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Abstract

We investigate the problem of synchronization in a network of homogeneous Wilson-Cowan oscillators with diffusive coupling.
Such networks can be used to model the behavior of populations of neurons in cortical tissue, referred to as neural mass models.
A new approach is proposed to address conditions for local synchronization for this type of neural mass model. By analyzing the
linearized model around a limit cycle, we study synchronization within a network with direct coupling. We use both analytical
and numerical approaches to link the presence or absence of synchronized behavior to the location of eigenvalues of the Laplacian
matrix. For the analytical part, we apply two-time scale averaging and the Chetaev theorem, while, for the remaining part, we
use a recently proposed numerical approach. Sufficient conditions are established to highlight the effect of network topology
on synchronous behavior when the interconnection is undirected. These conditions are utilized to address points that have been
previously reported in the literature through simulations: synchronization might persist or vanish in the presence of perturbation in

the interconnection gains. Simulation results confirm and illustrate our results.
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1. Introduction

Synchronization is a ubiquitous phenomenon observed in di-
verse networks of interconnected subsystems that arise in neu-
roscience, physics, biology, social networks, and many more.
Synchronization occurs when the states or outputs of subsys-
tems converge to the same behavior, and can be considered as
the asymptotic stability of error vectors between the state (or
output) vectors of two or more subsystems. Approaches for the
study of synchronization can be categorized into two groups:
global and local. Lipschitz [7], passivity [3], dissipativity [21],
and semi-passivity [22] properties have been employed to study
global synchronization. In these approaches, the subsystems in
the network are required to satisfy a specific dissipation or pas-
sivity property. In some applications, it may be challenging to
demonstrate that these properties are satisfied, and so local ap-
proaches are a useful alternative.

In local approaches, a linearization technique is utilized that
indicates that synchronization in a network of oscillators can be
analyzed via the well-known master stability equation (MSE)
in which the eigenvalues of the Laplacian matrix play a cru-
cial role [14]. In order to study the influence of interconnection
gains on synchronization, the stability of the MSE has previ-
ously been evaluated using numerical approaches, which are
computationally intensive. However, a possible way to reduce
computational effort would be to combine analytical methods
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with numerical tools. In [26], synchronization of a network of
oscillators with nonlinear dynamics was investigated analyti-
cally. Recently, Shafi et al. [20] proposed a framework to study
synchronization in a network of oscillators by combining both
analytical and numerical methods, allowing one to study the
effects of interconnection gains on synchronization.

Synchronization of neural networks is thought to play a key
role in information integration and processing. Synchroniza-
tion of distributed brain regions has been speculated to play an
important role in cognition [17]. Therefore, understanding the
mechanisms that underpin synchrony in the brain is important.
The Wilson-Cowan model [25] is of great interest since it is
parsimonious, as it describes the activity of both excitatory and
inhibitory populations of neurons and reproduces self-sustained
oscillations observed in electroencephalography (EEG) signals.
In particular, local synchronization of the Wilson-Cowan model
has been investigated in the literature using the centre mani-
fold theorem [11] and the notion of phase response curves [6].
These approaches only deal with weak coupling. However, syn-
chronization can be observed in Wilson-Cowan networks with
intermediate or strong coupling.

It is known that two factors have a significant impact on pres-
ence or absence of synchronization in the complex network: dy-
namical models of network nodes and network topology. In par-
ticular, investigating the effect of the latter has attracted much
research and it is still an ongoing problem [4; 15]. More re-
cently, this point has been explored in neuroscience using a
computational model of the brain [23]. It has been observed
that, in the network of oscillators, removing or adding intercon-
nections between nodes can lead to the death or persistence of
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synchronous activity in the system. However, all these observa-
tions have been obtained only by simulations.

In this manuscript, we demonstrate that the framework of
Shafi et al. [20] can be adapted to study local synchronization in
a network of Wilson-Cowan oscillators with arbitrary coupling
strengths. As far as we are aware, this is a new result. Our con-
tribution is fourfold. First, the Wilson-Cowan model does not fit
the general model considered in [14; 20; 26]. As a consequence,
the analysis is different. Second, the Wilson-Cowan networks
do not synchronize for all coupling gains. Therefore, we had
to use an instability result for the linearized model based on
the Chetaev theorem to develop a novel proof. This is different
from the results in Shafi et al. [20], where local synchroniza-
tion was shown for both weak and strong coupling. Further-
more, our results are also different from [26], where the authors
presented a sufficient condition for synchronization that is con-
servative for our network. Third, we considered the directed
coupling between oscillators in the network and our results are
general. Fourth, we present sufficient conditions that relate the
role of perturbations in the network topology, thereby explain-
ing robustness and absence of synchronization.

The paper is organized as follow. In Section 2, we briefly
introduce the Wilson-Cowan model of a single population as
well as the network of such models with non-identical nodes.
In Section 3, we formulate the problem for a more general net-
work with identical nodes. In Section 4, the synchronization
conditions are established for the network. Robustness of syn-
chronization is analyzed in Section 5. Simulation results and
conclusions are presented in Sections 6 and 7, respectively.

