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RANEY DISTRIBUTIONS AND RANDOM MATRIX THEORY

PETER J. FORRESTER AND DANG-ZHENG LIU

ABSTRACT. Recent works have shown that the family of probability distri-
butions with moments given by the Fuss-Catalan numbers permit a simple
parameterized form for their density. We extend this result to the Raney
distribution which by definition has its moments given by a generalization of
the Fuss-Catalan numbers. Such computations begin with an algebraic equa-
tion satisfied by the Stieltjes transform, which we show can be derived from
the linear differential equation satisfied by the characteristic polynomial of
random matrix realizations of the Raney distribution. For the Fuss-Catalan
distribution, an equilibrium problem characterizing the density is identified.
The Stieltjes transform for the limiting spectral density of the singular values
squared of the matrix product formed from ¢ inverse standard Gaussian ma-
trices, and s standard Gaussian matrices, is shown to satisfy a variant of the
algebraic equation relating to the Raney distribution. Supported on [0, c0),
we show that it too permits a simple functional form upon the introduction
of an appropriate choice of parameterization. As an application, the leading
asymptotic form of the density as the endpoints of the support are approached

is computed, and is shown to have some universal features.

1. INTRODUCTION

For given s € N the Fuss-Catalan numbers, also known as the generalized Catalan

numbers, are the integer sequence

1 sk+k
sk+1 k

Cy(k) = ) k=0,1,2,... (1.1)

As is well known (see e.g. [45]) this sequence in the case s = 1 — traditionally re-
ferred to as the Catalan numbers — first appeared in the work of Euler on counting
the number of triangulations of a convex polygon consisting of k + 2 sides. Note
that each elementary triangle in the triangulation must contain at least one side of

the (k + 2)-gon. The other two sides of the elementary triangle therefore naturally
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2 PETER J. FORRESTER AND DANG-ZHENG LIU

partition the counting problem into two independent counting problems of the same
type but involving polygons of smaller number of sides. Specifically, on one side
the counting problem for the triangulation of a (ki + 1)-gon is encountered, and on
the other side one has the counting problem for the triangulation of a (ks + 1)-gon,
where k1 + ko = k — 1. The Catalan numbers therefore satisfy the fundamental
recurrence

Ci(k)= > Ci(k1)Ci(k2) (1.2)

k1,kg>0
ky+ko=k—1

valid for k£ > 1.

Fuss (see e.g. [45]) generalized the triangulation problem of Euler to counting
dissections of a convex (sk + 2)-gon using (s + 2)-gons. Here any particular (s+ 2)-
gon in the dissection partitions the (sk+2)-gon into (s+1) disjoint regions, implying
the generalization of (1.2)

Og(k) = Z Ce(kl)cs(kQ) e Cs(ks-‘rl)a (13)

k1.kg,..kgp120
ki+ko+ o thg g =k—1

again valid for k > 1.

Recently, the Fuss-Catalan numbers (1.1) have appeared in several different con-
texts, for instance, product of random matrices [1, 8, 53], random quantum states
[21], free probability and quantum groups [8, 49]. More precisely, the sequence
of Fuss-Catalan numbers is the moments of some probability density s, which is
the limit spectral distribution of the squared singular values of random matrices
with the product structures Xj (powers of a single matrix) and X; --- X (prod-
ucts of independent matrices). The N x N matrices X1, ..., X, are each to contain
independent, identically distributed zero mean, unit standard deviation random
variables, and the squared singular values are to be divided by N before the limit
is taken. It is known that the explicit form of 7, can be described in terms of
multivariate integral representations [48], in terms of Meijer G-functions [58] or by
using the parameterization of the argument. This latter advance is due to Biane
[10, n.b. Biane’s contribution is in the Appendix of this work, and in particular he
is not listed as one of the author’s|, Haagerup and Méller [37], and Neuschel [54],

and its further development forms one of the themes of our paper.
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We will consider probability densities with moments given by a family of integer
sequences generalizing the Fuss-Catalan sequence (1.1). Thus for p > 1,0 <r <p
we introduce the integer sequence

o pk +r
Copk+r k

R, (k) ) k=0,1,2,.... (1.4)

Following [58] we refer to R, (k) as the k-th Raney number. To tie these num-
bers in with (1.1) at a combinatorial level requires making note of a combinatorial
interpretation of the latter different from that given above in terms of dissections
of (sk + 2)-gons. Thus suppose there are sk numbers +1 and k number —s in
a sequence. How many ways can the sequence members be arranged so that the
partial sum of sequence members 1 up to ¢ is always non-negative for each ¢? This
is a version of the so-called ballot problem (see e.g. [60]). By noting that the final
member of the sequence must always be a —s, we see that the sequence with the
—s removed can be decomposed into s+ 1 sequences of the desired type, each sep-
arated by a +1. Hence the recurrence (1.3) holds, telling us that the answer to this
counting problem is Cs (k).

As a generalization, suppose there are extra r (r > 0) +1’s and it is required
that the partial sums be strictly positive. With = 1 this is equivalent to the ballot
problem as reviewed above, since the extra +1 must appear at the beginning of a
valid ballot sequence. For r > 2 new ideas are needed [59, 36]. The answer is the
Raney number R,11 (k). Note from the above discussion that Rs111(k) = Cs(k),
which can indeed be checked from the explicit forms (1.1) and (1.4).

For the general case of p > 1,0 < r < p, Mlotkowski [49] has proved that R, (k)
is the k-th moment of some probability measure p, , (so-called Raney distributions)
with compact support contained in [0, c0). In particular, explicit densities W, (z)
associated with i, , are given in [58] for integer p > 1 and more generally in [50] for
rational p > 1, both in terms of Meijer G-functions. We will show in this work that
the parameterization method of Biane [10], Haagerup and Moller [37], and Neuschel
[64] can be generalized to any real p > 1,0 < r < p and further gives explicit
densities. Application of this method to a class of probability measures supported
on [0,00) not possessing finite moments, but nonetheless being intimately related
to the sequence (1.4), will be given as will independent derivations of some key

polynomial equations determining the measures.
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The format of the remainder of our paper is to first review Neuschel’s derivation
of the explicit parametrization of the Fuss-Catalan distributions, i.e. the cases p > 1
and r = 1 of the Raney distributions. In the course of this review we will see a
fundamental relationship between the case r = 1 and the general 0 < r < p
case which enables us to use the results of [54] to obtain a parametrization of the
Raney distributions. As an application we give the leading term of the asymptotic
expansion of the density as an endpoint of the support is approached. We then turn
our attention to realizations of the Fuss-Catalan and Raney distributions in terms
of spectral densities of random matrices. In addition to listing known examples,
we add a few new cases. We furthermore show how the polynomial equation for
the resolvent can be derived from the differential equation for the characteristic
equation. For the Fuss-Catalan distribution, an equilibrium problem characterizing
the density is identified involving the logarithmic potential with image charges
along rays, by making use of recent results of Claeys and Romano [20]. In the case
of the spectral density for the squared singular values of a product of g inverse
standard Gaussian matrices, and s standard Gaussian matrices, we show how to
adapt Neuschel’s method to specify a parametrization of the spectral variable which
allows a simple closed form for the density. This reclaims a recent result of Haagerup
and Moéller [37] and furthermore allows this result to be extended. We use this to

obtain the leading asymptotic form at the endpoints of the support.

2. PARAMETERIZATION OF THE RANEY DISTRIBUTION

The Stieltjes transform of the measure i, ., also referred to as the resolvent or

Green’s function, is defined by

(o]

K
Pl 1 1
Gpr(2) = dpty :f§ —R,,(n), K,=p"|p—1/*"7, (21
pr(2) /0 > _ 5 Ve, (x) 2 et o por (1) »=0"p | (2.1)

where the explicit value of the upper terminal in the support K, corresponds to
the reciprocal of the radius of convergence of the series in the last equality, which
thus requires that 2| > K, for its convergence. Crucial to our study is the fact

that w(z) := 2G, () satisfies the algebraic equation [50]

P

wr — zwr + 2 =0. (2.2)
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Before giving its derivation, it is of interest to remark that the equation (2.2) is
known in a different area of mathematical physics, namely the theory of anyons.
Thus with g denoting the statistical parameter, 0 < g <1 (¢ = 0, g = 1 correspond
to Bose and Fermi statistics respectively) it is shown in [63] that the statistical
distribution for a single species is given by the average occupation number

1
W(ePlei=m) + g

n; =

(G is the inverse temperature and p the chemical potential), where the function

W (x) satisfies the functional equation
(W(@))?(1+ W () ~9 =z,

with o := ¢#(¢=#)_ Introducing the transformation (see e.g. [40]) w = 1+ 1/W the

functional equation reads
z(w—1)=w'9

which is precisely (2.2) in the case r = 1, with 2 = z and p = 1 — g. Another point
of interest is that the analytic function defined by the power series on the right
hand side of (2.1) has been the subject of a number of earlier studies [39, 40, 6]. In
particular, with By,(z) = (1/2)Gp.1(1/2), it is shown in [39] that

