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Abstract. The exchange of mass between a stream and its hyporheic zone,

or “hyporheic exchange”, is central to many important ecosystem services.

In this paper we show that mass transfer across the streambed by linear mech-

anisms of hyporheic exchange in a gaining or losing stream can be represented

by a thin film model in which: (a) the mass transfer coefficient is replaced

with the average Darcy flux of water downwelling into the sediment; and (b)

the driving force for mass transfer is “flipped” from normal to the surface

(concentration difference across a boundary layer) to parallel to the surface

(concentration difference across downwelling and upwelling zones). Our anal-

ysis is consistent with previously published analytical, computational, and

experimental studies of hyporheic exchange in the presence of stream-groundwater

interactions, and links stream network, advection-dispersion, and stochas-

tic descriptions of solute fate and transport in rivers.

D R A F T September 18, 2016, 1:42pm D R A F T

This article is protected by copyright. All rights reserved.



A
cc

ep
te

d 
A

rt
ic

le
MCCLUSKEY ET AL.: FLIPPING THE THIN FILM MODEL X - 3

1. Introduction

Stream health and function depends on the advective exchange of nutrients and dis-

solved oxygen across the sediment-water interface [Boano et al., 2014; Harvey and Gooseff ,

2015], a phenomenon known as hyporheic exchange. Hyporheic exchange can be charac-

terised by: (1) the average Darcy flux of water moving across the sediment-water interface,

denoted here by the variable u [units of m·s−1]; and (2) the residence time distribution

(RTD) of water parcels in the sediment, denoted by the function FRTD (t). The average

Darcy flux u can be thought of as the velocity with which solutes encounter the hyporheic

zone [Boano et al., 2007; Elliott and Brooks , 1997a; Packman et al., 2000]; it is zero in

the limit where streamborne solutes do not undergo hyporheic exchange, as would be the

case, for example, for solute transport down a concrete lined channel. On the other hand,

the RTD function FRTD (t) represents the fraction of stream water parcels entering the

hyporheic zone at time t = 0 that have exited by time t [Elliott and Brooks , 1997a, b].

Because stream water parcels take diverse paths through the hyporheic zone (some of

which are short and quick, and others of which are long and slow), the FRTD function for

hyporheic exchange is often heavy-tailed; i.e., a large fraction of water parcels spends a

relatively short time in the hyporheic zone, while a small fraction of water parcels spends a

very long time in the hyporheic zone [Haggerty et al., 2002; Wörman et al., 2002; Schumer

et al., 2003; Wörman et al., 2006; Boano et al., 2007; Gooseff et al., 2007; Cardenas et al.,

2008; Marion et al., 2008; Boano et al., 2014; Aubeneau et al., 2015]. In short, the average

Darcy flux is a measure of how frequently a streamborne solute encounters the hyporheic
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zone, while the RTD is a measure of how long the solute remains in the hyporheic zone

before exiting.

Elucidating the physical, hydrological, and geological controls on u and FRTD is an ac-

tive area of current research, and much has been learned over the past twenty years from

laboratory, field, and modelling studies [Wörman et al., 2007; Krause et al., 2011; Boano

et al., 2014; Cardenas , 2015]. Models, in particular, are useful because they provide a

quantitative framework within which field and laboratory observations of hyporheic ex-

change can be scaled up to entire river basins [Kiel and Cardenas , 2014; Gomez-Velez

and Harvey , 2014]. A number of modelling frameworks have been proposed for capturing

the effects of hyporheic exchange on solute fate and transport in streams, including the

transient storage model (TSM) [Nordin and Troutman, 1980; Bencala and Walters , 1983;

Runkel , 1998]; the Variable Residence-Time (VART) model [Deng et al., 2004]; Solute

Transport and Multi-Rate Mass Transfer-Linear coordinates (STAMMT-L) model [Hag-

gerty et al., 2002; Gooseff et al., 2007]; Fractional Advection-Dispersion Equation (FADE)

[Schumer et al., 2003]; Advective Storage Path (ASP) model [Wörman et al., 2002]; Solute

Transport in Rivers (STIR) model [Marion et al., 2008]; the Continuous Time Random

Walk (CTRW) model [Aubeneau et al., 2015; Boano et al., 2007]; the Multiscale model

(MSM) [Stonedahl et al., 2010, 2013]; and the Networks with Exchange and Subsurface

