The principal will compensate the agent at the end and
cannot monitor the effort, leading the agent to maximize her/his own wealth.
Therefore, in a world of moral hazard, the participation constraint is not the
only condition to be taken into account.

If the agent has to perform her/his task in a continuous-time setting, then
we usually allow the agent to control the drift of a diffusion process and,
under certain assumptions, it is possible to show that there exists a salary and
a control such that they are the equilibrium of the game.

Many papers have been written along this line. They are all very interesting
and they all originated from the seminal paper of Holmström and Milgrom. In
this paper, where the agent controls a Brownian motion with a linear trend
(see [14]), they find a natural resolution of Mirrlees’ nonexistence result (1974)
and a very sharp conclusion: at equilibrium the principal offers a salary which
is a linear function of profit and elicits a constant effort from the agent. It
would be desirable to have a way to get information about the strategy played
at equilibrium when the output is a more general process, since we know that
in many situations, Brownian motion with a drift is not a modelling option; for
example, when the process must be positive we cannot use Brownian motion
with drift.

So far, little attention has been paid to the mathematical underpinning
of this problem, but there are two important exceptions, the paper of Sung
(see [33]) and the paper of Hellwig and Schmidt (see [12]). This direction of
investigation is very interesting since it has the potential to help us to answer
one of the main questions about this kind of game-theoretic model, namely
which kind of strategies the players use at the equilibrium (u∗, S∗), where S∗

is the salary paid by the principal to the agent who exerts u∗ effort. In fact, as
we are not in a full information framework the strategies are not trivial. Very
little is known about this aspect of the problem and only one case has been
computed so far: the linear case (see [14]).

In Schaettler and Sung’s paper there is a rigorous characterization, via
a fully justified first-order approach, of the pair of strategies (u∗, S∗) which
characterizes the equilibrium of the game. This is our starting point. The
characterization for the salary S∗ is given, among others things, in terms
of a stochastic integral, and the stochastic integral is also a function of the
optimal control. However, the characterization of the optimal control, crucial
to construct even the salary, is given in terms of a nonlinear partial differential
equation (PDE thereafter). This is not surprising but certainly useful. In fact,
it is well-known that many types of optimal control problems generate some
kind of PDE and they are very important from the heuristic point-of-view.
However, usually they are not linear PDEs; therefore, very little is known
about solutions and ways to get them. Hence they are, in a certain sense, like
black boxes.
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It must be underlined that there are two significant factors that make this
model rather complex to approach, namely, the presence of a final or expiration
date for the contract and the fact that we do not put any restriction on the
number of sources of information and on the efforts components. In turn, we
will discuss both aspects. The presence of the final date is, in our opinion, very
important. In fact, this is a common characteristic for many contracts and to
deny this fact is simply unacceptable. Of course to remove this modelling
condition makes the analysis simpler since it is possible to use the short cut
of statistical stationarity when we remove a boundary or final date condition,
but, in our opinion, this model of contract (without a fixed terminal date) is
not the only one of interest in economics. Moreover, it is quite easy to think
of an interesting situation where the final date or expiration is important in
influencing the output and the effort. For a simple example, just think of the
pricing of financial contracts in relation to the expiration date.

Now we turn to the second complication. We think that several sources of
information are a very interesting aspect of the asymmetric situation and we
prefer to approach the problem in its generality rather than working with ad
hoc situations. Again, if we restrict ourselves to one source, or a few fluke cases
with two sources of information, we may reduce everything to an ordinary
differential equation. Of course, it would make things more tractable if we
did not include one of these modelling aspects, several sources of uncertainty
and no final date (see [32]). However, we are interested in studying contracts
with a final date and many sources of uncertainty. Actually, the fact that we
do not need to put any of these restrictions on our model suggests that the
techniques proposed in this paper are quite valuable and could be applied in
many different contexts.

Our main goal therefore is to present a method to construct the optimal
control u∗ and the optimal salary in a reasonably general case, which means
when the output satisfies a reasonably arbitrary stochastic differential equation
(SDE). To achieve our goal we do not propose to apply the techniques of
PDE to the Principal-Agent game. Instead, we prefer to apply a probabilistic
method based on the PDE itself. Our approach is to replace the diffusion
process with a much simpler process, which is constructed by interpolating in
continuous-time and in a nice fashion a discrete-time process, which is not, in
general, a simple random walk. Of course we expect the substitution to lead
to a much simpler optimal control problem, namely a discrete one, and finally,
by iterating this substitution, we would like to see the sequence of solutions
converging to the value we are looking for. Actually, this discretization is the
critical issue as it is possible to show that a wrong discretization procedure
would not guarantee convergence. Therefore, we will solve the discrete problem
and show that there is convergence in the appropriate space. In this respect
our paper is also related to the paper of Hellwig and Schmidt; the main goal
of their paper was to study the relationship between the continuous and the
discrete version of the principal-agent problem. Our discretization procedure is
quite different from the one used by Hellwig and Schmidt or by Biais, Mariotti,
G. Plantin and Rochet in [3], though.
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The solution of the problem of which discretization to use is in the notion
of local consistency for the discrete process. Roughly speaking, this condition
forces the discrete process to look like the continuous one, at least locally. The
trick to constructing the locally consistent process turns out to be extremely
intuitive; we re-write a certain PDE induced by the process and the control
problem in a discrete fashion and from there it is quite natural to construct
the transition probabilities. Our approach is in three steps.

In the first step we construct a finite state space process in order to dis-
cretize the process, that is the solution of the SDE. As we outlined earlier,
we do this in order to transfer the problem from continuous to discrete time.
In the second step we discretize the optimal control problem. We solve the
optimization problem for each level of discretization, which is rather simple,
and we construct a procedure to find the discrete optimal control un. Then
we set the stage to show convergence, by studying the sequence of optimal
controls and the sequence of discretized stochastic processes. We also show
that the sequence of controls un converges to the solution u∗ of the original
optimal control and that the discretized stochastic processes converge to the
solution of the SDE. Moreover, using the fact that we know what the struc-
ture of the salary is as a function of the optimal control, we will also be able
to construct an approximation of the optimal salary S (u∗) by using S (un).
In other words, we will be able to give, with an arbitrary degree of accuracy,
a fairly concrete presentation for the equilibrium strategies (u∗, S∗) i.e. the
control and the salary. As a by-product of our approach, we will show that the
sequence is piecewise constant.

The paper is organized as follows. In section 2 we give an overview of
the problem and we present our result. In section 3 we spell out the details
and assumptions we need to prove our result. In section 4 we give a formal
introduction to the problem we solve and we state our result in a formal way.
In section 5 we set the stage for the discretization and in section 6 we prove the
convergence results. In section 7 the reader will find a guide on how to apply
our results to concrete cases. It is important to stress that the application of
this method is much simpler than the convergence proofs, which are necessary
to show the validity of our approach, but are irrelevant for its application.
In section 8 we outline how to use our approach to deal with a risk-neutral
principal.

Finally, in Appendix I we discuss some technical issues and go deeper into
the analysis of our assumptions. In particular, we show how the use of well-
chosen transformations allows us to apply our result to a rather general class
of situations. The longest proofs are in Appendix II.

2 An Overview of the Continuous-Time Principal Agent Problem
and the Equilibrium Strategies Characterization

In this section we plan to give an overview of the results of agency theory in
continuous-time we are going to use and, at the same time, explain our result
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in general terms. The mathematical assumptions that underpin our result are
presented in the next section.

We investigate the optimal contract in a typical principal-agent model un-
der moral hazard. At the beginning the principal and the agent agree on a
certain salary S. This salary will depend on the outcome, which is the only
common observable. We assume that the agent alone can control the output
process, which is modelled with the following SDE

dXt = f(t,Xt, ut)dt+ σ(t,Xt)dBt (1)

where Bt is a standard Brownian motion. As in any moral hazard problem,
the effort or control is private information, so the principal does not know it.
However, the principal can observe the output and can design and offer a salary
which is a function of the output S = S(X). Once the salary or contract has
been offered, the agent will try, by using the available controls, to maximize

E

[
− exp

{
−r

(
S(X) −

∫ T

0

c(t,Xt, ut)dt

)}]
(2)

(production is costly therefore c) while the principal will maximize

E [− exp {−R (F (X) − S(X))}] . (3)

In this context, by fully justifying the use of the first-order approach (see also
[16] and [23]), Schaettler and Sung have been able to show that this game has
an equilibrium where the agent receives a salary

S(X) = W0 +
∫ T

0

c(t,Xt, u
∗
t )dt+

∫ T

0

∇uc(t,Xt, u
∗
t )D

−1
u f(t,Xt, u

∗
t )σ(t,Xt)dBt

+
r

2

∫ T

0

∥∥∇uc(t,Xt, u
∗
t )D

−1
u f(t,Xt, u

∗
t )σ(t,Xt)d

∥∥2
dt

while the agent will supply the effort u∗
. . The analysis of Schaettler and Sung

goes deeper as he shows that in the Markovian case the determination of the
effort implies solving a PDE of type1{ −∂W

∂t +A(t)W +Q(x, t,DW) = 0 x ∈ Rn, t ∈ (0, T )
v(x, T ) = F (x) x ∈ Rn

(4)
and this fully characterizes the solution. If we could solve this, we would know
effort and, as a by-product, salary, but, in general, we cannot solve it. From
the economic point-of-view this equation has a quite important part to play.
In fact, the famous result of Holmström and Milgrom can be recovered easily
from it. If we assume that the output is controlled by

f(t,x,u) = A(t)x +B(t)u (5)

1 More information about this equation will be provided later in the paper. At this point
it is only necessary to point out that it is hard to solve.
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and the cost is quadratic c = uTM(t)u we find that the solution of the game
is given by

u∗ = {I+(r +R)σσT}−1 {I+RσσT} The effort is constant

S(X) = W0 + 1
2u

∗T(rσσT − 1)u∗ + u∗T(XT − X0) The salary is linear
(6)

This is essentially the only known concrete result in the literature. The result
shows that a very simple sharing rule can be obtained even though the agent
has quite a considerable freedom in choosing strategies.

It is natural to ask what the contracts look like in general and if it is pos-
sible to find or compute something beyond this very special example. Suppose
the output process is not a Brownian motion with drift. That is often rea-
sonable. In many economic models we must use other processes (see [5]). We
use geometric Brownian motion when we need to consider only positive quan-
tities (for example, a manager in the financial industry with a portfolio and a
shareholder). We use processes which exhibit mean reversion when we think
that some sort of equilibrium level is an important feature of the problem (for
example, a manager in the oil industry). We will construct approximations of
the strategies at equilibrium by using very simple strategies. These strategies
are locally constant and can be numerically computed.

3 The Model

In this section we present the model in a formal way and state our result. At
the beginning the principal and the agent agree on a certain salary S. This
salary will depend on the outcome, which is the only common observable. We
assume that the agent alone can control the output process, which is modelled
with a SDE.

In order to make our considerations and statements more precise, we need
to give a few definitions and provide some clarifications about the model. If the
reader feels that our description is little bit too terse, he/she should consult
[33], where the same model is presented in a very detailed way

1. The information structure is represented by a filtration {Ft : t ∈ [0, T ]} on
a probability space (Ω,F ,P). There is a standard n-dimensional Brownian
motion B = (B1, . . . , Bn) such that Bi is independent of Bj if i �= j and
such that the variance of Bi(t, ·) is t and Bi(t, ·) = E(Bi(T, ·)|Ft) and, if
we denote with N the F−null sets, we have

Ft = σ {Bs|0 ≤ s ≤ t} ∪ N (7)

So the Brownian motion generates the filtration we are using and the
filtration has the standard properties.



7

2. The principal and the agent agree at the start (t = 0) on a certain salary S,
payable at time T. The salary is a function of a stochastic output process
{Xt}

X : [0, T ] ×Ω → Rn (8)

S = S(X). This is the only common observable in the problem. Effort is
not observable by the principal.

3. The output processes are given by (see [33] pp. 343 and 344) the following

dXt = f(t,Xt, ut)dt+ σ(t,Xt)dBt (9)

and the processes are controlled by the agent (if we need to stress the
control u we write Xu

t instead of Xt), via adapted controls

{u : [0, T ] ×Ω → U ⊂ Rk |u is F − adapted} (10)

where the set U ⊂ Rk is compact. We denote by U the set of all possible
controls. We make the following assumptions:
i. The matrix valued function

σ : [0, T ] ×Ω → Rn×n (11)

has the following properties:
(a) each σij is F−predictable;
(b) there is an M1 such that ‖σij(t, x) − σij(t, y)‖ ≤ M1 ‖x− y‖ ;
(c) for each (t, x) the matrix σ(t, x) is invertible and there is a positive

constant M2 such that
∥∥σ(t, x)−1

∥∥ < M2.
ii. The function

f : [0, T ] ×Ω × U → Rn (12)

has the following properties:
(a) for each (t, x) f(t, x, ·) : U → Rn is continuous;
(b) for each u f(·, ·, u) : [0, T ] ×Ω → Rn is predictable;
(c) for each (t, x, u), ‖f(t, x, u)‖ < M3(1+‖x‖) for some positive constant
M3.