By(z) =1 fzsl/p(f {/%) (2.3)

To deduce (2.2), one first recalls the Lagrange inversion formula [64]. Thus let
f(2) and ¢(z) be analytic in a neighbourhood € of a and let ¢ be small enough
so that [te(z)| < |z — al, z € Q. The Lagrange inversion formula tells us that the

equation
(=a+te(() (2.4)

has one solution in 2 and furthermore
o0 n dnfl , .
FO) =fla)+ > == (@)(e(a)™). (2.5)

n! dan—1

n=1

We observe that in the case r = 1 (2.2) can be rearranged to read w = 1+ (1/2)w?

which is of the form (2.4) with a = 1, t = 1/z, ¢(¢) = ¢P. Choosing f(¢) = (",
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substitution into (2.5) shows that

=1 1 dnl r—1_mnp
W= +Zz”n'da"1<a “ )

1
:1+Tzznn'(np+rfl)
n=1

a=1

This establishes (2.2) in the case r = 1, and moreover shows that

(2Gp1(2)" = 2Gp r(2). (2.6)

The latter identity together with the validity of (2.2) for r = 1 establishes its
validity for general 7.
Another viewpoint on (2.2) in the case r = 1 is that it stems from the recurrence

(1.3). Thus multiplying both sides by 1/z* and summing over k = 1,2,... we see

i Cy(k)z% =1 =21 ( i(/‘s(k)z_k)s.
k=0

k=0
Identifying w with Y2, Cs(k)z~F, this is (2.2) in the case r = 1.

We know from (2.1) that w(z) has a branch cut for z on the real axis between
0 and K,,. Biane [10] and independently Neuschel [54] sort to parametrize the cut
by a variable ¢ such that (2.2) in the case r = 1 permits a pair of solutions in

polar form w(¢) = a(¢)e’®. It was observed that this is possible if one uses the

parametrization, a strictly decreasing function (for 0 < ¢ < 1, the function Sisri’(lc%)
is strictly decreasing on (0, 7))
(sin pg)? .
= = , 0<p<—, 2.7
= ple) sin ¢ (sin(p — 1)gp)P~! L 27)

for then one can immediately verify that the two solutions of (2.2) with r = 1 are
given by

G e e

The solutions (2.8) have the property of both converging to the real value p/(p—

1) as ¢ — 07 (ie. 2 — K,") and converging to the real value 0 as ¢ — m/p from

below (i.e. # — 07). Thus they correspond to the values of w(z) implied by (2.1)

in the case that z approaches z, 0 < x < K, from the two sides of the cut. On the



RANEY DISTRIBUTIONS 7

other hand, from the inverse formula of the Stieltjes transform, we know that the

density function for the measure p, 1, W, 1(x) say, is given by

Wpi(z) = lim i (w(x — ic) _ w(x + i€)

0 K,. 2.9
e—0+ 20T\ x — i€ T+ i€ )’ <T<fp (2.9)

Consequently, upon making use of (2.8) one has [10, 37, 54]

1 sinppsing  (sin(p — 1)p)P~2(sin p)?
Wh1(p(p)) = (@) s —1)p )T : (2.10)

Our first new result is the application of the parametrization (2.7) to deduce the

explicit form of the density for the Raney distribution in the cases p > r > 0. For
this we observe from (2.6) that with = again parametrized by (2.7), (2.2) permits
the solutions

(%)T'eiw and (%)754”. (2.11)
These solutions have the property of each approaching 0 as z — 07, and each
approaching p/(p — 1) as z — K. These values being real, it follows that as for
the case r = 1 they correspond to the values of w(z) on either side of the cut.
Application of the inverse Stieltjes transform formula then gives the explicit form
of the density W), ,.(x) of the measure p, ,(x) for the Raney distribution, as we now

specify.

Proposition 2.1. Let W, .(z) denote the density supported on [0,pP(p — 1)'77]
with k-th moments Ry, (k) of (1.4). If

(sin pep)? ™
_ _ , 0<p<—,
T=rl0) =g @ (sin(p — 1)p)p—1 LA

then

(sin(p — 1)p)P~""tsingsinre

Wor(p(0)) = (s pp)T

. O0<p< (2.12)
p
A number of comments are in order.

Remark 2.2. We observe that (2.12) shows why it is necessary to restrict r to 0 <
r < p: only then will W, ,.(p(¢)) be non-negative for all of the support 0 < z < K,
[50].

Remark 2.3. Tt is immediate from (1.4) that R, ,(k) = R, 1(k + 1). Consequently,
as observed in [58], we must have W), ,(z) = W, 1(z). Thus functional property

is exhibited by Proposition 2.1.
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Remark 2.4. If we let = y?, then we get a symmetric density which have 2k-

moments R, (k)

Wy (y) = YWy (%), y € [-VEp VK, (2.13)

or the standard density with variance 1

Wy r(y) = r|y|Wp’T(ry2), Yy € [— \/Kp/r, \/Kp/r]. (2.14)

These densities, restricted to y > 0, are for r = 1 the density for the singular values
(rather than the singular values squared) of the random matrices introduced in the

second paragraph of the Introduction.

We now turn our attention to an application of Proposition 2.1. We would like
to use the explicit form of the density therein to analyze its singularities near the
boundary of the support, i.e. the spectrum edges. As to be revised in subsection
3.2 below, the case p = 2, r = 1 is equivalent to the Marchenko-Pastur law for the
scaled density of the eigenvalues of the random matrix product X*X (X a matrix
of standard Gaussians, for example). With the scaling such that the density is
supported on [0, 4], it is immediate that

WQJ(.’I;) L Wg,l(a)’) ~ i\/ 1-— LE/4 (2.15)

w0t /2’ z—4- 2T

The first of these behaviours distinguishes the hard edge in classical random
matrix theory (see [28, Ch. 7]), which in turn comes about when the density is
strictly zero for x < 0, and the joint distribution of eigenvalues can be interpreted
as the Boltzmann factor of a one-component log-potential Coulomb gas supported
on the half line x > 0. Knowledge of this leading singular form of the density allows
the leading asymptotic s — oo decay of the hard edge scaled (spacing between
eigenvalues in the vicinity of x = 0 of order unity) gap probabilities for there
being k eigenvalues in (0,s) to be computed using the Dyson log-gas heuristic
[34]. Similarly the second of the behaviours in (2.15) distinguishes the soft edge in
classical random matrix theory (see [28, Ch. 7]). This edge of the support is referred
to as “soft” due to the eigenvalue density being non-zero in the region = > 4 before
the large N limit is taken. As at the hard edge, knowledge of the leading asymptotic
form of the density at the soft edge can be used in combination with the Dyson

log-gas heuristic to obtain predictions for the leading asymptotic s — —oo decay
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of the soft edge scaled (spacing between eigenvalues in the vicinity of the largest
eigenvalue of order unity) gap probabilities for there being k eigenvalues in (s, 00).

Crucial to these applications of the asymptotics of the global density to the
asymptotics of gap probabilities is the matching of the former with the asymptotics
of the microscopic hard and soft edge scaled densities, with the latter expanded into
the bulk [35]. For Gaussian Hermitian, and Wishart matrices, with real, complex
and real quaternion elements this was shown explicitly in [35, 32]. Thus, in addition
to it being an intrinsic property of the densities themselves, there is much interest
in isolating the leading singular forms at the boundaries of support for the Raney
distribution. For rational p it is known from [50, 58] that as # — 0T the density
W, () is proportional to x~P=)/P for r < p, while for r = p it is proportional to
x'/P. Proposition 2.1 allows us to give the explicit leading asymptotic form of the

density upon the approach of either boundary of its support.

Corollary 2.5. As x — 07, we have
Wi (@)~ 4" (2.16)

Asx — pP(p— 1)17P from below, we have

Vor (p— 1)”—’”_3/2
T pp—r+1/2

Wy,r(x) ~ \/1 —pP(p—1)P1a. (2.17)

Proof. According to (2.7), x approaches the left boundary of support z = 0 when

¢ — 7/p, and the precise functional form of this approach is given by

2 ~ (Smp@)p. (2.18)

sinT
p

Taking the same limit in (2.12) shows that for r < p

1 /8in% \p—r  pr
Wr(x) ~ *< = L )
sinpy

T
while for r = p

1.
Wy () ~ - sinpy.

Substituting (2.18) the first assertion follows.
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The right boundary of support @ = pP(p — 1)1 is approached as ¢ — 0. Thus
it follows from (2.7) that

P ( pp—1) , 2 )
= 1-— . 2.19
o= “ U2t o) (219)
Taking this same limit in (2.12) we have
r(p—1)P~t
Solving (2.19) for ¢ and substituting in (2.20) gives the second assertion. O

Remark 2.6. In the case r = 1 the asymptotic form (2.16) was recently given in [30,
eq. (2.16)], by using the same argument as above specialised to Biane, Haagerup
and Moller, and Neuschel’s result (2.10). Moreover, a matching of this asymptotic
form with the asymptotic form of the corresponding hard edge scaled microscopic

density was exhibited for some values of s.

