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Spectral proper orthogonal decomposition (SPOD) is applied to direct numerical simulation

(DNS) datasets of a lean and a stoichiometric methane/air turbulent premixed jet flame. SPOD

is used to extract the coherent structures that correlate with the radiated sound by using an

inner product based on a linearized disturbance energy. Two types of structures are prominent

in the data. The first type arises in the jet’s shear layer and is linked to the Kelvin-Helmholtz

(K-H) instability, which is an important mechanism of sound generation in non-reacting jets.

These structures produce sound through deformation of the flame front in the shear layer. They

contain most of the acoustic energy and are dominant at Strouhal numbers (defined based on

the jet’s diameter and the inlet mean velocity) less than unity. The second type of structures is

found near the jet centreline, where large fluctuations of the flame surface are observed. The

structures are linked to small non-linear flame dynamics and to the Orr mechanism. They

travel at a speed close to the inlet mean velocity and are important at higher Strouhal numbers.

Regardless of their energy content, both types of structures have important contributions to

the broadband nature of combustion noise.

Nomenclature

c = speed of sound, m/s
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cp = specific heat at constant pressure, J/K/kg

D = inlet diameter, m

dV = local cell volume, m3

Ed = linear disturbance energy, J/m3

EP = pressure fluctuations contribution to Ed , J/m3

EK = kinetic fluctuations contribution to Ed , J/m3

ES = entropy fluctuations contribution to Ed , J/m3

EC = cross-term contribution to Ed , J/m3

EY = mixture inhomogeneities contribution to Ed , J/m3

f = frequency, s-1

j = imaginary unit, i.e. j2 = −1

kmax = streamwise wavenumber of maximum amplitude, m-1

L f lame = average flame length, m

lt = integral length scale, m

M = Mach number

m = azimuthal wavenumber

p = pressure, Pa

Qm,ω = spectral data matrix

q = dependent variables vector [ux,ur ,uθ, p, s]T

q̂m = azimuthal Fourier mode of q at azimuthal wavenumber m

ˆ̂qm,ω = spectral Fourier mode of q̂m at angular frequency ω

r = radial coordinate, m

Re = jet Reynolds number

Sm,ω = cross-spectral density (CSD) matrix of azimuthal mode m at angular frequency ω

SL = laminar flame speed, m/s

St = Strouhal number

∆St = Strouhal resolution

s = entropy, J/K/kg

T = temperature, K

t = time, s

∆t = timestep, s

ux = gas velocity in the streamwise direction, m/s
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ur = gas velocity in the radial direction, m/s

uθ = gas velocity in the azimuthal direction, m/s

u = vector of gas velocities in the streamwise, radial and azimuthal directions

vp = phase velocity, m/s

W = weighting matrix

x = streamwise coordinate, m

x = vector of streamwise, radial and azimuthal coordinates

γ = specific heat capacity ratio

δth = thermal flame thickness, m

λ(i) = eigenvalue of ith mode

Λm,ω = diagonal eigenvalues matrix of azimuthal mode m at angular frequency ω

θ = azimuthal coordinate, rad

ν = gas kinematic viscosity, m2/s

ρ = gas density, kg/m3

Φ
(i)
m,ω = ith SPOD mode of azimuthal mode m at angular frequency ω

φ = equivalence ratio

Ψm,ω = orthogonal eigenvectors matrix of azimuthal mode m at angular frequency ω

Ω = acoustic sub-domain in the SPOD formulation, m3

ω = angular frequency

Subscripts

ad = adiabatic quantities

qb = baseflow solution of q

qf = first order fluctuations of q

re f = inlet quantities

Modifiers

q(n) = nth realization of vector q

qT = transpose of vector q

q∗ = Hermitian transpose of vector q

q = temporal average of q

q′ = temporal fluctuations of q

‖ q ‖ = time averaged volume norm of q
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I. Introduction

INDUSTRIAL gas turbines are an important form of power generation. It is well known that nitrogen oxide emissions

from these devices can be reduced by operating at lean premixed conditions. However, this can make the combustor

susceptible to thermo-acoustic instabilities, which are commonly initiated by combustion noise and can lead to combustor

failure in extreme cases [1, 2]. Improving our understanding of sound generated by turbulent flames is therefore an

important step towards developing safer and low emission gas turbines.

