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Abstract

Functional magnetic resonance imaging (fMRI) is a non-invasive imaging technique that
has been extensively used in recent years to localize neural activities in the brain. Assum-
ing a general linear model (GLM) to approximate recorded signals, classical maximum
likelihood based estimators and detectors are used in the literature and their design is
based on strong assumptions (e.g., Gaussianity of the noise). In the first part of this the-
sis, we extend the existing detectors and estimators using an alternative measure from
information geometry called “a—divergence”. This measure is used to obtain robust-
ness against possible outliers or mismatches in observations and achieve more reliable
results. Finally, in the second part, we consider existing knowledge about the data as
prior information (e.g., low rank data, locally correlated noise) and develop detectors
that are more adapted for such data types.

After validation of our proposed techniques using simulations and synthetic data, we
compare the performance of the proposed methods with existing methods in the liter-
ature in different imaging applications with the same data modeling (e.g., fMRI data,

hyperspectral images, etc.)
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Chapter 1

Introduction

Detection and estimation theory have wide applications in different areas such as target
or object detection from recorded noisy signals from a radar [11], hyperspectral imaging
devices [12] and synthetic-aperture radar (SAR)[13]. It is also useful for symbol detection
in the receiver side of a noisy communication channel [14, 15], and activity detection
in various biomedical images [16, 17]. All mentioned applications deal with sets of
recorded and corrupted signals which need statistical tools for better understanding of
their underlaying mechanisms and for making inferences. Throughout this thesis, the
main objective is to develop and propose estimation and detection methods which achieve
a better interpretation from the provided data. In this thesis, when talking data, this
refers to functional magnetic resonance imaging (fMRI) data, unless specified otherwise.
However, the proposed methods are not limited to this modality and can be applied
to any type of data that follow the same linear model. To prove this claim, anywhere
possible in this thesis, the superiority of the proposed methods in other applications are
demonstrated. However, the studied applications are mostly related to detection and
estimation in imaging systems.

Prior to studying existing tools and techniques for analyzing fMRI data, blood oxygen
level dependent (BOLD) fMRI data is described. BOLD fMRI is one of the most popular
techniques of acquiring fMRI data [18]. This information can help to have a better

understating of origin and nature of fMRI data.



Introduction 2

1.1 BOLD fMRI

Functional MRI or especially BOLD fMRI is a noninvasive technique for studying lo-
cal changes in deoxyhemoglobin concentration in the brain by measuring the blood
oxygenation level dependent (BOLD) contrast. It is an indirect method of measuring
neural activity [19]. The oxygenated and deoxygenated hemoglobin have different mag-
netic properties. So, acquiring MR images during a task and evaluating them, helps to
find areas of the brain which show neural activation during experiments [8].

In recent years, this modality has drawn researcher’s attention to study and discover
complex functionality of the brain parts given different tasks. Currently, a number
of different techniques (direct/indirect, invasive/non-invasive, electrical/magnetic field
based) are developed to acquire medical data that enable researchers to look at the
brain in different temporal and spatial resolutions [20]. For example, electroencephalog-
raphy (EEG) and magnetoencephalography (MEG) are among of those techniques which
provide high temporal resolution (in the order of a few milliseconds) but low spatial res-
olution. In contrast, fMRI is among one of the high spatial and moderate temporal
resolution techniques [8].

In order to construct an MR image, the subject is placed inside the magnetic field of
a large electromagnet. Typically, the data over a slice in the brain can be acquired by
radiating a radio frequency pulse in different frequencies by uniformly or non uniformly
sweeping a 2D space (k space) and measuring the induced current in receiver coil [21].
To obtain the image form of the MR signal, an inverse fast Fourier transform (IFFT) is
needed to be applied on the acquired data. To have a 3D image of the brain, it is neces-
sary to repeat the same steps for all slices over the brain. On average, the whole process
of recording a brain fully, with a high enough resolution (for example 64 x 64 x 30),
takes approximately 2 seconds [8]. That is the reason which causes the fMRI data to
have a roughly low temporal resolution. Finally, to have a full study on the data, a few
minutes recording of the full brain is required to obtain a reliable result.

Generally, the fMRI data is recorded in two scenarios. First, task-related fMRI (t-fMRI)
in which a subject is asked to perform a specific activity like moving right or left fingers
to find areas of the brain that are responsible for such activities [22]. Second scenario is
the resting state fMRI (rs-fMRI) in which the subject is asked to relax and stop doing
any physical task [23].

The increased metabolic demands due to neuronal activity cause an increase in the
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-
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FIGURE 1.1: The standard canonical model for HRF [§]

pumping of oxygenated blood to active regions of the brain. As a result, it is expected
to see an increase in the recorded signal after 2 seconds from start of the neural activity.
The signal often reaches to its peak value after 5-8 seconds and gradually reaches to
its stable point [24]. Therefore, measuring this signal is an indirect indicator of neural
activity in the brain. This behavior of neural response is referred to as the hemodynamic
response function (HRF') or canonical HRF. Figure 1.1 shows the standard shape of such
responses. Note that this response is a reflection to a quick and fast activity. Thus, it
can be seen as an impulse response function.

The HRF can be directly used in t-fMRI analysis. For this purpose, it is assumed that
each voxel in the brain (small cubic parts of the brain at which the individual fMRI time
series are representing their net responses) acts as a linear time invariant (LTI) system
[25]. In the t-fMRI the subjects are asked to do the task based on a time scheme. A
sampled version of the time scheme can be used as the input of the system or stimulus
function v. Finally, the expected response in data (x), can be estimated by convolving
the HRF with the stimulus, i.e.,

X =vVvka, (1.1)

where a is the sampled version of HRF and % stands for the convolution operator.
Figure 1.2 shows how the convolution operation can result in the response signal of
the voxels in the brain for a specific task given two different time schemes of event-
related and block-paradigm. x can also be estimated using data-driven techniques such
as principal component analysis (PCA) [26], independent component analysis (ICA) [27]
or dictionary learning (DL) [28, 29] for achieving an accurate model of expected target

signal.
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FiGure 1.2: The BOLD response for Block-Paradigm and Event-Related stimulus
functions [8].

Before applying statistical analysis methods on the raw fMRI data, some preprocessing
steps are needed to prepare and validate data for further processes. These steps are, but

not limited to, the following;:

e Slice timing correction: During the analysis of fMRI data, it is assumed that
measurements of all voxels are recorded simultaneously. However, when looking
at the data acquiring process, we notice that recordings are captured sequentially
over the slices [30]. This means a time shifting should be applied to all voxels,

based on their corresponding slice location in space, to make this assumption valid.

e Motion correction: It is very important to acquire data from the same voxel
during the experiment. Even a small movement of subject can cause recording
data from neighbor voxels which can make the result invalid. So, in this step, it is
tried to track head movements and compensate this movements by spatial shifting

in 3D space by comparing with a reference image (e.g., mean image) [31].

e Coregistration: Typically, fMRI data does not have enough spatial resolution to
clearly show the anatomy of the brain. So for the presentation purposes, we map

acquired data to a high resolution structural MR image.

e Normalization: Different people have different brain sizes and shapes. Therefore,

for a group analysis, it is required to map measurements from different subjects to
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a standard template brain, e.g., the Talairach or Montreal Neurological Institute

(MNI) brain.

e Smoothing It is very common in fMRI data analysis to apply a spatial Gaussian
kernel for spatial smoothing [8]. In general this step can increase the signal to
noise ratio (SNR) and reduce the effect of different anatomies in people for further

analysis.

After applying aforementioned prepossessing steps on the raw fMRI data, statistical
analysis methods should be applied to localize brain activity which is the main goal of
fMRI data analysis through this thesis. But before achieving this goal, first it is needed
to model the acquired data. In the next section, the commonly used model for fMRI

data analysis is described.

1.2 Data Modelling

In order to localize brain activity, related to a specific task in t-fMRI datasets, a priori
knowledge about the subspace of the signals is needed. It was suggested to use the
convolution between the HRF and its derivatives with the task stimuli to estimate this
subspace [8]. Data driven methods also can be used to extract this subspace in a more
reliable approach with more adaptation with data [32]. This subspace can be fed into
a general linear model (GLM) as a design matrix or regressors to make the inference.
GLM is widely used in different signal processing applications, especially fMRI data
analysis due to its simplicity, interpretability and reasonable structure [33]. In a GLM
for fMRI data analysis, time courses of any given voxel can be represented by a linear
combination of columns in the design matrix together with additive noise term. At given

time ¢, for each voxel in the brain, three main time series are added, i.e.,

y(t) = =(t) +i(t) +£(1), (1.2)

where x(t) is the signal of interest, i(¢) is the interference term and £(¢) represents
the noise term. Interference or drift usually models bias and low frequency unwanted
additional terms [34]. These low frequency terms can be produced by the scanner insta-

bilities, head motion or physiological noise. Looking at the GLM model of fMRI data,
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we can see that for a given time series y € RY in a specific voxel, the data can be

represented by

Y1 hix - hiy 01 big -0 by o1 &1

YN hyi -+ hnyp Op byt - by fof EN

or compactly

y:EﬁﬂL\BngE:CﬁJrE, (1.4)

x i

where H € RV*? is a known matrix whose columns span the subspace containing the
target signal x, B € RV** is a known matrix whose columns span the subspace contain-
ing the interference signal i and @ € R? and ¢ € R’ are unknown coordinates. In this
model, C € RV*(+) i the design matrix where part of its columns represent the tar-
get subspace and the rest represent the interference subspace. Note that the subspaces
(H) and (B) are assumed to be linearly independent, and the above model holds for
all voxels and spatial correlations between voxels are ignored. & € RY is the error or
noise term which can generally have any characteristics. But for simplicity or having
exact and guaranteed results, often it is assumed that this noise follows a parametric
density model, for example Gaussian density which is parametrized by the mean and the
variance. These assumptions are just for making the problem mathematically tractable.
In reality it is always possible to have deviations in the mentioned model, particularly

in the noise characteristics.

1.3 Problem Formulation

The problem of localizing neural activity can be seen as a binary hypothesis testing

problem, i.e.,
Ho : Given voxel is not active. vs H;: Given voxel is active. (1.5)

In binary hypothesis testing, the absence or presence of an event (in this case neural
activity) is under investigation. For example, for the model of (1.4), the main objective

of fMRI activation detection task is to check if in a given observation vector y, any
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columns of the matrix H are present. This can be achieved by looking at the entries of
6. In other words, the binary hypothesis test in its explicit form is deciding between the

following two hypotheses:

Ho:0=0, vs H1:0#£0, (1.6)

where other unknown parameters (e.g., ¢) can take any arbitrary values in both hy-
potheses. When 6 = 0, it means there is no sign of target signal (x) in the given time
series and in contrast, when 6 = 0 it means that the target signal has some contribu-
tions in forming y. The first case is known as the null hypothesis while the latter is
known as an alternative hypothesis. Note that there is no intersection between these two
hypotheses and they are totally distinct, otherwise the problem is not solvable. There
are numerous methods in detection theory which can solve the above problem using

different assumptions in the model.

1.4 Motivation

Despite the existence of various methods in signal processing for solving the problem
of (1.6), still those methods are dealing with either restricted or very general assump-
tions; in both cases such methods are not suitable for studying fMRI or other types of
imaging data. For example, it is commonly accepted that the noise in such data can be
modeled by an independent and identically distributed (i.i.d.) Gaussian density while
this is not always correct in the real world [35], and investigation of robust methods is
required. However, most of the methods in robust detection literature is dealing with
non-parametric methods around a nominal known density which is not applicable to our
application due to lack of information about the exact nominal density. In the field of
statistics, there are some techniques for robust parameter estimation which are directly
used in parametric detection framework (for example Huber’s loss function), but they
are not developed enough in signal processing community to be used in real world prob-
lems. On the other side of spectrum, the methods which use classical but irrelevant
assumptions do not work well either. However, using the information obtained from the

data generating process, some modifications can be made on those methods to improve
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their performance significantly. Thus, in this thesis we set to use our statistical knowl-
edge and establish a link between existing methods in the signal processing literature
and the tools form information geometry and statistics to design and develop suitable
methods for using detection and estimation theory in imaging systems especially for

fMRI data analysis.

1.5 Thesis Outline

The rest of this thesis is organized as follows.

Chapter 2: Literature Review

This chapter starts by categorizing estimation and detection approaches. Then, in par-
ticular two categories of the works are presented, 1: parametric detectors which are
based on estimation theory, 2: robust detectors which consist of parametric and non-
parametric methods. Both methods are overviewed and their advantages and disadvan-
tages are discussed.

Chapter 3: Robust Subspace Detectors Based on a-Divergence with Appli-
cation to Detection in Imaging

In this chapter, a new highly robust detector is proposed using likelihood ratio, Wald
and Rao tests framework in i.i.d. nominally Gaussian noise with unwanted interference.
These detectors are developed using existing link between the maximum likelihood based
approaches and divergences in information geometry. Classical methods are generalized
using the general family of divergences called a—divergence. Moreover, their asymptotic
behavior is discussed, and some automatic approaches for tuning hyperparameter « are
presented. Finally, the superiority of the methods are presented in simulated data and
real applications including fMRI, hyperspectral and SAR imaging data.

Chapter 4: Learning Robust and Sparse Principal Components with the
a—Divergence

In this chapter, the main shortcoming of robust subspace detectors which is the assump-
tion that the signal subspace is perfectly known is addressed. A data-driven approach
is presented which is based on principal component analysis and a—divergence to de-
rive existing patterns in data without any concerns about outliers. Our methods are
based on different frameworks and assumptions. Using broad simulation scenarios and

real world implementations, it is shown that the proposed techniques can be beneficial.
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These approaches can be used as the initial steps of robust subspace detectors to recover

the true subspace of data.

Chapter 5: Robust Adaptive Matched Filter

This chapter deals with multivariate noise where there is no guarantee that the secondary
data is signal free and so data cannot directly be fed into the maximum likelihood based
covariance estimation block. Using a-divergene as a robust measure, an adaptive de-
tector is developed which can significantly reduce the impact of possible existing target
signals in the secondary observed data. This can be useful for any scenario in environ-
ment where the signal free assumption cannot be met for the training data.

Chapter 6: Adaptive Subspace Detector in High Dimensional Space with
Insufficient Training Data

In contrast to the previous chapters, in this chapter extra prior information about the
data (in this case low rank assumption) is used to significantly reduce the number of un-
known parameters. This can help to increase the estimation accuracy and consequently
reduce the estimation variance. Simulation results show the superiority of the algorithm
compared to well known adaptive subspace detectors.

Chapter 7: Adaptive Brain Activity Detection in Structured Interference
and Partially Homogeneous Locally Correlated Disturbance

In this chapter, a detector in complex space is developed, which takes the advantages
of prior information, in this case locally correlation, to develop a detector with a better
detection rate in a finite sample regime. Partially homogeneous disturbance with un-
wanted interference is considered to address a general problem. The covariance matrix
is estimated using conditional likelihoods where individual maximizing of each factor
can lead toward an explicit estimator of banded covariance. A wide range of simulations
are provided to show the superiority of this detector over other well known detectors.
Chapter 8: Conclusion and Future Work

In this Chapter, the dissertation is concluded and future research directions are pre-

sented.



Chapter 2

Literature Review

2.1 Introduction

Modern signal detection theory is now a fundamental design step of many electronic sys-
tems in different applications of radar, sonar, digital communication, image processing,
speech recognition and medicine [36]. Due to its vast utility, researchers from different
areas, try to develop the best possible or good enough detectors (or tests) for each spe-
cific application. Depending on how much prior information is imposed to the problem,
detection can be a simple task (e.g., simple binary hypothesis test with exactly known
distributions ) or a hard task (e.g., multiple hypothesis testing with stochastic unknown
signal in noise with unknown distributions). In a binary hypothesis testing which is
the main focus of this thesis, similarity of the distributions under hypotheses leads to
confusion and increasing error rate of detection [37].

In order to design a detector, different objectives can be used, among them the Ney-
man Pearson detector [38] and Bayesian approach [39] are the most popular ones. The
latter is based on minimizing a risk function and the former is based on fixing one of
the error types and minimizing the other one. To be able to compare two given arbi-
trary detectors, some metrics are needed. To measure the error rate of a detector, two
types of error are introduced in literature (false alarm and miss detection) which will be
introduced in next sections. Usually, in a parametric distribution case, the hypothesis
testing turns to parameter testing. For example using the GLM in fMRI data analysis

in previous chapter, it was observed that the problem of localizing the neural activity

10
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task is equivalent to the following parameter testing

Ho:0=0, vs Hi:0+#0, (2.1)

where 0 is the parameter of interest. Depending on the type of problem and the prior
information on the distributions in two hypotheses, different techniques exist in literature
to solve the problem. In next section, we try to categorize these techniques based on

their characteristics.

2.2 From Parametric to Robust Detection

In some research areas, people are interested to have an exact and precise model for the
data to be able to achieve the best possible performance under those strict assumptions
[9]. Under those exact assumptions, lots of nice theorems and mathematical proofs can
be developed which are true just for aforementioned conditions. On the other hand,
such methods are truly dependent on the assumptions that have been made and cannot
tolerate even small deviations in the models [40]. This makes them super sensitive to the
existing constraints. Typically, parametric models are extensively used in these meth-
ods, where the model is parametrized with limited number of parameters that can be
estimated using measured data. Alternatively, there exist other approaches that are gen-
eral, and are designed to have the minimum restricted assumptions [41]. Usually, these
techniques are universal and work for different scenarios. Disadvantageous of the second
category is their weak performance at the cost of validity for a wider data spectrum.
These methods are usually non-parametric approaches which are not in our interest due
to their weak performance and ignoring existing prior information in the model. So, a
new category is required that has the benefits of the both categories while avoiding their
weaknesses.

Robust estimation and detection are the research fields that can fill this gap. As is
shown in figure 2.1, robust methods have wider ranges of validity compared to paramet-
ric methods and have almost the same performance level as parametric approaches and
close to the optimal performance. In this category, an uncertainty set around the nomi-
nal model is often formed to tolerate against deviations in the models and assumptions

using variety of definitions on the uncertainty set. A wider uncertainty set can tolerate
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Non-Parametric Robust Parametric

FIGURE 2.1: Categories in detection and estimation theory [9].

against heavier deviations and smaller uncertainty set achieves a better performance
level. Therefore in robust methods, performance in the nominal model and the level of
robustness are in trade off with each other and increasing both of them simultaneously
is not possible [37].

At limit points, robust methods can be changed to a pure parametric approach or non-
parametric method. This often can be obtained by changing the user defined parameters
like the maximum distance around the nominal distributions [42]. Since robust methods
are similar to both parametric and non-parametric approaches, it is possible to develop
them either as parametric or non-parametric. In signal processing community, mostly
the non-parametric approaches are developed and most of them are based on minimax
approach [39]. The parametric version of robust detectors mostly are investigated in
statistics and are the modified versions of the parametric methods using robust esti-
mation techniques [42]. However, early approaches in both methods are developed by
Huber [43-45]. Although the latter approach is the main focus of this thesis, but we
present a full literature review in both techniques together with a review on parametric
detectors. Before presenting the literature, we need to get familiar with the meaning of
some repeated terms in detection literature like power and error rate which are shortly

described in the following section.

2.3 Related Terminologies

Similar to the classification task, in a binary decision making, two types of error exist.
The first error type occurs when we decide H; when Hg is true which is the meaning
of the terms false alarm (in detection theory), false positive (in computer science) or

significance level (in statistics). The second type of error occurs when in contrast we
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FIGURE 2.2: Visualization of Pr4 and Pp for a binary hypothesis test.

decide Ho when H; is true, and it’s often referred by the terms miss detection (in
detection theory) or false negative (in computer science) [36]. The decision making task
is often performed by a randomized decision rule §(T(Y)) = (J,61) : Y — [0,1]%
where each entry in this rule assigns a probability value to both hypotheses given a test
statistic function (T) of observed input Y and they are complementary of each other,
i.e., 0o + 61 = 1. The hypothesis H; will be decided only if §; > ~, where v is an
appropriate scalar threshold value. Let A be a set of all the possible decision rules, then
using above definition and let R; = {Y : Decide H;},i = 0,1, be the region in the space
where using the decision making rule, H; is decided. For any § € A, the false alarm

and miss detection rates mathematically can be written as:

Pra(6.fo) = Boloi) = [ f¥ay = [ iffay. (2:2)

and

Py f) =Bl - 8] = | fNay = / (1— 60 /Ny, (2.3)
Ry Y
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where f and E;[.],i = 0, 1, show the joint probability function in H; and the expectation
with respect to i*" density function, respectively. The overall error probability can be
derived based on these two error types by Pg(9d, fo, f1) = P, Pra(9, fo)+ Py, Pr (0, f1).
The power of a test also is another term which shows the probability that a test decide
H1 when H;p is true, and naturally it is equal to Pp = 1 — P,, where Pp stands for
probability of detection or power of the test. Figure 2.2 shows these probabilities when
the test statistic follows two Gaussian densities under two hypotheses.

Now we are ready to present literature on parametric detection.

2.4 Parametric Detectors

In a general parametric detection setup, it is assumed that a random variable y € R™
can be caused by a null hypothesis with density function f(y;wp) or an alternative
hypothesis with density function f(y;wi) where for short they can be denoted by fo
and fi. In general, fo and f; can be different distribution models where wg € €y and
w1 € Q1. 4, ¢ = 0,1, defines the possible parameter set for each hypothesis. We are
given N ii.d. samples, i.e., Y = {yq,...,yn} € R™N the binary hypothesis test is to

decide which hypothesis distribution is the source of given data, i.e.,
Ho: Y~ fY, vs Hi:Y~fN. (2.4)

In computer science point of view, this problem is a classification task where there is
no need to have a labeled dataset. Instead of usual dataset, the models are known in
advance (either with known or unknown parameters) and detection task is performed
only using the test data. In the case of known parameters, using both Neyman Pearson
and Bayesian approaches, the likelihood ratio test (LRT) is the uniformly most powerful
(UMP) test.

2.4.1 Bayes Risk

In a Bayesian decision making framework, all actions are assigned a corresponding cost
value. In particular, C;; shows the cost of deciding the it" hypothesis when j** hy-

pothesis is true. Thus, defining a risk function, we are trying to minimize the risk with
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respect to decision making rules. For example in a binary hypothesis testing case the

risk function is

1 1
R=> CiP(HilH;)Py,. (2.5)
7=0 =0

For a better understanding, consider the case that correct assignment of labels, does
not have any cost and wrong assignment has a cost of 1, i.e., C11 = Cpp = 1 and
C1,0 = Cp,1 = 0. Note that this means R = Pg(d, fo, f1) and minimization of Bayesian
risk is equivalent to minimization of error rate in decision making rule.

Let Ry = {Y : DecideH1} be the region in the space where using the decision making
rule, H; is decided and Ry is its complement region in the space i.e., [ Ro p(Y|H;)dY =
1 — [, p(Y[H;)dY. Then, the risk can be written as,

R = CO,OPHO/ p(Y’/H())dY + Cl,OPHo/ p(Y|H0)dY
Ro Ry
+ CorPr, / p(Y[H)Y + C11 Py, / p(Y[H1)dY
Ro Rl
= Co1 Py, + CopPyy, +/ (Cr0Pp, — Co,0Pu,)p(Y|Ho)
R
+ (0171P7{1 — COAPHl)p(Y"Hl)dY. (2.6)
For given Y, it is decided H; only if

(C1,0Pyy — Co,0Pr, )p(Y[Ho) < (C11Pry — Co1 Py )p(Y[H1), (2.7)

or by assuming Cy9 > Cpg and Cp 1 > C1,1 we decide H; when

p(Y[H1) _ (Cro0—Coo)Pry _
p(Y[Ho) = (Co1 — C11) Py,

(2.8)

Based on the above result, the LRT (p(Y|H1)/p(Y|Ho)) is the best detector in Bayesian
setup [39] which minimizes the Bayes risk function. However, in signal processing we
are interested to the case to have control on specific error type (for example false alarm)
not the combination of the errors. For instance, in radar community or biomedical data
analysis, it is always interesting to design a detector that has a bounded false alarm rate
while it has a reasonable level of detection. The reason is that for example detection of
a wrong target in sky means an enemy aircraft is detected and need to do some military
reactions which usually has a high financial cost. Also in medical data analysis, false

diagnosing can gives a high stress to the patient which sometimes can have even worse
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consequences compared to the detected illness. To address this requirement, Neyman

Pearson test has been proposed which is described in next section.