Remark 2.7. Applying the same analysis directly to (2.7) shows that as x — 0%,
w(z) ~ (eF™x)/P. (2.21)

In the case r = 1, w(z) is the function B,(z) introduced above (2.3). Substituting

(2.21) shows that for  — oo, to leading order in 1/x
1
This is consistent with (2.1), upon recalling that R, 1(0) =1, R, 1(1) = 1.

Remark 2.8. The functional equation (2.3) can be used to give the complete series

expansion of W, 1(x) about & = 0. Thus recalling (2.1) it gives

o0

ZGp,l(Z) =1- Z(_ ij)an/p,l(n)'

n=0
Recalling W), 1(2) = ©G,1(2) we can now apply (2.9) to conclude

(oo}

1 . n
Wpa(r) = — > (=1)"sinm(n+1)/pRyjpa(n+ 1) a7, (2.22)
n=0

In fact this equation has been given very recently by Dupic and Castillo [25, dis-
played eq. above (10)]. This greatly simplifies the small-z expansion of [58, Eq. (22)

with r = 1] involving the function ,F,_1.
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Remark 2.9. A direct application of Corollary 2.5 provides the asymptotic form of

the symmetric densities given in Remark 2.4. For instance, as y — 0 we have

Lo i
B TP Sln%r ly| P < p;
Wy, (Y) ~ 1 2 (2.23)

1 1+ . x 1+= o
= Psm;|y| P, r=np.

3. SOME SPECIAL CASES

There are a number of special cases of the Raney distribution for which the cor-
responding density, given in Proposition 2.1 in terms of our extension of Biane’s and
Neuschel’s parametrization (2.7), can be written in an explicit algebraic form using
the original spectral variable. Here we list these cases. Moreover, for a number of
these a realization as the spectral density of a random matrix ensemble is known.
We give some new cases, and show in all the examples how the corresponding alge-
braic equation for the resolvent (2.1) can be deduced from the differential equation
satisfied by the corresponding characteristic polynomial. For this purpose, we will
see that in many cases the characteristic polynomial can be written in terms of
a generalized hypergeometric function, for which the differential equation is well

known.

3.1. Relating the averaged characteristic polynomial to the resolvent.
The averaged characteristic polynomial for a random matrix ensemble can be writ-
ten

(det(\ — X)) x = (elosdetOI=X)y o — (eXjoilos(A=20)y

where {\;} denotes the eigenvalues of X. Now, so-called weak-convergence to the
normalised spectral measure p(z) tells us that for A ¢ J, where J denotes the

support of p(z), and N large
N
<Z log(A — Aj)> ~ N/ log(A — z) dp(). (3.1)
i=1 X J
This suggests that for well behaved functions f,

<f(§logu )~ £ (N [ 1o 2) duto). (3:2)

and thus in particular

(det( M — X)) x ~ N JylosQ—a)du(@) — x g J (3.3)
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Further insight into (3.3) follows by recalling that by definition the characteristic
function for a linear statistic A = Zj\’:1 a(};) is equal to <H5V=1 etka(Xi)) v With
a:= [, a(z)dp(z), it is known that for a large class of random matrix ensembles

and linear statistics A

<ﬂ eika()\j)> - e—kz\/arA/Z’ (3.4)
=1 X

where Var A = O(1) (see e.g. [28, 56]). As well as implying (3.3), by choosing
k= —i, a(\j) = log(A — A;) this implies that the error term in the exponent on the

RHS is then O(1).
We recognise (3.4) as an example of a Gaussian fluctuation formula. Its validity
for the linear statistic a(\;) = log(A — \;), A & J, and X = (YT +Y)/2 where Y
is a complex standard Gaussian matrix is known from [14]. Thus for this ensemble

at least

lim L log(det(A — X))y = / UG (3.5)

N—oo N d\ J}\*I7

Hence we have an asymptotic relationship between the averaged characteristic poly-
nomial and the resolvent. This equation is stated in [11, above (10)] without deriva-
tion. As an aside, we make mention of a recent study relating the zeros of the
averaged characteristic polynomial to the spectral density [38], and the work [15]
relating to Gaussian fluctuation formulas for biorthogonal ensembles.

The statement (3.3) is weaker than (3.4) with a()\;) =log(A—A\;), A ¢ J, and is
expected to hold true for a large class of matrix ensembles X, and thus so is (3.5).
We will assume its validity below, and in particular its corollary (3.5), even though
to our knowledge it is yet to be formally proved for X = Y'Y, where Y is a product
of standard complex random matrices or their inverses, which are examples to be

discussed in §3.3 and §5.

3.2. p =2, r =1. As is well known [49, 58|, this case corresponds to both the
Marchenko-Pastur law for the global density of the squared singular values of a
single random matrix

1 /[4—z

WQJ(I’) = % z 0<ax<A4, (36)
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as well as the Wigner semi-circle law for the eigenvalues of a single real symmetric

or complex Hermitian random matrix

- 1
Wi (y) = s—Vd—y?  —2<y<2 (3.7)

27
We would like to relate the algebraic equation satisfied by the resolvent for the
Wigner semi-circle law, @271(2) say, to the differential equation satisfied by the
characteristic polynomial. First we note that changing variables z — 22 in (2.1)
shows that this resolvent is related to the resolvent Gg1(z) for the Marchenko-
Pastur law by Go.1(2) = 2Go.1(2%). Recalling (2.2), we read off the well known fact

(see e.g. [56]) that Gz (2) satisfies the quadratic equation
G31— 2Ga1 +1=0. (3.8)

Now it is well known (see e.g. [56]) that the Wigner semi-circle law is the limiting
spectral density for real symmetric matrices, or complex Hermitian matrices, with
elements on and above the diagonal independently distributed with zero mean and
variance 1/2N. On the other hand, it is similarly well known (see e.g. [31]) that the
averaged characteristic polynomial for such matrices is proportional to the Hermite
polynomial H N(J]T/%c) Furthermore, it is a classical result that this polynomial

satisfies the second order differential equation
2 " / o
o 2zu’ +2Nu = 0. (3.9)

According to (3.5), C;’QJ =limy_ oo %% log u. Manipulating (3.9) to be an equa-

tion in u//u and expanding for large N, (3.8) is reclaimed.

3.3. p =3, r = 1. The probability density W31 (z) having moments given by the
Raney numbers (1.4) in the case p = 3, r = 1, or equivalently the Fuss-Catalan
numbers (1.3) with s = 2, first appeared in the work of Penson and Solomon [57]
on quantum mechanical coherent states. In that work it was shown

1 (3V3+V2T—4n)'/ — (3V3 — 2T —4u)'/®

= 93y 2273

W371(32‘) (310)

for 0 < < %, or equivalently

_ 1 (3VB 4 /27 — 4y2)V/3 — (33 — /27 — 4y2)V/3 (3.11)

w3,1(y) = 24/3 1 |y|1/3
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for —\/27/4 < y < \/27/4, y # 0. Subsequently (3.11) appeared as the limiting
spectral density for Hermitian random matrices

iXTIX,  J=Iye | | (3.12)

1 0

where X is a 2N x 2N standard real Gaussian matrix. This ensemble was introduced
in [47] in the context of a study into a random matrix model for disordered bosons,
and later in a more mathematical context in [24]. The eigenvalues of (3.12) occur
in the pairs w; (j = 1,...,N). It was shown in [47] that the limiting density of
the scaled eigenvalues +z; := fw;/v2N is equal to (3.11).

Here we take up of the task of computing the algebraic equation for the cor-
responding resolvent according to the method just given for the resolvent of the
Wigner semi-circle law. For this purpose, we first identify the characteristic poly-
nomial for the matrices (3.12) in terms of a particular generalized hypergeometric

function 1 F5.

Proposition 3.1. We have
T N —N | \2
(detNay —iXTIX0) = (=) NN B 1]7 . (3.13)

Proof.  We use ideas involving averages over the orthogonal group contained in
[33], and further developed in [29]. For Y a square matrix, denote by ex(Y) the
k-th elementary symmetric function (polynomial) in the eigenvalues, {\;};=1,  ~
of Y so that
k
er(Y) = > IR (3.14)
1<)1 < <ji <N I=1

‘We then have

2N
det(Mloy —iXTJX) = NN P(—1)Pe, (iXT JX). (3.15)
p=0

Thus our task is to compute the matrix averages (e,(iX” JX))x, where X is drawn
from the set of 2N x 2N real standard Gaussian random matrices.