Notation. Throughout this paper, 7, denotes the identity ma-
trix in R™". The Kronecker product is denoted by ®. For a
complex variable, vector or matrix, R(-) and J(-) stand for the
real and imaginary parts. For a matrix A € RVN, {1,(A)}Y
stands for ordered eigenvalues of matrix A such that A4,,,;, = 4;
and R(1;) < R(1) < --- < R(Ay). The operator diag(-) con-
structs a block diagonal matrix from its arguments. [A]; denotes
the i-th row of matrix A € RVM,

2. Wilson-Cowan Model

Neural mass models describe the relationships between neu-
ral populations. Lumped parameter neural mass models are
constructed by interconnecting neural populations that gener-
ate some realistic EEG patterns like alpha or beta waves. In this
class of model, the dynamics of each neural population can be
described by a linear first-order system coupled with a sigmoid
non-linearity that converts the average membrane potential of a
neural population into an average pulse density of action poten-
tials. This model is given by

xs=—01Xs+f(P+1)’ (1)

where x; € R describes the average membrane potential of a
single population that can be either excitatory xg or inhibitory
x;. The parameter « is the population time constant and p de-
notes the sensory input or input from other neurons. The inputs

from neighboring or distant populations are represented by 1.
fi : R — Ris a sigmoid function given by

1
)= ———F , rn>0,j=1,2.

f( J) 1 +exp (_rigj) J 2)

The neural mass model of Wilson-Cowan [25] character-
izes the behavior of spatially localized neural populations via
a lumped parameter description. This model contains an ex-
citatory and an inhibitory neural population that are coupled
together and are considered as a single “node”. The Wilson-
Cowan model is described by

fC,’ = —A,»xi + F[ (Tl + E,»xi + Ix[) R (3)

where x; = [xg,, xL.]T € R? is a stack vector of the average mem-
brane potentials of the excitatory and inhibitory populations,
xg, and x;,, respectively. The vector I, = [I,,1;]7 € R? repre-
sents the exogenous inputs that include the input from neighbor-
ing populations and/or external inputs such as controller inputs.
The matrices A;, T;, E; are determined by

ag. 0 P _ a; —b;
A = i T = 2 2 = 4
1 |: 0 al’:| 9 1 [le[:| b 1 I:Cl —dl:| 9 ( )

where a;,b;, c;,d; are positive constants and referred to as
synaptic gains. The nonlinear function F;(#) : R? — R? is
described by

Fi6) =[ 100, £@)] . 5)

In order to interconnect Wilson-Cowan oscillators, it is as-
sumed that the excitatory neural population of one node is
coupled to the excitatory neural population of another node.
The same coupling configuration is assumed for connection be-
tween inhibitory populations in two distinct nodes. In other
words, if a node i is coupled to a node j with coupling gain w;;,
then the excitatory neural population and inhibitory neural pop-
ulation in node i are coupled to the excitatory and inhibitory
neural populations in node j with the coupling gains w;; and
—w;;, respectively. We note that this assumption is somewhat
restrictive as these two interconnections can have different cou-
pling gains in general [11; 24]. Although the interconnection
between nodes was originally considered as a direct coupling,
it has been proposed that diffusive coupling can be utilized to
control oscillatory behaviors and, in particular, synchrony be-
havior of populations [24].

Now, consider a network with N Wilson-Cowan Oscillators
interconnected with diffusive coupling. In this case, the dynam-
ics of each node is represented by

N
Xi = —Axi+F,~ Ti+Eix,~+DS W,‘j(x]‘—xi) . (6)
Jj=1

where Dy = diag(1,—1) due to assuming the interconnections
are restricted to being excitatory-excitatory and inhibitory-
inhibitory .



3. Problem Formulation

In this section, we formulate the problem of synchronization
in the network of Wilson-Cowan oscillators. It is worth men-
tioning that the Wilson-Cowan model (6) differs from the gen-
eral model studied in [14; 20; 26]. In the Wilson-Cowan model,
the nonlinearity term acts on the diffusive term (x; — x;); how-
ever, in [14; 20; 26], the interactions between nodes have been
considered as diffusion between nonlinear terms in the form of
f(x;)) = f(x;). This fact leads to a different linearized model for
the network of Wilson-Cowan oscillators compared to the lin-
earized model in [14; 20; 26]. We interconnect more than two
populations in (1) and consider a network of N homogeneous
interconnected nodes in which every node is described by

N
fC,- = —Ax,~ +F|T+ Exi +D Z Wi_,-(x_,- - x,-) s (7)
j=1

where x; € R” is the state vector, T € R” represents an exter-
nal input applied to each node, and E € R™" shows the internal
coupling among states of thenode. F = (f, f,..., ) : R"* - R"
is a sufficiently smooth nonlinear function guaranteeing the ex-
istence of a solution. D € R™" is an arbitrary matrix, describing
the inner coupling between states of all nodes. The interconnec-
tion between nodes and dynamics of each node are assumed to
satisfy the following assumptions.

Assumption 1. The interconnections among nodes are di-
rected and there is no self loops. In this case, the inter-
connection topology is represented by a zero-sum row matrix
L € RN known as a graph Laplacian defined by ; ;= —w;j for

N
i # jandly; = ), wij. We also assume that the interconnection
J=1
graph has a spanning tree. In this case, the Laplacian matrix
has exactly one zero eigenvalue A = 0, and other eigenvalues

have positive real parts, i.e. R(A;) > 0fork=2,...,N [I6].

