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1 Introduction

A typical principal-agent situation under moral hazard is usually modelled in
the following way: the agent must manage some form of assets while receiving
a salary to do so. The principal will compensate the agent at the end and
cannot monitor the effort, leading the agent to maximize her /his own wealth.
Therefore, in a world of moral hazard, the participation constraint is not the
only condition to be taken into account.

If the agent has to perform her/his task in a continuous-time setting, then
we usually allow the agent to control the drift of a diffusion process and,
under certain assumptions, it is possible to show that there exists a salary and
a control such that they are the equilibrium of the game.

Many papers have been written along this line. They are all very interesting
and they all originated from the seminal paper of Holmstrém and Milgrom. In
this paper, where the agent controls a Brownian motion with a linear trend
(see [14]), they find a natural resolution of Mirrlees’ nonexistence result (1974)
and a very sharp conclusion: at equilibrium the principal offers a salary which
is a linear function of profit and elicits a constant effort from the agent. It
would be desirable to have a way to get information about the strategy played
at equilibrium when the output is a more general process, since we know that
in many situations, Brownian motion with a drift is not a modelling option; for
example, when the process must be positive we cannot use Brownian motion
with drift.

So far, little attention has been paid to the mathematical underpinning
of this problem, but there are two important exceptions, the paper of Sung
(see [33]) and the paper of Hellwig and Schmidt (see [12]). This direction of
investigation is very interesting since it has the potential to help us to answer
one of the main questions about this kind of game-theoretic model, namely
which kind of strategies the players use at the equilibrium (u*, S*), where S*
is the salary paid by the principal to the agent who exerts u* effort. In fact, as
we are not in a full information framework the strategies are not trivial. Very
little is known about this aspect of the problem and only one case has been
computed so far: the linear case (see [14]).

In Schaettler and Sung’s paper there is a rigorous characterization, via
a fully justified first-order approach, of the pair of strategies (u*,S*) which
characterizes the equilibrium of the game. This is our starting point. The
characterization for the salary S* is given, among others things, in terms
of a stochastic integral, and the stochastic integral is also a function of the
optimal control. However, the characterization of the optimal control, crucial
to construct even the salary, is given in terms of a nonlinear partial differential
equation (PDE thereafter). This is not surprising but certainly useful. In fact,
it is well-known that many types of optimal control problems generate some
kind of PDE and they are very important from the heuristic point-of-view.
However, usually they are not linear PDEs; therefore, very little is known
about solutions and ways to get them. Hence they are, in a certain sense, like
black boxes.



It must be underlined that there are two significant factors that make this
model rather complex to approach, namely, the presence of a final or expiration
date for the contract and the fact that we do not put any restriction on the
number of sources of information and on the efforts components. In turn, we
will discuss both aspects. The presence of the final date is, in our opinion, very
important. In fact, this is a common characteristic for many contracts and to
deny this fact is simply unacceptable. Of course to remove this modelling
condition makes the analysis simpler since it is possible to use the short cut
of statistical stationarity when we remove a boundary or final date condition,
but, in our opinion, this model of contract (without a fixed terminal date) is
not the only one of interest in economics. Moreover, it is quite easy to think
of an interesting situation where the final date or expiration is important in
influencing the output and the effort. For a simple example, just think of the
pricing of financial contracts in relation to the expiration date.

Now we turn to the second complication. We think that several sources of
information are a very interesting aspect of the asymmetric situation and we
prefer to approach the problem in its generality rather than working with ad
hoc situations. Again, if we restrict ourselves to one source, or a few fluke cases
with two sources of information, we may reduce everything to an ordinary
differential equation. Of course, it would make things more tractable if we
did not include one of these modelling aspects, several sources of uncertainty
and no final date (see [32]). However, we are interested in studying contracts
with a final date and many sources of uncertainty. Actually, the fact that we
do not need to put any of these restrictions on our model suggests that the
techniques proposed in this paper are quite valuable and could be applied in
many different contexts.

Our main goal therefore is to present a method to construct the optimal
control v* and the optimal salary in a reasonably general case, which means
when the output satisfies a reasonably arbitrary stochastic differential equation
(SDE). To achieve our goal we do not propose to apply the techniques of
PDE to the Principal-Agent game. Instead, we prefer to apply a probabilistic
method based on the PDE itself. Our approach is to replace the diffusion
process with a much simpler process, which is constructed by interpolating in
continuous-time and in a nice fashion a discrete-time process, which is not, in
general, a simple random walk. Of course we expect the substitution to lead
to a much simpler optimal control problem, namely a discrete one, and finally,
by iterating this substitution, we would like to see the sequence of solutions
converging to the value we are looking for. Actually, this discretization is the
critical issue as it is possible to show that a wrong discretization procedure
would not guarantee convergence. Therefore, we will solve the discrete problem
and show that there is convergence in the appropriate space. In this respect
our paper is also related to the paper of Hellwig and Schmidt; the main goal
of their paper was to study the relationship between the continuous and the
discrete version of the principal-agent problem. Our discretization procedure is
quite different from the one used by Hellwig and Schmidt or by Biais, Mariotti,
G. Plantin and Rochet in [3], though.



The solution of the problem of which discretization to use is in the notion
of local consistency for the discrete process. Roughly speaking, this condition
forces the discrete process to look like the continuous one, at least locally. The
trick to constructing the locally consistent process turns out to be extremely
intuitive; we re-write a certain PDE induced by the process and the control
problem in a discrete fashion and from there it is quite natural to construct
the transition probabilities. Our approach is in three steps.

In the first step we construct a finite state space process in order to dis-
cretize the process, that is the solution of the SDE. As we outlined earlier,
we do this in order to transfer the problem from continuous to discrete time.
In the second step we discretize the optimal control problem. We solve the
optimization problem for each level of discretization, which is rather simple,
and we construct a procedure to find the discrete optimal control w,. Then
we set the stage to show convergence, by studying the sequence of optimal
controls and the sequence of discretized stochastic processes. We also show
that the sequence of controls u,, converges to the solution u* of the original
optimal control and that the discretized stochastic processes converge to the
solution of the SDE. Moreover, using the fact that we know what the struc-
ture of the salary is as a function of the optimal control, we will also be able
to construct an approximation of the optimal salary S (u*) by using S (uy,).
In other words, we will be able to give, with an arbitrary degree of accuracy,
a fairly concrete presentation for the equilibrium strategies (u*,S*) i.e. the
control and the salary. As a by-product of our approach, we will show that the
sequence is piecewise constant.

The paper is organized as follows. In section 2 we give an overview of
the problem and we present our result. In section 3 we spell out the details
and assumptions we need to prove our result. In section 4 we give a formal
introduction to the problem we solve and we state our result in a formal way.
In section 5 we set the stage for the discretization and in section 6 we prove the
convergence results. In section 7 the reader will find a guide on how to apply
our results to concrete cases. It is important to stress that the application of
this method is much simpler than the convergence proofs, which are necessary
to show the validity of our approach, but are irrelevant for its application.
In section 8 we outline how to use our approach to deal with a risk-neutral
principal.

Finally, in Appendix I we discuss some technical issues and go deeper into
the analysis of our assumptions. In particular, we show how the use of well-
chosen transformations allows us to apply our result to a rather general class
of situations. The longest proofs are in Appendix II.

2 An Overview of the Continuous-Time Principal Agent Problem
and the Equilibrium Strategies Characterization

In this section we plan to give an overview of the results of agency theory in
continuous-time we are going to use and, at the same time, explain our result



in general terms. The mathematical assumptions that underpin our result are
presented in the next section.

We investigate the optimal contract in a typical principal-agent model un-
der moral hazard. At the beginning the principal and the agent agree on a
certain salary S. This salary will depend on the outcome, which is the only
common observable. We assume that the agent alone can control the output
process, which is modelled with the following SDE

dXt = f(t,Xt,ut)dt—i— O'(t,Xt)dBt (1)

where B; is a standard Brownian motion. As in any moral hazard problem,
the effort or control is private information, so the principal does not know it.
However, the principal can observe the output and can design and offer a salary
which is a function of the output S = S(X). Once the salary or contract has
been offered, the agent will try, by using the available controls, to maximize

T
—exp {—r <S(X) — /0 cl(t, Xt,ut)dt> }] (2)

(production is costly therefore ¢) while the principal will maximize

E[—exp{-R(F(X) - S(X))}]. 3)

E

In this context, by fully justifying the use of the first-order approach (see also
[16] and [23]), Schaettler and Sung have been able to show that this game has
an equilibrium where the agent receives a salary

T T
S(X) = W[) + / C(t7 Xt, U:)dt + / Vuc(t7 Xt, U:)D;lf(t, Xt, ’U/:)U(t, Xt)dBt
0 0

r

3

T
/ IV e(t, Xe, ) D3 £ (1, X o (8, X )|
0
while the agent will supply the effort «*. The analysis of Schaettler and Sung
goes deeper as he shows that in the Markovian case the determination of the
effort implies solving a PDE of type?

{ — Y AW + Q(x,t, DW) =0 z€R", 1€(0,T)
v(@, T) = F(z) v € R
(4)

and this fully characterizes the solution. If we could solve this, we would know
effort and, as a by-product, salary, but, in general, we cannot solve it. From
the economic point-of-view this equation has a quite important part to play.
In fact, the famous result of Holmstrém and Milgrom can be recovered easily
from it. If we assume that the output is controlled by

ft,x,u) = A(t)x + B(t)u (5)

1 More information about this equation will be provided later in the paper. At this point
it is only necessary to point out that it is hard to solve.



and the cost is quadratic ¢ = uTM (t)u we find that the solution of the game
is given by

ut = {I+(r + R)oo™} " {IT+Roo"} The effort is constant

S(X) =Wy + su(roo” — 1)u* + u*" (X — Xo) The salary is linear
(6)
This is essentially the only known concrete result in the literature. The result
shows that a very simple sharing rule can be obtained even though the agent
has quite a considerable freedom in choosing strategies.

It is natural to ask what the contracts look like in general and if it is pos-
sible to find or compute something beyond this very special example. Suppose
the output process is not a Brownian motion with drift. That is often rea-
sonable. In many economic models we must use other processes (see [5]). We
use geometric Brownian motion when we need to consider only positive quan-
tities (for example, a manager in the financial industry with a portfolio and a
shareholder). We use processes which exhibit mean reversion when we think
that some sort of equilibrium level is an important feature of the problem (for
example, a manager in the oil industry). We will construct approximations of
the strategies at equilibrium by using very simple strategies. These strategies
are locally constant and can be numerically computed.

3 The Model

In this section we present the model in a formal way and state our result. At
the beginning the principal and the agent agree on a certain salary S. This
salary will depend on the outcome, which is the only common observable. We
assume that the agent alone can control the output process, which is modelled
with a SDE.