Using the formula [33, (3.2)] we have the simplification
ep(iJ)

ep(lan)

(ep(iXTTX))x = (ep(XTX))x. (3.16)
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As a consequence of the eigenvalues of i.J being equal to +1, each with multiplicity

N, we have Zf}i’o 2Pe,(iJ) = (1 —2%)N, and so

0, p odd
- , P even.
p/2
Furthermore, we read off from [33, (3.9)] that
1
————{ep(XT X)) x = 2v/2 ~1)/2 3.18
ep(HQN)< p( H j / ) ( )

Substituting (3.17) and (3.18) into (3.16), then substituting the result in (3.15)

with p replaced by 2N — p, we see after minor manipulation that

T -N 3 CN),
(et — iXTTX)) = (=2 @N) D S

This is precisely (3.13). O

(A?/2)7.

To make use of Proposition 3.1, we require the standard fact that the generalized

hypergeometric function qu(‘gi’:::’Z” |z) satisfies the differential equation

xnli(:rjeran) - jﬁ(erb —1)f (3.19)

The Green’s function corresponding to (3.11), Gz 1(z) say, is related to the
Creen’s function for (3.10) by Gs1(2) = 2G3.1(2?), and thus recalling (2.2) must
satisfy

2GS, —2G31 +1=0. (3.20)
We know the Green’s function is related to the characteristic polynomial by (3.5).

Denoting the characteristic polynomial by p(A), it follows from Proposition 3.1 and

(3.19) that
A2\ d Ad/Axd/Ad 1
(G -Np=22(55) (59— 5 ) 21
2<2d>\ P=5ax\2ax <2d)\ 2)? (3:21)
By expressing higher derivatives of p in terms of the logarithmic derivative, and

recalling from (3.5) that the latter is proportional to N for large N, we see that to
leading order in NV

p;k) N (i’)k (3.22)

(in the case k = 2 this equation has already been used in going from (3.9) to

(3.8)). Using this fact, now with & = 3, and furthermore replacing A by 2Nz and
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recalling (3.5) with N by 2N we see that (3.21) reduces to (3.20) in the N — oo
limit.

If we consider (3.10) rather than (3.11) there is another random matrix interpre-
tation to the Raney distribution with parameters p = 3, » = 1. This has already
been mentioned in the third paragraph of the Introduction: it gives the limit spec-
tral distribution of the squared singular values of the random matrix power X2,
or random matrix product X; X5, with X, X, X5 standard real Gaussian random
matrices (for example) [58, 65]. This in turn is a special case of the result [58] that
the Raney distribution with parameters p = s + 1, »r = 1 gives the limit spectral
distribution of the squared singular values of the random matrix power X*, or ran-
dom matrix product X;---X,. For this latter problem, we can also deduce the
polynomial equation (2.1) satisfied by the resolvent from knowledge of the differen-
tial equation for the corresponding averaged characteristic polynomial, as done in
the above calculations.

Let X;,i=1,...,s beindependent standard complex Gaussian [N x N matrices.

The averaged characteristic polynomial has been shown in [4, 5] to be equal to
-N
(—1)N (N1)® 1FS(1 X ‘)\) (3.23)

We thus read off from (3.19) that the characteristic polynomial satisfies the differ-

ential equation

d d +r . d
A(Aa - N)p =A 11 A=sp. (3.24)

Changing variables A = N*®z, replacing p'(z)/p(z) by NG(z) as is consistent with
(3.5), and expanding for large N using (3.22) we deduce that

2(2G(2) — 1) = (2G(2))*T. (3.25)
With 2G(z) = w(z) this is precisely (2.1) in the case p=s+ 1,7 = 1.

3.4. p=3, r = 2. Penson and Zyczkowski [58] have shown that with these param-

eters, the density for the Raney density takes on the explicit form

1 (3V3+ V27T —42)%/3 — (3v3 — 27T — 4x)?/3

~ 95/331/2 21/3

W3 2(z) (3.26)

for0<z < %, or equivalently

|1/3

Ts2(y) = |2y\/§7r ((3\/5 /27— 8y2)2/3 — (3V3 — /2T — 8y2)2/3) (3.27)
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for —\/ﬂ <y < \/ﬁ They do not give any random matrix realization.
However, it is possible to find (3.27) in the thesis of Nadal [52, eq. (6.118)], where
it appears as the global density for the Pearcey process. The Pearcey process
corresponds to the eigenvalue density for the critical case of the Gaussian unitary
ensemble with two sources, symmetrically place about the origin [16]. Explicitly, the
random matrices for this ensemble are of the form X + Xy, where X is a member
of the Gaussian unitary ensemble (matrices (Y + Y1)/2 where Y is a standard
complex Gaussian matrix), and Xy is a diagonal matrix with half the diagonal
entries equal to a and the other half equal to —a. The parameter a is be related
to N in such a way that for large N the spectrum vanishes as a power law as the
origin is approached — this is the critical case described by the Pearcey process
[13].

In this setting one encounters in [13] the cubic equation
€ —a +a -0, (3.28)
Introducing the variable h := 1 — £/« this reads
h® —2h% + h—1/2% = 0. (3.29)

We would like to relate (3.28) to an equation satisfied by Gs2(z). First, we note

3 _zw+4 2z =0.

from (2.2) that w(z) := 2G31(%) satisfies the cubic equation w
Taking z to the RHS and squaring gives w® — 2zw* + 22w? = 22. On the other

hand, (2.6) gives that w? = 2G5 2(z) and so
(2G32)® — 22(2G32)? + 2%(2G32) — 22 = 0. (3.30)

We recognize this equation as identical to (3.29) with G35 = h and z = z%. In-
troducing G 2(2) = 2G3(2?), in keeping in going from (3.26) to (3.27), (3.30)

reads
(6372)3 — 22(@372)2 + 2’26372 —z=0. (331)
In the remainder of this section, we will show how the cubic equation (3.31) can

be deduced from the differential equation satisfied by the characteristic polynomial

for the Gaussian unitary ensemble with two sources.
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The eigenvalue distribution for the Gaussian unitary ensemble with a source is
an example of a biorthogonal ensemble, with the corresponding biorthogonal sys-
tem being that which specifies the so-called type II multiple Hermite polynomials.
General theory [12, 26] tells us that the characteristic polynomial must then be
given in terms of the latter. In the case of interest, where the source is specifed
by a diagonal matrix Xy with diagonal entries taking on only two possible values,
the multiple Hermite polynomials are indexed by two non-negative integers m and
n say. It is known that these polynomials satisfy a third order linear differential
equation [41, 23, 27], which with source parameters denoted by ¢; and c¢o we read

off from [27] to be given by

P (@) + (1 + ez — 42)p” (2)+(cr(e2 — 22) +2(m +n — 1 — cox + 22%))p' (z)

+2(c1m + can — 2(m + n)z)p(x) = 0. (3.32)

More specifically, we want X to consist of IV values a and N values —a. The
characteristic polynomial will then be proportional to the type II multiple Hermite
polynomial with indices m = n = N. Specifying (3.32) as such, choosing ¢; =
—co = 2¢/Na and scaling © — Nz, we obtain that the characteristic polynomial

satisfies the differential equation

1 4
x_ﬁ//

ﬁp'"( ) NP (x)+4<—a(a+ac)+(1—%—i—x?))p'(x)—Spr(x):O. (3.33)

To be consistent with (3.5) we replace p/(x)/p(z) with 2Ng(z) (the factor of 2
comes about because there are a total of 2NV eigenvalues), then expand for large N

using (3.22). This gives that g(z) satisfies the cubic equation
¢ —229° +(1—a*+2%)g—x=0. (3.34)

Setting a = 1, which corresponds to the critical case, we see that this is precisely

the equation (3.31).
Remark 3.2. Replacing g in (3.34) by £ according to £ = x — g we see that ¢ satisfies
€ —2x6% — (a® — 1)é 4 za® = 0. (3.35)

This equation appears in [13] as the generalization of (3.28) for general (non-critical)

value of the rescaled source parameter a.
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Remark 3.3. Complex chiral matrices have the structure

Oy X
X" On

(3.36)

where X is a complex standard Gaussian matrix. The eigenvalues of such matrices
occur in pairs £X; (A; > 0,7 =1,...,N). A source is obtained by adding to (3.36)
a matrix of the same structure as (3.36) but with X replaced by X = cly, ¢ > 0.
Furthermore the matrix X is scaled by a time variable ¢, and so in particular it
vanishes for ¢ = 0. The distribution of the squared eigenvalues for this model, or

equivalently the distribution of the eigenvalues of the shifted mean Wishart matrices
(X + Xo)"(X + Xo), (3.37)

is identical to that for N non-intersecting squared Bessel processes all starting from
x = c at time t = 0 [42]. By scaling ¢ with N, there is a well defined global density,
and there is a critical value of this parameter for which the density touches the
origin for the first time.

Moreover, the (squared) eigenvalue distribution is an example of a biorthogonal
ensemble, and the corresponding characteristic polynomial is an example of a type I1
multiple Laguerre polynomial. The latter satisfies a third order differential equation
[22]. In fact the equation satisfied by the large N form of the logarithmic derivative
— which we know from (3.5) gives the resolvent — has been deduced from this [44]

and is given by
_ 1
w(l —w)?’