Assumption 2. In the absence of interconnections, i.e. w;; =
0Vi,j=1,...,N, each node (7) has a periodic solution x(t) =
X(t + T) produced by an asymptotically stable limit cycle that
satisfies

X=-Ax+F (Y +EX). (8)

The analysis that follows is based on the master stability
function approach, where we linearize (7) around the oscilla-
tory trajectory x(¢). The linearized trajectory is given by

xiz—Ax,-+F(T+Efc)
I ©)
+ A(?) d(x,-—x)+DZlij<xj—xi) )
=1

where A(t) = ‘;—ihﬁ)—c. Define X; = x; — X, the difference be-
tween trajectories of each node and the oscillatory trajectory.
Considering (8) and (9), the dynamics of X; can be expressed as

N
% = —A)?i+A(t){E)”c,-+DZlij (x,-—fc,-)] , (10)

J=1

which leads to the aggregated linearized system form as
¥=Uy®(-A+AMNE) - L®A(1)D) X, 1n

where X = vec(Xy,..., Xy). Let Z be the Jordan block associated
with the Laplacian matrix, i.e. L = UXU~'. Changing to new
coordinates j € CN", § = (U™ ® I,)* gives

F=Uy®(-A+AWDE)-XRAW®D)J. (12)
Let us represent X as X = diag{Zk}le , Where
Ak 1 0 0
0 4 1 0
5, = 0O 0 A ... O ) (13)
0O 0 O A
My XMy

Ax(L) € C are eigenvalues of the Laplacian matrix, and m;+- - -+
m, = N. Since X is a block diagonal matrix, (12) is decoupled
into p independent systems described by

Vi = Iy, ® A+ ANE) - L @ ADD) 3, k=1,...,p,
(14)
where §i € C"™", 5 = [§; ..., 1" Separating the real and
imaginary part of y; in (14) leads to

d
d_t‘R ) = U, ® (A + ADE) — R (Zp) @ A()D) R (5x)
+ (3 ) ®AMD) 3 Gi)
d
ES G = (I, ® (A + ADZ) — R (Zp) @ A()D) I ()

- (B E)®AMD) R () -

15)
Under Assumption 1, £; = 0. If (15) is asymptotically sta-
ble for k = 2,..., p, then, according to Lemma 3 in [26], the
underlying network becomes locally completely synchronized,
ie. xi(t) —x;(t) —» 0,i,j=1,..., N for some initial condition.
Hence, in the rest of the paper, we investigate the asymptotic
stability or instability of the system (15). The following lemma
states that this can be done by analyzing the interconnected sys-
tems that have lower dimension than (15).

Lemma 1. Consider the dynamical system described in (15)
and the corresponding interconnected system as

Gik = (A + A(DE) — BrA(N)D) {1k + B, A(t) Doy
Ok = (A + A(DE) — BrA(1)D) Lo — Br, A()DE i

where Bg, and By, are the real and imaginary parts of A re-
spectively. If (16) is asymptotically stable (unstable), then (15)
is asymptotically stable (unstable).

Proof. See Appendix A.

4. Stability Analysis of the Linearized Model

According to the discussion in the previous section and
Lemma 1, presence/absence of local synchronization is directly



related to stability/instability of the linearized system (16),
which in turn depends on the real and imaginary parts. With-
out loss of generality, we assume that §;, is non-negative, since
stability or instability of (16) are invariant with respect to the
sign of §;,. In order to simplify the presentation, the subscript k
is dropped. We find it convenient to divide the parameter space
into three regions and, for each region, we have proven different
stability properties using different analysis method. Therefore,
we divide the parameter space Qg = {(Br,B1) | Br > 0, B; > 0}
into three regions: Q}, = {(Br.B1) 1 0 < Br < PBr,,» 0 <
Br < ¥(Br)} with ¢ : [0,Bg,, 1 = Rso, @ = {(Br.B1) | Br =
BRowe» 0 < B < 00}, 9[35 ={(Br.Br) € Qp—{Q; UQ}}.

For the first region Q[L,, we present Proposition 1 and Propo-
sition 2 to check instability and stability of the linearized
model (16). The value of B, and function ¥(Bg) are also
specified in these propositions. Proposition 1 is a result of
Lemma A.2 in Appendix A. For 8; = 0, this lemma presents
an instability condition using two-time scale averaging that can
be used to develop a counterpart instability result of Proposi-
tion 3.1 of Shafi et al. [20]. In Proposition 3, we show that there
exists Bg,,. such that (16) always becomes unstable in the re-
gion Qé. In Section 4.2, we present a numerical approach for

parameter space Q; that follows ideas from robust control [20].

4.1. Synchronization in Set Qllg

In the set Q!, we used the two-time scale averaging method
following the similar idea of [20]; however, our result differs
due to an extra term A(¢) appearing in the interconnection terms
in (16). If Bg = B; = 0, (16) is decomposed as two independent
systems with the same dynamics:

Gi=(=A+AMDD) G, a7

for i = 1,2. In this case, due to Assumption 2, (17) has a
T-periodic solution that is associated with a stable limit cy-
cle in the original system (8). We denote ¢;(t, #p) the principle
state transition matrix of periodic dynamics (17) for i = 1,2.
Since both systems have the same dynamics, we have ¢, (¢, 7)) =
da(t,10) = ¢(t,tp). The Floquet theory [9] indicates that the
¢(t, o) is a T-periodic matrix that can be written as