Storage (NEXSS) model [Gomez-Velez and Harvey , 2014]. In general, these models can be

grouped into those that: (1) couple hyporheic exchange to classic (advection-dispersion)

mass balance models of solute fate and transport in rivers (TSM, VART, STAMMT-L,

FADE, ASP); (2) conceptualise solute transport as a random walk in which the Darcy

flux u is a measure of the “encounter frequency” between the solute and hyporheic zone,
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and the FRTD determines how long solutes “wait” in the hyporheic zone before return-

ing to the stream (STIR, CTRW); and (3) couple simple physical process-based models of

groundwater-surface water interactions operating at multiple scales (MSM, NEXSS). Mod-

els in the first category differ primarily in the way solute transfer across the sediment-water

interface is parameterised, and the RTDs of stream water passing through the hyporheic

zone [Cardenas , 2015]. A fourth group of process-based models focus on the coupling of

physical and biogeochemical processes associated with hyporheic exchange, including pore

network models [Briggs et al., 2015] and analytical or computational flow field models [El-

liott and Brooks , 1997a; Cardenas and Wilson, 2007; Boano et al., 2008, 2009; Stonedahl

et al., 2010; Marzadri et al., 2011; Kessler et al., 2012; Stonedahl et al., 2013; Gomez-Velez

and Harvey , 2014; Grant et al., 2014; Marzadri et al., 2014; Azizian et al., 2015].

Regardless of which modelling approach is adopted, there remains an urgent need to

better understand how hyporheic exchange and the biogeochemical transformations it

fosters are affected by flow fields that operate over a wide range of temporal and spatial

scales [Boano et al., 2014]. For example, the upwelling of nitrate-contaminated ground-

water can affect stream water quality both directly by adding nitrate, and indirectly by

altering features of the hyporheic zone (redox chemistry, exchange flux, and RTD of wa-

ter parcels) that influence denitrification rates [Hester et al., 2013]. In this example, the

interplay between small-scale (hyporheic) and regional (groundwater) flow fields controls

the concentration of nitrate in the stream [Hinkle et al., 2001; Gomez-Velez et al., 2015].

In this paper we tackle the multi-scale nature of hyporheic exchange using a kinematic

framework [Potter et al., 2012] that blends elements of the various modelling approaches

described above. Our analysis accommodates three-dimensional geometries and arbitrary
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hyporheic exchange flow fields provided that the equations that govern hyporheic exchange

are linear. Consequently, our results should apply to a broad range of hydrogeomorphic

features that drive hyporheic exchange in the field [Hester and Gooseff , 2010]. The paper

is organised as follows. Expressions for mass flux across the sediment-water interface are

derived in Section 2, followed by a discussion of RTDs in Section 3. Our results are then

tested against previously published analytical, computational, and experimental studies

of bedform-induced hyporheic exchange under gaining and losing conditions (Section 4)

and conclusions (Section 5) are presented.

2. A Thin Film Model for Hyporheic Exchange

2.1. Overview

Hyporheic exchange involves a downstream spiralling of water and solutes between the

stream and streambed [Stream Solute Workshop, 1990]. The flow of water and solutes

into the streambed occurs in well-defined patches called downwelling zones (blue patch

in the middle panel of Figure 1). Likewise, water and solutes in the interstitial pore

spaces of the sediment return to the stream in well-defined patches called upwelling zones

(red patch in the middle panel of Figure 1). Although flow paths through the hyporheic

zone are complex and three-dimensional, it is useful to conceptualise hyporheic exchange

as occurring over a defined area of the streambed, referred to here as a Representative

Elemental Area (REA). The REA can be thought of as the hyporheic exchange equivalent

of a representative elemental volume (REV) for flow and transport through porous media

[Bear and Cheng , 2010]. Differently sized REAs will capture hyporheic exchange occurring

at different scales: e.g., an REA on the order of a square meter might capture hyporheic

exchange over ripples, whereas an REA on the order of several square kilometres might
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capture hyporheic exchange at the scale of river meanders. Thus, the choice of REA will

determine the scale of hyporheic exchange under consideration.

In the next few sections we derive expressions for the net flux of mass across the

sediment-water interface (J , units of kg·m−2·s−1) by hyporheic exchange within a REA

of length λ (oriented parallel to the streamflow) and width P .

J = − 1

λP
(ṁDW − ṁUW ) , ṁDW , ṁUW ≥ 0 (1)

The variables ṁDW and ṁUW represent mass flow rates (units of kg·s−1) into and out

of downwelling and upwelling zones, respectively. These two quantities are calculated

by integrating the product of water flux across the sediment-water interface (vSWI) and

either uniform solute concentration on the stream-side of the downwelling zone (CDW )

or spatially-dependent solute concentration on the sediment-side of the upwelling zone

(CUW ), respectively:

ṁDW = −CDW

∫
ADW

vSWI · n̂dA (2a)

ṁUW =

∫
AUW

CUWvSWI · n̂dA (2b)

Variables appearing here include the unit normal to the sediment-water interface (n̂,

taken as positive upward), and upwelling (AUW ) and downwelling (ADW ) zone areas (blue

and red patches, Figure 1). In writing equation (2a), we have assumed that the solute

concentration in a stream will not vary significantly over a downwelling zone; the negative

sign on the right hand side assures that ṁDW is a positive quantity.
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Equations (1) and (2) can be combined to yield the following expression for mass

flux across the sediment-water interface by hyporheic exchange with or without stream-

groundwater interactions:

J = −km
(
CDW − γCUW

)
, km, CDW , γ, CUW ≥ 0 (3a)

CUW =

∫
AUW

CUWvSWI · n̂dA∫
AUW

vSWI · n̂dA
(3b)

New variables appearing here include a mass transfer coefficient (km), a flow-weighted

solute concentration in the upwelling zone (CUW ), and a weighting factor (γ). The neg-

ative sign on the right hand side of equation (3a) indicates that flux is directed into the

sediment (J < 0) whenever CDW > γCUW .