4. The agent has a discount rate r and maximizes

E

[
− exp

{
−r

(
S(X) −

∫ T

0

c(t,Xt, ut)dt

)}]
. (13)

We assume that
i. c(t, x, u) : [0, T ] × Rn × U → R is a continuous function;
ii. The cost

c(t, x, u) ≥ 0 (14)

∀t ∈ [0, T ],∀x ∈ Rn,∀u ∈ U ;
iii. ‖c(t, x1, u) − c(t, x2, u)‖Rn ≤ K1 (1 + ‖x1‖Rn + ‖x2‖Rn) ‖x1 − x2‖Rn ∀t ∈

[0, T ],∀x1, x2 ∈ Rn,∀u ∈ U for some positive constant K1;
iv. ‖c(t, x, u)‖Rn ≤ K1

(
1 + ‖x‖2

Rn

)
∀t ∈ [0, T ],∀x ∈ Rn,∀u ∈ U.
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It must be noted that the last condition iv follows from condition iii. We
have stated it explicitly since we will use it very often.

5. The principal has a discount rate R and maximizes

E [− exp {−R (F (X) − S(X))}] (15)

If the principal maximizes his/her utility using, as constraint, the agent’s
first order condition we will say that she/he solves the relaxed problem.

As we have already written in the introduction our goal is to present, in the
general case, a method to construct a sequence converging to the equilibrium
strategies, by using piecewise linear controls. At this point we can be more
clear and therefore we state our main result

Theorem 1 If (u∗, S∗) is the pair of equilibrium strategies for the principal-
agent framework described above and Xu∗

is the output produced at equilibrium,
then there exists a sequence of controls {un} and a sequence of discrete-time
processes {Xun} such that:
1. For each n ∈ N, un is computable, solves the principal discretized relaxed
problem, and the control is piecewise linear;
2. The sequence {un} converges to u∗ with probability 1;
3. The sequence {S(Xun)} converges to S∗ in the L2 norm;
4. The sequence {Xun} converges to the equilibrium output process Xu∗

with
probability 1.

4 The Problem

Using the fact that the principal cannot monitor the effort it is possible to
show that the problem is equivalent to



maxu∈U E [− exp −R (F (X) − S(X))]

1. dXu
t = f(t,Xt, ut)dt+ σ(t,Xt)dBt

2. u ∈ arg maxE
[
− exp

{
−r

(
S(X) − ∫ T

0
c(t,Xt, ut)dt

)}]
3. E

[
−e

{
−r

(
S(X) − ∫ T

0
c(t,Xt, ut)dt

)}]
≥ − exp (−W0)

(16)

We know (see Schaettler and Sung’s paper for more details) that the problem
reduces to the following: the agent will receive the salary

S(X) = W0 +
∫ T

0

c(t,Xt, u
∗
t )dt+

∫ T

0

∇uc(t,Xt, u
∗
t )D

−1
u f(t,Xt, u

∗
t )σ(t,Xt)dBt

+
r

2

∫ T

0

∥∥∇uc(t,Xt, u
∗
t )D

−1
u f(t,Xt, u

∗
t )σ(t,Xt)

∥∥2
dt
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where u∗ is the solution of the optimal control problem
maxu∈U E [− exp −R {F (X) − S(X)}]

dXu
t = f(t,Xt, ut)dt+ σ(t,Xt)dBt

Xu
t = x

(17)

and the solution gives, under certain conditions, the control at equilibrium.
The principle of optimality gives

0 =
∂W
∂t

(t, x) +
1
2
tr

{
∂2W
∂x2

(t, x)σ(t, x)σT(t, x)
}

−R

2

∥∥∥∥σT (t, x)
∂2W
∂x2

(t, x)
∥∥∥∥2

+ maxu∈U

{
∂W
∂t

(t, x)

×
{
f(t, x, u) +Rσ(t, xt)σ(t, xt)T

(∇uc(t, xt, u∗
t )D

−1
u f(t, xt, u∗

t )
)T}

−
(
c(t, x, u) +

(
R+ r

2

)∥∥∥(∇uc(t, xt, u∗
t )D

−1
u f(t, xt, u∗

t )
)T
σ(t, xt)

∥∥∥2
)}

While this equation is very useful from the heuristic point-of-view (see Schaet-
tler and Sung’s discussion) and in simple cases can be solved, it is otherwise
not very useful to get information about the control itself, hence we cannot
use it to learn about the strategies which are played at equilibrium. Such a
nonlinear PDE is not very well understood. For this reason we will use an
approach based entirely on Probability Theory which gives us a method to
construct a solution for the problem above.

To start we prove, for the sake of completeness, the following well-known
useful trick (see for example [33] and [9])2

Lemma 1 The solution of the problem
maxu∈U EP

[
exp

{∫ T
0
�(t,Xt, ut)dt+ Λ1(XT ) + Λ2(X)

}]
dXu

t = g(t,Xt, u)dt+ σ(t,Xt)dBt

Xu
0 = x

(18)

where Λ2(X) =
∫ T
0
ϕΛ(t,Xt, ut)dBu

t with ϕΛ bounded, is the same as the
solution of the problem

maxu∈U EPu

[
exp

{∫ T
0
�(t,Xt, ut)dt+ Λ1(XT )

}]
dXu

t = (g(t,Xu
t , ut) + ϕΛ(t,Xu

t , u)σ(t,Xu
t )) dt+ σ(t,Xu

t )dBt

Xu
0 = x

(19)

2 We assume, as usual, that g satisfies ii.(a)(b)(c).
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Proof Let

I(u) = EP

[
exp

{∫ T

0

�(t,Xt, u)dt+ Λ1(XT ) + Λ2(X)

}]
(20)

Since ϕΛ is bounded,

Λ2(X) =
∫ T

0

ϕΛ(t,Xt, ut)dBu
t (21)

is an L2 martingale. Thus

I(u) =

EP

[
exp

{∫ T

0

σ−1g(t,Xt, ut)dBt − 1
2

∫ T

0

∥∥σ−1g(t,Xt, ut)
∥∥2
dt

}

× exp

{
Λ1(XT ) +

∫ T

0

(
�(t,Xt, ut) − ϕΛ(t,Xt, ut)σ−1g(t,Xt, ut)

)
dt

}

× exp

{∫ T

o

ϕΛ(t,Xt, ut)dBt

}]
and therefore we can write

I(u) = EP

[
exp

{∫ T

0

(
σ−1g(t,Xt, ut) + ϕΛ(t,Xt, ut)

)
dBt

}

× exp

{
−1

2

∫ T

0

∥∥σ−1g(t,Xt, ut) + ϕΛ(t,Xt, ut)
∥∥2
dt

}

× exp

{
Λ1(XT ) +

∫ T

0

[
�(t,Xt, ut) +

1
2

‖ϕΛ(t,Xt, ut)‖2

]
dt

}]
At this point we note that

EP

[
exp

{∫ T

0

(
σ−1g + ϕΛ)(t,Xt, ut)

)
dBt − 1

2

∫ T

0

∥∥(σ−1g + ϕΛ)(t,Xt, ut)
∥∥2
dt

}
(22)

defines a new probability measure. More precisely, it is known that there exists
a probability measure Pu, whose Radon-Nikodym derivative is given by

dPu

dP
= ϕu, (23)

where by definition

ϕu = E

[
exp

{∫ T

0

(σ−1g + ϕΛ)dBt − 1
2

∫ T

0

∥∥(σ−1g + ϕΛ)
∥∥2
dt

}]
(24)

and by applying Girsanov’s Theorem we obtain the desired result.
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Therefore, if we apply the last result to our framework (see [?]), we obtain
the following useful simplification

Lemma 2 If we assume that ∇uc(t,X, u)D−1
u f(t,Xt, ut)σ(t,Xt) is bounded

then the principal’s problem
maxu∈U E [− exp −R {F (X) − S(X)}]

dXu
t = f(t,Xt, ut)dt+ σ(t,Xt)dBt

Xu
0 = x

(25)

is equivalent to the following problem
maxu∈U E

[
− exp −R

{
F (X) − ∫ T

0
c(t,Xt, ut)dt− r

2

∫ T
0

∥∥(∇uc ·D−1
u f)σ(t,Xt)

∥∥2
dt
}]

dXu
t =

(
f(t,Xt, ut) + (∇uc ·D−1

u f)(t,Xt, ut)σ(t,Xt)
)
dt+ σ(t,Xt)dBt

Xu
0 = x

(26)

Proof Substitute

S(X) = Wo +
∫ T

0

c(t,Xt, ut)dt

+
∫ T

0

∇uc(t,Xt, ut)D−1
u f(t,Xt, ut)σ(t,Xt)dBt

+
r

2

∫ T

0

∥∥∇uc(t,Xt, ut)D−1
u f(t,Xt, ut)σ(t,Xt)

∥∥2
dt

in the principal’s maximand, and apply the previous lemma with∫ T

0

ϕΛ(t,X, u)dBt =
∫ T

0

∇uc(t,Xt, ut)D−1
u f(t,Xt, ut)σ(t,Xt)dBt (27)

In order to proceed we remind the reader (see [33]) that the principal
maximizes

E [− exp {−R (F (X) − S(X))}] (28)

where we assume that the functional F has the form3

F (X) = F1(XT ) +
∫ T

0

a(t,Xt)dt+
∫ T

0

b(t,Xt, ut)dBt (30)

where F1 and a(t,Xt) and b(t,Xt) satisfy the following conditions

3 It is also common to write F in this way

F (X) = F1(XT ) +

∫ T

0

α(t,Xt)dt +

∫ T

0

βT(t,Xt)dXt, (29)

of course we have a(t, x, u) = α(t, x, u)+βT(t, x, u)f(t, x, u) and b(t, x, u) = βT(t, x, u)σ(t, x)
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i. a(t, x) : [0, T ] × Rn → R is a continuous bounded function;
ii. a(t, x, u) is not negative (i.e. a(t, x, u) ≥ 0).

We also assume that
i. b(t, x, u) : [0, T ] × Rn × U → Rn is a continuous bounded function;
ii. the function b(t, x, u)σ(t, x) is bounded.

We also assume that
i. F1 : Rn → R is a continuous function bounded from below.

Remark 1 The reader should notice that the same strategy of Lemma 3 can
be applied also to F (X). In fact, since we assume that the functional F can
be written as

F (X) = F1(XT ) +
∫ T

0

a(t,Xt)dt+
∫ T

0

b(t,Xt)dBt (31)

and we assume that b(t,Xt), the volatility term, is reasonably tractable we
can apply the last lemma. In this case we should replace the initial SDE with

dXu
t =

(
f(t,Xt, ut) +

(
(∇uc((t,Xt, ut)D−1

u f(t,Xt, ut) + b(t,Xt)
)
σ(t,Xt)

)
dt

+σ(t,Xt)dBt

and proceed exactly as before (see Lemma 3).

To summarize, we maximize

E

[
− exp −R

{
F1(XT ) −

∫ T

0

(
c(t,Xt, ut)dt+

r

2

∥∥∇uc ·D−1
u f(t,Xt, ut)σ(t,Xt)

∥∥2 − a(t,Xt)
)
dt

}]
(32)

using u ∈ U , this means u : [0, T ] ×Ω → U ⊂ Rn which is adapted, to control
the process {Xu

t }t∈[0,T ].
The first thing to do is to construct a discrete version of this problem. This,

of course, implies that we construct a discrete-time process which discretizes
the process. Before we proceed it is useful to simplify the notation. Therefore,
from this point on, we define ψ(t,Xt, ut) as

ψ(t,Xt, ut) =
(
(∇uc((t,Xt, ut)D−1

u f(t,Xt, ut) + b(t,Xt)
)
σ(t,Xt)

+f(t,Xt, ut)

and we can re-write the process as

dXt = ψ(t,Xt, ut)dt+ σ(t,Xt)dBt (33)

and, if we define

c̃(t,Xt, ut) = −c(t,Xt, ut)dt

−r

2

∥∥∇uc(t,Xt, ut)D−1
u f(t,Xt, ut)σ(t,Xt)

∥∥2
+ a(t,Xt),
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we can re-write the problem in this way
maxu∈U E

[
− exp −R

{
F1(XT ) +

∫ T
0

c̃(t,Xt, ut)dt
}]

dXu
t = ψ(t,Xt, ut)dt+ σ(t,Xt)dBt

Xu
0 = x

(PA) (34)

from now on we will refer to this problem as the (PA) problem or just (PA).
It is possible to show that if we define

ϕX,u(t, ω) = exp−R
{
F1(XT ) +

∫ T
t

c̃(s,Xu
t , ut)ds

}
J (t,X, u) = Et,x exp {ϕX,u(t, ω)}

(35)

and the associated value function

infu∈UJ (0,X, u) = exp−Rv(x, 0) (36)

then v(x, t) is the solution of the following −∂v
∂t +A(t)v +Q(x, t,Dv) = 0 x ∈ Rn, t ∈ (0, T )

v(x, T ) = F1(x) x ∈ Rn

(37)
where the operators appearing in the equations are defined as

A(t)z = −tr(a(x, t)D2z) with a = 1/2 · σσT (38)

and

Q(x, t, p) = −{−Ra(x, t)p′ · p+ infu∈U (c̃(t,x, u) + ψ(t,x, u) · p)} (39)

This is a quasi-linear parabolic type of equation. It is clearly very hard to
solve and very little is known about the properties of the solution.