This is just a rewrite of (3.30) with w = G3 5.

z

Remark 3.4. Let X be defined as in (3.37), let X be a standard complex Gaussian
matrix, and similarly let Y7,...,Y; be standard complex Gaussian matrices, all
of size N x N. What can be said about the scaled global density of the squared
singular values of the product (X + X()Y7 -+ Yy in the case that the parameter ¢
in Xq is scaled to correspond to the critical case? As just discussed, the scaled
density for the squared singular values of X + X in the critical case is the Raney
distribution W3 o, while as rederived in the above subsection, this scaled density

for the product Y;---Ys is the Raney distribution W1 1. In the language of
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free probability (see e.g. [8]) we are seeking the value of the free multiplication

convolution W3 o X Wy 1. It is known [49, eq. (4.14)] that in general
Wp_’r ‘E WS+111 - Werrs,r, (338)

and so W39 X Wsi11 = Wsyaso. It is worth stressing that the leading form for

Wi 0,2 near zero, being given by

2T
— sin
s 34 2s

14—t
T T+s+1/2

is different from the Fuss-Catalan distribution, which may indicate some new uni-

versality phenomenon at the hard edge.

3.5. p=3/2,r=1/2. We see from (2.2) that this choice of parameters, as with the
previous two considered above, gives a cubic equation for the resolvent. In keeping

with this is the explicit form of the density [50]

1 (33 4+ V27 — 422)%/3 — (3v/3 — /27 — 422)%/3
Wsj2,1/2(x) = 95/331/2,; 22/3

(3.39)

for 0 < o < 4/27/4 or equivalently

L BVEL VTR - 3VE - VT

w3/2,1/2(y): 4\/§7T ‘y|1/3
for —/27/2 <y < /27/2,y # 0. Furthermore, it was observed in [50] that (3.39)

occurs in random matrix theory as the so called Bures distribution [61]. This is
realized as the global eigenvalue density of the random matrices (14+U) X X*(1+U*),
where X is a complex standard Gaussian matrix, and U is a random unitary matrix
with Haar measure [55]. We would like to use this realization to deduce first the
explicit form of the averaged characteristic polynomial, and then from that the

cubic equation for the resolvent.

Proposition 3.5. For X and U members of the ensembles as specified, we have

(det(ALy — (1+ U)X X*(1+ U"))xw = (~1)N(N + 1)1 5 F (_]X ?])V/; 2 ‘4>\>.
(3.41)

Proof.  'We proceed as in the proof of Proposition 3.1. Thus we write

N
det(ALy — (14 U)X X*(14+U%)) = S AV P(—1)Pe, (1+U) X X*(1+U™)), (3.42)
p=0
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showing that our task is to compute the matrix averages (e,((1 + U)XX*(1 +
U*)))x.u, where X is drawn from the set of N x N complex standard Gaussian
random matrices, and U from the set of unitary matrices with Haar measure.

Analogous to (3.16) we have

(p(L+ XX (1+U"))xv = e (1 +eU()]I(J\1/)+ )L (ep(XTX))x.  (3.43)

Furthermore, we read off from [33, (3.13)] that

1

To compute the average over U, we first note that
N
> ¢lep((1+ U)(1+ Uy = (det (Ly + A+ U)A+TY)))
p=0

In terms of the eigenvalues of U, {z;},=1,.. n~ say with |z;| = 1, the determinant
factorizes to read

D)

J

det(HN+C(1+U ) ﬁ(1+2<+<zj

Recalling now that any average over the unitary group involving a product of
the individual eigenvalues can be written as a Toeplitz determinant (see e.g. [28,
eq. (5.76)]), and noting that in the present case the elements in position (jk) of the

latter are given by

Cv |]_k|:1
LY ik _ .
CT 1+2C+C(z+z) ATV =90 142, j=k )
0, otherwise

where CT denotes the constant term in the Laurent expansion with respect to z, we

see that our task is reduced to one of evaluating a symmetric tridiagonal Toeplitz

determinant which is constant down both the diagonal and its two neighbours.
We can verify that with B the symmetric N x N matrix with entries x in positions

with |j — k| = 1 and entries 0 elsewhere

[N/2]

det(Iy +B) = Y (N _p) (—1)Pz?P.

p=0



22 PETER J. FORRESTER AND DANG-ZHENG LIU

This allows us to deduce that

<det (HN+C(1+U)(1+U*))>U =Y <N_p>(1)pC2p(1+2C)N2p~

p=0 p
Extracting the coefficient of (P from this gives a sum over binomial coeflicients

which can be evaluated, and we conclude

(ep(1+U)XX*(1+U")))xw = m. (3.45)

Substituting (3.44) and (3.45) in (3.42) we obtain

N
<det(>\HN S (1 U)XX(1+ U*))>X L= DNy p
, !

(N+q+1)
2q + DN —¢)!

Noting that

N! . 2
Noq! (=D)U(=N)q, (2g+1)!=27(1)q(3/2)g, (N+g+1)! = (N+1)I(N+2),
we see that (3.46) is equivalent to (3.41). O

Replacing A by Nz/4, it follows from (3.41) and (3.19) that to leading order in

(o) o= (o'

Now making use of (3.22) in the cases k = 2,3 and recalling (3.5) it follows that

N

the limiting resolvent, g say, satisfies the cubic equation

z((zg)* — 1) = (zg)°,
which with z¢g = w is precisely (2.2) in the case p = 3/2, r = 1/2.

Remark 3.6. The eigenvalues of the random matrix (14 U)X X*(14U*) are equal
to the squared singular values of (1 + U)X. What can we say about the squared
singular values of (1 4+ U)X X, --- X, where X and each X, is a standard complex
Gaussian matrix, and U is a random unitary matrix chosen with Haar measure?
We are asking for W59 1o ®W,11. Applying (3.38) tells us that this is equal to
Wi(s4s)/2,1/2- In particular, we have [50]

VI—

T e

0<z<4 (3.47)
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4. EQUILIBRIUM PROBLEM

In Section 3.4 a realization of the Raney distribution with parameters p = 3,
r = 2 as the eigenvalue density for the Pearcey process was given. It was commented
that the corresponding symmetric density w3 2(y) as specified by (3.27) can be found
in the thesis of Nadal [52]. In the latter it is furthermore shown that w3 2(y) is the

density p(1)(x) which minimizes the energy functional
~ L
Balpo(@)] = [ @+ 1/V2Ppu@)da

1 (L L
— 5/0 dw/o dz’ pay(x)pay(2') log (|x — ||z — (gc’)2|)7 (4.1)

subject to the normalization fOL pay(xz)dx = 1/2. The functional (4.1) is very
revealing when compared against the energy functional known for the Raney dis-
tribution with p = 3, » = 1 using squared variables, which we know has density
(3.11). It is shown in [47] that w3 1(y) is the density p(;)(z) which minimizes the

energy functional

L
Byalo ()] = / 2o () de

1 (L L
- 5/0 dx/o dz’ pa1y(x)pay(2') log (|x — ||z — (gc’)2|)7 (4.2)

subject to the normalization fOL pay(z)de =1/2.
We thus see that both (4.1) and (4.2) are special cases of the family of energy

functionals

_ L
E(V:6)[pay(x)] = / V(@) () de

1 L L
~5 | [ et @y os (jo = o/lle” = @),
(4.3)

for § = 2 and particular V. In the case 6 € Z* by writing 2% — (2/)?| = HZ;E |z —

2mi/0 we can interpret this as the Boltzmann factor for a log-

wka'| where w = e
potential Coulomb gas on the half line at inverse temperature § = 2, with image
particles of charge +1/2 along rays in the direction of w* for k = 1,...,60 — 1 (see
[28, §3.1.4] for a related interpretation of an energy functional). The significance of

(4.3) is that in the case that V() is such that p(1)(x) is supported on (0, L) (one-cut



24 PETER J. FORRESTER AND DANG-ZHENG LIU

assumption with hard edge) or (Lg, L) with 0 < Ly < L the equilibrium problem for
(4.3) has been recently solved by Claeys and Romano [20] for all # > 1. Examination
of their results reveals an intimate relationship with the Raney distribution, and in
fact allows us to specify the equilibrium problem for all Raney distributions with
r = 1 (Fuss-Catalan case) and also to provide a qualitative understanding of the
cases r € Z™ for r < p.

First, some notation is needed. With § > 1 the same parameter as in (4.2),

define

/6
S—L—l)l 0

J(s) = (s + 1)( (4.4)

As done in [20], it is easy to verify that there are two complex conjugate curves v,
in the upper and lower half plane respectively, which join s = —1 and s = 1/ and

are such that J(s) is real for s € v4. Define I (x) € v+ by the requirement that
J(Ii(x)) = . (4.5)

And with p(1)(z) the density minimizing (4.3), and Hgp = {z € C: —7/0 < argz <
w/0} define

L
3(z) = / log(=* — 4")py(®) dy, = € Hy\[0,00) (4.6)
and
G(2) = (2. (4.7)

Proposition 4.1. [20, §4.5.1] Let V(x) = = and set L = (1 + 0)'*Y/%. Then the
Green’s function (4.7), as it approaches the interval [0, L] from the upper plane (+)

or the lower plane (—) is given by
Gy (z) = 0I5 (z) + 1). (4.8)

Remark 4.2. In [20], Proposition 4.1 is stated with the restriction that 6 > 1.