¢(1,10) = S(1) exp (H (1 - 10)) R(to) , (18)

where S (7) is also a T-periodic matrix and R(¢) = S “1(¢). The
columns of S denoted by s; and rows of R() denoted by ro are
orthonormal, rJTs,- = ¢;;. The matrix H is known as the mon-
odromy matrix, which satisfies ¢(ty + T,19) = Jexp (HT)J™!
and J is a matrix that contains eigenvectors of ¢(ty + T, ty). For
a stable limit cycle, the monodromy matrix H has the structure
H = diag(0, H,), where H; is an (n — 1) X (n — 1) Hurwitz ma-
trix that contains non-zero Floqouet exponents. Even though
computing the analytical forms of ¢(¢,1y), H, S(¢), and R(?)
is typically impossible, there are effective approaches that can
be used to compute the matrices numerically. For example, an
approach was proposed by Demir et al. [8]. Floquet theory im-
plies that the change of coordinate [s”, r/ 1" = R()¢; transforms

(16) to the representation

m = (H - BeR(OADDS (1)) m ~ (-DBIROA®DS (1 [j;'] :
19
for i = 1, 2. For small values of Bg, analysis of stability of (19)
can be conducted using a two-time scale averaging method.
Next, we use Proposition 1 to demonstrate an instability con-
dition of (19), and then Proposition 2 to provide sufficient con-
ditions for asymptotic stability of (19).

Proposition 1. (Instability with Weak Coupling) Let rlT and s,
be the first row and column of R(t) and S (t) in (18), respectively.
For a given matrix D, if

T
f T (1)A(T)Ds) (7)d7 < 0, (20)
0

there exist B, and ¥ : [0, B, 1 = Ryxo so that

&1 = (A + A(DE) - BrA(1)D) {1 + BIA(DL,
{ = (A + A(DE) ~ BrA(DD) & — BIANDE,
is unstable for every g € (0, Bg,,. 1 and the corresponding Br €

[0, (Br)]. The value of Br,,, and function y(.) can be obtained
from Lemma 2.

2y

Proof. Proposition 1 is proven by applying Lemma 2 (see Ap-
pendix A) to the system (19). O

Proposition 2. (Stability with Weak Coupling) Let r| and s,
be the first row and column of R(t) and S (¢t) in (18), respectively.
For a given matrix D, if

T
f rT(1)A(T)Ds) (7)dT > 0, (22)
0

there exist Bg,, and ¥ : [0,Bg,..] = Ry so that system (21)
is asymptotically stable for every Br € (0,Br,,] and the cor-
responding B; € [0,y (Br)]. Furthermore, decompose matrix
A(t)D with dimensions consistent with the monodromy matrix

so that
T () 7120)]
T @]

Assume that there exists 1;; > 0 such that || ;0| < v for all
t>0. Then

A(t)D =

ﬂRmin = min{El, €, 63}9
where € = #L“ 6 = é and e satisfies the following inequal-
ity,
X X
X(&) = <0,
Xip Xn

with X11 = —(&y = 26yTuy) , X = —(1 — &122) , X1z =
%(63’)4]2 + &) + 632(2TL21L11))2 ,andy = m Now, for
every Br € (0,Br . 1, the corresponding value y(Bg) is obtained

min

by solving the following optimization problem,

‘/’(IBR)ZBag(B s.t. [X('BR) BZBr) <0, (23)

BZPBr) X(Br)
yur(1 + 2T Bgerr) )’le}

with Z(Br) = (1+2TBrt11 21 122 |




Proof. Proposition 2 can be proven by using the same tech-
nique in Lemma A.1 in Shafi et al. [20] and following the same
argument in Lemma 1 in Appendix A to the system (19). O

Propositions 1 and 2 demonstrate that if the system is unsta-
ble (or asymptotically stable) with 8; = 0, then it stays unsta-
ble (or asymptotically stable) with sufficiently small 3;. In this
case, one needs to solve the optimization problem presented
in the proof of Lemma 2 in Appendix A or in (23) for every
Br € (0,Bg,, ], which itself is a computational approach. It
is worth mentioning that this approach is not as computation-
ally expensive as the numerical approach presented in the sec-
tion 4.2. In addition, these two propositions are powerful tools
when we know that 3; is zero; for instance, in the undirected
case. We refer the interested reader to [2] for the undirected
case.

Remark 1. For the Wilson-Cowan model, the matrix A(t) €
R>*2 has the structure

OF
g lo=1r+23), 0

A) = [ (24)

OF
0 S lo=rr+=x1,

Considering the structure of matrix D, condition (20) in
Proposition 1 can be written as

T
fo(rll(T)Au(T)Wu(T)—rlz(T)Azz(T)Wzl(T))dT<0, (25)

and condition (22) of Proposition 2 can be written as

T
fo (rii(MAL @)W1 () = r(D)An(T)wy (7))dT > 0. (26)

Furthermore, an alternative choice for matrix Z in Propos-
tion 2 is
0 Y2

260 = | (1 4 2By 0

4.2. Synchronization in Set Qg

In this subsection, we study stability of (16) for B €
[BR,,,>Br,..] and B; € [0, o] by adopting a numerical approach
proposed by [20]. We represent the matrices SgD and ;D as

BrD =M + BIA\C1 , BiD = M)+ B A2Cs, 27
where M; € R, B; € R™™ C; € R™", and A; € R™" are
diagonal matrices whose diagonal entries vary in [-1, 1] fori =
1,2. It should be noted that the matrices in (27) are chosen in
the way that, by varying the matrices A; and A,, the right side
of (27) generates all matrices SgD and S;D that are obtained
by varying Sg and B, respectively. Then, the system (16) can
be written as a linear periodic time-varying system with block
uncertainty A = diag(A1, Ay, Az, Ay):