In order to make our considerations and statements more precise, we need
to give a few definitions and provide some clarifications about the model. If the
reader feels that our description is little bit too terse, he/she should consult
[33], where the same model is presented in a very detailed way

1. The information structure is represented by a filtration {F; : t € [0,T]} on
a probability space (£2, F, P). There is a standard n-dimensional Brownian
motion B = (By,..., B,) such that B; is independent of B; if i # j and
such that the variance of B;(t,-) is t and B;(t,-) = E(B;(T,-)|F:) and, if
we denote with A/ the F—null sets, we have

Fi=0{By0<s<t}UN (7)

So the Brownian motion generates the filtration we are using and the
filtration has the standard properties.



ii.

iii.

-3

The principal and the agent agree at the start (¢ = 0) on a certain salary S,
payable at time T. The salary is a function of a stochastic output process

{Xe}
X:[0,T] x 2 —R" (8)

S = S(X). This is the only common observable in the problem. Effort is

not observable by the principal.
The output processes are given by (see [33] pp. 343 and 344) the following

dX; = f(t, Xy, u)dt + o(t, X,)dB; (9)

and the processes are controlled by the agent (if we need to stress the
control u we write X} instead of X;), via adapted controls

{u:[0,T] x 2 — U C RF|uis F — adapted} (10)

where the set U C R* is compact. We denote by U the set of all possible
controls. We make the following assumptions:

i. The matrix valued function
c:[0,T] x 2 — R"" (11)

has the following properties:
(a) each ;5 is F—predictable;
(b) there is an M; such that ||o;;(t, z) — 0y, (¢, v)|| < M ||z —y]|;
(c) for each (t,z) the matrix o(¢,z) is invertible and there is a positive
constant My such that ||o(t, ) 7! < Ma.
ii. The function
f:0,T]x2xU —R" (12)
has the following properties:
(a) for each (t,x) f(t,z,-) : U — R™ is continuous;
(b) for each w f(-,-,u) :[0,T] x 2 — R™ is predictable;
(c) for each (t,z,u), ||f(t, z,u)|| < Ms(1+|lz||) for some positive constant
Ms.
The agent has a discount rate r and maximizes

~exp {—r (5(x> - /T ot X, ut)dt> H . (13)
We assume that

e(t,z,u) : [0,T] x R" x U — R is a continuous function;
The cost

E

c(t,z,u) >0 (14)
vt € [0,T],Vx € R*\Vu e U ;
le(t, z1,u) — ct, 22, u)lgn < K1 (1 + |21l + l|l22llge) |21 — 22][g. VE €
[0,T],Vz1,22 € R™,Vu € U for some positive constant K7;
et @ w)lgn < Ky (14 2k ) Ve € [0,7], Ve € R™, Vu e U.



It must be noted that the last condition iv follows from condition ii. We
have stated it explicitly since we will use it very often.

5. The principal has a discount rate R and maximizes
E[-exp{-R(F(X) - S(X))}] (15)

If the principal maximizes his/her utility using, as constraint, the agent’s
first order condition we will say that she/he solves the relaxed problem.

As we have already written in the introduction our goal is to present, in the
general case, a method to construct a sequence converging to the equilibrium
strategies, by using piecewise linear controls. At this point we can be more
clear and therefore we state our main result

Theorem 1 If (u*,S*) is the pair of equilibrium strategies for the principal-
agent framework described above and X™" is the output produced at equilibrium,
then there exists a sequence of controls {u,} and a sequence of discrete-time
processes {X"} such that:

1. For each n € N, wu, is computable, solves the principal discretized relazed
problem, and the control is piecewise linear;

2. The sequence {u,} converges to u* with probability 1;

3. The sequence {S(X"")} converges to S* in the L? norm;

4. The sequence {X"n} converges to the equilibrium output process XU with
probability 1.

4 The Problem

Using the fact that the principal cannot monitor the effort it is possible to
show that the problem is equivalent to

maxyey E[-exp —R (F(X) - S(X))]
1. ng = f(t,xt,ut)dt+0'(t, Xt)dBt

2.  wuc€argmaxE [— exp {—r (S(X) - fOT c(t,Xt,ut)dt) H (16)

3. E [—e {—T (S(X) — fOT c(t,Xt,ut)dt) }] > —exp (—Wp)

We know (see Schaettler and Sung’s paper for more details) that the problem
reduces to the following: the agent will receive the salary

T T
S(X) = WO + / C(t7 Xt7 u:)dt + / Vuc(u Xt, U:)D;lf(t, Xt, U:)O’(t, Xt)dBt
0 0

r

3

T
/ Vet Xe,ul) D F (8 X, )or (8, %)
0



where u* is the solution of the optimal control problem
maxyey  E[—exp—R{F(X) - S(X)}]

dXy = f(t, X, up)dt + o(t,X)dB, (17)

Xy = T

and the solution gives, under certain conditions, the control at equilibrium.
The principle of optimality gives

ow 1 W T
0= W(t,x) + §t7" {8932<t,$)0'(t7.'1})0' (t,l')}

2W 2

ow
JT(t, x) 922 (t,z)

+ maX,cu {&f(t’ LC)

_ER
2

x {f(t,x,u) + Ro(t,2)o(t,20)" (Vac(t, 2o, ul ) DI f(E 2y, u:))T}

_ (c(t,x,u) + (ﬁ”) H (Vuc(t, ze,u}) D3 f(t, 2, uf))TU(t,xt)HQ) }

While this equation is very useful from the heuristic point-of-view (see Schaet-
tler and Sung’s discussion) and in simple cases can be solved, it is otherwise
not very useful to get information about the control itself, hence we cannot
use it to learn about the strategies which are played at equilibrium. Such a
nonlinear PDE is not very well understood. For this reason we will use an
approach based entirely on Probability Theory which gives us a method to
construct a solution for the problem above.

To start we prove, for the sake of completeness, the following well-known
useful trick (see for example [33] and [9])?

Lemma 1 The solution of the problem
maxecy Ep [exp { e, Xy, ug)dt + Ay (Xr) + AQ(X)H
Xy = g(t, Xy, w)dt + o(t, X,)dBy (18)
Xy = x

where A2(X) = fOT oa(t, X, up)dBY with w4 bounded, is the same as the

solution of the problem

mMaxy ey Ep, {exp {fOT 0(t, Xy, ug)dt + Al(XT)H
dXY = (g(t, XY, up) + oa(t, X, w)o(t, X)) dt + o(t, X2)dB,  (19)

Xy = T

2 We assume, as usual, that g satisfies i3.(a)(b)(c).
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Proof Let

I(u) = Ep

exp {/T 0(t, X¢, u)dt + A1 (Xr) + Ag(X)}} (20)
0

Since ¢4 is bounded,

T
AQ(X):/O wa(t, X, up)dBY (21)

is an L? martingale. Thus

I(u) =

Ep

T 1 /T X )
exp / o 'g(t, Xy, up)dBy — 5/ lo™ g(t, Xe, ue)||” dt
0 0

T
X exp {Al(XT) + / (é(t, Xt, ut) — goA(t,Xt,ut)aflg(t,Xt, Ut)) dt}
0

T
X €xp {/ @A(tvxfmut)dBt}

and therefore we can write

](u) = EP

T
exp{/ (o7 g(t, Xp, ue) + @alt, Xe, wr) dBt}
0
I 2
X exp —5/ ||0 g(t,Xt7ut)+<pA(t,Xt,ut)’| dt
0

T
1
X exp {Al(XT) +/ [ﬁ(t,xt,ut) +3 ||<pA(t,Xt,ut)||2] dtH
0
At this point we note that

Ep

T 1 T
eXp{/ (770 o) X ) B = H("19+</9A)(t,Xt,ut)||2dt}
0 0

(22)
defines a new probability measure. More precisely, it is known that there exists
a probability measure P,, whose Radon-Nikodym derivative is given by

dP,,
dp

= Pu, (23)

where by definition

T T
exp{ | et enas—3 [ |\<alg+w>||2dtH (24)

and by applying Girsanov’s Theorem we obtain the desired result.

‘pu:E
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Therefore, if we apply the last result to our framework (see [?]), we obtain
the following useful simplification

Lemma 2 If we assume that V,c(t, X, u)D;f(t, Xy, u)o(t, X;) is bounded
then the principal’s problem

maxyey  E[—exp —R{F(X) - S(X)}]
ng = f(t, Xt7 Ut)dt + O'(t, Xt)dBt (25)
Xy = X
is equivalent to the following problem

max,cy E [— exp —R {F(X) —fOT c(t, Xy, ug)dt — ngT H(Vuc-D;lf)cr(t,Xt)HthH

dX? = (f(taxtyut) + (vuc Dglf)(tvxtvut)a(taxt)) dt+a(taxt)dBt

Xy = x
(26)

Proof Substitute
T
SO =Wort [ elt Xeou)it
0

T
+/ Vuc(t, Xe,u ) Dy f(t, Xy, up)o(t, X, )dBy
0

r

3

T
/ Hvuc(taxtvut)qulf(tvxtvut)o(taXt)H2dt
0

in the principal’s maximand, and apply the previous lemma with

T T
/ o1(t, X, u)dB, — / Vot X u) D=L F( Xy, u)o(, X,)dBy (27
0 0

In order to proceed we remind the reader (see [33]) that the principal
maximizes

E[—exp{-R(F(X) - 5(X))}] (28)

where we assume that the functional F has the form?
T T
F(X) = F1 (XT) + / a(t, Xt)dt + / b(t, Xt, Ut)dBt (30)
0 0

where Fy and a(t, X;) and b(t, X;) satisfy the following conditions

3 Tt is also common to write F' in this way

T T
F(X):Fl(XT)+/ a(t,Xt)dt—‘r/ BT (t, X+)d Xz, (29)
0 0

of course we have a(t, z,u) = a(t, z,u) + 8T (t, z,u) f(t, z,u) and b(t, z,u) = BT (¢, z,u)o(t, )
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i. a(t,x):[0,7T] x R™ — R is a continuous bounded function;
ii. a(t,z,u) is not negative (i.e. a(t,x,u) > 0).
We also assume that
i. b(t,z,u):[0,7] x R" x U — R™ is a continuous bounded function;
ii. the function b(t, z,u)o (¢, x) is bounded.
We also assume that
i. IFp:R"™ — R is a continuous function bounded from below.