The mathematical form of equation (3a) is analogous to the thin-film model for inter-

facial mass flux [Cussler , 2009; Grant and Marusic, 2011] with two notable differences.

Firstly, the driving force for mass transfer is the weighted concentration difference across

upwelling and downwelling zones within the REA. In contrast, the driving force for mass

transfer in the thin film model is the concentration difference across a boundary layer ad-

jacent to a solid surface. By changing the direction of the driving force for mass transfer

from normal to the surface (in the thin film model) to parallel to the surface (in our appli-

cation), equation (3a) can be thought of as a thin film model that has been “flipped” on

its side. Secondly, the magnitude of the mass transfer coefficient km in our model depends

on the circulation of water between downwelling and upwelling zones within an REA. The

intensity of circulation, in turn, is determined by static and dynamic pressure variations

over the streambed, and stream-groundwater interactions. In contrast, the mass transfer
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coefficient in the conventional thin film model depends on turbulent and diffusive mass

transport phenomena that operate at or near the solid-water interface. Thus, while the

form of equation (3a) is mathematically analogous to a thin film model, both the orien-

tation of the driving force and the underlying physics responsible for the rate of mass

transfer differ substantially.

Beyond its conceptual similarity to the thin film model, equation (3a) also has a practical

application: it provides a framework for incorporating the effects of rising and falling

groundwater into stream network models of solute fate and transport at the watershed

scale. In such models, the fraction f (unitless) of solute load removed or added over a

stream reach is determined by the balance between solute transport and transformation

within the streambed (as represented by the solute uptake velocity vf , units m·s−1) and

horizontal transport by the stream (as represented by the hydraulic loading rate HL, units

m·s−1) [Wollheim et al., 2006]:

f =

∣∣∣∣1− exp

(
−vf
HL

)∣∣∣∣ (4)

This equation assumes that, over a stream reach, streamflow is steady and uniform,

and solute transport is dominated by advection (i.e., longitudinal dispersion neglected).

A value of f = 0 indicates that there is no change in solute load over the stream reach,

whereas f = 1 indicates that 100% of the solute load is either removed (if vf > 0) or

added (if vf < 0) over the stream reach. The hydraulic loading rate, which represents the

downstream mass transport rate per unit area of the streambed, can be calculated from the

stream discharge Q (units m3·s−1), stream width (P ), and reach length (l): HL = Q/lP .

The solute uptake velocity, on the other hand, is defined as the flux of solute into the
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streambed divided by the solute concentration in the stream: vf = −J/CDW ; for the sign

convention adopted here, a positive solute uptake velocity indicates net mass transfer

into the sediment bed. Assuming that solute flux to the sediment bed is dominated by

hyporheic exchange, vf can be written explicitly in terms of our thin film model parameters

CUW , km and γ:

vf = km

(
1− γ

CUW

CDW

)
(5)

By expressing the solute uptake velocity in this way, two limits are immediately appar-

ent. When all of the solute is removed by reaction within the streambed (i.e., no solute

returns to the stream in upwelling zones, CUW = 0) the uptake velocity is said to be

“mass transfer limited”: vf = km. On the other hand, when the concentration of solute

is unchanged by passage through the hyporheic zone (CUW = CDW ), the “conservative

solute” limit applies: vf = km (1− γ). Importantly, because our expressions for km and γ

explicitly account for groundwater flux (see Sections 2.2 through 2.4), equation (5) opens

up the possibility of tailoring the solute uptake velocity to reflect local and regional vari-

ability in stream-groundwater interactions and consequent affects on, for example, the

fate and transport of nitrate pollution [Gomez-Velez et al., 2015].

The challenge, of course, is to obtain realistic estimates for the thin film model param-

eters km, γ, and CUW . To this end, several approaches can be adopted. The first two

parameters (km and γ) can be estimated from field measurements of the small-scale ex-

change flux, groundwater flux, and the areal extents of downwelling and upwelling zones

within an REA (as outlined in Sections 2.2 through 2.4). The third parameter (CUW ) can

be estimated from the ratio of solute and water fluxes emitted from individual upwelling
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zones (see definition, equation (3b)), calculated from the residence time distribution and

presumed biogeochemical reactions in the hyporheic zone (see Section 3), and/or esti-

mated directly from equation (5) given reach-scale estimates of km, γ, and solute uptake

velocity vf (e.g., see Mulholland et al. [2008]). In the next few sections we derive expres-

sions for km and γ when there is: no groundwater seepage (“neutral stream”) (Section

2.2); seepage of a stream into groundwater (“losing stream”) (Section 2.3); and seepage

of groundwater into a stream (“gaining stream”) (Section 2.4).