2.4.2 Neyman Pearson Test

Neyman and Pearson have shown that LRT is the UMP test among all possible decision
making rules when the false alarm rate is fixed to & [38]. Mathematically, in this setup

we seek to find the solution of

d = sup Pp(8, f1) s.t. Pra(d, fo) = a. (2.9)
sea

Using the Lagrangian multipliers the problem can be changed to an unconstrained op-

timization of

60" = supF
deA
= Pp+ )\(PFA — 0_4)

= [ oY1) + (¥ po)aY = (2.10)

To maximize F, we should include Y in R; when the integral is positive [36]. In other

words, we decide Ry if

p(Y[H1) + Ap(Y[Ho) > 0, (2.11)
p(Y|H1) _
P(Y[Hy) = (212)

where the X is a negative scalar which can be defined based on the required false alarm
rate. Similar to Bayes risk minimization case, again it is shown that LRT is the best
possible test. However, the above results are valid when distributions under both hy-
potheses are perfectly known or does not depend on any unknown value [39]. Usually
this ideal condition is not met in many signal processing applications especially the
fMRI data that is under our investigation. Thus, more investigation for finding some
suboptimal tests are needed. In next section, some of these parametric methods will be

introduced.
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2.4.3 Generalized Likelihood Ratio Test

In any signal processing applications, usually there are some unknown parameters in the
assumed model which need to be estimated using existing data. Therefore, in most of
these cases there is no UMP test [46]. When such optimal test does not exist, we need
to find tests with suboptimal performances. The first alternative can be the general-
ized LRT (GLRT) where in this test all unknown parameters in both Hy and H; will
be replaced with their maximum likelihood estimators (MLEs) [47]. Partitioning the
parameter vector w in (2.4) to sub parameter vectors of 8 (paramete of interest) and A
(nuisance parameter), i.e., w = [0, AT]T and considering the same distribution models

f for both hypotheses with different parametr sets, the GLRT can be written as [48]

N N H
2 1
Ta(Y) = —[sup > log(f(y;w)) — sup » log(f(y;,w))] =7y, (2.13)
N we i—1 weN =1 Ho
where Qy = [OT,)\T]T is the restricted parameter set, but €2; can get any arbitrary

values. The log(.) function is a monotone increasing function that does not have any
impact on the detector result but can significantly make the estimation part easier
especially for the general family of exponential noise densities. This test is presenting
a measure that quantifies how much estimated densities in two hypotheses are different
from each other. Naturally, high test value assigned to an observation means that we
are highly confident that the recorded data is coming from 7; rather than Hy. The
appropriate threshold value can be computed based on the desired false alarm rate. To
estimate and find the likelihood difference of the above expression, different assumptions
are used in the literature which lead to different famous detectors. In next sections, we
briefly introduce four well known detectors of matched subspace detector (MSD) [49],
Kelly’s GLRT [50], adaptive subspace detector (ASD)[51] and finally adaptive matched
filter (AMF) [52] which are used for the comparison purpose in this thesis. These
detectors are based on Gaussian noise distribution in both complex domain and real

domain with both known and unknown covariance matrices assumptions.
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2.4.3.1 Matched Subspace Detector

One of early classical approaches based on GLRT is the MSD. For the linear model given
by
y=HO + B¢ +£ = C3 + &, (2.14)

X i

in MSD, it is assumed that & ~ N(0,0?Iy) which means noise components are uncor-
related or correlated with known covariance [49]. Therefore, all time courses of a given
voxel can be put in entries of vector y to form the observation vector. The parameter
of interest is 8, and the nuisance parameters are 02 and ¢ which are unknown. At first
step, all parameters are estimated with MLEs in both hypotheses to be fed into the log
likelihood functions.

In fact when we use the term subspace it means that the signal can be built with more
than one modal and it is actually a linear combination of those with any arbitrary

weights. Before extracting the test, we consider following extra assumptions :

1. The subspaces H and B are known. In this case, H can be obtained by for example
convolving stimuli with HRF and some of its derivatives. Since B should model
the drift terms, we can use a set of discrete cosine functions with low frequency

variations in columns of B.

2. The subspaces H and B are not orthogonal but they are independent. That means

we cannot model each column of H as a linear combination of columns of B.

Depending on the source y, it can have one of two following densities
Ho:y ~N(Bo,o’Iy) vs Hi:y~N(HO+Bp,o’Iy). (2.15)

The probability density function for the multivariate normal (MVN) vector y with the

covariance of 021y is

Flyiw) = no®) ™ exp{ 5 €3} (2.16)

where the noise € is

¢ =y— HO - Bo. (2.17)
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This function is dependent on values (0, ¢, 02). For estimated values of (01, ¢,,52) and

((}.’)0, 63) the GLRT is given by

f(Ya él) (2)1A7 (}%) )
f(y;0=0,6,57)

Uy) = (2.18)

With thresholding on ¢(y), we can detect the presence of signal of interest. Plugging
MLEs into (2.18) and using monotone increasing function, the well known MSD is given
by

62 —06% y' PgiPgPpy

lusply) = ——— =
O’% yTPBJ_PGJ_PBJ_y z;jo

v, (2.19)

where G = Pg.H, Pp = D(DTD)_IDT is the projection matrix and the projector
Pg. projects onto the subspace (B)*. With exact looking at the numerator and de-
nominator, we notice the energy of estimated target signal and noise vector are using in

a division to check their strengths for final decision.

2.4.3.2 Kelly’s GLRT

MSD considers the case that the covariance matrix is exactly known. For the first time
Kelly in [50] addressed the circular zero mean complex Gaussian noise with unknown
covariance for detection of a rank one signal in the absence of any interference (¢ = 0).
In order to estimate the covariance matrix, it was assumed K secondary signal free data
{n;}X | are available which exactly share the same covariance matrix with the test data
(y)- In the case of fMRI data analysis, it means K time series recorded from K voxels
are available where we are sure that the measured data does not represent any types of
neural activity. In radar application, it is equivalent to use the neighbor range cells to
estimate the covariance matrix [53]. Depending on the source of y, it can have one of

the two following densities

y ~CN(0,R) " y ~ CN(hd,R)
n, ~CN(O,R), k=1,--- K, : n, ~CN(O,R), k=1,--- K,
(2.20)

Density function of a zero mean circular complex random variable y is given by

1

(y) = Ndet(R) exp{—y' R 'y}. (2.21)

f
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Using this density function and forming the joint likelihood function with K signal free
data and maximizing with respect to unknown parameters make the GLRT in following

form

E(y) _ f(yanla"' anK;éllf{'l) _ fl (y) Hg:l fl (nk) (222)
f(y’n17"' 7nK;R0) fO(y)szlfO(nk)

After applying some tedious simplifications using linear algebra, it is not hard to show

that the Kelly’s GLRT is given by

s~ ty|” S
larrr(y) = — —— =7 (2.23)
(h'S™'h)[1 + LytS~ty] ;7

where S = Ziil nknL is the sample covariance matrix and « is the appropriate threshold
value. Nevertheless, this detector is designed to detect a rank one signal in a homoge-
neous environment. Homogeneity refers to the case that the test data (y) and secondary
data {ng}X_, both have exactly the same covariance structure. To address both issues,

ASD was developed later on [51].

2.4.3.3 Adaptive Subspace Detector

To develop Kelly’s GLRT for the non-homogeneous noise environment and multimodal
signal, the detection of subspace signal in partially homogeneous noise was proposed
in [51]. The term partially homogeneous refers to the case that the secondary data
share almost the same covariance structure but can be different up to an scalar value
(0®R. instead of R). However, in this approach, the interference was ignored. In this
hypothesis testing, the test data y is following one of two densities

y ~ CN(0,0°R) y ~CN(HO,0°R)

vs Hi:

nkNCN(O7R)7k:11"'>Ka nk;NCN(O,R),k‘:l,,K
(2.24)

In this case, compared to Kelly’s GLRT, in the process of maximizing the joint likelihood
function, an extra parameter o2 needs to be estimated while @ is a vector not a scalar.
Thus, the ASD can be derived using
H A2 B K
f(y,ni, - ,ng; 01,67, R1)  f1(y) [Teey f1 ()

V4 = ~ = . .
) o R Re) fo () T o () (229
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After doing some linear algebra it is not hard to show

yTsféPﬁsféy 7%1 N
yisTly

Lasp(y) = (2.26)

where H = S™3H and again S = % Zszl nkn,t is the sample covariance matrix. In
design steps of both Kelly’s GLRT and ASD, it was assumed that parameters are un-
known and at the same time, using both test and secondary data, the likelihood function

is maximized. This makes the detector complex. Therefore, AMF was introduced to

reduce this complexity.

2.4.3.4 Adaptive Matched Filter

In contrast to Kelly’s GLRT and ASD where all parameters are maximized using the
joint likelihood, in this method for the case of
y ~CN(0,R) y ~CN(ho,R)

vs Hi:

nchN(O7R)7k:17"'7K7 nkNCN(O,R),k:].,"',K,
(2.27)

in design step, it was assumed first that the covariance matrix in known [52]. Then the
GLRT was calculated with maximizing the joint likelihood with respect to §. Finally at
the end, the covariance matrix was replaced with the estimated sample covariance using
secondary data. Therefore, it is easy to show

s~ ly[* %

Camr(y) = ('S Th) < - (2.28)

Now, it can be seen that the structure of the detector is more compact compared to other
detectors. This can make the detection task fast and more adapted with environments

where a fast decision making algorithm is needed.

2.4.4 'Wald Test

Due to lack of UMP test in many applications, it is always interesting to investigate and
develop tests which can beat GLRT in some problems or can achieve the same perfor-
mance with less parameters. In a Wald test, instead of basing the test on likelihood val-

ues, we are interested to directly look at the parameter values. The first way of achieving
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this distribution is the Wald test statistic. Let us define log L(w;Y) = Zf\; log f(y;; w),

then the Fisher information matrix is defined as

0?log L
Meo)ls = B | (2.29)
and can be partitioned to
I I
Lw)= | . (2.30)
Ino Inx

Based on the results in [54], it can be seen that the asymptotic covariance of the pa-

-1
rameter vector 0 is (199 — Ig)\I;iIm) . Finally, knowing this, the Wald test can be

formulated as

Tw(y) = (0 90)T{ [rl(wl)]ee}_ (61 - 00)
Hi

= (6,—0y)" <Iee — IQAI;;‘IM)) (81— 6) = 7, (2.31)
Ho

where the parameters are whitened asymptotically then used in quadratic form to com-
pute its norm value. @y = [élT, 5\1T]T is the parameter vector estimated under H;. In
contrast to GLRT which is based on the estimated parameters in both hypotheses, the
Wald test just considers the alternative case. In Hg case, due to convergence of esti-
mated 0 to Oy, we expect to see small test values and naturally using an appropriate
v, we reject Hi and vise versa. It is shown in literature that sometimes this test can
lead to a better performance than GLRT. Also in some problem models, the Wald test
is equivalent to other tests for example AMF [55]. To see the procedure of deriving the

test, we suggest to see the detectors which have been proposed in [56, 57].

2.4.5 Rao or Score Test

Another test statistics that have been used a lot in literature is Rao or Score test [48].
Instead of looking at the likelihood or parameter values, the derivative or score function
of log likelihood is used in the test. In [54], it has been shown that the score function
0log L(w;Y)/00 asymptotically has the covariance of (Ieg —1Ip )\I;;\Im) . In Rao test,
the reference is the estimated parameters in Hg. In Hg we expect to get the score
function close to 0 due to optimality of the MLEs. Therefore, if we see a whitened score

function with higher norm value, it means that most likely the alternative hypothesis is
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correct. According to above discussion the Rao test is given by

T

Olog L 1. dlog L
Tr(y) = [I (wo)]
00 w=wo 00 06 w=wo
dlogL|" ( 1 “19log L H
= Igg - Ig)\I I)\O T an =7
00 W= AA 00 W= ;0
Wy = [OT, 5\; ]T is the estimated parameter vector in Hy. For example in the case of

signal detection we suggest to see [58] for the procedure that the test can be derived.

For subspace detection in complex Gaussian noise, in absence of any interference, i.e.,

y ~CN(0,R) y ~ CN(HO,R)
vs Hi:
n, ~CN(O,R), k=1,--- K, n, ~CN(O,R), k=1,--- K,
(2.32)
the Rao test is given by [59]
NTP ey Hi
y y
Tr(y) = H =3 (2.33)

A+y9)0+yPy)

N

R | . .
where H=E *H,y=E yandE:ZszlnknL:KS.

2.4.6 Constrained Detection

In all above discussed methods, the parameters are replaced with their MLESs, due to its
consistency and efficiency. Asymptotically MLEs attains the Cramér—Rao lower bound
(CRLO) [60] which shows the minimum possible variance that an unbiased estimator
can achieve. This is true when we are in large sample regime. Nevertheless, injecting
information (using our knowledge about the physical behavior of underlaying process)
to the problem can significantly improve the final performance in a finite sample regime.
One example of using this prior information is adding constraints on the structure of the
covariance matrices in multivariate signal analysis. Theses constraints include persym-
metric covariances in array signal processing [61], low rank covariance [62], etc. These
structures can decrease the number of required parameters and push the methods toward

their asymptotic regime to achieve better performances for a finite sample case.



Literature Review 24

2.5 Robust Detectors

Most statistical signal processing methods rely on strong assumptions like Gaussianity
of the noise [63] which may not be true for some real world applications. Even in a highly
clean data, some proportion of outliers exist and the range of 1 to 10% contamination
is a typical deviation level in data acquiring process [9]. These deviations can cause
the performance of these methods to drastically degrade or to completely break down
[40]. For example, the occurrence of impulsive noise has been observed in outdoor mo-
bile communication channels, due to switching transients in power lines or automobile
ignition [64]. This noise has been also observed in radar and sonar systems as a conse-
quence of natural or artificial electromagnetic and acoustic interference [65, 66], and in
indoor wireless communication channels, caused by microwave ovens and devices with
electromechanical switches [40, 67]. Finally, it has been also observed that in measure-
ments captured from different regions of the human brain, such as in MRI, non-Gaussian
noise and interference exist [68].

In robust statistics, we are trying to address these issues by focusing on the majority
of data and propose methods which can identify outliers. Robust statistics consists of
two distinct but related categories of robust estimation and robust detection [9]. In this
thesis, we cover both but with more focus on the latter. Robust detection offers two ap-
proaches of robust non-parametric and robust parametric methods to solve shortcomings
of classical parametric methods. In non-parametric methods which mostly are based on
minimax concept, a set of uncertainty is defined around the nominal model under both
hypotheses. Then, the detector is designed for the worst case scenario to guarantee
the performance in severe outliers. Different types of measure have been proposed in
literature to define the neighborhood around the models that each measure leads to
different robust approach. The common step in all these non parametric approaches is
using the minimax concept. However, these methods assume the nominal model is per-
fectly known which might not be correct. In second type of robust detection approaches
(robust parametric approaches) either it is assumed that the classical assumptions still
can be a good model for representing data (with minor modification), or uses a more
complex model with a larger number of parameters to approximate the entire data in-
cluding outliers. After robust parameter estimation, the classical basic test frameworks

(GLRT, Wald and Rao) are used to develop robust detectors.
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In next sections, we present a brief overviews of both non-parametric and parametric

robust detectors.

2.5.1 Non-Parametric Robust Detection

In non-parametric detection method, it is assumed that the nominal models in both
hypotheses (fo, f1) are known. It was shown that the likelihood ratio test is UMP

test when the distributions are known. Therefore, given the test statistics T(Y) =

Hi]\il fi1(y;)/fo(y;), the optimal detector is given by

1, T(Y) >~
01 =4 €[0,1,T(Y) =~ (2.34)
0 T(Y) <~

However, this detector is not robust against outliers. Just assume a single severe outlier
exist. Due to direct relation of 7'(Y) to all single observations, this single outlier can
push the test statistics value into unwanted region and make the result inverse. To
overcome this problem, in robust detection, it is assumed that the true models under
two hypotheses (go, g1) belong to the defined sets in the neighborhood of nominal models,
i.e., go € Fo and g1 € F1. The level of robustness and also the level of performance
totally depend on the ranges of the defined sets. Tighter sets give the same performance
as the optimal detector but gets sensitive to unwanted outliers. Usually in this method,
it is required to be safe for all possible distributions within the sets. So, instead of using
an online adaptive approach to find the best match within the sets with acquired data,
a method that works for worst case scenario is desired. This concept is referred to as the
minimax criteria. Mathematically, in minimax we are going to design a detector such
that

jo, 4 ,5 = argmin ar max E[Cost]. 2.35
Go:qu, 0y =argmin arg =~ max _ E[Cost] (2.35)

In other words, we are looking for two distributions that maximizes the average cost
value. Theses distributions are known as least favorable distributions (LFDs). Find-
ing the LFDs is the critical step of this criterion. Because after finding the LFDs,
the minimizer is the likelihood ratio test given LFDs. Our main focus in this thesis
is designing a robust detector against deviations in noise distribution. However, the

minimax can also be used for designing robust detectors against deviations in prior
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probabilities Py, and Py, [37], interference subspace [69] and etc. Considering the
Py(9, fo, f1) = Pu,Pra(d, fo) + Py, Pr(6, f1) as the cost function, the solution of min-

imax criterion satisfies following inequalities

Pr(8,q0,q1) < Pe(8,d0,d1) < Pr(d,do, 41)- (2.36)

This condition is called as saddle value condition. This condition is not always met and
its existence needs to be investigated. Von Neuman for the first time presented a formal
definition for the existence of a saddle point [70]. For a robust binary hypothesis test it

exists when

i max _ Pp(d,q,q1) =  max min Pg(8, g0, ¢1 2.37
JEA qoxqiEFoxF1 ( 14 7Q) GoXqLEFoXF1I SEA ( 40,4 )7 ( )

where Pg is needed to be bilinear in all its arguments. Shiftman showed that for the
existence of saddle value, it is sufficient that Pr be convex in é and concave in gg and
q1 [71]. Beside the property of LFDs which maximizes the error probability, they are
also the minimizers of the f—divergence between distributions from two hypotheses. In

other words, if a pair of distributions (g, ¢1) minimizes

Dia ) = [ f(j’];g§>qo<y>dy, (2.39)

for all ¢ x q1 € Fp x F1, and all twice differentiable convex functions f : Ry — R, then
the joint distributions (¢}, ¢}Y) are the LFDs for all cost functions [72].

Typically, three well known uncertainty sets have been introduced in literature: 1.
e—contamination model 2. divergence ball model 3. density band model which are

described in the following sections.

2.5.1.1 e—Contamination Model

The earliest work in robust detection has been done by Huber [45] after observing sensi-
tivity of LRT to bad data samples. In design steps, the uncertainty set was introduced
by an e—contamination model. Indeed, the neighborhood around the nominal model
defined by

Fi=Aqgles= 1A —€)fi +ehi}, i=0,1, (2.39)
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where 0 < ¢; < 1 and h; can be any arbitrary density. Assuming that Fy and F; are
distinct, the LFDs are given by

jo = (1 —€o) fo, fi/fo<ecu G = (1—e)ft, fi/fo>q (2.40)

(1/cu)(1 = €0) f1 f1/fo = cu (c)(L —e1)fo f1/fo < c
where ¢; and ¢, can be uniquely defined. Finally the robust detector can be formed by
G1/G4o which forms a clipped version of nominal LRT, i.e. for the case of ¢y = €1 = € the

test is given by

N
Trruper(Y) = | [ max (cl,min (cus f1(y:)/ fo(yi))>. (2.41)

i=1

This test suggests to replace high and small values of LRT by two constants of ¢, and
¢ to suppress the impact of unwanted samples.

Huber’s e—contamination model extensively was used in other robust detectors where
extra assumptions were added to the problem to make a more powerful test. For example
in [73], the authors proposed two detectors for nominal Gaussian density, the correlator-
limiter detector and the limiter-correlator detector, which were obtained as the result
of two different formulations of the problem. The similar idea was also used to detect
stochastic signals in a contaminated observations [74]. Other generalized detectors using

contamination model can be found in [75-77].

2.5.1.2 Divergence Ball Model

Another measure which its specific cases were extensively used to represent the neigh-
borhood around the nominal model is f—divergence ball model. f—divergence measures
the difference between two given functions (in our problem: density functions). Indeed,

the uncertainty set can be defined by
Fi ={ailDs(aill fi) < e}, i =0,1, (2.42)

where Dy(.||.) is the f—divergence given by

DiaIfi) = | f<qi(y)>fi<y)dy, (2.43)
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where f is a convex function and f(1) = 0. In this model uncertainty directly is defined
on the shape of the densities and different f : Ry — R functions can lead to different
uncertainty sets with different properties. For example in [39, 78], Levy used the KL-
divergence as a measure of tolerance between to densities. The work proposed in [79]
generalized Levy’s work by a general parametric divergence family of a—divergence.

Different measures and their corresponding detectors are discussed in details by [80].

2.5.1.3 Density Band Model

In the last uncertainty model, the densities in both hypotheses are bounded from above

and below. The neighborhood is defined by [81]

Fi=Aaila, <4 < qu}, i=0,1, (2.44)

where ¢, is the upper density bound and ¢; is the lower density bound. This model
can also be achieved by putting constraints on contamination model [82], and the same
solution can be achieved by constructing a proper convex function in f—divergence [83].

The band model is also used for non-parametric detectors [84].

2.5.2 Parametric Robust Detection

Experience shows that the reliability of MLEs like sample mean, sample covariance or
least square, and the related designed GLR, Wald and Rao tests can be influenced by
outliers. To address this issue in parametric form, robust statistics with pioneering works
of Tukey [85], Huber [43] and Hampel [86] developed methods to reduce the influence of
misspecified models. Before that, it was common to use outlier detection and rejection
techniques that sometimes could even remove good samples which was not desired [10].
In robust parametric detection the goal is to estimate parameters in a way which after
placing them in the test frameworks, it offers a stable false alarm rate and power level.
Some recent works addressed this problem using more complex models with more number
of parameters [87, 88] which are not in our interest. We prefer to use a simple model

which can represent the behavior of most data but meanwhile the procedure be able to
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TABLE 2.1: Suggested models by robust statistics for inference based on contamination
level (e) and prior information about outlier density (h) [10].

Task h e=1]10<e<l|e<<l]|e=0
Robust Inference | Arbitrary h ? ? f f
Specified h h g f f

tolerate slight deviations in modelling. Considering the e—contamination model of

g=(1—¢€)f +eh, (2.45)
in this thesis, based on the table 2.1 [10], we address the cases that € is sufficiently small
and we can directly work with the nominal model f.

Before introducing some robust estimators, we briefly discuss which characteristics of

robust estimators are desired.

2.5.2.1 Criterion and Metrics in Robust Estimation

Generally in design steps of robust estimators, we are looking for satisfying following

aims [9]:

1. Near Optimality: The estimator should have reasonably well (close to opti-
mal) performance in nominal model. In other words, we are not interested to get

significant bad performance in nominal case at the price of achieving robustness.

2. Qualitative Robustness: Small deviations in models should not have a large

impact on the estimator.
3. Quantitative Robustness: Somewhat larger deviations from the model should

not cause a catastrophe [89].

Now, assuming a few robust estimators are provided, one may ask how can we quantify, if

our estimator fulfills these aims? To be able to compare different robust estimators, some
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tools and measures are required. Following measures cover the mentioned requirements

in a quantitative way:

1. Relative Efficiency: This shows the ratio of the optimal estimator’s variance in
nominal model to robust estimator’s variance. The value close to 1, refers to an
estimator which has almost the same performance as the optimal estimator and

decreasing this ratio is in trade off with robustness level.

2. The Breakdown Point (BP): The breakdown point measures the robustness
properties of an estimator in the global sense [10] and is the maximum fraction of
data that is allowed to be contaminated with any arbitrary values, while still the
estimator stays stable. This metric is actually measuring the worst case scenario
and representing the quantitative robustness. For example, in a location estimation
task, the sample mean has the breakdown point of 0% meaning even a single bad
observation can completely lead the estimator to the point oo [40]. It is also easy
to show the median and a—trimmed estimators have the breakdown points of 50%

and a%, respectively.

3. The Influence Function (/F): In exactly the opposite side of BP, based on
Hampel’s definition [86], the IF' shows the local robustness of an estimator and is
defined as the asymptotic changes in estimator when €% of data gets contaminated
(mainly with point mass distribution) divided by e when ¢ — 0. This is the
generalization of sensitivity curve (SC) and shows the sensitivity of an estimator
to existing small deviations. It is always desired to have continuous and bounded
IF function to guarantee that small changes in data always have a small and
limited impact on the estimator. Again, for the location estimation task, the
sample mean has an unbounded IF' and median estimator has bounded but not
continuous which make both estimators locally sensitive [10]. As it is clear, this

metric measures the qualitative robustness of a given estimator.