F=AWZ+B(t)q , z=CF ., q=Az (28)

where
din - [FAT+AWE —A@M, A(OM>
®= | —A(OM, —-AI + A(NE - A(DM,
_ [-A0B, 0  AWDB, 0
BO=1"0 " _awB o0 —A(t)Bz]
cr o o cIf

o cr cl of”

(29)
with £ = [¢T,017 € R?", and z € R* and ¢ € R*" are out-
puts of the linear periodic time-varying system and uncertainty
block. In order to check stability of (28), structured singular
value (SSV) analysis is performed on a truncated harmonic state
space model of (28). Under the assumption that A(%), B(¢) are
continuous functions of #, using Fourier series, the state space
model (28) can be represented in the form of a harmonic state
space model

sY=(A-N)Y+8BQ , Z=CY , Q=AY, (30)

where A, N, B are infinite-dimensional matrices with complex
entries. We refer to Shafi et al. [20] and Zhou and Hagi-
wara [27] for further details on such a harmonic state space
model.

Although the harmonic state space model (30) is an infinite
dimensional model, it can be approximated with a truncated
model that considers the dominant harmonics in the Fourier se-
ries of Z (#) [18]. Once the truncated model of (30) is computed,
the structured singular value (SSV) u can be calculated using a
numerical approach such as mussv in the Robust Control Tool-
box. It is difficult to compute SSV by considering all possible
combinations of Sk and Sy, since B; varies up to infinity. How-
ever, if the number of nodes in the network is fixed, Proposi-
tion 1 in [1] states that imaginary parts of an N-dimensional
Laplacian matrix satisfy ||8;]| < [|B|| cot 5. In this case, we can
split the space into several segments and run the computational
approach in every segment. If u < 1, (15) is stable for all values
of Br and B; in that segment. If 4 > 1, we can compute the ma-
trix A with the smallest norm that leads to instability of (15). It
is worth mentioning that the matrices in (27) cover all possible
coupling strengths for the intermediate coupling.

Remark 2. As stated in [20], the proposed numerical ap-
proach leads to less conservative results than other numerical
methods such as lifting approach or computation of Lyapunov
exponent. For large values of B, our numerical experiences
show that the mussv function faces a convergence issue, which
results from singularity of matrices in computing singular value
decomposition. For those values of B;, we checked the stability
of (15) by computing the Lyapunov exponent [14].

4.3. Synchronization in Qé

As mentioned earlier, the results of this subsection are de-
rived for the network of Wilson-Cowan oscillators. We present
a property about f(6) that turns out to be crucial in the proof of
Proposition 3.



Fact 1. The sigmoid function f(0) (2) is a continuous function
with positive and bounded derivative, i.e. 0 < fuin < fo(0) <
Jinax for all 8 € R. In addition, fa(6) — 0 iff 6 — *co.

Proposition 3. (Instability with Strong Coupling for the
Wilson-Cowan Model) Consider the dynamical system de-
scribed by the state space model

&1 = (A +AME) - BrAMD) & + BIAMNDE 31)
& = (A +A(DE) - BrAMD) & ~ BA(NDL,

where A, 2, D are given by (4) and A(t) is computed from lin-
earization of F (5) around the limit cycle. Then, there exists a
positive scalar € such that (31) is unstable for every Br > By
and for every B € R . Furthermore, B, = max{a,d,fg,} and
Br, can be obtained from the following optimization problem:

B, = minf
ag+(B-a¥,, 360G + |cAn) S
=531y +1clWAny)  —ar + (B-d)Y,,

(32)
0,

where 0 < %, < Ay(t) < Wy, i = 1,2 forall t > 0.

Proof. For the Wilson-Cowan model, the matrix A(f) € R
is a diagonal matrix that is given by (24). Due to Fact 1,
there exists a non-zero positive scalar %, A; such that 0 <

A < Ay(t) < Wy, i = 1,2 forall ¢+ > 0. Now, consider a

in - 5
candidate Lyapunov function V(£1,4) = Y, 2(3, - ¢%) with
=" :
&= 141, g“,-,g]r. Taking the derivative along (31) leads to

2
V= Z ( (—ar + (Br — d) Ana (1)) &1y + (cAna(t) + DAL (1)) & i
i1
—(—ag + (a—Br)A11(D) §i2,1)~
(33)
If Br > max{a, d}, then

2
V23 (= ar+ (e - dUy)dial + (r + (€ - ), )l P

i=1
— (lclWpa + DI )IG NI 2] -

(34
For large values of ¢, the first and second terms of (34) are posi-
tive and hence V is positive. If (32) holds, then V > 0. Note that
the set Q £ {({1,4) € R* | V > 0} is nonempty, since the can-
didate Lyapunov function is quadratic type. Hence, according
to Chetaev’s theorem for time-varying systems [10], the origin
of (31) is unstable. This completes the proof. U

5. Network Topology and Synchronization

In this section, we aim to address robustness of synchroniza-
tion with respect to the perturbation in the interconnection gains

between nodes. We restrict our analysis to a network of Wilson-
Cowan oscillators with N nodes and undirected interconnec-
tion. In this case, (16) is decomposed to two identical and inde-
pendent systems and, therefore, the synchronization of the net-
work is determined by ¢, = ((=A + A(H)Z) — BrA)D) ;. We
assume the eigenvalues of Laplacian matrix L satisfy

(UL € BRys Brou)s (33)

where (Bg,,.,.0r,..) 1S the largest interval for which the initial
network is synchronized. The interconnection gains of the orig-
inal network are perturbed and the associated Laplacian matrix
is denoted by L,. In this case, the Laplacian matrix of the per-
turbed network, referred as the “perturbed Laplacian matrix”,
can be written as

La=L+AL, (36)

where AL is a “Laplacian-like” matrix, which is symmetric and
zero row sum but not necessarily positive definite. The question
is to find conditions on perturbations that lead to the presence
or absence of synchronous behavior in the perturbed network.