5 The Discretization

In the last section we explained why it is not possible to solve the problem by
using the PDE Bellman Equation. We are thus left with the problem of how
to approximate the strategies at equilibrium. The approach that we use is to
replace the original process with a discrete time process (for a different type
of procedure see [30]). In the second step we discretize the control accordingly
and we solve the discrete problem, producing a sequence of simple controls.
Of course, we need to prove that the limit behaves well. Therefore, we proceed
in this way (see [19]): in this section we first discretize the process, before
producing the sequence of simple controls. We then postpone the proofs of
convergence to the next section, where we will also make clear (i.e. we give
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the appropriate topologies) what kind of convergence is to be proved (for a
different type of procedure see the very interesting [3] and [1] and [30]).

To give the characterization we start with the SDE governing the output
process,

dXt = ψ(t,Xt, ut)dt+ σ(t,Xt)dBt. (40)

By Ito’s Formula,

Lug(Xt) = g(X0)) +
∫ t

0

(
Lu(s)g

)
(Xs)ds+

∫ t

0

g′
x(Xs)σ(Xs)dBs (41)

where

Lug(x) = g′
x(x)ψ(x, u) +

1
2
tr
[
gxxσσ

T(t, x)
]

=
n∑
j=1

ψj(x, u)
∂g

∂xj
+

1
2

n∑
j,i=1

aij(x, u)
∂2g

∂xj∂xi

If we define

W (x, t)=Ex

[
− exp −R

{
F1(XT ) +

∫ T

t

c̃(s,Xs, us)ds

}]
(42)

we have
∂W

∂t
(x, t, u) + LuW (x, t, u) − c̃W (x, t, u)=0 (43)

or, in more explicit fashion,

∂W

∂t
+

n∑
j=1

ψj(x, u)
∂W

∂xj
(x, t, u)+

1
2

n∑
j,i=1

aij(x, u)
∂2W

∂xj∂xj
(x, t, u)−Rc̃W (x, t, u)=0

(44)
This PDE will be the starting point for our discretization process. Before

we proceed we want to emphasize one major point: that we do not need to
know what the solution of this equation is. Rather, we shall interpret it in
a formal way and use it as a guide to discretize the output process under
examination. After we fix δ and h bigger than zero such that T/δ is an integer
we consider the grid Gh,δ = {(x+ �h, nδ) |� ∈ Zh and n = 0, 1, ..., T/δ } and,
given a problem (P)

maxu∈U E
[
− exp −R

{
F̂ (XT ) +

∫ T
0

ĉ(t,Xt, ut)dt
}]

dXu
t = ψ̂(Xt, ut)dt+ σ̂(Xt)dBt

Xu
t = x

(P ), (45)
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we say that the process (ξ, ω) , defined on the grid Gh,δ, is a locally consistent
discretization of (P) if

E∆ξn = ψ̂(ξn, ωn)δ + o(δ)

cov ∆ξn = σ̂σ̂Tδ + o(δ)
(46)

and ω maximizes E
[
− exp −R

{
F̂ (ξ) +

∑
ĉ(n, ξn, ωn)δ

}]
.

The basic idea is to study our problem with a discrete process substituted
for the solution of the SDE and to use the equation above to define the transi-
tion probabilities as a function of the control. We proceed in this way because
we want that the discretization, which depends on δ and h, looks like the so-
lution of the initial SDE when the parameters go to zero. In order to achieve
this it is sufficient to prove that the discretization is locally consistent.

It is important to stress that for the moment we do not concern ourselves
with convergence, but rather we focus our attention on the discrete process
and we study the mean and the variance of the discretized process as functions
of the spatial discretization parameter δ. This is done in the

Theorem 2 If F̂ , ĉ, ψ̂, and σ̂ are bounded and continuous then (P) has a
locally consistent discretization.

Proof See Appendix II.

The method applied to prove this theorem is based on a careful choice of
the discretization we use for the partial derivatives that appear in the PDE.
It turns out that, after we choose the discretization in the correct way and
we re-write the PDE, the coefficients of the resulting discrete equation can
be used as the transition probabilities that we need in order to construct the
discrete controlled output produced by the agent.

In order to proceed we need to give the following

Definition 1 A function χm
B(Rn)

: Rn → Rn is called a cut-off function if

χm
B(Rn)

(x) =


x if ‖x‖Rn ≤ m

lm(‖x‖Rn) (x/ ‖x‖Rn) if ‖x‖Rn > m
(47)

where lm : [m,+∞) → R+ is an increasing differentiable function such that
lm(x) = m when ‖x‖Rn = m and lm(‖x‖Rn) ≤ Nm ∀x ∈ Rn\mB(Rn) where
Nm is finite, Nm > m and mB(Rn) = {x ∈ Rn |‖x‖Rn < m}.

We now state an important consequence of the previous theorem
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Theorem 3 The problem (PA)m
maxu∈U E

[
− exp −R

{
χm

B(Rn)
◦ F1(XT ) +

∫ T
0
χm

B(Rn)
◦ c̃(t,Xt, ut)dt

}]
dXu

t = χm
B(Rn)

◦ ψ(t,Xt, ut)dt+ χm
B(Rn)

◦ σ(Xt)dBt

Xu
t = x

,

(48)
where χm

B(R)
is a cut-off function, has a discretization in the grid Gh,δ which

is locally consistent.

Proof Since χm
B(R)

◦ F1, χ
m
B(R)

◦ c̃, χm
B(Rn)

◦ ψ, and χm
B(Rn)

◦ σ(Xt) are bounded
we can apply the previous theorem.

Finally we notice that

Remark 2 Given a sequence {δn} with δn → 0 and a sequence {hn} with hn →
0 (with δn/2h2

n → 0) then, for the problem (PA)m, it is possible to construct
on the grids Ghn,δn

two sequences of processes: the stochastic controls {um,n}
and the locally consistent discrete output processes

{
Xhn,δn
m

}
sequence. In

fact, we can apply the last theorem for any n since the boundedness condition
is always satisfied for the problem (PA)m.

6 Convergence Proofs

In this section we are going to show that the sequences we constructed in the
last section converge to equilibrium strategies, thus proving our main result.
To prove this convergence result we need to set the stage in order to talk about
convergence and then we need to prove three facts:

i. the sequence of the discrete stochastic processes converges to the solution
of the SDE

dXt = ψ(t,Xt, ut)dt+ σ(t,Xt)dBt; (49)

ii. the sequence of optimal controls for the discrete optimal control problems
is convergent;

iii. the limit of the sequence of optimal control for the discrete problem is an
optimal control for the continuous time problem.

The method is based on the notion of weak convergence for probability
measures. In order to make more intelligible what follows, we briefly summarize
the most important aspects of this notion. Of course there are excellent books
on this topic ([2]) and we encourage the reader to look at them for an in-depth
discussion of this notion.
In general, given any metric space (M,dM ), we denote with the symbol BM the
Borel sigma algebra generated by the metric topology, i.e. the minimal sigma
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algebra which contains every open set of the topology induced by the metric,
and we denote with the symbol P (M) the space of probability measures on
((M,d),BM ) . On this space it is possible to define a new metric, called the
Prohorov metric, in this way

π(P1,P2) = inf {ε > 0 |P1(C) ≤ P2(C) + ε ∀C ∈ BM closed} . (50)

The notion is very important and it is possible to prove that if (M,dM ) is
separable and complete then (P (M), π) is also complete and separable. If
{Pα, α ∈ A} is a family of elements of (P (M), π) we say that the family is
tight if for each ε > 0 there is a compact set Kε ⊆ M such that

inf
α∈A

Pα(Kε) ≥ 1 − ε. (51)

It is a well-known and a very important fact for us, due to Prohorov, that
a family {Pβ , β ∈ B} has a compact closure in (P (M), π) if and only if
{Pβ , β ∈ B} is tight.

It is also possible to introduce a similar notion for random variables. The
idea is rather simple. Let us assume that we have a sequence of random vari-
ables, which are not necessarily defined on the same space,

Xn : (Ωn,Fn,Qn) → (M,d) n ∈ N (52)

We say that they converge weakly to X, and we write Xn ⇒ X, if and only if

Enh(Xn) → Eh(X) (53)

for any h ∈ Cb(M,d). In other words, we have Xn ⇒ X if and only∫
M

h(s)Qn(ds) →
∫
M

h(s)Q(ds) (54)

∀ h ∈ Cb(M,d) = {f : (M,d) → R |f is continuous and bounded }.
In what follows we will study a problem by modifying the data via cut-off

functions. In order to simplify the notation we adopt a simple convention. If
we start with the problem (PA) and a sequence of cutoff functions

{
χm

B(Rn)

}
then we will denote with the symbol (PA)m the problem that we obtain if we
compose any function appearing in (PA) with the cut-off function χm

B(Rn)
; we

shall refer to this problem as the m-truncated version of (PA) . In what follows
we shall use the cut-off functions to modify the problem at hand. In fact, we
will use the functions to create problems with bounded data and give fairly
concrete descriptions of the problems with bounded data. This means that
we will show that with such a problem it is possible to construct a piecewise
constant control and piecewise constant output process that can approximate
the solution of the cutoff problem arbitrarily closely. Given the discussion
above, and the definition of c̃ and the construction of

{
Xhn,δn
m

}
, the reader

should not be surprised that we need to assume, as in Schaettler and Sung’s
paper, the implementability condition (see pp. 352 and Theorem 4.2 in [33])
and the following:
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A1 The optimal effort is unique;
A2 F1 is bounded below;
A3 The functions

∥∥∥∇uχ
m
B(Rn)

◦ c(t, x, u)D−1
u χm

B(Rn)
◦ f(t, x, u)χm

B(Rn)
◦ σ(t, x)

∥∥∥
and

∥∥∇uc(t, x, u)D−1
u f(t, x, u)σ(t, x)

∥∥ are bounded and continuous.
A4 We assume that the problem under investigation is regular in the sense

that if we take a sequence of cutoff functions
{
χm

B(Rn)

}
then the solution

(Xm
t , u

m
t ) of the same problem with output given by

dXm
t =

(
χm

B(Rn)
◦ ψ(t,Xm

t , ut)
)
dt+ χm

B(Rn)
◦ σ(Xm

t )dBt

∀t ∈ [τ, T ]
Xm
τ = x

(55)
converges, as m → ∞, to the solution of the original problem and there ex-
ists a sequence of sets {Am} and a constant B such that P(Am) → 1 and for
every (ω, t) ∈ Am×[0, T ] Xm

t (ω, t) = Xt(ω, t) and 1Ac
n

∫ T
0

|Xm
t − Xt|2 ≤ B

a.e. on Ω.4

Remark 3 The reader should notice that this property is only about existence
and continuity, with respect to truncation, of the solution. It does not really say
anything about the construction of the optimal control. It is fortunate that this
property is actually easily checked in many situations and is satisfied by many
problems we are dealing with (see Appendix I). For instance, the property
holds trivially for the Holmström and Milgrom case, in fact we assume that U
is a compact, therefore bounded set.

In Appendix I the reader will find more about this, the assumptions (F),
(C), (G) and (H) and the proof of the following

Theorem 4 Given the model (PA) described at the beginning, if there exists
an open set O such that Xt ∈ O ⊆Rn and for all y ∈ O σ is non-singular
with the inverse matrix satisfying the following condition

∃G ∈ C2(O,Rn) Gy(y) = σ−1 ∀y ∈ O (56)

and F1◦G−1, c̃(t,G−1, ut) and the drift term of G(Xt) satisfy the assumptions
(F), (C), (G) and (H) then the solution of the m-truncated problem (PA)m
converges to the solution of (PA).

Proof See Appendix I.