Remark 1 The reader should notice that the same strategy of Lemma 3 can
be applied also to F(X). In fact, since we assume that the functional F' can
be written as

F(X) = Fl(XT) + /OT Cl,(t, Xt)dt + /OT b(t,Xt)dBt (31)

and we assume that b(¢, X;), the volatility term, is reasonably tractable we
can apply the last lemma. In this case we should replace the initial SDE with

dXi = (f(t, Xe,ue) + ((vuc((tvxtvut)Dglf(tvxhut) +b(t,Xy)) o(t, Xy)) dt
+O’(t,Xt)dBt

and proceed exactly as before (see Lemma 3).

To summarize, we maximize

T
E|—-exp—R {Fl(XT) - / (c(t7Xt,ut)dt + g HVUC Dl f(t, Xt,ut)a(t,Xt)H2 . a(t,Xt)) dt}]
0

(32)
using u € U, this means u : [0,7] x 2 — U C R™ which is adapted, to control
the process {X{'},ci0.7y-

The first thing to do is to construct a discrete version of this problem. This,
of course, implies that we construct a discrete-time process which discretizes
the process. Before we proceed it is useful to simplify the notation. Therefore,
from this point on, we define ¥(t, Xy, ut) as

Wt Xe,u) = ((Vue((t, Xe, ue) Dyt f(E, Xe,ug) 4+ b(E,Xy)) o(t, Xy)
+f(t7 Xt7 ut)

and we can re-write the process as
dXt = 1/)(t,Xt,ut)dt + O’(t,Xt)dBt (33)
and, if we define

E(t, Xt, Ut) = —C(t7 Xt, ’U,t)dt
Vet Xe,us) Dyt (8, Xy u)o (8, Xo) || + alt, Xy),

_7"|
2
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we can re-write the problem in this way
max,cy E {— exp—R {FI(XT) + foT c(t, Xy, ut)dtH
axy = W(t, Xy, up)dt + o(t, X,)dBy (PA) (34)

u o —
Xy = x

from now on we will refer to this problem as the (P.A) problem or just (P.A).
It is possible to show that if we define

oxu(t,w) =exp—R {Fl(XT) + LTE(S,X?, ut)ds}

(35)
j(t7xau) = Et,x exp {¢X7u(t,0.})}
and the associated value function
inf,ey J(0,X,u) = exp —Rv(z,0) (36)
then v(z,t) is the solution of the following
—% + A(t)v + Q(z,t,Dv) =0 xeR" te(0,T)
v(z,T) = Fi(x) reR"”

(37)

where the operators appearing in the equations are defined as
A(t)z = —tr(a(z,t)D?z) with a=1/2 00" (38)

and

Q(a,t,p) = — {—Ra(z,t)p’ - p + infueu (¢(t,x,u) + ¥(t,x,u) - p)}  (39)

This is a quasi-linear parabolic type of equation. It is clearly very hard to
solve and very little is known about the properties of the solution.

5 The Discretization

In the last section we explained why it is not possible to solve the problem by
using the PDE Bellman Equation. We are thus left with the problem of how
to approximate the strategies at equilibrium. The approach that we use is to
replace the original process with a discrete time process (for a different type
of procedure see [30]). In the second step we discretize the control accordingly
and we solve the discrete problem, producing a sequence of simple controls.
Of course, we need to prove that the limit behaves well. Therefore, we proceed
in this way (see [19]): in this section we first discretize the process, before
producing the sequence of simple controls. We then postpone the proofs of
convergence to the next section, where we will also make clear (i.e. we give
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the appropriate topologies) what kind of convergence is to be proved (for a
different type of procedure see the very interesting [3] and [1] and [30]).

To give the characterization we start with the SDE governing the output
process,

dXt = 1/1(t, Xt, ’U,t)dt + O'(t, Xt)dBt (40)
By Ito’s Formula,

t

£29(X0) = g(Xa)) + [ (£29g) (Xopds + [ (X o(X.)aB. (1)

where
1
1 & 629
_Zw]xu "‘5];1‘% 8 (’hz
If we define
T
W(z,t)=E; |—exp—R {Fl(XT) + / E(S,Xs,us)ds}] (42)
t
we have
ow “ ~
W(x,t, uw) + LYW (z,t,u) — W (x, t,u)=0 (43)

or, in more explicit fashion,

iz/; (z, (x,t u)+1 i aij(x u)ﬂ(x t,u)—RcW (x,t,u)=
j U 2ji21 ij\Ls 8308% ) Uy s Uy -
| (44)

This PDE will be the starting point for our discretization process. Before
we proceed we want to emphasize one major point: that we do not need to
know what the solution of this equation is. Rather, we shall interpret it in
a formal way and use it as a guide to discretize the output process under
examination. After we fix 6 and h bigger than zero such that T'/0 is an integer
we consider the grid Gp s = {(z + ¢h,nd) £ € Z}, and n =0,1,...,T/5} and,
given a problem (P)

maxy ey E[ exp R{ X7) —|—f0 tXt,ut)dtH
dX¢ = (X, ug)dt + 5(X,)dB, (P), (45)

Xy = b'e
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we say that the process (§,w), defined on the grid Gy, s, is a locally consistent
discretization of (P) if

o~

EAE, = ¥(&n,wn)d + 0(9)
(46)
cov A&, =555 + o(9)

and w maximizes E [— exp—R {ﬁ(f) + > ¢(n, &, wn)(SH .

The basic idea is to study our problem with a discrete process substituted
for the solution of the SDE and to use the equation above to define the transi-
tion probabilities as a function of the control. We proceed in this way because
we want that the discretization, which depends on § and h, looks like the so-
lution of the initial SDE when the parameters go to zero. In order to achieve
this it is sufficient to prove that the discretization is locally consistent.

It is important to stress that for the moment we do not concern ourselves
with convergence, but rather we focus our attention on the discrete process
and we study the mean and the variance of the discretized process as functions
of the spatial discretization parameter 0. This is done in the

Theorem 2 If F,€,¢, and & are bounded and continuous then (P) has a
locally consistent discretization.

Proof See Appendix II.

The method applied to prove this theorem is based on a careful choice of
the discretization we use for the partial derivatives that appear in the PDE.
It turns out that, after we choose the discretization in the correct way and
we re-write the PDE, the coefficients of the resulting discrete equation can
be used as the transition probabilities that we need in order to construct the
discrete controlled output produced by the agent.

In order to proceed we need to give the following

Definition 1 A function X?(Rn) :R™ — R" is called a cut-off function if

x if |zlg. <m
Xy (%) = ‘ (47)
bn(llzllgn) (2/ [[2llgn) if [[2]lgn >m

where I, : [m,+00) — R is an increasing differentiable function such that
lm(z) = m when [|z||g. = m and I, (||z]|gn) < Npm Vo € R"\mB(R") where
Ny, is finite, Ny, > m and mB(R") = {z € R"|||z|[g. < m }.

We now state an important consequence of the previous theorem
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Theorem 3 The problem (PA),,

maxge  B[—exp—R{xI . 0 Fi(Xy) + ) X0, 0 (X, u)dt ]

B(R™) B(R™)

dX;L = X?(R") e} w(t, Xt, ut)dt + X:;Rn) o U(Xt)dBt ’
Xy = T
(48)
where X s a cut-off function, has a discretization in the grid G s which

B(R)
1s locally consistent.

3 m m ~ m m
Proof Since X5, © Fi, Xim © € Xaimn) © 1, and Xy © o(X;) are bounded

we can apply the previous theorem.
Finally we notice that

Remark 2 Given a sequence {d,} with é,, — 0 and a sequence {h,,} with h,, —
0 (with &, /2h2 — 0) then, for the problem (PA),,, it is possible to construct
on the grids Gp,, 5, two sequences of processes: the stochastic controls {tu,, , }
and the locally consistent discrete output processes {XZ{“‘S" sequence. In
fact, we can apply the last theorem for any n since the boundedness condition
is always satisfied for the problem (PA),,.

6 Convergence Proofs

In this section we are going to show that the sequences we constructed in the
last section converge to equilibrium strategies, thus proving our main result.
To prove this convergence result we need to set the stage in order to talk about
convergence and then we need to prove three facts:

i. the sequence of the discrete stochastic processes converges to the solution
of the SDE
dXt = 'l/)(t,Xt,ut)dt-f—O'(t, Xt)dBt, (49)

ii. the sequence of optimal controls for the discrete optimal control problems
is convergent;

iii. the limit of the sequence of optimal control for the discrete problem is an
optimal control for the continuous time problem.

The method is based on the notion of weak convergence for probability
measures. In order to make more intelligible what follows, we briefly summarize
the most important aspects of this notion. Of course there are excellent books
on this topic ([2]) and we encourage the reader to look at them for an in-depth
discussion of this notion.

In general, given any metric space (M, dp; ), we denote with the symbol By the
Borel sigma algebra generated by the metric topology, i.e. the minimal sigma
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algebra which contains every open set of the topology induced by the metric,
and we denote with the symbol P(M) the space of probability measures on
((M,d),Bpr) . On this space it is possible to define a new metric, called the
Prohorov metric, in this way

m(P1,Py) =inf {e>0|P1(C) < P2(C)+eVC € By closed} . (50)

The notion is very important and it is possible to prove that if (M,dys) is
separable and complete then (P(M),7) is also complete and separable. If
{P,, a € A} is a family of elements of (P(M), ) we say that the family is
tight if for each € > 0 there is a compact set K. C M such that

. S
Inf Po(Ke) 21— (51)

It is a well-known and a very important fact for us, due to Prohorov, that
a family {Pg, 8 € B} has a compact closure in (P(M),n) if and only if
{Pg, 0 € B} is tight.

It is also possible to introduce a similar notion for random variables. The
idea is rather simple. Let us assume that we have a sequence of random vari-
ables, which are not necessarily defined on the same space,

i (20, Fn,Qn) — (M,d) neN (52)
We say that they converge weakly to X, and we write X,, = X, if and only if
E,h(X,) — Eh(X) (53)

for any h € Cp(M,d). In other words, we have X,, = X if and only

/ h(s)Qn(ds) — h(s)Q(ds) (54)
M
VheCy(M,d)={f:(M,d) — R |fis continuous and bounded }.
In what follows we will study a problem by modifying the data via cut-off
functions. In order to simplify the notation we adopt a simple convention. If

we start with the problem (P.A) and a sequence of cutoff functions { X" }

B(R™)
then we will denote with the symbol (P.A),  the problem that we obtain if we
compose any function appearing in (P.A) with the cut-off function X’;;(Rn); we
shall refer to this problem as the m-truncated version of (P.A) . In what follows
we shall use the cut-off functions to modify the problem at hand. In fact, we
will use the functions to create problems with bounded data and give fairly
concrete descriptions of the problems with bounded data. This means that
we will show that with such a problem it is possible to construct a piecewise
constant control and piecewise constant output process that can approximate
the solution of the cutoff problem arbitrarily closely. Given the discussion
above, and the definition of ¢ and the construction of {X"»:9»} the reader
should not be surprised that we need to assume, as in Schaettler and Sung’s
paper, the implementability condition (see pp. 352 and Theorem 4.2 in [33])
and the following:
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A1l The optimal effort is unique;

A2 F; is bounded below;

A3 The functions Hvux’;m") oc(t,x, u)D;leB“(Rn) o f(t,x, u)x;"(m) o o’(t,x)H
and ||Vuc(t7 z,u)Df(t, z,u)o(t, x)|| are bounded and continuous.