Several experimental studies of open, turbulent, premixed and diffusion flames have demonstrated the broadband

nature of combustion noise [3–6] for a large variety of geometries and flow variables. A recent study by Tam [7]

compared experimental hydrocarbon combustion noise spectra from turbulent open flames, low Mach number jets,

can-type combustors, auxiliary power units and turbofan engines. This study verified that combustion noise broadband

spectrum can be satisfactory modeled by the similarity spectrum of the noise from large turbulent structures in high

speed jets. This is consistent with an earlier explanation provided by Strahle [8], who argued that the frequency content

of combustion noise is governed by large scale motions of the turbulence, through distortions of the flame surface.

Spatio-temporal deformations of the flame surface are characterized by fluctuations of the overall heat release rate,

which have been demonstrated to be the dominant source of sound generation in open, low Mach number, turbulent

premixed flames, e.g. [2, 9]. Moreover, particular flame and flow structures have been associated with fluctuations of the

heat release rate. For instance, vortices in laminar premixed V-flames [10] and turbulent premixed slot jet flames [11]

were found to strongly wrinkle the flame front and produce sound. Flame annihilation events such as flame pinch-off and

consumption of fresh gas pockets were also shown to be responsible for sound generation in experimental [10, 12] and

numerical [13–16] studies of premixed flames. All these previous studies considered the heat release rate fluctuations as

the primary source of noise. However, this approach does not provide a direct link between all flow or flame features in

the near field and the produced sound in the far-field.

Modal decomposition techniques such as proper orthogonal decomposition (POD) or dynamic mode decomposition

(DMD) have been extensively used to identify coherent structures in turbulent flows [17]. Typically, POD is used to

decompose the data into spatially orthogonal, time-independent modes, whereas DMD associates a particular frequency

and growth rate to each mode and can be seen as a temporal orthogonalization of the data. Both of these techniques

have been used in reacting flows, providing insights into coherent structures which contribute to the sound generation

mechanism. For instance, Kabiraj et al. [18] suggested that the broadband nature of combustion noise could be due to

the high level of unsteadiness in the coherent structures. Other works, such as those by Ghani et al. [19] and Aoki et al.

[20], used DMD to identify the dominant modes which are linked to combustion instabilities.

One shortcoming of the classical POD is that the identified modes do not necessarily evolve coherently in time.

While DMD adresses this drawback, the modes obtained will be different for different flow realizations. Spectral proper

orthogonal decomposition (SPOD) addresses these issues by finding the spatially orthogonal modes oscillating at a
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single frequency. These modes are obtained by solving an eigenvalue problem in spectral space, where the inner product

is based on a set of realizations of the temporal Fourier transform. It has been argued that SPOD modes are optimally

averaged DMD modes [21].

SPOD was found to be effective for extracting wavepacket structures in non-reacting turbulent jets [22, 23].

Wavepackets are specific spatio-temporal structures which their size exceeds the integral length of the flow. Their

generic shape can be described as alternating regions of positive and negative fluctuations, coupled with a modulating

spatial envelop that changes their local amplitude. As explained by Jordan & Colonius [24], their subsonic advection

will lead to a small energy leakage to the acoustic far-field and they have been shown to explain the low-frequency

(St = f D/ure f < 1) sound radiation of turbulent non-reacting jets. The wavepacket structures arising from the shear

layer of turbulent jets have also been linked to the Kelvin-Helmholtz (K-H) instability [25]. Recently, studies have used

SPOD to analyze these structures in non-reacting high-speed jets and their contribution to the far-field sound [26, 27].

For instance, through eigenvalue analysis, Schmidt et al. [27] determined that the axisymmetric SPOD modes had a

low-rank behavior (i.e. the dominant coherent structures contained a considerable portion of the total energy) in the

frequency band 0.2 < St < 2, peaking at St = 0.6 for a subsonic jet.