4. The Maximum Bias Curve (MBC): This measure gives information on the
bias affected by specific amount of contamination (e) [40] where starts from small
e with the value of esup |/ F(z;w)| where z is the location of outliers using point

mass density. This curve finally ends at the BP with the value of oo [40].
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2.5.2.2 M-Estimators

M-estimators are a general family of estimators which generalizes the classical approach
of MLEs [40, 90]. It is known that the MLEs can be derived by following maximization

problem
N

Gyrp = argmax Y log f(y; w), (2.46)
i=1

where f(.) is the likelihood function. By taking the derivative, the MLEs are also the

solution of

N
D s(ysw) = (2.47)
=1

where s(y;w) = dlog f(y;w)/0w. It was shown that the IF' of MELs is directly related
to the s(y;w); this makes MLEs non robust due to their unbounded s functions [10].
M-estimators are offering loss functions that their derivatives, might possess desired
properties of robust estimators (boundedness and continuity). Huber [43] proposed a

class of M-estimators that generalizes the MLEs in a natural way by
w = argmin Z p(y;;w), (2.48)
i=1

where p(.) is a general loss function which the MLEs can be recovered by choosing

p(.) = —log f(.). An alternative approach is to find the solution of
N
> ¥(y;w) =0, (2.49)

i=1

where ¥ = Jp/0w. The IF of a M-estimator is given by [10]
IF (20, F) =M '¥(z;0), (2.50)

where

M = /\IJ x; w)dF (x). (2.51)

It is clear that by bounding ¥ the [F' will be bounded as well. Relatively simple M-
estimators, called weighted MLE (WMLE) are defined as the solution of [10]

N
Zw yisw YZ7 ) - a(w) =0, (2'52)
=1
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FIGURE 2.3: p functions (top) and ¥ functions (bottom) for the MLE, Huber and
biweight estimators [10].

where a(w) is a correction term. The idea is to limit unbounded score functions by
multiplying a small weight value w. A popular form of this type of estimator is Huber’s

residual based weight. For example in a univariate case it is given by
w(r) = min (1,¢/|r]), (2.53)

which intuitively tries to suppress high residual values and keep unchanged those residual

values that are less than the hyperparameter ¢. The Huber ¥ function is given by
¥(r) = min (¢, max(—c, 7)), (2.54)

and its corresponding p function is

% | <e
p(r) = - (2.55)
clr| = 5¢%,|r| > ¢
which is a combination of quadratic loss function and [;—norm. In the case of ¢ — oo,

the loss function is exactly the quadratic loss which can gives the MLEs for Gaussian
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nominal density. On the other hand, in the case of ¢ — 0, the loss function is the /; —norm
which its robustness property was shown in literature. Figure 2.3 shows the shape of p
function and their corresponding ¥ function when ¢ = 1.345. As it is shown, the score
function is bounded and continuous and the loss function is convex. This convexity
makes the solution unique and using classical optimization algorithm, after a few steps
the solution can be obtained. Nevertheless, it is more interested to have a ¥ function
that tends to zero for large residuals to make the estimator less sensitive to heavy tail
outliers. The Huber’s estimator does not provide this feature and as the result has a
small BP. One other famous estimator called biweight estimator proposed by Beaton
and Tukey [91] increases the BP by its redescending ¥ function. The corresponding p
function is given by

p(r) = 37 =3+ @I = : (2.56)

1, Ir| > ¢

Figure 2.3 shows the p and W functions when ¢ = 4.685. As is shown, this loss function is
not convex, meaning that using this loss function in M-estimation framework might have
more than one local minimum. To avoid converging to a bad local minimum, the proper
choice of initial point of the proposed iterative method is crucial. One suggestion is to
start from a robust estimator with low efficiency but high BP [42]. After convergence,
the efficiency will be improved based on the shape of p function and it’s likely to converge
to a suitable local minimum. Several robust estimators have been proposed in literature

with different properties and different inspirations.

2.5.2.3 Developed Robust Tests

In the case of consistent M-estimation, it can be shown that @ — N (w*, V) where w*

is the true parameter value and V is the asymptotic variance given by
vV=M1lqQM, (2.57)

and

Q= /\Il(x;w)\IlT(x;w)dF(x). (2.58)



Literature Review 34

Using this fact, the robust version of LRT is given by [10]

N
LRT, =2 [p(y;&1) — plyi; @o)] (2.59)
=1

which is a generalization of classical GLRT. Similarly the Wald and Rao tests are given

by
W, = N(01—0) [V(@1)],,(01 — 60), (2.60)

and

R, = NzC 'z, (2.61)

where z = % Zf\i1 %(Yi; wp) and C is the asymptotic covariance of z. It is known that

both level and power of above tests are stable if the I F' of corresponding function that
test is defied based on it is bounded. This IF itself is bounded if the IF' of estimator
is bounded [10]. In other words, a given test is robust, only if the underlaying defined

estimator is robust.

2.6 Conclusion

In this chapter, we have done an extensive review on the existing methods in both ML
based and robust based estimation and detection. The materials and tools discussed
there will be used in future chapters to analyze and compare the performance of our

proposed methods.



Chapter 3

Robust Subspace Detectors Based
on a—Divergence with
Application to Detection in

Imaging

Robust variants of Wald, Rao and likelihood ratio (LR) tests for the detection of a
signal subspace in a signal interference subspace corrupted by contaminated Gaussian
noise are proposed in this chapter. They are derived using the a—divergence, and the
trade-off between the robustness and the power (the probability of detection) of the tests
1s adjustable using a single hyperparameter «. It is shown that when o — 1, these tests
are equivalent to their well known classical counterparts. For example the robust LR test
coincides with the LR test or the matched subspace detector (MSD) [49]. Asymptotic
results are provided to support the proposed tests and robustness to outliers is obtained
using values of o < 1. Numerical experiments illustrating the performance of these
tests on simulated, real functional magnetic resonance imaging (fMRI), hyperspectral

and synthetic aperture radar (SAR) data are also presented.

35
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3.1 Introduction

Detection of subspace signals in given corrupted observations, has wide applications in
communications[92], radar [11], classification [93], medical imaging [16, 17] and pattern
recognition [94]. In both Bayesian [39] and Neyman and Pearson [38] senses, the likeli-
hood ratio test (LRT) is the uniformly most powerful (UMP) test and it can be used to
obtain the maximum detection rate for a given false alarm rate when the distributions of
data under both hypotheses Ho and H; are perfectly known. Unfortunately, the UMP
test does not exist in many signal processing applications due to the uncertainties in
modeling and parameter estimation approaches [40, 95]. Therefore, how to find subop-
timal tests remains a topic of investigation [56].

The generalized likelihood ratio test (GLRT) is one suboptimal detector that has been
widely investigated in different scenarios [6, 49-52, 96]. It is based on using maximum
likelihood estimate’s (MLE’s) of the unknown parameters in the LRT. Furthermore,
some other well known tests such as the Rao test [58, 59], the Wald test [55, 56] and
their combinations [57, 97] have been investigated in the literature. In the Rao and
Wald tests, parameters estimated under either the null hypothesis (Hg) or the alterna-
tive hypothesis (H;) are used. For those of readers who are interested, we also suggest
to check out the recent published works in this field and their references [98-101]. Typ-
ically, the design of these detectors incorporates key assumptions which can often make
the tests sensitive to deviations from these assumptions. For example, Gaussianity of
the noise is one very commonly used assumption. However, in many practical situations
this assumption does not fully hold and contaminations such as impulsive noise have
been observed in a variety of important real applications such as outdoor mobile com-
munication channels, radar, sonar, medical imaging and indoor wireless communication
channels [40]. Such contamination can significantly deteriorate the optimal performance
of signal detection methods based on Gaussian noise assumption.

In this chapter, our main goal is to modify these existing tests such that robustness
against small deviations in the noise model can be achieved. This problem has been
studied in [45] where a clipped version of the LRT for the e-contaminated density model
was proposed. This test works based on the minimax idea and tries to find the least
favorable densities. It then uses the LRT to maximize the power (probability of detec-
tion). This approach was adopted to derive a number of robust tests [73, 75, 82] by

using different densities as the nominal model. The minimax approach was also used in
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[78] where a robust test based on the Kullback-Leibler (KL) divergence to measure the
uncertainty between the nominal and the least favorable distribution is proposed. This
measure is a natural distance between two density functions, it is therefore a natural
way to measure the existing contamination. The KL divergence was also used in the
empirical likelihood ratio test [84] to propose a novel non-parametric test that handles
uncertainties in the distributions achieving reasonable performance.

Recently, the authors in [79] used the a—divergence as the similarity measure instead of
KL divergence in the minimax framework to derive a test which is a nonlinear variant of
the LRT. This measure is more general than the KL divergence and can be tuned by a
single parameter a. It is equivalent to certain well known distances as special cases. For
example when o = 2, it is equivalent to X2 distance [102]. Due to the link between the
KL and the MLE, it makes sense to use the a—divergence instead of the KL divergence,
to produce new robust detectors. A similar idea of using a density power divergence in
a Wald test framework was adopted in [103-107].

To the best of our knowledge, a—divergence has not been used so far in robust detection
in the way adopted in this chapter. The proposed detectors are based on a robust esti-
mation approach which is a member of the general family of M-estimators [90]. Here,
we use the a—divergence in the Wald, Rao and LRT frameworks, where instead of using
MLE which leads us toward the classical detectors in the i.i.d Gaussian noise case, we use
the robust a—divergence based estimators to achieve robustness against contaminated
Gaussian noise. The amount of robustness is adjustable using a single parameter « at
the expense of the detector power under the nominal model. The main idea underlying
the derivation of the proposed detectors is to limit the effects of large amplitude resid-
uals by assigning them small weights. These weights are obtained from an exponential
function of the residuals and a. When o — 1, the proposed methods are equivalent to
the well known maximum likelihood (ML) based tests and all the weights are equal to
1, i.e., there is no outliers rejection and the estimator is the same as the MLE. For other
choices of a < 1, the proposed estimator will be sensitive to high amplitude residuals
and the associated selectivity power, will reject outliers to give more accurate estima-
tion of the true parameters. This idea first was introduced in [2] and it is similar to
[108] but different in the form of weight function. Their method minimizes the p-norm
of residuals with respect to unknown parameters and the final estimator is a weighted

least square. Furthermore, the choice of the function used for the weights is justified
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in the tests proposed in this chapter. The main contributions of this chapter may be

summarized as follows:

e We consider the linear subspace model with interference and contaminated Gaus-
sian noise for a multi-rank subspace target signal to model the observations. Then
we make a connection between the ML and KL divergence to give insight into how
the a—divergence can be used for estimation by using the a—logarithm function

instead of the log-likelihood function.

e New Robust versions of well known Wald, Rao and LR tests with a tunable pa-
rameter are proposed. These tests include their classical form as a special case

and offer robustness against contaminated Gaussian noise.

e The asymptotic analysis of the proposed tests is provided and their distributions

under the null hypothesis are derived.

e The influence function (I'F') of the estimator and the tests are discussed to show

the local robustness.

The remainder of this chapter is organized as follows. Section 3.2 briefly describes the
problem. Section 3.3 contains background on the GLRT, Wald and Rao tests, ML and
a-divergence. In section 3.4 the robust a—divergence based tests are introduced and
in section 3.5 robustness properties of the methods are presented. The simulation and
experimental results are presented in section 3.6 and 3.7 and finally the chapter is con-

cluded in section 3.8.

3.2 Problem Formulation

The detection problem that we are studying in this chapter is described as follows. We
are given N samples from a real and scalar time series y;,7 = 1, ..., IV that is represented
by a column vector y. We assume y obeys the general linear subspace model (GLM)[49]

y =H6 + B¢ +¢, (3.1)

H
~ ~~

X i
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where y € RV is the measurement, H € RV*P is a known matrix whose columns
span the subspace containing the target signal x and h; € RP is the i row of the
matrix H. £ is a contaminated Gaussian noise where &; follows the contaminated model
(1—€)N(0,0?) + eh where h is an arbitrary unknown density which models the outliers
and o2 is the unknown variance of the nominal model. In this model, i = B¢ € RV
is the interference component, b; € R? is the i* row of the matrix B € RV¥**, The
parameter vectors @ € RP and ¢ € R? are the unknown coordinates for H and B. Note
that the subspaces (H) and (B) are assumed to be linearly independent [49]. Defining
C = [H,B] and c; as the i*" row of C, (3.1) takes the form

where 87 = [GT, ¢T]T. The full vector collecting the unknown parameters w is defined
as

w=[B",0%" =0",¢",0%" =07, AT]", (3.2)

and the detection problem can be described as distinguishing between the two following
hypotheses
7—[0:0:0,)\0, \& Hl 297&0,)\1, (3.3)

where A contains all of the nuisance parameters.

3.3 Background

In this section, the well known classical detectors or tests (GLRT, Wald test and Rao
test) are first reviewed, then the connection between the ML estimation approach and

estimation by minimizing the a—divergence is described.

3.3.1 Generalized Likelihood Ratio Test

Due to optimality of the likelihood ratio test, the GLRT can be seen as the first alterna-

tive when the exact model is not available. This generalization of the LRT is obtained
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by replacing the parameters with their MLEs and is expressed as

Taly) = ~:[sup Zlog (i, w)) — sup Zlog (i w)] =7, (34)
wtei 1 wer

where log(f(y;,w)) is the log-likelihood function and + is the corresponding threshold
for a given probability of false alarm (Pg4). ©;, i = 0, 1, defines the possible parameter
set for each hypothesis. Using a Gaussian assumption on the noise, the GLRT takes the

form

R (N I

=1
N
2 1 1
—— su log| —— | — —=(y; — b; 2}
Nwesll)o;{ g(\/27'&'0'2> 202(3/ 2

1 1
= 2|lo —lo >,
[ g( 27r&%> g<\/27r&8>} =7

where the parameters are replaced by their MLE values. With some simplifications and

2
using the monotone increasing function T (y) = <exp {Tch(y)}) — 1, we get the well

known matched subspace detector (MSD) defined as

£9 22 T
ol o y' PriPgPriy v 2

T _ 0p— 01 _ B B S A {7} 1, 3.5

a2(y) 52 Yy PpiPoiPhy — | P12 (3.5)

where G = Py H, Pp = D(D'D)"'DT is the projection matrix and the projector

Py projects onto the subspace (B)*.

3.3.2 Wald and Rao Tests

GLRT deals with estimated parameters in both Hy and H; which makes it computa-
tionally expensive. One way to reduce this complexity is to work with only one set of
the parameters, either w € 1 or w € £y. This is the idea that is adopted in Wald and

Rao tests which are explicitly defined as

-1
Tw (y) = 91{ [T (@) 99} 01, (3.6)
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AT AT
where @1 = [0 , @, ,6%]" is the parameter vector defined in (3.2) estimated under H;

and

Tr(y) = m‘?ﬁ (3.7)

w=wq w=wo

AT
where fj is the joint probability density under Hy, wo = [0", ¢, ,53]" is the parameter

vector defined in (3.2) estimated under Hy and I(w) is the associated Fisher information

matrix
9% log(f1)
I(w)];; = —E : .
tw)y = B | GE0 (3.5)
which can be partitioned as
I I
Tw)= | . (3.9)
Ino Inx
[Il(djo)] in the Rao test is given by
00
-1
[I_l(w)} = (Iee - Iexl)\,l\b\e) , (3.10)
60

evaluated at wg. Note that all three defined classical tests are for the case of ¢ = 0,
where the exact model of density function is available and corresponds to the nominal
model. Specific compact forms of Wald and Rao tests for model (3.1) are defined in

remarks 1 and 2.

3.3.3 Maximum Likelihood to Minimum a—Divergence

Given i.i.d. data samples yq, ..., ¥y, where y, is sampled from a probability distribution
F(y,w*) with w* € Q@ C R™ and {F(y,w),w € Q} is a family of approximating
probability distributions indexed by w. The ML estimate is the one that maximizes the
log-likelihood function or equivalently for a large number of data points, minimizes the
KL divergence between the true and the parametric approximate densities and is given

by

N
1

Wy = arg m‘f}XN E - log (f(y;,w))

1=

= arg HSHKL (f(Y7w*)7 f(Y7w)) ) (311)
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where f(y,w™) is the true density function. Now consider another situation where the
data comes from another distribution which is in the neighborhood of f(y,w*) to ac-
count for the presence of outliers. The KL divergence is sensitive to outliers and a slight
untraceable deviation in the true distribution can significantly affect the estimated pa-
rameters and increase the error between the true and the estimated values. As an alter-
native to improve such errors, a general parametric form of divergence can be employed
which in a specific case can be reduced to the KL divergence. Such measures of simi-
larity exist in the class of divergences referred to as a-divergence [109][102] and can be
derived from both general families of f—divergence and Bregman divergence [110, 111].
For two probability density functions ¢(y,w*) defined as (1 —¢€) f(y,w*) + €h(y) (where
f(y,w?*) is the true nominal model) and f(y,w), the a-divergence is defined as [102]

Da (gly.w*) || fy,w)) = [ [ovorive oy 1) @

N
ala—1)

This generalization defines a class of divergences indexed by a single parameter . When
a — 1, it reduces to the KL divergence and the method of ML. This can be shown by

deriving D, in terms of the a—logarithm function [102, 112]

z(m0) 1

log,, () = o (3.13)

where log; (z) = log(z). Compared to the KL divergence, this divergence provides
protection against contaminated Gaussian densities which happens in many signal pro-
cessing applications [40].

It has been shown that minimizing the a—divergence D, with respect to w is equivalent

to the following maximization with the empirical distribution [112]

N
w = argmgx]bzgloga {f(y;,w)}. (3.14)
=
Therefore as an alternative we can use the a-logarithmic likelihood function log, { f(y;,w)}
instead of the traditional log-likelihood function for estimation purpose. This logarith-
mic function has the advantage of being less sensitive to outliers because it penalizes
small likelihood values to a lower extent. This is illustrated in figure 3.1. As a result, the
estimation is concentrated on the bulk of the data ignoring the effect of outliers which

is the main goal of robust statistics.
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FIGURE 3.1: a—logarithm(x) for different values of a.
3.4 Proposed Tests
3.4.1 Robust Wald Test
In the case of model (3.1), (3.14) takes the form
|
B = argmax > log, {f(y::8)}
i=1
1
- N (v
g 3o 1)
= arg mﬁax L,(y, ). (3.15)
for v; € R, where v; = % and & = y; — ¢;3 with £, is defined as
1 —Tv?
14 = - -1 3.16
o0 =1 (o (T35) 1) (3.16)

The expression for ¢, is obtained by considering a centered Gaussian nominal density

[112]

202

L _ s 2
f(yi, B,0) x exp (_M) 7

(3.17)
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in (3.13) and taking 7 = 1 — a. If 7 — 0, we have £,(v) — —v?/2, and the familiar
quadratic loss is recovered. This quadratic loss is however very sensitive to outliers and
offers no protection against anomalous observations frequently encountered in signal
detection applications. The case 7 > 0, corresponds to a robust estimation procedure
that tends to down weight errors that are far from the nominal density, thus removing
outliers. The algorithm that maximizes the criterion (3.15) is an iterative algorithm
which depends on an initial estimate. We suggest starting from some available robust
estimators such as minimizers of ¢; or Huber loss functions [42].The score function is

then given by

d(y,8) = VglLa

N
1
= Ni Z yla ﬁv Ciﬁ)c;r; (318)
=1
where w;(y;, 3,0) = exp ( I3 (yi — ¢i3)) ) and the Hessian is given by

T(y,8) = Vﬂd(y B)
= sz y’Lvﬁa ( ( CZIB) >C Cj. (319)

Henceforth o is assumed known or estimated using a consistent robust estimator; for

example using the weighted sample empirical estimator

N
3 R N 2
= Zwi(yiwgao-) (y’L - CZ/B) )
=1
where wi(yiwév ) = w; yuﬁy )/Z =1 Wi y27/67 ) is derived from
vai;a (yiuévo') )
with

Lo (4:.8.0) = NlTi(;Texp( ooy (i = <iB)?) - )

This last expression is obtained by considering the constant term in expression (3.17)
when (3.13) is used.
Define B8* = argmaxgE [{, (y, 3, 0)], then based on the results in [113], if C has full

column rank and B is unique for each N, then ,3 —p B as N — oo. Let o2 be known



Robust Subspace Detectors Based on a— Divergence with Application to Detection in
Imaging 45

or estimated consistently then,
VN ([3 — B*) Sy N0, K'LK ™) as N — oo,

where K = E [T(y,,@)|ﬁ:ﬁ] and L = limy_,o Var (Wd(y,ﬁ))
To decide between Hy : @ = 0 (null hypothesis) and H; : @ # 0 (alternative hypothesis),
in this section, we use the Wald test approach. Note that under the assumptions above

and defining V = K"'LK ™!, the proposed robust Wald type test is defined by
P
Tw,.(y) = N6 R™'6. (3.20)

where R is the corresponding covariance matrix of 6. If we write the covariance of 3 as

Voo Voo

)

Voo Vae

then based on the matrix inversion lemma we have the inverse covariance of 8 given by
-1
R ' = (Vgg — V9¢,V;é)V¢,g) .
Under the null hypothesis, based on the central limit theorem, asymptotically we have
' R-17 2
TWT(y) =NO R 0 —y4 Xp- (3.21)

and under the contiguous alternative (H1 : @ = 8* = §/v/N where § is any vector in
RP), Ty, —q X;Q;()\) where A = N@* TR ™16*, so the test with an appropriate threshold
value can reject Hy.

Note that the above test is a special case of the general form Hy : A@ = r where A is a

k x p (with k < p) full rank matrix and r is a k& x 1 vector. The test becomes
A T T -1 A
Ty, (y) = N (A0 —r) (ARAT) (A0 -r). (3.22)

Under Ho, Tw, —q X% and when H is false Ty, will become larger. Therefore H is
rejected when Ty, is larger than the appropriate quantile of chi-square distribution with
k degrees of freedom.

Asymptotically, the proposed robust test is constant false alarm (CFAR). Based on the
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asymptotic distribution of the test, the false alarm value only depends on the threshold
value and k and is independent of o.
Remark 1: When o« — 1, A = I,, r = 0, the proposed test (3.22) reduces to the
classical Wald test:

Ous (HTPBLH> Ou

TW(y) = ~2
01

3.4.2 Robust Rao Test

In this test, starting from (3.15)

N
B = argmax % > log, {f(vi: B)}

=1

N
1
= argmax Z Co(yi, B)

i=1

= arg mﬁax L.(y,B), (3.23)

as an alternative we can use the a-logarithmic likelihood function L, (y, 3) instead of the
traditional log-likelihood function to propose a robust detector. The proposed variant

of the Rao test is based on the following proposition.

Proposition 1: Define 8* = argmaxgE [log, {f(y,8)}] and assume asymptotically

B —p B* as N — oo, then under certain regularity conditions asymptotically %g’ﬁ) —
B=p
. T
N(0,F(B)), where F(8) = E []{[WW ] is the newly defined a—information

matrix.
Proof: See Appendix A.