Proposition 4 guarantees the persistence of synchronous be-
havior for a class of perturbations that satisfies (37). How-
ever, it does not determine the effects of perturbations that vi-
olate the condition, since that perturbations can either maintain
the eigenvalues in the interval [Bg,,,,fr,..] OF take at least one
eigenvalue out of this interval. To the best of our knowledge,
there is no available result that answers this case in general.
Proposition 5 presents conditions that ensure absence of syn-
chronous behavior in the perturbed network.

Proposition 4. Consider a network of Wilson-Cowan oscilla-
tors with N nodes and the corresponding Laplacian matrix L.
Furthermore, assume the eigenvalues of L satisfy (35). If the
following inequality holds,

max{|Ay(AL)|, |1 (AL)]} <

min {A2(0) = BB, = D)),
(37)
the perturbed network also shows synchronous behavior simi-
lar to unperturbed network.

Proof. Using Weyl’s inequality [5], the eigenvalues of per-
turbed Laplacian matrix Ly satisfy A;(AL) < A4k(Lp) — (L) <
AN(AL) for k = 1,...,N. Condition (37) ensures that A,(L,) ,
An(Ly) stay in the interval (Bg . ,Br ), which implies that the

min > max

synchronization persists in the presence of perturbation. g

Proposition 5. Consider a network of Wilson-Cowan oscilla-
tors with N nodes and the corresponding Laplacian matrix L.
Furthermore, assume the eigenvalues of L satisfy (35). If one of
the following inequalities holds,

?:lli%{/b”(m + /lz—j(AL)} < ﬁRmin’ (38)

max {1 (L) + (AL} > SR, (39)

j=1,.n

the synchronous behavior disappears in the perturbed network.



Proof. Considering (36) and Weyl’s inequality [5], we have

A(Ly) < ;Izl}'g{/ln j(L) + A (AL)} (40)

ALa) 2 max [4,-jur (L) + A,(AL)) (41)

..... n

If the right side of (40) is smaller than S, , 42(La) is located
outside of interval [Bg,,. , Br,.. ], Which means that synchroniza-
tion vanishes in the network. Similarly, if the right side of (41)

is larger than Sg , the network becomes desynchronized. [

max

Remark 3. Conditions in Propositions 4 and 5 can be numer-
ically verified if the Laplacian-like matrix AL is known. It
is hard to express eigenvalues of AL in terms of perturbation
terms in interconnection gains; however, for some simple cases,
this is possible. As an example, consider the case where an ar-
bitrary two nodes i and i’ with corresponding interconnection
gain l;y is perturbed by 6l;y. It is straightforward to check that
the Laplacian-like matirx AL has n — 1 zero eigenvalues and
a non-zero eigenvalues 26l;;. For this case, condition (37) is
simplified to

Ay (L) — ) — An(L
6l Smin{ 2(L) BR,,“,,’BR,,,,M w( )}. 42)
2 2
The conditions (38) and (39) are also simplified to
- A3(L
51y < Phon = L) (43)
2
ol > Pl (44)

6. Simulation Results

In this section, we present simulation results to validate the
proposed approach to study of synchronization in a network of
Wilson-Cowan oscillators. The Wilson-Cowan model exhibits
oscillatory behavior resulting from the existence of a stable
limit cycle that appears from the Andronov-Hopf-bifurcation
of equilibrium point [11]. In the simulations, we choose the
following set of variables that guarantees oscillatory behavior:
a=10,b=10, c =10, d = -2, p, =2, p, = —6.

To analyze the network, we first compute the matrix A(f)
in (15) using the oscillatory behavior of each node. In the
next step, we study the effect of weak coupling on stability
of (15). We then check condition (20) in Proposition 1 and (22)
in Proposition 2 using the numerical approach. For a Wilson-
Cowan model, the instability condition holds. This means that
there exists an Sg,,, such that, for every interconnection gain
smaller than this value, (15) is unstable when §; = 0. The
value of Bg,,, is computed from the proof of Lemma 2 in Ap-
pendix A. In our case, Bg,, = 0.034. We then follow the ap-
proach stated in Proposition 1 to find the region Q}j in which
the system is unstable. In the next step, we apply Proposi-
tion 3 to find the minimum value of B, such that, for ev-
ery Br = Bg,... (15) is unstable irrespective of the value of S;.
Following the proof of the proposition, we obtain Sg, . = 15,
which means that Qf; ={(Br,B1) | Br = 15, 0 < B; < oo} . Then,

the computational algorithm in Section 4.2 is exploited in the
space 9133 . Note that the matrices SgD and B;D can be written

in the form of (27) using M; = diag (He Pl Bt Pl )

B = diag (PP Prowe Brun) A = diag(6;,6;) and C; =
diag(1,—1) fori = 1,2.

The first fifteen harmonics of the Fourier series are sufficient
to approximate the oscillatory trajectories in order to find the
truncated harmonic state space model. To reduce numerical
computation errors, we split the space Q2 into some subspaces
and follow the computational approach. As pointed out in Re-
mark 2, we checked the stability or instability of the system via
computing the Lyapunov exponent for large values of 8;. The
computational results reveal that the system (15) is stable for all
Br € [5,15] when B = 0.