More works have recently been investigating the importance of non-linearities in turbulent jets. Using SPOD and

resolvent analysis, Schmidt et al. [27] have identified another type of wavepacket structure, which was prominent

downstream of the potential core. Their interpretation is notably built on the work of Tissot et al. [28, 29], calling

these structures Orr-type wavepackets. Tissot et al. [28, 29] suggested that the Orr-type wavepackets were the result of

non-modal growth, seeded by non-linearities through the Orr mechanism. However, these structures have not been

linked to sound generation, contrary to the K-H wavepackets.

Overall, SPOD is an advanced modal method which has been used to study energetically dominant structures in

non-reacting turbulent flows. However, to the best of the authors’ knowledge, this technique has not been used in the

context of reacting flows acoustics yet. In this work, a suitable SPOD formulation to study reacting flows acoustics is

first defined. This is achieved by defining an inner product based on a ‘disturbance energy’ [30]. Then, SPOD is applied

to two direct numerical simulation (DNS) datasets of open turbulent premixed flames generating sound. The chosen

datasets were obtained in another study [15] and feature two turbulent jet flames with different equivalence ratios φ of

0.7 and 1 and therefore different radiated sound amplitudes. SPOD is used to identify the flame and hydrodynamic

structures responsible for sound generation in a wide frequency range, and therefore contributing to the broadband

nature of combustion noise.

II. DNS dataset
DNS datasets of two turbulent premixed flames featuring sound generation are used in this study [15]. The DNSs

were performed with a modified version of S3D [31] using simple chemistry, referred to as S3D-SC [32]. A single
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φ = 1 φ = 0.7
Inlet jet diameter (D) 3.94 mm 4.63 mm
Domain size 25D x 16D x 16D
Mean inlet Mach number (M = ure f /cre f ) 0.35 0.26
Jet Reynolds Number (Re) 5300 5300
Inlet turbulent intensity (u′/ure f ) 3.7 % 3.7 %
Ambient temperature (Tad) 2464K 2208K
Thermal flame thickness (δth/D) 0.07 0.07
Flame length (L f lame/D) 13 12
Ratio u′/SL 3.08 2.94
Ratio lt/δth 4.28 4.28
Streamwise grid resolution 8 pts/δth 8 pts/δth
Transverse grid resolution 14 pts/δth 14 pts/δth

Table 1 Main DNS parameters.

step, irreversible chemistry model based on Arrhenius’ law was used to reduce the computational cost. The single-step

model used matched several important parameters including the laminar flame speed, the flame thickness and the

adiabatic temperature. The set-up consists of a round jet of unburned premixed mixture (reactant) at Tre f = 800K

issuing into an open environment of combustion products at the adiabatic flame temperature. Two flames are analyzed

with equivalence ratios φ of 1 and 0.7. The jet Reynolds number Re = ure f D/νre f is equal to 5300 and the inlet Mach

number M = ure f /cre f is equal to 0.35 and 0.26 for the φ = 1 and φ = 0.7 cases, respectively. A modified synthetic

turbulence field, with a turbulence intensity of 3.7% at the jet centreline, was fed into the mean velocity field using the

Taylor hypothesis. Considering the values of u′/SL and lt/δth shown in table 1, we note that the flames lie in the ‘thin

reaction zone’ in the modified combustion regime diagram proposed by Peters [33].

The simulations were performed on a three-dimensional (3-D) structured Cartesian mesh. The grid was uniform

inside the jet region including the flame, i.e. for | y, z |< 1.5D. For | y, z |> 1.5D, a stretched mesh with an increasing

grid spacing [(∆i+1/∆i) − 1] lower than 2% was used. Extensive mesh-independence studies were performed to ensure

that the flame was adequately resolved and the radiated sound was free of numerical noise.