The analysis presented below is premised on three key assumptions: (1) flow through the

hyporheic zone is steady-state; (2) within a REA, all stream water entering a downwelling

zone eventually re-emerges in an upwelling zone or is lost to groundwater; and (3) water

flux at any location along the sediment-water interface (vSWI) can be expressed as the

sum of water fluxes generated by hyporheic exchange in the absence of groundwater flow

(u0
hz) and groundwater flow (ugw): vSWI = u0

hz + ugw (note that the superscript “0”

denotes variables as they would be measured in the absence of groundwater flow; i.e., in

the “neutral state”). The applicability of the first assumption will be context specific; e.g.,

it is more likely to apply during base flow than storm flow. The validity of assumption (2)

will depend on whether or not the REA is large enough to encompass all of the hyporheic

exchange flows of interest. For example, recent studies suggest that in-stream processing

is dominated by hyporheic exchange through submerged bedforms, such as ripples, dunes,

and riffle-pool sequences [Gomez-Velez and Harvey , 2014; Gomez-Velez et al., 2015]. Thus,

the REA should be large enough to capture hyporheic exchange across the largest of these

bedform features, namely riffle-pool sequences. The third assumption should apply in the

common case where the underlying equations governing hyporheic exchange are linear (for
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example the Laplace Equation for bedform pumping [Boano et al., 2008]), but may not

apply in cases where hyporheic exchange is driven primarily by momentum transfer across

the sediment-water interface [Boano et al., 2011], and pore water turnover associated with

bedform migration [Ahmerkamp et al., 2015]. Derivations for the results presented below

can be found in the Supplemental Information.

2.2. Case 1: Neutral Stream

When there are no stream-groundwater interactions the thin film model parameters in

equation (3a) reduce to γ0 = 1 and k0
m = u0

SSE. The variable u
0
SSE represents the average

Darcy flux across the sediment-water interface by hyporheic exchange (referred to here

as “small scale exchange”, indicated by the subscript “SSE”) in the absence of regional

scale groundwater flow (indicated by the superscript “0”).

J0 = −u0
SSE

(
CDW − CUW

)
(6)

When this result is translated into solute uptake velocity (see equation (5)), we find

that vf declines in proportion to the fraction of solute concentration that breaks through

to the upwelling zone, CUW/CDW (line labeled“Neutral” in Figure 2). The solute uptake

velocity equals the small scale exchange flux in the mass transfer limit (vf = u0
SSE when

CUW = 0), and equals zero in the conservative solute limit (vf = 0 when CUW = CDW ).

While the solute uptake velocity is zero for the conservative solute limit (implying that

there is no net mass flux across the sediment-water interface in this case), there can still

be considerable gross mass flux across individual downwelling and upwelling zones. This

distinction between net and gross mass flux also applies to the expressions derived below

for losing and gaining streams.
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2.3. Case 2: Losing stream

When the stream is losing, mass transfer across the sediment-water interface is modified

in a number of ways. Using the neutral case as a benchmark, our conceptual model implies

that the losing condition affects the spatial distribution of upwelling and downwelling

zones within the REA as follows (bottom panel, Figure 1): (1) intensifies the flux of

water into the sediment bed over the original downwelling zone (bed surface area A0
DW );

(2) expands the downwelling zone to include areas that were previously neither upwelling

nor downwelling (bed surface area A0
N); (3) expands the downwelling zone to include an

area that was previously occupied by an upwelling zone (bed surface area A+
DW ); and (4)

diminishes the flux of water out of the upwelling zone (bed surface area A−
UW ). Taking

these four adjustments into account, the thin film model parameters become kl
m = ul

TOT

and γl = ul
SSE/u

l
TOT :

J l = −ul
TOT

(
CDW − ul

SSE

ul
TOT

CUW

)
(7a)

ul
TOT = ul

SSE + ugw (7b)

ul
SSE = u0

SSE − ugw

(
A−

UW + αA+
DW

λP

)
(7c)

Variables appearing here include include the average flux of groundwater across the

sediment-water interface (ugw, definition in Table 1 (equation (T1b)), the flux of water

(ul
TOT ) from the stream to the sediment in the expanded downwelling area (A0

DW +A0
N +

A+
DW ), and the flux of water undergoing small-scale hyporheic exchange (ul

SSE) through

the diminished upwelling area (A−
UW ). The superscript “l” denotes losing conditions, and

the constant α is bounded between 0 and 1 (see definition in equation (T3c), Table 1); as

will be shown in Section 4, α is well approximated by α = 0.5.
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Relative to the neutral case, losing conditions favour mass transport into the streambed

by two mechanisms: (1) the mass transfer coefficient increases (i.e., kl
m = ul

TOT > k0
m =

u0
SSE); and (2) the upwelling concentration is attenuated (γl = ul

SSE/u
l
TOT < 1). Relative

to point (1), the inequality ul
TOT > u0

SSE can be demonstrated by substituting equations

(7b) and (7c) for ul
TOT and u0

SSE respectively, and then noting that the following inequal-

ities hold for α ∈ [0, 1]: A−
UW + αA+

DW ≤ A0
DW < λP . Relative to point (2), groundwater

flux can also alter subsurface chemical and physical conditions that control the fate of so-

lutes undergoing hyporheic exchange, and hence the upwelling solute concentration CUW

may also change as the magnitude of ugw increases (discussed further in Section 3).