Remark 4 (About the Structure of Theorem 10) Essentially, by using a trans-
formation G and Ito’s formula we reduce the problem to the case where we
have a process with constant stochastic volatility. This case is not trivial but

4 The reader should notice that this is quite natural since it is possible to prove, even in

a more general setting, that if we define Y 2
n = sup[0,T ]

∣∣Xn
t − Xt

∣∣2 then (see [10]) EYn → 0

so we can conclude Yn → 0 in probability.
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it is easier to prove that the problem has the property A4. We stress that the
main idea behind this result is again to exploit the possibility of the interplay
between the objective function and the SDE. In this case the interplay is a
little bit more complex but the basic idea is very simple. In order to give an
intuition of our strategy we would like to point out that (PA) is equivalent
to solving the following (notice that we minimize)

minu∈U E
[
exp −R

{
F1(XT ) +

∫ T
0

c̃(t,Xt, ut)dt
}]

dXu
t = ψ(t,Xt, ut)dt+ σ(t,Xt)dBt

Xu
0 = x

(PA) (57)

and since log is monotone this, in turn, is equivalent to solving
minu∈U log E

[
exp −R

{
F1(XT ) +

∫ T
0

c̃(t,Xt, ut)dt
}]

dXu
t = ψ(t,Xt, ut)dt+ σ(t,Xt)dBt

Xu
0 = x

(58)

If we assume that there exists an open set O such that Xt ∈ O ⊆Rn and for
all y ∈ O σ is non-singular with the inverse matrix satisfying the following
condition ∃G ∈ C(O,Rn) Gy(y) = σ−1 ∀y ∈ O, then we can transform, by
using Ito’s Formula, the initial problem in the following equivalent problem

minu∈U log E
[
exp −R

{
F1(G−1 (YT )) +

∫ T
0

c̃(t,G−1(Yt), ut)dt
}]

dYu
t = ψ(t,Yt, ut)dt+ dBt

Yu
0 = G(x)

(P)

(59)
where ψ(t,Yt, ut)dt+ dBt is uniquely determined by applying Ito’s Formula
to G(Xt). In the first Appendix we will develop a strategy to show that the
solutions of the truncated versions of (P) converge to the solution of (P) and
therefore A4 is satisfied. We stress that this is not simple and it will require
us to establish several auxiliary results. In order to ensure this convergence we
need to be sure that the objective functions and the equations satisfy some
regularity conditions which are the conditions ((F), (C), (G) and (H) named
above and we spell them out in detail in the beginning of the first Appendix.

Remark 5 While the proof of the stated theorem is quite long and a little
complex it is quite easy to explain what the Theorem is useful for. In fact, let
us assume we are working with dXt = f(t,Xt, ut)dt + σ(Xt)dBt. If we take
any differentiable function G we have, for Yt = G(Xt), the following

dYt = (
dG

dx
(Xt, ut) +

1
2
d2G

dx2
σ(Xt)2)dt+

dG

dx
σ(Xt)dBt (60)
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if we can find an increasing differential G such that dG
dx σ(x) = 1 then we can

rewrite

Yt = b̂(Yt, u)dt+ dBt (61)

and this equation is easier to handle than the original one since it has constant
volatility. The Theorem has some quite pleasant consequences. For example,
let us think of a model where the initial output is driven, via controls, by a
geometric Brownian motion and we have a quadratic cost function. We can
observe that the function G(y) = log y would satisfy the hypothesis so we can
conclude that a model with a GBM and quadratic cost is in our range.

In this section we prove convergence of the discrete process to the original
one. Namely, in the proposition in the last section we proved that the discrete
version of the problem can be solved and this, via the notion of local con-
sistency, gives us a discrete time Markov chain

{
Xhn,δn
m

}
and a sequence of

controls which are step functions {um,n}.
We can construct a new process (see [19]), which is the continuous-time

interpolation of the process
{
Xh
m,n

}
. It is possible to show that the process is

given by

ϕh(t) = x+
∫ t

o

b(ϕh(s), uh(s))ds+Mh(t) + δh1 (t) (62)

where Mh(t) is a martingale and its quadratic variation is given by

[
Mh

]
t
=
∫ t

0

a(ϕh(s))ds+ δh2 (t) where sup
s≤t

E
∣∣δh2 (s)

∣∣ → 0 (63)

It is possible to prove that there exists a Brownian Motion Bh
n such that we

can write

Mh(t) = x+
∫ t

o

σ(ϕh(s))dBh + εh1 (t) (64)

where, for each t, we have sups≤tE
∣∣εh1 (s)

∣∣ → 0 as h → 0.
At this point, we note that we can apply the results of Chapter 10 and

Chapter 12 of [19] in order to account for the boundary condition. We also
note that in our case the applications of the results are very simple since
we are working with the simplifying assumption that the jump-component of
the process is zero (i.e.

∫ t
0

∫
− q(X(s−))N(dsdρ) = 0 ). Therefore, we get the

following

Theorem 5 In the m−truncated model (PA)m let
{
Xhn,δn
m

}
the approximat-

ing chain be locally consistent with the initial process. Let {um,n} denote the
admissible sequence of controls which is used. Let {ϕm,n} denote the continu-
ous parameter interpolation of the chain and Re uhm a relaxed control represen-
tation of {um,n} for the chain

{
ϕhm,n

}
and let

{
τhm,n

}
be a family of stopping

times. Then
({
ϕhm,n

}
,
{
uhm,n

}
,
{
Bh

}
,Re uhm

)
is tight. Let (Xm,um,B, τ) be
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the limit and {Ft}t∈[0,T ] the sigma algebra induced by (Xm,um,B, τ) , then B
is a Brownian motion, τ is a {Ft} stopping time and we have

Xm,t = x+
∫ t

0

∫
U

(
χm

B(Rn)
◦ ψ(Xm,s, α)

)
Re uhm(dα)d s+

∫ t

0

χm
B(Rn)

◦σ(Xm,s)dBs.

(65)
in other words the limit satisfies the initial truncated SDE.

The most important step in order to give the proof of the main Theorem
has just been completed. In fact, we also notice (see [19]) that the boundedness
of χm

B(Rn)
◦ψ, χm

B(Rn)
◦σ, χm

B(Rn)
◦F, χm

B(Rn)
◦ c together with the use of Fatou’s

Lemma and Skorokhod’s Representation Theorem and the last theorem imply
that the sequences

{
Xhn,δn
m

}
and

{
uhn,δn
m

}
, which converge to Xm and um,

are maximizing for the problem (PA)m .
The reader should see that to prove the rest is quite simple now that we

are in a position to use the machinery of weak convergence. We just remind
the reader that the defining property of weak convergence is that: Xn ⇒ X if
and only if

Eng(Xn) → Eg(X) (66)

for any g bounded and continuous.
We now prove the convergence for the cost and the salary function.

Theorem 6 If we define

Xn = exp

[
−R

{
F1(Xhn,δn

n ) +
∫ T

0

c̃(t,Xhn,δn
n , uhn,δn

n )dt

}]
(67)

then

lim
n→∞ EXn = E

[
− exp

[
−R

{
F1(XT ) +

∫ T

0

c̃(t,Xt, ut)dt

}]]
(68)

holds.

Proof See Appendix II

The intuition behind this result is quite simple. In fact, since the process{
Xhn,δn
n , uhn,δn

n

}
is the solution of the discretized truncated problem then it

has good convergence properties (as a consequence of the weak convergence)
and therefore it converges to the continuous version of the truncated problem.
In order to establish the result we need to use our assumptions about the
function c. In other words, we would like to stress that given our assumptions
A1, A2 and A3 we need only to study the difference χn

B(Rn)
◦ c(t,Xn

t , u
n
t ) −

c(t,Xt, ut). In the proof we need only to study this difference very carefully to
be sure that the right condition are in place in order to apply Lebesgue’s Dom-
inated Convergence Theorem. This is equivalent to showing the convergence
of a series, which is done in the final part of the proof.

We also observe that
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Remark 6 There is a way to relax the assumptions we used to prove the The-
orem, which is of help in specific cases. If we could find a function γ(x) such
that:
1. limx→∞ γ(x)/x = ∞;
2. supnE

[
γ
(
− exp −R

{
F1(Xn

T ) +
∫ T
0

c̃(t,Xn
t , u

n
t )dt

})]
= B < ∞

the conclusion would hold. In fact, if we define

Xn = exp −R
{
F1(Xn

T ) +
∫ T

0

c̃(t,Xn
t , u

n
t )dt

}
(69)

and set φ(x) = γ(x)/x, we have the following inequality

E [Xn1 (Xn ≥ x)] = E
[
φ(x)
γ(x)

1 (Xn ≥ x)
]

≤ supE [γ (Xn)]
minz≥x γ(x)

(70)

Using the last inequality we deduce that

lim
x→∞ E [Xn1 (Xn ≥ x)] = 0 (71)

In fact, we have

lim
x→∞ E [Xn1 (Xn ≥ x)] = lim

x→∞

[
φ(x)
γ(x)

1 (Xn ≥ x)
]

≤ lim
x→∞

B

minx≥z γ(z)
(72)

We conclude that the family

Xn = exp −R
{
F1(Xn

T ) +
∫ T

0

c̃(t,Xn
t , u

n
t )dt

}
(73)

is uniformly integrable, implying that

E

[
− exp −R

{
F1(Xn

T ) +
∫ T

0

c̃(t,Xn
t , u

n
t )dtdt

}]
(74)

converges to

E

[
− exp −R

{
F1(XT ) +

∫ T

0

c̃(t,Xt, ut)dt

}]
(75)

and this completes the proof.

Theorem 7 If we define

Sn(X) = Wo +
∫ T

0

c(Xhn,δn
n , uhn,δn

n )dt

+
∫ T

0

∇uc(Xhn,δn
n , uhn,δn

n )D−1
u f(Xhn,δn

n , uhn,δn
n )σ(Xhn,δn

n )dBt

+
r

2

∫ T

0

∥∥∇uc(Xhn,δn
n , uhn,δn

n )D−1
u f(Xhn,δn

n , uhn,δn
n )σ(Xhn,δn

n )
∥∥2
dt



23

then
lim
n→∞Sn(X) = S(X) in L2. (76)

Proof See Appendix II.

The intuition behind this result is also quite simple but more work is neces-
sary since we need to establish convergence in the L2 norm. For this reason we
need to treat in a different way the last two elements of the contract. Of course,
an important role is played by the fact that the process

{
Xhn,δn
n , uhn,δn

n

}
is

the solution of the discretized truncated problem therefore it has good con-
vergence properties (as consequence of the weak convergence) and this allows
us to obtain the convergence for the last two elements of the contract quite
readily. In order to establish the result we need also to use our assumptions
about the function c and the fact that the moments of solutions of SDE can
be easily estimated. In fact, we only need to use in a very efficient way the
standard inequalities (Cauchy-Schwarz) and the assumption A4 and the Dom-
inated Convergence Theorem.

We also observe that as a consequence we obtain

Theorem 8 {Sn(X)} converges to S(X) in probability.

Finally, if we use the results of this section we have

Theorem 9 If (u∗, S∗) is the pair of equilibrium strategies for the principal-
agent framework described above and Xu∗

is the output produced at equilibrium,
then there exists a sequence of controls {un} and a sequence of discrete-time
processes {Xun} such that:
1. For each n ∈ N, un is computable, solves the principal discretized relaxed
problem, and the control is piecewise linear;
2. The sequence {un} converges to u∗ with probability 1;
3. The sequence {S(Xun)} converges to S∗ in the L2 norm;
4. The sequence {Xun} converges to the equilibrium output process Xu∗

with
probability 1.

7 Recipes for Contracts

At this point we explain how it is possible to use the proved results in order
to construct the approximations for the efforts, salaries and outputs process.
To simplify the description we assume that the output process is a scalar and
there is only one Brownian motion. We denote the initial condition for the
SDE dXt = Ψf,c,σdt+ σdBt governing the output process as x0. We consider
the set Gh,δ = {(x0 + �h, nδ) |� ∈ Z and n = 0, ..., T/δ } where T is finite and,
for a suitable δ > 0, Nδn

= T/δ is a positive integer and h > 0. The reader
should think of this set as the production possibilities of an agent who can
change production but only making discrete changes at discrete time.

The basic idea is to study our problem while we substitute the solution of
the SDE with a discrete process with states in Gh,δ. Since the states are in
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the grid we need only to specify the transition probabilities. In other words,
given that the current state at time t = �δ is y = x0 +mh we need to give the
transition probability p(y, y+ h | u), p(y, y− h | u), p(y, y | u) for the possible
states y + h and y − h and y at time t+ δ = (�+ 1)δ.

The problem of finding the transition probabilities can be solved by ob-
serving that by discretizing the objective function we obtain the following
function

E
[
− exp −R

{
−
∑

χm
B(R)

◦ c̃f,c,σ(xnδ, u)δ + χm
B(R)

◦ F (xNδδ)
}]

(77)

and by observing that there is a solution for the maximization problem. Let
u : Gh,δ → U be the solution of the finite maximization problem (1)

max
U

E
[
− exp −R

{
−
∑

χm
B(R)

◦ c̃f,c,σ(xnδ, u)δ + χm
B(R)

◦ F (xNδδ)
}]

(78)

Then we define transition probabilities in the following way (2):
for the transition from y to y + h we set

p(y, y + h |u) =
δ

2h2
σ(y) + Ψ+

f,c,σ((y, u(y, �))
δ

h
(79)

for the transition from y to y − h we set

p(y, y − h |u) =
δ

2h2
σ(y) + Ψ−

f,c,σ((y, u(y, �))
δ

h
(80)

for the transition from y to y we set

p(y, y |u) = 1 − δ

2h2
σ(y) − |Ψf,c,σ;j(y, u(y, �))| δ

h
(81)

Therefore, given δ > 0 and h, we can construct, by solving a finite dimensional
optimization problem, a discrete process Xu.