Table 1 summarizes the main DNS parameters and Fig. 1 shows the computational domain, as well as the iso-surface

of the maximum reaction rate at an instant for the φ = 1 flame. More details about the computational approach and

the chemistry model can be found in Haghiri et al. [15]. Approximately 1.3 jet flow-through times are used for

post-processing. The turbulent datasets consist of 700 and 1000 flow-field snapshots for the φ = 1 and φ = 0.7 cases

respectively, with a dimensionless time step of ∆tcre f /D = 0.1. The data is interpolated onto a 1205 × 519 × 512

radially non-uniform cylindrical grid such that x = [x,r, θ] ∈ [0,20D] × [0,8D] × [0,2π], where [x,r, θ] represent the

streamwise, radial and azimuthal directions, respectively.
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Fig. 1 Iso-surface of maximum reaction rate at an instant for the φ = 1 turbulent premixed flame. The hashed
region represents the acoustic sub-domain Ω considered in the SPOD analysis.

III. Post-processing methods

A. SPOD formulation

To perform the SPOD, the dependent variables vector q(x, t) = [ux,ur ,uθ, p, s]T (x, t) is first decomposed as a sum of

a time mean q(x) and a fluctuating part q′(x, t). The fluctuating component is then decomposed into Fourier modes q̂m

in the azimuthal direction so that,

q′(x,r, θ, t) =
∑
m

q̂m(x,r, t)e jmθ , (1)

where m is the azimuthal wavenumber. This decomposition enables different azimuthal modes q̂m to be analyzed

separately. A further Fourier decomposition in the time domain is performed to obtain ˆ̂qm,ω at the angular frequency

ω = 2πSt, where the Strouhal number St = f D/ure f :

q̂m(x,r, t) =
∑
ω

ˆ̂qm,ω(x,r)e jωt . (2)

The temporal dataset is divided into 8 realizations, producing subsets of 256 and 384 timesteps for the φ = 1 and φ = 0.7

cases, respectively. A Hanning window with 75% overlap is used for computation of the spectra. The realizations

in the SPOD formulation are analogous to the overlaping windows used in Welch’s method to compute the power

spectral density of a signal [34]. The obtained spectra for each realization have a frequency resolution of ∆St ≈ 0.1 for

both cases. Segmenting the data into more realizations leads to better convergence of the SPOD modes, at the cost

of decreasing the frequency resolution. For the frequencies presented in this paper, the spatial shape, amplitude and

eigenvalues of the two dominant SPOD modes found with 8 and 29 realizations were nonetheless similar. Use of a

different windowing function or a different overlap value was not found to affect significantly the results either.

SPOD is then applied to extract the coherent structures of the spectral data matrix Qm,ω = [ ˆ̂q(1)m,ω, ˆ̂q
(2)
m,ω, . . . , ˆ̂q

(n)
m,ω]
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, where the superscript (n) represents the nth realization. This requires solution of the following eigenvalue problem,

Q∗m,ωWQm,ωΨm,ω = Ψm,ωΛm,ω , (3)

where Λm,ω is the diagonal eigenvalues matrix and Ψm,ω is the matrix of orthogonal eigenvectors at the angular

frequency ω and for the mth azimuthal mode. The term W represents the discretized weighting matrix, which will be

defined in section III.B, and the superscript ∗ denotes the Hermitian transpose.

The ith mode Φ(i)m,ω is computed by projecting the ith eigenvector Ψ(i)m,ω on the data matrix and normalizing it by

the corresponding eigenvalue λ(i)m,ω:

Φ
(i)
m,ω = Qm,ωΨ

(i)
m,ω

(
λ
(i)
m,ω

)−1/2
. (4)

The mode Φ(i)m,ω represents the ith most energetic mode at the angular frequency ω for the azimuthal mode m. As the

data matrix is composed of the quantities [ux,ur ,uθ, p, s] , Φ(i)m,ω will contain the 2-D spatial modes of the velocity,

pressure and entropy fields.