Using proposition 1 and by considering the likelihood of the i*" observation as f;

fi(yi, B, 0) o exp (—M) , (3.24)

202

The a-information matrix F(83) can be expressed as

(3.25)

F(8)],; — F [1 0la(y, B) 3€a(y,ﬂ)} 7

N 0B 0B,
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which is obtained by replacing the log-likelihood function with l,(y,8). If a — 1,
this information matrix reduces to the well known Fisher information matrix. The

a-information matrix can be defined as

F(8) = . (3.26)

Then the proposed Rao test variant is

aLOt ) T — > 8LO¢ )
T ) = 2l B [poagay| S| (3.27)
B=By 00 B=By
where /éo is the estimation of 8 under Hg and [Fl([i’o)] given by
60
R —1
[F_l(ﬁ)] = <Foo - F0¢F¢;§F¢e) ; (3.28)
00
evaluated at 3,. Using (3.23) and (3.1), we have
aLa(y,B)‘ u
—y =~ 3.29

N ~ ~ 9 ~
where u =3 ".", w;(yi, ¢q, 60) (yz - bquo) , 7=1—a and w;(y;, @y, 60) =
exp{—ﬁ(yi — biq?)o)2} is a weight corresponding to each observation which in the
large outlier case tends to zero for outliers to reduce their effect and tends to one for

the remaining observations. Using (3.25), empirically we have

Foo(By) = N2A4Zw (Yi, b0, 50) (i — bigy)*h/ by,

Fys(B0) = 125 4Zw (i o, 60) (i — bigh)*b; b,
F0¢(160 N25 4Zw y17¢0700)( z¢0)2thu

F¢a0(160 N25 4Zw yud)OaUO)( - z¢0) bThu
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Then using (3.28), we have

-1
[F*(isoﬂ =(Fw(ﬁo)—Fe¢<ﬁo>F¢¢<ﬁo>—1F¢e<BO>) |

06

Finally, substituting the above expressions into the proposed Rao test variant we obtain

our robust Rao based subspace detector

uT (Foo(Bu) — Fos Bo)F o(B0) "Foo(Be)

which is a function of parameters under Hg. Under the null hypothesis it is easy to show

that when N — oo, TR, —¢ X;%‘

Remark 2: As a special case when o — 1, the proposed robust Rao test reduces to the

classical Rao test:

T T 1T
P..HH P,.H) H'P
Tr(y) = 2B ( B ) B1Y (3.30)

)
3.4.3 Robust Likelihood Ratio Test

The proposed robust LRT can be formed within the GLRT framework. It depends on

the a—logarithm function of likelihood and has the following structure:

N N
T, (y) = ;[félgl;loga(f(yuw))—fggogloga(f(yi,w))]Zn- (3.31)

Solving the above optimization problems does not provide a closed form solution as
found with the MLE. Each part of (3.31), requires an iterative approach for the solution
of the maximization problem. The solution of the first optimization problem requires

the score function s, which under the Gaussian nominal model is given by

N
sg(yH1) = Vg Z log,, (f(yi,w))
z—i N

= 5 5= Z wi,l(yia w)(y; — CiIB)Cz—'r'
i=1

(27-[-)T/20-2+T ¢
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Solving sg (y|H1) = 0, gives the solution for 8 which is a weighted least square
B, = (CTW,C) 'C"wWyy, (3.32)

where the weight matrix is iteratively computed using

w11 0 0
0 w21 ... 0
W, = ) ] ' ) , (3.33)
0 0 WN,1
and
-
w;1 = eXP{—ﬁ(yi - Ciﬁ)2}7 (3-34)

is the weight of i*" observation under #;. This weight itself depends on both 8 and o?
which are unknown. Thus, in order to estimate the parameters, we need to alternate
between (3.32) and (3.34). This estimation procedure depends on the initial point and
does not guarantee to converge to the global minimum. To avoid bad local minimum, we
can use the existing robust estimators as the initial values. At each step, the estimated
values of the previous step will be used until convergence. In the large outlier case, the
weights corresponding to outliers tend to zero while for non-outliers they tend to one.
When a — 1, W1 — Iy and the weighted least squares estimator of (3.32) converts to
the classical least squares estimator. To estimate o2, the score function can be written

as

N
So2 (¥IH1) = Vo2 3 loga (f(yiw)
2—11 N

= Sy o) -0~ 2]

Therefore the estimator of variance under Hy is

52 _ S wia(yi — ciB)?
1 .

- (3.35)
S wi

To estimate the maximizer of the second term in (3.31) under the null hypothesis (Hg),

we use the above estimators where & = 0 and C is replaced with B, for example
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b0 = B1|c=p. Using these estimated values in (3.31), we have

N

wj1 Z (U]'LO} > 1. (3.36)

27ra 7/2 -
=1

N N

TGr(y) = Z Oga ylawl - Zloga (f(yh"bo))}
~ =1
3%

2m63)7/2

As a special case when @ — 1 the MSD can be derived using (3.36). Now we derive
the asymptotic distribution of the test under the null hypothesis. Even though, it
is well known that classical forms of GLRT, Rao and Wald tests are asymptotically
equivalent, this statement is not true for their robust forms derived here. In contrast to
the robust Rao and Wald tests that are asymptotically chi-square distributed under the
null hypothesis, the proposed robust LRT has a weighted chi-square distribution which
makes it different.

Proposition 2: Define w* = argmax,, E [log, {f(y,w)}] and Q = E [ngNngI,]
where gy(w) = Z,fil log, {f(yi,w)} . Assume asymptotically @ —, w* as N — oo,
then under H( and certain regularity conditions, asymptotically NTg, (y) ~ N 91T (Mgg—
Mg,\MMMAg)Ol and is distributed as Y?_, v N?, where M = —E [82”(‘”)] is a semi

Owow T

positive definite matrix, N1,---, N, are independent standard normal variables and

finally ~; are the p positive eigenvalues of the matrix QM ™! — (M*)*], where

oy = |00

Proof: See Appendix B.

Using the asymptotic distribution of the proposed test under Hg, the threshold value
based on the desired false alarm rate can be computed in the receiver side. A summary
of proposed detector’s expressions together with classical counterparts are presented in

table 3.1.

3.5 Robustness Properties

The Robustness of an estimator or test can be analyzed in terms of local and global ro-

bustness. Hampel [114] introduced the I F' as an approach to investigate the asymptotic
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TABLE 3.1: Summarizing table of classical and robust tests for the model (3.1).
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FIGURE 3.2: Sample contaminated Gaussian densities that are used in the simulation
section with 20% contamination. Heavy tail noise density (left), point mass noise
density (middle) and asymmetric noise density (right).

sensitivity of an estimator to small departures from its nominal model and it was shown
that the I'F' is directly related to the bias due to this departure. To measure the global
robustness, the breakdown point (BP) has been used in the literature to approximate

the maximum fraction of outliers that a robust estimator can handle.

3.5.0.1 The Influence Function

The IF of an estimator or a test represents the sensitivity of the estimator or the test
to a slight departure from its nominal distribution. In the literature, it is considered
as a measure of local robustness because it is based on analyzing small deviations from
the nominal model. Based on the results in [42], using the contamination model (1 —
)N (0,0%) +€d,,, 0 < € < 1/2 where J,, is the Dirac’s Delta distribution function at the

point zg, the I'F of the proposed estimator B with known o has the form

2
_ Z _
ITF(z0;8) = b 'z exp{—T—Q;2 U e,

where U, = CTC and b is a constant term that does not depend on zg. When 7 — 0,
the I'F' is monotone increasing meaning that large outliers have a large impact on the
performance of the estimators which is equivalent to MLE. For any 7 > 0, the shape
of IF(zp;3) is redescending and for zy — oo, IF(zp;3) — 0; thus the estimator is not
sensitive to the large outliers. In this case, IF(zp;3) is bounded and continuous which
means that the bias does not diverge to infinity for severe contamination and small out-
liers have a small effect on the estimator.

Robustness of a test has two characteristics. The first one is stability in level (Ppa)
where the instability in this case can be created by deviations in distribution of the

null hypothesis. The second is instability in power that appears when there is deviation
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of the noise model in the alternative hypothesis. Based on the results in [115], both
level and power of the proposed tests depend on the influence function of the functional
defining the test (for example Uppr = (Mg — Mjy AM;/\lM ,\9)%91). For example for the

level of contaminated model (Pgy4,) in robust likelihood ratio test, we have

Prea, = Pray + | [ 1F(@ Unr)aH @) (3.37)

where p is a scale factor and Pry, is the nominal level. Therefore, bounded IF' of the

estimators guarantees the robustness of the tests.

3.5.0.2 The Breakdown Point

The proposed estimator belongs to the redescending M-estimators family and its finite
sample BP for our defined univariate scenario is given by 0'5(N+_t_1) [42]. When
N — oo this value tends to 0.5 which means the estimator can handle up to 50%

outliers in the data with selecting an appropriate initial point.

3.6 Simulation Results

In this section, the proposed robust tests (3.20), (3.27) and (3.36) are compared with the
MSD [49], Wald test and robust version of Rao test using Huber estimation approach
[116] with 95% efficiency in three different contaminated Gaussian densities: heavy

tail, point mass and asymmetric which are illustrated in figure 3.2. For all simulations

N =200 and p =t = 2. For both H and B, we use cosine function as h; ; = cos(z}TVij)

and b; ; = cos(%). The signal to noise ratio (SNR) which shows the average power

of signal to the power of the noise in decibel is defined by

HO|3/N
SNR = 101log;, 16115/ . 2/ ,

nominal

and is set to -10 dB.
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FIGURE 3.3: Performance of proposed tests compared to the MSD, Wald, Huber based
Rao in heavy tail noise scenario, (a)e = 15%, Pp, = 2% and o = 0.75, (b) € = 15%,
SNR = —10dB and a = 0.75.

3.6.1 Heavy Tail Noise
To generate heavy tail noise density g, we use the following contamination model:
. 2 2
g(n): (1 —e)N(0,07) + eN(0,0%), (3.38)

where usually 02 >> 2 and the second term makes the tail of density. In this density, €

determines the level of contamination. 8000 noise samples are generated by this density

using Monte Carlo when ¢ = 15%, 07 = 1 and o5 = 16. Target signal is embedded in
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F1GURE 3.4: Performance of proposed tests compared to the MSD, Wald, Huber based
Rao in point mass noise scenario, (a)e = 15%, Pr, = 2% and a = 0.75, (b) € = 15%,
SNR = —10dB and « = 0.75.

the noise + interference with probability 1/2 to have a balanced detection problem. The
density of this noise is illustrated in figure 3.2. Figure 3.3 shows the receiver operating
characteristic (ROC) curve of the proposed tests in comparison to the classical tests in
both Gaussian and heavy tail densities when a = 0.75. It is shown that with increasing
SNR, all tests give more power, but the proposed tests uniformly have a better detection
rate. In general, the classical tests have better power in Gaussian case due to using
efficient estimates of the parameters but significantly lose their power when adding

contamination. On the other hand, the proposed tests instead of having a better power
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FIGURE 3.5: Empirical distribution of proposed robust LRT when N = 200 (top) and
N = 1000 (bottom). Blue samples show the distribution of the test under Ho and the
red part shows the distribution of the test under H;.

in the Gaussian case, keep the power unchanged when adding contamination by assigning
smaller weights to the outliers when estimating the parameter. Compared to the Huber
estimator, the proposed estimation approach assigns an exponentially decreasing weights
to the high residuals which means it can effectively reduce the contribution of severe
outliers in the estimation step while Huber estimator still can be affected by those
outliers. The trade-off between the power in Gaussian case and robustness to outliers
can be tuned by the value of a. «a — 1 gives exactly the same performance as the
classical methods, and with decreasing « but close to 1, the power in the nominal case
is reduced to increase robustness. More remarks on tuning o are provided in the next

subsections.
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3.6.2 Point Mass Noise

In point mass noise scenario, the outliers come from another Gaussian density which is
centered at s with significantly smaller variance. To generate point mass noise density

g, we use the following contamination model
g(n) : (1 = N(0,07) + eN (p2, 03). (3.39)

Similar to the previous scenario, 8000 noise samples are generated using this introduced
density with € = 15%, 02 = 1, uo = 5 and 05 = 0.16 and have been added to the
interference. The signal of interest is embedded in half of them and then the result is
considered as the input of the tests. Figure 3.4 shows the ROC of the tests. Results
show that the proposed approaches can significantly account for outliers in the obser-
vations and have more accurate estimation compared to ML based methods. It is the
consequence of relaxing some power in Gaussian noise. For example in Pr, = 10%,
with adding contamination, MSD loses approximately 40% of its power while proposed
tests just approximately lose 7% of its power while relaxing only 3% of its power in
Gaussian noise. This robustness can even be increased by reducing «. Figure 3.5 shows
the histogram of the proposed robust LRT under both Hg and H; as a function of V.
It’s shown that when increasing N, the separability of two hypotheses will increase and
the distribution of the test under Hy tends to the asymptotic distribution which was

discussed above.

3.6.3 Asymmetric Noise
To generate asymmetric noise density g, we use the following contamination model:
g(n): (1 = e)N(0,07) + €N (n2, 03)], (3.40)

where the second term is a density which always generates a positive random variable.
Similar to previous scenarios, 8000 observations are generated which half of them include
the signal of interest. parameters of density are set to € = 15%, 0? = 1, us = 2 and
03 = 16. ROC of the detectors are illustrated in figure 3.6. Again it is shown that the

proposed detectors give us better power in different SNR values and for different false
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FIGURE 3.6: Performance of proposed tests compared to the MSD, Wald, Huber based
Rao in asymmetric noise scenario, (a)e = 15%, Pp, = 2% and a = 0.75, (b) € = 15%,
SNR = —10dB and «a = 0.75.

alarm rates. This verifies that the proposed detectors are robust against outliers. As the

specific case where we set o — 1, the result is exactly the same as the classical detectors.

3.6.4 Tuning Parameter o

In general, the values of « in robust estimation should be taken such that o < 1,

otherwise the methods will be more sensitive to outliers due to assigning high weights to

high residuals. On the other hand, with the choice of & — —oo detectors get more strict

and reject all of the observations which means no data is left to be used in estimation.
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FIGURE 3.7: Performance of Proposed robust LRT in different contamination levels

of point mass noise scenario as a function of o, when the probability of false alarm is

fixed to 10% and SNR = —10dB. It is shown that there is an optimal o where after

or before that point the power will be decreased due to outliers and limited samples,
respectively.

Therefore, there is a proper interval that is upper bounded by 1 and the lower bound
depends on the amount and the type of outliers. We can choose the o within this interval
based on the amount of robustness and power that we need. Figure 3.7 shows the power
of robust LRT in simulated point mass noise with different levels of contamination.
When gradually the value of « is decreased, the power in all levels will increase. There
is an optimal point for each level of contamination. Passing that point, the detector
starts to reject more than enough observations and as a consequence, the power will be
decreased. Therefore, tuning this parameter has a major impact on the result. This
value can be determined by methods such as cross-validation or an outliers detection
statistic [42]. It can also be determined by the user, based on the level of outliers in
a specific application using knowledge about the underlying process. For example, in
functional magnetic resonance imaging (fMRI) data analysis it is accepted that in low

SNR values, noise is almost Rician distributed [35].

Considering €,,% as the maximum fraction of outliers, we need an estimator to at most,
reduce the effect of €,,% of data. Therefore we can start from « =~ 1, compute the abso-

lute value of the residuals and sort them to find the minimum value among the biggest

em% of residuals and name it n;. Then solving the equation w = 1/2 = exp{— 1;20” n?}
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F1cure 3.8: HYDICE data (left) and the ground truth (right).

we can find the corresponding «; and assigning the weight of for example 1/2 (user can
change it) to that residual. We can repeat these steps until converge. Now a can be
picked within [ay, 1). This approach is a relaxed form of minimax concept that tries to
be robust even for the worst-case scenario and selecting «;, as the consequence reduces
the power in the Gaussian noise. On the other hand, a similar technique of other robust
estimators like Huber’s estimator can be used to tune «. In the second approach, the
goal is to achieve at least a% (for example a = 90) of efficiency of the optimal estimator

in Gaussian scenario and hopefully that (100 — a)% loss, can provide enough robustness
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FIGURE 3.9: The results of proposed and conventional detectors on HYDICE data.

From left the images show the Original data in 50" band, ground truth, matched

subspace detector, proposed robust likelihood ratio test, robust Huber based Rao test,
proposed robust Rao test, Wald test and proposed robust Wald test.

in neighborhood distributions. The efficiency ratio can be defined as

tr(I71)
tr(M-1QM1)’

(3.41)

where I is the Fisher information matrix and the denominator is the asymptotic variance

of the proposed estimator [113].

3.7 Experimental Results

In this section, the proposed tests are evaluated using three experimental datasets. In
the first experiment, the proposed methods are applied to hyperspectral data and in the
second experiment they are applied to the real fMRI data. At the end of this section, we
show the power of the proposed robust estimator for the case of non-Gaussian nominal
noise (Gamma distribution) which is useful for synthetic-aperture radar (SAR) data

analysis.

3.7.1 Washington DC Mall Data

This data is consisted of 191 channels (bands) with 1280 x 307 pixels and was collected

by the Hyperspectral digital imagery collection experiment (HYDICE) sensor over the
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F1GURE 3.10: Activation map of the brain using Proposed robust Wald test for two
different tasks of moving left toe (LT) and right toe (RT).

Washington DC MALL'! in 1995. Figure 3.8 shows the collected data as an image and
the labeled pixels as the ground truth where the labels include “grass”, “water”, “road”
and etc. To be able to apply the detectors on the data, The “water” is chosen as the
target signal and some sample pixels are picked as the training data to represent the
target signal subspace. Using these training pixels we can approximate the matrix H.
To approximate the noise density, we use a normal Gaussian noise nominal model and
assume that the noise variance is the same over the different bands. “Water” labeled
pixels are shown in blue in the figure 3.9. We estimated the sample covariance of
1500 sample pixels and used the first 4 eigenvectors of the sample covariance as the
target subspace. The value 4 is selected experimentally to have approximately 80%
of the energy of the singular values and meanwhile reduce the impact of interferences
(in particular, other classes). Also a rank 1 dc value vector is set as the interference
to remove the dc values in observations. Figure 3.9 shows the output of detectors on
the data when o = 0.8. To represent the results, 25000 of the most possible pixels as
“water” are shown. All of proposed detectors have better detection rate compared to
their classical form. Most of the water pixels are detected correctly using our proposed

methods while MSD and Wald tests could not detect some parts of water pixels.

"https://engineering.purdue.edu,/ biehl/MultiSpec/hyperspectral.html
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F1GURE 3.11: Activation map of the brain using Proposed Rao test for two different
tasks of moving left finger (LF) and right finger (RF).

FIGURE 3.12: Activation map of the brain using Proposed robust LRT for two different
tasks of moving tongue (T) and doing visual cue (VC).

3.7.2 Real fMRI Data

One important application of the signal detection approaches is in fMRI data analysis
where we try to find the active areas in the brain for a specific task or in the resting
state situation. In [117], MSD is used as a method for active area detection in the brain.
Unlike communication problems where the receiver side usually has some accurate in-
formation about parameters, in this application, we usually are facing many of unknown
parameters. Most of the time, for simplicity, researchers assume that the brain voxels
are linear and time-invariant (LTI) systems. With convolving the task stimulus with
hemodynamic response function (HRF) as the impulse response, the subspace of the

signal can be approximated [8]. Sometimes, researchers use data-driven methods and
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use assumptions like sparsity [29] [28] and independent components [118] to increase the
accuracy in fMRI data analysis.

For evaluating the performance of our proposed detectors on the real fMRI data, we
assume that the noise distribution is not purely Gaussian. To evaluate the proposed
method, we used a single subject (ID: 100307) motor-task fMRI data set. This dataset
was acquired from the Q1 release of the Human Connector Project [119]. The acquisition
parameters were: 90 x 104 matrix, 220mm FOV, 72 slices, TR=0.72s, TE=33.1ms, flip
angel=52°, BW=2290 Hz/Px, in-plane FOV= 208 x 180mm with 2mm isotropic vox-
els. This data was already preprocessed using the following steps: motion correction,
temporal pre-whitening, slice time correction, global drift removal. Some other spatial
masking and smoothing are done similarly to [32] and finally results are spatially nor-
malized to the standard MNI152 template to be presented. In this experiment, subject
was asked to squeeze left or right toes, tap left or right fingers, move tongue or do a
visual task. At each voxel, 284 scans was done. 5 low frequency cosine functions are used
as the interference subspace to remove the drift terms. In figures 3.10, 3.11 and 3.12 we
see the output of the proposed detectors and the area of the brain that is detected as
active during the experiment when « is 0.8. In the simulations, we used the canonical
HRF as an impulse response of the brain and estimated the rank-1 signal subspace H
by convolving the HRF with stimulus function of the data. The activation maps are
completely aligned with the activation maps that the classical approaches offer. The
results are also consistent with the knowledge that we have from the functionality of
the brain. In these figures, the colormaps show the output of test statistics. Higher
values show the higher chance of neural activation. The main advantage of the proposed

methods in fMRI data analysis is their robustness against possible outliers.

3.7.3 Ship Detection using SAR Images

In this section, we briefly demonstrate the strength of a—divergence based robust estima-
tors for non-Gaussian nominal models. Ships or generally man-made targets detection
in high resolution SAR images is one of the applications of GLRT where the noise dis-
tribution is not Gaussian. For example, in [120], the GLRT has been used to detect
ships in sea clutters. Based on literature [121, 122], in this chapter we consider the case

that the radar cross section (RCS) under both Hy and #; follows two different Gamma
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F1cURE 3.13: The results of proposed robust LRT on the simulated SAR image. The
land mask (top left), the input SAR image (top right), true location of targets (bottom
left), ROC (bottom right).

distributions which are formulated as

fly) = F(,i)qky’“_lexr) (—‘Z) , Yy >0, (3.42)

where k and ¢ are the shape and scale parameters. Even though there is a high con-
fidence for validity of above distributions in GLRT, but still small deviations can add
significant bias to the results. To guarantee the reliability of the results, we put the ML
based estimators aside and derive the a—divergence based estimators to put in GLRT
framework.

Starting form (3.14), for the scale we have

N
A i=1 Wili
g =z (3.43)
kY imiwi

and for the shape parameter it can be estimated by solving following equation

Zi]\; w; log i
P(k) = —10gQ+ZlN—» (3.44)

i=1 Wi
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FIGURE 3.14: Input SAR image (left) and detection results (right).

(1—a) (k—1

)

) exp{— (1—;)%

where w; = y }. These estimators, as we could guess based on
previous sections, are recursive weighted estimators which can converge after a few steps.
When o — 1 the ML based estimators can be recovered and for a@ < 1 they offer ro-
bustness property. In order to show the superiority, a single 250 x 250 simulated SAR
image with 15% contamination (point mass) using two nominal Gamma distributions is
generated (figure 3.13), one with (k = 4,¢ = 0.1) under H( and one with (k = 4,¢ = 0.3)
under H1. 50 distributed targets with the size of 3 x 3 are randomly located in the image.
The area which is uniformly white shows the land area near the sea and usually can be
segmented by land masking block using other types of modalities. Setting o = 0.8 and
using a windowing approach described in [123] with the size of 9 x 9, the ROC curve
can be extracted using 9 centered pixels as the test and outer 32 pixels as the training
samples of clutter model. It can be observed that using proposed method the detection
rate increases at fixed false alarm rates.

Next, we apply our proposed robust LRT to real SAR data. Figure 3.14 shows acquired
image by RADARSAT-2 over the port of Tianjin (China) and the output of detec-
tor. The format of the original data is single-look complex and spatial multilooking is
performed by combining 2 x 2 pixels in the intensity domain. The proposed method

detects all targets correctly (green boxes) and the red box shows an incorrect target

(false alarm).
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3.8 Conclusions

In this chapter, robust Wald, Rao and likelihood ratio tests that enable detection of
a subspace signal in contaminated Gaussian noise and interference are proposed. The
tests or detectors are derived using the a—divergence and are adjustable with a single
parameter «. When a — 1, these tests are equivalent to their well known classical
counterparts. This confirms their validity as the a—divergence reduces to the KL di-
vergence in this particular case. For other choices of o < 1, the proposed tests achieve
the robustness property by assigning small weights to the outliers. Approaches on how
to adjust the tuning parameter are also provided. Asymptotic analysis of the proposed
detectors is provided and their performance is illustrated using simulated, fMRI, hy-
perspectral and SAR datasets. As the future directions, we are considering to extend
the proposed approaches to derive the subspace detectors in the case of auto-correlated
noise. It would be also interesting to investigate the case where the nominal density is

a Gaussian mixture model (GMM).



Chapter 4

Learning Robust and Sparse
Principal Components with the

a—Divergence

In this chapter, novel robust principal component analysis (RPCA) methods are pro-
posed to exploit the local structure of datasets. The proposed methods are derived by
minimizing the a-divergence between the sample distribution and the Gaussian density
model. The a—divergence is used in different frameworks to represent variants of PCA
approaches including orthogonal, non-orthogonal and sparse methods. We show that
the classical PCA is a special case of our proposed methods where the a—divergence is
reduced to the Kullback-Leibler (KL) divergence. It is shown in simulations that the pro-
posed approaches recover the underlying principal components (PCs) by down-weighting
the importance of structured and unstructured outliers. Furthermore, using simulated
data, it is shown that the proposed methods can be applied to fMRI signal recovery and
foreground-background (FB) separation in video analysis. Results on real world problems

of FB separation as well as saliency map identification are also provided.