A4 We assume that the problem under investigation is regular in the sense
that if we take a sequence of cutoff functions { X?(Rn)} then the solution

(X7, uy™) of the same problem with output given by

o o(XI")dB;
vt e [1,T]

dX] = (Xgl(m) 0 ¢(t7xgaut)) dt+ X7
Xm =z
(55)
converges, as m — 00, to the solution of the original problem and there ex-
ists a sequence of sets {A,, } and a constant B such that P(4,,) — 1 and for
every (w,t) € Apx[0,T] X (w,t) = X, (w,t) and 14¢ fOT X" - X < B
a.e. on {2.

Remark 3 The reader should notice that this property is only about existence
and continuity, with respect to truncation, of the solution. It does not really say
anything about the construction of the optimal control. It is fortunate that this
property is actually easily checked in many situations and is satisfied by many
problems we are dealing with (see Appendix I). For instance, the property
holds trivially for the Holmstrom and Milgrom case, in fact we assume that U
is a compact, therefore bounded set.

In Appendix I the reader will find more about this, the assumptions (F),
(C), (G) and (H) and the proof of the following

Theorem 4 Given the model (P.A) described at the beginning, if there exists
an open set O such that Xy € O CR™ and for all y € O o is non-singular
with the inverse matriz satisfying the following condition

3G € C*(O,R") G,(y) =07 Wyeo (56)

and F1oG™Y €(t, G, us) and the drift term of G(X;) satisfy the assumptions
(F), (C), (G) and (H) then the solution of the m-truncated problem (P.A)
converges to the solution of (P.A).

m

Proof See Appendix I.

Remark 4 (About the Structure of Theorem 10) Essentially, by using a trans-
formation G and Ito’s formula we reduce the problem to the case where we
have a process with constant stochastic volatility. This case is not trivial but

4 The reader should notice that this is quite natural since it is possible to prove, even in
2
a more general setting, that if we define Y;2 = supjg, 7] |X? - Xt| then (see [10]) EY;, — 0
so we can conclude Y, — 0 in probability.
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it is easier to prove that the problem has the property A4. We stress that the
main idea behind this result is again to exploit the possibility of the interplay
between the objective function and the SDE. In this case the interplay is a
little bit more complex but the basic idea is very simple. In order to give an
intuition of our strategy we would like to point out that (P.A) is equivalent
to solving the following (notice that we minimize)

mingey E {exp —R {Fl(XT) + fOT c(t, Xy, ut)dtH
Xy = W(t, Xy, ug)dt + o(t, X, )dBy (PA)  (57)

u —
Xy = T
and since log is monotone this, in turn, is equivalent to solving

mingecy logE [exp —R {F1 (Xr)+ foT E(t,Xt7ut)dtH
Xy = W(t, Xy, ug)dt + o(t, X, )dB, (58)

(L —
Xy = x

If we assume that there exists an open set O such that X; € O CR™ and for
all y € O o is non-singular with the inverse matrix satisfying the following
condition 3G € C(O,R") Gy(y) = 0! Vy € O, then we can transform, by
using Ito’s Formula, the initial problem in the following equivalent problem

mingey  logE [exp —R{Fl(G* (Y1) + [ E(t,Gfl(Yt),ut)dtH
ayy = D(t, Yy, u)dt + dBy (P)

Yy = G(x)

(59)
where (¢, Yy, uz)dt + dB; is uniquely determined by applying Ito’s Formula
to G(X¢). In the first Appendix we will develop a strategy to show that the
solutions of the truncated versions of (P) converge to the solution of (P) and
therefore A4 is satisfied. We stress that this is not simple and it will require
us to establish several auxiliary results. In order to ensure this convergence we
need to be sure that the objective functions and the equations satisfy some
regularity conditions which are the conditions ((F), (C), (G) and (H) named
above and we spell them out in detail in the beginning of the first Appendix.

Remark 5 While the proof of the stated theorem is quite long and a little
complex it is quite easy to explain what the Theorem is useful for. In fact, let
us assume we are working with dX; = f(t, Xy, us)dt + o0(X;)dB;. If we take
any differentiable function G we have, for ¥; = G(X}), the following

1d%G

dG
Yy = (G Rew) + 5050

(X))t + o (X B, (60)
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if we can find an increasing differential G such that %O’(CL‘) = 1 then we can
rewrite

Y, = b(Y,, u)dt + dBy (61)

and this equation is easier to handle than the original one since it has constant
volatility. The Theorem has some quite pleasant consequences. For example,
let us think of a model where the initial output is driven, via controls, by a
geometric Brownian motion and we have a quadratic cost function. We can
observe that the function G(y) = logy would satisfy the hypothesis so we can
conclude that a model with a GBM and quadratic cost is in our range.

In this section we prove convergence of the discrete process to the original
one. Namely, in the proposition in the last section we proved that the discrete
version of the problem can be solved and this, via the notion of local con-
sistency, gives us a discrete time Markov chain {Xf,’l""s"} and a sequence of
controls which are step functions {um, » }.

We can construct a new process (see [19]), which is the continuous-time
interpolation of the process { Xf}nn} . It is possible to show that the process is
given by

P (t) =+ /t b(p" (s),u"(s))ds + M"(t) + 67 (t) (62)

where M"(t) is a martingale and its quadratic variation is given by

[Mh]t = /0 a(goh(s))ds + 55‘(t) where sup E |5§(3)| —0 (63)

s<t

It is possible to prove that there exists a Brownian Motion B” such that we
can write

M"Mt) =z + / t o(¢"(s))dB" + €l (t) (64)

where, for each ¢, we have sup,<, E |ef'(s)| — 0 as h — 0.

At this point, we note that we can apply the results of Chapter 10 and
Chapter 12 of [19] in order to account for the boundary condition. We also
note that in our case the applications of the results are very simple since
we are working with the simplifying assumption that the jump-component of
the process is zero (i.e. fot J_a(X(s—))N(dsdp) = 0 ). Therefore, we get the
following

Theorem 5 In the m—truncated model (PA),, let {XI»-0} the approzimat-
ing chain be locally consistent with the initial process. Let {um, n} denote the
admissible sequence of controls which is used. Let {¢m n} denote the continu-
ous parameter interpolation of the chain and Re u”, a relaxed control represen-
tation of {un, »} for the chain {gofnn} and let {T,’}m} be a family of stopping
times. Then ({cpfnn} , {uﬁln} , {Bh} , Re uﬁl) is tight. Let (X,um,B,T) be
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the limit and {Fi}iecpo,r) the sigma algebra induced by (X, um,B,7), then B
is a Brownian motion, T is a {Fi} stopping time and we have

t t
Xt = ;H-/ / (X:;Z(Rn) o Y(Xim.s, a)) Re uﬁi(da)d s—|—/ XZ(RW)OU(Xm,s)st-
o Ju 0

(65)
in other words the limit satisfies the initial truncated SDE.

The most important step in order to give the proof of the main Theorem
has just been completed. In fact, we also notice (see [19]) that the boundedness
of X?(Rn) o1, XZL(Rn) oo, x;”(m) oF, X?(Rn) oc together with the use of Fatou’s
Lemma and Skorokhod’s Representation Theorem and the last theorem imply
that the sequences {X'}n""s"} and {u'}n""sﬂ} , which converge to X, and u,,,
are maximizing for the problem (PA),, .

The reader should see that to prove the rest is quite simple now that we
are in a position to use the machinery of weak convergence. We just remind
the reader that the defining property of weak convergence is that: X,, = X if
and only if

E.g(X,) — Eg(X) (66)

for any g bounded and continuous.
We now prove the convergence for the cost and the salary function.

Theorem 6 If we define

T
X, = exp R{Fl(XZ""s")Jr / E(t,XZ"’5",uZ"’5")dtH (67)
0
then
T
lim EX,, =E |—exp —R{Fl(XT)+/ E(t,Xt,ut)dt}H (68)
n— o0 0
holds.

Proof See Appendix 11

The intuition behind this result is quite simple. In fact, since the process
{Xﬁ”"sn,uzm‘;"} is the solution of the discretized truncated problem then it
has good convergence properties (as a consequence of the weak convergence)
and therefore it converges to the continuous version of the truncated problem.
In order to establish the result we need to use our assumptions about the
function c. In other words, we would like to stress that given our assumptions
A1, A2 and A3 we need only to study the difference XZ(R") oc(t, X, upt) —
c(t, Xy, ug). In the proof we need only to study this difference very carefully to
be sure that the right condition are in place in order to apply Lebesgue’s Dom-
inated Convergence Theorem. This is equivalent to showing the convergence
of a series, which is done in the final part of the proof.

We also observe that
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Remark 6 There is a way to relax the assumptions we used to prove the The-
orem, which is of help in specific cases. If we could find a function ~(z) such
that:

1 limy oo y(2) /2 = 004

2. sup, E {7 (— exp—R {Fl(xga) + [ E(t,X?,u?)dt})} =B<x

the conclusion would hold. In fact, if we define

T
X, =exp—R {Fl (X7) +/ c(t, Xy, u?)dt} (69)
0

and set ¢(z) = v(z)/z, we have the following inequality
sup E [y (X))

o(x)
E[X,1(X, > =E 1(X, > < 70
(%, >0 =B | S0 (x> a| < PRI
Using the last inequality we deduce that
lim E[X,1(X, >z)]=0 (71)
In fact, we have
B
lim E[X,1(X, >z)] = lim [¢>($)1 (X, > x)} < lim ———
T— 00 T—00 ’y(x) T—00 MINg>» ’Y(Z)
(72)
We conclude that the family
T
X, =exp—R {Fl(X%) +/ c(t, Xy, u?)dt} (73)
0
is uniformly integrable, implying that
T
E |—exp—R< F1(X%) +/ c(t, X}, uy)didt (74)
0
converges to
T
E|—-exp—R {Fl(XT) + / E(t,Xt,ut)dt} (75)
0

and this completes the proof.