However, we suspect that this is not necessary.

Recalling (4.4) and (4.5) we thus have

2Cre (2)/0)1+1/9 1 .
(2G(x)/0)"" E (4.9)
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Let us now replace = by /¢ and write /G (z'/?)/6 = w. Minor manipulation
of (4.9) then gives

wit! = z(w — 1), (4.10)
which we recognize as being identical to the equation (2.2) in the case 6 + 1 = p,
r = 1, uniquely determining the Fuss-Catalan distribution. As a consequence, we

have identified an equilibrium problem for this distribution.

Corollary 4.3. The energy functional

L
Eglpy(y)] =9/0 vy (y) dy

_1 g B / / 1/60 _ (,/\1/6 )
5 dy [ dy pa) W)y (') log ( y W)y =y'l),
0 0
(4.11)

subject to the normalization fOL py(y) dy = 1 is minimized by the density function
for the Raney distribution p = 0+1, r = 1, or equivalently Fuss-Catalan distribution
with s = 0.

Remark 4.4. Changing variables y = ¥, the point process corresponding to (4.11)
has its joint probability density function proportional to

N

Heflf H |z kaHx? —29].

j=1 1<j<k<N
This was introduced into random matrix theory by Muttalib [51] (for a realization
as in terms of a Wishart matrix formed out of triangular matrices, see the very
recent work [18]), and the correlations at the hard edge subsequently computed by
Borodin [17]. Specifically, with Wright’s generalized Bessel function defined as

oo
(=)™
J, = _
a0(2) Z m!T(a + bm)
m=0

it was shown in [17] that

1
piy(x) = 9/ J1/0,170(wt)J1 o((at)’) dt,
0

where the superscript “h” denotes the hard edge limit. In keeping with Remark
2.6, we expect a matching of the corresponding large x form with (2.16) in the case
r=1,

1 . ™ _
p?l)(a;) dx ~ —sin (m)y LHL/0+D) gy, (4.12)

y=x9 T—00 T
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We next turn our attention to the case r = 2 of the Raney distributions. In the
case # = 2, and using squared variables, we know that the corresponding energy
functional is given by (4.1). In [20, §4.5.2] it is argued (without giving a rigorous
proof) that for the energy functional (4.3) with potential V(x) = (z — ¢)?, there
is a value of ¢ for which the lower support of the equilibrium density goes from
being positive to zero (or equivalently soft to hard edge), and for this value of ¢
the density is proportional to z(?=1/(®+1)  Changing variables y = (0z)? as done
in arriving at (4.11), the density becomes proportional to y~(@=1/(0+1) which is in

agreement with (2.16) in the case p =0+ 1, r = 2.

Remark 4.5. Another way for the exponent (6 — 1)/(6 + 1) to change sign is to
replace 6 by 1/6. With 0 < 6 < 1, the sign changed exponent for the singular
behaviour of a density specifed by an energy functional can be found in the works
of Zinn-Justin [66] and Kostov [43], relating to the matrix model formalism of the
six-vertex model on a random lattice. With w = e~""%2, 0 < 0 < 1, the energy

functional is

Ee[pu)(y)]:/o (y—c)py(y y—f/ dy/ dy’ pay(y)pay ( lg‘

wy +wy’
where ¢ is to be tuned so that the lower boundary of support goes from being
positive to zero. In [66], the n-th moment of p(1)(y), after suitable scaling of y, is
computed to be equal to

T(1+ (1+0)n/2)0(1 + (1 - 0)n/2)

2 I'(3+mn)

(cf. (1.4)).

Remark 4.6. This (heuristic) understanding of the Raney distribution for r = 2
suggests that a realization of the general r € Z* case, 7 < p, results from the
equilibrium problem (4.3) with V' (z) given by a certain “tuned” degree r polynomial
in the soft-to-hard transition (for “tuned” polynomial potentials in the case of one-
cut matrix models generalizing the Gaussian ensembles — so called critical unitary
random matrix ensembles — see [19, Eq. (1.8)]). One would expect that it is also
necessary to change variables y = 2%, and identify p = 6 + 1 as required for r = 1

and r = 2.
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Remark 4.7. The equilibrium problem for the Raney distribution with parameters
p = 3/2, r = 1/2 is known from [61]. Thus one knows that the corresponding

density p(1)(x) minimizes the energy functional

L
Es)5.1/2(p1)(2)] :9/0 zp(yy () dx
1 L L / / |x — x/‘ (2 Y
3 [ @ oo (aloon (@ og ([ le” = (@)]).

(4.13)

with 8 = 1 and subject to the normalization fOL py(z) dx = 1. An obvious question
is to ask if this same energy functional characterizes the Raney distribution with
parameters p = 60/2 + 1, r = 1/2, and if changing the linear potential = in the first
term to a specially tuned degree k polynomial allows for r to be varied from 1/2.
The case 6 = 2 of (4.13) is the well known energy functional for the Marchenko-
Pastur law (3.6), i.e. the case § = 1 of (4.11). On the other hand the density for
the Raney distribution with parameters p = 2, r = 1/2 is given by (3.47). This
agrees with (3.6) upon the change of variables y = 2, so as found for (4.3), this

change of variables will also be required as a final step.

5. A FURTHER CLASS OF POLYNOMIAL EQUATIONS

In the case r = 1, p > 1 and integer, the general algebraic equation (2.2) special-
izes to the polynomial equation w? — zw + z = 0. Here we will show that a random
matrix structure recently considered in [30], involving the product of standard com-
plex Gaussian matrices and their inverses, leads to a natural generalization of this
equation for the resolvent.

For s,q € Ng ={0,1,2,...}, let Xy, ... ,Xs,)N(l, e ,)N(q be independent standard
complex Gaussian matrices. Moreover, let X; and X % be of dimension N; x N;_;
(j=1,2,...,s) and Ny x Ni_1 (k =1,2,...,q) respectively. Require that Ny =
min{ Ny, ..., Ns}, Ny = min{]vo, .. .,]\qu}, and furthermore that Ny = Ny = N.

With these specifications, introduce the products

YsszXs—l"'Xla }/(]:Xqu—l"'le
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and use these to define product Wishart-type matrices involving inverse Gaussians
according to

T\~ L/2 s Se\—1/2
Aag = (YY) (YY) (YY)~ (5.1)
Another viewpoint is to replace the rectangular matrix X r by an N x N complex

Gaussian matrix X r with distribution proportional to
( det )?Z)?k)#ke*“x':x’“ ,

where py = Ny —N. Then f’q is a product of square matrices, and as in [30] we can
modify the definition (5.1) to a more familiar Wishart form ((}QYq)’l)*(K}Z’l).
For ¢ > 0, the averaged characteristic polynomial of A, , is not well defined,
since for example the averaged determinant diverges. However, as noted in [30],
the eigenvalues of A, , are the same as the eigenvalues in the generalized eigenvalue

problem Y. Y v = )\?q*}wfqﬁ. The characteristic polynomial for the latter is
PYY(2) = (det (Y, Y, — YY), (5.2)

In [30, Prop. 2] this has been evaluated, telling us that

~No, —Ni,...,—Ny_

PED(2) = ()N T04 + D g BT (-12),  (53)
1 Vs

where v; = N; — N (I1=1,2,...,s). Introducing the rescaled polynomial
(s.0), N1 -+ N,
z)=P = Z),
) = PG
and recalling (3.19) we see that f satisfies the differential equation

()7 Y, d ~., 1 diy, d
mg(ZE - Nj)f = mag(zg +u)f. (5.4)

As was the theme in Section 3, we want to introduce the logarithmic derivative
g(z) = f'(2)/ f(z), which we know from (3.5) is proportional to N for N large, and
to take the N — oo limit. For this purpose, let us expand upon the reasoning which
leads to (3.22). With the aim being to express (zd—dz)kf in terms of g, ¢’,..., g% =
and f, we will give a recursive definition of a polynomial Qx_1(g) in g,¢’,...,g* b
with coefficients in Cy_1[2] = (1, 2,...,2F 1)c.

First, let Qg = 0, then we have

(=017 = (29 + 2Qu)f. 55)
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Secondly, suppose that QQ;_1 is well defined such that

() f = ((29)* +2Qi 1), (56)
and set
Qu=Qr—1+2(9+ 5 )Qk 1+ k(29) N g+ 297). (5.7)
It is easy to verify that
(=) = ((20) + 2Qu) . (5.9

Moreover, by induction we know from (5.7) that the term of highest degree of Q

ingg,...,gk"bis
k(k+1)
2

which implies the degree of Qy, is k.