If we fix a sequence of δn such that δn → 0 and hn (with δn/2h2
n → 0) then

we are able to construct two sequences of processes: the stochastic controls
{un} sequence and the discrete output processes {Xun} sequence. We also
note that we can re-write the approximate salaries in this way (3)

S(Xun) = W0 +
Nδn −1∑
	=0

c(Xun

	δ , un,	δ)δn +

Nδn −1∑
	=0

c′(Xun
t , un,	δ)D−1

u f(Xun

	δ , un,	δ)σ(Xun

	δ )

×

(
Xun

(	+1)δ − Xun

	δ

)
− Ψf,c,σ(Xun

	δ , un,	δ)δn

σ(Xun

	δ )


+
r

2

Nδn −1∑
	=0

∥∥c′(Xun
t , un,	δ)D−1

u f(Xun

	δ , un,	δ)σ(Xun

	δ )
∥∥2
δn
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where, as we said, Nδn
= T/δn .

It is important to notice that the procedure does not involve the use of the
Brownian Motion since this can be recovered (see section 6) intrinsically from
the production process itself. Moreover, it is important to underline that after
we solve the maximization problem (1) then it is straightforward to construct
the output (2) and the salary (3) and therefore we do not need to solve any
PDE which is extremely complex (see section 4 for more about this).

8 The Risk-Neutral Principal

In this section we draft briefly how to apply our results to the case when the
principal is risk-neutral. In this case the salary would be the same as in the
CARA case (see Holmstrom’s paper)

S(X) = W0 +
∫ T

0

c(Xt, u
∗
t )dt+

∫ T

0

∇uc(Xt, u
∗
t )D

−1
u f(Xt, u

∗
t )σ(Xt)dBt

+
r

2

∫ T

0

∥∥∇uc(Xt, u
∗
t )D

−1
u f(Xt, u

∗
t )σ(Xt)

∥∥2
dt

where the optimal control u∗ is the solution of the optimal control problem,
solved by the principal

maxu∈U E [{F (X) − S(X)}]

dXu
t = f(t,Xt, ut)dt+ σ(t,Xt)dBt

Xu
t = x

(82)

We do not need to apply the transformation of measure proved in section
2. Instead, we should write down the PDE that is relevant for the linear case.
If the process is given by

dXt = f(Xt, ut)dt+ σ(Xt)dBt (83)

and if we define

Lu =
n∑
j=1

fj(x, u)
∂

∂xj
+

1
2

n∑
j,i=1

aij(x, u)
∂2

∂xj∂xi
(84)

then we have, by Ito’s Formula,

Lug(X(t)) = g(X(0)) +
∫ t

0

(
Lu(s)g

)
(X(s))ds+

∫ t

0

g′
x(X(s))σ(X(s))dBs

(85)
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where

Lug(x) = g′
x(x)f(x, u) +

1
2
tr
[
gxxσσ

T(t, x)(t, x)
]

=
n∑
j=1

fj(x, u)
∂g

∂xj
+

1
2

n∑
j,i=1

aij(x, u)
∂2g

∂xj∂xi
.

It is possible to show that if we define

W (x, t)=Ex [F (X) − S(X)] (86)

then we have
LuW (x, t) − c̃=0 (87)

or, in more explicit fashion,

n∑
j=1

fj(x, u)
∂W

∂xj
(x, t) +

1
2

n∑
j,i=1

aij(x, u)
∂2W

∂xj∂xj
(x, t) − c̃=0 (88)

At this point it is possible to find a discretization procedure as we did in the
CARA case and then to find the approximation scheme. Local consistency
and the rest are not difficult and the convergence proofs are exactly as in the
previous case.

9 Appendix I

The goal of this section is to prove Theorem 10. As we mentioned earlier, the
proof is not very short so we present it here. In the first part of the Appendix
we solve a simpler problem and then, with the help of Ito’s Formula, we will
show that this is actually general enough for our purpose.

The goal of this section is really to adapt well-known constructions and
proofs to our setting. We also need to use a logarithmic transform. For this
reason we are going to minimize E exp y rather than maximizing E [− exp y],
of course the two are equivalent.

Let us start with
minu∈U log E

[
exp

{∫ T
0
�(t,Xt, ut)dt+G1(XT )

}]
dXt = f(t,Xt, u)dt+ σdBt

Xs = x

(89)

where we make the following assumptions on the data:
(F)

F i. f(t, x, u) : [0, T ] × Rn × U → R is a continuous function;
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F ii. ∀u ∈ U and ∀t ∈ [0, T ] f(·, ·, u) : [0, T ] × Ω → Rd is Ft−predictable in
(t, x);

F iii. ‖f(u, x, t)‖Rn ≤ K (1 + ‖x‖Rn) ∀u ∈ U ,∀t ∈ [0, T ],∀x ∈ Rn

and (C)

C i. �(t, x, u) : [0, T ] × Rn × U → R is a continuous function;
C ii. there is a positive constant M1 such that

�(t, x, u) ≥ −M1 (90)

∀t ∈ [0, T ],∀x ∈ Rn,∀u ∈ U .
C iii. ‖�(t, x1, u) − �(t, x2, u)‖Rn ≤ K1 (1 + ‖x1‖Rn + ‖x2‖Rn) ‖x1 − x2‖Rn ∀t ∈

[0, T ],∀x ∈ Rn,∀u ∈ U .
C iv. ‖�(t, x1, u)‖Rn ≤ K1

(
1 + ‖x1‖2

Rn

)
∀t ∈ [0, T ],∀x ∈ Rn,∀u ∈ U

and (G)

G i. G1 : Rn → R is a continuous function;
G ii. there is a positive constant N1 such that

G1 (x) ≥ −N1 (91)

∀x ∈ Rn.
G iii. ‖G1(x1) −G1(x2)‖Rn ≤ K2 (1 + ‖x1‖Rn + ‖x2‖Rn) ‖x1 − x2‖Rn ∀x ∈

Rn.
G iv. ‖G1(x)‖Rn ≤ K2

(
1 + ‖x‖2

Rn

)
∀x ∈ Rn

At this point it is necessary to say a few words about the SDE we are
going to use. The reader has probably already noticed that we are working
with a very special class of SDE. To make things very clear let us fix a proba-
bility space (Ω,F ,P) and on it we take an n−dimensional Brownian motion
B = (B1, . . . Bn) with its natural filtration {Ft : t ∈ [0, T ]} such that Bi
is independent of Bj if i �= j and such that the variance of Bi(t, ·) is t and
Bi(t, ·) = E(Bi(T, ·)|Ft). The information structure is represented by the fil-
tration {Ft : t ∈ [0, T ]}. Let us denote with the symbol U ⊂ Rk a compact
set. Given a positive σ > 0 we consider the following class of SDE’s

dYt = g(t, Yt, u)dt+ σdBt with Y0 = y ∈ Rn (92)

(notice that we use σ to also denote σI where I is the n×n identity matrix.)
where u ∈ U and, by definition,

U ={u : [0, T ] ×Ω → U : u is F − adapted } (93)

We say that the SDE has a strong solution if there exists a process Y =
{Yt}t∈[0,T ] such that

1. Y is Ft − adapted;
2. P ( Y0 = y) = 1;
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3. For any j and any t ∈ [0, T ] P(
∫ t
0

|gj(t, Yt, ut)| dt < ∞) = 1;
4. The SDE is satisfied for any t ∈ [0, T ].

It is well-known that an equation such as dYt = g(t, Yt, u)dt+ σdBt with
Y0 = y ∈ Rn has always a strong solution as long σ is a positive constant.
Since we use only this type of SDE we do not need to use anything more than
what we have just stated.

In order to simplify we are going to introduce a few definitions. To study
the problem we introduce the following functionsϕx,u(s, ω) =

∫ T
s
�(t,Xt, ut)dt+G1(XT )

J (s, x, u) = Es,x exp {ϕx,u(s, ω)}
(94)

We define, as usual, the following

V (s, x) = infu∈U log J (s, x, u) (95)

and
Ψ(s, x) = infu∈UJ (s, x, u). (96)

We use the symbol Xm
t to denote the solution of the SDE

dXm
t =

(
χm

B(Rn)
◦ f

)
(t,Xm

t , u)dt+ σdBt

∀t ∈ [s, T ]
Xm
s = x

(97)

What follows is a standard argument to prove the existence of the control
with obvious modifications to fit our setting. If v, w ∈ Rn we will use the sym-
bol 〈v, w〉Rn to denote the inner product, if there is not any possible confusion
we will use 〈v, w〉 instead of 〈v, w〉Rn and |v| instead of ‖v‖Rn .

Lemma 3 If we define

Ψm = infu∈U Es,x exp

{∫ T

s

�(t,Xm
t , ut)dt+G1(Xm

T )

}
(98)

where
dXm

t = χm
B(Rn)

◦ f(t,Xm
t , u)dt+ σdBt (99)

the following are true:

i. The function Ψm is in C1,2 and it satisfies the following
∂Ψm

∂τ + 1
2σ

2∆Ψm = −minu∈U
[〈
χm

B(Rn)
◦ f(s, x, u),∇Ψm

〉
+ χm

B(Rn)
◦ �(s, x, u)Ψm

]
Ψm(T, x) = expG1 (x)

(100)
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ii. There is an admissible control u∗ such that

Ψm(s, x) = J (s, x, u∗) (101)

i.e. the inf exists.

Proof To start we note that the equation has a solution since it is a conse-
quence of Theorem 5.8.1 in [21] (p. 495 and p. 496), moreover the solution is
a bounded solution in the C1,2 class (Theorem 5.3.1 in [21], p. 437). Since the
solution of the SDE has a L2 martingale part we apply Ito’s Formula and we
obtain the following formula

Ψm(t,Xm
t ) = Ψm(s, x) + σ

t∫
s

∇Ψm(τ,Xm
τ )dBτ +

+

t∫
s

(
∂Ψm
∂τ

(τ,Xm
τ ) +

〈
∇Ψm(τ,Xm

τ ), χm
B(Rn)

◦ f(t, x, u)
〉)

dτ

+

t∫
s

σ2

2
∆Ψm(τ,Xm

τ )dτ

and, since

Mt = exp
∫ t

s

(
χm

B(Rn)
◦ �(τ,Xm

τ , uτ )
)
dτ (102)

is a continuous semimartingale, we have

MtΨm(t,Xm
t ) = MsΨm(s, x) +

t∫
s

MτΨm(τ,Xm
τ )

(
χm

B(Rn)
◦ �

)
(τ,Xm

τ , u)dτ +

t∫
s

Mτ

(
∂Ψm
∂τ

(τ,Xm
τ ) +

〈
∇Ψm(τ,Xm

τ ), χm
B(Rn)

◦ f(τ, x, u)
〉)

dτ +

σ2

t∫
s

Mτ∇Ψm(τ,Xm
τ )dBτ +

σ2

2

t∫
s

Mτ∆Ψm(τ,Xm
τ )dτ

and this implies that Ψm(s, x) ≤ Es,xMTΨm(T,Xm
T ) and therefore, by using

the fact that Ψm is the solution of the equation
∂Ψm

∂τ + 1
2σ

2∆Ψm = −minu∈U
[〈
χm

B(Rn)
◦ f(s, x, u),∇Ψm

〉
+ χm

B(Rn)
◦ �(s, x, u)Ψm

]
Ψm(T, x) = expG1 (x)

(103)
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and taking t = T, we can conclude that Ψm(s, x) ≤ J(s, x, u∗). Since the
minimization problem

arg min
u∈U

[〈
χm

B(Rn)
◦ f(s, x, u),∇Ψm

〉
+ χm

B(Rn)
◦ �(s, x, u)Ψm

]
(104)

gives a Borel function g(x, t) we can define ut(t, X̃t) = g(t, X̃t) where X̃t is
the unique strong solution of the equation

dX̃t = χm
B(Rn)

◦ f(t, X̃t, g(t, X̃t))dt+ σdBt (105)

(see the discussion about the SDE at the beginning of this Appendix) and this
completes the proof.

At this point we are able to state our last group of conditions. We say that
the problem satisfies condition (H) when

H i. There exists the limit Ψ of Ψm.
H ii. If

gm(x, t) = arg min
u∈U

[〈
χm

B(Rn)
◦ f(s, x, u),∇Ψm

〉
+ χm

B(Rn)
◦ �(s, x, u)Ψm

]
(106)

and
g(x, t) = arg min

u∈U
[〈f(s, x, u),∇Ψ〉 + �(s, x, u)Ψ ] (107)

then

lim
m→∞ sup

‖x‖Rn≤K

∣∣∣χm
B(Rn)

◦ f(t, x, gm(t, x)) − f(t, x, g(t, x))
∣∣∣ = 0 (108)

for any K > 0 and all t ∈ [0, T ].

The stated condition will be very useful. It is important to notice that the
family of functions

{
χm

B(Rn)

}∞

m=1
we use has the identity function as limit.

At this point we can prove the following

Lemma 4 There is a constant Bm1 such that |log Jm(s, x, u)| ≤ Bm1 (1 + x2)
and there is a constant B1, independent from m, such that |ln J (s, x, u)| ≤
B1(1 + x2) for all s and for all x.