Theorem 7 If we define
T
S (X) =W, +/ (X 0n qhns0n) gt
0

0 )g (Xm0 )dB,

ny
n

T
+ / vuc(X2n76n7 uZnyén)D,;lf(XZru&n7 uh
0

T
r 2
_|_§ / Hqu(XZma"7Uh"’an)Dllf(XZ"’S",UZ"’ZSW)O'(XZ"’(S")H dt
0

n
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then
lim S, (X) = S(X) in L. (76)

n—oo

Proof See Appendix II.

The intuition behind this result is also quite simple but more work is neces-
sary since we need to establish convergence in the L? norm. For this reason we
need to treat in a different way the last two elements of the contract. Of course,
an important role is played by the fact that the process {XZ”"S",uZ""S"} is
the solution of the discretized truncated problem therefore it has good con-
vergence properties (as consequence of the weak convergence) and this allows
us to obtain the convergence for the last two elements of the contract quite
readily. In order to establish the result we need also to use our assumptions
about the function ¢ and the fact that the moments of solutions of SDE can
be easily estimated. In fact, we only need to use in a very efficient way the
standard inequalities (Cauchy-Schwarz) and the assumption A4 and the Dom-
inated Convergence Theorem.

We also observe that as a consequence we obtain

Theorem 8 {S,(X)} converges to S(X) in probability.
Finally, if we use the results of this section we have

Theorem 9 If (u*,S*) is the pair of equilibrium strategies for the principal-
agent framework described above and XU s the output produced at equilibrium,
then there exists a sequence of controls {u,} and a sequence of discrete-time
processes {X"} such that:

1. For each n € N, wu, is computable, solves the principal discretized relazed
problem, and the control is piecewise linear;

2. The sequence {u,} converges to u* with probability 1;

3. The sequence {S(X"")} converges to S* in the L? norm;

4. The sequence {X"n} converges to the equilibrium output process XU with
probability 1.

7 Recipes for Contracts

At this point we explain how it is possible to use the proved results in order
to construct the approximations for the efforts, salaries and outputs process.
To simplify the description we assume that the output process is a scalar and
there is only one Brownian motion. We denote the initial condition for the
SDE dX; = ¥; . ,dt + 0dB; governing the output process as xy. We consider
the set G5 = {(zo +Lh,nd) | € Z and n=10,...,T/0 } where T is finite and,
for a suitable 6 > 0, N5, = T/d is a positive integer and h > 0. The reader
should think of this set as the production possibilities of an agent who can
change production but only making discrete changes at discrete time.

The basic idea is to study our problem while we substitute the solution of
the SDE with a discrete process with states in Gy, s. Since the states are in
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the grid we need only to specify the transition probabilities. In other words,
given that the current state at time ¢ = ¢0 is y = x¢ + mh we need to give the
transition probability p(y,y + h | w), p(y,y —h | u), p(y,y | u) for the possible
states y + h and y — h and y at time ¢t + 0 = (£ + 1)0.

The problem of finding the transition probabilities can be solved by ob-
serving that by discretizing the objective function we obtain the following
function

E |:— exp _R{_ZXT]!L(R) OEf,c,o’(xn§7 >6+XB(R) F(wN(S(S)}} (77)

and by observing that there is a solution for the maximization problem. Let
u: Gp,s — U be the solution of the finite maximization problem (1)

mng {f exp—R {* Z X?;(m 0Ct e o(Tns,w)d + X;R) o F(xN(sé)H (78)

Then we define transition probabilities in the following way (2):
for the transition from y to y + h we set

Py -+ hlu) = 500) + ¥, (5, (s, ) (79)
for the transition from y to y — h we set
Py~ hlu) = 5500) + V7, (5, u(y, ) (50)
for the transition from y to y we set
0 )
Py, ylu) =1 = 250(y) = [¥reoi(y, uly, ) 7 (81)

Therefore, given § > 0 and h, we can construct, by solving a finite dimensional
optimization problem, a discrete process X".

If we fix a sequence of d,, such that §,, — 0 and h,, (with 6,,/2h2 — 0) then
we are able to construct two sequences of processes: the stochastic controls
{un} sequence and the discrete output processes {X"»} sequence. We also
note that we can re-write the approximate salaries in this way (3)

Ns, —1
S(XU) = Wy + Z (X35 Un,e6)0n +

Nénfl
D X unes) Dy f (XG5 es) 0 (X55)
=0

(Xt — X85 ) = T (i3 )

o(X535)

N(yn—l
+ Z ||/ (X tn,es) Dy 0. eé,umw)g(X%)HQ%
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where, as we said, N5, =T/0,, .

It is important to notice that the procedure does not involve the use of the
Brownian Motion since this can be recovered (see section 6) intrinsically from
the production process itself. Moreover, it is important to underline that after
we solve the maximization problem (1) then it is straightforward to construct
the output (2) and the salary (3) and therefore we do not need to solve any
PDE which is extremely complex (see section 4 for more about this).

8 The Risk-Neutral Principal

In this section we draft briefly how to apply our results to the case when the
principal is risk-neutral. In this case the salary would be the same as in the
CARA case (see Holmstrom’s paper)

T T
S(X) = W() + / C(){t7 U:)dt + / VUC(Xt, u’;)D;lf(Xt, UI)O’(Xt)dBt
0 0

r

T
45 [ 19 D2 (X (X0 | e
0

where the optimal control u* is the solution of the optimal control problem,
solved by the principal

max,ey E[{F(X) - S(X)}]
dX%'L = f(t, Xt, Ut)dt + O'(t, Xt)dBt (82)
Xy = X

We do not need to apply the transformation of measure proved in section
2. Instead, we should write down the PDE that is relevant for the linear case.
If the process is given by

dXt = f(Xt, Ut)dt + O'(Xt)dBt (83)
and if we define
= 0 1< 0?
u _ . - i, 4

then we have, by Ito’s Formula,

£29(X(1) = 9(X(O) + [ (£g) (X()ds+ [, (X()o(X(2)dB,
(85)
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where

£49(2) = 6, () () + 517 (a0 (1,2)(0,)]

n

B - dg 1 0%g
= j;fj(x,u)a—xj t3 Z a”(:mu)@xjazi.

jri=1

It is possible to show that if we define
W (z,1)=E, [F(X) - 5(X)] (86)

then we have
LYW (z,t) —¢c=0 (87)

or, in more explicit fashion,

- ow 1 < 0PW -
; fj(x,u)%j(x,t) + 3 Z aij(x,u)m(x,t) —c=0 (88)

J,i=1

At this point it is possible to find a discretization procedure as we did in the
CARA case and then to find the approximation scheme. Local consistency
and the rest are not difficult and the convergence proofs are exactly as in the
previous case.

9 Appendix I

The goal of this section is to prove Theorem 10. As we mentioned earlier, the
proof is not very short so we present it here. In the first part of the Appendix
we solve a simpler problem and then, with the help of Ito’s Formula, we will
show that this is actually general enough for our purpose.

The goal of this section is really to adapt well-known constructions and
proofs to our setting. We also need to use a logarithmic transform. For this
reason we are going to minimize E exp y rather than maximizing E [— expy],
of course the two are equivalent.

Let us start with

min,cy logE [exp {fOT O(t, Xy, ug)dt + Gl(XT)H
X, = f(t, Xy, u)dt + odBy (89)
X, = T

where we make the following assumptions on the data:

(F)

Fi f(t,z,u):[0,T] x R" x U — R is a continuous function;
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Fii. Vu € U and Vt € [0,T] f(-,-,u) : [0,T] x 2 — R? is F;—predictable in

(t,x);
Fiii. || f(u,2,8)|lg. < K1+ |2]lg.) YueU Vte0,T),¥z € R

and (C)
Ci {(t,x,u):[0,T] x R" x U — R is a continuous function;
C ii. there is a positive constant M; such that

0(t,x,u) > —M; (90)

vt e [0,T],Vx e R*Vu e U .
Ciil. [[l(t,x1,u) = Lt 22,u)||gs < K1 (1 + [[21]lgs + [22][ga) 21 — 22(|gn VE €
[0,T],Vz € R",Vu e U.

Civ. [[6(t, 21, 0)||ge < Ki (1 + Hxluf,ﬂ) vt € [0,T],Vz € R, Vu € U
and (G)

G i. G;:R"™ — R is a continuous function;
G ii. there is a positive constant N such that

G1 (LE) Z 7N1 (91)
Ve € R™.
Giil. [|Gi(z1) — Gi(x2)[|ge < Ko (L+ [|z1llge + l72]lgn) |71 — 22[|ge Vo €
RTL

Giv. [|G1(2)||ge < K> (1 + ||z\|;n) Yz € R"

At this point it is necessary to say a few words about the SDE we are
going to use. The reader has probably already noticed that we are working
with a very special class of SDE. To make things very clear let us fix a proba-
bility space (£2, F,P) and on it we take an n—dimensional Brownian motion
B = (Bi,...B,) with its natural filtration {F; : ¢ € [0,T]} such that B;
is independent of B; if i # j and such that the variance of B;(¢,-) is ¢ and
Bi(t,-) = E(B;(T,-)|F:). The information structure is represented by the fil-
tration {F; : t € [0,T]}. Let us denote with the symbol U C R¥ a compact
set. Given a positive o > 0 we consider the following class of SDE’s

dY; = g(t, Yy, u)dt + 0dB, with Y, =y e R" (92)

(notice that we use o to also denote o where I is the nxn identity matrix.)
where u € U and, by definition,

U={u:[0,T]x 2 —U:uis F— adapted } (93)

We say that the SDE has a strong solution if there exists a process Y =
{Yi}iejo,7) such that

1. Y is F; — adapted;
2. P(Yo=y)=1
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3. For any j and any t € [0,7] P(fot lg;j(t,Ys,us)| dt < oc0) = 1;
4. The SDE is satisfied for any ¢ € [0, 7.

Tt is well-known that an equation such as dY; = g(¢,Y;, u)dt + cdB; with
Yo = y € R™ has always a strong solution as long o is a positive constant.
Since we use only this type of SDE we do not need to use anything more than
what we have just stated.

In order to simplify we are going to introduce a few definitions. To study
the problem we introduce the following functions

Prul(s,w0) = [T 0(t, Xy, ug)dt + G1 (Xr)

(94)
j(‘s?xau) = ES,Z eXp {@E,U(SVW)}
We define, as usual, the following
V(s,z) = inf,cp log T (s, x, u) (95)
and
U(s,z) =infu,euJ (s, z,u). (96)

We use the symbol X7* to denote the solution of the SDE

dX} :<g%mq)@Xﬂmﬁ+m&
vte s, 7] (97)

X =z
What follows is a standard argument to prove the existence of the control
with obvious modifications to fit our setting. If v, w € R™ we will use the sym-
bol (v, w)g. to denote the inner product, if there is not any possible confusion

we will use (v, w) instead of (v, w)gr. and |v| instead of ||v||gn -

Lemma 3 If we define

T
U,, = infyecy Es pexp {/ 0(t, X3 ug)dt + GﬂX?)} (98)
where
dX{ = X7y © S8 X u)dt + odBy (99)

the following are true:

i. The function ¥, is in C™? and it satisfies the following

657:1 + %U2Aglm = _minuEU |:<X7]:(Rn) © f(S,J),U), vwm> + Xm © £(57x7u)wmj|

B(R™)

U, (T, x) = exp G (z)
(100)
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1. There is an admissible control u* such that
Wy (s,2) = T (5,2, u") (101)
i.e. the inf exists.