(29)* (g + z9"), (5.9)

Let eg(v1,...,vs) be the k-th elementary symmetric polynomial in v4, ..., v, as
is consistent with (3.14). With (5.6) and (5.8) in mind, expanding both sides of
(5.4) we have

D S ()i 420y a(0)) earss(— o)
Nl.“ﬁq = 9 j—1\9))€q+1—j Oye-vs q
- ﬁz((Zg)nger(g))es—k(Vl,~~~,Vs)f- (5.10)

k=0
Here Q—1 = 0 by convention. Let Gn(z) = %d%logf(z), so that ¢ = NGy.
Substituting it in the above and dividing both sides by N show

q ( 1) q+1 B
-T] ¢ 1szGN > 2Q;-1(NGy)egr1—j(—No, ..., —Ny)
o . Ny--- Nq =
:GNﬁ (]]\Y ZGN+N )+ﬁXS:Qk(NGN)ES_k(Vl,...,VS). (511)
1 k 1 s 120

Since the degree of Q) is k, we can immediately deduce the following proposition.

Proposition 5.1. Let PJ(VS’Q)(Z) be given in (5.2). Write

1 d (s,q) (N1 N
G 771 P ’q —_ ~
N(z) = g los (N1-~-qu)’

and

G(z) = lim Gn(2).
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Assume that as N — oo
N N
— —uj €(0,1] and — — v € (0,1] for j=0,...,¢, k=1,...,s, (5.12)
Nj Nk

where ug = 1. Then G(z) satisfies the polynomial equation

q s

- H (1 —u;2G(z)) = G(z) H (p2G(2) + 1 —vy). (5.13)

§=0 k=1
Remark 5.2. The equation (5.13) has been obtained for products of random ma-
trices with general independent entries when ¢ = 0 [2, 3], and also for products of
Gaussian random matrices involving inverses when all the u;’s and v;’s are equal
to 1 [30, 37], where the tools from free probability theory were used. Actually, the
case that all the u;’s are equal to 1 is special. Thus if u; <1 forall j =1,...,q,
then the equation (5.13) has one analytic solution at infinity such that zG(z) — 1
as z — oo and thus the corresponding density has compact support. Specially, for
q = s =1, i.e., the F matrix case in statistics [7, 30], an explicit density has been
given in Theorem 4.10, [7] and its limit of u; and v; approaching 1 is exactly the
case of s = ¢ = 1 given in [30]. However, if ¢ > 0 and at least one of ug,...,u,
equals 1, (5.13) has no analytic solution at infinity. Actually, we know from free
probability theory that in this case the support of the density is unbounded. To
be precise, let fs(x) be the Fuss-Catalan distribution of degree s with support on
[0, K], and let fq(m) be the distribution of ¢ inverse product of random matrices,
then f,(z) = (1/22)f,(1/x) with support on [1/K,,00). Use of tools from free
probability shows that fs,(z) is the multiplicative free convolution of fs(z) and
fa(x), hence for ¢ > 0 the support of f, ,(x) is not compact. Furthermore, it is

known from [37, Prop. 6] that the density is continuous.

Remark 5.3. In the case ¢ = 0, with each N; —N = v; fixed in the limit N — oo, dif-
ferential equations have been shown to also characterize different observable quan-
tities, namely the gap probabilities at the hard edge. Moreover, these differential
equations are nonlinear, and in fact related to isomonodromy preserving deforma-

tions of linear systems [62]

Remark 5.4. With ¢ = 0 and each v, < 1 the explicit large-z expansion of zG(z)
as implied by (5.13) has recently been given by Lenczewski and Salapata [46] as a

series in so called mutivariate Fuss-Narayana polynomials.
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6. FURTHER DEVELOPMENT OF THE PARAMETERIZATION METHOD

We start from the polynomial equation (5.13) satisfied by the Stieltjes transform
of the inverse product (5.1) and use the parameterization method of the spectral
variable, independently due to Biane and Neuschel, to give an explicit form of
the limiting density in a special case when all the u;’s (j = 1,...,q) and v’s
(k =1,...,s) are equal to 1. Recently, this same task has been undertaken by
Haagerup and Moller [37] using the strategy of Biane [10]. We remark too that
in the case of ¢ = s the exact form of the density has been computed in [9] and

independently in [30] without the use of a parametrized spectral variable, giving

1 =/t ging /(s + 1)
w1+ 22/ ) cosm/(s+ 1) + x2/(s+1)7

fs,s(x) =

0 <z < o0 (6.1)

As an application, the z — 07 leading asymptotics of the density can be read
1

1+s
form as that for ¢ = 0, as deduced from the result (2.10) (take r = 1, p = s+ 1

off to be equal to %zfﬁ sin ——m. It was noticed in [30] that this is the same
in the first case of (2.16)), from which it was conjectured that this should be a
universal feature valid for general s,q but independent of ¢q. As an application of
our explicit determination of the density for general s # ¢, we are able to obtain the
corresponding z — 07 leading asymptotic form, and so give an affirmative answer

to this conjecture.
6.1. Explicit densities.

6.1.1. General procedure. Assume that the Stieltjes transform

6) = [ s hualalds

of the density fs () satisfies the equation
(2G)' + 2(1 — 2G) T = 0. (6.2)

This equation is a limit case of (5.13) when all u; and v; approach 1 from the
below. Then the support changes from the compact case to the noncompact one
(more precisely, as remarked above this happens as soon was one of the u; becomes
equal to 1). Let w(z) = 2G(z). We will try to find two special solutions of the
algebraic equation

w4 2(1 — w) T =0, (6.3)
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one as the cut 0 < z < oo is approached from Im(z) > 0, the other as it is
approached from Im(z) < 0, from which the density immediately follows.

Note that (6.3) can be rewritten as

1+s

wite 4 (—(—2)Ta)(1 — w) = 0. (6.4)

If we treat w as a function of the new variable 2 = —(—2)'/(1+9) then (6.3) is just
the equation (2.2) with p = (1 +s)/(1+¢), r = 1 and z is substituted by 2. We
know that in the variable Z this has the solution about infinity given by the series
n (2.1). But this is not analytic about infinity in the variable z when ¢ > 0, and
so the support must be unbounded.

Following Neuschel’s strategy, and augmenting this by explicit knowledge of the
structure of the parameterization (2.8), we begin by seeking a complex conjugate
pair of solutions of (6.3) in the parameterized polar coordinates form

sin(ag + ¢ +b) +ip+t) (6.5)

T sin(ayp)

where a and b are to be determined. Note that this has the property that wy =1

for ¢ = —b. Simple manipulation then gives
1— Wy = _sm(@ + b) e:l:i(agp+ap+b). (66)
sin(ayp)

Substituting (6.5) and (6.6) in (6.3) one establishes the corresponding parameteri-

zation of z,

__ (e + o+ ) iargeran—(s—a) (e +b)
- . — ¢ (6.7)
(sin(p + b)) *4(sin(ayp))s 4

To ensure that z lies in one cut of the real axis we suppose the phase satisfies
a(l+q)p+qr—(s—q)(¢+b) =2knm
for some suitably chosen k € Z. Therefore we get
a(l+q)—(s—q) =0,  qm—(s—q)b=2kn,
and thus

5—q B
1+¢q’ q—s




RANEY DISTRIBUTIONS 33

Supposing that s # ¢, it follows from this working that if we use the parameteriza-
tion
(sin( 1+SSO+ 2k q ))1+s

2= (o) = Lt , 6.9
o) @Mw+%Q>wﬂ@mugwwﬂ ()

then the complex conjugate pair of solutions of (6.3) is given by

sin (3£

1+q

sin( {74 <p)

) eFilet G=Im), (6.10)

According to the inverse formula of the Stieltjes transform the density function,

fs.q(z) say, is given by

fs,q(l‘) _ 1 (’LU(QZ*Z‘E) B w(£+ie)>

lim — - -
e—0+ 20 T — i€ T+ i€

where w is one of the above two solutions. Note that the imaginary parts of w(z)
and z have opposite sign; we choose w = w_ for s > ¢ while w = wy for s < g. We

then have for s # ¢

1 sin(gE i) . 2%k — g
fs,a(p(p)) = (7 en(s —q) Sm( 1+3‘P) sin(y + P

2k—
_1 Gt SN e o)
=== — i %q sin(3— @ . .
sign(s — ¢)(sin({5 ¢ + m))$ q

)

The remaining tasks are the determination of k as well as the range of ¢.

6.1.2. Case s > ¢q. To ensure that the right-hand sides of (6.9) and (6.11) are

nonnegative we must choose an appropriate k and restrict the range of p. First, a

2kq

restriction following from the periodicity of the sine functions is 0 < <p—|— < .