Proof To start we observe that, by using Gronwall’s Inequality ([28]), if we

define Qt = R + K(t − s) + K
t∫
s

Qτdτ + σ |Bt| then we have |Xm
t | ≤ Qt. In

fact we know that

dXm
t = χm

B(Rn)
◦ f(t,Xm

t , u)dt+ σdBt (109)

so, by definition, we have

Xm
t = x+

∫ t

s

χm
B(Rn)

◦ f(τ,Xm
τ , u)dτ +

∫ t

s

σdBτ (110)
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and this implies that |Xm
t | ≤ |x| + ∫ t

s

∣∣∣χm
B(Rn)

◦ f(τ,Xm
τ , u)

∣∣∣ dτ + σ |Bt| and
if we observe that ∣∣∣χm

B(Rn)
◦ f(τ,Xm

τ , u)
∣∣∣ ≤ K (1 + |Xm|) (111)

so we have

|Xm
t | ≤ |x| +

∫ t

s

K (1 + |Xm
τ |) dτ + σ |Bt|

= |x| +
∫ t

s

Kdτ +
∫ t

s

K |Xm
τ | + σ |Bt|

then the statement follows from Gronwall’s Inequality. In the same way we
can show that this fact implies that

|Xm
t − x| ≤ K(1 + |x|)t+K

∫ t

s

|Xm
τ − x| dτ + σ |Bt| (112)

and we can claim, by Gronwall’s Inequality and the Triangle Inequality, that
there exists a constant Ĉ such that

|Xm
t | ≤ |x| + Ĉ

(
K(1 + |x|)T + σ max

0≤t≤T
|Bt|

)
≤ (1 + |x|)(1 + ĈTK) + Ĉσ max

0≤t≤T
|Bt|

In the same way, since Xt satisfies

dXt = f(t,Xt, u)dt+ σdBt (113)

we have

Xt = x+
∫ t

s

f(τ,Xτ , u)dτ +
∫ t

s

σdBτ (114)

and this implies that |Xt| ≤ |x| +
∫ t
s

|f(τ,Xτ , u)| dτ + σ |Bt|. If we observe
that

|f(t,Xt, u)| ≤ K (1 + |Xt|) (115)

then

|Xt| ≤ |x| +
∫ t

s

K (1 + |Xτ |) dτ + σ |Bt|

= |x| +
∫ t

s

Kdτ +
∫ t

s

K |Xτ | dτ + σ |Bt|

hence the statement follows from Gronwall’s inequality. In the same way we
can show that this fact implies that

|Xt − x| ≤ K(1 + |x|)t+K

∫ t

s

|Xτ − x| dτ + σ |Bt| (116)
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and we have, by Gronwall’s Inequality and Triangle Inequality, that there
exists a constant Ĉ such that

|Xt| ≤ |x| + Ĉ

(
K(1 + |x|)T + σ max

0≤t≤T
|Bt|

)
≤ (1 + |x|)(1 + ĈTK) + Ĉσ max

0≤t≤T
|Bt| .

Therefore, if we choose C = max (K1,K2) and we assume, without loss of
generality, that s = 0 we get∣∣∣∣∣

∫ T

0

�(τ,Xι, uτ )dτ +G1(XT )

∣∣∣∣∣ ≤
∫ T

0

|�(τ,Xι, uτ )| dτ + |G1(XT )|

≤
∫ T

0

C(1 + |Xτ |2)dτ + C(1 + |XT |2)

≤ C(1 + T ) + C |XT |2 + C

∫ T

0

|Xτ |2 dτ

≤ C(1 + T ) + C |XT |2

+C
∫ T

0

(
2(1 + |x|)2(1 + ĈTK)2

)
dτ

+C
∫ T

0

(
2Ĉ2σ2 (max 0≤t≤T |Bt|)2

)
dτ

≤ C(1 + T ) + C |XT |2

+C
(
2(1 + |x|)2(1 + ĈTK)2

)
T

+2Ĉ2Cσ2

∫ T

0

(
max0≤t≤T |Bt|2

)
dτ

so, after we set

p(|x| , T ) = C(1 + T ) + C |XT |2 + C
(
2(1 + |x|)2(1 + ĈTK)2

)
T (117)

to simplify the notation, we can write

E0,x exp
{∣∣ϕx,u(t, ω)

∣∣} ≤ exp p(|x| , T )E0,x exp

{∣∣∣∣∣Ĉ2Cσ2

∫ T

0

(
max

0≤t≤T
|Bt|

)2

dt

∣∣∣∣∣
}

(118)
We need to calculate E0,x exp

{
2Ĉ2Cσ2

∫ T
0

(max0≤τ≤T |Bτ |)2 dt
}
. By using

Doob’s maximal inequality and by using the fact that the density of B(j)
t is
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given by (2πt)−1/2 exp(−x2/2t) we get that, for σ small enough, the integral
is always bounded. In fact, we have the following

E0,x exp
{∣∣ϕx,u(t, ω)

∣∣} ≤ exp p(|x| , T )E0,x exp

{∣∣∣∣∣Ĉ2Cσ2

∫ T

0

(
max

0≤t≤T
|Bt|

)2

dt

∣∣∣∣∣
}

≤ 2n√
2πT

exp p(|x| , T )
∫ ∞

−∞
exp

{
2Ĉ2Cσ2 − 1

2T

}
w2dw.

To complete the proof we notice that by taking the log of both sides and
using the definition of J then there must exist a constant B1 such that
|ln J (s, x, u)| ≤ B1(1 + x2), similarly for Jm.

It is useful, in order to prove our next result, to simplify the notation. We
set

ϕXm,x,u(s, ω) =
∫ T
s
�(t,Xm

t , ut)dt+G1(Xm
T ) (119)

if 
dXm

t =
(
χm

B(Rn)
◦ f

)
(t,Xm

t , u)dt+ σdBt

∀t ∈ [s, T ]
Xm
s = x

(120)

and we set {
ϕX,x,u(s, ω) =

∫ T
s
�(t,Xt, ut)dt+G1(XT ) (121)

if 
dXt = f(t,Xt, u)dt+ σdBt

∀t ∈ [s, T ]
Xs = x

. (122)

We are now ready to state and prove the following

Lemma 5 We have

limm→∞
(

supu,x |Es,x exp {ϕXm,x,u(s, ω)} − Es,x exp {ϕX,x,u(s, ω)}|)=0
(123)

i.e. we have uniform convergence on compact sets.

Proof Let us fix a compact set K ⊂ Rn, if we define

Bf,m = sup
{
c ≥ 0

∣∣∣f = χm
B(Rn)

◦ f ∀ (t, x, u) ∈ [0, T ] × cB(Rn) × U
}

(124)

and

B	,m = sup
{
c ≥ 0

∣∣∣� = χm
B(Rn)

◦ � ∀ (t, x, u) ∈ [0, T ] × cB(Rn) × U
}

(125)

and

BG1,m = sup
{
c ≥ 0

∣∣∣G1 = χm
B(Rn)

◦G1 ∀ (t, x, u) ∈ [0, T ] × cB(Rn) × U
}

(126)
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if we consider the following function

Ds,x
m,X,u=Es,x exp

{
ϕXm

t ,u
(t, ω)

} − Es,x exp {ϕX,u(t, ω)} . (127)

and if we define

Ωm =
{
ω ∈ Ω

∣∣|Xt(ω)| ≤ min(Bf,m, B	,m, BG1,m) ∀t ∈ [0, T ]
}

(128)

then, since Xt(ω) = Xm
t (ω) on Ωm, the following inequality∣∣∣Ds,x

m,X,u

∣∣∣ ≤ ∣∣Es,x1Ωc
m

exp
{
ϕXm

t ,u
(t, ω)

}
+ Es,x1Ωc

m
exp {ϕX,u(t, ω)}∣∣ (129)

must hold. Therefore, by the definition of the functions ϕXm,x,u(s, ω) and
ϕX,x,u(s, ω) and the properties of the functions � and G1, we have∣∣∣Ds,x

m,X,u

∣∣∣ ≤ Es,x1Ωc
m

exp

{∫ T

0

K1

(
1 + |Xm

t |2
)
dt+K2

(
1 + |Xm

T |2
)}

+Es,x1Ωc
m

exp

{∫ T

0

K1

(
1 + |Xt|2

)
dt+K2

(
1 + |XT |2

)}
.

Since we proved in the first part of Lemma 2 that |Xm
t | and |Xt| are dom-

inated by the process Q(t) = Qx(t)5 which is the solution of the equation
Qx(t) = ‖x‖+K(t− s)+K

∫ t
s
Qx(τ)dτ +σ |Bt| (note that K compact implies

maxx∈K ‖x‖ is a finite positive number) then if we set

c1 = (1 + T )max(K1,K2) (130)

we can write that∣∣∣Ds,x
m,,X,u

∣∣∣ ≤ 2 exp c1
∫
Ω

1Ωc
m

(ω) exp

{
c1

1 + T

∫ T

0

Qx(t)2 +Qx(t)2
}
dP(ω)

(131)
Now we observe that

P(Ωcm) ≤ P( max
0≤t≤T

|Qt| > min(Bf,m, B	,m, BG1,m)) (132)

and min(Bf,m, B	,m, BG1,m
) → ∞ as m → ∞. To complete the proof we

need to show that P(Ωcm) → 0 therefore we note that |Qx(t)| ≤ ‖x‖ +KT +
K
∫ t
0

|Qx(τ)| dτ + σmax 0≤t≤T |Bt| and the Gronwall’s Inequality implies

|Qx(t)| ≤ ‖x‖ +KT + σ max
0≤t≤T

|Bt| +

K

∫ t

s

expK(t− s)
(

‖x‖ +KT + σ max
0≤t≤T

|Bt|
)

≤ (1 +KT expKT )
(

‖x‖ +KT + σ max
0≤t≤T

|Bt|
)
.

5 The reader should notice that for the process Q(t) we shall use also the symbol Qx(t).
We do this because we need to stress the uniform convergence.
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The last estimate implies that

P( max
0≤t≤T

|Qt| > min(Bf,m, B	,m, BG1,m)) (133)

is smaller than

P
(

‖x‖ +KT + σ max
0≤t≤T

|Bt| >
min(Bf,m, B	,m, BG1,m

)
1 +KT expKT

)
(134)

therefore we can conclude that

P(Ωcm) < P
(

max
0≤t≤T

|Bt| >
min(Bf,m, B	,m, BG1,m

)
σ (1 +KT expKT )

− 1
σ

(‖x‖ +KT )
)
(135)

and, since

lim
m→∞

min(Bf,m, B	,m, BG1,m
)

σ (1 +KT expKT )
= ∞ (136)

and
max
x∈K

‖x‖ < ∞ (137)

with K ⊂ Rn compact, we can claim that this implies P(Ωcm) → 0 uniformly.
We also observe that the following inequality∫ T

0

Qx(t)2 +Qx(T )2 ≤
∫ T

0

(1 +KT expKT )2 (‖x‖ +KT + σmax 0≤t≤T |Bt|)2 dτ +

(1 +KT expKT )2
(

‖x‖ +KT + σ max
0≤t≤T

|Bt|
)2

≤ (1 + T ) (1 +KT expKT )2

×
(

‖x‖ +KT + σ max
0≤t≤T

|Bt|
)2

≤ 4 (1 + T ) (1 +KT expKT )2

×
(

‖x‖2 +K2T 2 + σ2

(
max

0≤t≤T
|Bt|

)2
)
,

and the Dominated Convergence Theorem and the Doob’s Maximal Inequality
imply that

lim
m→∞ 2 exp c1

∫
Ω

1Ωc
m

(ω) exp

{
4c1 (1 +KT expKT )2

(
‖x‖2 +K2T 2 + σ

(
max

0≤t≤T
|Bt|

)2
)}

dP(ω) = 0,

(138)
therefore we can conclude that, uniformly for x ∈ K,

lim
m→∞ 2 exp c1

∫
Ω

1Ωc
m

(ω) exp

{
c1

1 + T

∫ T

0

Qx(t)2 +Qx(T )2
}
dP(ω) = 0

(139)
and this completes the proof.
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Theorem 10 On compact sets we have Vm → V and Ψm → Ψ uniformly and
the value function V satisfies the following problem

0 =
∂V

∂t
+

1
2
σ2∆V +

1
2
σ2 |∇V |2 + min

u∈U
[〈f(t, x, v),∇V 〉 + �(t, x, v)] (140)

Proof If we denote log Jmby Im and we remind the reader that we have just
proved that

limm→∞

(
sup
u,x

|Es,x exp {ϕXm,x,u(s, ω)} − Es,x exp {ϕX,x,u(s, ω)}|
)

=0

(141)
then we can claim that there is uniform convergence on compact sets for the
following sequences

Jm → J (142)

and
Im → I (143)

To prove that we also have uniform convergence on compact sets for the fol-
lowing sequences

Vm → V (144)

and
Ψm → Ψ (145)

it is enough to observe that if we fix a ε > 0 and we fix a compact set K then,
if m is big enough, we have |Im − I| < ε therefore we can find a control u such
that

Vm(s, x) − V (s, x) < Im(s, x, u) − I(s, x, u) + ε (146)

as a consequence we have, for any x ∈ K, the following

Vm(s, x) − V (s, x) < 2ε (147)

and this implies that Vm → V uniformly on compact sets. In the same way we
can prove that Ψm → Ψ uniformly on compact sets.