Proof To start we note that the equation has a solution since it is a conse-
quence of Theorem 5.8.1 in [21] (p. 495 and p. 496), moreover the solution is
a bounded solution in the C*? class (Theorem 5.3.1 in [21], p. 437). Since the
solution of the SDE has a L? martingale part we apply Ito’s Formula and we
obtain the following formula

t
Gy (8, X07) = Wy (5, ) + a/vwm(n X™)dB, +

t

+f (w’”( X7) 4 (Vi (7, X, X © f(t,x,u>>) dr

and, since
t
M, = exp/ (X?(Rn) o {(, XT,uT)) dr (102)

is a continuous semimartingale, we have

B(R™)

t
M, T, (¢, X57) = Moy, (s, 7) + /MTq?m(T, X™m) (Xm oz) (r, X7, u)dr +

i
W’ITL
[ (20X + (T X Xy S0 ) i+
or B(R™)

t

t
2
02/MTV!Pm(7'7 X"™)dB, + %/MTAQIW(T, X™)dr

and this implies that ¥,,(s,z) < E; ;Mq¥,, (T, X7) and therefore, by using
the fact that ¥, is the solution of the equation

W | 1 2 _ :
5 + 507 AV, = —mingey [<X?(Rn)

© F(5,,0), Vin ) + X, © U5, 2, 10) |

B(R™)

U, (T, x) = exp G ()
(103)
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and taking ¢ = T, we can conclude that ¥,,(s,z) < J(s,z,u*). Since the
minimization problem

: m m
arg min [<X5(Rn> o f(s,:c,u),vu'/m> + X OE(s,x,u)JIm} (104)
gives a Borel function g(z,t) we can define ut(t7)~(t) = g(t,f(t) where X, is
the unique strong solution of the equation
dXy = X7 o0 o F(6 Xy, g, Xy))dt + odB, (105)

(see the discussion about the SDE at the beginning of this Appendix) and this
completes the proof.

At this point we are able to state our last group of conditions. We say that
the problem satisfies condition (H) when

H i. There exists the limit ¥ of ¥,,.

H ii. If
gm(z,t) = arggéill} [<X:§(Rn) o f(s,x,u),VWm> + xg’(R”) o l(s,x,u)¥,,

(106)

and
9(z,t) = argmin [(f(s,z,u), V&) + (s, z,u)?] (107)

then
i sup [T o f(t o gm(t,2) — ft gt )| =0 (108)

M7 2|l gn <K

for any K > 0 and all ¢t € [0, T].

The stated condition will be very useful. It is important to notice that the
o0
family of functions { X’;Rn)} we use has the identity function as limit.
me

At this point we can prove the following

Lemma 4 There is a constant B such that |log J™(s,z,u)| < BP*(1 + 22)
and there is a constant By, independent from m, such that |lnJ(s,z,u)| <
B1(1+ 2?) for all s and for all x.

Proof To start we observe that, by using Gronwall’s Inequality ([28]), if we
¢

define Q; = R+ K(t — s) + K [ Q,dr + o |B;| then we have |X}"| < Q. In
S

fact we know that

axiy = X:}(Rn) o f(t, X", u)dt + cdBy (109)

80, by definition, we have

t t
X :J;—|—/ X gy of(T,XT,u)dT—F/ cdB, (110)
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and this implies that |X!"| < |x| + fst
if we observe that

Xpign, © (T, X u)|dT + 0 [By|  and

N, © F(. X0 w)| < K (14 1X)) (111)

so we have

t
XP|< Jal + [ K+ XP]dr o B

t t
= \m|+/ Kd7+/ K |XT| + 0 |By]
S s

then the statement follows from Gronwall’s Inequality. In the same way we
can show that this fact implies that

t
X7 g SK(1+\x|)t+K/ X" — gl dr + 0 [By| (112)

and we can claim, by Gronwall’s Inequality and the Triangle Inequality, that
there exists a constant C' such that

X" < |z|+C (K(1+ 2|)T + ¢ max |Bt>
0<t<T

< (1+|2))(1+ CTK) + Co max |B|
0<t<T

In the same way, since X; satisfies
dXt = f(t, Xt, ’U,)dt + O'dBt (113)

we have ‘

t /
X, =z+ / f(r, X, u)dr + / cdB; (114)
S s

and this implies that |X;| < |z| + fst |f (7, X, u)| dT + o |By|. If we observe

that
|8, X, u)| < K (1+[Xe]) (115)

then

t

t t
:|x|+/ Kd7+/ K [X.|dr + o By
S S

hence the statement follows from Gronwall’s inequality. In the same way we
can show that this fact implies that

t
X, — 1 SK(1+\m|)t+K/ X, — 2|dr + o |B| (116)
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and we have, by Gronwall’s Inequality and Triangle Inequality, that there
exists a constant C such that

1X,| < |z|+C (K(l +|#))T + o max |Bt|)
0<t<T

< (1+|z))(1+CTK)+ Co max |By|.
0<t<T

Therefore, if we choose C = max (K7, K2) and we assume, without loss of
generality, that s = 0 we get

T T
/ 0(r, X, ur)dr + Gr (X) g/ 0(r, X, ur) | dr -+ |Gh (X
0 0

T
< / Cl+ X, [P)dr + C(1 + [Xr[?)
0

T
<C+T)+CXp? +c/ X, [2dr
0
<COA+T)+CXp?
T ~
+c/ (2(1 + 221+ CTK)Q) dr
0
T ~
+C/ (20202 (max o<i<7 |Bt|)2) dr
0
<CA+T)+CXp?
+C (2(1 + )21+ 5TK)2) T
T
+2C2C(72/ (maXogth |Bt|2) dr
0

so, after we set

p(jz],T) = C(1L+T) + C|Xg)> + C (2(1 + )21+ 5TK)2) T (117)

T 2
02002/ (max |Bt> dt‘}
o \0<t<T

(118)
We need to calculate Eg ; exp {262002 fOT (maxo<r<r IB.|)? dt}. By using

to simplify the notation, we can write

EO,I exp { |<)0;E,u (ta (U) ‘ } < epr(|x| ’ T)EO,I exp {

Doob’s maximal inequality and by using the fact that the density of B,gj ) is
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given by (27rt)71/2 exp(—22/2t) we get that, for o small enough, the integral
is always bounded. In fact, we have the following

}

T 2
02002/ (max |Bt|> dt
0 \0<t<T

oo

Eo,z exp {| ¢, (t,w)|} < expp(|z|,T)Eq s exp {

<

2n
ex x|, T
—expallel ) [

~ 1
exp {202002 — QT} w?dw.
To complete the proof we notice that by taking the log of both sides and
using the definition of J then there must exist a constant B; such that

InJ (s, 7,u)| < Bi(1+ x?), similarly for J™.

It is useful, in order to prove our next result, to simplify the notation. We
set

oxmzu(s,w0) = [0t XJ ug)dt + Gy (X)) (119)
if
aXp = (X, 0 F) (X7, w)dt + 0dB,
vtels, 7] (120)
X" =z
and we set
T
{‘pX,x,u(sﬂU) = fs é(t,Xt,ut)dt—f—Gl(XT) (121)
if
dX; = f(t, Xy, u)dt + odB;
Vie s, T] . (122)
X, =x

We are now ready to state and prove the following

Lemma 5 We have

limy, oo ( SUP, 4 [Es e exp {oxm 2,u(s,w)} — By exp {gx,0,u(s,w)}]) =0
(123)

i.e. we have uniform convergence on compact sets.

Proof Let us fix a compact set K C R"™, if we define

By =swp{c20[f = X0, of V(tau)€0,T] x cBR") x U} (124)

B(R™)
and

By, = sup {c >0 ’E = Xpmm, 04 V(t,z,u) €[0,T] x cB(R") x U} (125)
and

B,y =sup {c >0 ’Gl = Xy 0 G1 ¥ (L3, w) € [0,T] x cB(R) x U }
(126)
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if we consider the following function
D} =Es - exp {oxmu(t,w)} — Egpexp {oxu(t,w)}. (127)
and if we define
2 = {w € 2||Xy(w)| < min(By,,,, By Ba,.m) VE€[0,T]} (128)

then, since X(w) = X" (w) on {2,,, the following inequality

< |Es,931(2$n exp {goxzn,u(t, w)} + E; 2100 exp {ox.u(t, w)}| (129)

m,X,u

‘Ds,z

must hold. Therefore, by the definition of the functions pxm 4. (s,w) and
¥x,zu(8,w) and the properties of the functions ¢ and Gy, we have

T
‘Ds,w < By uloe exp {/ K, (1 + |X;n|2> dt + K> (1 + X?p)}
0

m,X,u

+E, 100 exp {/OT K, (1 + \Xt|2) dt + K, (1 + |XT|2) } .

Since we proved in the first part of Lemma 2 that |X}*| and |X;| are dom-
inated by the process Q(t) = Q%(t)° which is the solution of the equation

Q*(t) = |z||+ K(t—s)+ K fst Q*(1)dT 4 o |B¢| (note that K compact implies
max.cx ||z| is a finite positive number) then if we set

¢1 = (14 T)max(K;, Ks) (130)

we can write that

T
D37 x| < 203D / 1o;, (w)exp —— / Q" () + Q" (1)* § dP(w)
n Q L+T Jo
(131)
Now we observe that
P(5) < P(miss [Qul > min(By By Bey ) (132)

and min(vam,Be,m,BGhm) — 00 as m — oo. To complete the proof we
need to show that P(£2¢,) — 0 therefore we note that |Q*(t)| < ||z|| + KT +

K fot |Q7(7)] dT + o0 max g<;<7 |B¢| and the Gronwall’s Inequality implies
v <
QO] < el + KT+ 0w [Bi] +

¢
K/ exp K(t — s) <||:E||+KT+J max |Bt|)
s 0<t<T

<(1+KTexpKT) <|:c|| + KT + 0 max |Bt|> :
0<t<T

5 The reader should notice that for the process Q(t) we shall use also the symbol Q% (t).
We do this because we need to stress the uniform convergence.
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The last estimate implies that

P( maXT|Qt| > min(nym,BZ’m,BGhm)) (133)

0<t<

is smaller than

min(Bfm,Be m,BGhm)
P <||x| + KT + o mnax By > 1+ KT oxp KT ) (134)
therefore we can conclude that
min(B; .., By .. Ba, ) 1
P(2¢) <P B fomy bmy Guml - KT
() <P (B> T P 0 (a4 KT)
(135)
and, since
min(B,, ,B, ,B )
li fim l,m G1,m _ 136
and

max || z|| < oo (137)
zelk

with L C R™ compact, we can claim that this implies P(£2¢,) — 0 uniformly.
We also observe that the following inequality

T T
/ Q”(t)Q—s—Q’”(T)Qg/ (14+ KT exp KT)? (|z|| + KT 4 o max o<i<7 |By|)* dr +
0 0

2
(14+ KT exp KT)? (||x|| + KT + 0 max |Bt|)
0<t<T
<(1+T)(1+ KTexp KT)?
2
X (||x| + KT + 0 max |Bt>
0<t<T

<4(1+T)(1+ KTexpKT)?