4.1 Introduction

Principal component analysis (PCA) is one of the most popular techniques for visualiz-

ing data[124], data analysis [125] and dimension reduction[6] which makes it applicable

68
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for a wide variety of image and video processing applications like video surveillance, face
recognition, image restoration, hyperspectral image denoising, etc.[126]. Classical PCA
provides orthogonal basis vectors, such that projecting data on the subspace spanned
by these vectors captures the maximum possible variability of the data (keeps the max-
imum possible information which is defined by the variance) in the reduced dimension
space.

Despite PCA’s popularity, it has three main drawbacks which can reduce its utility in
real world applications. First, PCA does not offer any method to determine the num-
ber of needed principal components (PCs) (i.e., the dimension of projected data). This
issue has been addressed by using model order selection criteria [127, 128]. Second, it
is unable to determine the contribution of each variable on the PCs due to the dense
structure of loading vectors. This is a critical issue in areas such as explainable artificial
intelligence (AI) and feature selection. This has been addressed by forcing the contribu-
tion of some variables to be zero and allowing a few nonzero entries exist in the loading
vectors [129] or by adding sparsity constraint and relaxing orthogonality [130]. Finally,
it is sensitive to outliers. The classical PCA performs well when the data follows a uni-
modal distribution. In the case of multi-modal distributions or the presence of outliers
which are the concerns of robust statistics, PCA is fragile due to the use of a quadratic
loss function over the entire dataset. In theory, even a single severe outlier can lead
the method toward a highly biased solution. Practically, real world datasets include
unwanted outliers which make the classical PCA unsuitable and often useless [131]. To
address this issue, robust PCA (RPCA) algorithms have been proposed in the literature
[132-134]. However, they need to know the number of modalities present in the data in
advance to be able to deal with outliers, which is not always practical. Generally, two
major strategies are adopted to resolve this problem. One is to consider the RPCA as a
rank minimization problem and another is based on using a proper robust loss function.
This study will focus on RPCA using the latter approach.

In the seminal works [135, 136] the problem of RPCA was revisited as a convex rank
minimization problem and it was shown that this problem can be solved under certain
conditions. Recently, convex and non-convex approaches have been used to recover the
true subspace with the minimum possible number of arithmetic operations which ideally
can be similar to the classical PCA [137-139]. However, in theses models, noise is con-

sidered as a generalized Gaussian, outliers are sparsely placed in a different matrix and
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the singular vectors are reasonably spread, which might not be the case in real world ap-
plications. As an example of loss function based approaches, the £1 norm has been used
as an approach to achieve robustness against heavy tail densities but this cannot guar-
antee the robustness against impulsive outliers [140, 141]. To guarantee the robustness
of algorithms in non-Gaussian noises, the general family of M-estimators has also been
used in statistics to achieve robustness. For example, Huber’s robust loss function was
used in [142] to develop a RPCA algorithm. Furthermore, some other robust covariance
estimators are used in the literature to estimate the principal components by assigning
different weights to different data points [143-145]. The main difference of these types
of works with rank minimization algorithm is looking at the problem from a different
perspective (suppressing outliers instead of data decomposition) and dealing with worst
case scenarios which make them highly robust but not scalable to high dimensional data
scenarios [126]. Other different points of view on the RPCA problem were recently pro-
posed in [146, 147] which are based on the coherence of the data. This coherence was
measured by computing the inner product between all possible pair of samples or by
computing the angle between any two given samples.

This chapter is an extension of [4] where only one algorithm was presented briefly.
Particularly, we propose four new highly robust algorithms that extract the principal
loading vectors and their corresponding PCs by minimizing a cost function derived from
the a—divergence between the sample density (obtained using the observed data) and
the nominal density model. In the first approach, we adopt the classical approach of
RPCA and estimate the covariance matrix using the proposed robust loss function. In
the second and third algorithms, we look at the problem differently and sequentially es-
timate the loading vectors without the orthogonality constraint in a robust framework.
Finally, in our last method, we also take into account the interpretability of the PCs
by bringing sparsity into play as a constraint when we use the robust loss function. In
contrast to most of the other robust approaches, we do not need to know the number of
modalities in the data. Our methods focus on the bulk of the data and consider the rest
as outliers. The trade-off between the performance in uni-modal data and robustness
against outliers can be adjusted by the single parameter o which defines the shape of
our cost function.

The main contributions of this chapter can be summarized as follows:

e Establishing the link between the classical PCA algorithm and minimizing the
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Kullback-Leibler (KL) divergence and adopting the a—divergence as an alterna-

tive.

e Deriving the robust loading vector estimates using the proposed robust estimate

of the covariance.

e Estimation of the loading vectors using the new proposed loss function derived
from the a—divergence by ignoring the orthogonality constraint in two different

setups; at the vector level and at the entry level outliers.

e Proposing a new robust and sparse PCA algorithm by penalization to make the

loading vectors interpretable with consistent sparsity.

The remainder of the chapter is organized as follows. In section 4.2 we provide some
background on classical, sparse, robust and probabilistic PCA. In section 4.3 we present
our proposed methodologies. In section 4.4 we present comparisons between the classical
PCA methods and our proposed methods in various setups and applications. Finally, in

section 4.5 we present some concluding remarks.

4.2 Background

4.2.1 Classical PCA

Given a dataset Y = {y;,..,yn} € R™¥ which includes centered i.i.d. samples
v, € R n =1,--- N, the aim of PCA is to find an r—dimensional subspace U =

{ug,...,u,} € R™*" by solving
i = argmax Var(u'Y) s.t. u'u=1, (4.1)
u

where kK = 1, ..., and u,l—uj =0 for k # j. In other words, PCA finds those principal
loading vectors which the maximum data variability is preserved after projecting the
data. An alternative formulation for PCA is based on projection. In this case, the cost
takes the form

U =arg min [|Y UU'Y|%Zst. UTU=1,, (4.2)

where U € R"™*" m > r is an orthonormal basis, ||.||r is the Frobenius norm and I, is the

r X r identity matrix. The solution of both the above optimization problems is the first
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r eigenvectors of the sample covariance matrix (%YYT). However, the corresponding
loading vectors of the above solution are dense and sensitive to the existence of possible

outliers in the data.

4.2.2 Sparse PCA

For some applications in image processing (for example hand written digit recognition),
the observed variables are sparse meaning that most variables are zero and just a few
nonzero values exist [148]. Thus, it is useful to investigate the development of a specific
algorithm for deriving loading vectors for such scenarios. Given a centered data matrix

Y € R™*N  the sparse PCA algorithm solves the following penalized optimization:

U, V= argmin|[Y — UV + ;wj\/?nujlb st. VVT =1,. (4.3)
In the case of rank-1 approximation (r = 1), the above problem leads to sparse PCA
introduced in [149]. In the case of r > 1, the above problem becomes preserved sparsity
based PCA developed in [129] where u/ is a 1 x 7 vector corresponding to the j** row of
the matrix U. By penalizing the ¢3-norm of u/ it is forced to be 0 for most of the time
unless it has a significant role in estimating the data matrix Y. However, the above

solution is still sensitive to outliers.

4.2.3 ”Low Rank + Sparse” Decomposition

In order to reduce the sensitivity of PCA to outliers, using results in [135, 136, 150], it

has been suggested to assume the following structure for data:
Y=L+S+e, (4.4)

where L is a low rank matrix supposed to approximate the static behavior of the data,
S is sparse matrix that contains the outliers and € contains Gaussian noise. To find the

L and S matrices, the following convex problem can be solved:

L,S =arg min || L. + 71 [|S]|1 + mol|Y — L — S| . (4.5)
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Here ||L||. is the nuclear norm of L and measures the sum of singular values of L. ||S]|;
measures the ¢ norm of the vectorized S. Even though some modifications in the above
model have been proposed to increase robustness [151], this optimization problem still
deals with norms that are somehow sensitive to outliers [142]. In the next section we
introduce the probabilistic principal component used in this chapter together with a

robust measure from information geometry to estimate the PCs.

4.2.4 Probabilistic Principal Component Model

Given the dataset Y = {y;, ...,y } composed of centered i.i.d. samples y, € R, prob-
abilistic PCA (PPCA) estimates a span of the r—dimensional subspace that preserves

the maximum data variance using the following generative model:

In (4.6), v ~ N(0,1,) is a low dimensional (r < m) Gaussian latent vector, U is am x r
matrix of loading vectors and & ~ N(0,02I,,) is a Gaussian noise term independent of
V.

In [152], it is shown that the PCs of Y can be retrieved using the maximum likelihood
(ML) estimator of U. Indeed if A is a m x r matrix of ordered principal eigenvectors of

YY" and A is the diagonal matrix of the corresponding eigenvalues, then
Uz = AA —6°1,)/?R, (4.7)

where R is an arbitrary (r x r) orthogonal matrix. Since (4.7) is true for all ¢ > 0,
the limit corresponding to the noiseless setting (o — 0) allows full recovery of principal
components. This framework was first introduced in [153] and used in several other

studies [154, 155].
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4.2.5 From KL Divergence to a—Divergence

It is well known that for a large dataset (N — o0), ML estimation is equivalent to

estimation by minimizing the KL divergence:

N
B = argmgx}v;logmyi,ﬂ»

= argmin KL (f(y,8%), f(y,B)) (4.8)

where f(y,3") is the true unknown density of data. However, the KL divergence is sensi-
tive to deviations from the assumed models and a slight deviation from the assumptions
can cause significant changes in the estimates. Thus, as an alternative, we suggest the
use of another generalized parametric divergence, the a—divergence, to estimate the
principal components. This divergence has the advantages of including KL as a special

case and offers protection against contaminated noise [156-158].

4.3 Proposed Method

For two probability density functions g(y, 3%) defined as ¢g(y, 3%) = (1—¢€)f(y,3") + €h;
where eh characterizes the outliers in the observations, and parametrized density f(y, 3),

the a-divergence is defined as [102]

D (3.8 | 1928 = 5

where « is a tuning parameter. D, is convex with respect to both distributions and is

[ [o.8 5w ay -1 @)

always greater than or equal to zero. Equality holds if and only if ¢g(y,3%) = f(y,0).
For the specific case when o — 1, the a-divergence reduces to the KL-divergence on
which the traditional PCA is based. Four different points of view in this chapter will be
used to develop the proposed robust PCA algorithms.

4.3.1 RPCA using Robust Covariance Estimation

One way to estimate principal loading vectors is to apply eigenvalue decomposition
to the sample covariance estimate and find the first eigenvectors. However, this esti-

mate is sensitive to existing outliers in the data. To address this problem, we propose
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FIGURE 4.1: D, with its score function for different values of &« when X = I,.

a—divergence as a measure to derive a robust covariance estimator. To do this, we use

the multivariate Gaussian density

1

(Z)12 X exp { - %(y —p)' =y - ,U)}, (4.10)

in (4.9) for f(y,3) where m is the dimension of y, and g and ¥ show the mean and
the covariance of the data, respectively. The contaminated model of the data can be
represented by the sample density function. Mathematically, the sample density function
can be defined by
| N
Py yn) =5 20 — v, (4.11)
i=1
where y is a random variable and ¢ is the Dirac delta function. Considering the sample
density function p(y) for g(y,3*) in (4.9), the mean and covariance of the model can

be estimated using a minimization problem obtained by replacing the KL divergence in

(4.8) by the a—divergence:

A

. 3 = argmin Do (p(y) || N(ylp, ) - (4.12)

)

For fixed «, solving (4.12) using an iterative approach, provides estimates of the un-
known parameters p and 3. However, appropriate initial estimates plays an important
role in converging to a good local minimum. D, can be written in the following form

using the mentioned sample density and multivariate normal density:
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N
Do) | NG 2) = s [ 1= S0/ ()
=1
e {— S - W S v - w} | (@)

2

Figure 4.1 shows the shapes of D, for a two dimensional error term e = y — pu and
different values of a and its corresponding score functions when 3 = Is and N = 1.
When o — 1 this divergence has a quadratic form where its solution is unique and equal
to the solution of classical PCA. On the other hand, decreasing «, gradually generates
a cost function which is less sensitive to large error values. The norm of the score
function, using the a—divergence (directly related to the influence function (IF) of the
estimators [10]) is becoming less sensitive to large residuals. The score function is both
continuous and bounded. Both of these properties are desired in a robust statistic [40].
The a—divergence provides a redescending score function that is robust against severe
outliers. Compared to the proposed robust loss function of [159], this loss depends only
on a single parameter, is supported by the information geometry [102] and can be easily
tuned. We adopt an alternative approach, where at each step one parameter is fixed

and we sequentially solve:

N
0D,
on k1Y wilp—y;) =0

=1 (4.14)
oD,

N
oy k2 ;wi(E —(yi—-m(y;—-m')=0.

k1 and ko are positive constants that depend on «, N, m, and the det(X). Finally, the

robust mean and the robust covariance at step ¢ are computed using

pt = =LY (4.15)

(4.16)

w! shows the weight of y, at step ¢ in the estimation of parameters and can be com-
puted by w! = exp{—15%(y, — pt T (21 "y, — 1)}, Referring to model
(4.6), we can see ¥ = UU' + 02I,,. Then the same conclusion can be made, i.e.,

U=A (A — aQIT)l/ 2 R, where A is obtained using the first sorted eigenvectors of 3.
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Algorithm 1 Robust PCA with Robust Covariance (A1)
Input: Non centered dataset Y, «, r, th

Output: U

Procedure:

Initialize p! and X!, compute the w and set t = 1

while |w! — w!™1|y > th do

t—t+1 .
wi + exp{~ S5y, — ) TETY) (- et )
t Zi:l wEYi
B Zz]'vzl w}
Zf\]: fy;—p Dy~ —nT
Nt LW yzl;\;lw#y u
end while
U < r-dominant eigen(3)
Output + U

A is the corresponding eigenvalues and R is an arbitrary (r x r) orthogonal rotation
matrix. The loading vectors U in the limit case ¢ — 0 with R = I, correspond to

the first r eigenvectors of the estimated covariance matrix 3 given in (4.16). o2 can be

estimated using 6% = ml_r S 41 A where J; is the ith smallest eigenvalue of estimated
3. Clearly, when o — 1 then wzt» — 1 and the estimators will be the sample mean and
the sample covariance that were derived using the ML approach for the classical PCA
[152]. The step-by-step procedure of the proposed method is presented in Algorithm

1.

4.3.2 Direct Robust Low Rank Approximation

Assume the probabilistic PCA model y;, = Uv; +§&;,i =1,--- , N, where §; =y, — Uv;
is the nominal zero mean Gaussian white residual vector with variance 2. It has been
shown that minimizing the a—divergence D, with respect to unknown parameters 3 is
equivalent to the following maximization [112]

N

B = argmgvaizlloga{f<yi,ﬂ>}, (417

g1 1

i— - Therefore
(0%

where log,, (z) =
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Algorithm 2 Robust PCA with Low Rank Approx. (A2)
Input: Centered dataset Y, a, r, th
Output: U,V
Procedure:
Initialize U and V, compute w and set t =1
while |w! — w!™1|y > th do
t—t+1
Fix V and estimate U using (4.18)
Normalize U
Fix U and estimate V using (4.19)
end while
Output + U,V

- 1
UV = argmax <> log, {f(y;, U,vi)}

N
1 LU, v, 1

1l -«
1=1
1 exp{—55£/ ¢} -1
= argmgxﬁz 1 — o

N _
— ar maxl Z exp{— 5%y, — Uvi[3} — 1

, 1—a ’
=1

where v; is the i*" column of matrix V. Using the block coordinate descent algorithm,

U and V can be estimated iteratively using

N N -1
U= (Z wiyiviT> <Z www?) (4.18)
i=1 i=1

followed by a normalization step and by
-1
¥, = (UTU> U'y,i=1,---,N, (4.19)

where w; = exp{—252|ly; — Uv;||3}. This procedure converges after only a few steps.
The step-by-step procedure of the proposed method is presented in Algorithm 2. Note
that this method assigns a single weight to the given observation vector. This means
having outliers in one single entry (e.g., outliers initiated by faulty performance of a
single sensor in an array of sensors) can result in loss of the entire measurement vector.
In order to address this issue, starting from expression (4.9) and using the low rank
approximation of the centered data matrix Y, it is straightforward to show the first

robust principal loading vector (u; € R™*!) and the corresponding principal component
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Algorithm 3 Robust PCA with Low Rank Approx. (A3)
Input: Centered dataset Y, a, r, th
Output: U,V
Procedure:
Initialize U and V
for i=1tor do
Sett =1
Assign E; =Y — Z —u; v/
while ||[vec(W?) — vec(Wt Ylle > th do
t<t+1
Update W and K using expressions (4.23) and (4.24)
Update u using (4.21)
U
Update v using (4.22)
end while

end for
U<+ [ug,- - ,u]
V «— [VlT’_” ’V’I‘T]T

Output + U,V

(vl € R™N) can be derived by solving following optimization problem:

m N
a,v! = argmmZZla yii — u(j)v(i)) s.t. ufug = 1, (4.20)
7=11:i=1
where lo(e) = (1 — exp{—l_Taez}). The estimation of u;,i = 2,--- ,r, is achieved by

replacing Y with E; =Y — Z i} u]v in (4.20). Assuming v! known, the j** entry of

u; before normalization at step ¢ is given by
t Wivl | ) lvl Wiyi ' =1, .. 421
uy(j) = (Vt 1YWV;Vig ) Vil 3Y° =54 » M, (4.21)

where y7 is the j*" row of the matrix Y. Similarly, v} (i) is given by

t—1T -t
uy Kz‘yl‘

1 ) pr— ) — DY
vy (i) = - lTKt i=1,---,N, (4.22)
where y; is the i'® column of matrix Y and u; is the normalized vector of (4.21). W
and K are two weight tensors with dimension N x N x m and m x m x N, respectively
and indices j and ¢ in (4.21) and (4.22) are on the third index of these tensors. The

weights can be computed by

l—« -1

Wk, k, i) = exp{— (yie — uy " (Dvp1 (k))*}, (4.23)
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and

Kt(i,i, k) = (yzk uy” l(l)vtl—l(k))Q}’ (4'24)

2

where ¢ = 1,--- ,m and &k = 1,--- , N and the other entries are zero. Note that the
loading vectors that are estimated from (4.20) are not necessarily orthogonal. The step

by step procedure of the proposed procedure is presented in Algorithm 3.

4.3.3 Robust Sparse PCA

Using the above loss function in optimization problem (4.3), gives

U V—argmlnl (Y —UV) +ijﬂyuﬂ|yg sit. VVT =1, (4.25)

7=1

where N
lo(Y —UYV) ZZZO‘ yji — wv;). (4.26)

7j=1 =1

The first term is the robust loss function and aims to fit the model to the data without
heavily penalizing the large residual and the second term aims to enforce sparsity on
the loading vectors. Note that this proposed method is useful anywhere where sparse
patterns exist. We present the results of this algorithm only in applications where
sparsity makes sense. Similar to previous setups U € R™*" and V € R™Y. The
w € R and v; € R™*! show the j** row and i*" column of matrices U and V,
respectively. The block coordinate descent approach is used to solve the problem defined

n (4.25). Assuming V is known, the problem is to find U such that
Ij:argmt}nla(Y—UV)+§:17rj\/77||uj||2. (4.27)
J:

After some simplifications provided in Appendix C, it is easy to show that @/, j =
1,---,m is given by
. 1 .
YWV (F L+ VWVT) it [y WoV T [ > 7

0, otherwise

where W is a diagonal weight matrix with diagonal elements w; = exp{— 1_?0‘ (yji —w VZ') 2}

and Wy = W|;_o. Note that the above estimator is also a function of the ||u’||s which
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Algorithm 4 Robust Sparse PCA (A4).
Input: Centered dataset Y, a, r, 1, p, 7, th
Output: U,V
Procedure:
Initialize U and V and set ¢t =1
while ||vec(U?) — vec(U'™ )|, > th do
t—t+1
Fix V and estimate U using (4.27)
Fix U and estimate V using (4.28)
end while
Output <+ U,V

need to be updated at each step until convergence. When estimation of U is performed,

we assume U is known and estimate V using following optimization

V =arg H{i/n I,(Y-UV)st. VVI =1, (4.28)

This problem is a Stiefel Manifold constrained optimization which can be solved by

following the recursive steps [160]:

e Estimate V at step t + 1 using V; by expression Vi1 = V;Q where Q = (Iy —
nA)(Iy +7A)~" and A = V] VI, — VIV,

e Update the Gradient, A and Q at each step.

e t =1t + 1 and repeat above steps until convergence.

It is guaranteed that by choosing a proper 7, the above procedure leads to a local min-
imum of (4.28) (see Appendix D). The step-by-step procedure of the proposed method
is presented in Algorithm 4.

4.3.4 How to Choose «?

The hyperparameter « establishes compromise between the performance of the nominal
model and robustness against outliers in the data. Thus, this value can be specified
by the user based on the desired efficiency. Tuning this parameter can be done using
exactly the same procedure of tuning the parameter of Huber’s loss function. Assume

relative efficiency of p = 90% — 95% is desired in the nominal model. Therefore, we need
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to find the solution of the equality

tr(I71)

vy~ P (4.29)

where I is the Fisher information matrix, V is the asymptotic variance of estimated
parameters using the proposed robust loss function and tr(.) is the trace of a matrix.
This parameter can also be determined by having prior information about the maximum
fraction of outliers (worst case scenario consideration). In this case, a can be determined
such that e percent of data has low weight. More details are provided in the simulation

results.

4.3.5 How to Choose 7,7

In this part we suggest an automatic approach for penalizing each row of the loading
vectors. Intuitively, most of the time those rows which have a larger £3—mnorm, have
significant effect on approximation of data and should be less penalized. Therefore, we
use the following formulation for setting m;:

™

7Tj:7|

=1, ,m, (4.30)
w5

where m and p are hyperparameters of the method. Naturally, when m — 0, there is no
sparsity constraint on the loading vectors and they can get any values. On the other
hand by setting m — 00, all elements of the loading vectors will be forced to zero to get
the highest possible sparsity (zeros everywhere). p can change the sensitivity of the 7,

to the ||u’||2 and we set it to 1.

4.4 Simulation Results

In this section we present an empirical study on the proposed methods. To do this, we
consider three different synthetic and two real datasets. In the first synthetic dataset,
two and three dimensional samples are generated and contaminated with outliers to
examine the proposed methods. In the second synthetic dataset, we show how the
proposed methods can be used to recover the fMRI signals and finally in last synthetic

dataset we investigate the the performance of the methods in the foreground-background
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FIGURE 4.2: Scatter plot of simulated data (blue, red and yellow circles show the
original data, structured and unstructured outliers, respectively) and estimated loading
vectors using classical and robust PCA algorithms in 2D and 3D feature space.

(FB) separation task. To illustrate real applications, the proposed methods are also

applied to video and image processing problems.
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4.4.1 Dataset 1

In order to show the performance of the proposed algorithms, a total of 1130 samples
generated using Monte Carlo simulations shown in figure 4.2(top). 1000 of these samples

come from a multivariate Gaussian distribution with the mean vector pu; = (0,0)" and

3.0 21
the covariance of 3; = which forms the bulk of the data (blue circles) and
2.1 3.0
100 samples come from another multivariate Gaussian distribution function with the
26 -—-1.2
mean vector py = (10,—4)" and the covariance of 3y = to form the
-1.2 038

structured outliers (red circles). Finally, 30 random samples generated using a uniform
distribution are used to model unstructured outliers (yellow circles). The term unstruc-
tured outliers refers to data points that are highly uncorrelated with other data points;
this can be seen as a uniform distribution over the space. Conversely, the structured out-
liers represent data points that are highly correlated with each other but not correlated
with other data points. They are like a small cluster in datasets. As it is shown, the
proposed RPCA algorithms (with o = 0.8) correctly recovered the underlying subspace
characterizing the majority of data and are not sensitive to both types of structured
and unstructured outliers. Note that the direction of the first loading vector shows the
direction that achieves the maximum variance when projecting the blue circles on this
direction. On the other hand, the classical PCA, due to outliers, provides a different
direction that maximizes the projected variance of the entire dataset including outliers.
Beyond the directions of the loading vectors, the mean value that is estimated using A1,
is correctly presenting the center of blue circles (the origin of the robust loading vectors
in figure 4.2). The same simulation is also carried out for a 3D feature space using fewer
samples. We can see how the true direction of the original data is recovered using the
proposed methods while PCA recovers an irrelevant direction. Note that in A4, except
for fitting the model to the data, there is a sparity constraint. This explains why in

both simulations loading vectors are in parallel with at least one of the axes.