B. Definition of the inner product

In the SPOD formulation shown in equation 3, the Q∗m,ωWQm,ω term represents the inner product, which needs to

be constructed by defining the matrix W. Rowley et al. [35] discussed the advantages of using an energy-based inner

product which is a physical norm for analyzing a flow dataset with POD. The linear ‘disturbance energy’ [30] is an

attractive candidate and can be expressed as a second order corollary:

Ed =
p2
f

2ρbc2
b︸ ︷︷ ︸

EP

+
1
2
ρbuf · uf︸       ︷︷       ︸

EK

+
ρbTbs2

f

2cp,b︸   ︷︷   ︸
ES

+ ρ f ub · uf︸    ︷︷    ︸
EC

+EY , (5)

where the subscripts b and f denote the baseflow solution and the first order fluctuations, respectively. The first 3 terms

respectively show the contributions from pressure, kinetic and entropy fluctuations while the term EY is associated with

mixture inhomogeneities and is algebraically very complex [30]. However, Ed is not a norm created by any choice of

inner product and so cannot be used directly in SPOD. On the other hand, it has been shown that the contributions from

mixture inhomogeneities and the cross-term EC were small relative to other terms present in equation 5 [30, 36]. The

following semi-norm is thus defined:

Q∗m,ωWQm,ω =
1
2

∭
Ω

Q∗m,ωdiag

(
ρ, ρ, ρ,

1
ρ c2 ,

ρT
cp

)
Qm,ωrdrdxdθ , (6)
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where Ω represents the volume of interest.

C. Definition of the acoustic sub-domain Ω

In the present study, the sub-domain Ω was chosen to be the region where the pressure term Ep was larger than the

other terms in the disturbance energy equation. To compare these terms, time averaged volume norms have been defined

by computing the volume weighted time average of the modulus of the terms in equation 5, so that,

‖ Êd,m ‖= | ÊP,m |dV︸       ︷︷       ︸
‖ÊP ,m ‖

+ | ÊK ,m |dV︸       ︷︷       ︸
‖ÊK ,m ‖

+ | ÊS,m |dV︸       ︷︷       ︸
‖ÊS ,m ‖

+ | ÊC ,m |dV︸       ︷︷       ︸
‖ÊC ,m ‖

. (7)

The norm of the total disturbance energy at azimuthal mode m, noted ‖ Êd,m ‖, features a pressure term ‖ ÊP,m ‖, a

kinetic term ‖ ÊK ,m ‖, an entropy term ‖ ÊS,m ‖ and a cross-term ‖ ÊC ,m ‖. The mixture inhomegeneity term was

omitted for simplicity. The term dV in equation 7 represents the local cell volume and | ÊP,m |, for instance, represents

the modulus of the disturbance energy pressure term of mode m.

Figure 2 shows the radial profile of these norms at streamwise locations x/D = 5 and x/D = 12, for the m = 0

azimuthal mode. While the entropy term is dominant in the flame region (r/D < 0.75), the kinetic energy term prevails

in the near-field region, which widens downstream as the jet expands radially. The minimum radial value for which the

pressure term is dominant therefore increases with streamwise location. Note that far from the jet, the pressure term in

equation 5 represents the acoustic energy. Based on Fig. 2, Ω was chosen to be the region x/D < 12 and r/D > 6

(shown in Fig. 1), where the acoustic energy is dominant.

It is worth noting that the semi-norm formulation shown in equation 6 uses a similar idea to the ‘extended POD’

[37, 38], which finds coherent structures contributing to the fluctuations of a given quantity in a particular sub-domain.

Our formulation considers disturbance energy as the quantity of interest which, in the sub-domain Ω, is primarily

acoustic energy as demonstrated in Fig 2. Hence, our formulation shows the importance of different coherent structures

in the sound generation process [39].

In order to assess which azimuthal modes are relevant for this study, the pressure norm term ‖ ÊP,m ‖ in equation 7

is spatially integrated in the acoustic sub-domain Ω and is normalized by the axisymmetric mode value. This norm

is displayed in Fig. 3 and shows that the acoustic energy decays rapidly as the azimuthal wavenumber increases. It

decreases by more than an order of magnitude for m = 1 and down to 10−4 for the fifth mode, meaning that approximately

90% of the acoustic energy is contained in the axisymmetric mode. Since this paper focuses on the contribution of

coherent structures to combustion noise, the following results therefore analyze the axisymmetric mode only.
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Fig. 3 Norm ‖ ÊP,m ‖ integrated over the acoustic sub-domain Ω and normalized by the axisymmetric mode
value for φ = 1 (full circles) and φ = 0.7 (hollow circles).