Substituting kl
m and γl into equation (5) we find that losing conditions: (1) increase vf

by increasing the loss of solute mass to groundwater (as manifest by an upward shift of

the “Losing” line in Figure 2); and (2) decrease vf by reducing the small scale exchange

flux (see equation (7c)). The net impact of these two opposing processes on vf will depend

on the geometry of hyporheic exchange, as represented by the upwelling and downwelling

areas in equation (7c).

2.4. Case 3: Gaining stream

The analysis for a gaining stream is similar to the case just discussed (Section 2.3),

except for the direction of groundwater flow and the fact that groundwater itself may

contribute solute mass to the stream. Benchmarked relative to the neutral case, the

gaining condition (top panel, Figure 1): (1) intensifies the flux of water into the stream

over the original upwelling zone (bed surface area A0
UW ); (2) expands the upwelling zone

to include areas that were previously neither upwelling nor downwelling (bed surface area

A0
N); (3) expands the upwelling zone to include an area that was previously occupied by a
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downwelling zone (bed surface area A+
UW ); and (4) diminishes the flux of water out of what

is left of the downwelling zone (bed surface area A−
DW ). After making these adjustments,

the mass transport parameters become kg
m = ug

SSE and γg = ug
TOT/u

g
SSE:

Jg = −ug
SSE

(
CDW − ug

TOT

ug
SSE

CUW

)
(8a)

ug
TOT = ug

SSE + ugw (8b)

ug
SSE = u0

SSE − ugw

(
A−

DW + βA+
UW

λP

)
(8c)

The variables appearing here have the same meaning as in the previous section, except

that the superscript “g” refers to gaining conditions and the constant β is bounded by 0

and 1; as will be shown later, β is well approximated by 0.5 (see definition in equation

(T4c), Table 1).

Relative to the neutral case, gaining conditions favour solute transport into the stream

by three mechanisms: (1) the mass transfer constant is reduced (kg
m = ug

SSE < k0
m = u0

SSE)

which reduces the mass transfer limited flux (Jg
MTL = −kg

mCDW ) into the sediment bed;

(2) the heavier weighting of the upwelling concentration (γg = ug
TOT/u

g
SSE > 1) leads

to a more positive mass flux all else being equal (recall that when J < 0 the net solute

flux is into the sediment bed); and (3) the flow-weighted upwelling concentration (CUW )

will increase when groundwater has a non-zero concentration of solute. The inequalities

ug
SSE < u0

SSE and ug
TOT > u0

SSE can be demonstrated by substituting equations (8b) and

(8c) for ug
TOT and ug

SSE, respectively.

Substituting kg
m and γg into equation (5) we find that gaining conditions: (1) reduce

vf by decreasing the small scale exchange flux (equation 8c); and (2) cause vf to decline

more quickly as the normalised breakthrough concentration increases, reflecting the fact
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that γg > 1 in equation (8) (see line labeled “Gaining” in Figure 2). If the groundwater

contains solute, then the value of the solute uptake velocity is reduced further by the

quotient ugw·Cgw/CDW , where Cgw is the solute concentration in the groundwater (all

other terms have been defined previously).

3. Upwelling Solute Concentration and Hyporheic Zone RTD

In the last section we demonstrated that a modified form of the thin film model describes

mass transport across the sediment-water interface by hyporheic exchange in neutral,

gaining, and losing streams. A key variable in our thin film model is the breakthrough

concentration in the upwelling zone, CUW . Here we focus on a surprising duality associated

with the calculation of CUW ; namely, it can be represented as a flow-weighted average

over the upwelling zone (see equation (3b)) or as a convolution over the RTD of water

parcels in the hyporheic zone [Azizian et al., 2015]:

CUW (t) =

∫ ∞

0

CUW (t|τ)E (τ) dτ (9)

New variables appearing in equation (9) include the time (τ) it takes stream water to

transit along a particular streamline through the hyporheic zone and the probability den-

sity function of the hyporheic zone RTD (E (τ) = dFRTD/dτ). The notation CUW (t|τ)

refers to the upwelling solute concentration at time t on a streamline of residence time τ .