4.4.2 Synthetic fMRI Data

In this section, we use the general linear model (GLM) to generate synthetic i.i.d. func-

tional magnetic resonance imaging (fMRI) data y;,i = 1,--- , N in following form
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FIGURE 4.3: Recovered signals (red plots) compared to the true non sparse signal (blue

plots) using classical PCA (first row) and proposed robust PCA algorithms. It can be

observed that using the robust approaches, the recovered signals are more similar to
the true signal (the correlation values are reported on top of each plot).

y;,=HO+mn;, i=1,---,N. (4.31)

H is a matrix whose columns span the signal subspace and n; is the noise vector which
nominally comes from a Gaussian distribution but sometimes it follows an unknown out-
liers density h. In this model, 8 is the unknown and needs to be estimated. Typically,
the main goal in fMRI data analysis is to find the active area of the brain for a specific
task. To be able to apply existing methods in detection theory to the fMRI data, first,

we need to exactly know the matrix H. Therefore, we need to have an initial estimate
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TABLE 4.1: Accuracy of GLRT (in %) using estimated loading vectors.

Methods PCA Al A2 A3 A4

Non Sparse | 81.66 | 93.33 | 93.33 | 93.33 | 92.5

Sparse 775 | 92,5 | 92,5 | 92.5 | 92.5

of H and the accuracy of the used estimator affects the overall detection performance.
There are different approaches to approximate H in practice. One of the easiest ap-
proaches is convolving the hemodynamic response function (HRF) with input stimuli
[8]. However, for resting state fMRI data analysis or other tasks similar to watching
TV, such stimulus function does not exist. Therefore, a data driven method is needed
to estimate the dominant patterns in the given time series. Generally, this problem
is an ill-posed problem and extra assumptions are needed to enable us to recover the
underlying subspace. These assumptions include principal component analysis (PCA)
[161], independent component analysis (ICA) [27], canonical correlation analysis (CCA)
[162] and sparse dictionary learning (DL) [32]. So far it was shown that the standard
PCA is sensitive to model deviations. Thus, a direct use of this approach might not be
effective in analyzing the fMRI data where different types of outliers exist; therefore a
robust technique is required. To illustrate the applicability of our proposed methods to
the recovery of columns of the matrix H, 120 samples with m = 50 are generated with
15% contamination using the e—contamination noise model g = (1 — €) f + eh where €
determines the level of deviation from the nominal noise model f by the outliers density
h.

In first simulation setups, H is set to a rank-1 subspace where it is made by using
a cosine function. After applying the proposed methods, the correlations of recovered
patterns and the true signal are computed and the most similar ones are presented in
figure 4.3. As is shown, the proposed algorithms perform better in terms of the cor-
relation between recovered and the true signal compared to classical PCA. This signal
estimation leads toward a better detection rate in the next steps of analysis (see table
4.1). However, in this setup A4 is not as powerful as the other proposed methods due

to non sparsity of the true signal. This behavior is clear in figure 4.3 by having flat zero
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FIGURE 4.4: Recovered signals (red plots) compared to the true sparse signal (blue

plots) using classical PCA (first row) and proposed robust PCA algorithms. It can be

observed that using the robust approaches, the recovered signals are more similar to
the true signal (the correlation values are reported on top of each plot).

values every time when the true signal is passing the zero value and also a zero forcing
effect on some other points. Therefore, we repeat the simulation one more time using
a sparse signal by applying a threshold on initial cosine function and forcing most of
entries to be zero. The results of the algorithms are shown in figure 4.4 and it is clearly
seen that under sparsity, A4 is among the best results. Our proposed methods belong
to a general family of M-estimators. M-estimators, use a modified cost function, and

try to minimize the effect of outliers by less penalizing high residual values. We are
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trying to down weight outliers by computing an exponential function of residuals while
keeping the weights of other observations close to 1 to have different contributions in
the estimation.

The performance of the methods depends on the single hyperparameter o which can
change the shape of the cost function. Generally, when o — 1 the methods are the
same as classical PCA, for example, the estimated covariance in Al will be exactly the
sample covariance. For any other values of & < 1, the methods provide robustness where
their sensitivity depend on the value of 1 — . By increasing this difference, they will
reject more samples in the estimation part. The value of o can be adjusted in different
approaches as described above. For example, if users are aware of heavy outliers during
recording data, they should pick an « that is far away from 1. As an automatic ap-
proach, the user can define the maximum deviation from the nominal model as ¢, and
tune « in a way that the maximum ¢,,% of data get weights less than a chosen value
1> B > 0. A suggestion for § can be 0.5. The value of a can be computed by using
8 = exp{—l_Ta(yj - M)TZ_I(yj — p)} where y; is the closest sample among €,,% of
data to the bulk.

4.4.3 Synthetic Foreground Background Separation

Before applying our methods on real data for the FB separation task we first show their
performances on a synthetic video to have an understanding of the effect of object size,
object speed, and contamination level on the final accuracy. In order to do this, 200
dark frames of size of 80 x 80 are combined with a white Gaussian noise and after placing
two squared white objects of different sizes in some proportions of the frames, they are
passed through a low pass filter (an example frame is shown in figure 4.5). The paths
of two objects are defined randomly and in each run they are different. Accuracy is

measured as
TP+TN

Accuracy = ————
Y~ Total pixels’

(4.32)

where T'P shows the number of foreground pixels that are correctly assigned to the fore-
ground and T'N is the number of background pixels that are correctly assigned to the
background. Foreground is detected as any part of the pixel values that do not belong
to the background (with rank= 3) and exceed the threshold value of 0.4. To be able

to apply the proposed method Al to this application, the first necessary condition is to



Learning Robust and Sparse Principal Components with the a— Divergence 89

<
’

77777

/
todb
T
1 P
#

z
L &
3
«
BB
1
7
/l/
st
,
S

o5
15 20 25 a 5 5 7 s 20 % 40 5 60 70 8 %
‘Target length (pixel) Target speed (pixelirame) #0f object frames (out of 200)

FIGURE 4.5: Comparison between different methods on the task of FB separation on

synthetic data (first figure from the left shows an example frame). The experiment is

done in various scenarios of different object size (second column), different object speed

(third column) and different proportions of frames with objects and background (last
column).

have a higher number of frames than the number of pixels which is not satisfied here.
The reason is that for computing the weights of the observations, we need to compute
>~ which means the covariance matrix should be a non-singular matrix. To deal with
this issue, we assume outliers have different statistical behavior compared to the rest of
the data even after some linear projection. Therefore, we can meet the requirement if we
reduce the dimension, using the first eigenvectors of the singular matrix computed using
(4.16). The number of bases is picked such that it is less than the number of frames.
In the first experiment, we have 100 frames including the objects one with the size
of 7 x 7 and speed of 12 Pixels/Frame and one with different sizes and the speed of
3 Pixels/Frame. The results are shown in figure 4.5(left). As is shown, with increasing
object or target size, the performances of all algorithm decrease due to minor variation
of interior pixels and leaking to the first loading vectors. It is also shown that in this ex-
perimental setup, the proposed methods are always better than classical approaches and
sparse PCA (A4) is significantly better. Surprisingly, the conventional PCA algorithm
is even better than the GoDec algorithm [163] which is designed for robust applications.
To implement the GoDec algorithm the online version is used!'. In the second experi-
ment, we have 100 frames including the objects one with the size of 7 x 7 and speed of
12 Pixels/Frame and one with the size of 25 x 25 and different speeds. The results are
shown in figure 4.5(middle). As is clear from the curves, with increasing target speed,
the accuracy of all methods increases due to high dynamics that the object achieves and
that makes it easily detectable from the background. Again the sparse algorithm and one
of our other proposed algorithms (A2) are significantly better. In our last experiment,
we evaluate the effect of the number of object frames in representing the background. In

this setup, similar to previous scenarios, two objects one with the size of 7 x 7 and speed

https:/ /sites.google.com/site/godecomposition /matrix/artifact-1
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FIGURE 4.6: Comparison between the recovered loading vectors. From the left, frame
number of 12, principal component using PCA, first loading vector using A1, loading
vector A2, first loading vector using A3 and finally estimated loading vector using A4.

FIGURE 4.7: Foreground-background separation for the airport video (rank=3) . From
the left: classical PCA, GoDec, A1, A2, A3, and A4.

of 12 Pixels/Frame and one with the size of 25 x 25 and the speed of 3 Pixels/Frame
are put in different frame proportions. The results are shown in figure 4.5(right). As
expected, with increasing the number of frames with objects inside, fewer background
representing frames are available which decreases accuracy. Still our proposed methods

have uniformly better accuracy compared to two other methods.

4.4.4 Foreground Background Separation

In this section, we apply our methods to the FB separation problem using the first
200 frames of video which are recorded at an airport [164]. Assuming the background
changes slowly over the frames, we can use RPCA to approximate the background using
a low rank matrix and consider the leftover components as the foreground or objects
with higher dynamics. To decrease the run time, the original frames are reduced to
an image of 87 x 106. The frames are vectorized first, then are concatenated to form
the data matrix of Y € R9222x200 " The parameter « is set such that 30% of data be
considered as outliers with g = 0.4.

We set the number of iterations to 5, to achieve a stable solution using the classical
sample mean as the initial point. Figure 4.6 shows the first eigenvector of the estimated
covariance matrix using A1 and the dominant component of the frames using A2, A3 and

A4 in comparison with the classical PCA. As expected, the effects of foreground objects
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FIGURE 4.8: Dynamic of assigned weights to the frames over the iterations in Al.

At iteration 1, all the weights are set to 1 to have the same contribution to estimate

parameters. After some iterations, frames with objects got a small weight and frames
representing background got weight close to 1.

(the man with his daughter and the woman) are obvious in loading vector of classical
PCA (dark shadow effect) where the proposed methods effectively ignored those objects
and tried to just represent the background. However, most components in A4 are zero
due to its sparse nature.

Due to such differences in loading vectors, the proposed methods can outperform PCA in
the task of FB separation. Figure 4.7 illustrates the results of the algorithms on the frame
number 12, compared to the classical PCA and the GoDec methods. It can be observed
that the proposed methods especially A1l and A2 can effectively separate objects from
the background while in the other two classical methods, white and black shadows exist
in the estimated background. This is achieved because of assigning different weights to
the frames of video to estimate the dominant components (see figure 4.8).

In order to show the superiority of the proposed algorithms in different conditions, we
have recorded a video from an intersection including small and big, slow and fast objects,

and applied the methods. As a summary, the frames are picked form the middle of the
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FIGURE 4.9: Comparison on detected foreground between different PCA algorithms.
From the left, original frame, detected foreground using PCA, Godec, A1, A2, A3 and
finally A4.

video which have more variations (frame 1000 to 1999) and resized to an images of 84 x
103. The frames are vectorized then are put in a matrix Y € R8652x1000  The foregrounds
for all methods are presented in figure 4.9. Those foreground with less shadow effects
where just objects (pedestrians, cars and bus) are bold show a better separation which

verifies the superiority of our proposed methods over classical approaches.

4.4.5 Saliency Map Identification

A saliency map shows which areas of a given image attract the attention of most humans.
It can be thought of as parts of images that are not consistent with other areas. RPCA
can be used to approximate the saliency map. In order to perform such a task, we
partition images into non overlapped patches with size 10 x 10. Then we accumulate all
patches and form our dataset. Using RPCA algorithms the dominant patterns of data
can be extracted and the residual parts after projection represent the pixels that could
not be modeled by PCs and are most probable to attract human attention. Applying the
same threshold on absolute values of residuals using images provided in MSRA Salient
Object Database [165] generates figure 4.10. As is shown, the robust approaches can
detect even small differences in pixel values due to assigning different weights to different
patches. As we can see, in general, in a local area, a given patch is either within the
saliency map or the texture. Therefore, A4 is not a ood choice of algorithm for this

application.
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FI1GURE 4.10: Saliency map identification using variant PCA methods. From the left:
example images, results of PCA, A1, A2 and A3.

4.4.6 Discussion

In this chapter, four algorithms for RPCA are proposed. The first algorithm (A1) is
based on robust covariance estimation and it is shown that the weights of each data point
are an exponentially decreasing function of whitened residuals where the whitening is
done by the covariance matrix. Therefore, a necessary condition to be able to apply
this method is N > m. Thus, for the case of N < m, A2 and A3 are preferable
algorithms to implement, unless we do some tricks, such as projection, to enable use of
A1l. For the case of N >> m, Al and specially A2 will be better choices due to use of a
simple estimation step and estimation of a limited number of weights. In this scenario,
applying A3 is computationally expensive because of the number of weights which need
to be computed. On the other hand A3 is robust even for a single pixel contamination
level while A1 and A2 just remove outliers at the vector level. Generally, A2 and A3 do
not have any constraint on loading vectors and have more degrees of freedom to find the
true subspace. Finally, A4 has a sparsity constraint, makes it less generally applicable,

but in the applications where sparsity has a role, A4 is useful.
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4.5 Conclusion

In this chapter, new robust principal component analysis (RPCA) algorithms were de-
veloped based on the a—divergence criterion. This divergence is a general parametric
family of divergences which includes other well known divergences as special cases, espe-
cially KL divergence from which the classical PCA can be derived. It is shown that the
proposed algorithms provide robustness against both structured and unstructured out-
liers which may happen in many signal and image processing applications. Robustness
is achieved by automatically assigning small weights to the outliers. These methods be-
long to the general family of robust estimators called M-estimators [10]. Using simulated
datasets, it was shown how the proposed methods can be used in fMRI data analysis
to estimate the signal subspace before further steps are performed for activation detec-
tion. Meanwhile, the results of the proposed RPCA methods in the synthetic foreground
background (FB) separation task are presented and compared. Finally, some real world
applications of the proposed methods on FB separation and saliency map identification
were discussed and the superiority of the algorithms over the existing works is demon-

strated.



Chapter 5

Adaptive Matched Filter using

Non-Target Free Training Data

The problem of detecting a subspace signal in colored Gaussian noise with unknown
covariance matrix is investigated when the training data may contain samples with tar-
get signal. The target signal is assumed that it lies in a subspace spanned by columns
of a known matriz. To develop the test, an ad hoc approach, similar to the classical
adaptive matched filter (AMF) is used where instead of the mazximum likelihood (ML)
estimator of the covariance, the minimum oa—divergence based estimator is substituted
in the likelihood ratio. This test just depends on the single parameter o and as a special
case can be turned to the AMF. For a range of «, the proposed test has the benefits of
being robust to outliers and the existence of other targets in the training data. Numeri-
cal examples illustrating that the proposed detector can achieve better detection rates in
such a scenario while providing almost the same performance in a target free scenario

are presented.

5.1 Introduction

Signal or subspace detection in colored Gaussian noise is of interest to researchers in
radar /sonar signal processing [47] and medical imaging data analysis [16, 17, 166]. By
the term of noise, we mean a broad-sense noise including clutters and interferences. For

the white noise case, a general study which is named as matched subspace detectors

95



Adaptive Matched Filter using Non-Target Free Training Data 96

(MSD) was proposed in [49] considering the general linear model (GLM). In many ap-
plications, this scenario is not appropriate and a method should be developed for colored
noise scenarios. Therefore, in the last decades, some works were done to cover all pos-
sible scenarios[6, 50-52, 57, 59, 167]. To deal with estimation of unknown covariance,
typically it was assumed that a set of training data which is target free is available [50].
For example in the radar community, this dataset is usually collected from adjacent cells
(AC) to the cell under the test (CUT).

If the training and test data share the same covariance matrix, this situation is referred
as the homogeneous case and the well known generalized likelihood ratio (GLR) test [50]
and adaptive matched filter [52] are based on it. Both of these detectors are constant
false alarm (CFAR), but none of them is uniformly most powerful (UMP)[95]. In other
cases, it was assumed that the environment is partially homogeneous. It means that the
covariance matrix of the noise has the same structure in the test and training data but
may differ by a scaler factor. The adaptive subspace detectors (ASD) and its variants
are one of the famous detectors in this group [6, 51].

Recently, most of the attention of the works was on increasing the robustness of the
detectors against possible mismatches in target signal [57, 59, 167] or finding a way to
reduce the number of training data by exploiting some structures for the covariance ma-
trix [6, 61, 97]. Even though the number of required target free samples is reduced when
some structures for the covariance matrix are assumed, but still a significant number
of data points is needed in radar application which is not easy to collect. One of the
main reason for this limitation is the non-stationarity of the covariance of the noise in
far range cells.

One of the strong assumptions on this training data is being target free. In the radar
community, it means we assume in the entire ranges that we collect our data, there is
only one target, that might not be always correct by having different targets in different
ranges. Figure 5.1 (top) visually shows this scenario where other targets can act as
clutters in AC. This situation may also happen in functional magnetic resonance imag-
ing (fMRI) data analysis due to spatial smooth functionality of the voxels (figure 5.1,
bottom). Therefore, when we are analyzing a voxel, most probably the adjacent voxels
are active. Although recent works are trying a lot to improve the performance of the
detectors against different uncertainties, surprisingly, to the best of our knowledge, there
is no work with this concern and sample covariance was used in the tests as an accurate

estimation.



Adaptive Matched Filter using Non-Target Free Training Data 97

FIGURE 5.1: Two examples that show the assumption of target free observations might

not be correct. 1:In radar example, the adjacent cells (AC) also include some targets

which may mislead detectors in a way that it is thought that the target in the CUT is

nothing more than clutters (top). 2: In fMRI data analysis which we cannot be sure

that which areas of the brain, close to the voxel under the test, are target free (bottom).
The red areas are the active areas during a task.

In this chapter, we consider the case that the training data may include some samples
where there is a target signal inside and take them into account as outliers. Using a
robust estimation approach we reduce the effect of those samples to increase the power
of the detector. The a—divergence is used to propose our new covariance estimator
which belongs to the general family of M-estimators.

The rest of the chapter is organized as follows. In section 5.2 we present the background.
In section 5.3 we propose our methodology. In section 5.4 we present comparisons be-
tween the classical AMF and our proposed method. Finally, in section 5.5 we present

some concluding remarks.
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5.2 Background

Let’s assume the test data follows a general linear model
y=HO +¢, (5.1)

where H € CV*P is the known target subspace matrix. @ € CP is a deterministic
but unknown coefficients for the columns of H. Finally & € CV denotes noise which
follows a circularly complex Gaussian distribution with unknown covariance. Beside the
test data, another K training data denoted by {nj}Z , is available, where nominally
n; ~ CN(0,R). The subspace detection problem now can be formulated as the following
hypothesis testing problem:

y=&6~CN(0O,R)

Ho = (5.2)
yie =1~ (1—€)CN(0,R) + eCN(HB,R)

and

y — HO + £ ~ CN'(HO,R)
Hi = (5.3)
v =ng ~ (1 —€)CN(0,R) + eCN(HSB,R)

where Hg and H1 are the null and alternative hypotheses, respectively and HB3 models
the existence of target signal in training data which may differ from HO. For this
problem, considering ¢ = 0, some classical methods such as AMF and GLRT were

proposed and have the following structures [168]:
Tamr =y STTHHS'H)'HIS 1y, (5.4)

and
yISTTHH'S'H) 'HS 'y
1+yfS~ly

TGLrT = , (5.5)

where S = % > szl yky}LC is the sample covariance matrix and 1 is the conjugate transpose
operator. In our problem definition, ¢ > 0 and is not necessarily equal to zero. A naive
approach to deal with this contamination can be the projection on orthogonal subspace
(H)* where the projected samples do not have any target signals anymore, but this
projection makes the covariance low rank which is not our interest. Therefore, in the

next section, we extend the AMF to achieve robustness to this deviation. Note that the
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defined problem is a homogeneous problem where the covariance of the training and test

dataset is the same.

5.3 Proposed Method

In the above described problem, the only difference with classical assumption is the
distribution of the observations in training data. In this chapter, training data follows
a contaminated Gaussian distribution which affects the performance of the maximum
likelihood (ML) approach where in this problem is the sample covariance S. It is well
known that maximizing the likelihood function approach is equivalent to minimizing
the KL divergence of two density functions. KL divergence is so sensitive to possible
outliers. To deal with this sensitivity, a general parametric measure from information
geometry is used where under some setups, it is robust against such outliers [169].

For two probability density functions g(x, A) and f(x,3) parametrized by A and 3, the
a-divergence is defined as [102, 112, 113]

Da(g(x.\) | f(Xﬁ)):a(al_l)[ / g N f(x B)dx — 1], (5.6)

where « is a tuning parameter that defines the shape of the divergence. As the specific
case when o — 1, the a-divergence turns to the KL-divergence. With changing the
KL-divergence criteria to the a—divergence, we end up with another estimator which
is different from the sample covariance matrix and is robust for @ < 1. To be able
to minimize this new measure, we need to have two density functions and then try to
minimize the divergence with respect to unknown parameters. To represent the true
distribution of the data, we use the empirical distribution which is a non-parametric
approach to approximate the data distribution. The empirical density function can be

defined by

1 K
9e(X;¥1" Vi) :?25@(—}%)7 (5.7)
k=1

where x is the random variable and § is the Dirac delta function. Now it is the time to
use our parametric model which is the circularly complex Gaussian distribution in the

divergence expression to derive the new robust estimators.

fy) :7rNdit(R) exp { - yTR_ly}, (5.8)
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FIGURE 5.2: Scatter plot of GLRT, AMF and RAMF for null hypothesis (blue) and
alternative hypothesis (red) . Ignoring the imaginary part and projection on real axis,
shows the better classification of data.

Now with substitution of above densities in diverence expression we have

1 N 1 . _
D, = a(l—a) {1 - ;(UK) (m)l exp{—(1- a)YITcR 13’k} - (5.9)

As is shown, now beside «, D, is a measure that only depends on R. Taking the

derivative with respect to the covariance matrix and equalizing it to zero we have

oD i
OR —
and finally
R 1 K ;
R = WEYEY s (5.11)

Zi{:l Wk j—q
where wy, = exp{—(1— a)yLR_lyk} and c is a positive constant value. This estimator is
a weighted form of sample covariance where the weights are bounded and are a function
of a and the norm of whitened observations. The weights themselves depend on the
covariance estimator. Thus, this estimator is a recursive estimator which belongs to the
general family of robust estimation approach namely M-estimators and converges fast
to the minimizer of the a—divergence criteria. Surprisingly, the proposed covariance
estimator can be changed to the sample covariance when o — 1 and the weights all are
equal to one.

Using the same ad hoc two-step approach of AMF, we can substitute the robust esti-

mated covariance matrix R, into the following test:

maxg f1(y|R)

h(yR) (5:12)

TaLrr =
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FIGURE 5.3: Performance comparison of the proposed method (RAMF) with AMF

and GLRT. It can be observed that using the robust covariance estimator, the proposed

test could distinguish better between two hypotheses and as the consequence, better
probability of detection achieved for a fixed false alarm rate.

which ends up with the robust adaptive matched filter (RAMF):

TrAMF = nyiilH(HTfile)leTfiily. (5.13)

5.4 Simulation Results

In this section, numerical simulations are conducted to illustrate the robustness perfor-
mance of the proposed test. R is an exponentially correlated covariance matrix with
one-lag correlation coefficient 0.9, i.e., the (7, j)—th element of R is set to 0.9"=7l. During

the simulations, signal to noise ratio (SNR) is defined as
SNR = 10log,,(6'H'R"'H#). (5.14)
The subspace matrix H is chosen to be
H = [hy,hy,---  hy], (5.15)

where

h; = 1/VN[1,e 9% fi ... 92 filN=1)} (5.16)
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FIGURE 5.4: Frobenius norm of error between the real covariance and estimated one

using the ML, and a—divergence. For the target free case ¢ = 0, the sample covariance

is slightly better. Adding target to the training data increases the error of the sample
covariance faster than the robust estimator.

and f; = ¢ x 0.05 +0.05, K = 40, p = 2 and N = 10. 0 has the same entries and is
chosen in a way to have the desired SNR value.

To show the performance results, 3000 observation vectors are generated using Monte
Carlo as the test data. The target signal is added with the probability of 1/2 to the test
data with SNR= 25dB. Scaled target signal, with the same SNR of test data randomly
is added to train data with the probability of € = 0.15 to simulate the situation that
there might be a target signal in training data.

First, the GLRT, AMF and RAMF are applied to all generated test data and the re-
sults are presented in figure 5.2. As is shown, GLRT has the worst performance. The
proposed method has the best separation of two hypotheses from each other due to the
better estimation of the covariance matrix. The thresholding on the real part of the tests
ends up with figure 5.3 that shows the probability of detection versus the probability of
the false alarm. It is shown that the performance of the proposed test is significantly
better when the training data is not target free.