1+s
g ¥

Second, the nonnegativity of the density suggests that both

(2im, (21 4+ 1)) for some | € Z. So we can choose k = q for

convenience and thus get the range

s 1
Lﬂ<g0< +q7r
s—q 1+ss—q

(6.12)

The final form now follows. This is stated in Proposition 6.1 below, where for
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6.1.3. Case s < ¢. In this case we rewrite (6.9) as

(sin(E27 — Hap))+

T = _ q—s 1+q
A9 = (TZr — )i (s )

and choose k = 0. To ensure that the angles of the sine functions above lie in the

(6.13)

interval (0,7) we must restrict ¢ to the range

s 1+g¢q
T<p<
1+sqg—s q—Ss

. (6.14)

The sought form of the parameterization is specified in Proposition 6.1, where

along with the case s > ¢ of the

previous subsection, and the case s = ¢ Wthh can be checked separately (cf.(6.1)).

Proposition 6.1. Assume s,q > 0 and (s,q) # (0,0). If we use the parameteriza-

tion (a strictly decreasing function)

sin 1+s + qm 1+s
z=plp) = O (L + 155) , 0<p< (6.15)
(sin ) 4 (sin(3Lp + 1)) T+

then

s—q—1
(sin(3300 + 1£))°~

in ¢)?+, 6.16
(Sln(%i?p—i— 1+q))‘ (SIHQO) ( )

Foalplo) = =

A direct application of Proposition 6.1 gives the explicit leading asymptotic form

of the density upon the approach of either boundary of its support.

Corollary 6.2. Let s,q > 0. We have, for z — 0"
]. iy __s

fs,q(x) ~ = sin 5% T+ (6.17)
while for x — oo
1
fs.q(z) ~ - sin . j: . o TH. (6.18)
Proof. Noting that # — 0 as ¢ — {77, and  — oo as ¢ — 0, a simple computation

completes the proof. O

Actually, for general s,q > 0 we have all leading asymptotics as follows: (i) for
s> 0 and ¢ > 0, the leading form is L sin(m/(1 + s))2=*/(%%) as 2 — 0F; (ii) for
q >0 and s > 0, the leading form is < sin(r/(1 + ¢))2~+9)0+9 a5 x — co. This
latter behavior is consistent with the fact that all moments diverge. We remark

too, as proved respectively from the Stieltjes transform and the S- transform in [30]
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and [37], that there is a duality relation between the densities, being unchanged by
the mappings

§—q, T fsq(x) — xfys(2), T — (6.19)

Remark 6.3. Recently, Haagerup and Moller have proved the same results as in
Proposition 6.1, see [37, Theorem 6]. They obtained the parametrization represen-
tation by studying the free multiplicative convolution and the S-transform, while
our starting point is the Stieltjes transform and the related equation (6.2). We will
also give direct expression of densities in terms of spectral variables in two special

cases in the subsequent subsection.

Remark 6.4. Tt is possible to extend the # — 0% expansion (6.17) to give an
expansion analogous to (2.22). Writing (6.3) as (1 — V)™ = —2Y1*9 where
Y =1 — w and taking the (s + 1) root shows

1+q

YTH 4 (—(—2) T)(1-Y) =0

(cf. (6.4)). We recognise this as identical to (2.2) upon the identifications p =
(1+q)/(1+s),r=1w=Y and z —(—z)fﬁ, and thus we have the expansion

o0

w=1-— Z(— S+\1/—Z)nR(q+1)/(s+1)’1(n). (6.20)
n=0
Applying (2.9) then gives
1 o0
foalw) = — > (=1 sina(n +1)/p Rigiayjss1y,1(n+ 1) /D (6.21)
n=0

where as in obtaining (2.22) we have made the specific choice of branch (—1)~/(s+1) =
e~/ (s+1)  With ¢ = 0, p = s + 1, this reproduces (2.22). Furthermore with s = ¢

it agrees with the small-z expansion of (6.1).

6.2. Two special cases. In this subsection we discuss the special case 1 + s =
2(1+gq)or 14+g=2(1+s), and give an explicit form of the density in the original
spectral variable, analogous to the expression (6.1) in the case 1 +s = 1+ ¢.
Inspection of (6.3) shows that these two special cases give a quadratic equation in

w, which permits further analysis.
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Consider first the case 14+ s = 2(1+¢q) or equivalently s = 1+ 2¢. The quadratic

equation then reads
w? + (—z)V/ Dy — (=) (04D — g, (6.22)

and we read off for the roots

wy = ( (—2 1/(1+q i\/ 2)2/(14a) 4 4(— )1/(1+f1)), (6.23)

Here the square root is specified as the one with the positive imaginary part. Note
that we require w(z) — 1 as z — —o00, so we choose w as the solution correspond-

ing to the Stieltjes transform. From this we compute the density

1
#sqlw) = — T Tmw, (@ — ie

%Im{ _ (xem)l/(lJrq) + \/(xe”)Q/(HQ) + 4(zeim)1/(+a) }

To take the imaginary part, we notice that if we set for ¢ > 0 (the case ¢ = 0 is

just the Marchenko-Pastur law)
1+ 4g~ YA+ e=in/(40) — Re=0 0 <0 <7/(1+q),

where the positive number R satisfies

R? = 14 162 2/0+0) 4 8g= /049 cos 7, (6.24)
then
1
.Tfs,q(l') _ %ml/(]ﬁ‘Q)( Sln m + \/7511’1( g))
L o104+ R+1
=52 /( q)( Smm*\/ + 22~ 1/1“1)(:08?8111@
— /B = 201040 cos 2 cos 2 ). (6.25)

The case 1 + ¢ = 2(1 + s) or equivalently ¢ = 1 + 2s is similar. We obtain for

s>0
1
 fsq(x) = 27 _1/(1%)( n s+ \/R'H + 221/(1+5) cos 7 sin {7
_ \/% — 221/(1+3) cos lis cos 1+8 )7 (626)

where the positive number R satisfies

R? =1+ 162%/(1F%) 4 821/ (1+9) cog s (6.27)
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Remark 6.5. Careful computations using (6.25) and (6.26) give the same asymptotic

behaviours of densities for x — 07 and x — oo obtained in the previous subsections.

Remark 6.6. It is of interest to note how the above working relates to the param-
eterization approach. In the latter, with w parameterized according to (6.5), the
variable (—2)Y/ (%9 is written (—2)Y/ (149 = w?/(1—w) as is consistent with (6.22).
The terms inside the square root of (6.23) can then be written as a perfect square,

thus eliminating the square root and providing simplification.

6.3. Densities from mixed equations. Our extension of the parameterization

method is also applicable to the more general equation with any s,q > 0

1+s

wr 4+2(1—wr)H=0, 0<r<l+s, (6.28)

which is a mixed case of equations (2.2) and (6.3). Here the Stieltjes transform
G(z) = /00 Lf (x)dx
N 0 Z—X ST
of the density fs 4. () satisfies (6.28) with w = 2G(z).

6.3.1. s = ¢. In this case we get from (6.28) that

(—z)l/(A+s) "
w = (H(—z)l/(lﬂ) . (6.29)

Thus,
zfssr(x) = 5 Elirgl+ (Imw(z — ie) — Imw(x — ie))
2/ (1+s) (Il/(lJrs) + ez’w/(1+s))r . ($1/(1+s) + efm/(prs))r 630
= Tom (1 4 271/(1+s) cosﬁ +m2/(1+3))r . ( . )
Furthermore, for = > 0, if we let
1/(1+4s i /(14s % s
gt/0Fe) 4 eim/(U4s) = Rele 0 < o< &,
where
R= \/1 + 201/0+9) cos 17 4 22/(1+9), (6.31)
then we have
1 7/ (+s)
T fs,5,0(T) = = sin(rg). (6.32)

T R
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6.3.2. s # q. As in the subsection 6.1, if we use the parameterization

(sin(L2 + 2=yt
z= = , 6.33
P9 = o + Bt (sin(t ) o (63%)

then the complex conjugate pair of solutions of (6.28) is given by

so(1+s
<sm( =

sin( H_qcp)

w4 =

') pTilot 52 )) ) (6.34)

Choose k = q,w = w_ for s > ¢ while £ = 0,w = wy for s < g, after similar

discussion in the subsection 6.1 we have the following proposition including (6.32).

Proposition 6.7. Assume s,q >0, (s,q) # (0,0) and 0 < r < 1+s. If we use the

parameterization
(sin(i2p 4 4+
r=plp) = e — 0<p<— (63
(sin o)+ (sin (3L + 12 ) ) T
then
1 (in(fEe+ 75" .
Fsar(p(p) = 1::'_‘; ';q For— (sin @) sin(re). (6.36)
™ (sin(112e + 155))

A corollary immediately follows from Proposition 6.7.

Corollary 6.8. Let s,q > 0. We have, for z — 0"

1
1

fsmﬁxlﬂ r=1+s;
fsqr(x) ~ . (6.37)
}r' s _+1+S, r<l+s,
while for x — oo
r _24q
Fqnr(@) ~ —singg o 1H. (6.38)

Remark 6.9. The equation (6.28) with some special » may occur in the products

and inverses of random matrices, as in Remarks 3.4 and 3.6.
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