Since we have

0 =
∂Vm
∂t

+
1
2
σ2∆Vm +

1
2
σ2 |∇Vm|2 +

min
u∈U

[〈
χm

B(Rn)
◦ f(t, x, v),∇Vm

〉
+ χm

B(Rn)
◦ �(t, x, v)

]
and

0 =
∂V

∂t
+

1
2
σ2∆V +

1
2
σ2 |∇V |2 + min

u∈U
[〈f(t, x, v),∇V 〉 + �(t, x, v)] (148)

if we set
Dm =

[
〈f(t, x, v),∇V 〉 + χm

B(Rn)
◦ �(t, x, v)

]
(149)
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and
D = [〈f(t, x, v),∇V 〉 + �(t, x, v)] (150)

then we can claim Dm → D uniformly on any compact set K. Therefore, by
Lemma 2.6.2 in [8] we can claim that V is the viscosity solution and since we
can apply the local existence theorems to the equation with viscosity data we
can conclude that the solution of the equation is actually a classical solution.
Clearly, the result goes for the function Ψ since this is just a differentiable
transform of the function V.

We are now in the position to prove the main result. In fact, we have the
following

Theorem 11 Given the model (PA) described at the beginning, if there exists
an open set O such that Xt ∈ O and for all y ∈ O σ is not singular with the
inverse matrix satisfying the following condition

∃G ∈ C2(O,Rn) Gy(y) = σ−1 ∀y ∈ O (151)

and F ◦ G−1, c̃f,c,σ(t,G−1, ut) and the drift term of G(Xt) satisfy the assump-
tions (F), (C), (G) and (H) then the solution of the m-truncated problem
(PA)m converges to the solution of (PA).

Proof If we start with

dXt = ψ(Xt, ut)dt+ σ(Xt)dBt (152)

then, by assumption, we can find G ∈ C2(O,Rn) such that DG(y) = σ−1

∀y ∈ O. Hence, if we apply the Ito Formula to

Yt = σ̃G(Xt) (153)

(σ̃ is an arbitrary positive constant) we obtain

dYk,t = σ̃
∂Gk
∂t

(t,Xt) +
∑
j

σ̃
∂Gk
∂xj

(t,Xt)dXj,t +
1
2

∑
j,i

σ̃
∂Gk

∂xj∂xi
(t,Xt)dXi,tdXj,t

+
∑
j

σ̃
∂Gk
∂xj

(t,Xt)dXj,t +
1
2

∑
j,i

σ̃2 ∂Gk
∂xj∂xi

(t,Xt)dXi,tdXj,t

where Yt = (Y1,t, ..., Yn,t) and Xt = (X1,t, ...,Xn,t) . Therefore, if we set
σ̃G =G̃, and we observe that for any t ∈ [0, T ] we have Xt : Ω → O and
G̃−1 : O → Rn, c̃ : [0, T ] × Rn × U → R and F1 : Rn → R then, by using
G̃−1, we can re-write the problem (PA) and we obtain

maxu∈U E
[
− exp −R

{
F1 ◦ G̃−1(YT ) +

∫ T
0

c̃(t, G̃−1(Yt), ut)dt
}]

dYt = ψ̃(Yt, ut)dt+ σ̃dBt

Y0 = G̃(x)
(154)
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and since this problem is equivalent to solving

minu∈U log E
[
exp−R

{
F1 ◦ G̃−1(YT ) +

∫ T
0

c̃(t, G̃−1(Yt), ut)dt
}]

dYt = ψ̃(Yt, ut)dt+ σ̃dBt

Y0 = G̃(x)
(155)

then the result follows from what we proved in this section (with s = 0) with

�(t,Yt, ut) = −Rc̃(t, G̃−1(Yt), ut)

= Rc(t, G̃−1Yt, ut) −Ra(t, G̃−1Yt) +
Rr

2

∥∥∥∇uc(t, G̃−1Yt, ut)D−1
u f(t, G̃−1Yt, ut)σ(t, G̃−1Yt)

∥∥∥2

G1(YT ) = −RF1 ◦ G̃−1(YT )

= −RF1

(
G̃−1(YT )

)
.

In fact, in Lemma 22 we proved that there exists a sequence of set {Am}
such that P(Am) → 1 and for every (ω, t) ∈ Am × [0, T ] Ym(ω, t) = Y(ω, t).
Actually, it is enough to set Am = Ωm where Ωm is defined exactly as in the
cited Lemma i.e.

Ωm =
{
ω ∈ Ω

∣∣∣|Yt(ω)| ≤ min(B
ψ̃,m

, B
c̃(·,G̃−1(·),·),m, BF1◦G̃−1,m

)∀t ∈ [0, T ]
}

6 .

(156)
Moreover, we observe that since in the last Theorem we proved that H1 holds
and since we know that if gm(x, t) is the Borel function (see [7]) so defined

gm(y, s) = arg minu∈U
[〈
χm

B(Rn)
◦ ψ̃(s, y, u),∇Ψm

〉
+ χm

B(Rn)
◦)c̃(s, G̃−1(y), u)Ψm

]
(157)

then we have ut(t, Ỹt) = g(t, Ỹt) where Ỹt is the unique strong solution of the
equation dỸt = χm

B(Rn)
◦ ψ̃(t, Ỹt, g(t, Ỹt))dt+ σ̃dBt. If we define〈

χm
B(Rn)

◦ ψ̃(s, y, u),∇Ψm
〉

+ χm
B(Rn)

◦ c̃(s, G̃−1(y), u)Ψm = Fm(s, y, u) (158)

and 〈
ψ̃(s, y, u),∇Ψm

〉
+ c̃(s, G̃−1(y), u)Ψm = F (s, y, u) (159)

then, for any K > 0 and ∀t ∈ [0, T ], we have

lim
m→∞ sup

‖y‖Rn≤K
|Fm(s, y, u) − F (s, y, u)| = 0 (160)

and this fact implies the convergence of controls.

6 Of course, by definition we have c̃(·, G̃−1(·), ·)(t,Yt, ut) = c̃(t, G̃−1(Yt), ut).
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10 Appendix II

Proof (Theorem 5) We are going to present the proof for the diagonal case in
detail; the general case is the same, but notationally very messy. Therefore,
by assumption, if we define

σ̂σ̂T = [aij ]i,j=1,...,n (161)

we are going to assume aij = 0 if i �= j. Since we are only going to work on
a discrete space or lattice we shall use the following standard approximations
for the derivatives

ϕt �→ 1
δ [ϕ(x, t+ δ) − ϕ(x, t)]

ϕxj
if bj ≥ 0�→ 1

h [ϕ(x+ hej , t+ δ) − ϕ(x, t+ δ)]

ϕxi
if bj < 0�→ 1

h [ϕ(x, t+ δ) − ϕ(x− hej , t+ δ)]

ϕxixi
�→ 1

h2 [ϕ(x+ hei, t+ δ) + ϕ(x− hei, t+ δ) − 2ϕ(x)]
(162)

where ej = (0, .., 1, ...0) ∈ Rn for j = 1, ..., n (we do not need to compute
ϕxixj

if i �= j since aij = 0 if i �= j). Therefore, if we define

W (x, t)=Ex

[
− exp −R

{
F̂ (XT ) +

∫ T

t

ĉ(t,Xt, ut)dt

}]
(163)

we have

∂W

∂t
+

n∑
j=1

ψ̂(x, u)
∂W

∂xj
(x, t, u) +

1
2

n∑
j=1

aj(x, u)
∂2W

∂x2
j

(x, t, u) − ĉW (x, t, u)=0

(164)
and, after we discretize the partial derivatives, if we define ψ̂+ = max(ψ̂, 0)
and ψ̂− = max(−ψ̂, 0), we obtain the following

0 =
Wh,δ(x, t+ δ, u) −Wh,δ(x, t, u)

δ

+
n∑
j=1

ψ̂+(x, u)

(
Wh,δ(x+ hej , t+ δ, u) −Wh,δ(x, t+ δ, u)

)
h

−
n∑
j=1

ψ̂−(x, u)

(
Wh,δ(x, t+ δ, u) −Wh,δ(x− hej , t+ δ, u)

)
h

+
1
2

n∑
j=1

ajj(x, u)
Wh,δ(x+ hej , t+ δ, u) +Wh,δ(x− hej , t+ δ, u) − 2Wh,δ(x, t+ δ, u)

2h2

−Rĉ(x, nδ, u)Wh,δ(x, nδ, u (x, nδ))
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with the boundary condition on Wh,δ. Hence, we have

Wh,δ(x, nδ, u)

=
n∑
j=1

[
δ

2h2
ajj(x) + ψ̂+((x, u(x, nδ))

δ

h

]
Wh,δ(x+ h, nδ + δ, u)

+
n∑
j=1

[
δ

2h2
ajj(x) + ψ̂−(x, u(x, nδ))

δ

h

]
Wh,δ(x− h, nδ + δ, u)

+Wh,δ(x, nδ + δ, u)

1 −
n∑
j=1

δ

h2
ajj(x) −

n∑
j=1

|ψ(x, u(x, nδ))| δ
h


−Rc(x, nδ, u)Wh,δ(x, nδ, u (x, nδ))δ

it follows that, if we define the quantities

p̂h,δ(x, x+ h, |u(x, nδ) ) =
δ

2h2
ajj(x) + ψ̂+((x, u(x, nδ))

δ

h

p̂h,δ(x, x− h, |u(x, nδ) ) =
δ

2h2
ajj(x) + ψ̂−(x, u(x, nδ))

δ

h

p̂h,δ(x, x, |u(x, nδ) ) = 1 − δ

h2
ajj(x) −

∣∣∣ψ̂(x, u(x, nδ))
∣∣∣ δ
h

we can write

Wh,δ(x, nδ, u)(1 +Rĉ(x, nδ, u)δ)

=
∑
y

p̂h,δ(x, y, |u(x, nδ) )Wh,δ(x, nδ + δ, u) +

+p̂h,δ(x;x |u(x, nδ) )Wh,δ(x, nδ + δ, u)

and most importantly, given our boundedness assumptions, we have, for each
element in the grid, positive numbers with∑

y

p̂h,δ(x, nδ; y, nδ |γ ) + p̂h,δ(x, nδ;x, nδ + δ |γ ) = 1. (165)

Therefore, we can write the discretized optimal control as

maxu∈U Eux,t
[
− exp −R

{
−∑

ĉ(xu,h,δx,n , u(xu,h,δx,n ))∆th(xu,h,δx,n , u(xu,h,δx,n )) + F̂ (xu,h,δx,n )
}]

(166)
and we obtain a solution since we are optimizing a continuous function on
a compact space. Let u : Gh,δ → R be the solution. So, if we consider the
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probabilities above as transition probabilities, we can write the Markov Chain{
Xh,δ

}
on the the grid Gh,δ. For

{
Xh,δ

}
we have Eu,h,δx,n ∆Xh,δ = ψ̂δ + o(δ)

covu,h,δx,n ∆Xh,δ = σ̂σ̂T(x)δ + o(δ)
(167)

and this gives the claimed local consistency.

Remark 7 It is worth noticing that the equation we wrote above could actually
allow us to compute the value Wh,δ(x, nδ, u) by using induction. In fact, on
the right side, we have only values of the form Wh,δ(x, nδ + δ, u) and this is
due to the fact that the spatial derivatives are computed at time nδ+ δ in the
approximation scheme.