The stability/instability region for the system (15) is depicted
in Figure 1. This figure indicates that when the real parts of the
eigenvalues are small, the system seems to be unstable irrespec-
tive of the values of imaginary parts; however, Proposition 1
states that for small values of real parts, there is a region in
which the system is unstable. It is an open problem to analyti-
cally show whether this is true or not in general. This figure also
shows that, in the interval S € [9.4, 15), the system is stable as
long as §; is very small. For the intermediate values of Sg, the
stability of system behaves in different ways as 3; increases. In
the intervals Br € [2, 6.4), the system is unstable for small val-
ues of 87, becomes stable and then unstable as §8; increases. For
the interval B € [4,6.5) U (7.69], it is stable for 8; small. Then
it becomes unstable, stable (in small interval for §;), and finally
unstable by changing ;. In the interval Bz € [6.5,7.6], the sys-
tem stays stable as long as the values of 5; becomes sufficiently
large.

To verify this observation, we consider a network of Wilson-
Cowan models with five nodes illustrated in Figure 2 (a). The
Laplacian matrix has five eigenvalues, 1; = 0,1, = 5.55, 434 =
=7 £ 3.16i,45 = 10.45. According to Figure 1, the non-zero
eigenvalues locate in the stability region which implies that the
underlying network becomes synchronized. Figure 3 shows the
underlying network becomes synchronized for this configura-
tion.

In order to simulate the effect of perturbation of intercon-
nection gains on synchronization, we consider a network de-
picted in Figure 2 (b) in which the interconnection between all
nodes are assumed to be same for simplicity. In this case, the
Laplacian matrix has five eigenvalues, 4; = 0,4, = A3 = A4 =
As = 5K. Based on our analysis, the underlying network be-
comes synchronized if 5K € [5; 15]. We first set K = 1.2. Fol-
lowing the simple case in Remark 3, the interconnection gains
between node 1 and node 2 are changed. Condition (42) im-
plies that |6/;2] < 0.5, which means the synchronization per-
sists for the range of interconnection for /1, = I; € [0.7,1.9].
On the other hand, conditions (43) and (44) can be used to
show that synchronization vanishes for interconnection gains
lip = by € [0,7) and l;, = Ip; € [8.7,00). Indeed, these two
ranges of values show that the synchronization disappears if the
interconnection gain increases or decreases significantly. Fig-
ure 4 shows network behavior for the perturbed network when
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Figure 1: The stability (black) and instability (white) regions of the system (15)
with parameters values a = 10,b = 10,¢ = 10,d = -2,p, = 2,p, = —6.

Figure 2: Five diffusively coupled Wilson-Cowan oscillators with (a) directed,
(b) undirected interconnection and all to all interconnection with the same gain
k. The dotted line indicates the perturbed edges in the network.

the interconnection between nodes 1 and 2 is removed.

This example indicates that the synchronization disappears
if the interconnection between two nodes is removed; however,
this is not true in general. If the value of K = 1.8 is chosen, as
depicted in Figure 5, the network becomes synchronized even if
the interconnection between nodes 1 and 2 is removed. Indeed,
for this choice of K, condition (42) leads to |6/15| < 2, which
is larger than the interconnection gain K. This means that, by
removing the interconnection between these two nodes, the syn-
chronization may persist. This observations are consistent with
the results of [23] that obtained through only simulations.

7. Conclusions

A new procedure has been introduced to analyze synchro-
nization of networks of homogeneous Wilson- Cowan models
with diffusive coupling. Using the linearized model around a
limit cycle, analytic results have been developed that can be
utilized to check for the existence or absence of synchronous
behavior. Even though the Wilson-Cowan model does not fit
the general model considered in [14; 20], our results can be
adopted for that general model. Contrary to [20], we have al-
lowed the interconnection between nodes to be directed. We
have proven that the network of Wilson-Cowan models always
becomes desynchronized when the Laplacian matrix has some
eigenvalues with large real values. A computational approach
has been presented for those eigenvalues of the Laplacian ma-
trix with either intermediate values of real part or small values
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Figure 3: The trajectories of heterogeneous Wilson-Cowan network depicted in
Figure 2 (a).

Figure 4: The trajectories of heterogeneous Wilson-Cowan network depicted in
Figure 2 (b) and coupling gain k = 1.2. The interconnection between nodes 1
and 2 is removed.
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Figure 5: The trajectories of heterogeneous Wilson-Cowan network depicted in
Figure 2 (b) and coupling gain k = 1.8. The interconnection between nodes 1
and 2 is removed.



of real part and non-small values of imaginary part. We also
addressed the presence or absence of synchronous behavior in
the case that interconnection gains are perturbed. Simulation
results showed the effectiveness of our approach in determining
absence or presence of synchronized behavior. As future work,
one can study global synchronization in the network of diffu-
sive Wilson-Cowan using the Lipschitz property of the sigmoid
function that converts the average membrane potential into an
average pulse density of action potentials. Another interesting
approach is to extend this method for a homogeneous network
and/or for a network with input disturbances at the coupling.

Appendix A.