D. Frequency-wavenumber diagrams and phase speed

For a spatial mode Φ(i)m,ω , a spatial Fourier transform along a given streamwise line will give the streamwise

wavenumber content of the mode. In order to limit the gain loss, a 75% cosine-tapered (Tukey) window [40] was used

to perform this Fourier decomposition. Displaying the amplitude of the spatial Fourier transforms of the most energetic

mode Φ(1)m,ω for all frequencies will effectively show the ‘wavenumber-frequency’ diagram of the dominant SPOD

modes, which will be analyzed in section IV.
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Fig. 4 Snapshot of axisymmetric component of entropy ŝ0(x,r, t). Animation can be found as supplemental
material.

The wavenumber of maximum amplitude of mode Φ(1)m,ω , noted kmax , will be used to get an estimation of the

normalized phase velocity vp/ure f of the mode structures. The phase velocity is computed using the following relation:

vp/ure f = ωD/kmax . (8)

IV. Results and discussion
A snapshot of the axisymmetric component (m = 0) of the entropy field is first shown in Fig. 4 to provide some

background on the dominant physical mechanisms and coherent structures expected to find in the SPOD modes. In the

linear sense, s′/cp,b = T ′/Tb − (γ − 1)p′/pb [41] and therefore, entropy is a strong function of temperature across the

flame. For this reason, the entropy field is chosen to analyze the flame structures.

Large deformations of the flame front are observed in the shear layer for x/D < 5, induced by vortices arising from

the Kelvin-Helmholtz (K-H) instability. Around the flame tip, smaller structures are identified around the centreline.

They represent isolated pockets of unburnt mixture which are generated downstream of the unburnt core and are

eventually consumed as they move further downstream. Coherent structures corresponding to both of these features will

be identified by the SPOD modes and will be discussed later.

The SPOD results are now discussed in the following. As only the axisymmetric mode is analyzed, the subscript m

referring to the azimuthal mode number is omitted for readability. Figure 5 shows the eigenvalues λ(i) from equation

3 for the φ = 1 and φ = 0.7 cases. As the eigenvalues represent the amount of energy in several SPOD modes, this

enables us to compare their relative importance. The difference between the 1st and 2nd mode (highlighted with the red

shaded area) in the range 0.5 < St < 1.2 shows that the flame has a low rank behavior at those frequencies and peaks at

St ≈ 0.6. At this frequency, the dominant mode contains more than 70% of the overall energy, for both φ cases. As

discussed in section I, the same low-rank behavior has been found in a subsonic non-reacting jet at higher Re [27]. The

energy content of the dominant SPOD mode at different frequencies can also be extracted from the top spectrum in

Fig. 5. As can be seen, most of the energy is contained at the lowest frequencies and decays strongly for St > 1. Even

though the low frequencies are clearly the most energetic, it will still be interesting to analyze the SPOD results for

St > 1 to have an overall view of the sound generation process.

Additional information on the SPOD modesΦ(i)m,ω can be obtained by analyzing their spatial shape. It is recalled
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Fig. 5 SPOD eigenvalues λ(i) from equation 3 for a) φ = 0.7 and b) φ = 1. The red shaded area highlights the
differences between the 1st and 2nd SPOD modes.

that the dominant SPOD modes identified using the inner product defined in section III.B are the ones that contribute the

most to the acoustics. The entropy field of the most energetic SPOD modes is shown in Fig. 6 for various frequencies.

An animated version of Fig. 6 provides a complete picture of how coherent structures evolve over time (see supplemental

material). Both φ = 1 and φ = 0.7 flames were found to display very similar results and only the former case is shown

for brevity. The dominant wavenumber of the coherent structures increases with frequency, as would be expected for a

disturbance advecting with a nearly constant phase speed. At low frequencies, the dominant structures are those that

emerge from the shear layer near the inlet and are convected downstream.