2
X (”1'”2 4+ K272 1 52 <021ta<xT|Bt|) > ,

and the Dominated Convergence Theorem and the Doob’s Maximal Inequality
imply that
2
lim 2expc; / 1oe (w)exp {401 (14+ KT exp KT)? <||x|2 +KT? + & <or£ta<XT |Bt|) ) } dP(w) =0,
Q <t<

(138)
therefore we can conclude that, uniformly for x € IC,

T
lim 2expc; /Q 1ge (w)exp {1(:11/0 Q" (1) + QI(T)Q} dP(w) =0

(139)
and this completes the proof.
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Theorem 10 On compact sets we have Vi, — V and ¥,, — ¥ uniformly and
the value function V' satisfies the following problem
o 3V 1 2 1 2 2 .
0= B¢ T35 AV + Pl IVV]® + min [(f(t,z,v), VV) +L(t,z,v)] (140)
Proof 1If we denote log J,,by Z,,, and we remind the reader that we have just
proved that

lim,, 00 (Sup ‘Es,x exp {@Xm,x,u(Sa W)} - Es,x exp {@X,x,u(sa W)}) =0
w,x

(141)
then we can claim that there is uniform convergence on compact sets for the
following sequences

T — T (142)

and
I — T (143)

To prove that we also have uniform convergence on compact sets for the fol-
lowing sequences

Vi =V (144)

and
v, — W (145)

it is enough to observe that if we fix a € > 0 and we fix a compact set K then,
if m is big enough, we have |Z,,, — Z| < € therefore we can find a control u such
that

Vm('S:I)*V(S?x) <Im(s,x,u)fI(s,x,u)+e (146)
as a consequence we have, for any = € K, the following
Vin(s,x) = V(s,z) < 2¢ (147)

and this implies that V;, — V uniformly on compact sets. In the same way we
can prove that ¥,, — ¥ uniformly on compact sets.
Since we have

OV 1 1
0= 5gQAVm + 502 IV Vil +
min [<x’;“(m o f(t,z,v), VVm> + X gn, © Ut 2, v)}
and
av 1, 1 2 .
— 4 Z52A e 14
O=—27 T3° V+go VV| +min [(f(t,2,0), VV) +L(t, 2, v)]  (148)
if we set

Dy = [(f(t,2,0), VV) 4 X7, 0 Ut 2,0) (149)
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and
D =[(f(t,x,v), VV) + £(t, x,v)] (150)

then we can claim D,, — D uniformly on any compact set IC. Therefore, by
Lemma 2.6.2 in [8] we can claim that V is the viscosity solution and since we
can apply the local existence theorems to the equation with viscosity data we
can conclude that the solution of the equation is actually a classical solution.
Clearly, the result goes for the function ¥ since this is just a differentiable
transform of the function V.

We are now in the position to prove the main result. In fact, we have the
following

Theorem 11 Given the model (P.A) described at the beginning, if there exists
an open set O such that Xy € O and for all y € O o is not singular with the
imverse matrix satisfying the following condition

3G e C*(O,R") Gyy)=0"' WyeoO (151)

and F oG, €fc0(t,G71 up) and the drift term of G(Xy) satisfy the assump-
tions (F), (C), (G) and (H) then the solution of the m-truncated problem
(PA),, converges to the solution of (P.A).

Proof If we start with
dXt = 77/}(Xt, ut)dt + O'(Xt)dBt (152)

then, by assumption, we can find G € C2(O,R") such that DG(y) = o~}
Vy € O. Hence, if we apply the Ito Formula to

Y =dG(Xy) (153)
(¢ is an arbitrary positive constant) we obtain
~ gk: ~ 0G
dYip = G— (1 X) +Z tXthJtJr Z S0 (t,X;)dX; :dX;

~6gk 1 ~2 6gk
—(t,X4)d X + = t,X,)dX,; dX
+zj:00mj(’ t) N+2Jz-; 9,0, (t, X¢)dXi ¢
where Y, = (Y1,4,....Y,) and X, = (Xi4,...,Xpn,). Therefore, if we set
0G =G, and we observe that for any ¢t € [0,7] we have X; : 2 — O and
G1:0—-R"¢:[0,T] xR"xU — R and F; : R® — R then, by using

G~1, we can re-write the problem (P.A) and we obtain
max,e  B[—exp—R{F oG (Yr)+ [ &t,G7 (V) u)dt}]
dYy, = V(Y u)dt + 5dB,

Yo = G(x)
(154)
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and since this problem is equivalent to solving

mingey logE [exp -R {Fl oG N(Yrp) + fOT c(t, fQV*I(Yt),ut)dtH

dYt = ¢(Yt, Ut)dt + 5dBt

Yo = G(x)
(155)
then the result follows from what we proved in this section (with s = 0) with

0, Y, u) = —Re(t,G (YY), up)

= Re(t,G 'Yy, ug) — Ra(t,G 1Y) +
R ~ - - 2
S | et G Y u) D (1.6 Y w1, 1Y)

G1(Y7) = —RF, 0 G Y (Y7)
= —RF (G (Yr)).

In fact, in Lemma 22 we proved that there exists a sequence of set {A4,,}
such that P(A,,) — 1 and for every (w,t) € Ay, x [0,T] Y"™(w,t) = Y(w,1).
Actually, it is enough to set A,, = (2,, where §2,, is defined exactly as in the
cited Lemma i.e.

2n={wen ‘m(wn < min(B~

- - 6
wml’Bg(.’gfl(.)’.)’m’ Bplogq’m)Vt € [07T] } .

(156)
Moreover, we observe that since in the last Theorem we proved that H1 holds
and since we know that if g, (x,t) is the Borel function (see [7]) so defined

Im(y, 8) = arg min, ey [<x’§<m) o (s, y, ), V!Pm> + X5

B(R™)

0)&(s, " (), )i
(157)

then we have wu(t, f’t) = g(t, 17}) where Y, is the unique strong solution of the

equation dY; = X g, © O(t, Yy, g(t,Y,))dt + 5dBy. If we define

<XZ§Rn) o (s, y, ), V%> X g, ©€(8, G (Y), w)n = Fin(s,y,u) (158)

and
(s, 9,0, V) +E(5,G7 (1), ) = Fl5,9,0) (159)

then, for any K > 0 and Vt € [0, 7], we have

lim Sup |Fm(8vya ’LL) - F(S7y7u)‘ =0 (160)

m—oe HyHRn <K

and this fact implies the convergence of controls.

6 Of course, by definition we have o(-,G—1(-), )(t, Ye, ut) = o(t, G~ (Y1), ur).
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10 Appendix II

Proof (Theorem 5) We are going to present the proof for the diagonal case in
detail; the general case is the same, but notationally very messy. Therefore,
by assumption, if we define

EET = [aij]i,jzl,...,n (161)
we are going to assume a;; = 0 if 4 # j. Since we are only going to work on
a discrete space or lattice we shall use the following standard approximations
for the derivatives

P > 5 lp(a,t +0) —p(z,1)]

@, if bj >0~ +lo(@ + hej, t +6) — p(z,t + 0)]

Oz, ifb; <0 +lo(@,t 4+ 0) — p(x — hej, t + 0)]

Coiz: 7z lp(@ + hei,t +0) + o(x — hej, t + 8) — 2¢(x)]

(162)
where e; = (0,..,1,...0) € R" for j = 1,...,n (we do not need to compute
Oose; if i # j since a;; = 0 if i # j). Therefore, if we define

T
W(z,t)=E, —exp—R{F(XT)+/ E(t,Xt,ut)dtH (163)
t
we have
W = ~ oW 1 — 92w .
WJrjglﬂ)(%u)aixj(%tvuwr5;%(%“)87:65(%@“)*CW(%EU)*O

(164

and, after we discretize the partial derivatives, if we define 1Z+ = max(¢,0)
and ¥~ = max(—1,0), we obtain the following

Wt 8, u) — W (2t u)

0 5

LN Who(z + hej, t + 6,u) — WO (z, t + §,u))
+ ( 7 ’ ) s
S :

Jj=1

~ (Whv‘s(a:, t+8,u) — Who(x — he;,t +6, u))
Y (z,u) h

1

n

J

+% iajj(x,u) WhO(x + hej, t + 6,u) + W (x — hej, t + 6,u) — 2Wh°(z,t + 6, u)

2h?

Jj=1

—R&(x, nd, w)W" (z,nd, u (x,nd))
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with the boundary condition on W"9. Hence, we have

W (2, nd, u)

[2;12 aji(x) + ¢ (@, ula, né))ﬂ WS (z + h,nd + 6, u)

+ {;Lzajj(l’) + 9 (x, u(z, n5))2] W' (@ — h,nd + 6,u)
j=1

" " 5
+Wh (2, né 4 6,u) |1 — Zﬁa” Z x,u(x,nd))| — N
j=1 i=1

—Rc(x,mo, u)Wh"s(a:, nd, u (x,nd))d

it follows that, if we define the quantities

5 N
Pz, + b, |u(z,nd)) = Thga’jj(x) +¢* (@, u(z, nd))

SRS

) ~ )
ﬁh’é(xm — h,|u(xz,nd)) = Q—hQajj(x) +¢ (x, u(aané))ﬁ

59, u(e,n)) = 1= s ag5(0) — [0, (e, n6)|
we can write

Wh"s(x nd, u)(1 + Rc(z, nd, u)d)

Z (z,y, |u(z, nd) WS (2,nd + 6,u) +

+p"0 (2 [u(, nd) YW (2, nd + 8, u)

and most importantly, given our boundedness assumptions, we have, for each
element in the grid, positive numbers with

Zﬁh"s(aﬁ,né;y,né ) + "0 (2, nd;z,n0 + 6 |v) = 1. (165)

Therefore, we can write the discretized optimal control as

maxuer B, [ exp—R{~ e, u(@ih®) Atz u(hi®) + Plaiid)} |

(166)
and we obtain a solution since we are optimizing a continuous function on
a compact space. Let u : G, s — R be the solution. So, if we consider the
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probabilities above as transition probabilities, we can write the Markov Chain
{Xh";} on the the grid Gy, s. For {th‘;} we have

EL1IAXPS = 6 + o(5)
(167)
covfj:ﬁ"SAXh*‘s =50 (x)d + o(d)

and this gives the claimed local consistency.