The functional dependence of CUW (t|τ) on t and τ could arise in several ways: (1) un-

steadiness associated with the solute concentration in the stream because solute emerging

from the upwelling zone entered the downwelling zone some time earlier; (2) physico-

chemical or biogeochemical reactions that influence the production or loss of solute in

the sediment (such as nitrification or denitrification in the case of nitrate); and/or (3)
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mixing with ambient groundwater that has a chemical signature different from that of the

stream water. As an example, if a time varying solute concentration in a stream reach

(Cw (t)) is coupled with removal by first-order reaction in the sediment (and assuming

no solute mixing in the sediment by molecular diffusion or mechanical dispersion), the

concentration term in equation (9) becomes CUW (t|τ) = Cw (t− τ) e−κτ , where κ is the

first order rate constant [Dagan et al., 1992; Cvetkovic and Dagan, 1994; Grant et al.,

2014; Azizian et al., 2015]. Because CUW is required to calculate the benthic flux J (see

equations (6), (7a), and (8a)), equation (9) bridges three complementary approaches for

modelling solute transport in streams with hyporheic zones: random walk descriptions

which require specification of the RTD function E (τ) = dFRTD/dτ , advection-dispersion

equations that require specification of J , and stream network model descriptions that

require the specification of vf = −J/CDW .

4. Testing the Thin Film Model for Hyporheic Exchange

In this section we test our thin film model against three previously published studies

of hyporheic exchange with stream-groundwater interactions under neutral, losing and/or

gaining conditions: (1) an analytical study of hyporheic exchange across fluvial ripples;

(2) a laboratory study of hyporheic exchange across ripples; and (3) numerical simulations

of hyporheic exchange across a fully submerged three-dimensional riffle-pool sequence. As

will be shown, in all of these test cases the thin film model correctly describes how small-

scale exchange responds to ambient groundwater flux and the areal extents of upwelling

and downwelling zones within an REA. While the thin film model correctly diagnosis the

relationship between these variables, being a kinematic analysis it cannot predict their
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magnitudes without additional information, for example, from physically based models or

experimental measurements.

4.1. Hyporheic Exchange Across Fluvial Ripples

Boano and co-authors [2008; 2009] developed an analytical model of hyporheic exchange

across fluvial ripples under the influence of stream-groundwater interactions. The authors

modified a simple analytical model for hyporheic exchange (the Advective Pumping Model

(APM) developed by Elliott and Brooks [1997a]) to account for vertical groundwater flux.

Adopting the APM for local small-scale exchange, the Darcy flux at the sediment-water

interface can be written as follows:

u0
hz · n̂ = −um sin (kx) (10a)

um = kKhhm (10b)

k = 2π/λ (10c)

New variables include the streamwise coordinate (x), a characteristic velocity scale

for the hyporheic flow across a bedform (um), the bedform wavenumber (k), the bedform

wavelength (λ), the maximum dynamic pressure head perturbation caused by the presence

of the bedform (hm), and the hydraulic conductivity of the sediment (Kh). For this model,

the REA is of dimensions λ×P , where (as we noted earlier) P is the width of the stream.

Substituting equation (10a) into our definition of u0
SSE (equation (T2a) in Table 1) and

integrating over a single downwelling zone (A0
DW = Px where 0 ≤ x ≤ λ/2) we obtain

the well-known result for the average Darcy flux produced by hyporheic exchange across

two-dimensional bedforms under neutral conditions (i.e., SSE in the absence of stream-

groundwater interactions): u0
SSE = um/π. According to Boano et al.’s analysis, under
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gaining conditions the downwelling area contracts (A−
DW = λP

2

(
1− 2

π
sin−1uup

)
) and the

upwelling area expands (A+
UW = λP

π
sin−1uup), where the vertical groundwater flux is

reduced as follows: uup = ugw/um [Boano et al., 2009]. Substituting these results into

equation (8c) yields our prediction for the average small scale exchange under gaining

conditions (see Supplemental Information for details):

ug
SSE = u0

SSE − ugw

1

2
− sin−1uup

π
+

1−
√
1− u2

up

πuup

 (11)

Boano et al. [2009] defined the normalised small-scale exchange flux as follows: q∗SSE =

ug
SSE/πu

0
SSE. Substituting equation (11) we recover Boano et al’s theoretical result for

reduced small scale exchange flux (equation (14) in their paper):

q∗SSE =
uup

π
sin−1uup +

1

π

√
1− u2

up −
uup

2
(12)

We can also derive from Boano et al.’s analytical solution an explicit expression for

the constant β appearing in equation (8c). Under gaining conditions, the expanded

upwelling area A+
UW is associated with the following two intervals along the x-axis:

kx ∈
(
0, sin−1 uup

)
∪
(
π − sin−1 uup, π

)
. Integrating the definition of β over these two

intervals (see equation (T4c), Table 1) we obtain the following result:

β =
1−

√
1− u2

up

uup sin
−1 uup

(13)

Equation (13) predicts that β varies from 0.5 in the absence of stream-groundwater

interactions (uup = 0) to 2/π ≈ 0.64 when the groundwater flux overwhelms hyporheic

exchange (uup ≥ 1). The functional dependence of β on uup is illustrated in Figure 3 (blue

dotted curve).
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4.2. Experimental Measurements of Hyporheic Exchange