From the preliminary observations of the instantaneous entropy field in Fig. 4, it is concluded that these structures

are arising from the K-H instability, which deforms the flame front in the shear layer. From the eigenvalues’ analysis

which showed the low-rank behavior of the flame, it can also be concluded that the mode shown for St =0.6 in Fig. 6

and which features the K-H instability structures contains more than 70% of the energy at this frequency. However, these

K-H structures become less visible at higher frequencies where they seem to break down as they travel downstream. For

instance at St ≈ 0.9, the initial shear layer perturbations are only identifiable until x = 3D.

At higher frequencies, the smaller structures are of similar lengthscale to the laminar flame thickness. Figure 6

shows that the coherent structures tend to be of larger amplitude around the centreline, downstream of the unburned

core region. Considering the results shown in Fig. 4 indicates that these structures are associated with small flame

dynamics and flame annihilations occurring in that region. These smaller features will therefore mostly contribute to the

acoustics at higher frequencies.

12



Fig. 6 Entropy field of the dominant SPOD mode for φ = 1 at several Strouhal numbers. Color scale shows
±25 % of the maximum value. Animations can be found as supplemental material.

These structures are also interesting to analyze from a different perspective. Tissot et al. [29] and Schmidt et al.

[27] noted the presence of similar coherent structures downstream of the potential core of non-reacting jets, in the

streamwise velocity field and in the pressure field, respectively. Tissot et al. [28] suggested that they were the result of

non-modal growth, seeded by non-linearities through the Orr mechanism. This interpretation is consistent with the

highly non-linear behavior of small flame dynamics occurring downstream of the unburned core of the jet. Overall,

these results suggest a multi-modal behavior with dominant structures in the shear layer at lower frequencies, that are

arising from the K-H instability. The other features identified along the jet centreline are representative of the small

non-linear flame dynamics. They are evident in a broad range of frequencies but most visible at higher frequencies.

Further characteristics of the structures can be found by analyzing their propagation speed. Figure 7 shows

the structures’ phase velocity vp/ure f , defined in equation 8, for both equivalence ratios along the centreline

[0 < x/D < 20; r/D = 0] and lip-line [0 < x/D < 5; r/D = 0.5]. The centreline structures travel at speeds around

90% of the inlet velocity, which is close to the average streamwise velocity inside the flame, as shown in Fig. 8. On the

other hand, the estimated velocity of the shear layer structures is around 0.75ure f . This latter phase speed is similar to

that found by Moore [42] and Schmidt et al. [27] for cold jet instabilities at subsonic Mach numbers, confirming that the

same shear layer mechanism is present in the flames studied here.

The pressure field of the most energetic SPOD modes can provide complementary information on the hydrodynamic

and acoustic behavior of the jet, as demonstrated in Fig. 9 and in the supplemental material. As discussed in section

I, wavepacket structures in the shear layer have been linked to the K-H instability in non-reacting jets [24]. These

structures can be seen at St ≈ 0.3 for φ = 0.7, confirming that the K-H instability is present in reacting jets as well.

The φ = 1 wavepackets are less organized, potentially indicating that the K-H instability is not as important under

13



St

0 2 4 6 8

0.6

0.8

1

v
p

/ 
u

re
f

1

0.6

0.8

0             2            4             6            8
St

Fig. 7 Phase velocity of entropy’s coherent structures at the jet centreline (black circles) and in the shear layer
at r/D = 0.5 (red triangles) for φ = 0.7 (full markers) and φ = 1 (hollow markers).

x/L f lame

0 0.5 1 1.5

U
x
/
U
r
e
f

0.6

0.8

11

0.6

0.8

0                0.5               1                1.5
x/Lflame

u
x

/ 
u

re
f

Fig. 8 Mean streamwise velocity at jet centreline for φ = 1 (solid line) and φ = 0.7 (dashed line).

stoichiometric conditions. Indeed, several studies have shown that shear layer instabilities become less pronounced as

the temperature ratio increased [43, 44].