To understand the benefit of the proposed test, the average Frobenius norm of the error
between the real covariance matrix and the proposed covariance estimator over 80 trials
is presented (figure 5.4) in comparison with the sample covariance matrix. It can be seen

that when there is no contamination, the sample covariance is slightly better than the



Adaptive Matched Filter using Non-Target Free Training Data 103

proposed approach. On the other hand, increasing contaminations increases the error of
sample covariance but the proposed method has much better estimation error for higher
contamination levels.

There are so many approaches that can be used to tune the value of . One of the
important methods is using some prior knowledge about the maximum level of contam-
ination and then assigning a small weight to the ¢ percent of data which are far away

from the assumed model.

5.5 Conclusion

In this chapter, a classical assumption of target free training data is revisited. It is
discussed that for some applications, it might not always be valid. A classical general
linear model (GLM) is assumed for multi-rank signal case and the environment is as-
sumed homogeneous which means both training and test data have the same covariance
matrix. The link between the classical adaptive matched filter and the KL divergence
is discussed and an alternative divergence (a—divergence) is used to derive a robust
version of the covariance estimator which can reduce the effect of target signals in the
training data. Finally, the proposed test is applied to such scenario and is compared
with the generalized likelihood ratio test (GLRT) and adaptive matched filter (AMF).
The simulation results reveal the superiority of the proposed test over these two well

known tests.



Chapter 6

Adaptive Subspace Detector in
High Dimensional Space with

Insufficient Training Data

Adaptive subspace detectors (ASD) generalize matched subspace detectors (MSD) by ac-
counting for possible correlation. Both ASD and MSD are derived using the generalized
likelihood ratio test (GLRT). While MSD assumes there is no correlation between obser-
vations, ASD estimates a sample covariance matriz of possibly correlated samples using
signal-free observations. In this chapter, we address the performance of the ASD when
the number of secondary data is insufficient and the observed signal lies in higher di-
mensional space. Such high dimensional spaces are frequently encountered in functional
magnetic resonance imaging (fMRI) data for the analysis of brain activation detection.
We propose a methodology that works based on the latent variables in a lower dimen-
sional space. A low-rank decomposition of the sample covariance matriz is derived based
on the singular value decomposition (SVD) and an adaptive basis selection method is
used to decide which eigen-vectors are useful in data projection. Performing detection
in the lower dimensional subspace has the benefit of reducing the number of parameters
which need to be estimated. Simulation results show superiority of our proposed adap-
tive reduced subspace detector (ARSD) over conventional ASD in term of probability of

detection.
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6.1 Introduction

Signal detection in a noisy environment is an important problem that arises in many ap-
plications such as radar [11], communication [92] and medical imaging [16, 17]. Neyman
and Pearson [38] have shown that when parameters of the noise distribution are per-
fectly known, the likelihood ratio test is the uniformly most powerful (UMP) test which
maximizes the probability of detection for a given false alarm rate. However, in many
applications, the likelihood ratio test is unknown and therefore a UMP test cannot be
derived. Therefore, several studies have investigated alternatives for the likelihood ratio
test [170]. In [49] the matched subspace detector (MSD) was proposed based on the gen-
eralized likelihood ratio test (GLRT), for which all unknown parameters are replaced
by their maximum likelihood values. In their study, [49] considers the noise samples
to be independent and identically distributed (i.i.d) with a white Gaussian probability
density. In another study, Kelly proposed a method that considers a covariance matrix
for the noise distribution [50]. This covariance matrix is estimated from K signal-free
samples. As an extension, [51] proposed a method that assumes both training data and
test data have almost the same covariance structure, with only a scale factor difference.
This method is also based on the likelihood ratio test and is named adaptive subspace
detector (ASD). The ASD can be viewed as a generalized case of the MSD in which the
data and subspaces are prewhitened using the sample covariance matrix. There are also
alternative tests with different points of view, such as Rao test [58] and Wald test [55]
or based on model selection criteria [171, 172] that have been shown to be more suitable
than the GLR under certain conditions. However, this study solely focuses on improving
the performance of the GLRT.

The rest of the chapter is organized as follows. In section 6.2 we present the background
and problem statement. In section 6.3 we propose our methodology. In section 6.4 we
present comparisons between conventional ASD and our proposed method. Finally, in

section 6.5 we present some concluding remarks.

6.2 Background

The detection problem that is addressed in our study is described as follows. We are

given d samples from a real and scalar time series y(i),7 = 0,1, ...,d—1 that is represented
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by the column vector y. This vector of observations is generated by some components

based on a general linear model (GLM):
y = nHO + &, (6.1)

where H € R¥*P is a known matrix whose columns span the signal subspace. It is also
assumed that the columns of H are linearly independent. p is a scalar factor that is
non-zero when the signal is present. Entries of 8 contains unknown deterministic values.
The noise components are & ~ N(0,0%R), where 0 and R are unknown and should be
estimated separately from training data.

The aim of detection is to decide between the null hypothesis Hy : ¢ = 0 and the
alternative hypothesis H; : pu > 0 for a given measurement vector y. Given a set of
K, i.i.d training noise vectors N = [ny, ..., ng], each distributed as A(0, R), test signal
vector y € R is measured and y ~ N (uH6,0?R). In [51] it was shown that when
and R are unknown, the following GLRT based test can be used to detect the signal
presence.

1 _1
ly) = Y5 PDS7
y's™ly

(6.2)

where D is ST H and Pp = D[DTD}*lD—r is the projection operator that projects the
whitened observation vector y onto the subspace that is spanned by columns of D. The

matrix

1 T
S = K Znini ) (6.3)

is the sample covariance matrix, which is estimated from the K training data. This
matrix S is actually an estimation of covariance matrix of noise R, that maximizes like-
lihood function. This solution for signal detection is referred as ASD.

In general, for signal detection using (6.1) estimation of p+ d(d+ 1)/2 unknown param-
eters is required where p is the number of entries of vector 8 and d is dimension of the
symmetric covariance matrix R. Therefore, the number of parameters to be estimated
is of order O(d?). For a limited training data and a high dimensional measurement
vector y, (in some applications such as radar and medical imaging) applying ASD di-
rectly on data is inefficient and parameters are highly deviated from their actual values.
Therefore, introducing knowledge about the covariance matrix is required to improve

the performance of ASD.
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6.3 Proposed Method

As mentioned earlier, in high dimensional space hypothesis testing, there are many
unknown parameters (in the order of O(d?)) that should be estimated. Several studies
have addressed this issue by assuming a known structure for the covariance matrix [62].
One of the ways of introducing structure to the covariance matrix in order to improve
performance of the detector (6.2), is to assume that the measurement vector y and noise
vector & depend on latent variables in a lower dimensional space. In other words, when
the number of training data is insufficient, the covariance matrix can be described by
a few dominant eigen-vectors/values. Based on this assumption, there are two latent

variables z € R4 and e € R with d; < d and
y=Ugz and & =Uge, (6.4)

where Uy, is an unknown d x d; matrix whose columns are orthogonal, (i.e. U;lrl Uy, =
14, where I, is the identity matrix of size dy x di). It is also assumed that {e} is a
zero mean Gaussian noise vector with a d; x d; covariance matrix A. Substituting (6.4)
in (6.1) we have

Ud1Z = uHO + Udle. (6.5)

Multiplying both sides by UdTl gives
z = MUdT1 HO + e. (6.6)

In lower dimensional space, the formulation of (6.6) is the same as (6.1) and we can
apply standard detection theory results on the latent variable z with the difference that
the signal subspace in the lower dimensional space is the span of the columns of U;H,
instead of H. Therefore, the number of unknown parameters is reduced to p+d; (d1+1)/2
which is significantly less than p + d(d + 1)/2, corresponding to the higher dimensional
space. In general, using an optimum projection for the lower dimensional space, we may
lose some useful information, however, the advantage is that we only need to estimate a
small number of parameters. Reducing the number of parameters reduces the parameter

estimation error too.
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The ASD for the latent variable z is:

1 1
ZTAiﬁPBAiﬁz
I(z) = sl 7 (6.7)
z'A 'z
L1
where B is A 2U;lrlH and

T

A=— > Ujnin/ Uy =T, SU,. (6.8)

i=1

Finally, using threshold value 7, we can decide between Hy and H;. We name our

reduced version of ASD, the adaptive reduced subspace detector (ARSD).

6.3.1 Estimation of U,

The primary challenge of ARSD is finding the best projection matrix Ug,. When the
number of training data is insufficient, the sample covariance matrix is not consistent and
the eigen-values and eigen-vectors of the sample covariance matrix can be significantly
different from their true values [173].

In order to find a suitable projection basis set, we need to investigate equation (6.7) in
detail. After reparameterizing of the reduced version of the test in terms of y, we will
have

y Uy, AT UL HHTU,A UL H) ' H U, A ULy

l/<y) — o . (69)
y Uy A U;y

In comparison with the test shown in equation (6.2), the only difference is the estimated

covariance matrix which is a modified form of the sample covariance matrix, that is:

A1 A _

Ry0q = Uy AT'U = Uy, (U, SU,, )~ 'U, . (6.10)
We would like to find a basis set Uy, that improves the overall performance of the
detector in (6.7). For finding the best projection matrix, we consider two different cases

of covariance structures on which our method can be applied.
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Algorithm 5 Proposed ARSD
Input: Observation vector y, Training data N, H, di,a, 7
Output:Decision on Hg or Hq
1: procedure ARSD

K

1 T

2: S+ % E n;n;
i=1

3 U, ILU" « SVD(S)
: Uy, ¢ solve equation (6.11) or (6.16)

E
5 z+ U,y
K
6: A« 212> Ulnn/U
K d1n2nl dy
iTl
7. B+« A UJH
1 1
TA 2 A2
8 l(z) « A _EpA 2

9: Output <—z7-[o
10: if /(z) > 7 then
11: Output + H;

6.3.1.1 R with Uniform Diagonal Components

When the covariance matrix has the same diagonal components, it means that the
variance of the noise is fixed for all components of noise vector n, which can happen
in many applications. In this case study, we need to solve the following optimization

problem:

Uy — arg min Uy, U], SU,, U, — S| 6.1
dy

where ||.|% shows Frobenius norm of a matrix. This optimization problem means that
we need to regularize the sample covariance in a way that the result gets close enough

to the sample covariance. For a known d; the solution is the first d; eigen-vectors of S.

6.3.1.2 Ill-Conditioned R

In the previous section, the solution was the first eigen-vectors of the sample covariance.
It means that the last eigen-vectors were in the direction of the noise which is caused
by insufficiency in the training data. In this new case, when the covariance matrix
is in ill condition, we cannot have the same strategy. In this case, R™! is significantly
dependent on the last eigen-vectors and we should be careful about picking eigen-vectors.

A standard approach is to find the maximum likelihood (ML) estimate for Ug. To
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compute the likelihood for the given projected training data we have:

1
mildet(Uj RUy,)

flULn1, ., Ul ng] = | exp{—tr((Uj, RU4,) " 'UJ SU,)] "
(6.12)
This likelihood function has two variables R and Uy, that need to be estimated via ML.
To do this, we follow a two-stage estimation procedure. We first assume Uy, is fixed
and estimate R. In the second stage, we keep R fixed and estimate Ug,. Assuming Uy,

is fixed, we have:

U, RUy, = U, SU,. (6.13)

The optimal R must satisfy (6.13). Therefore, we now replace UdT1 RUy,, in (6.12) with

U:irl SU,, and after simplification

1

Ulng,...Ulng]oc — =
fUa,m 41K det(U, SU,,)

(6.14)

Now, maximizing the likelihood with respect to Uy, can be changed to the following

problem

Uy, = arg r[rIlin det(U;1 SUy, ), (6.15)
dq

In (6.15), if d; is assumed to be known, the solution is the last d; eigen-vectors which

can be obtained by singular value decomposition of the sample covariance matrix S.

So far, we have found that to maximize the likelihood function, we need to pick the
last eigen-vectors. However, we know that although S is highly deviated from the actual
covariance when the number of training samples is insufficient, but the sample covariance
is a consistent estimation when data is enough. Therefore, our solution must also be as
close as possible to the sample covariance matrix S in the Frobenius norm sense (similar
to 6.11). As a result, instead of a conventional maximum likelihood solution for Uy, ,
we are faced with a constrained optimization problem which can be written as a multi

objective optimization problem:
Uy, = arg min det(Uj,SUy,) + a||Uq4, Uy, SU, U, — S|7, (6.16)
dy

which tries to maximize the likelihood such that the estimated covariance remains in
the neighborhood of the sample covariance. The eigen-vectors that keep the covariance

as close as possible to the sample covariance in terms of Frobenius norm, are the first
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eigenvectors of S. Meanwhile, the last eigen-vectors minimize the determinant, the first
term of (6.16). Finally a combination of the first a and the last b eigen-vectors of S
is the solution of problem (6.16) where a + b = d;. Algorithm 5 summarizes the basis

selection method for ARSD.

6.4 Simulation Results

In this section, we address the performance of ARSD in comparison with conventional
ASD when the training data is insufficient. During simulation, we assume d = 40, and
the number of training data K is 60, which means that K is not significantly larger than
d. In lower dimensional space, we can change the dimension to the d; that makes the
K/dy large. We randomly produce the signal subspace matrix H of size 40 x 2 (based
on event related stimulus function of fMRI data analysis [29, 32]) and it is fixed for all
simulations.

First, using equations (6.8), (6.11) and (6.16), parameters A and Uy, are estimated
in lower dimensional space. These parameters are then used in ARSD (6.7) and will
assess the probability of detection. Figure 6.1 shows the average and standard deviation
of Frobenius norm of error between the estimated and actual 8, R and R™! where a
random uniform covariance is used. It can be seen that when we bring the observation
vector to a lower dimensional space for a range of dy, we can have a better estimation
of @ which makes our test performance better.

Finally figure 6.2 illustrates the performance of the proposed detector in comparison
with conventional ASD using a receiver operating characteristic (ROC) curve. In this
figure, the performance of the proposed method is shown where we can see that ARSD
(black) always outperforms ASD (green). The red ROC curve shows the oracle scenario
where the covariance matrix is known. When we increase the value K, both of ASD and

ARSD plots converge to the red plot.

6.5 Conclusion

In this study, a reduced version of the adaptive subspace detector (ASD) was proposed,
namely adaptive reduced subspace detector (ARSD). It was shown for some scenarios,

by bringing data to a lower dimensional space, the likelihood ratio test can provide a
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better probability of detection. The most important section of the algorithm is providing
proper orthonormal basis to project data. We have used a basis selection method that
picks some eigen-vectors among the sorted eigenvectors of the sample covariance to

minimize our defined objective function.
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Chapter 7

Adaptive Brain Activity
Detection in Structured
Interference and Partially
Homogeneous Locally Correlated

Disturbance

In this chapter, we address the problem of subspace detection in locally correlated com-
plex Gaussian noise and subspace interference with unknown coordinates. For applica-
tions where the noise components are only correlated to their neighborhood, using sample
covariance estimator as a mazimum likelihood estimate (MLE) is not a suitable choice
due to significant dependency of the estimation accuracy to the number of observations.
In this study, we take advantage of an assumed banded structure in the covariance ma-
triz. In particular, we use the idea of factorizing the joint likelihood function to a few
conditional likelihood terms and then mazximizing each term independent of others. This
process leads toward an explicit estimator of banded covariance matrices which requires
less observations to achieve the same accuracy and guaranteed banded structure. Finally,
this estimate can be fed into an adaptive matched filter for detection purposes. Simu-
lation results reveal the superiority of the proposed algorithm over well known classical

detectors such as adaptive subspace detector (ASD) and adaptive matched filter (AMF)
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which are based on the sample covariance estimate. The proposed method is applied to
functional magnetic resonance imaging (fMRI) data to localize neural activities in the

brain for the task of right finger tapping.

7.1 Introduction

Subspace detection in the presence of disturbance is an important topic which was widely
used in various areas such as communications[92], radar [11], classification [93], medical
imaging [16, 17] and pattern recognition [94]. Neyman and Pearson [38] showed that
the likelihood ratio test (LRT) is the uniformly most powerful (UMP) test for a given
false alarm rate when the distributions of the data under both hypotheses Hy and Hi
are known. Unfortunately, the UMP test does not exist in many signal processing ap-
plications due to the uncertainties and the existence of unknown parameters in assumed
models [95]. Naturally, finding suboptimal detectors is always in the interests of people
from different applications to improve the overall performance [56].

One of the famous alternatives to LRT is the generalized likelihood ratio test (GLRT)
where the unknown parameters in each hypotheses are replaced with their maximum
likelihood estimates (MLE). For those readers who are interested, there are also other
alternatives such as Rao [58] and Wald [56] tests that have the same asymptotic prop-
erties and sometimes can offer a better finite sample performance, but their analysis is
not in our interests for the current study.

Kelly [50] proposed a GLRT variant for detecting a target signal in homogeneous col-
ored Gaussian disturbance when the covariance matrix is unknown. It was shown that
his proposed detector has a constant false alarm rate (CFAR) with respect to the true
covariance, which means for a non-stationary noise environment, the false alarm rate
does not change. Due to the complexity of his detector, a modified version of GLRT was
proposed where it was first assumed that the covariance matrix is known and then after
constructing the GLRT by maximizing with respect to other unknowns, the covariance
matrix is replaced with its sample covariance estimated from a secondary target free
observations. This detector was called the adaptive matched filter (AMF) [52] and still
guarantees the CFARness property and for some applications can perform better than
GLRT. Adaptive coherence estimator (ACE) [174] generalizes the results for the par-

tially homogeneous environment where the covariance matrix of the test data is different
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from the training data up to a scale factor, and adaptive subspace detector (ASD) [51]
extends the ACE for the subspace signals.

Note that in all of the above detectors, no prior knowledge on the structure of the noise
covariance matrix is exploited and the covariance matrix can include all possible Hermi-
tian structures. Usually, to have a reasonable accuracy, a training dataset with size at
least twice the dimension of the observed data is required. Unfortunately, this require-
ment may not be satisfied in many applications for example in target detection of radar
signals. Therefore, some prior knowledge on the structure of the covariance matrix can
be used to achieve the same performance with a smaller number of training data.

In the literature, some well-known structures such as persymmetric [61, 97, 175], low
rank [6, 62], block diagonal [176] and Toeplitz covariance matrices [177] have been in-
vestigated. In this chapter, we address the detection problem in complex Gaussian noise
disturbance with banded covariance. Banded covariance matrices arises frequently in
economical, biological or technical time series for example in signal processing applica-
tions such as autoregressive, moving average image models, image filtering, drift removal
from a given time series [113] and specially in fMRI data analysis [178]. Assuming spa-
tially independent time series of fMRI data, measurements are usually recorded every
few seconds and naturally the noise source at time ¢ cannot affect the observation at
time t+ 6 where § >> 1. This physical fact brings this idea in mind to consider a banded
structure for the covariance matrix of the noise and derive the detector based on this
assumption.

In this chapter, as in [52], we use a two steps approach to derive the test. First, it is
assumed the covariance matrix is known and use the GLRT approach to construct the
test by maximizing the log likelihood function with respect to other unknown parame-
ters. Second, the covariance matrix is replaced by an estimation of a banded covariance
matrix. In this chapter, the target signal is presented as the unknown combination of a
multi-rank known subspace matrix to improve the robustness of the detector to the mis-
matching. Moreover, we consider the presence of structured interference with unknown
coordinates which may happen in real life due to electronic countermeasure. To make
the problem more general, a partially homogeneous environment is considered where
the covariance of the training and test data can be different up to a scalar. The main

contributions of this chapter may be summarized as follows:

e A general form of subspace model is investigated where the target signal can be
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any linear combination of independent vectors. This signal can also be corrupted
by a partially homogeneous complex Gaussian noise with unknown covariance in

addition to unwanted interference with known subspace.

e An explicit form of banded covariance estimator is used for detector design. This
covariance is guaranteed to have a banded structure which is useful for analysis of
locally correlated signals especially medical imaging data which are recorded over

a long time period.

The remainder of this chapter is organized as follows. Section 7.2 briefly formulates the
problem. Section 7.3 contains the background on the ASD and banded matrices. In
section 7.4 the proposed method is introduced. The simulation results are presented in
section 7.5 and Finally the chapter is concluded in section 7.6.

Notation: Vectors (matrices) are denoted by boldface lower (upper) case letters. For
a given matrix A, a;j, a’ and a; show the entry on the i—th row and j—th column,
the i—th row of the matrix and the j—th column of the matrix, respectively. A%’
also shows a matrix including row i to j of matrix A. Superscripts (.)",(.)* and (.)f
denote the transpose, complex conjugate and complex conjugate transpose, respectively.
The notation ~ means ”is distributed as,” CN denotes circularly symmetric complex
Gaussian distribution and N stands for real Gaussian distribution. Iy and 1y are
the identity matrix and a vector of elements of 1 with the size of N. det(.), tr(.) and
log(.) denote the determinant, the trace and the natural logarithm functions. Pp =
D[D'D]~'D' is the orthogonal projection on the subspace (D) and P, =1-Pp

projects on the subspace that is orthogonal to the subspace (D).

7.2 Problem Formulation

Consider observations which are captured from a linear array with NV sensors or NV time
snapshots from a single sensor given by y. This observation vector can be decomposed

using a general linear model (GLM) [49] to
y =H6+ B¢ + ¢, (7.1)

where y € CV is the measurement, H € CV*? is a known matrix whose columns span

the subspace containing target signal and its corresponding deterministic parameter 0 is
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unknown. B € CNxt

is also a known matrix whose columns span the subspace containing
interference and corresponding coordinate ¢ is unknown. £ is the noise term and & ~
CN(0,0°R) where R is an unknown covariance with banded structure. Note that the
subspace (H) and the subspace (B) are linearly independent. It is assumed that a
secondary i.i.d., signal-free training dataset is available collected from a partially similar
environment as &, i.e.,{ny}< | is available for estimating R, where ng ~ CA'(0,R). The

subspace detection problem now can be formulated as the following hypothesis testing

problem:

_ N 2
Hy— y=B¢+&~CN(Bg,0°R) ’ (7.2)
Y =0 ~ CN(()?R)

and

=HO6+B ~CN(HO + Bo,o’R
= 1Y +Bo +¢& (HO + Bg, 0 )’ (7.3)
Yk:nkNCN(OaR)

where Hg and H; are the null and alternative hypotheses, respectively.

7.3 Background

In this section, we briefly describe ASD which is derived for almost the same problem

without using any prior information about R.

7.3.1 Adaptive Subspace Detector

In the case of non-homogeneous noise and linear signal approximation, the ASD is a
widely used detector based on the GLRT concept. The original form of this detector
was proposed without considering the interference. Due to the connection between the
ASD and matched subspace detector (MSD) [49] the extension of ASD to include the

interference is ) )
yTS_iPBL PI:IPEL S_§y

, (7.4)
yTS_%PBLS_%y

lasp(y) =

where H = S_%H, B=S:Band S = % Zszl nknL is the sample covariance matrix.
The exact distributions of above test was derived in [179]. Note that ASD does not
consider any structure for the covariance and uses the sample covariance as an estimate

of R. We use this test as a benchmark for comparison.
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7.3.2 Banded Covariance

Before defining the banded covariance structure, we need to define the bandwidth of a
matrix.
Definitionl: The Bandwidth of a given squared matrix A is equal to b when Vi, j when

|i — j| > b then a; ; = 0 and A has the following visual structure:

a1l ... a11+4b

A= Aiji—b -+ Gigtb

GN,N—b --- QNN

Definition2: The matrix A of size N is called a banded matrix if its bandwidth (b) is

sufficiently small and it is represented by AIJ’V .