Next we applied our thin film model to previously published experimental measurements

of hyporheic exchange across ripples under gaining, neutral, and losing conditions [Fox

et al., 2014]. These experiments were conducted by adding a pulse of conservative dye

to the water phase of a recirculating flume and then measuring the mass flux of dye

into the sediment bed (which was shaped into artificial ripples) over time. We compared

Fox et al.’s experimentally determined Darcy fluxes (ul
TOT , u

l
SSE, u

g
TOT , and ug

SSE) to

the corresponding values estimated from our thin film model (equations (7b), (7c), (8b)

and (8c)), using experimental values of u0
SSE reported by Fox et al. [2014], observed

downwelling and upwelling areas (visualised by dye in Fox et al’s experiments), and setting

α = β = 0.5 (see further discussion of this assumption in Section 4.3). It should be noted

that Fox et al. reported two sets of values for u0
SSE: one set that was directly measured

by performing mass balance on dye added to the flume (see equation (7) in their paper)

and another set calculated from Boano et al.’s theoretical model (see Section 4.1). Here

we utilised the experimentally determined values of u0
SSE; to do otherwise would amount

to another test of Boano et al.’s model. As illustrated in Figure 4, our thin film model-

predicted Darcy fluxes compare favourably with the corresponding experimental values

reported by Fox et al. (blue symbols, Figure 4).

4.3. Hyporheic Exchange Across Riffle-Pool Sequences

As a final test, we compared our thin film model with previously published computa-

tional fluid dynamic (CFD) simulations of hyporheic exchange across three-dimensional

and fully submerged riffle-pool sequences. Trauth et al. [2013] carried out sixty-six CFD

simulations of turbulent surface flow over an idealised riffle-pool bedform topography (il-
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lustrated in Figure 5a). From the CFD-predicted pressure variations over the sediment

surface, these authors calculated the hyporheic exchange flow field through the sediments

from Darcy’s Law and the continuity equation. Simulations were carried out for a range

of Re (from 105.95 to 106.52) and different groundwater exchange rates, including six neu-

tral conditions and 30 gaining and losing conditions (±0.5, ±1.0, ±1.5, ±2.0 and ±2.5

cm · day−1 for each of the six Re values). We used the thin film model (specifically,

equations (7c) and (8c)) to estimate small-scale exchange fluxes for all of Trauth et al.s

simulations. This involved three steps. First, for each Re we computed a value for u0
SSE by

integrating the simulated velocity field at the sediment-water interface u0
hz over a down-

welling zone under neutral conditions (see equation (T2a) in Table 1). An example of

the simulated velocity field u0
hz is shown in Figure (5a). Second, we evaluated how the

upwelling and downwelling areas: (1) expand (A+
UW ) and contract (A−

DW ) under gaining

conditions; and (2) contract (A−
UW ) and expand (A+

DW ) under losing conditions. This

step is illustrated in Figure (5) for losing (Figure (5b)), neutral (Figure (5c)), and gaining

(Figure (5d)) conditions. Finally, the results from the first two steps were substituted into

equations (7c) and (8c) to obtain estimates for the small-scale exchange flux under gaining

(ug
SSE) and losing (ul

SSE) conditions, assuming an REA of 50 m2 (λ = 10 m, P = 5 m)

and α = β = 0.5. The small scale exchange fluxes obtained by this approach agree well

with the hyporheic exchange fluxes reported by Trauth et al. [2013] (red symbols, Fig-

ure 4). We also calculated from Trauth et al.’s simulated velocity fields values of α and

β (by numerically integrating equations (T3c) and (T4c) respectively, Table 1). These

calculations confirm that α ≈ β ≈ 0.5; specifically, when averaged across all of Trauth

et al.’s simulations we obtain α = 0.48 ± 0.04, β = 0.45 ± 0.08 (see asterisks in Figure
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3). In summary, regardless of whether mass transfer is simulated (e.g., using the APM or

numerical methods) or measured (e.g., Fox et al. [2014]), our thin film model accurately

forecasts how small scale hyporheic exchange fluxes (and by inference the solute uptake

velocity, see equation (5)) change in response to gaining and losing conditions.

5. Conclusions

In this study we employed simple kinematic arguments to derive a thin film model for

mass transfer across the sediment-water interface by hyporheic exchange in gaining, neu-

tral, or losing streams. In our variant of the thin film model, the mass transfer coefficient is

the average downwelling Darcy flux of water, and the driving force for mass transfer is the

weighted difference between mass concentrations on the stream-side of the downwelling

zone and sediment-side of the upwelling zone. Gaining or losing conditions affect mass

flux in two ways: (1) by reducing the flux of water circulating between downwelling and

upwelling zones (small-scale exchange); and (2) by altering the flow-weighted concentra-

tion in the upwelling zone. Our thin film model reproduces previously derived expressions

for small-scale exchange across fluvial ripples coupled with vertical groundwater flux, after

incorporating the geometric constraints on groundwater-surface water mixing of Boano

et al. [2008, 2009]. It is also consistent with experimental flume measurements of hyporheic

exchange under losing, neutral, and gaining conditions, together with CFD simulations