The animated version of Fig. 9 in the supplementary material shows the acoustic waves generated by these flames

more clearly. The near-nozzle region seems to be a strong source of noise for St ≈ 0.3 and 0.6 in both flames. However,

at St ≈ 3, the noise sources are spread out all over the flame brush, with a dominant beam emerging from around

x/D = 5 and several other smaller sources. As expected, the K-H structures emerging from the inlet are therefore

responsible for the sound generated by the flame at low frequencies. The centreline structures, which have been

connected to small flame dynamics, are spatially more spread and are dominant at higher frequencies.

In order to provide an overall view of the structures present in the jet for a wide range of frequencies, Fig. 10 shows

pressure wavenumber-frequency diagrams of the most energetic SPOD mode. For a given frequency, these diagrams

represent the amplitude of the spatial Fourier transform performed at a streamwise segment of the pressure field of

the SPOD modes. These diagrams therefore provide information on the dominant wavenumbers of the structures at

different frequencies. The segment 0 < x < 0.8L f lame along the jet centreline has been used for the top row in Fig. 10

while the bottom row represents the results at the lip-line. Three distinct features can be observed. First, acoustic waves

travelling at the speed of sound can be seen for both cases but are weaker in amplitude for φ = 0.7. Second, structures

travelling at 90% of the inlet velocity are also observed at the centreline. The phase velocity shown in Fig. 7 suggests

14



Fig. 9 Pressure field of the dominant SPOD mode for φ = 0.7 and φ = 1, at several Strouhal numbers. Color
scale shows ±25% of maximum value. Animations can be found as supplemental material.

that they are representative of the centreline structures previously identified in the entropy field and are therefore related

to small flame dynamics and to the Orr mechanism. These features have a very strong signature for St > 2, even though

we previously observed them at frequencies St ≈ 0.9 in Fig. 6. The wavenumber-frequency diagram at r/D = 0.5

highlights the signature of shear layer structures travelling at a speed close to 0.75ure f . These structures are dominant

at St < 1, as shown by the high amplitude on the bottom left corner of the diagrams. Overall, these diagrams show that

the shear layer structures near the inlet can have a significant contribution to the far-field noise for St < 1 (Fig. 10.b),

while non-linear small flame dynamics are more important at St > 2 (Fig. 10.a).

V. Conclusions
DNS data of two turbulent premixed flames featuring sound generation were analyzed using a spectral proper

orthogonal decomposition (SPOD) method. By defining a specific inner product, we were able to identify the flame and

jet coherent structures that correlated with the flame acoustics. The SPOD inner product took into account the kinetic,

entropy and acoustic fluctuations through a linearized disturbance energy formulation. An azimuthal decomposition

showed that the pressure fluctuations in the far-field were dominated by the axisymmetric mode, justifying analysis of

only this mode in this study.
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Fig. 10 Pressure wavenumber-frequency diagrams of the dominant SPOD mode for φ = 0.7 and φ = 1 at a)
centreline and b) lip-line. The color axis is a logarithmic scale.

Two main types of axisymmetric coherent structures contributing to the far-field sound were then found. The first

type of structures was originating from the shear layer and was linked to the K-H instability. These structures produced

sound through deformation of the flame front in the shear layer. They contained most of the overall acoustic energy and

were dominant at Strouhal numbers St < 1.

The second type of structures was linked to small non-linear flame dynamics and to the Orr mechanism. These

structures were concentrated near the jet centreline and downstream of the potential core where large fluctuations of

flame surface area were present. They traveled at a speed close to the inlet mean velocity and were more important at

St > 2. Regardless of their energy content, both types of structures have important contributions to the broadband

nature of combustion noise.

The present study showed that SPOD can be applied to identify structures responsible for sound generation in reacting

flows. This approach can also be used to study diffusion flames or premixed flames with different Karlovitz/Damkohler

numbers, leading to an improved understanding of physical mechanisms responsible for combustion noise.
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