Proof of Lemma 1. Denote Bz, = R(4) and B, = T(A).
The structure of X; indicates that the dynamical system (15)
consists of my subsystems described by,

d [%(ﬁ,z‘)} _ [ A1 (1) ﬂk,z(l)} [%(yk,i)
dr | 3Gr) ~Ai2) A @®)|| IGr)

with A 1(0) = (A + ADE) - BrAMND, Ara(t) = B, ADD,
e, = 0, and

o _[-AOD 0 [ ROk
MTL0 —AOD|| 3G |

fori = 1,...,m; — 1. From (A.1) and (A.2), it is observed
that the system (15) is a cascade structure of my, identical sub-
systems where the states of subsystem my; act as input for the
subsystems my, — 1, the states of subsystems m; — 1 are input for
the subsystems iy, — 2, and so on.

To prove the stability part, we first point out that, for linear
periodic systems, asymptotic stability implies uniform asymp-
totic stability [13, Theorem 7] and exponential stability. If each
unforced subsystem is exponentially stable, it is input to state
stable (ISS) [12, Lemma 4.6], and so the cascade interconnec-
tion of subsystems i = 1,...,my; — 1 is also ISS. Since the sub-
system my is exponentially stable, the cascade system (15) is
uniformly asymptotically stable [12, Lemma 4.7]. It is straight-
forward to see that the instability of the subsystem my; leads to
instability of the whole system. This completes the proof. [

} + Uy i (A1)

(A.2)

Lemma 2. (Instability Using Two-Time Averaging). Consider
the linear time-varying system described by the state space

model
$| ([0 o @ Te®]) |
70 H T Tae o) |

@ Te@]) |8
~=ls [721(0 722(1)} ) [?3—1']

where § € R? and 1 € RY. Assume that (1), i,j = 1,2
are T-periodic, piecewise, continuous functions bounded by the
scalar v;j > 0, i.e. |7;;(t)| < j for all t > 0. Now consider the
average system described by

(A3)

T
§=—E-I“§ s =|11=lf T (Ddr. (A4)
T Jo

Ifﬁ” and G are Hurwitz, then there exists € and  : [0, €'] —
Ryo such that for every € € (0,€") and a corresponding 3 €
[0, y(€)], the origin of system (A.3) is unstable.

Proof. Similar to [19; 20], we change the coordinate of the
system by defining a new state § as

r
L [1 - ef (i) - ‘ln)dr]f. (A.5)
0
Note that since |f0T (@ =Tdr| < 2T, ife < ¢ £
TIL“, then the inverse of § exists and, therefore, |$7!| < y =

ykﬁ' In this case, the original system (A.3) is represented
in the new coordinates as

5 ([0 0 M) M)
HITUo BT Y 9mam Mno

5i
Fi
] b

! (A.6)
—(-1)B [Qll(l) 53120)] ) [S3—,
Qo) Q@) ) |73-i
where
My =9 " TS+ 9y = T @)
Q=99 , My =Qp=9"Tn0 (A7)

Mo = Q1 = (9, Mo = Qop = Ta(0),

Since the matrices 1;; and G are Hurwitz, there exist posi-
tive definite matrices P, and P, such that P, ;| + _IIT1 P, =-1
and P.H + H' P, = —I. Now, define the Lyapunov function as

V= i 5T P5; — #1 P,#;. Taking the derivative of the Lyapunov
functlizoln leads to
V 2(ey — 4T €17 P51 — deyuial P31
+ (1 = 2etn| P, )71 * = 2€t01(1 + 2€T e )P, 11741151
(ey — 4Ty, P15 — 4eyunal P15 IR
+ (1 = 2etn| P, )I7a|* — 2€01(1 + 2€T11)IP, 1715
+ B (257 Pu(Qui%y + Quafn) — 27 Po(Qu1 52 + Qo))

+B (= 257 P(Quis) + Quaky) + 27 Py(Qu1 51 + Qoafy))-

(A.8)
Ife < % ande< e 2 ﬁ, the first, third, fifth, and sev-
enth terms of (A.8) are positive, and, hence there exists € such
that the derivative of the Lyapunov function is positive when
B = 0. Indeed, using the Schur complement, the positiveness of
the right hand side of (A.8) in the case of 8 = 0 is equivalent
Fu F 12] >0

Fiz Fx
with f 11 = gy - 4T6327L%||PW|, F»n = 1 - 2&1pn|P,], and
F12 = —(&y2lPs| + eta1(1 + 2€Tey1)|Py]). Now, let us de-
fine € £ min(e, 5i71€€). Then, for every € € (0,€), the
inverse of the coordinate change exists and the derivative of
the Lyapunov function is positive when 8 = 0. Now, pick any
€ € (0, €*) and denote the evaluated matrix ¥ at &by 7. We ob-
tain the associated y/(€) by solving the following optimization

problem:

to existence of positive value €3 such that ¥ = [

<0, (A.9)

zp(é)zﬁfg(ﬁ s.t. [BZ— =



2|Pglyan(1 + 2T &) 2|Pglyus
21P (1 + 2T &) 2IPli
up, V > 0 for € and 8 € [0,(€)]. Note that the set Q £
(31,71, $2, ) € R2P*D | V > 0} is nonempty, since the candi-
date Lyapunov function is quadratic type. Hence, according to
Chetaev’s theorem for time-varying systems [10], the origin of
(A.3) is unstable. This completes the proof. ]

where Z = . Under this set

Remark 4. In the proof of Lemma 2, it is straightforward to
check th_at if PsQp = QIT] P, and P,Qy = QszP,, then the
matrix Z is simplified to

= 0

- 2|Pglyt1n
2|P,|(1 + 2T €tq1)tn

0 bl

which leads to a less conservative result.
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