Remark 8 It is worth noticing that in the scalar case we have the following
standard approximations for the derivatives

ϕt �→ ϕ(x, t+ δ) − ϕ(x, t)/δ

ϕx if b ≥ 0�→ ϕ(x+ h, t+ δ) − ϕ(x, t+ δ)/h

ϕx it b < 0�→ ϕ(x, t+ δ) − ϕ(x− h, t+ δ)/h

ϕxx �→ {ϕ(x+ h, t+ δ) + ϕ(x− h, t+ δ) − 2ϕ(x, t+ δ)} /h2

(168)
and n = 1 gives us

∂W

∂t
+ b(x, u)

∂W

∂x
(x, t) +

1
2
σ2(x)

∂2W

∂x2
(x, t) − c̃W (x, t)=0 (169)

and, after we discretize the partial derivatives, we obtain the following

Wh,δ(x, nδ, u)

=
[
δ

2h2
σ2(x) + b+(x, u(x, nδ))

δ

h

]
Wh,δ(x+ h, nδ + δ, u)

+
[
δ

2h2
σ2(x) + b−(x, u(x, nδ))

δ

h

]
Wh,δ(x− h, nδ + δ, u)

+Wh,δ(x, nδ + δ, u)
[
1 − δ

h2
σ2(x) + |b(x, u(x, nδ))| δ

h

]
−Rc̃(x, nδ, u)Wh,δ(x, nδ, u)δ

So we can write

Wh,δ(x, nδ, u)(1 + c̃(x, nδ, u)δ)

=
∑
y

p̂h,δ(x, nδ; y, nδ |u(x, nδ) )Wh,δ(x, nδ + δ, u) +

+p̂h,δ(x, nδ;x, nδ + δ |u(x, nδ) )Wh,δ(x, nδ + δ, u)
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Remark 9 About the general case σσT = [aij ]i,j=1,...,n we are going to use the
following discretizations

ϕt �→ ϕ(x, t+ δ) − ϕ(x, t)/δ

ϕxj
if bj ≥ 0�→ ϕ(x+ hej , t+ δ) − ϕ(x, t+ δ)/h

ϕxi
if bj < 0�→ ϕ(x, t+ δ) − ϕ(x− hej , t+ δ)/h

(170)

and

ϕxixj
if aij ≥ 0�→


2ϕ(x) + ϕ(x+ h

∑
k=i,j

ek, t+ δ)

−ϕ(x− h
∑
i,j

ek, t+ δ)

−[ϕ(x+ hei, t+ δ) + ϕ(x− hei, t+ δ)]/2h2

−[ϕ(x+ hej , t+ δ) + ϕ(x− hej , t+ δ)/2h2

 · 1
2h2

ϕxixj
if aij < 0�→

 −
[

2ϕ(x) + ϕ(x+ hei − hej , t+ δ)
−ϕ(x− hei + hej , t+ δ)

]
+[ϕ(x+ hei, t+ δ) + ϕ(x− hei, t+ δ)]
+[ϕ(x+ hej , t+ δ) + ϕ(x− hej , t+ δ)

 · 1
2h2

(171)

We now present the following

Proof (Theorem 14) To simplify the notation we define

F1(XT ) +
∫ T

0

c̃(t,Xt, ut)dt = H(X, u) (172)

and

χn
B(Rn)

◦ F1(XT ) +
∫ T

0

χn
B(Rn)

◦ c̃(t,Xt, ut)dt = Hn(X, u) (173)

we can write

|E exp −RH(X, u) − E exp −RH(Xn, un)| ≤ |E exp −RH(X, u) − E exp −RHn(Xn, un)|
+ |E exp −RHn(Xn, un) − E exp −RH(Xn, un)|

Given our assumptions A1, A2 and A3 we need only to study the difference
χn

B(Rn)
◦ c(Xn

t , u
n
t )− c(Xt, ut). If we fix an ε > 0 and we observe that for every

n we have the solution (Xn,t, un,t) of the n−truncated problem then we can
choose an n big enough such that there is a set An with P(Acn) ≤ ε and for
every (ω, t) ∈ An × [0, T ] Xn,t(ω, t) = X(ω, t). We also observe that∣∣∣χn

B(Rn)
◦ c(t,Xn

t , u
n
t ) − c(t,Xt, ut)

∣∣∣ =
∣∣∣χn

B(Rn)
◦ c(t,Xt, u

n
t ) − c(t,Xt, ut)

∣∣∣1An

+
∣∣∣χn

B(Rn)
◦ c(t,Xn

t , u
n
t ) − c(t,Xt, ut)

∣∣∣1Ac
n
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and∣∣∣χn
B(Rn)

◦ c(t,Xn
t , u

n
t ) − c(t,Xt, ut)

∣∣∣1Ac
n

≤
∣∣∣χn

B(Rn)
◦ c(t,Xn

t , u
n
t )
∣∣∣1Ac

n

+ |c(t,Xt, ut)|1Ac
n

≤ 2K
(
1 + |Xn

t |2 + |Xt|2
)
1Ac

n

≤ 2K
(
1 + 2 |Xn

t − Xt|2 + 3 |Xt|2
)
1Ac

n

if we define
Yn = sup

[0,T ]

|Xn
t − Xt|2 (174)

we know that (see [10])
Yn → 0 (175)

so we can conclude Yn → 0 in probability and 1Ac
n

∫ T
0

|Xn
t − Xt|2 ≤ B a.e. on

Ω, we also notice that there exists a constant L > 0 such that, if we set∣∣∣∣∣E exp
∫ T

0

χn
B(Rn)

◦ c(t,Xn
t , u

n
t )dt− E exp

∫ T

0

c(t,Xt, ut)dt

∣∣∣∣∣ = I, (176)

we have, by A3,

I ≤ LE

∣∣∣∣∣exp
∫ T

0

∣∣∣χn
B(Rn)

◦ c(t,Xn
t , u

n
t ) − c(t,Xn

t , u
n
t )
∣∣∣1Ac

n
dt− 1

∣∣∣∣∣
2

≤ LE

∣∣∣∣∣exp
∫ T

0

2K
(
1 + 2 |Xn

t − Xt|2 + 3 |Xt|2
)
1Ac

n
dt− 1

∣∣∣∣∣
2

≤ LE

∣∣∣∣∣exp1Ac
n
(T + 4K

∫ T

0

|Xn
t − Xt|2 dt) + 6K1Ac

n

∫ T

0

|Xt|2 dt− 1

∣∣∣∣∣
2

We also notice that for every α ∈ R we have, by Fubini ’s Theorem,

E expα1Ac
n

∫ T

0

|Xn
t − Xt|2 dt = E

∞∑
	=0

1
�!
α	

(
1Ac

n

∫ T

0

|Xn
t − Xt|2 dt

)	

=
∞∑
	=0

1
�!
α	E

(
1Ac

n

∫ T

0

|Xn
t − Xt|2 dt

)	

≤
∞∑
	=0

1
�!
α	B	

< ∞
and this implies, by the Dominated Convergence Theorem, that∣∣∣∣∣E exp

∫ T

0

χn
B(Rn)

◦ c(t,Xn
t , u

n
t )dt− E exp

∫ T

0

c(t,Xt, ut)dt

∣∣∣∣∣ → 0 (177)
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since P(Acn) → 0 and P(Ω) = 1. Finally, we notice that for (Xhn,δn
n , uhn,δn

n )
and (Xn

t , u
n
t ) we can use the weak convergence and therefore we can claim

that∣∣∣∣∣E
[
exp−R

{
F (Xhn,δn

n ) +
∫ T

0

c(t,Xhn,δn
n , uhn,δn

n )dt

}]
− E expH(Xn, un)

∣∣∣∣∣ → 0

(178)
and this completes the proof.

Proof (Theorem 16) We fix an ε > 0 and we observe that for every m we
have the solution (Xm

t , u
m
t ) of the m−truncated problem. If we choose an

m big enough then there exists an Am such that P(Acm) ≤ ε and for every
(ω, t) ∈ Am× [0, T ] Xm

t (ω, t) = Xt(ω, t). To prove our result we must analyze
the different parts of the sharing rule.
We start by proving that

∫ T
0
c(t,Xm

t , u
m
t )dt → ∫ T

0
c(t,Xt, u

∗
t )dt. We observe

that we can write

|c(t,Xt, u
∗
t ) − c(t,Xm

t , u
m
t )| ≤ |c(t,Xt, u

∗
t ) − c(t,Xm

t , u
∗
t ))| +

|c(t,Xm
t , u

∗
t )) − c(t,Xm

t , u
m
t )|

and

|c(t,Xt, u
∗
t ) − c(t,Xm

t , u
∗
t ))| ≤ (1 + |Xt| + |Xm

t )|) |Xt − Xm
t | (179)

therefore, by Jensen’s Inequality, we have

E

∣∣∣∣∣
∫ T

0

(c(t,Xt, u
∗
t ) − c(t,Xm

t , u
∗
t ))) dt

∣∣∣∣∣
2

≤ E
∫ T

0

|c(t,Xt, u
∗
t ) − c(t,Xm

t , u
∗
t ))|2 dt

≤ E
∫ T

0

((1 + |Xt| + |Xm
t )|)2 |Xt − Xm

t |2 dt

≤ 4E
∫ T

0

(1 + |Xt|2 + |Xm
t |2) |Xt − Xm

t |2 dt

and hence, by Cauchy-Schwarz’s Inequality,

E

∣∣∣∣∣
∫ T

0

(c(t,Xt, u
∗
t ) − c(t,Xm

t , u
∗
t ))) dt

∣∣∣∣∣
2

≤ 4

(
E
∫ T

0

(1 + |Xt|2 + |Xm
t |2)2dt

) 1
2

×
(

E
∫ T

0

|Xt − Xm
t |4 dt

) 1
2

≤ 16

(
E
∫ T

0

(1 + |Xt|4 + |Xm
t |4)dt

) 1
2

×
(

E
∫ T

0

|Xt − Xm
t |4 dt

) 1
2
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and the last term goes to zero as m → ∞. We also notice that, by condition
iv in Section 3, there exists K1 such that

|c(t,Xm
t , u

∗
t )) − c(t,Xm

t , u
m
t )| ≤

∣∣∣c(t,Xm
t , u

∗
t )) − χm

B(Rn)
◦ c(t,Xm

t , u
m
t )

∣∣∣
+
∣∣∣χm

B(Rn)
◦ c(t,Xm

t , u
∗
t )) − c(t,Xm

t , u
m
t )

∣∣∣
≤ 2K1(1 + |Xm

t |2)
and since there exists a constant K2 such that (see [10] Theorem 3.8)

E
∫ T

0

(1 + |Xm
t |2)2 =

∫ T

0

E(1 + |Xm
t |2)2

≤ 2
∫ T

0

E(1 + |Xm
t |4)

≤ 2
∫ T

0

(1 + (1 + x) expK2t)

< ∞
therefore, by the Dominated Convergence Theorem, we obtain that

E
∫ T

0

|c(t,Xt, u
∗
t ) − c(t,Xm

t , u
∗
t ))|2 dt → 0 as m → ∞ (180)

and this implies the convergence of both terms. Now if we use the fact that(∇uc ·D−1
u f

) · σ is bounded and the fact that, for a finite constant C1,

E

[∫ T

0

|Xm
t (ω, t) − Xt(ω, t)|2 dt

]
≤
∫
Ω

∫ T

0

1Ac
m

|Xm
t (ω, t) − Xt(ω, t)|2 dtdP

≤ C1P(Acm)T

it follows that, in the L2 sense,∫ T

0

(∇uc ·D−1
u f

)
(Xm

t , u
m
t )σ(Xm

t )dBt →
∫ T

0

(∇uc ·D−1
u f

)
(Xt, u

∗
t )σ(Xt)dBt.

(181)
If we set

I =
∥∥(∇uc ·D−1

u f
)
(Xm

t , u
m
t )σ(Xm

t )
∥∥2
dt (182)

then there exists a constant M such that

E

∣∣∣∣∣
∫ T

0

I-

[∫ T

0

∣∣∇uc(t,Xt, ut)D−1
u f(t,Xt, ut)σ(t,Xt)

∣∣2 dt]∣∣∣∣∣
2

≤ E

∣∣∣∣∣
∫ T

0

(
I-
∣∣∇uc(t,Xt, ut)D−1

u f(t,Xt, ut)σ(t,Xt)
∣∣2) dt∣∣∣∣∣

2

≤ E

∣∣∣∣∣
∫ T

0

(
I-
∣∣∇uc(t,Xt, ut)D−1

u f(t,Xt, ut)σ(t,Xt)
∣∣2)∣∣∣∣∣

2

dt

≤ 2M2T
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and this implies that∫ T

0

∥∥(∇uc ·D−1
u f

)
(t,Xm

t , u
m
t )σ(t,Xm

t )
∥∥2

(183)

converges, in the L2 norm, to∫ T

0

∥∥(∇uc ·D−1
u f

)
(t,Xt, u

∗
t )σ(t,Xt)

∥∥2
(184)

Finally, for any m we have
{(

Xhn,δn
m , uhn,δn

m

)}
n

and, by using Skorokhod The-
orem, we can assume that there is convergence with probability one. Therefore,
by the boundedness of the functions ∇ucD

−1
u fσ and χm

B(Rn)
◦c we have clearly

the following∫ T

0

χm
B(Rn)

◦ c(t,Xhn,δn
m , uhn,δn

m )dt →
∫ T

0

χm
B(Rn)

◦ c(t,Xm
t , u

m
t )dt (185)

and ∫ T

0

(∇uc ·D−1
u f

)
(t,Xhn,δn

m , uhn,δn
m )σ(t,Xhn,δn

m )dBt (186)

converges to ∫ T

0

(∇uc ·D−1
u f

)
(t,Xm

t , u
m
t )σ(t,Xm

t )dBt (187)

and ∫ T

0

∥∥(∇uc ·D−1
u f

)
(t,Xhn,δn

m , uhn,δn
m )σ(t,Xhn,δn

m )
∥∥2
dt (188)

converges ∫ T

0

∥∥(∇uc ·D−1
u f

)
(t,Xm

t , u
m
t )σ(t,Xm

t )
∥∥2
dt (189)

therefore we obtain
L2 − lim

n→∞S(Xn) = S(X). (190)
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