7.4 Proposed Method

Now, we develop our proposed detector for the model (7.1) using an a two steps proce-
dure. Note that the joint likelihood of secondary data and received test data in receiver
side is

K
f(yvnlv"‘vnK):f(Y)Hf(nk)7 (75)

k=1

where for a zero mean y

fly) = 7rNdetl(02R) eXp{—%yTR_l}’}- (7.6)

Using (7.1), (7.5) and (7.6), and by defining C = [H,B] and 8 = [8",¢"]", under H,

we have

Alyn,..ong) = m exp{—%(y _ )Ry - CB)}

X {1}K ﬁ exp{—n/R'n;}. (7.7)
mNdet(R) Pt k
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Under Ho, the density fo = filp—o. Finally, noting that y'R™'y = tr(y' R ly) =

tr(R™tyy'), we can rewrite f; as

1 K+1
A ={ e ee- e ®ITY L 09

where T, is the total sample covariance constructed using both the training and test

data given by

K 1 1

T, = S —(y—CB)(y — CB)". :
1= =S+ g (v — CO)y — CB) (7.9
Using a similar approach under Hg
1 ) K+1

fO (y7 1’11,...,1'1[() = {WNdet(R)O'2N/K+1 eXp{—tI'(R TO)}} ) (710)

where
K 1 1
= (v — _ T
To= =58+ (v~ Be)(y —Be)' (7.11)

Now for known R, the GLRT is given by

Supﬂ,o’2 fl (Y7n17"')nK)
SUPg 52 fo (y,nlv" : ,I’IK)'

larrr(y) = (7.12)

We begin with the denominator estimate ¢ under Hg. After some algebraic simplification

(see appendix E) it can be shown that
. TN
b= (BTB) B'y, (7.13)

where B = R™2B and y = R_%y. therefore, the denominator of (7.12) after one step

maximization can be recast as

1
{ Ndet(R)g2N/K+1

K+1 1
} exp{—tr(KR™!S + ﬁyTPBLy)}.

2

After replacing ¢ with g?) in fy, we estimate o2. It is easy to show that o2 can be

estimated from

1¥) + Nlog(o?), (7.14)



Adaptive Brain Activity Detection in Structured Interference and Partially
Homogeneous Locally Correlated Disturbance 122

which yields
65 = (¥'PgLy)/N, (7.15)

where the index 0 shows the estimation under the null hypothesis. Similarly, the MLE

of unknown parameters under H; are given by

p=(cle) cly, (7.16)
and

61 = (y'PgLy)/N, (7.17)

where C = R™2C. Replacing the above estimated parameters in (7.12) and using a

monotone increasing function, the GLRT based test is given by

(7.18)

Note that the above test depends on the measurement y, the matrices H and B, and
finally the covariance matrix R that initially was assumed known. Now, to be able
to construct the above test, we replace R in all the above derived expressions by a
consistent estimator which is described in the following proposition. We partition the

banded covariance RY; as

R P
b N—1 1N
Ry = | :
iy NN
where fIN =(0,...,0,7N N—b,...,"N,N—1). The top left corner matrix is also banded

with the same bandwidth but reduced matrix size. This property can be used to estimate
the unknown covariance matrix in a gradually increasing dimension scheme introduced

in the following proposition.

Proposition 1: Assume K i.i.d. samples Z = {nj,--- ,ng} € CV*K are avail-
able where n; ~ CN(0,R) and R is a banded covariance with known bandwidth. The

estimator R is given by following two steps:
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e Use the MLE for R} 41 (from now on the upper index will be removed when it is

clear from the text).

e For i = b+ 2,..., N, sequentially increase the dimension and use the following
estimators where for each ¢, let j =4 —b,--- ;i — 1.
. < det R'_l
Py = AR
d t(Ri_Q)
A L : ot on o N Tlat T
Tii = ?ZZ* IK — Fz’—l (Fi—lFi—1> Fi—l) z'

where
f.L - (05 ) 07 ’ﬁi,i—ba ’ ’ﬁi,zfl)a
3\ 3 3 T
Ai = (Nijimby s Aiie1)
- f ~ -1 . T
frnd Fz_lFlfl) FZ—lzl ,
Fi1 = (iifl,ifba e Zi1i-1),
and
i—1 ~ nm
. det(M,_
Zicim = Z(—l)mmMZ”T,

det(R;_2)

n=1

where l\A/I?_"i is the matrix which is obtained when the n—th row and m—column

have been removed from R,;_;.

Proof: See Appendix F.

7.5 Simulation Results

In order to show the superiority of our proposed algorithm over the conventional ASD

and AMF, we provide extended simulation based studies.
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7.5.1 Synthetic Data
In this simulation, the signal to noise ratio (SNR) is defined as
SNR = 10log;,(8"H'(c?R)'H#). (7.19)
The subspace matrix H is chosen to be
H = [h;,hy,--- ,hy], (7.20)

where

h; = 1/VN[1,e 92 fi ... e=72nhi(N-1)]T (7.21)

and f; =4 x 0.05+0.05,s =1,---,p. The subspace matrix B is chosen as
B = [b17b27'” 7bt]7 (722)

where

b; = 1/VN[1,e 929 ... ¢=2mgi(N=1T (7.23)

and g; =1 x 0.02—0.12,7 = 1,--- ,t. The number of sensor is N =15and p =1t = 2.

To illustrate the performance of our proposed detector, 5000 test vectors are generated
using Monte Carlo, and the receiver operating characteristic (ROC) curves calculated
and shown in figure 7.1 for different K values and randomly generated covariance with
b =2 and 02 = 9. The target signal is added with the probability of 1/2 to the test
data with SNR= 10dB. It can be seen that starting with a small K value, the proposed
banded AMF has significantly better performance than the classical ASD and AMF.
Figure 7.2 shows the histogram of three tests for generated samples and as it is shown,
the banded AMF provides the highest separation between Hy and ;. This makes it
a better detector. In general, as K increases towards asymptotic values (see figure 7.3
and its caption for more discussion), all three detectors use almost the same estimate
of the covariance matrix which yields the same performance. However, for small K, the
prior information about the covariance structure plays an important role and provides

a better estimate in term of Frobenius norm of error matrix.
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7.5.2 Real fMRI Data

In this section, we apply the proposed detector to the real fMRI data for the task of
neural activation detection [117]. The main aim of fMRI data analysis is to localize the
neural activity in the brain for a specific task (in a task based fMRI) or in resting state
fMRI. Two task based fMRI datasets are selected to show the power of our proposed
algorithm, the block-paradigm right finger tapping task (BPRFT) and event related
right finger tapping (ERRFT) data [28]. As a summery of data generating process, in
BPRFT data, a 15 sec task period alternated with 72 sec resting period was repeated
for 4 times followed by 30 sec rest. The total recording time was 480 sec. In ERRFT
total recording time was 650 sec. After dummy scan, right finger tapping is done 40
times randomly and then it had a 30 sec resting time. These datasets have 592895
voxels. The data was preprocessed by following steps (similar to [180]) including motion
correction, temporal pre-whitening, drift removal and slice time correction. The matrix
H is approximated by a rank-1 signal which is computed by applying the convolution
operator to the task stimuli and hemodynamic response function (HRF). In order to
omit the effect of scanner in the recorded data, an interference matrix B with DC values
in the first column and two low frequency components in other columns are formed. We
have repeated the experiment for 3 cases of (b = 0,b = 5 and b = 20). The results
show the activity maps over fixed brain slices from different angels together with the
activity maps computed by AMF. Note that, in this experiment we did not have access
to a secondary data to estimate the covariance matrix in exact steps of the assumed
model. To make this assumption valid, we use a classical test statistic (MSD with small
threshold [49]) to detect the voxels that have minimum impact from the signal of interest
and interference. This step is repeated until we could provide at least 3 x K samples as
the secondary or training data. The results are shown in figures 7.4 and 7.5. In both
figures, the first row shows the localized active areas using AMF. It can be observed that
some false positive voxels exist in the map (e.g., a small active circle in top right part
of BPRFT data) which are not consistent with our knowledge about neural activation
(e.g., left hand side of the brain is responsible of right hand side of human bodies and
smooth activation change over the voxels) and the existing results in the literature using
a data driven approaches (e.g., [181]). On the other hand using our proposed method
with b = 0, we obtain a slightly different activation map with a smaller number of

false positive areas. However, this small bandwidth may not model the true underlying
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covariance, so we gradually increase the bandwidth and show the activation map in the
third rows. The model is still within the assumptions that we made for our proposed
method (i.e., b << N) and the result is consistent with previous bandwidth and has
small false positives. In the last experiment, we increase b to 20, to show the case that
the assumption on the covariance structure is no longer valid and it can be observed
that the activation map is again becoming full of false positives and gradually tends to

the result of AMF.

7.6 Conclusion

In this chapter, the subspace detection problem in the presence of structured noise
and interference is addressed. Instead of using the sample covariance estimate, in the
adaptive matched filter approach, a new explicit estimator is used. This estimator is
based on successive maximizing of conditional factors of joint likelihood function. The
advantage of this estimator over the classical sample covariance estimate is the use of
prior information about the structure of the true covariance. As a consequence, it was
shown in simulations that the proposed estimator has a better estimation accuracy in
finite sample regime which happens a lot in signal processing applications. Naturally,
this improved estimation leads to better detection rate for a fixed false alarm rate. Using,
simulated and real fMRI data, it was shown that the proposed method can be useful in
subspace detection and neural activity detection due to the lack of correlation between

distinct observations and the results can be more reliable.
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FIGURE 7.2: Histogram comparison of the tests statistics when N = 15, K = 20 and
0?2 = 9. The proposed banded AMF has the most separability and consequently the
maximum detection rate was achieved.
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FIGURE 7.3: Average Frobenius norm of error between the estimated and true co-
variance over 30 random trials (N = 5,b = 2). It can be seen that gradually, with
increasing the number of samples, both estimators converge to their true value which
shows that they are both consistent. In low sample regime, the proposed estimator has
uniformly a better error rate and gradually with increasing K, it has the same error
rate as sample covariance. This behavior makes this estimator more suitable for the
applications that large number of training samples is not available.
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FIGURE 7.4: Active area of brain in BPRFT data, from the top, AMF, banded AMF
with b =0,b =5 and b = 20.
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FIGURE 7.5: Active area of brain in ERRFT data, from the top, AMF, banded AMF
with b =0,b =5 and b = 20.



Chapter 8

Conclusion and Future Work

8.1 Conclusions

In this thesis, various detectors and estimators were provided to be used in fMRI data
analysis, in particular activation detection task, and also in other imaging applications.
The main goal of theses algorithms was to furnish and extend classical methods, using
a natural way to achieve a better performance and robustness.

In the third chapter of this thesis, we proposed three robust detectors using the GLRT,
Wald and Rao framework. The a—divergence was used as the generalization of the KL
divergence to derive a new form of estimator which is adjustable with a single parameter.
Furthermore, a detailed algorithmic approach for tuning this parameter and asymptotic
analysis of the proposed detectors were provided. Simulations and experimental results
were also shown for the task of subspace detection, fMRI activation detection, hyper-
spectral image analysis and SAR detection. All comparisons showed the superiority of
the proposed detectors over the existing well known methods in the literature.

In the fourth chapter of this thesis, four variants of PCA algorithm were proposed using
the same robust measure to achieve robustness against outliers in the task of estimation
of principal components. These methods can be used to derive the existing patterns
in the data in the case that the signal subspace is unknown. These methods were also
extensively evaluated in the case of synthetic data, simulated fMRI data, foreground-
background separation in the videos and finally saliency map identification of the images.

The results indicated the superiority of the proposed methods.
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In the fifth chapter, a new robust adaptive matched filter was proposed that is benefi-
cial in the case that the secondary dataset (training data) is not signal free which may
happen in fMRI and Radar signals. In this setup, using the classical estimation of the
covariance matrix may generate a significantly biased estimator. A robust covariance
estimator was fed into adaptive matched filter to fix such flaws.

In the sixth chapter, we focused on using the prior knowledge about the structure of the
data to significantly decrease the number of required samples to be able to effectively
perform the detection task. Therefore, a low rank assumption was considered for the
observed data and the detection rate showed the improvement in the final accuracy due
to use of prior information.

Finally, in the seventh chapter, we continued to use the prior information in fMRI data
analysis. In this work, a banded structure for the covariance matrix of the complex
Gaussian noise was assumed which represents the case that the noise is locally corre-
lated. Using this assumption, a modified adaptive matched filter was developed which
was applied to the real fMRI data, and successfully offered a better activation map in

the term of spatial consistency.

8.2 Future Works

In presented works, we mostly used a single Gaussian density as the nominal model.
However, in a more complex scenarios, it is always useful to use mixture models (e.g.,
Gaussian mixture model) to obtain a high order model for a better approximation of
the data. Therefore, a natural extension of the proposed method can be developing a
new expectation maximization algorithm with the use of the robust measure while under
single component the presented results can be recovered. The benefit of this method
can be keeping robustness property even with increasing the model order.

Most detection approaches in correlated noise multivariate signals are based on strong
assumptions. There is not enough literature for the case that a robust measure is used
as an alternative of maximum likelihood approach. As the future work, it would be also
interesting to use a—divergence in adaptive detection framework.

In this thesis, we focused on using a—divergence as an appropriate alternative of the
KL divergence. For extending the results to a more general family of the estimators and

detectors, the f—divergence and Bregman divergences are also provided in information
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geometry that can naturally offer a broad ranges of properties.

In the case of principal component and subspace estimation, we just focused on the case
that the subspace is stationary and does not change over time or space. There is another
category of work where the signal subspace is allowed to smoothly change. This type
of the work is called “Subspace Tracking”. Since existing robust subspace trackers use
the simple form of Huber and classical robust loss functions, the robustification of the
subspace tracker methods can be also improved by robust measures form information

geometry.



Appendix A

The Proof of Proposition 1, Ch. 3

With considering Lo(y, 8) = SN log, {f(y;,3)} and expanding the OLa (YB }B 5

using Taylor theorem around 8* gives

0L, ( ( 62La(3’aﬂ) ‘

0="55 ‘ﬂ,@: 93 ’ﬂﬂ*+ 03

:B(B - IB*))

where 3 lies on the line that connects B and B*. Based on above Taylor expansion, we

have
8L ( 82La(}’7/8) e *
0 e = - B, (A1)
The first conclusion is based on the consistency of B as N - o0, E [8La y.0) } ’ﬂ _gr = =0

and we can conclude that
[90, 113], (B — B*) =4 N'(0,K(3")) as N — o Where
1

-1
K(8) = E [ggg’ﬂ)} E []{[ 9l 8% B) Ola % B) ]E [W} . Therefore by expression

(A.1) the asymptotic variance of the score function evaluated at the true value can be

9?La(y.B) 0?2 La y['})
7’,3 -8~ ’B —g* WP 1. Using the results in

computed by

Var(w>’ﬁ:ﬁ* _ E[wag; 5>] 'B JK@E [W] ‘BZB
1 9(y, B) 0aly,B)
By o8 B ’,6=[3*
= F(B),
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where F is the defined a—information matrix. Finally based on central limit theorem

asymptotically %g’ﬁ) ~—a N(0, F(3)) and the proof is complete.



Appendix B

The Proof of Proposition 2, Ch. 3

Proposition 2 reflects a known result in literature [182], but is proven for our de-
fined a—logarithm function to make the paper self-contained. Let’s define gy(w) =
Zfil log,, {f(yi,w)} and assume that w; = [élT, 5\1T]T and g = [0, )A\(?]T represent the
estimated parameters under the alternative and null hypotheses, respectively. Expand-

ing the gy (w™) into Taylor series around w; gives

~ T N N

gn(Ww*) =~ gn(@1) + (W' —w1) Vegn(wr) + 5(“’* — 1) Vign(@)(w* — @),

where w lies on the line that connects w; and w*. Note that when N — oo, w —, w*

and V,gn(w) = 0 and empirically M = % Zf\il —% where s = V,gn. Therefore, we

can rewrite above approximation as
2[gn(@1) — gn(w*)] ~ N(@1 — w*) 'M(@1 — w*).

Partitioning M to 4 sub blocks of Mgg, Mgy, Mg and M), and also using similar

approach we can write the approximation under the null hypothesis as
2[gn (Ao) — gv(A")] = N (Ao — X*) "M (Ao — A%).
Now we can conclude that

NTg,(y) = 2[gn(w1) — gn(@o)]

~ N(@; —w)TM(@; —w*) — N(Ag — X*) ™™ (Ao — A¥).
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It is shown in [113] that asymptotically VN (@1 — w*) ~ M~'s —4 N(0,V) where
V=M'1QM! and Q = E[ss']. Defining R = [O(t+1)><p7I(t+l)]T7 and partitioning s

to sp and sy, we have R's = s,. Therefore

NTg,(y)

1

s’ M 's—s"RM{R's

= s' [M'-RM,/R'][s

= s M'M[M™!' —RM;|R'|]MM's

= N —w) MM -RM,|R"|]M(& —w")

= N(61—0")" [Mgg — MgryM;} Myg] (6 — 67),

where in this paper 8* = 0 and the first part of the proposition is proved. Let’s define
e= \/NV_%((;Jl — w?*), then € =4 N(0,I,4¢11) when N — co. Therefore

NTg, (y) ~ N(& —w*) MM —RM|R"|M(@; —w")
— ¢'V:MM ! —RM;/R|MVze
0 0

T~xri -1 1
= e V2 MM — MVze,
0 M}

For the general quadratic form of e Ae, the eigendecomposition of A = VM |M™! -

0 0
—1
0 M,,
N(0,I,1¢+1) and we have

MV has the form of UTUT. Defining z = U e, it’s easy to show z —4

where

1 0 o 1
I' = diag|eig|V2M [M! - MV?2
0 M,
) ) _1 0 0
= diag | eig | MVM |[M™" —
0 M,
) ) i 0 0
= diag|eig| Q | M~ — ,
0
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and finally

p

2

NTq, —a § Vizi s
=1

where ~; are the nonzero diagonal elements of I'" and the proof is complete.



Appendix C

Derivation of U, Ch. 4

Fixing V reduces the original problem of robust sparse PCA to

m
U = arg ml}n lo(Y-UV) + ij\/ﬂ]ujﬂg

j=1
= argmmZZla Yji — w’ Vz + ZW;\[HUJM
Jj=11=1
Taking the derivative with respect to u?,j =1,--- ,m gives
. N , 11—« 2
Vs’ =) (yji — wvi) v X exp{—=—— (yji —w'vi) } =0,
i=1

where s/ = if |[u/|lz # 0. Otherwise if [[u’|ls = 0, s/ is a vector such that

IIHJH ’

[s7]]2 < 1. In the case of [[u/[2 # 0 and defining w; = exp{—15% (y;; — u VZ) } the

above equation can be written to
N
T_
g WiYjiv; = H ]H2 + E w;u’ Vz
i=1 i=1

Rewriting the above equation in a matrix form by putting w; in the main diagonal

elements of matrix W gives

VWV = lﬂjf LW VWV
2

u'< J\fI +VWVT> (C.1)

il
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and finally

—1
o = ijVT<ﬁTJJ\.fIT+VWVT> j=1,---,m.
u’ |2

In the case of ||u/|j; = 0 we have

N
. 11—«
mi/rs! — ZyjinT exp{— 5 Y5} =0,
i=1

or by defining Wy is a diagonal matrix with main diagonal elements of wg(i,i) =

exp{—kTay]zi}, we have

YWV =sim\/r
1

IWV T
T

= ¢ =

and if ﬂ_l\/;Hyj W,V ||z < 1 holds, u/ should be set to zero. Combining this result with
J

(C.1) gives & as

a2

. ) -1 .
YWV (FOEL + VWVT) L if [y WoV T [lo > m50/7

0, otherwise.
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Analysis of Estimated V, Ch. 4

Starting from the constrained optimization problem

A~

V = argminlo (Y — UV) s.t. VvV =1, (D.1)
we use the Lagrangian function and make this problem an unconstrained problem of

A

V = arg m\i/n L(V,A)

= argminlo(Y - UV) —tr (A (VVT . I)) :
where A is the KKT multiplier. Taking the derivative with respect to V gives
VL = Vl,—2AV =0, (D.2)
knowing AT = A. To find A using above expression we have

2AV = VI,
= 2A=VI[ V'

1 1
= A= 5vzavT = §szg. (D.3)
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Plugging (D.3) into (D.2) gives

Vi, —VVI]V =0

= VV'VIl,-VVI/V=0

4

\% (VTVla - vzgv) ~0

= A=0, (D.4)
where A = V'Vi, — Vi V. Therefore in summary VL = VA and the solution only
needs to satisfy (D.4). To be able to find the solution of (D.4) we use the following

updating rule which was suggested in [160] and is somehow similar to Gradient updating

rule with the learning rate 7.
Vt+1 = Vt —-n (Vt + Vt+1) A. (D5)

To show that above updating rule guarantees the convergence to a local minimum we
need to first prove that at each step the orthogonality constraint is met and also at each

step lo(Vit1) < 1o(Vy). For the first part we have

Vi =Vi—n(Vi+ Vi) A

= Vi +nViA =V —nVA

= Vi1 (Iv+17A) =V, Iy —nA)
= V1=V, (Iy—nA) Iy +1A)""
= Vi =ViQ,

where Q = (Iy — nA)(Iy +7A)~L. Now the only thing which we should show is that

VHthT 11 = L. In particular, starting from

ViV, =Vi.QQTV/,
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if we can show QQ' = I, then Vt+1VtT+1 = I, and the proof is complete. To do so,

we have

QQ" = (Ly —nA)(Ix +7A) Iy +1A) " (Iy —nA)T
= (Iy — nA)((Iy — nA)(Iy +7A)) " (Iy +nA)
= (Iy — 7A)((Iy + 7A)(Iy —nA)) " (Iy +nA)
= (In —nA)(Iy —nA) " (Iy +nA) ' (Ix +nA)

It means if we start with an orthogonal initial point, at each update the orthogonality
constraint is satisfied. For the second part of the proof as a summary we can see that [,
is a function of V;11 and V1 is a function of . Therefore, [, is a function of n. Thus,
it can be shown that the Gradient of [, at n = 0 and at the direction of step length is
negative, then there exist a small enough 7 such that [, (Vi+1) < lo(V}) and the proof

is complete. For more details see [160].



Appendix E

Deriving Expression (7.13), Ch. 7

We start with the maximization of denominator of (7.12).

¢ = argmngo(y,m,---,nK)

1 K+1
—1
N det(R)g2N/K+1 exp{—tr(R™'To)} }

= arg mgx {exp{—tr(R_lTO)}}

= argmax
e {

= arg m(})n{tr(R_l To)}

K
= arg mqgn{tr(R_l{Ki_HS

+K11012(y ~B¢)(y - Bo)'}1)}
= arg mdi)n{tr(Rfl(y - Bo)(y — B‘fb)T)}
= arg mq%n{tr((}_’ ~Bo)(y - Bo)")}

= argmin{tr(yy" - y¢'B' - Boy' + Boo'B)},

where B = R"2B and y = R_%y. Taking the Gradient with respect to ¢ and equalizing

to zero gives

Veltr(yy! — y¢'B' — Boy' + Boo!B')}

= 9B’y + 2B'B¢ = 0, (E.1)
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and finally

é=(B'B) By (E.2)



Appendix F

The Proof of Proposition 1, Ch. 7

The proof is a modified version of proposition 1 in [178] when the mean is zero and the
noise is circularly complex Gaussian. Instead of maximizing the complete likelihood, we
factorize the joint likelihood using the conditional likelihoods. Thus, the joint likelihood
is given by

F(Z)= f (N2 g () (2

For the last term of f (Z1:b+1), there is no specific structure in the covariance, then
the solution is the well known sample covariance matrix. For other terms, we will

maximize each factor individually by considering other observed variables using following

relationship
2|2V ~ CN(MJLFP Tilt:i—1> 1K),
where
.UJJMA = f'LRi:llzlzi_lﬂ (F.1)
and

PR e (F.2)

Tili—1 = Tii — Ty
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Using (F.1) we have

#’i\l:ifl = (f-LR;_llzl:i—l)T
. .
= Zz: Z]det(Rz—2) Zz:(_ )Hndet(M?jl)ZnT
= det(Ri—1) 7 det(R;-2)
i—1
- AZJZ'L—I,‘]
j=i—b
i ﬁ‘i_lj\i (F.3)
where A = (A, -+ s Miic1) | and By 1 = (Zi_1 4, ,%i1,4-1), While \; j = Ti,j%
and 2;_1;m = Zfz_:ll(_l)m+n%z”—r, M7 is the matrix which is obtained when

the n—th row and m—column have been removed from R;_;. The prposed estimator

for A; is

~ A-l- ~ —1 A-l- T

For the conditional variance we have

R 1 il N T i1 N
Tilli—1 = ?<Z —Mi|1;7;71) (Z _“i\1:i71>
1
K

Adopting the same steps as [178], and using induction it can be shown that above
covariance estimator is consistent which verifies figure 7.3. As a summary we know
that in the first step we have the maximum likelihood estimation of R? 1 which is
a consistent estimator. Then for coming observation, it can be shown that the new
covariance estimator based on previous consistent estimator will be again consistent.
Finally at the end, the full covariance estimator will remain consistent since we are

using a sequence of consistent estimators.
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