Remark 7 It is worth noticing that the equation we wrote above could actually
allow us to compute the value W"9(x,nd, u) by using induction. In fact, on
the right side, we have only values of the form W"°(z,nd 4+ §,u) and this is
due to the fact that the spatial derivatives are computed at time nd + 9 in the
approximation scheme.

Remark 8 Tt is worth noticing that in the scalar case we have the following
standard approximations for the derivatives

or p(z,t+06) —p(x,t)/0
0y if b>0— @+ h,t+0) — oz, t+0)/h
Yy ith<0— o(r,t+0) —p(x —h,t+06)/h
Yaw  —  {p(x 4 ht+0) 4+ p(x— h,t+6) — 2p(x,t+6)} /h?
(168)
and n = 1 gives us
2
5671/;/ + b(z, u)aa—z/(;l:, t) + %Uz(x) aa;;/ (x,t) —cW(z,t)=0 (169)
and, after we discretize the partial derivatives, we obtain the following
W0 (x,nd, u)

— [;LQU%) + bt (, u(, n(s))ﬂ W (x + h,né +6,u)

0 2 - g h,6
+ [2h20 () +0b (x,u(x,n&))h] W (z — h,né + §,u)

] ]
+WHO (2,0 + 5, u) [1 — ﬁoj(x) + |b(x, u(z, nd))| 7

—Rc(z,nd, u)Wh"5 (z,nd,u)d
So we can write
W0 (2, né,u)(1 4 €(z, nd, u)d)
= > " (@, ndy,né |u(z, nd) )W (z,né + 5,u) +
y

+p"° (2, nd; 2,6 + 6 |u(x, nd) YW (x,nd + §,u)
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Remark 9 About the general case oo™ = [a;;
following discretizations

Pt = @(mvthé) 790(x7t)/5

]i,j=1,---,n we are going to use the

@z, if bj > 0— p(x + hej, t+0) — @(x,t+0)/h (170)

O, Of bj <O0— p(x,t+06) —p(x — hej,t+6)/h
and

2¢0(x) +p(x+h 3 ext+d)
k=i,j

—p(z—h) ey t+9)

27]
—[p(x + hej, t +6) + p(x — he;, t + 6)]/2h?
—[p(z + hej, t +8) + o(x — hej, t + &) /2h>

. 1
Paiz; if @ij = 0 T

o —p(x — he; + hej, t +6) L1
Paia; if aij < 0— +p(x + hei, t +6) + p(x — he;, t +0)] | 2
+[p(x + hej, t + 0) + @(x — hej, t + 6)

(171)
We now present the following
Proof (Theorem 1) To simplify the notation we define
T
Fy(Xr) + / ot Xy, u)dt = H(X, ) (172)
0
and
T
X;Rn) © Fl (XT) + / XZ(RTL) © E(t7 Xt7 ut)dt = Hn(X7 u) (173)
0

we can write

|[Eexp —RH(X,u) — Eexp —RH(X",u")| < |Eexp —RH(X,u) — Eexp —RH, (X", u")|
+ |Eexp —RH, (X", u") — Eexp —RH (X", u")|

Given our assumptions Al, A2 and A3 we need only to study the difference
Xy © C(XFui) — e(Xe, ug). If we fix an € > 0 and we observe that for every
n we have the solution (X, ;,un ) of the n—truncated problem then we can
choose an n big enough such that there is a set A,, with P(A$) < € and for

every (w,t) € A, x [0,T] X, ;(w,t) = X(w,t). We also observe that

XZ(R”) o C(tv X?7 U?) - C(tv Xt7 ut) = XTBL(RW') o C(tv Xtv ’U,;l) - C(ta Xtv ut) 1An
+ XZ(R") oc(t, X¢' uy') — c(t, Xy, ue) 1ae
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and

XZ(R”) o C(t, X?? U?) - C(tv Xt7 ut)

n n n
XB(R") © C(t7 Xt y Uy )

+ |C(ta Xta U/t)‘ 1A$L

Lac

< 2K (14X + [Xif?) 14
< 2K (1+21X7 = Xif* +31X,[%) 14

if we define

Y, = sup | X! — X,|? (174)
[0,7]
we know that (see [10])
Y, —0 (175)

so we can conclude Y;, — 0 in probability and 14¢ fOT | X% — Xt|2 < B a.e. on
2, we also notice that there exists a constant L > 0 such that, if we set

T T
Eexp/ X gy © €, X u)dt — Eexp/ c(t,X¢,up)dt| =7,  (176)
0 0

we have, by A3,
2

n oc(t, X}, uy) —c(t,X?,u?)‘lA%dt—l

T
I<LE exp/ Xp@mn)
0

2
T

<LE exp/ 2K (1+2|x;l—xt|2+3\xt|2) Tacdt—1
0

2

T T
< LE |exp 1A%(T—|—4K/ X7 — X, % dt) +6K1A;/ X2 dt —1
0 0

We also notice that for every @ € R we have, by Fubini ’s Theorem,

L
T 0 T
1
0 =0 " 0

o 1 T £
=Y —a'E 1Ac/ IXP — X, % dt
= g! n 0

= 1 Lt
SZ@O‘B
=0

< 0

and this implies, by the Dominated Convergence Theorem, that

T T
Eexp/ Xpemn, © e(t, X7, u)dt — Eexp/ c(t,X¢,ug)dt| — 0 (177)
0 0
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since P(A¢) — 0 and P(£2) = 1. Finally, we notice that for (X/n:%n gfn0n)
and (X7, uy) we can use the weak convergence and therefore we can claim
that

E

—Eexp HX" u")| — 0

T
exp_R{nxgménH / c<t,xgmén,ugm)dt}
0

(178)
and this completes the proof.

Proof (Theorem 16) We fix an ¢ > 0 and we observe that for every m we
have the solution (X}",u}*) of the m—truncated problem. If we choose an
m big enough then there exists an A,, such that P(AS,) < e and for every
(w,t) € A, x[0,T] XP*(w,t) = X, (w,t). To prove our result we must analyze
the different parts of the sharing rule.
We start by proving that fOT c(t, X u™)dt — fOT c(t, X¢, uf)dt. We observe
that we can write
le(t, Xe, ug) — ct, X§" uy")| < e(t, Xe, up) — ot X{"up))| +
|C(t, X;na u:)) - C(ta X;n? u;n)|
and
le(t, Xy, up) — ct, Xg*,ug))| < (1+ X | + X)) [Xe — X3 (179)

therefore, by Jensen’s Inequality, we have

T T
E / (c(t, Xy, up) — c(t, X" uy))) dt] < E/ le(t, Xy, uy) — c(t,X?7u2‘))|2 dt
0 0

T
< E/ (14 [Xe| + [X))? X, — X2 dt
0

T
g4E/ (14 X2 4 X ) X0 — X2 dt
0

and hence, by Cauchy-Schwarz’s Inequality,

=

2 T
E <4 E/ (1+|Xt2+|x;"2)2dt>
0

T
X (E/ X, —X;“|4dt>
0

T
<16 (E/ (1+ X" + |X;n|4)dt>
0

T
X <E/ X, — X! dt)
0

T
/0 (e(t, X uf) — e(t, X)) di

N|=

(NI

Nl=



45

and the last term goes to zero as m — oo. We also notice that, by condition
i in Section 3, there exists K7 such that

|C(t7 X;nﬂ u:)) - C(t7 X;nv u;m)| < ‘C(t, X;nv u:)) - Xm ) o C(t, X;nv u;n)

B(R"™

+

Nty © €l X)) = et X7 )|

< 2K (1+ X7
and since there exists a constant K» such that (see [10] Theorem 3.8)
r 2 T 2
B[ Xp)? = [ B Xy
0 0
T
< 2/ E(1+ X))
0

T

< 2/ (14 (14 z)exp Kat)
0

< o0

therefore, by the Dominated Convergence Theorem, we obtain that
T
E/ le(t, Xy, ul) — c(t, X uf)|* dt — 0 as m — oo (180)
0

and this implies the convergence of both terms. Now if we use the fact that
(Vuc . D;lf) - 0 is bounded and the fact that, for a finite constant C1,

E

T T
/ X;"(w7t)—Xt(w,t)|2dt1 g// Lae |XP(w,) — X, (w, )| dtdP
0 0
(]

< CiP(A;)T

it follows that, in the L? sense,

T T
/ (Ve DL f) (X7, u)o (X)) dB; — / (Ve DL F) (Xeyuf)or(X,)dBy.
0 0

(181)
If we set )
I=||(Vuc: D' f) (X7, uf)o (X7 dt (182)
then there exists a constant M such that
2

E /OT I [/OT |V uclt, X, ue) Dy f(t, Xy ug)o (8, Xo) | dt]

2
T
< E / (I- ‘V’uc(ta Xta ut)D’lef(t’ Xt7 ut)a(t7 Xt)f) dt
0

2
dt

T
§E/ (I—|Vuc(t,Xt,ut)D;1f(t,Xt,ut)a(t,Xt)}Q)
0

< 2M3T
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and this implies that

T
/0 [(Vuc - D) (X5 u)or (1, X7 | (183)

converges, in the L? norm, to

T
| (¥ D7) (X ot X0 (184)

Finally, for any m we have {(XZ;“‘S", uﬁ;“‘s") }n and, by using Skorokhod The-
orem, we can assume that there is convergence with probability one. Therefore,
by the boundedness of the functions V,cD; ! fo and X?(Rn) oc we have clearly

the following

T T
/ Xy © €t X0 g On ) dt — / Xy © €t XY uf )t (185)
0 0

and .
/ (Vuc: DL f) (8, Xlnon qlin-0n ) (¢, Xm0 ) dB, (186)
0
converges to
T
/ (Vue- DVF) (6, X5, ui)o(t, X7)dB, (187)
0
and .
/ [(Vue- Dy f) (6, Xln ulip 9o )or (8, Xipo0n)|* dt (188)
0
converges
T
/ | (Vuc- D' f) (t,X{”,u;”)o(LXT)HZdt (189)
0
therefore we obtain
L? — lim S(X,) = S(X). (190)

n—oo
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