of hyporheic exchange across three-dimensional riffle-pool sequences. Finally, our theory

bridges three complementary approaches for modelling hyporheic exchange in rivers, in-

cluding random walk approaches that rely on the specification of an encounter frequency

and an RTD function for wait times in the hyporheic zone, advection-dispersion models

that rely on specification of mass flux across the sediment-water interface, and stream
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network models that rely on specification of the solute uptake velocity within each reach

of the network. By expanding previous analyses to a broad range of geometries and hy-

porheic exchange mechanisms (including hyporheic exchange driven by both dynamic and

static pressure variations over the sediment-water interface), the kinematic framework de-

veloped here should support ongoing efforts to better understand how fluvial ecosystem

services (such as respiration, nitrification, and denitrification) are affected by changes

in regional groundwater hydrology associated with urbanisation, agricultural activities,

groundwater extraction, and climate change.
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Table 1. Thin film model results for neutral, gaining and losing conditions (all

derivations provided in Supplemental Information).

Definitions of Key Variables for the thin film model of hyporheic exchange

vSWI = uo
hz + ugw (T1a)

ugw = 1
A

∣∣∣∣∫
A

ugw · n̂dA
∣∣∣∣ (T1b)

Small Scale Exchange (SSE) and Total Exchange (TOT) for neutral conditions

u0
SSE = − 1

λP

∫
A0

DW

u0
hz · n̂dA = 1

λP

∫
A0

UW

u0
hz · n̂dA (T2a)

u0
TOT = u0

SSE (T2b)

Small Scale Exchange (SSE) and Total Exchange (TOT) for losing conditions

ul
SSE = 1

λP

∫
A−

UW

(u0
hz + ugw) · n̂dA = u0

SSE − ugw

(
A−

UW+αA+
DW

λP

)
(T3a)

ul
TOT = ul

SSE + ugw (T3b)

α = 1
ugwA+

DW

∫
A+

DW

u0
hz · n̂dA, 0 ≤ α ≤ 1 (T3c)

ul
SSE, u

l
TOT , ugw ≥ 0 (T3d)

Small Scale Exchange (SSE) and Total Exchange (TOT) for gaining conditions

ug
SSE = − 1

λP

∫
A−

DW

(u0
hz + ugw) · n̂dA = u0

SSE − ugw

(
A−

DW+βA+
UW

λP

)
(T4a)

ug
TOT = ug

SSE + ugw (T4b)

β = − 1
ugwA+

UW

∫
A+

UW

u0
hz · n̂dA, 0 ≤ β ≤ 1 (T4c)

ug
SSE, u

g
TOT , ugw ≥ 0 (T4d)
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Figure 1. Middle Panel: Plan view of a representative elemental area (REA) with

dimensions of stream width (P ) and length (λ) that contains arbitrarily shaped upwelling

areas (“UW”, denoted by red area), downwelling areas (“DW”, denoted by blue area), or

areas that are neither upwelling nor downwelling (“N”, denoted by white area) assuming

no regional groundwater seepage (i.e., neutral stream, denoted by the superscript “0”).

“RTD” refers to the residence time distribution of water in the hyporheic zone. Top

and Bottom panels: stream-groundwater interactions affect the geometry of hyporheic

exchange. Areas associated with upwelling and downwelling zones expand (superscript

“+”), contract (superscript “-”), or remain the same (superscript “0”) going from neutral

to gaining (upper panel) or from neutral to losing (lower panel) conditions.

Figure 2. Relationship between the normalised solute uptake velocity (vf/uSSE) and

the normalised breakthrough concentration of solute in an upwelling zone (CUW/CDW )

under neutral, losing, or gaining conditions (lines calculated from equation (5)).

Figure 3. Values of α and β derived from the Advective Pumping Model (dashed blue

line) or estimated (asterisks) by integrating equations (T3c) and (T4c) (see Table 1) using

Trauth et al.’s simulated velocity field (see main text).
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Figure 4. Comparison of normalised small-scale exchange (SSE) fluxes (uSSE/U)

calculated using the kinematic approach outlined in this study, plotted agains previously

published values by Fox et al. [2014] (in blue) and Trauth et al. [2013] (in red), where U

is the mean stream velocity.

Figure 5. Panel (a): Bedform topography of the idealised riffle-pool sequence employed

by Trauth et al. [2013] in their CFD simulations; the vectors indicate one of the simulated

velocity fields under neutral conditions (u0
hz). Panels (b-d): downwelling and upwelling

areas associated with (b) losing, (c) neutral and (d) gaining conditions for one of the

simulations reported by Trauth et al. [2013]. Blue and red regions indicate downwelling

and upwelling, respectively; darker shading indicates where upwelling or downwelling has

intensified while lighter shading indicate where upwelling or downwelling has weakened.

The coordinate system indicates streambed elevation (z-axis), cross-stream direction (y-

axis), and along-stream direction (x-axis). Note that only half of the stream width is

pictured here. Elevation contours are shown in panels (b) through (d).
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